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Abstract

We consider a statistical model for matrix factorization in a regime where the rank
of the two hidden matrix factors grows linearly with their dimension and their
product is corrupted by additive noise. Despite various approaches, statistical and
algorithmic limits of such problems have remained elusive. We study a Bayesian
setting with the assumptions that (a) one of the matrix factors is symmetric, (b)
both factors as well as the additive noise have rotational invariant priors, (c) the
priors are known to the statistician. We derive analytical formulas for Rotation
Invariant Estimators to reconstruct the two matrix factors, and conjecture that
these are optimal in the large-dimension limit, in the sense that they minimize
the average mean-square-error. We provide numerical checks which confirm the
optimality conjecture when confronted to Oracle Estimators which are optimal by
definition, but involve the ground-truth. Our derivation relies on a combination of
tools, namely random matrix theory transforms, spherical integral formulas, and
the replica method from statistical mechanics.

1 Introduction

Matrix factorization (MF) is the problem of reconstructing two matrices X and Y from the noisy
observations of their product. Applications in signal processing and machine learning abound, such as
for example dimensionality reduction [/11]2]], sparse coding [3H5]], representation learning [6], robust
principal components analysis [7,[8]], blind source separation [9]], or matrix completion [[10L{11]].

In this work we approach the problem from a Bayesian perspective and assume that an observation or
data matrix S = /k XY + W is given to a statistician who knows the prior distributions of X and
Y as well as the prior of the additive noise matrix W and the signal-to-noise ratio x > 0. The task
of the statistician is to construct estimators Ex (-), Ey (+) for the matrix factors X, Y, that ideally,
minimize the average mean-square-error (MSE) E|| X — Ex(S)||Z and E||Y — Ey(S)||Z (||.||r
the Frobenius norm and E the expectation w.r.t X,Y , W). We consider priors which are rotation
invariant for all three matrices X, Y, W and for X we furthermore impose that it is square and
symmetric. These matrix ensembles are defined precisely in section 2.1} but the reader can keep in
mind the examples of Wigner or Wishart matrices for X, and general Gaussian Y and W with i.i.d
elements. We look at the asymptotic regime where all matrix dimensions and ranks tend to infinity
at the same speed. We remark that the usual "rotation ambiguity" occuring in MF is not present
because we impose that at least one of the two matrix factors is symmetric. We also remark that
MF is different (and more difficult) than matrix denoising which would consist in constructing an
estimator Exy (S) for the signal as a whole by minimizing E[| XY — Exy (9)|2.

The rotation invariance of the model implies that the estimators minimizing the MSE belong to
the class of rotation invariant estimators (RIE). RIEs are matrix estimators which have the same
singular vectors (or eigenvectors) as the observation or data matrix. These estimators have been
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proposed for matrix denoising problems (see references [[12115] for covariance estimation, [[16] for
cross-covariance estimation, and [17]], [[18]] for extensions to rectangular matrices). For the present
MF model, we derive optimal estimators (minimizing the MSE) that belong to the RIE class and can
be computed explicitly in the large dimensional limit from the observation matrix and the knowledge
of the priors. We propose:

1. an explicit RIE to estimate X, which requires the knowledge of the priors of both X, Y
and of the noise W. Moreover, under the assumption that X is positive-semi-definite, a
sub-optimal RIE can be derived which does not require any prior on X.

2. an explicit RIE to estimate Y, which requires the knowledge of the priors of the noise W
and X only (the prior of Y is not required).

3. combined with the singular value decomposition (SVD) of the observation matrix, our
explicit RIEs provide a spectral algorithm to reconstruct both factors X and Y.

The derivation of the proposed estimators relies on the replica method from statistical mechanics
combined with techniques from random matrix theory and finite-rank spherical integrals [19,20].
Although the replica method is not rigorous and involves concentration assumptions, the derivation is
entirely analytical and suggests that the estimators are optimal in the limit of large dimensions. This
is corroborated by numerical calculations comparing our explicit RIEs with Oracle Estimators which
are optimal by definition and involve the ground-truth matrices.

1.1 Related literature and discussion

When the matrices X and Y are assumed to have low-rank compared to their dimension, the
mathematical theory of MF has enjoyed much progress under various settings (Bayesian, spectral,
algorithmic) and fundamental information theoretical and algorithmic limits have been rigorously
derived [21H27].

In extensive-rank regimes, when the rank grows like the matrix dimensions, despite various attempts
there is no solid theory of MF. One approach is based on Approximate Message Passing (AMP)
methods developed in [28-30]]. Despite acceptable performance in practical settings [31]], as pointed
out in [32] the AMP algorithms developed in these works are (theoretically) sub-optimal. Other
approaches rooted in statistical physics have been considered in [32}/33]] but have not led to explicit
reconstructions of matrix factors or algorithms. A practical probabilistic approach to MF problem is
based on variational Bayesian approximations [34-36], in which one tries to approximate the posterior
distribution with proper distribution. In [37] it is shown that under Gaussian priors, the solution to the
MF problem is a reweighted SVD of the observation matrix. We point out here that these estimators
can be seen as a RIE and therefore there seems to be a rather close relation between the RIE studied
here and the variational Bayesian approach. This also suggests that adapting RIEs to real data is an
interesting direction for future research. Finally, let us also mention optimization approaches where
one constructs estimators by following a gradient flow (or gradient descent) trajectory of a training
loss of the type ||S — XY ||Z + reg. term (see [38]], [39] for analysis in rotation invariant models).
Benchmarking these various other algorithmic approaches against our explicit RIEs (conjectured to
be optimal) is outside the scope of this work and is left for future work.

Constraints such as sparsity or non-negativity of the matrix entries which have important applications
[40] are not covered by our theory. Despite this drawback, we believe that the proposed estimators
are important both for theoretical and practical purposes. Even in non-rotation invariant problems our
explicit RIEs may serve as sub-optimal estimators, and as we show in an example they can be used
as a "warmed-up" spectral initialization for more efficient algorithms (see for example [411/42]] for
related ideas in other contexts). The methodology developed here may open up the way to further
analysis in inference and learning problems perhaps also in the context of neural networks where
extensive rank weight matrices must be estimated.

1.2 Organization and notations

In section |2} we introduce the precise MF model, general class of RIEs, and the Oracle estimators.
In section we present the explicit RIEs (and algorithm) to estimate X and Y. We provide the
numerical examples and calculations in section[d] In section[5] we sketch the derivation of RIE for
X, while the one for Y is similar and deferred to the appendices.
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The following notations are used throughout. For a vector v € RY we denote by T' € RV *M a matrix
constructed as I' = [ 'y \ Onx(M—n) ] with Ty € RVXV 3 diagonal matrix with diagonal ~y.
The same notations will also be used for the vector o and the corresponding matrix X and . For a
sequence of non-symmetric matrices A of growing size, we denote the limiting empirical singular
value distribution (ESD) by 1 4, and the limiting empirical eigenvalue distribution of AAT by p4.
For a sequence of symmetric matrices B of growing size, we denote the limiting empirical eigenvalue
distribution by pp, and the limiting eigenvalue distribution of B2 by ppo.

2 Matrix factorization model and rotation invariant estimators

2.1 Matrix factorization model

Let X = XT € RV*Y a symmetric matrix distributed according to a rotationally invariant prior
Px(X), i.e., for any orthogonal matrix O € RV*" we have Px(OXOT) = Px(X). Let also
Y € RNXM pe distributed according to a bi-rotationally invariant prior Py (Y), i.e. for any
orthogonal matrices U € RV*N 'V € RMXM we have Py (UY VT) = Py (Y). We observe the
data matrix S € RNV*M

S=vVeXY+W D

where W € RY*M g also bi-rotationally invariant distributed, and x € R is proportional to the
signal-to-noise-ratio (SNR). The goal is to recover both factors X and Y from the data matrix S.
For definiteness, we consider the regime M > N with aspect ratio N/M — « € (0, 1] as N — oo.
The case of o > 1 can be analyzed in the same manner and is presented in section [F} Furthermore,
we assume that the entries of X, Y and W are of the order O(1/v~). This scaling is such that the
eigenvalues of X and singular values of Y, W and S are of the order O(1) as N — oc.

Assumption 1. The empirical eigenvalue distribution of X converge weakly to measure px, and the
ESD of Y , W converge weakly to measures vy , uyw with bounded support on the real line. Moreover,
these measures are known to the statistician. He can deduce (in principle) these measures from the
priorson X, Y /W,

Remark 1. In a general formulation of matrix factorization the hidden matrices have dimensions
X € RVXH Yy ¢ REXM and in the Bayesian framework with bi-rotational invariant priors for
both factors, the optimal estimators are trivially the zero matrix. Indeed, from bi-rotational invariance
we have Px(—X) = Px(X), Py(=Y) = Py(Y), which implies that the Bayesian estimate is
zero. Here, by imposing that X € RN*N is symmetric and Px(OX OT) = Px(X), we can break
this symmetry and find non-trivial estimators. This is due to the fact that the map X — —X cannot
be realized as a (real) orthogonal transformation, so Px(—X) = Px (X)) does not hold in general
(various examples are given in sectiond|and appendices). Of course, if the prior is even, e.g. Wigner
ensemble, again the Bayesian posterior estimate is trivially zero for both factors. As we will see our
RIEs are consistent with these observations.

2.2 Rotation invariant estimators

To recover matrices X, Y from S, we consider two denoising problems. One is recovering X by
treating both Y, W as "noise" matrices, and the other is estimating Y by treating X, W as "noise".
As will become clear the procedure is not iterative, and the two denoising problems are solved
independently and simultaneously. In the following, for each of these two problems, we introduce two
rotation invariant classes of estimators and discuss their optimum Oracle estimators. We then provide
an explicit construction and algorithm for RIEs which we conjecture have the optimum performance
of Oracle estimators in the large N limit.

2.2.1 RIE class for X
Consider the SVD of § = UsI'VJ, where Us € RV*N, Vg € RM*M are orthogonal, and

I' € RV*M s a diagonal matrix with singular values of S on its diagonal, (v;), _,_ - A rotational
invaraint estimator for X is denoted Zx (S, and is constructed as: o
Ex(S) =Usdiag(&sq, .-, &an) Ul )

where £,4, ..., &, v are the eigenvalues of the estimator.



136
137

138
139

140

141
142
143
144
145

146
147

148
149

150
151

152
153
154

155

156

157

158
159

160

161
162
163
164
165
166

167
168
169

. . ; S _ 2 .
First, we derive an Oracle estimator by minimizing the squared error % ||X —Ex(S) ||F for a given

instance, over the RIE class or equivalently over the choice of the eigenvalues (le) 1<i<n- Letthe

eigen-decomposition of X be X = Zfil A z;x] with z; € RY eigenvectors of X. The error can
be expanded as:

1 _ 2 1 & 5o 1 al 9 2 a Y T..\2
NHX—-:'X(S)HF:NE S > & - > i) A (ulwy)
i=1 =1 =1 Jj=1

where u;’s are columns of Ug. Minimizing over ,,;’s, we find the optimum among the RIE class:

N N
- 2
EY(S) = Zﬁ;l wu!, &, = Z A (ule))” = ul Xu,; 3)
i=1 j=1
Expression (3) defines the Oracle estimator which requires the knowledge of signal matrix X.
Surprisingly, in the large IV limit, the optimal eigenvalues ({;7 ) 1<;< can be computed from the
observation matrix and knowledge of the measures px, iy, ftw . In the next section, we show that

this leads to an explicitly computable (or algorithmic) RIE, which we conjecture to be optimal as
N — o0, in the sense that its performance matches the one of the Oracle estimator.

Now we remark that the Oracle estimator is not only optimal within the rotation invariant class but
is also Bayesian optimal. From the Bayesian estimation point of view, one wishes to minimize the
2 L
average mean squared error (MSE) MSE . = NIEHX X (S)|| > where the expectation is over
X,Y,W,and X (S) is an estimator of X. The MSE is minimized for X *(S) = E[X|S] which is
the posterior mean. Therefore, the posterior mean estimator has the minimum MSE (MMSE) among
all possible estimators, in particular MSE % < MSEE’)«( for any N. In section@ we show that, for
rotational invariant priors, the posterior mean estimator is inside the RIE class. Thus, since 2% (.S) is

optimum among the RIE class MSEz; < MSE 4. Therefore, we conclude that the Oracle estimator
(3) is Bayesian optimal in the sense that MSE—* = MSE . = MMSE.

2.2.2 RIE class for Y

Estimators for Y from the rotation invariant class are denoted vy (.S), and are constructed as:

By (S) =Us [ diag(&y;,---,&n) | Onxr—n) | VS 4

where £, ..., &, are the singular values of the estimator.

Letthe SVDof Y be Y = YV | o yl(l)yz(r) with y") € R,y € RM the left and right singular
vectors of Y. To derive an Oracle estimator, we proceed as above. Expanding the error, we have:

1 _ 2 I, 1, 28, O Ty ) (o7
FIY —EvO)llp =5 Dot + 5 D& — w5 2 o (uly”) (v]y;”)
=1 =1 =1 j=1

where v;’s are columns of V. Minimizing over ,,’s, we find the optimum among the RIE class:

N N
B3 (S) = Zg; uwiv], & = ZO']‘ (u}y](-l) Tyj(r)) =u]Yv; 3)
=1

i=1

Expression (9) defines the Oracle estimator which requires the knowledge of signal matrix Y. Like
for the case of X, in the large N limit we can derive the optimal singular values (5;2) 1<i<N in terms
of the singular values of observation matrix and knowledge of the measures px, py. This leads to
an explicitly computable (or algorithmic) RIE, which is conjectured to be optimal as N — oo, in the
sense that it has the same performance as the Oracle estimator. Note that unlike the estimator for X,

we do not need the knowledge of 1y

In section we show that for bi-rotationally invariant priors the posterior mean estimator Y™ (S) =
E[Y'|S] belongs to the RIE class, which (by similar arguments to the case of X)) implies that the
Oracle estimator (3)) is Bayesian optimal.
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3 Algorithmic RIEs for the matrix factors

In this section, we present our explicit RIEs for X, Y and the corresponding algorithm. We conjecture
that their performance matches the one of Oracles estimators in the large /V limit and they are therefore
Bayesian optimal in this limit. Let us first give a brief reminder on useful transforms in random
matrix theory.

3.1 Preliminaries on transforms in random matrix theory

For a probability density function p(z) on R, the Stieltjes (or Cauchy) transform is defined as
1
G,(2) = / —p(x)dx  for z € C\supp(p)
RR—X

By Plemelj formulae we have for z € R,

lim G,(x —ie) = wH[p|(z) + mip(x) (6)
e—0t
with H[p](z) = p.v.= fR 10} ;dt the Hilbert transform of p (here p.v. stands for "principal value").
Denoting the inverse of gp( ) by G, (z), the R-transform of p is defined as [43]:

Ro() = G, ()~ -

For a probability density function p with support contained in[— K, K ] with K > 0 we define a
generating function of (even) moments M, : [0, K %] — Ry as M, (z) = [ =L p(t) dt — 1. For

€ (0,1], define 7™ (2) = (az + 1)(z + 1), and ’Hffy)( ) = zT( )(Mu( )). The rectangular
R-transform with aspect ratio « is defined as [44]:

[eY )1 z
€)= T (——5—)
Hy (2)

3.2 Explicit RIE for X

The RIE for X is constructed as @(S) = Zf\;l é\;iuiu{ with eigenvalues ({;l) L<ien

A;i = mlm zelviinflio*' {é[%( Zn—gfl) + Gy ( _ Z;@Q)}} ™)

where +; is the i-th singular value of S, ﬂg is the symmetrized limiting ESD of .S, and

1 l-«a
= GO (s () 0Gs () + =) ®)
and (3 satisfies[[}
(@) 1 —«
(5= )3 (2) = 1 = €80 (2 [0G3s (2) + 2] [(: = )G, (2) — 1] ©)
Remark 2. If px is a symmetric measure, px(z) = px(—x), then G, (—2) = =G, (2). This
implies that the optimal eigenvalues ( )1 <i<N in (@) are all zero, and 2% (S) = 0, see ﬁgure

3.2.1 An estimator for X2

It is interesting to note that we can construct a RIE for X? as E%.(S) = Zfil fzgiuiuf with

eigenvalues (f/\ )1<l<N

1 1 . -1 1
o= T L(2) = — 10
& i wans(r) z—>v17an—1i0+ € g o) € (10

with {1, (3 as in (8), (O). Note that, {1, (3 can be evaluated using the observation matrix and the
knowledge of uy, uyy, and therefore this time the statistician does not need to know the prior of X.
Furthermore, assuming that X is positive semi-definite (PSD), we can construct a sub-optimal RIE

for X' by using /& for the eigenvalues of the estimator.

1¢1, ¢3 are the only parameters which appear in the final estimator. However, in derivation of the RIE, we
have defined other parameters which do not appear in the final estimator and we omit them here.
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3.2.2 Case of Gaussian Y, W

If Y, W have i.i.d. Gaussian entries with variance 1/, then Cff;) (2) = Cfﬁg (2) = #/a. Consequently,
C1,C3 can easily be computed to be (1 = (3 = G (2) + (1-%)/(az), thus the estimator (7)) can be
evaluated from the observation matrix. In particular, the estimator simplifies to:

—~ 1 1
5;27;:; -1+ - - 2] 1D
o(m2as(7:)? + (Hlas] () + 12)°)
3.3 Explicit RIE for Y
Our explicit RIE for Y is constructed as ._.Y(S )= Zf;l & ;wiv] with singular values ( )1 <i<N'
~ 1 1
f=—=—1I li 12
S5 VE s (Vi) o z—>»y1,;n—1i0+ « (12)

where 7; is the ¢-th singular value of S, and g4 is the solution to the following system of equations ﬂ
¢l (q192)
pr = & +3 ( ox (@1 + 0103) — Rox (04 — \/Q1Q3))
Ba = %(Rpx (qa + \/(J1LI3) + Ry (g1 — \/91(13)) (13)
gﬂs( )a q2_agﬁs(z)+(1_a)1
@ = E5 00 () — S 4= 0 (2) — 4;

Similarly to the estimator derived for X, if px is a symmetric measure then the optimal singular
values for the estimator of Y are all zero, see remark [3}

If X is a shifted Wigner matrix, i.e. X = F + cI with F = FT € RV*¥ having i.i.d. Gaussian
entries with variance !/~ and ¢ # 0 a real number, then R,, () = z + c. Moreover, if W is
Gaussian matrix with variance 1/n, then the set of equations (13) simplifies to a great extent, and we
can compute g4 analytically in terms of G5 (z), see section

3.4 Algorithmic nature of the RIEs

The explicit RIEs (7) and (I2)) proposed in this section, provide spectral algorithms to estimate the
matrix factors from the data matrix (and the priors). An essential ingredient that must be extracted
from the data matrix is G (z). This quantity can be approximated from the observation matrix using
Cauchy kernel method introduced in [45](see section 19.5.2), from which fis(.) can be approximated
using (6). Therefore, given an observation matrix S, the spectral algorithm proceeds as follows:

1. Compute the SVD of S.
2. Approximate G (z) from the singular values of S.
3. Construct the RIEs for X, Y as proposed in paragraphs

4 Numerical results

4.1 Performance of RIE for X

We consider the case where Y, W both have i.i.d. Gaussian entries of variance !/n, and X is
a Wishart matrix, X = HHT with H € RV>4N having i.i.d. Gaussian entries of variance 1/N.
For various SNRs, we examine the performance of two proposed estimators, the RIE (7)), and the
square-root of the estimator (T0) (since X is PSD), which is sub-optimal. In figure [I] the MSEs
of these algorithmic estimators are compared with the one of Oracle estimator (3). We see that the
average performance of the algorithmic RIE 2% (.S) is very close to the (optimal) Oracle estimator
2% (S) (relative errors are small and provided in the appendices) and we believe that the slight
mismatch is due to the numerical approximations and finite-size effects. Note that, although the

estimator /;2 (S) is sub-optimal, it does not use any prior knowledge of X. For more examples,
details of the numerical experiments and the relative error of the estimators, we refer to section @

?Like the case for X, we omit some of the parameters which do not appear in the final estimator.
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Figure 1: MSE of estimating X . MSE is normalized ~ Figure 2: MSE of estimating Y. MSE is normalized
by the norm of the signal, || X||. X is a Wishart by the norm of the signal, ||Y||&. Y has uniform spec-
matrix with aspect ratio /4, X = HHT with H €  tral density, ¢ ([1, 3]). X is a shifted Wigner matrix
RYM*4N having i.i.d. Gaussian entries of variance ~ With ¢ = 3, and W is a N x M matrix with i.i.d.
1/N. Both Y and W are N x M matrices withii.d.  Gaussian entries of variance !/~. RIE is applied to
Gaussian entries of variance 1/n. RIE is applied to IV = 2000, M = 4000, and the results are averaged
N = 2000, M = 4000, and the results are averaged  over 10 runs (error bars are invisible).

over 10 runs (error bars are invisible).

4.2 Performance of RIE for Y

We consider the case where W has i.i.d. Gaussian entries of variance !/~, and X is a shifted Wigner
matrix with ¢ = 3. Matrix Y is constructed as Y = Uy ZV{! with Uy € RV*N V3 € RMXM gre
Haar distributed, and the singular values are generated independently from the uniform distribution
on [1, 3]. MSEs of the RIE (T2) and the Oracle estimator (3) are illustrated in figure[2] We see that

the performance of the algorithmic RIE @(S ) is very close to the optimal estimator =3 (.S).

Non-rotational invariant prior In another example, which we omit here, with the same settings
for X, W, we consider the case where Y is a sparse matrix with entries distributed according to
Bernoulli-Rademacher prior. The RIE is not optimal in this setting (since the prior is not bi-rotational
invariant), however applying a simple thresholding function on the matrix constructed by RIE yields
an estimate with lower MSE. This observation suggests that for the case of general priors, the RIEs
can provide a spectral initialization for more efficient estimators. For more details and examples, see
section

4.3 Comparing RIEs of matrix factorization and denoising

The proposed RIEs, namely (7)) and (12)), simplify greatly when the matrices W, Y are Gaussian,
and X is a shifted Wigner matrix. We perform experiments with these priors, where for a given
observation matrix S, we look at the RIEs of X, Y for the MF problem, and simultaneously at
the RIE of the product XY as a whole for the denoising problem with formulas introduced in [|18]]
(which can also be obtained by taking X to be the identity matrix, see section [D.3.1). Figure
illustrates these experiments. In particular the MSE of the denoising-RIE matches well the one of the
associated Oracle estimator, and as expected is lower than the MSE of the product of MF-RIEs.

5 Derivation of the explicit RIEs

In this section, we sketch the derivation of our explicit RIE for X . The RIE for Y is derived similarly,
but requires more involved analysis and is presented in section D} For simplicity, we take the SNR
parameter in (I)) to be 1, so the model is S = XY + W. The optimal eigenvalues are constructed

as &l = . ilw; x;) . We assume that 1n the large mmit, £ . can be approximate 1ts
i LA]{jQw hat in the large N limit, £}, be approxi d by i

expectation and we introduce
N
= Y NE|(ule))’] (14)
j=1

where the expectation is over the (left) singular vectors of the observation matrix S. Therefore,

. 2
to compute these eigenvalues, we need to find the mean squared overlap E {(ufm]) ] between
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ARIE, 2% (S) ARIE, B} (S) ARIE, B4, ()
4 *E%(S)E}.(S
e 084 * s 3 X (8B (S)
2 + 2 2
= 03+ Zor4 ¥ o4l o+
* * *
0 . 0.6 . 02 M
| x
' * * * * * * * * ¥
\ \ . : \ : \ : \ : \ : \ \ \ : \ :
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(a) Estimating X (b) Estimating Y’ (c) Estimating XY

Figure 3: MSE of factorization problem. MSE is normalized by the norm of the signal. X is a shifted Wigner
matrix with ¢ = 1, and both Y and W are N x M matrices with i.i.d. Gaussian entries of variance !/~. RIE is
applied to N = 2000, M = 4000. In each run, the observation matrix S is generated according to (I)), and the
factors X, Y are estimated simultaneously from S. Results are averaged over 10 runs (error bars are invisible).

eigenvectors of X and singular vectors of S. In what follows, we will see that (a rescaling of) this
quantity can be expressed in terms of i-th singular value of S and j-th eigenvector of X (and the

limiting measures, indeed). Thus, we will use the notation Ox (v;, /\j) = NE {(u}m])ﬂ in the

following. In the next section, we discuss how the overlap can be computed from the resolvent of the
"Hermitized" version of S.

5.1 Relation between overlap and resolvent

Construct the matrix & € RWVHM)x(N+M) from the observation matrix:

_ | Onxn S
S= [ ST Omxm ]

By Theorem 7.3.3 in [46], S has the following eigen-decomposition:

s_[Us Us 0 F(;v ool os Os 0 Y as)
IR A SR viC) N A AN (OO viC)
S S S 0 0 0 S S S

with Vo = [ vV v | in which V{" € RM*V. And, ViV = LV, U5 = LUs.

Eigenvalues of S are signed singular values of .S, therefore the limiting eigenvalue distribution of &
(ignoring zero eigenvalues) is the same as the limiting symmetrized singular value distribution of S.
Define the resolvent of S,
Gs(z) = (2I-8)!

We assume that as N — oo and z is not too close to the real axis, the matrix Gs(z) concentrates
around its mean. Consequently, the value of Gs(z) becomes uncorrelated with the particular
realization of S. Specifically, as N — oo, Gs(z) converges to a deterministic matrix for any
fixed value of z € C\R (independent of N). Denote the eigenvectors of S by s; € RM+N j =
1,...,M + N. For z =  — ie with z € R and small ¢, we have:

N T+ i€ T+ i€ gy
RERTED DAL S AL DI
o (@) e T N
where 7, are the eigenvalues of &, which are in fact the (signed) singular values of S, 41 =
717"'3;}/1\/ = ’YNa;?N—i-l = 7713"'75’2]\7 = —IN-
Define the vectors &; = [x], 0,/]T for x; eigenvectors of X. We have

2N c c N+M
@] (ImGs(x —ie))&; = Y (#s1)” + = 2 (#s)”  (16)

RV
k=1 (@ —Jk)* + k=2N+1

Given the structure of s;’s in (T3)), (:Tc{sj)Q = %(quJ)Q = (:TciTstrN)Q for 1 < j < N, and the

second sum in is zero. We assume that in the limit of large N this quantity concentrates on
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Figure 4: Comparison of the theoretical prediction 20) of the
rescaled overlap with the numerical simulation. The rescaled overlap
between 200-th and 800-th left singular vector of S and the eigen-
vectors of X is illustrated. X = XT € RV has i.i.d. Gaussian
entries with variance /v~ and is fixed. Both Y and Z are N x M
matrices with i.i.d. Gaussian entries of variance !/n. The simu-
lation results are average of 1000 experiments with fixed X, and
N = 1000, M = 2000. Some of the simulation points are dropped
. for clarity.

e One can see that the overlap is an even function of eigenvalues A;,
05 0 05 1 15 2 so the optimal eigenvalues &, = Zj.vzl Aj (uiT:cj)z are all zero, as

by discussed in remark 2}

Ox (77j, A;) and depends only on the singular values and eigenvalue pairs (7y;, A;). We thus have:
~ . ~ N—=oo € _
z] (Im Gs(z — ie)) & /R R Ox (t, N\ s (t) dt

where the overlap function Ox (¢, \;) is extended (continuously) to arbitrary values within the
support of jig (the symmetrized limiting singular value distribution of S) with the property that
Ox (t,\;) = Ox(—t, \;) for t € supp(us) . Sending ¢ — 0, we find

x] (ImGs(I - ie))a?,; — mhs(x)Ox (x, ;) (18)
This is a crucial relation as it allows us to study the overlap by means of the resolvent of S. In the
next section, we establish a connection between this resolvent and the signal X, which enables us to
determine the optimal eigenvalues values £, in terms of the singular values of S.

a7

5.2 Resolvent relation

To derive the resolvent relation between S and X, we fix the matrix X and consider the model
S=XUYV]+UWV)]

with Y, W € RY*M fixed matrices with limiting singular value distribution py-, pyy, and Uy, Uy €
RNXN ViV, € RM*M jpndependent random Haar matrices. Indeed, if we substitute the SVD of
the matrices Y', W in model (I)) we find the latter model. Now, the average over the singular vectors
of S (with fixed X)) is equivalent to the average over the matrices U7, Us, V71, V5. In section
using the Replica trick, we derive the following relation in the limit N — oc:

(G (354) 0
Gs(z)) = Cs

(Gs(2) 0 (z—C) 'y
with (3, (2, (5 satisfying set of equations (£I)). (.) is the expectation w.r.t. the singular vectors of S
(or equivalently over Uy, Uy, Vi, V5), and G x> is the resolvent of X 2. As stated earlier, we assume
that the resolvent Gs(z) concentrates in the limit N — oo, therefore we drop the brackets in the
following computation.

19)

5.3 Overlaps and optimal eigenvalues

From (18}, (19), we find:

1 . - 2=
Ox (v, \i) =~ — Im lim ¢ Gy x;
XA sy A T G G o) (20)
1 1
=——Im lm —F—
mis(y)  zmy—iot 2 — (1 — (3A?

In Fig. ] we illustrate that the theoretical predictions (20) are in good agreement with numerical
simulations for a particular case of X a Wigner matrix, and Y, W with i.i.d. Gaussian entries.

Once we have the overlap, we can compute the optimal eigenvalues to be
N N
~ 1 1 1 A
* o — AOx(vi, Aj) = ———1 li — —
& N ; 10x(i: Ag) mjis (i) e N ; z =G — (A3

With a bit of algebra, we find the estimator in (7)) in the limit N — oo, see section

2
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A Posterior mean estimator is in the RIE class

In this section, we show that for rotational invariant priors, the posterior mean estimator is inside the
RIE class. For each of the estimators of X, Y, we present an equivalent definition of the RIE, then
we show that posterior mean estimator satisfies this definition.

A.1 X Estimator

Lemma 1. Given the observation matrix S, let X (S) be an estimator of X. Then X (S) is a RIE if
and only if for any orthogonal matrices U € RN*N 'V ¢ RM*M .,

X(USVT)=UX(S)UT (22)

Proof. 1f X (S) is a RIE, then the property (22) clearly follows from the definition (Z). Now we turn
to the converse.

Suppose that an estimator X (S) satisfies (22). First, we show that if the observation matrix is
diagonal, then the estimator is also diagonal. Consider the observation matrix to be §41% =
[ diag(si,...,sx) | Onx(—ny |. Let I; € RVXN g~ e RM*M pe diagonal matrices with
diagonal entries all one except the k-th entry which is —1. Note that for 1 < k£ < N, we have
Sdiag — .- §diag J - Moreover, matrices I, ,J, are indeed orthogonal. For any 1 < k < N, from
the property we have:

X (S%8) = X (I, S48, ) = I, X (S4=e) - (23)
This implies that all entries on the k-th row and k-th column of X (S4ia8) are zero except the k-th

entry on the diagonal. Since this holds for any %k, we conclude that X (S4i28) is diagonal.

Now, for a given general observation matrix with SVD S = UsI'V{,put U = U],V = V{ in the
property (22). We have:

X(T) =UIX(S)Us

From the argument above, the matrix on the lhs is diagonal. Consequently, the matrix U;X (SYUs

is diagonal which implies that the columns of U are eigenvectors of X (S). Therefore, X (S) is a
RIE. O

Now, we prove that the posterior mean estimator X*(S) = E[X|S] has the property (22), and
therefore belongs to the RIE class. For simplicity, we drop the SNR factor +/x. For any orthogonal
matrices U € RV*N vV € RM*XM we have:
[dY dX X PX(X')PY(Y)PW(USVT - XY)
[dY dX Px(X)Py(Y)Pyw(USVT — XY)
@ [dY dX UXUT PX( )Py (Y)Py (USVT —UXUTY)
[dY dX Px(X)Py(Y)Pw(USVT —UXUTY)
)
(

EX|USVT] =

® [dY AXUXUT Px(X)Py (Y) Py (USVT — UXUTUYVT)
[dY dX Px(X)Py(Y)Pyw(USVT —UXUTUYVT)
{ [dY dX X Px(X)Py(Y)Pw (S — XY) }UT
[dY dX Px(X)Py(Y)Pw(S — XY)
= UE[X|S|UT

X
Y
X
Y

where in (a), we changed variables X 5UX UT, used | det U| = 1, and rotational invariance of Py,
Px(X) = Px(UXUT). In (b), we changed variables Y — UY VT, used | det U| = | det V| = 1,
and bi-rotational invariance of Py, Py (Y) = Py (UYVT). In (c), we used the bi-rotational
invariance property of Py, namely Py (USVT —UXYVT) = Py (S — XY).
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A.2 Y Estimator

Lemma 2. Given the observation matrix S, let Y (S) be an estimator for Y. Then Y (S) is a RIE if
and only if for any orthogonal matrices U € RN*N V¢ RM*M.

Y(USVT)=UY(S)VT (24)

Proof. If Y(S ) is a RIE, then this property clearly follows from the definition (). Let us now show
the converse.

Suppose that an estimator Y(S ) satisfies (24). First, we show that if the observation matrix is
diagonal, then the estimator is also diagonal. Consider the observation matrix to be 4% =
[ diag(si,...,sx) | Onx(—ny |. Let I; € RNV J= e RM*M pe diagonal matrices with
diagonal entries all one except the k-th entry which is —1. Note that for 1 < k < N, we have
Sdiag — 1 S diag g « - Moreover, matrices I, , J, are indeed orthogonal. For any 1 < k£ < NV, from
the property we have:

(Sd1ag) ( SchagJ ) _ Ik—YAv(Sdiag)Jk— (25)
This implies that all entries on the k-th row and k-th column of Y (S%48) is zero except the k-th
entry on the diagonal. Since this holds for any k, we conclude that Y (S9128) is diagonal.

Now, for a given general observation matrix S = UsI'VJ, put U = U,V = V{ in the property
(24). We have:

Y(T)=UlY(S)Vs
From the argument above, the matrix on the lhs is diagonal. Consequently, the matrix U ;Y(S)VS is

diagonal which implies that the columns of Ug, Vs are the left and right singular vectors of Y(S ).
Therefore, Y (.S) is a RIE. O

Now, we prove that the posterior mean estimator Y*(S) = E[Y'|S] has the property (24), and it
is inside the RIE class. For simplicity, we drop the SNR factor /x. For any orthogonal matrices
U c RV*XN VvV ¢ RMXM we have:
[dX dY'Y Px(X)P v ( Y )Py (USVT — XY)
[dX dY Px(X)Py(Y)P (USVT - XY)
) [dX AYUYVT PX(X)PY( )Py (USVT — XUYVT)
[dX dY Px(X)Py(Y)Pw(USVT — XUYVT)
)
v (

E[Y|USVT] =

)
w JdX dYUYVT Px(X Py ( Y )Py (USVT —UXUTUY VT)
)

[dX dY Px(X)Py(Y)Pw(USVT —UXUTUYVT)
(c_)U{dedYYPX( ( )Py (S — XY)}VT
B [dX dY Px(X)Py(Y)Pw (S — XY)
= UE[Y|S]VT

where in (a), we changed variables Y — UY VT, used | det U| = | det V| = 1, and bi-rotational

invariance of Py, PY(Y) = Py(Uf’VT). In (b), we changed variables X — UXUT, used
|det U| = 1, and rotational invariance of Px, Px(X) = Px(UXUT). In (c), we used the

bi-rotational invariance property of Py, namely Py (USVT —UXYVT) = Py (S — XY).
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B The replica method for deriving the resolvent relation
In this section we present the replica method used to obtain the resolvent relation. For simplicity of
notation we use G(z) = Gs(z) for the resolvent of a random matrix S.

First, we express the entries of the resolvent G(z) using the Gaussian integral representation of an
inverse matrix [47]:

1 M+N 1
Gole) = \/(27r)N+M det (21 —8) / ( kUl d"’“) "Hifls eXp{ — (- S)"}
M+N 1 a
/ ( |1 d”’f) il eXp{ =5 (=1 - 5)77} (26)
_ k=1

M+N

/( U dnk) exp{ — %nT(zIfS)n}

For z not close to the real axis, the resolvent is expected to exhibit self-averaging behavior in the
limit of large N, meaning that it will not depend on the particular matrix realization. Thus, we can
examine the resolvent Gs(z) by analyzing its ensemble average, denoted by (.) in the following.

M+N

<Gij(z)> = <; / ( 1:[ dnk> niM; exp{ — %nT (zI — S)n}> 27

where Z is the denominator in (26). Computing the average is, in general, non-trivial. However,
the replica method provides us with a technique to overcome this issue by employing the following
identity:

M+N 1
<Gij(z)>=7lligb <Z"_1 /( 11 d’l?k) nin; exp{—znT(zI—S)n}>
k=1
; T )M, ) 1N~ (0T ) -
=t (f CILTLn) o oo {5 529

So, the problem now is reduced to computation of an average over n copies (or replicas) of the initial
system (26). After computing the average value (the bracket) in (28)), we can perform an analytical
continuation of the result to real values of n and then take the limit n — 0. Throughout, we assume
as is common in the replica method, that the analytical continuation can be done with only n different
sets of points. Of course, this is a totally uncontrolled step that comes with no guarantees.

15



492

493
494

495
496

497

498

499

500

501

502

503

504

505

507

508

C Derivation of the RIE for X
In this section, we consider estimating X, and treat both Y and W as noise. We consider X to be
fixed, and the observation model:

S=XUYV]+UWV] (29)

where Y, W € RN¥*M are fixed matrices with limiting singular value distribution gy, pyy, and
U,,Uy, € RVXN Vv, V, € RMXM are independent random Haar matrices.

RN+M)x (N+M)

Construct the hermitization S € from S as

_ | Onxn S
S = ST Omxwm

For simplicity of notation, we use T'= XU, Y'V;, T € RWTM)x(N+M) the hermitization of T,
and W denotes the hermitization of the matrix Uy W V..

C.1 Resolvent relation

We want to find a relation between G(z) = Gs(z), and the signal matrix X . From (28), we have

N+M n ( ) n
- — L 1 _ = (T (1)
(Gij(2)) = nlirgo ( kl;[l Tl_ll dn ) <exp{ Tz:ln (2I — S)n }>U17U27V17V2
N+M n ) ( | ( ) n .
o . T 1 1 (7—) (7—)
= nlgr;o kl_[l I_Il dnk exp { Z nv'’'n }

<exp{ znr)TTn T)}> <exp{ ZnT)TWn ’T)}>

(30)

Split each replica n(7) into two vectors a(”) € RN (") ¢ RM, n(7) = [ Z((:)) ] The exponent in
the first bracket in (30) can be written as:
M Ty = a(T)TXU1Y‘/1Tb(T) + b(T)TVlYTUlTXa(T)
=22 XU Y VB 31)
=2TrbMa D XU Y VT
Using the formula for the rectangular spherical integral [20] (see Theorem 2)in[H.T), we find:

(o TXO W), e (53 0 (g X PO

(32)
o cl)
with Q*(‘Y) (z) = oy % dt. In (32), we used that bW a(™ " X is a rank-one matrix with non-zero
singular value ||b(™ ||| X a ™ ||.

Similarly, for the second bracket in (30) we can write:
)TWn(T) _ a(T)TUQWVQTb(T) + b(T)TVQWTUZTa(T)
=2aTU,WV, B (33)
=2TrbMa D U,W VT

which using the formula of rectangular spherical integrals, implies

<exp{ZTrb<’a<*”U2WV;}> e {s ZQ 7l IR ) a4
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From (30), (32), (34), we find:

N+M n
T 1 1
(Giy(2)) = Jim [ (T] TLam™)n"n"
k=1 7=1
1N X a6 la™ |26
_z (™2 = (@) (o) (1@ 71710 7
. eXp{ 2 ;Z”n 1" =N ( NM ) QﬂW( NM )
(35)
Now, we introduce delta functions (5( &), 6(p(7) ”b(;\/[)”z) and (5( M),
and using them, the integral in (33) can be written as (for brevity we drop the limit term)
N+M n
T T T T 1 1
(G / (T TL i) Hdp()dp()dp())()nﬁ)
k=1 7=1 r=1

XH Rl PYCN L PYCIN . Gl

n

1 2 (), () @) (p)pl7)
xexp{ = 5> 2|2 = N by p) - NQls) (1 7pi) }

T=1
In the next step, we replace each delta with its Fourier transform, & (p] — % [|a”[|?) o [ d(] exp { -

Ner(pT — Lla7]|2) V. After rearranging, we find:
261\P1 — N ging

(Gii(2)) o / (T " dpt” aps” ac e acs™)

T=1
« T T « 7' T T T 1 T T T T
xeXp{ ZQLQPQ 5+ Q) (7ps7) - ¢ 7p —ECS)pé)—é)pé)}
N+M n
T 1
< [ CIT TLan) 0"
k=1 7=1
1 = T T T T T T T
cexp{ =5 D zIn@? = ¢7la®)? - 77 - ¢ 1 X a7}
=1
(37
The inner integral in (37) is a Gaussian integral, and can be written as:
N+M n
/ 1 I an0) nnt"
k=1 =1

n 1 ( _ (1) Iv — (1) X2
a7 2= G )N =G 0 (7)
X ex —
p { Z 277 0 ( (T))I n

T=1

Denote the matrix in the exponent by ng). Its determinant reads:
N
det C7) = (2= (M [ (== 7 = 72

where \j’s are eigenvalues of X. So replacing the formula for the Gaussian integrals, (37) can be
written as:

<Gij(z) / H dpgT) dp CT) dcéﬂ') deET)) (C;)*l)

T=1 *

N
X exp{ — %Fgf(pth,Ps?ChC%CB)}
(39)
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527

528

529

530

531

532

with

n N
1 ]- T T 1 T

F¥ (p1,p2.p3,C1, G2, C3) = nZ{NZm(zd’ GV + ~In(z — ¢7)
=1 k=1

— Q) Ppy”) — Q) (7ps”) + ¢Vl + C pd + 7w
(40)
In the large N limit, the integral in (39) can be computed using the saddle-points of the function Fj*.

In the evaluation of this integral, we use the replica symmetric ansatz that assumes a saddle-point of
the form:

pl =p1, D3 =Dp2, DP3=D3
Vre{l,---,n}: {
’ =0, G =0, G=3G

The saddle point is a solution of the set of equations:

* (,’(a) (pip3) * &)/ w % Y Cff‘)(p )
Cl le, <2 = %(C/(‘VB' (p1p2) _|_C/(H,)(pr3))7 Cg _ YT“
41)

_ 1 ¢t _ _ g =Gy _ 1
Pi=59 (g Pi=g Pi= G %.(T) &

Now, since the relation (39) and the solutions (1)) hold for arbitrary indices ¢, j, we can state the

relation in matrix form. The inverse of C'% ', and the block structure of G's(z) are computed in
sections [H.2] From (TTT)), (TT2) we have (for sufficiently large N):

1 T . 2,2
e s

[ &G () > ]

0 L
2—C3 M

(42)

With this relation, we proceed to simplify the equations @T).
The normalized trace of the upper-left blocks of (Gs(z)) is:

U1, Uz,V1,Va
N
1 vioq 11 V2
;; 22277]_;N [1+ 3]

— Yk

(43)

Il
N

2=

2 2
25 =

[

1

1 1
_|_
2= 2+

M= 11 11 -

] = gﬁs (Z)

=~

k

and the normalized trace of the upper-left block in C}‘( gpﬂ (C—) = pj. Therefore, we
have p} = Gz, (2).

The normalized trace of lower-right block of <GS (z)>U1 Us Vi.Vs reads:

1 1 N M-N1 1
(M = N) 5] = 700 () + = =G () + (1) @4

M=

el
—z
M — 22— 3

and the normalized trace of the lower-right block in C}k(*l is 2 14* = p5. Therefore, we have
2

2Gng(2)—1

p3 = aGug(2) + (1 — a)L. Moreover, we also have that (5 = e e F e
Hs
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Therefore, the saddle point equations (@I)) can be rewritten in a simplified form, which does not
involve px=2, as:

. CE;?, (p1p3) _

C* C* az Zgﬁs(z)*l * __ CL(L(;/)(:DEP’:)
1= pt ’ 2 azGpg(2)+1-a” 3 P}

(45)

Pi=Gns(2), s =aGu(2)+ (1)l pi= "5 Gu(2) — &

Note that ¢}, (5 can be computed from the observation matrix, and we only need to find (3 satisfying
the following equation:

(2= )00 (9) - 1= 6 (5 00 () + 2] (G = )G -1]) o

C.2 Overlaps and optimal eigenvalues

We restate the relation between the resolvent and the overlaps from the main text (18). For &; =
[x],0,/]7 with z; eigenvectors of X, we have:

z] (Im Gs(z — i€))@; ~ mjis(z)Ox (2, \;) (47)
From 7)), (42)), we find:

Ox (7, \)

Q

———Im lim w}(*_lG 2 S| x;

1
=——Im lm ————>
s () zoy—i0t z — CF — (GA2

Once we have the overlap, we can compute the optimal eigenvalues from (I4)) in section [5} Note
that, until now we had absorbed +/k into X . Therefore, we should use @8)) with Ox (7, v/xA;). This
leads to:

N
1
™y Z AjOx (7i; VEX))
j=1

1
Im lim

N
L) g pu— E—
mhs(vi)  zoyi—iot N —HE-d - CirA?

%

N

1 11 A
= — Im lim — A E—
miis(7i) z—yi—iot KC3 N ; Z»-e_cil _ )\?
3

N N
1 1 /11 1 11 1
- Im lm (SN
ks (v)  z—mya—iot (G <2N Z =G . 2N Z =G} _’_)\j)
1 . 11 z—C 11 z—(f
— —~  _Im lim {:-g¢ ( 1),,7g_( )}
Emfis(Vi)  zoy—iot {2 G kG 2¢57" K(3
1 . 1 z—(f z—C
=—— Tm lim —[g ( 1>+g (— )
26mig (Vi) z—mi—iot {C§ px KC3 px KC3

C.2.1 Estimating X2

%

The resolvent relation we have found in {#2)) is in terms of G x=. Therefore, like other RIEs in other
problems [[141[18]], we can express the estimator for X2 without any knowledge about px or px=.
One can see that, the optimal RIE for X2 is constructed in the same way as for X with eigenvalues

denoted by £*, .. To compute the optimal eigenvalues, we absorb 1/ into X and we use the exact
Y Sz24 p p g
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expression in @J). In the end, we only need to divide by « to find an estimator for the true X 2.

o 2
£ ™ NZA Ox (7i: Aj)

j=1

N 2
~ e, 3 o
_ W;mm Jim Cljlv 2 CcA_A

1 . 11 z — Ci“ 1
=——Im lm ——— [1 — }
miis (Vi) z—y;—i0F C;; N Z ¢Go=4 )\2

Jj=1 ¢
~ eyt~ i, ()
a 1 . X
- s (Vi) fmHmn . s
Y i Jm SG ) -
where in (a) we used (#I), and for (b) we used @3)). Thus, the optimal eigenvalues for X 2 read:
£, = 1 im ¢ ZlgL(z) - 1 (51)

ks (Vi) 2y —i0F C* ¢
Note that the parameters (, (5 can be computed from {3)), (46), without the knowledge of px or
pPxz2.
Remark 3. The main barrier to find an estimator for X is that the resolvent relation (]1_7[) is in terms of
Gp»- Moreover, in the estimator for X, second equality in @9), we have the sum Z =1 ﬁ
which cannot be written in terms of G, ,.

Remark 4. If we add the assumption that the matrix X is positive semi-definite, without any further

knowledge on the prior, we can use \/ &7, . for the eigenvalues of 2 x (S). However, note that, this

estimator is sub-optimal for X as \/Z] 1 A2 (u] wJ) # Zj LA (u] j)2.

C.3 Numerical Examples
In this section, we will illustrate the derived formulas {2)), @8), and @9) with numerical experiments.

We consider matrices Y, W € RY*M (o have i.i.d. Gaussian entries, so C,(ji)(z) = Cﬁg (z) = éz
which leads to a simplification of saddle point equations {#3)):

« 1, % * 2Gng(2)—1 x 1, %
{Cl =aby G =g oTiar = ob2

. (52)
i =Gas(2), p3=0aGp(2)+(1— )L, p5=5Ga,(2) — &

C.3.1 Resolvent relation

We take ~ = 1. In model (29), without loss of generality we can consider X to be diagonal. In figures
[5]and [g] respectively, we consider the X to be a diagonal matrix obtained by taking the eigenvalues of
a Wigner matrix and a Wishart matrix respectively.

Note that /15 and G, (z) can be computed analytically using tools from random matrix theory, but the
computation is highly involved. In our experiments, we use instead a numerical estimation of G (%)
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obtained from the observation matrix with the help of a Cauchy kernel to compute the parameters
(Y, ¢5 (see section[(_}"], and [45] for details on the Cauchy kernel method).

Unlike the simpler models [[15]] for which the fluctuations are derived to be of the order /v, based
on our derivation we cannot assess the order of fluctuations. However, from our numerics we observe
that the fluctuations are of the order o(N'). Moreover, fluctuations near the edge points of density are
larger (in particular for the last row in both figures [5] [6), which is due to the fact that the limiting
measures have higher fluctuations on their edge-points.

Another observation, from comparison of figures[5} [f] is that the fluctuations for the first example are
relatively larger than the second one. One possible guess could be that this is due to the symmetry of
px in the first example. However based on more extensive numerical observations (which we omit
here) we speculate that this issue is in fact related to the existence of small eigenvalues of X . In other
words, if X has eigenvalue 0 or small eigenvalues, we have higher fluctuations in the relation 7).

C.3.2 Overlaps

To illustrate the formula for the overlap (@8)), we fix the matrix X and run experiments over various
realization of the model (29). For each experiment, we record the overlap of k-th left singular
vector of S and the eigenvectors of X . To compute the theoretical prediction, we find ¢} = (3 for
2 = 7 — i0T where 7y, is the average of k-th singular value of S in the experiments.

To find ¢ = (3, we use the set of equations (1) which for Y, W Gaussian can be written as:

* 1, % * * * * 1, %
GG =5p5 G =pi+ps, G=3p5

(53)
* 1 z * __ 1 * __ Z—C* z 1
p1 = ggpxz(g -1), pj= = P T?gpxz(g —-1) - 54
Now we proceed to simplify the solution above:
* * * z z 1
<2:P1+p3:?gpxz(7_1)_7
G € 1
o= L S
2 = * ik z z
z—=G5 Clz—Eng2(§—1)+1
1 z z 1
Cl ap2 Clz Cik gPXZ (Cik ) + o
< *2 1 C]ik
jgpxz(?—l)z 1 +(1—5);
x (54)
z el 2 1\ ¢4
=G 1=0u (6007
I T S (RN TR
* *2 1)\ ¢ Px2 1
e e

Thus, ¢} is the solution to (54). For each example, we solve this equation and compare the obtained
theoretical overlap against the average over the experiments.

Wigner X. Let X € RY*Y be a Wigner matrix, then R, ,(z) = 1. Solving (54), we can
compute the overlap using (48)). In Fig. we compare the theoretical computation with simulations
for N = 1000, M = 2000. As in previous cases fig(7) is approximated using a Cauchy kernel [45].

Square root Wishart X. Let X € RV*¥ be the square root of a Wishart matrix X = ,/+HHT
with H € RN having i.i.d. Gaussian entries. Then R,, , () = 2 11, o/ = N/n". Solving (54),

a’ 1—2°

we can compute the overlap using (48). In Fig. we compare the theoretical computation with
simulations for N = 1000, N’ = 4000, M = 2000.
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(e) Entry ¢ = 1, 7 = 2, a non-diagonal entry in the upper-left block
Figure 5: Tlustration of @2). X is diagonal matrix from the eigenvalues of a Wigner matrix and Y, Z
are Gaussian matrices with N = 2000, M = 3000. The empirical estimate of Gs(z) (dashed blue line) is
computed for z = v; — iy/ ﬁ for 1 <4 < N. Theoretical estimate (solid orange line) computed from the

rhs of [@2) with parameters obtained from the generated matrix. Note that, the theoretical estimate has also
fluctuations because the parameters (7, (3 are given by the numerical estimate of Gy 4 (2).
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ImGs(z)
—
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(a) Entry ¢ = j = 1, first diagonal entry in the upper-left block

054

0 J

ReGs(z)

(d) Entry 2 = 1, 7 = 5000, an entry in the upper-right block

0.4+

(e) Entry ¢ = 1, 7 = 2, a non-diagonal entry in the upper-left block
Figure 6: Illustration of #2). X is diagonal matrix from the eigenvalues of a Wishart matrix with aspect ratio
/2 and Y, Z are Gaussian matrices with N = 2000, M = 3000. The empirical estimate of Gs(z) (dashed

blue line) is computed for z = v; — i4/ ﬁ for 1 < ¢ < N. The Theoretical estimate (solid orange line) is

computed from the rhs of (#2) with parameters obtained from the generated matrix. Note that, the theoretical
estimate has also fluctuations because the parameters (7, (3 are given by the numerical estimate of G ¢ (z).
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(a) Wigner X (b) Square root Wishart X with o’ = 1/4

Figure 7: Computation of the rescaled overlap. Both Y and W are N x M matrices with i.i.d. Gaussian entries
of variance 1/N, and aspect ratio N/M = 1/2. The simulation results are averaged over 1000 experiments
with fixed X, and N = 1000, M = 2000. Some of the simulation points are dropped for clarity.

C.3.3 RIE performance

In this section, we investigate the performance of our proposed estimators for X. We compare
performances of the optimal RIE (@9) with the one of Oracle estimator (3). Moreover, we illustrate
the performance of the estimator for X 2 @), and the sub-optimal estimator of X derived from it,
see remark [l

For Y, W with Gaussian i.i.d. entries, (31) simplifies to:

= ety iy, SO
= ey ™ ()~ G
B %WS;(%) tm z—>1~/i:r—lio+ m%s(z) — Gns(2) — M
1 1 : ) B
il e T (THlEs]) s ()
- (sl s 00) = e +7Tilﬂs(%') T }

1 1

B 1
R S e R,

1

—1 + )
a(mfis (3)? + (Hlas] (v) + =) )]

1
K

(55)
For our first example, we consider two priors for X:

Shifted Wigner X. We consider X = F + cI where F = FT € RV*¥ hasi.i.d. entries with
variance /N, and ¢ # 0 is a real number. Then, the spectrum of X is a shifted version of the Wigner
law

4—(A—c)?

pX()\):T’ forc-2<A<c+2,

and the Stieltjes transform reads:

gpx(z):z—c—\/(z—22—c)(z+2—c)
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(a) Shifted Wigner, ¢ = 3 (b) Wishart, o/ = 1/4

Figure 8: Estimating X . The MSE is normalized by the norm of the signal, | X ||&. Both Y and W are N x M
matrices with i.i.d. Gaussian entries of variance 1/N, and aspect ratio N/M = 1/2. The RIE is applied to
N = 2000, M = 4000, and the results are averaged over 10 runs (error bars are invisible). Average relative

error between RIE @(S) and Oracle estimator is also reported.
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(a) Shifted Wigner, ¢ = 3 (b) Wishart, o’ = 1/4

Figure 9: Estimating X 2. The MSE is normalized by the norm of the signal, || X ?||%. Both Y and W are
N x M matrices with i.i.d. Gaussian entries of variance 1/, and aspect ratio N/M = 1/2. The RIE is applied
to N = 2000, M = 4000, and the results are averaged over 10 runs (error bars are invisible). Average relative

error between RIE 2% (.S) and Oracle estimator is also reported.

Wishart X. Take X = LHHT with H € RV*" having i.i.d. Gaussian entries, with N/n’ =
o’ < 1. Then, the spectrum of X is the renowned Marchenko-Pastur distribution:

\/[A—(\/lg,—l)QH(\/l(y—H)z—)\]

27w ’

PX()\> = for (

-

and the Stieltjes transform reads:

=G T G-V~ G V]

2z

gpx (Z) =

In Figure [8} the MSE of Oracle estimator, RIE #9), and v/ X 2-RIE is illustrated for shifted Wigner
X with ¢ = 3, and Wishart with aspect-ratio o’ = 1/4. We see that the performance of RIE is close to
the one of Oracle estimator, which implies the optimality of the proposed estimator @9)). Moreover,

we observe the sub-optimality of estimating X using /2%, (S). Note that, in the low-SNR regime,

the estimated eigenvalues £*, . might be negative which makes the estimator /=%, (.S) undefined,
x?24q X

so the MSE is not depicted in this case.

In Figure @ the MSE of estimating X 2 is shown. We see that in the high-SNR regimes the RIE (53))
has the same performance as the Oracle estimator.
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Figure 10: Estimating X and X ? with Bernoulli spectral prior distribution. The MSE is normalized by the
3. Both Y and W are N x M matrices with i.i.d. Gaussian entries of
variance 1/N, and aspect ratio N/M = 1/2. The RIE is applied to N = 2000, M = 4000, and the results

are averaged over 10 runs (error bars are invisible). Average relative error between RIE =% (S) and Oracle
estimator is also reported.

0.07 ¥ o v Oracle estimator, 2% (S)
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= 0.05
0.76% ‘
0.82% ‘
0.04
0.93% ‘
1.05% ,‘
T T T T
1 0.8 0.6 0.4

«

Figure 11: MSE of estimating X as a function of aspect-ratio «, prior on X is shifted Wigner with ¢ = 3, and
x = 5. MSE is normalized by the norm of the signal, || X ||2. Both Y and W are N x M matrices with i.i.d.
Gaussian entries of variance 1/N. The RIE is applied to N = 2000, M = /N, and the results are averaged

over 10 runs (error bars are invisible). Average relative error between RIE 2% (S) and Oracle estimator is also
reported.

Bernoulli spectral distribution. In this case, the matrix X is constructed as X = Ux AU)T( with
Ux a N x N orthogonal matrix distributed according to Haar measure on orthogonal matrices, and
A = diag(X) where A has i.i.d. Bernoulli elements. Thus, px = pdy + (1 — p)d41 forp € (0,1),
and the Stieltjes transform is:

1
z—1
For this prior, we have that X = X2, so both estimators :.;(S ) and ‘:\X2 (S) should have the same

performance However, note that ._/.-X\Q (S) does not use any knowledge of px. In Figure |10} the MSE
is illustrated for these two estimators for two sparsity parameter, p = 0.5 and 0.9. We observe that,
except for for the low-SNR regimes, both estimators have the same MSE. The poor performance of

E/‘*;, (S) in the low-SNR regimes might be due to the fact that, some of the estimated eigenvalues

Gpx (2) =p§ +(1-p)

&2, are negative although the true eigenvalue is 0. This makes the estimation more difficult for the

sparser prior, see Figure|10b| However, this problem is resolved in A(S ) by taking the knowledge
of G, (#) into account.

Effect of aspect-ratio o. In Figure[TT] we consider X to be shifted Wigner with ¢ = 3, and the
MSE is depicted for various values of the aspect-ratio o. As expected, as M increases (o decreases)
and we have more observation or more data samples, the estimation error decreases.
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D Estimating Y

In this section, we present the derivation of the optimal RIE for Y. For simplicity, the SNR parameter
in (E]) is absorbed into Y, so the model is S = XY + W. Therefore, the final estimator should be
divided by 1/,/= to give an estimate of the original Y.

The optimal singular values are constructed as §;i = Zjv 10 (uTy](l)) (va](r)) We assume that,
for large N, {;Z can be approximated by its expectation:

i~ ZU E|(uly)) (075"

where the expectation is over the smgular vectors of the observation matrix S. Therefore, to compute
the optimal singular values, we need to find the mean overlap £ [(uTyj( )) ('UZT y§T))} between singular

vectors of Y and singular vectors of S. In the following we will see that (a rescaling of) this quantity
can be expressed in terms of i-th singular value of S and j-th singular value of Y (and the limiting

measures, indeed). Thus, we will use the notation Oy (v;,0;) := NE {(ufyj(l)) (fvaj(T))} in what

follows. In the nest section, we discuss how the overlap can be computed from the resolvent of the
Hermitized matrix of S.

D.1 Relation between overlap and the resolvent

Construct the matrix S € RW+TM)X(N+M) from the observation matrix:

| Onxnw S
S= [ ST Omxm ]

By Theorem 7.3.3 in [46]], S has the following eigen-decomposition:

us Us o [t 0 0lrgoopy o0 7
S=l v g yo || 0 Iy 01 ohn s e (56)
S - Vs S 0 0 0 S - Vs S
with Vs = [ V0 v | in which V" e RMN. and, VI = LV, O = LUs.

Eigenvalues of S are signed singular values of .S, therefore the limiting eigenvalue distribution of &
(ignoring zero eigenvalues) is the same as the limiting symmetrized singular value distribution of S.

Define the resolvent of & .
Gs(z)z ( zI -8 )

Denote the eigenvectors of S by s; € RM+N j =1 ... M + N. For 2 = x — ie with z € R and

€> %, we have:

2N N+M

Gs(l‘ — ie) = Z 7( Tt 71‘ tie Z sksz

_ sSESL+ 53
o (@ =) e R v
where 7, are the eigenvalues of &, which are in fact the (signed) singular values of S, 41 =

717"'3;}/1\/:71\775/1\/'4-1 :7’}/13"'75’21\7:771\/'

_[ Oox y " O ,
Define the vectors r; = y(r) U= OZ fory, ’,y,"’ right/ left singular vectors of Y, we
M

%

have
2N ¢ T+ ie N+M
T =Y o (rTs) (I] STENY (s (@
r! (Im Gs(z —ie))l; s (2 — )2 + €2 (r7se) (UTsk) + 22 + €2 e (rsk) (Usk)

Given the structure of s;’s in (56)), we have:
l r
%(U’Tyz( ))(”kyf ) for 1<k<N
—3 (uj_ Nyq( )>(Uk Nyf )) for N+1<k<2N
for 2N +1<k <N+ M

(rTsi) (1Tss) =

o
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In the limit of large N, the latter quantity is also self-averaging, due to the fact that as N — oo, these
overlaps exhibit asymptotic independence, enabling the law of large numbers to be applied here. We
can thus state that:

r] (Im Gs(z — ie))li N=oo /]R @ t; o Oy (t,0)jig(t) dt (58)

where the overlap function Oy (¢, A;) is extended (continuously) to arbitrary values within the support
of fig with the property that Oy (—t, A;) = —Oy (¢, \;) for ¢t € supp(ug) . Sending € — 0, we find

r](ImGs(z — i€))l; ~ mjis(z)Oy (z,0;) (59)

In the next section, we establish a connection between the resolvent G s(z) and the signal Y, which

enables us to determine the overlap and consequently the optimal singular values values £ in terms
of the singular values of the observation matrix .S.

D.2 Resolvent relation for Y

In this section, we consider estimating Y, and treat both X and W as noise. We consider the model
to be:

S=0X0Y +UWVT (60)
where X = XT € RV*N W ¢ RV*M gare fixed matrices with limiting eigenvalue/singular value
distribution pyx, sy, and O, U € RV*N 'V € RM*XM are independent random Haar matrices. For
simplicity of notation, we use T = OXOTY, and T € RIN+M)X(N+M) the hermitization of T'.
And W denotes the hermitization of the matrix UWV'T.

As in the case for X, we express the entries of G(z) = G s(z) using Gaussian integral representation,
and after applying the replica trick (28), we find:

N+M n n
@) = Jim [ (TL TLan? )l (exo{ = 5 3 n@ "I =Sm™y)
k=1 7=1 =1 o
N—H\l n n
_ nlggo H H dn(T) ( ) ( exp{ — Zn(T)Tn(T)}
k=1 7=1 "':1

n n
(o (LT (o (5 o0 W),
T=1 T=1

)

(61)
Split each replica (™ into two vectors a(™ € RN, b(7) ¢ RM 5(7) = [ z((:)) ] . The exponent in
the first bracket in (61)) can be written as :
T =aMToXx0TYH ™ + b YTOX0Ta™
=TrOXO0™(Yb a4 aMpTyT) (62)

)

where Y(7) is a symmetric N x N matrix with two non-zero eigenvalues a7y b +
lat™[|¥5)]| by lemma[3]

Using the formula for the spherical integral [19] (see Theorem [I)in [H.T), we find:
1 = (T T T T T
<exp{2;TrOXOTY( )}>O%exp{ prx( a™'Y b 4 ja7 |||y b )H))

P (5 @T¥ — e ) |
(63)
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685 By the same computation as previous section, for the second bracket we have:

<exp{ZTrb(T a(™) UWVT}> Nexp{ Zg(a) 1aO101n)) 6

T=1

ess  From (61), (63), (64), we find:

N4+M n
. T 1
(Gij(z)) = lim [ ( dn\™) M)

n— oo

xexp{—
-

1
= NPy (5 (@760 1 aT Y 50)))

+

B
Il
—

T=1

N —
(]

T (0% 1 T T
17 - N (I )

1 (65)

= NPy (5 (@Y — 0¥ THD)”

687 Now, we introduce delta functions (for brevity we drop the limit term):

N+M n n

T T T T T 1 1

(Gij(2)) / T TLan) (T] dn\” das™ das” das”) nin
k=1 m=1 T=1

- T 1 T 1 T
x [To(a” = 5™ 1) 8(a” — 57 1671?)

T=1

S U oL Ty (66)
x 6(gS7) — NHYb( 2 6(af” - oY)

1 T «@ T
xexp{ =33 22 - N Q&) (¢ as”)

=1

= NP (a7 + Vo Vd7) = NP, (a7~ aa) }

ese In the next step, we replace each delta with its Fourier transform. Note that for the parameters
689 q1,q2,q3 we use 6(q] — &[la”||?) o [ dB] exp{ — 3B7(qf - %||a7||2)}, and for ¢, we use
690 5(qf[) — La™Ty b)) o [ dB] exp{ — Nj7 (qff) — LaMTyp™) } After rearranging, we
691 find:

<GU(Z)> / H dq(ﬂ') dqéﬂ dqéT) dq(‘r) dﬂir) dﬂéT) dﬂéT) dﬂf))
=1

N T T T T T T T
xexp{ ZQ(Q(U()HPPX(()JF [da) + P (a7 = g™l

T=1

5(7) (r) _ - (T) (T) 53 (T) 6(7) (7)}

N+M n n
1 T T T T
x/( [T [T a0 ep { = 23 Al - 87 et — 55762
k=1 7=1

T=1
— BB - 287 a " Ty b))
(67)
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692 The inner integral is a Gaussian integral, and can be written as:

N+M n
T 1 1
/( [T ITan”)nnf?
o (r) (r) 68)
"1 IS § -8y
Lo =81 )N 4 (r)
X exp n b T T n
1 [ EOYT (e L 5 >w] j

693 Denote the matrix in the exponent by C’g ), Using the formula for determinant of block matrices (see
694 proposition 2.8.4 in [48]]), we have::

2 _
det C\7) = det [(z — BN Iy = B (2 — BTy — BV TY) 1YT}

x det [(z — BTy — B YY)

= ! 1 = T
1 ﬂ() (g2’ 11

N
= (= - B)M" H [z~ 87z = B — 857 03) — 57 02

N
(1) _ g(n)? 1] - 85 = 65702) (= — B57) MY

|
=

N

=T

= (=BT [ = ) = 657) = (87 + 6572 — 7)) o]

~
Il
-

695 where oy,’s are the singular values of Y. So computing the Gaussian integrals, (67) can be written as:

)

. T T T T T T T T -1
(Gij(2)) m/(qu§ Vdgi” dq$” dgS” i apsm aps” apV) (e ).
=1

Nn
x exp{ — TF(}/(qlaQQaanQ47613162aﬁ3aﬁ4)}

(69)
696 Wwith
1 « )
F (q17q2aq37q4a517162 /837ﬁ4 EZ |: 7_1 ln 2_52 )
T=1
1o ) (r) )2 (),
+N§1n(<z—ﬁl (=87 = (7 480G T)eE)

— O (@7a) = Po (@7 + V@ Vas”) = P (a7 = VaiVas”)

+ A 4 L Lo 4 8765 + 280 r)]

697 We will evaluate the integral using saddle-points of the function Fy . From the replica symmetric
698 ansatz at the saddle-point we have:

G =q¢, ¢ =0q, 95=4q3, G =G
Vred{l,--- ,n}:
{ } {Bf =01, B3 =02 B3=P03 Bi=7p
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699 Finally, we find the solution to be:

(@) (g%g?)
Bi = i) 4 5B (R (a1 + V/aTaE) = Ry (a5 — V/aT45))

% C<a) (g795)
3 =t
495

5= 35 (Rox (a1 + VEB) — R (0 — V35))

i = 3 (Row i+ VATE) + R (53 = VATE)) i {2209 = G000 50

« _ (2=B3)B;2 Zy1(z)

a1 = 22(2.2 2 gPY(Z;(z ) + zzfz)

x _ z2—=p] Z1(2) 11—«

4o = aZg(zl) Goy (Z;(z)) + 5
(2=B1)Z1(2) Z1(z) -8

== z;( - gpy(z2(z)) - Zzg(zl)

_ BiZ (Z) Z1(z)
45 = 52(2)2 pr(z2é ) - Z2(2)

(71)
700 where py is the limiting eigenvalue distribution of YY'T.

701 The relation (69) and the solutions (71)) hold for arbitrary indices ¢, j, so we can state the relation in
702 the matrix form. Computing the inverse of C,*fl (see section|H.2)), we have:

1 2
_ I+ 1 SGST (2*)ST  SGsrs(2?)
<GS(Z»OMV - < [ GSTS( 28T 2Ggrs(2?)
! 532 2 (2) Z1()
_ [ =P IN+éiwf)zg(z)IZ/(G)YTY(zz<z>>YT zz<z%YGY*Y(Z (<)>)
ZQELZ) GYTY(z;(z))YT Zs zl) GYTY(z;(z))

(72)

703 With this relation, we can further simplify the solution (7T).

704 We start with comparing the trace of upper-left block in (72)). The normalized trace of the first block
705 in (Gs(z)) o.u v is computed in (@#3) to be G5 (2). The normalized trace of the upper-left block in

706 Cyp'is

bl G
:zlvz_lﬁfémzf;%]
) %Z _161 ; [’8122(1()2) 281— o o Zzzi«“)] (73)
R g R
» z!?%”“ %véiﬁib A
=q

707 Thus, ¢] = gﬁs(2)~
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708 The normalized trace of the lower-right block of (G's(2)), ¢, v 15 @Grs (2) + (1 — @) £ (see [@4)).

709

710

71

712

713
714
715
716

7

718

The normalized trace of the lower-right block in C5 ™ is:

1 z— B3 Z1(z) _ lz—ﬂ1 1 M—NZ—BTZQ(Z)
Mﬁ{M@@w%@ﬂ M Zy(z ;2@ g M Zy(2) Zi(2)
_N1z-p M —Nz-p7
T MN Zy(z ;?(Z) gIgJ“ M Zi(z) (74)
2= Z1(z) 11—«
“ % e
=q¢

S0.¢5 = aGp (=) + (1 - a) L.

With a bit of algebra, we can express the parameters ¢3, g; in terms of g7, 37, B1:

Z*ﬂ*Z Z*ﬂ* Z*ﬁ* 1
@:(*ﬂq%—*;7ﬁ: G (75)
4 4 4 4

Therefore, the solution can be written without involving G,,,., as

N c(a)( ) _
51 :%4»%\/:( PX(q4+ V Q1q3) ( \/Q1Q3))

ci) (aias)

P3 =a""x
85 = 35 Ry (a3 + Vai@E) — Rox (0 — Va5) )

Bi = 5 (Rox (a1 + V/aT) + R (a5 — Vi) (76)
4 = Gps(2)

65 = G (2) + (1= )3

ﬁzﬁ@g%@—f%

4

QZ:Z ﬁlgus( ) BZ

Remark 5. The simplifications in are derived with the assumption that B} # 0. However, in
the initial set of equations (T1)), if px is symmetric measure then 35 = q; = 0 is a solution. If px is
symmetric, then R, (—z) = =R, (z), and plugging q; = 0 in the expression for 85 in (T1), we
find that 85 = 0.

D.3 Overlaps and the optimal singular values

From (9), (72)), we find:

1 Bi ()T Zl(z) )
0 L) R — Im ;. Gyr YTy,
v o) Ths()  emmiot Za(2)” YY(Z2(Z)) Y (77)
= #Im lim A %
mhs(y)  zom—iot 1 Z1(2) — Za(z)0?
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From the overlap, we can compute the optimal singular values:

o~

Z%OY %:3)

j 1
N 2
1 1 o2
~ Im lim — * J
s (7:) z—vyi—iot N ;@1 Z1(z) — ZQ(Z)J?
N 2
1 1 * o2
= — Im lim 4 J
ms(3) " smior N Zy(s );1 7 (78)
1 1 g L] 238
= Im lim 4 %G 1]
s (Vi) z—7y; —i0+F N Z5(2) Zl (2 _ sz_
~———Im lim 62 1(2) py( 1(2)) _ 254
miis (i) zoyi—iot Zo(z)? Z5(z) 2(2)
1

= — Im lim ¢}
s (Y:) 20t
where in the last equality we used the solution we have found in (7T)). Note that, based on (76), we do
not need to have any knowledge about py to compute g;. In the end, we need to divide the estimator
by +/k as we have absorbed it into Y.

D.3.1 Recovering the rectangular RIE for a denoising problem

Note that if in the model (]B_U[), we put X = I the model reduces to the additive denoising of Y, and
we recover the estimator recently proposed in [[18]] for the rectangular case.

For X = I, R, (z) = 1, so (76) reduces to:

() (

)
B* _ /LC;V (g¢793) ,8* — CHW 9143) B* =0 6* =1
1 qr ) 2 q; ) 3 ’ 4

4 = Gns(2), @ =aGus(2)+ (1 —a)l (79
G5 = (2= B71)%Gns (2) = (= BY), @i = (2= B7)Gns(2) — 1
From (78), we have:
~ 1 ' i}
G st ™ o
1

~ wis(v) m Zﬁlvif{lim 2Gns () = BrGs(2) — 1

1 . Cii (aia3)
- mis(yi) fm z—>lvlz-n—110+ #Gns () = a Gns(2) ~ 1
1
_ : ()
o ’/T,ES('YZ') Im Z—)Llirr_ll()'i' ZgHS( ) C’J’W (ql q2) 1
1 . (@) 1
= — Im  lim_ 2G;.(2) —C, (gﬂs( )(Oégﬂs(z) + (1 - 04);)) -1

TS (71) z—y; —i0t

@ % |f)’zg,us( 'OJr) C#(‘Cé‘z (;g“s (i = i0+)(1 et a%gHS( IOJF))>‘|

Ths (Vi
b) 1 o (1
=y — Im Cp(mz (

o “H(7is) () + a(wHlzs] () = o (s ()’

i

- l-« _
+iris (i) (—— + 2047TH[MS](%))>
(80)

where in (a) we used the analyticity of rectangular R-transform [44]], and in (b), we used Plemelj

formula (6)). Note that, the final estimator should be divided by the /k.
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D.4 Examples

Throughout the numerical experiments, we consider the matrix W to have i.i.d. Gaussian entries

with variance 1/~, so C,(g‘; (2) = 12. And, X = F + cI where F = FT € RV*" has i.i.d. entries
with variance 1/~, and ¢ # 0 is a real number, so R, (2) = z + c. With these choices, the solution

simplifies to:

Br=1g+a3, Bs=di, B5=dqf, Bi=di+c
6f = Gps(2), a5 = s (2) + (1= )] 81)
. —B; —B;  _«_ z2=Bi
@ = S50, (2) - S5 ah = 50 (2) —

4

Note that in @, 47, g5 are given in terms of the observation, so to find the solution we only need to

find the parameters ¢3, ¢;. In (8T)), one can see that we have the relation ¢5 = Zgﬂ Lgi. Writing the
4

parameters /31, B3 in terms of g5, g3, g4, after a bit of algebra we have the following relation:

1 %
* 2= 59 *
a3 2qZ+Cq4 (82)

In the expression for ¢} in (81), using (82)) we can rewrite 37, 5} in terms of ¢35, g;. After some
manipulations we find that ¢} is the solution to the following cubic equation:

l—al 1—-al
22° 43¢+ {C2+2—(z—gﬁs (z)— - ;)gﬁs (z)} x—c[(z—gﬁs (2)— ;)Qﬁs(z)—l] =0
(83)
Based on our numerical simulations, we pick the following root for gj:
. c 12-3c2+6A /B
=5 = Ty (84)
2 3VB 12
with
2 g* (Z) ].
A=Gus(2)” = == (1 = =) = Gs(2)2
z o}
B = —216cA + 4\/4(12 —3¢2+64)" 4 542242
Once we have ¢}, we can find ¢; using (82). In the end, 57, - - - , 33 can be evaluated. Note that, for

the RIE, only ¢ is required. Other parameters are used to evaluate the resolvent relation and the

overlap (77).

D.4.1 Resolvent relation

We take x = 1. In model (60), without loss of generality we can consider Y to be diagonal.

In figure[T2] Y is the diagonal matrix obtained from the singular values of a Gaussian matrix with
i.i.d. entries of variance 1/nN. In ﬁgure the non-zero entries (on main diagonal) of Y are uniformly
distributed in [1, 3]. As in previous cases, s, Gn (%) are estimated numerically using Cauchy kernel,
from which the parameters 57, - - - , 8] are computed.

D.4.2 Overlap

To illustrate the formula for the overlap (77), we fix the matrix Y and run experiments over various
realization of the model (60). For each experiment, we record the overlap of k-th singular vectors left
and right) of S and singular vectors of Y. To compute the theoretical prediction, we evaluate the
parameters 37, 85, 85, Bi, for z = 4, — i0T where 7 is the average of k-th singular value of S in
the experiments.

In ﬁgure the overlap is shown for Y with i.i.d. Gaussian entries of variance %, so uy is the
Marchenko-Pastur law with aspect-ratio . In figure|14b| matrix Y is constructed as Y = Uy XV,

where Uy € RV*N V5. € RMXM are Haar distributed orthogonal matrices, and singular values
o1, ,on are chosen independently uniformly from [1, 3], so iy = U([1, 3]).
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Figure 12: Illustration of (72). Y € RN*M s a diagonal matrix obtained from the singular values of a
N x M matrix with i.i.d. entries of variance !/n, X = XT is shifted Wigner matrix with ¢ = 3, and Z is a

Gaussian matrices with. The empirical estimate of Gs(z) (dashed blue line) is computed for z = ; — i

1
2N

for1 <¢ < N, for N = 2000, M = 4000. Theoretical one (solid orange line) is computed from the rhs of
([72) with parameters computed from the generated matrix. Note that, the theoretical one has also fluctuations

because the parameters 37, - -

- B1 are computed from the numerical estimate of G ¢ (2).
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Figure 13: Ilustration of (72). Y € RY*™ is a diagonal matrix with (main) diagonal entries uniformly
[1,3], X = XT is shifted Wigner matrix with ¢ = 3, and Z is a Gaussian matrices with.

1 .
\/ 55 for1 <4 < N, for

N = 2000, M = 4000. Theoretical one (solid orange line) is computed from the rhs of (72) with parameters
computed from the generated matrix. Note that, the theoretical one has also fluctuations because the parameters
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The empirical estimate of Gs(z) (dashed blue line) is computed for z = ~; — i

0.6

0.4

0.2+

0

0.2+

T T T
5

T T
2 2.5

|

T T T
15 2 2.5
¥

|

(f) Entry ¢ = 1, 5 = 2002, second entry in the upper-right block

B1, - - B1 are computed from the numerical estimate of G 4 (2).
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Figure 14: Computation of the rescaled overlap. X is a shifted Wigner matrix with ¢ = 3, and W has i.i.d.
Gaussian entries of variance 1/N, and N/M = 1/2. The simulation results are average of 1000 experiments
with fixed Y, and N = 1000, M = 2000. Some of the simulation points are dropped for clarity.

* 007% v Oracle estimator, Z3,(S) o v Oracle estimator, 5 (5)
0.5 ARIE, E’;\(S) ARIE, é?(s)
0.3
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(a) Gaussian (b) Uniform spectral, ¢4 ([1, 3])

Figure 15: Estimating Y. MSE is normalized by the norm of the signal, ||Y"||%. X is a shifted Wigner matrix
with ¢ = 3, and W has i.i.d. Gaussian entries of variance 1/N, and N/M = 1/2. The RIE is applied to
N = 2000, M = 4000, and the results are averaged over 10 runs (error bars are invisible). Average relative

error between RIE 55(5) and Oracle estimator is also reported.

D.4.3 RIE performance

In this section, we investigate the performance of our proposed estimators for Y. To construct the
RIE for Y, we only need ¢; which we use (84). We compare performances of the optimal RIE (78)
with the one of oracle estimator (3.

In figures the MSE of RIE and the oracle estimator is plotted for three cases of priors: ¥ with
Gaussian entries, Y with uniform spectral density, and Y with Bernoulli spectral density. In all cases,
observe that the RIE has the same performance as the oracle estimator.

Effect of aspect-ratio . In Figure , we take Y to have Gaussian entries (with variance %),
and the MSE is depicted for various values of the aspect-ratio o. We see that as M increases («
decreases) the estimation error (of Y') decreases.

Sparse Y: a non-rotation invariant example. We consider Y to have i.i.d. entries from the

Bernoulli-Rademacher distribution,

+-  with probability 152
Yij =40 with probability p V 1<i<N, 1<j;j<M
— = with probability 152

With the normalization 1/v/~, the spectrum of Y does not grow with the dimension and has a finite
support, thus we can apply our estimator to reconstruct Y . Note that the prior of Y is not rotationally
invariant, and neither the oracle estimator nor the RIE are optimal. Therefore, taking the prior into
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Figure 16: Estimating Y with Bernoulli spectral prior. MSE is normalized by the norm of the signal, ||Y||%.
Y has Bernoulli spectral distribution with parameter p. X is a shifted Wigner matrix with ¢ = 3, and W has
i.i.d. Gaussian entries of variance 1/N, and N/M = 1/2. The RIE is applied to N = 2000, M = 4000, and

the results are averaged over 10 runs (error bars are invisible).Average relative error between RIE Z3. (S) and
Oracle estimator is also reported.
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Figure 17: MSE of estimating Y" as a function of aspect-ratio «, Y has Gaussain entries of variance 1/~, and
k = 5. MSE is normalized by the norm of the signal, ||Y'||2. X is a shifted Wigner matrix with ¢ = 3, and
W has i.i.d. Gaussian entries of variance 1/N. The RIE is applied to N = 2000, M = !/aN, and the results
are averaged over 10 runs (error bars are invisible). Average relative error between RIE Z3.(S) and Oracle
estimator is also reported.

account, we apply a thresholding function on the entries of the matrix obtained from the RIE, @(S ).
We apply the following function on each entry of the estimator:

+os ifx>ThN
frn(x)=40 if |z| < \/Lﬁ , for h € [0, 1]
1 . h

In figure[18] the MSE of the oracle estimator, RIE, and RIE+ f, (z) (with h = p) is plotted. A few
remarks on this figure are in order. First, RIEs are not limited to rotationally invariant priors and can
give non-trivial estimates for non-rotationally invariant priors, although they are sub-optimal. The
RIE’s output can be refined, or used as a warmed-up initialization for other algorithms to get a better
estimate.

In figure 19| for one experiment, the MSE is plotted for RIE and RIE+ f () with the best h among
{0,0.1,--- , 1}. We observe that for the particular case of Bernoulli-Rademacher prior, the thresh-
olding stage can improve the MSE when SNR is greater than 1, however the parameter / should be
chosen properly.
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Figure 18: Estimating Y with Bernoulli-Rademacher entries. MSE is normalized by the norm of the signal,
[Y||f. X is a shifted Wigner matrix with ¢ = 3, and W has i.i.d. Gaussian entries of variance 1/N, and
N/M = 1/2. The RIE is applied to N = 2000, M = 4000, and the results are averaged over 10 runs (error

bars are invisible).
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Figure 19: Estimating Y with Bernoulli-Rademacher entries. MSE is normalized by the norm of the signal,
|[Y||3. X is a shifted Wigner matrix with ¢ = 3, and W has i.i.d. Gaussian entries of variance 1/N, and
N/M = 1/2. The RIE is applied to N = 2000, M = 4000, and thresholding function is applied with the best
h among {0,0.1,- -+ ,1}. Results are averaged over 10 runs (error bars are invisible).
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Figure 20: MSE of factorization problem. MSE is normalized by the norm of the signal. X is a shifted Wigner
matrix with ¢ = 1, and both Y and W are N x M matrices with i.i.d. Gaussian entries of variance 1/N, and
N/M = 1/2. The RIE is applied to N = 2000, M = 4000. In each run, the observation matrix S is generated
according to (T), and the factors X, Y are estimated simultaneously from S. Results are averaged over 10 runs
(error bars are invisible). Average relative error between RIEs and Oracle estimators is also reported.

E Comparison of RIEs for MF and denoising

For estimating X, we have derived the estimator (49) for general priors px, pty, . This estimator
simplifies greatly, with parameters in (52), when both iy, uy are Marchenko-Pastur distribution,
i.e. both Y, W having i.i.d. Gaussian entries of variance 1/~. Similarly, although the RIE for Y
in (78) is derived for the general priors, it reduces to a rather simple estimator if px, uy are taken
to be shifted Wigner, and Marchenko-Pastur distribution, respectively. Therefore, in our numerical
examples on factorization problem, we consider X to be a shifted Wigner matrix, and Y, W to be
Gaussian matrices.

In each experiment, the factors X, Y are estimated simultaneously using RIE from the observation
matrix .S. In addition to the MSE of estimating each factor, we also compute the MSE of estimating
the product XY . We compare the MSE of the product with the MSE of the oracle estimator and
the RIE introduced in [18] for the denoising problem. The oracle estimator for the denoising is
constructed as:

N
Exy(S) =) &y, wv], &, =ul XY, (85)
i=1
where u;, v;’s are left/right singular vectors of S. In the RIE proposed in [[18]], the singular values
are estimated by (see section[D.3.T))
—~ 1

* J—

- e (el + aeHlasln)” - a(ras(n)’
+ imfis (i) (1;72& + QOMH[MS](%)D
(86)

Note that, in general the MSE of the denoising RIE é;, (S), is less than the MSE of the prdouct of

the estimated factors 2% (S)ETY(S)

In figures 20]21] the MSE of estimating the factors is illustrated for ¢ = 1 and ¢ = 3 respectively.
The MSE of estimating the product is shown in figure 22]
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Figure 21: MSE of factorization problem. MSE is normalized by the norm of the signal. X is a shifted Wigner
matrix with ¢ = 3, and both Y and W are N x M matrices with i.i.d. Gaussian entries of variance 1/N, and
N/M = 1/2. The RIE is applied to N = 2000, M = 4000. In each run, the observation matrix .S is generated
according to (T), and the factors X, Y are estimated simultaneously from S. Results are averaged over 10 runs
(error bars are invisible). Average relative error between RIEs and Oracle estimators is also reported.
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Figure 22: MSE of the product of the factors. MSE is normalized by the norm of the signal | X Y||%. X isa
shifted Wigner matrix with ¢ = 1, ¢ = 3, and both Y and W are N x M matrices with i.i.d. Gaussian entries
of variance 1/N, and N/M = 1/2. The RIE is applied to N = 2000, M = 4000. Results are averaged over
10 runs (error bars are invisible).
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F Caseofa >1

In this section we consider the case where M < N and N/M — « > 1 as N — oo. Throughout this
section I' € RV*M is a (tall) matrix with T'y; in its upper M x M block, and the rest zero entries.
') is diagonal matrix constructed from v € R which are the singular values of S.

Similar to the case of o < 1, resolvent of the matrix S € RV+M)x(N+M) plays a central role in
deriving the RIEs. For the case of M > N, with S = USI‘VST , the matrix S has the following
eigen-decomposition:

1 ~(1 2 Ty 0 0 ~(1 A (1 2) 1T
S= [Ué) -uy Ué)] 0 Ty 0 [lﬂ(@) -0 Ué)} (87)
Vg —Vs 0 0 0 0 Vs —Vg 0
with Us = [ U0 U2 | inwhich U € RVM. And, U = LU, Vs = Vs, The
resolvent of S can be written as:
2M M+N
T+ i€ T + i€
(@ —i€) Z G raYSi T ara D sl
(@ —3x)? + e Ly

where 4;, are the eigenvalues of S, which are in fact the (signed) singular values of S, 41 =
Viseo o VM = VM YMA1L = =715+ 5 Y2M = —VM-

F.1 Estimating X
The RIE for X is constructed in the same way as in the case of & < 1, . However, in the present

case the observation matrix S has M (non-trivially zero) singular values and we need to estimate N
eigenvalues for the RIE. As it will be clear, the N — M eigenvalues are chosen to be equal.

F.1.1 Relation between overlap and the resolvent

Define the vectors &; = [a:ZT, 0,/]T for x; eigenvectors of X. We have
2M . ) . M+N )
=T A — =T ~T
z] (ImGs(z — ie))&; = kz::l CEEAE (®]s)” + o k:;;rl (®]si) (88)

Given the structure of s;’s in (87), we have:

%(a: uk) for 1<k<M
(2] g M) for M+1<k<2M

=T 2:
(mzsk) 2
(@up_p)®  for 2M +1<k<M+N

We assume that in the limit of large N this quantity concentrates on Ox (y;, A;) and depends only on
the singular values and eigenvalue pairs (v;, ;). This assumption implies that the singular vectors
associated with 0 singular values (u; for M + 1 < j < N) all have the same overlap with the
eigenvectors of X, Ox (0, \;). We thus have:

1 €

a) 72 + €2 OX(07 )\z)
(89)

where the overlap function Ox (¢, \;) is extended (continuously) to arbitrary values within the

support of fig (the symmetrized limiting singular value distribution of S) with the property that

Ox(t,\;) = Ox(—t, \;) for t € supp(us) . Sending € — 0, we find

~ . . Nooo 1 € _
il:;—r(ImGs(.’L‘—le)):Bi a/R(;vft)Q+e2OX(t’/\i)MS<t)dt+(1_

# (Im Gis(x — 1)) — ~miis(@)0x (2, A) + (1 = ) md@)Ox (0, A)  (©90)
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F.1.2 Resolvent relation

We derive the resolvent relation for the same model as in (29). The derivation is similar to the
procedure explained in section[C.1] and we omit here. The final resolvent relation is the same as (#2)),
with parameters satisfying:

* c(/a)(pp) * o * ok * C</Q)(pp)
G = Lo P = (D (i) + O aps), G = Ao

oD

- — _1 _ =G z=CF 1
p= gpxz( B )’ P2 = oy P53 ot G ( ggl) e
Again, W1th the same procedure as ([@3),@4), the saddle point equations (91) can be rewritten in a
simplified form, which does not involve px=, as:
L Ce

1o * ok
pip 2) lc‘(ﬂi >(P2P3)

* _ 1 —
Cl — pl ) CQ =z — 4g;2s(2)’ CS — p§

pi= 3G+ (1= D)% P =0ua(2), pi= 55 Gn () + - (1- 0L - &

with i the limiting ESD of non-trivial singular values of S. Note that {;, {5 can be computed from
the observation matrix, and we only need to find C}f satisfying the following equation:

1 1.1 1 4 wnrl 1.1
(5= ) [ Gas () (1= =) 1] ~1 = 00 (= & Ins ()= (D[ Gms (2)+ (1~ ~)51) ©3)
Note that both sets of equations (90), (92) and @7), @5) match for o = 1.

F.1.3 Overlaps and optimal eigenvalues

From ([©0), [@2)), for v a non-trivially zero singular value of S we find:

Ox (7, M) =~ — % Im  lim x] (g_lze(z_*Cl):ci
Ths(y)  zoy—iot G 04)
« 1
= Im lm —m————
Ths(y) T amy—iot 2 —CF — (A7
And, in the case of M > N, for zero singular values we have:
Ox(0,\) ~ ———Tm lim @] ¢ Gy (= _fl ) @;
(a — 1)71’ z——i0t 43 95
. 95)

o
- * 1 lm -
(a— D)7 R G — N2

Finally, the optimal eigenvalues can be derived in the same way as in (@D For 1 < i < M, we have:

o a . z=G z2=G

=1 1 — 96

T dprfis () e i {g* {%( G ) +ng( KCE )]} ©6)
And, forall M +1 << N :

= g™ g (9 () e (D]} o

F.1.4 Numerical Examples

For matrices Y, W € RV *M with i.i.d. Gaussian entries of variance 1/N and M > N, we have that
C,%“) (2) = wa/va (2) = z which leads to a simplification of equations (92):
Cf:ap% G :Z*m» Cff:ép;

pT = égﬁs(z) + (1 - é)%v p; = gﬁs(z)v p§ = % ﬂS(Z) + Z_*Cl (1 - é)% o é
(93)
Therefore, (; = (5 = 1G4 (2).

In Figure 23] the MSE of the Oracle estimator and the RIE (96), (97) is illustrated for shifted Wigner
X with ¢ = 3, and Wishart with aspect-ratio o/’ = 1/4.
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Figure 23: Estimating X. The MSE is normalized by the norm of the signal, || X ||§. Both Y and W are
N x M matrices with i.i.d. Gaussian entries of variance 1/N, and aspect ratio N/M = 2. The RIE is applied
to N = 2000, M = 1000, and the results are averaged over 10 runs (error bars are invisible). Average relative

error between RIE 2% (.S) and Oracle estimator is also reported.
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Figure 24: MSE of estimating X as a function of aspect-ratio & > 1, prior on X is shifted Wigner with ¢ = 3,
and xk = 5. MSE is normalized by the norm of the signal, || X ||%. Both Y and W are N x M matrices with i.i.d.
Gaussian entries of variance 1/N. The RIE is applied to N = 2000, M = 1/aN, and the results are averaged

over 10 runs (error bars are invisible). Average relative error between RIE 2% (S) and Oracle estimator is also
reported.

Effect of aspect-ratio o. In Figure[24] we take X to be a shifted Wigner matrix with ¢ = 3, and
the MSE is depicted for various values of the aspect-ratio o > 1. We see that as M decreases («
increases) the estimation error (of Y') increases.

F.2 Estimating Y

F.2.1 Relation between overlap and the resolvent

K2

_[ Oy 19 ] vt o™ o -
For the vectors r; = y(r) U = Ol with y,"’, y, " right/ left singular vectors of Y, we

M
have
2M . . M+N
ri(mGs(e i)l =3 s yryatis) (s + g D (Ts)(Hs)
k=1 k=2M+1
99
Given the structure of s;’s in (§7), we have:
5 (uly) (o] ") for 1 <k <M
(rlsk)(isi) = —%(uLMygl)) (vLMyET)) for M+1<k<2M
0 for 2M+1<k< N+ M
Therefore, in the limit N — oo, we have:
. N—o00 1 € _
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where the overlap function Oy (¢, ) 1s extended (continuously) to arbitrary values within the support
of fig with the property that Oy (—t, A;) = —Oy (¢, \;) for ¢t € supp(ug) . Sending € — 0, we find

rI(ImGs(z —ie))l; = é?’l’ﬂs(.ﬁ)Oy(l‘,O’i) (101)

F.2.2 Resolvent relation

The resolvent relation for the model (60) with A/ < N is the same as in (72) with parameters
satisfying:

(a)( q3)
Br = 19w 1 B (R, (03 + VEE) — Rox (4 — VT E) )

C(a) (ql ‘12)

By = s
05 = 3/5 Ry (47 + VATE) — Rox (47 — /355

87 = 3 (Rox (a5 + VaTa) + R (a5 \/qi‘(Jé‘)) with {?EZ; - (izflﬁ)*(f - %*))
.1 (=882 71 (s 2(%2) = Pyg 32 = b1
1 = é Z2(22)24 g/’Y (Z;Ez;) + éZg(z) + Tz 1,61

« _ z2—PB7 Z1(z
43 = Zg((zl) gP)Y (Z%gzg) 5
* 1 (z2=B5)Z1(z Z1(z 1 z2—BF
43 = o Z21(2)21 gPY(Zigzg) - E Zg(zl)
18 Z1(Z) Z1(2) 1

q = o Za(z Goy (Zg(z)) o Zg(z)

(102)
With the same procedure as (73),(74), the saddle point equations (T02) can be rewritten in a simplified
form:

ﬂ{:éw+ L (Rox (a3 + Vaia}) = R (a5 — Valdh) )

g = Sl

55 = 5yt (Rox (0 + VATE) ~ Row (a7~ v/a165) )

81 = 3 (Ro (45 + VaTG) + R (45— /4745)) (109)
6= 39s(2)+(1-3)3

g = gﬁs(f)2 §

g = (zgz’?) ¢ — 5

G =G -

Note that both sets of equations (TOT), (T03)) and (39), (76) match for oo = 1.

F.2.3 Overlaps and optimal singular values
From (72), (I0T)), we have:

« . i
Oy (v,0:) = bi

——Im 1 Y,
whs(y)  z—=y—iot Za(2)

=—% m lm f— T
wits () sosy—iot 2 Z1(2) — Zo(2)0?

Similar to (78), we can compute the optimal singular values to be:

2(2) (104)

o
* - Im lim ¢} 105
Vi wps(y)  eomiot (105)

F.2.4 Numerical examples

We consider the matrix W to have i.i.d. Gaussian entries with variance 1/n, so CHW (z) = 2. And,
X = F +cI where F = FT ¢ RV*N has i.i.d. entries with variance 1/n, and ¢ # 0 is a real
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Figure 25: Estimating Y. MSE is normalized by the norm of the signal, |Y'||&. X is a shifted Wigner
matrix with ¢ = 3, and W has i.i.d. Gaussian entries of variance 1/N, and N/M = 2. The RIE is applied to
N = 2000, M = 1000, and the results are averaged over 10 runs (error bars are invisible).
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Figure 26: MSE of estimating Y™ as a function of aspect-ratio > 1, Y has Gaussain entries of variance 1/n,
and k = 5. MSE is normalized by the norm of the signal, ||Y'||%. X is a shifted Wigner matrix with ¢ = 3, and
W has i.i.d. Gaussian entries of variance 1/N. The RIE is applied to N = 2000, M = 1/a N, and the results
are averaged over 10 runs (error bars are invisible). Average relative error between RIE Z3,(S) and Oracle
estimator is also reported.

number, so R, (z) = z + c. With these choices, the solution (I03) simplifies to:

Bi=Xa3+a5, Bs=qf, B5=dqf, Bi=di+c
6 =50 (2)+ (1-3)3 @ =0Gus(2) (106)
* (2*5;()2 * Z*,Bf * Z*,Bf * 1

q3 = ﬁzz q1 — 512 ) qq = B; q1 _E
After a bit of algebra, we find that g} is the solution to the following qubic equation:

200 e 4 [¢2 42 (2= 200 (s () + )] @
—ele- égﬂS(z))(égﬂs('z) + aa_zl) ~1] =0

az (107)

In figure 23] the MSE of RIE and the oracle estimator is plotted for two cases of priors: Y with
Gaussian entries and Y with uniform spectral density.

Effect of aspect-ratio a. In Fi gure we take Y to have Gaussian entries (with variance %), and
the MSE is depicted for various values of the aspect-ratio & > 1. We see that as M decreases («
increases) the estimation error (of Y') increases.
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G Details on numerical implementations

G.1 Numerical approximation of G ()

The first step to construct the RIEs is to compute the Stieltjes transform of the observation matrix
S. In section 19.5 of [45]], several approaches have been proposed to approximate the Stieltjes
transform of the spectral density of a given matrix. In our implementations, we use the Cauchy kernel
method in which for a given matrix A with N singular values (or eigenvalues) (o), .y » Gua(2)

is approximated as:

1 1
Gu ()~ =) ———
ha(2) N;z—ai—lm
with 7;’s the "widths" of the kernel at each singular value (more precisely the imaginary part is a sum
of Lorentzians with width 7; around peaks at ;). The construction of the RIEs uses the Stieltjes
transform of the limiting symmetrized measure of S. In the numerical experiments we approximate
this quantity as:

Gy m L (L] (108)
As\# NQN7,:1 Zz—yi—in  z4+y—in

with a fixed width = /1/2n. Note that for the case of & > 1 (M < N), S has M non-trivially
zero singular values, and in the approximation above N should be replaced by M.

G.2 Construction of the RIEs

In the RIEs derived in [[14}/18]], the final estimator for optimal singular values (eigenvalues) was rather
simple and only required to compute the Stieltjes transform on the real line which can be easily and
safely performed using the approximation above (see remark 2 in section 19.5.2 in [45]]). However, in
the RIEs of this work, we need to solve a system of equations in the limit € — 0 (z close to the real

line). For this, to compute the optimal singular value fA;Z (or optimal eigenvalues §A; ;)» we evaluate
G (z) forz = ; — iﬁ. In this way, the other parameters (e.g. ¢} ) are evaluated for z very close

to the real line, and the theoretical limit lim,_,¢ in @D can be estimated numerically. Moreover,
as we considered a fixed width in our numerical approximation of Stieltjes transform (I08)), € should
be chosen to compensate the width for the cases where the support of fig is wider. For example, for
fixed N, as we increase SNR (from 1 to 5) the support of jig grows, however we still have IV singular
values and the kernel’s width in (T08) is fixed, so € should be larger for higher SNRs to get a more
accurate approximation of Gz (2).

G.3 Mismatch between RIEs and Oracle estimators

The RIEs are conjectured to have the same performance as the Oracle estimators in the limit N — oo.
Therefore, we believe that the mismatch between the proposed RIEs and the Oracle estimators is a
finite size effect. Moreover, this finiteness affects the accuracy of estimated parameters, since G (%)
is approximated numerically and we do not use random matrix theory to find its exact form.

Generically, the mismatch between the RIE and Oracle estimator is larger for the case of estimating
X. We expect that this is because of the extra approximation step in the derivation of the optimal
eigenvalues. In the fifth line of (@9), the sums are approximated by an integral which is the Stieltjes
transform of px. This approximation does not appear in derivation of the optimal singular values for

Y, see (73).

All in all, the small relative error (less than 1%) between RIEs and Oracle estimators in our numerical
results validates our optimality conjecture and demonstrates that RIEs can be successfully used in
practice.
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H Spherical integrals and matrix lemmas

H.1 Spherical Integrals
For two symmetric matrices A, B € RN*N | the spherical integral is defined as:
N
In(A,B) = < exp {5 TrAUBUT}>
U

where the average is w.r.t. the Haar measure over the group of (real) orthogonal N x N matrices.
The spherical integrals can also be defined w.r.t. the unitary or symplectic group. These integrals
are often referred to as Harish Chandra-Itzykson-Zuber (HCIZ) integrals in mathematical physics
literature. The study of these objects dates back to the work of mathematician Harish Chandra [49]
and they have since been extensively studied and developed in both physics and mathematics. In
particular, [19]] studied the limit of the integral in the case where one of the matrices, say A, has finite
rank.

Theorem 1 (Rank-one spherical integral, Guionnet and Maida [|19]]). Let 6 be the only non-zero
eigenvalue of A (so it is rank one), and the empirical eigenvalue distribution of B converge weakly
towards pp. Then, for 0 sufficiently small (see details in Theorem 2 in [19]), we have:

lim —lnIN A, B) / Rpp(t)dt = PPB(O) (109)

N—oco N

When A has higher (but finite) rank, theorem 7 in [19] states that the limit is the sum over eigenvalues
of the expression on the rhs of (I09).

Non-symmetric case. In the non-symmetric case the rectangular spherical integral is defined, for
the matrices A € RM*XN B ¢ RNXM jq:

In(A,B) = (exp{VNMTrAUBV})

where U € RVXN vV ¢ RMXM and the expectation is w.r.t. the Haar measure over orthogonal
matrices of size N x N and M x M.

Theorem 2 (Rank-one rectangular spherical integral, Benaych-Georges [20]). Let N/M — « €
(0, 1], and 0 be the only non-zero singular value of A, and the empirical singular value distribution
of B converges weakly towards ppg. Then, for 0 sufficiently small (see details in Theorem 2.2 in [20]]),
we have:

o i) (%) 1 el 1 (@) (p2

In our derivation, we use a generalization of this formula, namely when A has higher (but fixed) rank,
the limit is the sum over singular values of the expression on the rhs of (TI0). Although we are not
aware if this generalization has been proved, we believe that the ideas found in [50] can be applied to
show it holds.

Remark 6. It is known that additional terms may be present on the rhs of (109) and (110) when
the parameter 0 is "large". This has been rigorously proved at least in the case of symmetric A and
B (see theorem 6 in [|19)]). In the replica calculation the order of magnitude of this parameter is
determined by the solutions of the saddle point equations, but it is difficult to fully control its order
of magnitude. However the numerics show very good agreement between our explicit RIEs and the
Oracle estimator, which strongly suggests it is sound to use (109) and (T10).

H.2 Matrix analysis tools

A B h
c D™
A cRVXN B ¢ RVXM € ¢ RMXN D ¢ RMXM if A and D — C A~ B, are non-singular,
then,

Proposition 3 (Inverse of a block matrix, Bernstein [48])). For a block matrix F = [

F'=

A'+ A 'B(D-CA"'B)"'CA~! —A~'B(D-CA'B)"!
—(D-CA'B)~'CA™! (D-CA-'B)~!
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Block structure of Gs(z) The matrix Gs(z) is

Gs(o)=(1-8)" = | 7 8 ]_1

Using Proposition first we need to compute the inverse matrix (21 — (—ST)(zIn) "' (=S)) !
which simply reads:

-1

(ZIMfésTS) :Z(ZQIM*STS)il :ZGSTs(Z2)

Consequently, we find:

1 2
IN + SGSTS( )ST SGsrs(2?%)
Gs(2) = { Girg(22)ST 2Ggrg(2?) (11

Inverse of C%  For C% since the blocks B, C' are zero, the inverse is simply:

[ * * -1

C% -1 _ [(z—Q)IN—CsXQ} 0 .
I 0 [(z — ) Tu]
[ 1 72=¢ _ w21t
_ | sl - X7 0 1 (112)
i 0 =gt
[ 2=}
_| gCGxe(ZH) 0
0 Iy
Inverse of C§.  Let the block structure of C§- be as in Proposition 3] then
*2 1
(D-CA'B)™ = ((z = B)Iu — BYTY - yTY)
z— ,81
*2 1
= (=8I - (5 + 2)YTY )
_ ﬂl

(- B) (Zl(z)IM _ Zg(z)YTY)7
_:=h ( Gy YTY>7

72(2) \Za(z)
B 61 Z1(2)
“ 7o G0

where Gy ry is the resolvent of the matrix YTY . So, we have
1(2) B3 Zi(2)
(z = B7)" IIN;L z—8; )ZQ(ZZ)XZGYTY(ZZ(Z))YT zzfzg*YGYTY(ZZ%()z)) ]
75 Gy (753 YT w=H G (Z5)
Lemma 3. Consider two vectors x,y € RY. The symmetric matrix xy™ + yxT has rank at most
two with non-zero eigenvalues Ty + ||x||||y||.

cy =

Proof. Construct the matrices A € R2*N B € RV*2 as follows:

A:[il}, B=|y =]

Then, we have that zyT + yx™ = BA. Using the lemmad] we have that:
22 det (ZIN - BA) = 2V det (2I2 — AB)

So, the characteristic polynomial of yT + yT is 2 =2 det (21, — AB), which implies that the
xyT + yxT has eigenvalue 0 with multiplicity N — 2, plus the eigenvalues of the 2 x 2 matrix AB.

The matrix AB is: )
T
am- [ o ol
{ lyl* Ty
which has two eigenvalues xTy + ||z||||y||- O

49



972

973

974

Lemma 4. For matrices A € RM*N B € RNXM e have:

zMdet (2Iy — BA) = 2" det (2I; — AB)

Proof. Construct the matrices C, D € RM+N)x(M+N) a5 follows:

|y A _ | Inm Onxn
C—[ B IN}’ D—[B zIN}

We have:
det CD = z" det (21 — AB), det DC =z det (:Iy — BA)
The result follows from the fact that det C D = det DC.
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