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Abstract

In the metric distortion problem, a set of voters
and candidates lie in a common metric space, and
a committee of k candidates is to be elected. The
goal is to select a committee with a small social
cost, defined as an increasing function of the dis-
tances between voters and selected candidates, but
a voting rule only has access to voters’ ordinal pref-
erences. The distortion of a rule is then defined as
the worst-case ratio between the social cost of the
selected set and the optimal set, over all possible
preferences and consistent distances.

We initiate the study of metric distortion when
voters and candidates coincide, which arises nat-
urally in peer selection, and provide tight results
for various social cost functions on the line metric.
We consider both utilitarian and egalitarian social
cost, given by the sum and maximum of the individ-
ual social costs, respectively. For utilitarian social
cost, we show that the simple voting rule that se-
lects the k& middle agents achieves a distortion that
varies between 1 and 2 as k varies between 1 and
n when the cost of an individual is the sum of their
distances to all selected candidates (additive aggre-
gation). When the cost of an individual is their dis-
tance to their gth closest candidate (g-cost), we pro-
vide positive results for ¢ = k = 2 but mostly show
that negative results for general elections carry over
to our restricted setting: No constant distortion is
possible when ¢ < k/2 and no distortion better
than 3/2 is possible for ¢ > k/2 + 1. For egali-
tarian social cost, a rule that selects extreme agents
achieves the best-possible distortion of 2 for addi-
tive cost and g-cost with ¢ > k/3, whereas no con-
stant distortion is possible for ¢ < /3. Our results
suggest that having a common set of voters and can-
didates allows for better constants compared to the
general setting, but cases in which no constant is
possible in general remain hard under this restric-
tion.

1 Introduction

A fundamental problem in social choice is the aggregation
of individual preferences, expressed as rankings over a set
of candidates, into a social preference consisting of a subset
of elected candidates. For centuries, social choice theorists
have proposed several axioms to capture desirable properties
that these aggregation or voting rules should guarantee, usu-
ally leading to strong impossibility results [Arrow, 1963; de
Condorcet, 1785; Gibbard, 1973; Satterthwaite, 1975].

As an alternative approach, attempting to quantify the ex-
tent to which a certain voting rule is able to faithfully trans-
late the voter preferences into the selected committee, Pro-
caccia and Rosenschein [2006] introduced the notion of dis-
tortion of a rule. The underlying assumption is that a voter’s
(dis)affinity with a candidate can be represented by a certain
cost, and voters’ rankings are the expression of these cardi-
nal preferences. The cost of a committee for a voter is then
defined by aggregating the costs of the committee members,
and the overall social cost of the committee by aggregating
the costs for all voters. The distortion then corresponds to the
worst-case ratio between the social cost of the selected com-
mittee and that of the optimal committee, over all possible
preferences and consistent costs.

The study of the distortion of voting rules has usually fo-
cused on two ways of modeling the social cost: utilitarian
and egalitarian [Caragiannis and Procaccia, 2011; Goel ef al.,
2018; Caragiannis et al., 2017]. In the utilitarian case, the so-
cial cost is defined as the sum of the individual costs of the
voters, ensuring that all voters’ costs contribute equally to the
objective. In contrast, the egalitarian social cost considers the
maximum individual cost among all voters, aiming to capture
a notion of fairness where no voter is excessively disadvan-
taged.

In voting theory, it is common to assume that voters’ pref-
erences are not fully arbitrary but enjoy some structural prop-
erties. A relevant line of work has indeed sought struc-
tural restrictions that are natural and have powerful implica-
tions, such as single-peaked [Black, 1948] or single-crossing
[Mirrlees, 1971]; see Elkind ef al. [2022] for a survey. A
rather general framework among these is that of spatial or
metric voting, where voters and candidates are assumed to
lie in a common low-dimensional metric space and voters’
costs correspond to their distance to each candidate [Aziz,
2020; Jessee, 2012; Enelow and Hinich, 1984; Merrill and
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Grofman, 1999]. For instance, a line metric is commonly
employed to capture political affinity on the left-right spec-
trum, whereas geographical distances are represented in a
two-dimensional space.

This structural assumption naturally fits in the metric dis-
tortion framework: The distances to candidates fully define
the social cost of a committee, but the voting rules only re-
ceive their expression as preference rankings. Since prefer-
ences are restricted in this model, improved bounds on the
distortion of voting rules have been established. Notably, a
tight distortion bound of 3 has been established for any single-
winner deterministic voting rule [Anshelevich et al., 2018;
Kizilkaya and Kempe, 2022; Gkatzelis et al., 2020]. Extend-
ing distortion to multi-winner elections requires defining how
a voter’s cost is aggregated over the selected committee. Two
ways have been considered in the literature: the additive cost,
where a voter’s cost is the sum of their distances to all mem-
bers of the committee [Babashah et al., 2024], and the ¢-cost,
where the cost is determined by their distance to their g-th
closest committee member [Caragiannis et al., 2022b; Chen
et al., 2020].

Work on metric distortion has so far focused on the case
where voters and candidates constitute disjoint sets, which
constitutes a natural model for large-scale elections. How-
ever, in many decision-making scenarios, a group of agents
aims to elect a subset of their own members. One can think,
for example, of a political organization selecting a commit-
tee. Each member ranks others according to their political
affinity and the organization aims to select a committee that
represents the variety of preferences of its members. Since
the voting rule only receives ordinal preferences, a small dis-
tortion constitutes a suitable objective to ensure a close-to-
optimal outcome under this limited information. In general,
this situation arises in the context of peer selection, where
individuals evaluate each other to choose a group for gover-
nance, leadership, or resource allocation. Further examples
include academic hiring and promotions, student representa-
tive elections, self-organized committees in cooperatives, and
local governance selection.

While peer selection rules have been extensively studied
in other contexts, particularly in terms of the effect of strate-
gic behavior [e.g. Holzman and Moulin, 2013; Alon et al.,
2011; Caragiannis et al., 2022a], little is known regarding
their ability to accurately reflect agents’ ordinal preferences.
On the other hand, previous work on metric distortion for
single-selection has often parameterized an election via its
decisiveness, corresponding to the maximum ratio between
a voter’s distance to their top choice and to any other can-
didate [Anshelevich and Postl, 2017; Gkatzelis et al., 2020].
These works have motivated this parameter with the fact that
it becomes zero in the peer selection setting as each agent
becomes their own top choice.

However, directly considering a common set of voters and
candidates constitutes a structural modification to the prob-
lem that has not been considered so far.

1.1 Our Contributions and Techniques

We initiate the study of metric distortion when the set of vot-
ers and candidates coincide and bound the distortion achiev-

able by voting rules selecting k out of n agents on the line
metric for several social costs; see Table 1 for a summary of
our results.

We start by observing a simple yet strong property of met-
ric voting on the line with a single set of voters and candidates
that follows from previous work [Elkind and Faliszewski,
2014; Babashah et al., 2024]: We can fully compute the order
of the agents from their rankings. This constitutes a powerful
tool for the design of our mechanisms, as in the following we
can always take this order as given.

Utilitarian Additive Cost. We first consider the utilitarian
social cost, in which the social cost of a committee is de-
fined as the sum of all individual costs. Intuitively, selecting
k consecutive agents results in lower utilitarian social cost.
In Section 3.1, we focus on the case of additive aggregation:
The cost of a committee for a voter is given by the sum of
all distances from the candidates to this voter. As a natural
extension of the optimal rules for one or two agents, which
select the median and closest-to-median agents, we consider
a rule called MEDIAN ALTERNATION that selects & middle
agents. We show that MEDIAN ALTERNATION provides a

distortion of at most %(n —y/2n| 255 | ), which is close to

1 when k is small compared to n and approaches 2 as k goes
to n. Despite its simplicity, the analysis of this rule holds
significant challenge. In short, we reduce any metric to an-
other with only two locations and show the distortion for this
class of metrics. We show that this reduction is possible with-
out improving the distortion by establishing the existence of
a non-improving direction of movement for each agent.

Utilitarian ¢-Cost. In Section 3.2, we consider utilitarian
g-cost, where the cost of a committee for an agent is given
by the agent’s distance to their gth closest candidate in the
committee. In Theorem B.4, we show that no voting rule
can provide a constant distortion when g < %, implying that
this known impossibility from the setting with disjoint vot-
ers and candidates and a general metric space [Caragiannis
et al., 2022b] remains in place in our restricted setting. To
prove this bound, we partition all but ¢ agents into L%J >2

sets and consider two metrics that differ in the position of
the remaining g agents: relatively close to the other agents in
one metric; very far in the other. Intuitively, selecting these ¢
agents leads to an unbounded distortion in the former case but
is necessary for a bounded distortion in the latter. For g > k.
the existence of rules with distortion 3 follows from a gen-
eral result by Caragiannis ef al. [2022b]. We provide a lower
bound, that varies between % and 2 as g varies between g +1
and 2, by considering three different metrics consistent with
the same rankings and showing that, in one of them, there are
q agents in one extreme that cannot be consistently selected.
We finally take a closer look at the case with £ = ¢ = 2,
where a best-possible distortion of 2 can be achieved by se-
lecting the median agents when k is even. For odd k, we
show that a rule selecting a couple of agents—a pair of agents
who prefer each other over all other agents—among the five
middle agents achieves an improved distortion of %, which is
again best-possible. The FAVORITE COUPLE rule leverages
two key principles: (1) selecting agents close to the median
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Table 1: Our and previous bounds on the distortion that voting rules can achieve in different settings. Values before and after the semicolon
represent lower and upper bounds for the corresponding setting, respectively. Lower bounds take worst-case number of agents n. When
the lower bound can be made arbitrarily large, we just write oo for simplicity. The number in square brackets refers to the theorem (T.) or
proposition (P.) where this bound is shown; the letters in square brackets refer to the paper where a bound is taken from: BKSS is Babashah
et al. [2024] and CSV is Caragiannis et al. [2022b]. In particular, bounds in gray correspond to the previously studied setting with disjoint
voters and candidates for comparison, either under a general metric [CSV] or under the line metric [BKSS]. The upper bound for utilitarian
g-cost marked with (x) is only valid when ¢ > g + 1, which is slightly stronger than the general condition g > g on that column.

so as to balance overall distances from agents on each side of
the median, and (2) selecting consecutive agents with a small
distance between them since this distance is part of the cost
of all agents. This intuition of selecting consecutive agents
that are as close to each other while also being close to the
median in principle holds for larger k, but determining how
tightly a group of k agents is clustered based solely on ordinal
rankings remains a challenge.

Egalitarian Additive Cost. In Section 4, we turn our at-
tention to the egalitarian social cost, where we focus on the
maximum cost of a committee for a voter. We consider the
simple k-EXTREMES rule, which selects half of the commit-
tee from each extreme. On an intuitive level, this constitutes a
natural rule in this setting as it avoids that extreme voters are
excessively disadvantaged. For the additive setting, we show
in Section 4.1 that k-EXTREMES achieves an optimal distor-
tion up to O(%) terms. In particular, the optimal distortion

of 1 is attained for k = 2, and distortions of % — ﬁ and
3 1

5~ Re=T) Are achieved for even and odd £ > 3, respectively,
almost matching a lower bound of 3 — +. The worst-case in-
stances involve k£ + 1 agents in one extreme, a single agent
in the other extreme, and k agents in the middle, which are
selected in the optimal committee but cannot be detected by

any rule when considering two symmetric distance metrics.

Egalitarian ¢-Cost. In Appendix C.4, we show that k-
EXTREMES attains a distortion of 2 for g-cost as long as
q > % To do so, we prove that the social cost of the set
selected by this rule is at most the distance from the agent
closest to the center to their nearest extreme, and bound the
social cost of the optimal set from below by half of this dis-
tance. We provide a matching lower bound by revisiting the
instance used for the additive case. Finally, we show that

no constant distortion is possible when ¢ < %, again imply-

ing that the general impossibility result of Caragiannis et al.
[2022b] still holds in our setting. In the worst-case instances,
we partition the agents into L%J sets and consider two sym-
metric distance metrics where all but one set are placed at a
unit distance from one another and two sets in one extreme
are at the same location. We show that no rule can pick ¢
agents from each location.

1.2 Further Related Work

Distortion of voting rules was first introduced by Procac-
cia and Rosenschein [2006]. Since then, extensive research
has been conducted to establish lower and upper bounds on
the distortion of different rules under various scenarios, both
within the metric and non-metric frameworks. For a compre-
hensive survey, we refer to Anshelevich et al. [2021].

Single-Winner Voting. In the non-metric framework,
Caragiannis and Procaccia [2011] showed that the distortion
of any voting rule is at least 2(m?) and that simple rules such
as Plurality achieve a distortion of at most O(m?), where m
is the number of candidates.

In the metric framework, Anshelevich et al. [2018] estab-
lished a general lower bound of 3 on the distortion of any de-
terministic voting rule. They also analyzed the distortion of
common voting rules such as Majority, Borda, and Copeland,
showing that the latter achieves the lowest distortion of 5
among them. Goel er al. [2017] disproved a conjecture by
Anshelevich et al. regarding a better-than-5 distortion of the
Ranked Pairs rule and introduced the notion of fairness ra-
tio of a rule, which captures the egalitarian social cost as a
special case. These results were later improved by Munagala
and Wang [2019], who extended the analysis to uncovered
set rules and reduced the upper bound to 4.236. Gkatzelis et
al. [2020] closed the gap by improving this bound to 3, and
showed the validity of this bound in terms of fairness ratio
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and thus egalitarian social cost.

Randomized voting rules have also been extensively ex-
plored in the metric framework [Pulyassary and Swamy,
2021; Fain et al., 2019]. The best-known upper bound for
a randomized voting rule was recently obtained by Charikar
et al. [2024], who showed that a carefully designed random-
ization over existing and novel voting rules achieves a dis-
tortion of at most 2.753. As of lower bounds, Charikar and
Ramakrishnan [2022] disproved a conjecture by Goel et al.
[2017] regarding the existence of a randomized voting rule
with distortion 2, by constructing instances whose distortion
approaches 2.113 as the number of candidates grows.

Multi-Winner Voting. In the study of metric distortion for
multi-winner voting, various objective functions have been
proposed to capture the cost incurred by each voter for the
elected committee [Elkind et al., 2017; Faliszewski et al.,
2017]. A foundational result by Goel et al. [2018] showed
that, for the additive cost function, iterating a single-winner
voting rule with distortion J for k£ rounds produces a k-winner
committee with the same distortion. Chen et al. [2020] stud-
ied the 1-cost objective in the metric framework when each
voter casts a vote for a single candidate. They proposed a de-
terministic rule with a tight distortion of 3 and a randomized
rule with a distortion of 3 — % More generally, Caragiannis
et al. [2022b] introduced the g-cost objective, where a voter’s
cost for a committee is determined by the distance to their
g-th closest member. They showed that the distortion is un-
bounded for g < % and linear in n for% <qg< g Forq > &,
they presented a non-polynomial voting rule that achieves a
distortion of 3 and a polynomial rule with a distortion of 9.

They discussed how these upper bounds for ¢ > £ and the

2
unbounded distortion for ¢ < g carry over to egalitarian so-
cial cost, but interestingly showed that a constant distortion is
possible for this objective when § <q< g Kizilkaya and
Kempe [2022] later proposed a polynomial-time rule with a
distortion of 3. Recently, Babashah er al. [2024] studied the
distortion of multi-winner elections with additive cost on the
line, devising a rule with a distortion of roughly % Cara-
giannis et al. [2017] studied distortion in multi-winner vot-
ing for the non-metric framework, defining a voter’s utility
for a committee as the highest utility derived from any of
its members. They proposed a rule achieving a distortion of

1+ w for deterministic committee selection when se-
lecting k out of m candidates.

Restricted Voting Settings. A specialized setting in metric
voting considers single-peaked and 1-Euclidean preferences,
where both voters and alternatives are embedded on the real
line [Black, 1948; Moulin, 1980; Miyagawa, 2001; Fotakis et
al., 2016; Fotakis and Gourves, 2022; Voudouris, 2023; Gh-
odsi et al., 2019]. In particular, the work of Fotakis et al.
[2024] investigated the distortion of deterministic algorithms
for k-committee selection on the line under the 1-cost objec-
tive, leveraging additional distance queries.

2 Preliminaries

We let N denote the strictly positive integers and, for n € N,
we write [n] = {1,...,n} for the first n. A linear order -

on a set S is a complete, transitive, and antisymmetric binary
relation on S; we denote the set of all linear orders on [n] by
L(n).

An instance of a committee election, or simply an election
is described by the triple £ = (A, k, >), where:

» A = [n] is the set of agents,

* k € N is the number of agents to be selected for the
committee, and

o == (>1,>2,.-.,>n) € L™(n) comprises the agents’
preference profiles, where >, € £(n) is a linear order on
[n] for every a € [n].

We let (‘2) = {5 C A | |S| = k} denote the feasible com-
mittees for a given election; i.e., the set of all subsets of A of
size k.

Line metric. A distance metric on A is a function d: A x
A — Ry satisfying (i) d(a,b) = 0 if and only if a = b,
(ii) d(a,b) = d(b,a) for every a,b € A, and (iii) d(a,c) <
d(a,b) + d(b, c) for every a,b,c € A. In this paper, we fo-
cus on the line metric: We associate each agent a € A with
a position x, € (—o00,00), and the metric d is defined by
d(a,b) = |z, — x| for every a,b € A. A metric d is said to
be consistent with a ranking profile = € L£™(n), denoted as
d > >, if for every triple of agents a, b, c € A, the condition
d(a,b) < d(a,c) holds whenever b =, c.!" Since d is fully
defined by the position vector x € (—o0, 00)4, we often refer
directly to this vector being consistent with a ranking profile
> € L"(n) and denote it by = > . Likewise, we often ex-
change d by x in the definitions that follow. Finally, for a
fixed election £ = (A, k, >), consistent vector of locations
x € (—00,00)", and interval I = (y, z) with y < z, we let
A(I) = {a € A | z, € I} denote the agents with locations
in I. When [ is a single point Z, we write A(Z) for the agents
located at this point.

Social cost. For a certain set of agents A, a committee size
k € N, and a candidate-aggregation function h: Rf_ — R4,
the cost of S € (1! for agent a € A is simply SC(S, a; d) =
h((d(a,b))pcs). For a set of agents A, a committee size
k € N, and a voter-aggregation function g: R} — R, the so-
cial cost of S € (‘2) is SC(S, A;d) = g((SC(S,a;d))aca).
In this paper, we study a handful of candidate- and voter-
aggregation functions. In terms of the voter-aggregation func-
tion g: R” — R, we focus on the utilitarian social cost,
given by g(y) = Zie[n] ¥, and the egalitarian social cost,

given by g(y) = max{y; | ¢ € [n]}. In terms of the
candidate-aggregation function h: Rﬁ — R4, we focus on
the additive social cost, given by h(y) = >_;c(, vi» and the

"Note that this definition allows for agent-dependent tie-
breaking; i.e., when d(a, b) = d(a, c) agent a can rank either b >, ¢
or ¢ >4 b, independently of other agents. This assumption makes
the problem in principle harder, so that our upper bounds on the dis-
tortion remain valid if a common tie-breking rule is employed, and
it allows us to construct simpler examples for lower bounds. It is not
hard to see that the same lower bounds can be obtained without the
assumption: Whenever a metric has ties, distances can be perturbed
by a small enough constant € so that there are no longer ties and the
distortion does not improve.
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g-cost, given by h(y) = g4, where § is the vector with the
entries of y sorted in increasing order. Thus, for example, the
1-cost is given by h(y) = min{y; | i € [k]}; and the k-cost
is given by h(y) = max{y; | i € [k]}.

Voting rules and distortion. For n,k € N with n > £k,
an (n, k)-voting rule is a function f that takes a preference
profile - € L£"(n) and returns a subset S € ([Z]), to which
we often refer as a committee. For an election £ = ([n], k, >)
and a metric d, the distortion dist(S, E;d) of S C A under d
is the ratio between the social cost of the committee and the
minimum social cost of any committee; i.e.,

SC(S, A; d)
minS,E<A> SC(S/, A; d) ’

k

dist(S,&;d) =

For an election £ = (A, k, >), the distortion dist(S, &) of a
committee S C A is then defined as the worst-case distortion
over all metrics consistent with the ranking profile >; i.e.,

dist(S, ) = sup dist(5, &; d).
d>>

Finally, for an (n, k)-voting rule f, the distortion of f is de-
fined as the worst-case distortion of its output across all pos-
sible elections; i.e.,

dist(f) = sup dist(f(=), ([n], k,»)).

=eLn(n)

Throughout the paper, we study the distortion that voting
rules can achieve under different social costs.

2.1 Computing the Order From an Election

An essential property in line metric settings is the ability to
determine the order of agents based on their preferences. This
result has been established in prior work. Specifically, Elkind
and Faliszewski [2014] and Babashah et al. [2024] demon-
strate that if the preference lists of voters are pairwise dis-
tinct, it is possible to uniquely determine their ordering on
the line, along with the ordering of non-Pareto-dominated al-
ternatives. While their setting differentiates between voters
and alternatives, this result naturally extends to our context,
where agents serve as both voters and candidates.

For simplicity, whenever we fix an election throughout the
paper we will assume w.l.o.g. that the agents are already or-
dered, i.e., that the permutation 7 stated in the lemma is the
identity. Hence, we denote the ordered agents by 1, ..., n and
informally refer to this order as from left to right.

3 Utilitarian Social Cost

Using Lemma A.1, we know that the order of agents can be
fully determined from the preference profile . This allows
us to compute the median agent, which is optimal when se-
lecting one agent (k = 1) under the utilitarian objective.

For larger committee sizes (k > 1), it becomes necessary
to define a way to aggregate voters’ distances to the selected
agents. In this section, we study two aggregation rules: one
that considers the sum of all distances to selected agents in
Section 3.1, and one that considers the distance to the qth
closest agent in Section 3.2.

3.1 [Utilitarian Additive Cost

In this section, we focus on the utilitarian additive objective
for committee selection. This objective aims to minimize the
utilitarian additive social cost, which is defined as the total
distance from all agents to the selected committee. Formally,

the utilitarian additive social cost of a committee S’ € (‘2)
is given by

SC(S", Aid) = > > d(a,b).

acAbesS’

The cost of each agent a € A is the sum of their distances to
all members of the selected committee S’, and the overall so-
cial cost is the sum of these individual costs across all agents
in A.

It is not hard to see that the optimal committee can be
directly computed from the preferences for committee sizes
k = 1 and k£ = 2. This was already discussed for k£ = 1,
while for £ = 2 the optimal committee depends on the parity
of n. If n is even, it consists of the two median agents. If n
is odd, it consists of the median agent and the agent closest to
them. In any case, these agents can be identified directly from
the input preference profile >, without knowledge of the un-
derlying metric. This results in a voting rule with a distortion
of 1.

For selecting a committee of size k > 2, we consider the
following voting rule.

Voting Rule 1 (Median Alternation). Compute the order of
the agents 1, ...,n and return S = {L"T_]CJ +1,..., {EJ +

T i

Not that the rule selects k& agents, leaving L

> | unse-
lected agents on the left extreme and n — | %% | unselected
agents on the right extremes. These values are equal if n — k
is even; the latter is one unit larger if n — & is odd. On an in-
tuitive level, the rule can be understood as constructed by go-
ing through the rank list of the median(s) agent(s), selecting
agents in the order reported by them but alternating between
those to their left and to their right. This ensures a balanced
representation of agents on both sides.

Regarding the selection of larger committees, an impor-
tant ingredient for our results is that an optimal committee
selecting consecutive agents always exists. We state this in
Appendix B.1. We now present our main result in terms of
utilitarian additive social cost, regarding the distortion guar-
anteed by MEDIAN ALTERNATION. The complete proof is
deffered to Appendix Appendix B.2.

Theorem 3.1. The distortion of MEDIAN ALTERNATION is

n—k

at most %(n —4/2 L"T_’“Jn) for utilitarian additive social
cost.

The distortion stated in the theorem ranges between 1 and
2, except for the case where £k = n — 1 and k is odd, in
which it is equal to %, making it marginally greater than

2. The bound is equal to 2 (n — /(n —k)n) if n — k is
evenand to £ (n — \/(n —k — 1)n) if n — k is odd, so that
it is better for even values than for neighboring odd values,
with more prominent differences for small k. Besides these
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parity differences, the bound takes values closer to 1 when &
is small and closer to 2 as k approaches n. Figure 3 illustrates
the bound for n = 100 and k between 2 and n — 1.

In order to prove Theorem 3.1, we will show that we can
reduce any metric to another one where all agents are in one
out of two locations. As a first step, we prove that an agent
(or set of agents at the same location) can always be moved
in one direction such that the distortion does not improve, as
long as they do not pass through other agents’ locations. The
proof of this lemma relies on the linearity of the objective
function: If moving an agent or set of agents to the right has
a certain effect on the social cost, moving them to the left
has the opposite effect. Then, the ratio between the social
cost of any two fixed committees must not improve in one of
these directions. Since the committee selected by MEDIAN
ALTERNATION remains fixed as long as the order of agents
does not change, and changing the optimal set can only lead
to a worse distortion, the result follows.

3.2 Utilitarian ¢g-Cost

In this section, we study the distortion of voting rules in the
context of utilitarian g-cost, in which the cost of a committee
S’ for an agent is given by its distance to the gth closest agent
in S’, and the social cost of a committee is the sum of its cost

for all agents. Formally, for a set of agents A, a committee

size k, a committee S’ € (‘2), and a distance metric d, the

social cost of the committee is given by

SC(S', A;d) =Y _ d(a),,

a€A

where d(a) € R contains the values {d(a,s) | s € S’} in
increasing order.

Similarly to the classic setting with disjoint voters and can-
didates, the distortion of voting rules heavily depends on the
value of ¢q. Indeed, a result by Caragiannis et al. [2022b]
directly implies the existence of (n, k)-voting rules with dis-
tortion 3 for g-cost whenever ¢ > g since their result holds
in a more general setting with disjoint voters and candidates
and general distance metrics. We complement this result in
Appendix B.2 by providing a lower bound that ranges from %

and 2 as ¢ varies between (%W + 1 and k. For ¢ < g Cara-
giannis et al. show that no rule provides a bounded distor-
tion. We show that this impossibility still holds in our setting.
We study the case where ¢ = k& = 2 in further detail and
achieve the best-possible distortions of % and 2 for odd and
even n, respectively, through natural voting rules that are able

to leverage the different objectives involved in the problem.

A Voting Rule for £ = 2

In this section, we focus on the special case of utilitarian g-
cost when ¢ = k£ = 2. In this setting, the social cost of a
committee S for an agent a is determined by the distance to
the farthest agent in the committee S’

On an intuitive level, the goal is to select agents that are
both close to each other and close to the median agent(s). In
particular, it is not hard to see that the optimal committee al-
ways consists of two consecutive agents: For any committee
of non-consecutive agents, replacing the most extreme agent

123 4 5 67 8 9
Figure 1: Stair diagram for n = 9. The red area corresponds to the
committee {3, 4}; the green area to {6, 7}.

among the selected one with another closer to the median can-
not decrease the social cost.

A visual aid for computing the social cost of a commit-
tee is what we call stair diagrams, illustrated in Figure 1.
The area below both staircases is a cost that every commit-
tee must incur. A specific committee {s1, so} must incur, in
addition, a cost equal to the area of the rectangle whose ba-
sis is the line segment between both selected candidates and
whose height is n (and potentially an additional area to reach
this point from the median). Lemma Appendix B.3 bounds
the social cost of any committee from below and provides in-
tuition about this objective.

Odd number of agents We first focus on odd values of n.
For n = 3, it is easy to see that the optimal set corresponds to
the median agent and the agent that the median prefers among
the others, which yields a simple rule with distortion 1. For
n > 5 we introduce a voting rule called FAVORITE COUPLE.
For an election £ = (A, k, >-), we say that agents a, b € A are
a couple if they rank each other above all other agents; i.e., if
b =, cand a > ¢ for every ¢ € A\ {a,b}. Note that each
agent can take part in at most one couple. FAVORITE COUPLE
selects the closest couple to the median when restricting to the
five middle agents.

Voting Rule 2 (FAVORITE COUPLE). For a preference pro-
file =, compute the order from left to right 1,...,n and let
m = ”TH be the median agent. If there is a couple among
the sets {m — 1, m} and {m,m + 1}, return it. Else, return
{m+1,m+2} ifm+2 >, m—2and return {m—2,m—1}
otherwise.

On an intuitive level, this voting rule selects two consecu-
tive agents who are both close to each other and to the median
agent. The restriction to middle agents is necessary; simply
choosing an arbitrary couple can lead to a distortion of up to
2. For example, this is the case if there are n agents with
distances d(a,a + 1) = 1 4 ae for all @ € [n] and a small
e > 0, as the only couple is {1,2} with a social cost of ap-

. 2 . . . .
proximately %, while the committee consisting of the me-

71,2

dian agent and any neighbor is close to “-. We now show

that this rule provides the best-possible distortion of % for an
odd number of agents.

Theorem 3.2. For every odd n > 5, FAVORITE COUPLE
achieves a distortion of % for utilitarian 2-cost. Moreover,
there exists n € N such that, for every (n,2)-voting rule f,

518
519
520
521
522
523
524
525
526
527
528
529

530
531
532
533
534
535
536
537
538

540

541
542
543
544
545
546

547
548
549
550
551
552
553

554
555
556
557

558
559
560



561

562
563
564
565

566

567
568
569
570
571
572

573
574
575
576
577

578

580
581

582

583
584
585
586
587
588

589
590

592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607

608
609
610

we have dist(f) > %for utilitarian 2-cost.

Even number of agents When n is even, we show that the
voting rule that selects the two median agents attains the best-
possible distortion of 2. Detailed discussion can be found in
Appendix B.5.

4 Egalitarian Social Cost

In this section, we study the worst-case distortion achievable
by voting rules in the context of peer selection with egalitar-
ian social cost. Recall that, in this case, given a set of agents
A, a committee size k, and a distance metric d, the social cost
of a committee S’ € (‘2) corresponds to the maximum cost
of this committee for some agent a € A:

SC(Y’, A;d) = max{SC(5’,a;d) | a € A}.

We will start the section with the simple case £ = 1, where
S" = {s} for some s € A and thus SC(5’,a;d) is simply
d(a, s) for every a € A. In Section 4.1 and appendix C.4 we
explore the case of general committee size under additive and
g-cost candidate-aggregation functions, respectively.

Proposition 4.1. For every n € N, any (n,1)-voting rule
has distortion 2 for egalitarian social cost. There exists n €
N such that, for every (n,1)-voting rule f, dist(f) > 2 for
egalitarian social cost.

4.1 Egalitarian Additive Social Cost

In this section, we study voting rules in the context of egalitar-
ian additive social cost, defined as the maximum over agents
of the sum of the distances from the agent to all selected can-
didates. That is, for a set of agents A, a committee size k, and
a distance metric d, the social cost of a committee S’ € (‘2)
is

SC(S", A; d) = max{ 3 d(a,s) ‘ ac A}.

ses’

We begin with a simple observation: When k£ = 2 candi-
dates are to be selected, a simple rule selecting both extreme
candidates achieves the best-possible distortion of 1. Intu-
itively, this voting rule makes sense because, for any selected
committee, (1) the cost of the committee is maximized for
one of the extreme agents, and (2) the sum of the costs of the
committee for both extreme agents is fixed (and equal to two
times the distance between them). Thus, selecting both ex-
treme agents ensures they incur the same cost and minimizes
the maximum cost between them. This rule and its distortion
will be covered as a special case of the rule and result we
introduce in what follows. For larger k, the above intuition
about the cost of any committee being maximized for the ex-
treme agents remains true. We state this property, which will
be exploited in the development and analysis of a voting rule
guaranteeing a constant distortion, in Appendix C.2.

The rule, which we denote k-EXTREMES, simply returns
the L%J agents closest to one extreme and the (%W agents
closest to the other extreme.

Voting Rule 3 (k-EXTREMES). For a preference profile >,

compute the order of agents from left to right 1,...,n and
return S = {1,..., LgJ}U{n— {g] —|—1,...,n}.

distortion
1.5%
14
1.3
1.2
1.1

upper bound

lower bound

1 >
0 10 20 30 40 50 60 70 80 90100

Figure 2: Distortion of k-EXTREMES and lower bound stated in
Theorem 4.2 for k € {2,...,99}.

The following theorem states the distortion of this voting
rule. It captures the previously claimed distortion of 1 for
k = 2, and it approaches % as k grows. This is best possible

up to O (%) terms, which vanish as & grows. The upper and
lower bounds stated in this theorem are depicted in Figure 2.

Theorem 4.2. For every n,k € Nwithn > k > 2, k-
EXTREMES has a distortion for egalitarian additive social
cost of at most % — ﬁ if k is even and at most % — ﬁ
if k is odd. Conversely, for every k € N with k > 3 there
exists n € N with n > k such that, for every (n, k)-voting

rule f, dist(f) > 3 — & for egalitarian additive social cost.

5 Discussion

In this work, we have introduced the study of metric distor-
tion in committee elections where voters and candidates co-
incide and provided a first step towards an understanding of
this setting by focusing on the line metric. Our results span
a variety of social costs and include both analyses of voting
rules and constructions of negative instances to provide im-
possibility results. Although most of our results are tight, an
intriguing gap remains for utilitarian g-cost when ¢ is greater
than % We believe that rules with a distortion better than the
current upper bound of 3 exist and their design may benefit
from the insights provided by our rule for ¢ = k = 2.

The study of the distortion of voting rules in more general
metric spaces constitutes another interesting direction for fu-
ture work. As the lower bounds presented in this work re-
main valid and constant upper bounds for g-cost would still
be attainable due to the general result by Caragiannis et al.
[2022b], the design of voting rules providing a small distor-
tion beyond the line in the case of additive cost is the main
open question in this regard.

Another challenge in the design of elections is preventing
strategic behavior. A mild assumption in the context of peer
selection, adopted by the growing literature on impartial se-
lection, is that agents’ primary concern is whether they are se-
lected themselves, and a voting rule is deemed impartial if an
agent cannot affect this fact by changing their reported prefer-
ences. On the other hand, a rule is called strategyproof in the
voting literature if no agent can misreport their preferences
and lead to a better outcome with respect to their actual pref-
erences. Designing impartial and strategyproof voting rules
with bounded distortion for peer selection constitutes an in-
teresting challenge for future work in the area.
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Social

A Lemma from Section 2

Lemma A.1 (Elkind and Faliszewski [2014], Babashah et al.
[2024]). For every election £ = ([n], k, ), we can compute
a permutation 7: [n| — [n] of the agents such that, for any
consistent position vector x € (—00,00)" with x > >, we
have either T(1) < Tr2) < .. Tr(n-1) < Tr(n) OF Tr(n) <
Lr(n—1) <. < Tr(2) < Tr(1)-

B Proofs Deferred from Section 3

B.1 Lemma B.1

Lemma B.1. For any election € = (A, k,>) and consistent
metric d > >, there exists i € [n — k + 1] such that, defining

distortion
A

21
1.8 1
1.6 1
141
1.2 ¢

1 t + + + . . . . . >
0 10 20 30 40 50 60 70 80 90 100
Figure 3: Distortion of MEDIAN ALTERNATION stated in Theo-

rem 3.1 forn =100 and k € {2,...,99}.

= i+ 1, ..,
min {SC(S’, 4;d) | S’ €

i+ k — 1}, we have SC(S*, A;d) =

()}

Proof. Let & = (A, k,>) with A = [n] and d be as in the
statement, and let also = I> > be a consistent position vector
defining d. The result is trivial if & = 1, so we assume that
k > 2 in what follows. We first observe that, by Lemma 2 in
Babashah et al. [2024], SC(a, A;d) < SCQb A;d) holds for
a,b € A are such that either (1) a,b > %+ and a — ntl <
b— 2, or (2) a,b < 2 and 2 —a < 2H b In
simple words if two agents he on the same side of the median
agent(s), the agent closer to them has a lower cost. Thus,
there exist S* € (‘2 ) that minimizes the social cost such that
{mi1,me} C S*, where m; = L%‘HJ and my = (’%11
denote the median agent(s) (note that m; = meq if n is odd).
Now, suppose that S* is not consecutive. Since mq, mo € S,
there exists an agent a ¢ S* and b € S™* such that either (1)
a,b> " anda — 2H <b— 2 or(2)a,b < 2t and
”*1 —a< ”;rl b. But then, usmg the result by Babashah
et al. again, we obtain that SC((S* \ {b}) U {a}, 4;d) <

SC(S*, A;d); i.e., we can exchange b by a and the social
cost of the committee does not increase. By repeating this
procedure, we reach a committee with consecutive agents and
minimum social cost, as claimed in the statement. O

B.2 Proof of Theorem 3.1

Theorem 3.1. The distortion of MEDIAN ALTERNATION is

at most %(n —4/2 L%‘kJn) for utilitarian additive social

coSt.

In order to prove Theorem 3.1, we will show that we can
reduce any metric to another one where all agents are in one
out of two locations. As a first step, we prove that an agent
(or set of agents at the same location) can always be moved
in one direction such that the distortion does not improve, as
long as they do not pass through other agents’ locations. To
this end, for a position vector x € (—o0,00)", a position

T € (—00, 00) such that A(Z) # 0, and § > 0, we define the
shifted position vectors v~ (%,8), 27 (Z,8) € (—oo0,00)™ as
follows:
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xg (Z,0) = x4 — 0 for every a € A(Z),
x, (Z,0) =z, forevery a € A\ A(Z),
v} (z,8) = x, + 6 forevery a € A(%),
] (2,0) = z, forevery a € A\ A(Z).

Lemma B.2. Let £ = (A, k, =) be an election with A = [n),
let S € (’2) be the committee selected by MEDIAN ALTER-
NATION on this election, and let x € (—00, 00)™ with x > >
be a consistent position vector. Let T € (—o0,00) be such
that A(z) # 0, let 5§ > 0 be such that A((z — §,T + 0)) =
A(z) and let x= = x7(%,0) and x+ = x7(Z,0). Then,
for all preference profiles =~ , =7 such that x= > =~ and
T > =T, at least one of the following inequalities holds:

dist(S, (A, k, =" );x7) > dist(S,E;x), or
dist(S, (A, k, =T);21) > dist(S, &; z).

The proof of this lemma relies on the linearity of the objec-
tive function: If moving an agent or set of agents to the right
has a certain effect on the social cost, moving them to the left
has the opposite effect. Then, the ratio between the social
cost of any two fixed committees must not improve in one of
these directions. Since the committee selected by MEDIAN
ALTERNATION remains fixed as long as the order of agents
does not change, and changing the optimal set can only lead
to a worse distortion, the result follows. We now proceed with
the formal proof.

Proof of Lemma B.2. Let £ = (A k, =), S, x, Z,0, v, xF,
~~,and =7 be as in the statement. We denote by d, d~, and
d™ the distance metrics associated to x, z, and z ™, respec-
tively.

We first consider an arbitrary committee S’ € (’2) and
compute the difference between the social cost of this com-
mittee under metric d and under both of the other metrics.
From the definition of the additive social cost, for any a € A
such that z, < T we have that

>

bES'NA(Z) beS'\A(Z)
= ) (abd) =&+ > dab)
beS'\A(Z)

beS'NA(z)
=SC(S,a;2) —§|S" N A(z)]. (1)

SC(S",a;27) = d”(a,b) + d”(a,b)

Similarly, for any a € A such that z, > T we have that

> > d(a,b)

beS'NA(Z) beS"\A(z)
= Y Wah+o+ Y
beS'NA(Z) beS'\A(z)
=SC(S,a;x) + 8|S N A(Z)|. )

SC(S",a;27) = d~(a,b) +

d(a,b)

Finally, for every a with z, = Z, i.e., a € A(Z), we have that

SC(S",a;27) = > d~(a,b) 3)
bES'NA((—00,7))
+ > d~(a,b)
beES'NA((Z,+00))
= > (da,b) -9 &)
beS'NA((—00,T))
+ > (d~(a,b) + 0)

= SC(S’,a;ac)—i— )
5 (18" N A((Z,4+00))[ = 15" N A((*Ooaf))%)

Combining egs. (1), (2) and (6), we obtain from the definition
of utilitarian social cost that

SC(S", A;z7) =Y SC(S',a;d7)
acA
=SC(S", A;x)—

318" N A(x)] (JA(—00, )| — |A(z, +00)]) -
SA@)](IS" N A((—o00, 7)) — 8" N A((z,
One can proceed analogously for d* to obtain
SC(S', A;z™) = SC(S', A; z)+
619" NA@)| (JA(—o00, )| — |A(Z, +00)])+

877

878
879

+00))]).

880

3 |A@)] (18" N A((—00,2))| — |S" N A((Z, +00))])-

Hence, there exists a value A(S’), that only depends on the
committee ¢, such that

SC(S', A;x7) = SC(S', A;x) — A(S"),
SC(S', A;z™) = SC(S', A; ) + A(S"). (7

We let S* denote an optimal committee for the metric d
in what follows, i.e., a committee such that SC(S*, A;x) =

min {SC(S’, A;z) | S’ € ({)}. We observe that
SC(S, A;27)
mins,e(g) SC(S', A;z7)

diSt(S7 (A, k, >‘_);IL‘_) =

< SC(S, A;2~)  SC(S, A;2) — A(S) ®)
= SC(S*, A;2—)  SC(S*, A;z) — A(S*)’
and
) _ SC(S, A;z™)
Cet) —
dist(S, (A, k, =" );zT) = it " )SC(S’ A
SC(S,A;z™)  SC(S,A;z) + A(S) ©)
= SC(S*, A;zt)  SC(S*, A;z) + A(S*)
If either SC(S™, A;x) = A(S*) or SC(S*, 4;z) = —A(S*)

holds, the distortion becomes unbounded in one of the new
instances and the result follows directly. Otherwise, it follows
from the simple property stated in the following claim.
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Claim B.1. For any values y,z € Ry and w € (—z,z), we
have either % >Yori—s >4

z—w — z°
ioti ytw ¥
Proof. Suppose towards a contradiction that both Z=0 < %
and =2 < % hold. Since w < z, the first inequality is

equivalent to
2(y+w) <ylz 4+ w) <= 2w < yw.
Since w > —z, the second inequality is equivalent to
2y —w) < y(z —w) <= yw < zw.
As the inequalities contradict each other, we conclude. O

Applying these properties to inequalities (8) and (9), we
obtain that either

. _ SC(S, A; z) + A(S)
dist(S, (A, k cxT) > ’
ist(S, (4, k,-7);27) = SC(S*, A; ) + A(S¥)
SC(S, A4;x) .
>~ 7 T 7 = .
~ SC(S*, A; ) dist($, &; 2)

or

. S SC(S, A;z) — A(S)
dist(S, (A, k, =" );27) > SC(S" A ) — A(S)

S SC(S, A; x)
~ SC(S*, A; )
holds, concluding the proof. O

= dist(5, &; x)

We can use the previous lemma to conclude that, for every
election and consistent metric, MEDIAN ALTERNATION se-
lects a committee such that, under another metric with only
two locations, the distortion does not improve. Indeed, we
can iterating the argument in Lemma B.2 to move (sets of)
agents in non-extreme positions in their non-improving di-
rection. This procedure terminates with all agents in one of
the original extreme positions x; or z,, and that the distortion
has not improved. The following lemma formally states this
fact.

Lemma B.3. Let & = (A, k, =) be an election with A = [n),

let S € (‘2) be the committee selected by MEDIAN ALTER-
NATION on this election, and let x € (—00, 00)™ with x > >+
be a consistent position vector. Then, there exists a position
vector &' € (—00,00)" such that ©, € {x1,z,} for every
a € Aanddist(S', (A, k,>");2") > dist(S, €, x), where -’
is any preference profile such that ' > =" and S’ € (‘2)
is the committee selected by MEDIAN ALTERNATION on the
election (A, k,>").

Proof. LetE = (A, k,>) and x be as in the statement, where,
as usual, z;1 and z,, represent the positions of the two extreme
agents. To construct x’ as claimed in the statement, we itera-
tively move agents toward the positions of the extreme agents
using Lemma B.2. Specifically, we initialize 2’ = x and, as
long as x!, € (x1,x,) for some a € A, we fix T = x,, we
define

5 =max{d > 0| A(Z — 6,7 + 0)) = A7)},

and we update x} < x; & ¢* for every b € A(Z) and the sign
that ensures not increasing the distortion dist(S, A;x’) of S.
Note that the definition of §* ensures both the existence of
this sign, due to Lemma B.2, and the fact that the number of
different positions [{y € (—o0,00) | Ja € [n] : z}, = y}| is
reduced in each step. Thus, the procedure terminates with a
vector ' € (—o0, 00) such that (1) z}, € {x1,z,} for every
a € A, and (2) the distortion of S under the resulting metric
has not decreased. Note that, since the order of the agents
has not been changed besides ties, we have either S’ = § if
the committee selected by MEDIAN ALTERNATION has not
changed or S” # S but SC(S’, A,2") = SC(S, A4; ') if the
committee has changed due to a different tie-breaking. O

We now proceed with the proof of Theorem 3.1.

Proof of Theorem 3.1. Let £ = (A, k,>) be an arbitrary
election, where A = [n] is the set of agents. Let d > >
be any consistent distance metric induced by positions x €
(—00,00)™, and let S denote the committee selected by ME-
DIAN ALTERNATION on this election. From Lemma B.3, we
know that there exists a new position vector ' € (—o0, c0)™
and associated election &' = (A, k,>'), with 2’ > >/, such
that where all agents are positioned at the two extreme posi-
tions of the original instance and the distortion in £’ is at least
as bad as the distortion in &; i.e., x), € {x1,xz,} for every
a € Aand dist(S’, (A, k,>");2") > dist(S, E, z), where S’
denotes the committee selected by MEDIAN ALTERNATION
on &’. Thus, it suffices to compute the distortion for this elec-
tion £’ to bound the distortion of the voting rule. As usual,
we denote by d’ the metric induced by the position vector z’.

We partition the set of agents into two groups, A =
A;UA,,, where

Ai={a€A|z,,=m}and A, ={a€ A| 2, =x,}

denote the sets of agents located at positions x; and x,, under
the position vector z’, respectively. We let S; = S’ N A
and Sy = S’ N As denote the agents selected by MEDIAN
ALTERNATION on &£’ from agents in A; and As, respectively.
Then, the social cost of S’ is given by

Z Z d' (21, 2p) + Z Z d (2, 1)

a€A, besS’ acA, bes’

SC(S', A;d) =
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= [A1] - Sl - d'(z1,20) + [An] - |S1] - d' (21, 20).

On the other hand, the optimal committee S* clearly min-
imizes the total social cost by selecting as many agents as
possible from the larger group between A; and A,,, as this
cost is only incurred by agents in the smaller set. We suppose
that |A,,| > |A;| w.l.o.g. We have two cases: either |A,| > k
or |A,| < k. In the former case,

SC(S*vAad) - |A1| k- d/($1,$n),

while in the latter case,
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973
974

975

SC(S*, A;d) = |A1-|An|-d (21, 20)+|Apnl-(k—|An|)-d (21, 2,).

Since |A,,| > | A;| implies

|A1\-|An|~d'(x1, $7z)+|An|'(k_‘An|)‘d,(x1a zn) > |A1|~k-d'(z1, In)a
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the social cost induced by S* is smaller when |A,,| > k and
it suffices to bound the distortion in this case. Therefore,

SC(S, A;d')
W) < setse may 10
_ ‘A1||Sn|d/(x17xn)+|An|‘Sl| (-Tlaxn)
|A1‘ k- d’(ml,xn)
N Y o e S 0 T

|As| - K

If |S,,| = k, we obtain dist(f) = 1. In what follows, we thus
assume S7 # (). From the definition of the MEDIAN ALTER-
NATION voting rule, we know that |A,| —|S,| = |A1] — |S1|
if n — k is even, and either |A,| — |S,| = |A1| — |S1] + 1
or |[Ap| — |Sn] = |A1] — |S1| — 1 if n — k is odd. Since
the distortion increases in |Sp| for fixed n and & due to the
assumption that | A,,| > |A1|, the worst case is |A,| — |Sn| =
|A1] —|S1|+ 1 when n — k is odd, so we restrict to it in what
follows. For ease of notation, we define a value x € {0,1},
such that y = 0if n — kiseven and y = 1 if n — k is odd, so
that we can express the previous equations simply as

‘An| - |Sn| = ‘A1| - |Sl| + X

From this equality, alongside |A;| + |A,| = n and |S1]| +
|Sn| = k, we can express all |A;[, |S1], and |S,,| in terms of
| A, | as follows:

n+k+x

[ A =n—]dal, |51 = ——— —[4al,
n—k—x
=4, - —=.
Sl = |Aul - 25
Replacing in inequality (11), we obtain
dist(f) <
(n = [An]) (JA4n] = "=57) + | An| ("5 — |40))
(n— Ak
1 (n—k—x)n )
- 2|4,
= (- S
= h(|A.]), (12)
where we have defined a function h : { {g] e ,n—l} — R,

which evaluated at | A,,| gives the last expression. Its first and
second derivatives are given by

/ _1 (n_k_X)n
0= 5 (2~ )
" n—k—x)n
W) = k’(n—y;g)

Since h”(y) < 0 for every y in the domain of h, an upper
bound for the value of & is given by its value at y*, where y*
is such that

1
Ry ) =0y =n-3 (n—k—x)n.

Combining this fact with inequality (12), we conclude that

dist(f) < h(y®) =

k-

1002

1 1
k(Q(n—2 (n—k’—x)n> -
2
=2 (= V=),
which is the same as the expression in the statement. O
Impossibility Results

In this section, we provide two strong impossibilities regard-
ing distortion bounds for g-cost, analyzing the cases with
q < g and with ¢ > [g] + 1 separately.

We begin with a strong impossibility for the case where we
focus, for each agent, on their gth closest selected agent with
q < g We show that no constant distortion is possible in this
setting, regardless of the number of agents to select.
Theorem B.4. For every k € Nwith k > 2 and q € N with
q < 5 there exists n € N with n > k such that, for every
(n, k)-voting rule f, dist(f) is unbounded for utilitarian q-
cost.

Proof. We let k and g be as in the statement, fix n € N to
a large value, in particular with n > 2k + ¢ (we will ul-
timately take the limit n» — o0), and consider an arbitrary
(n, k)-voting rule f. We denote p = |%| > 2 and parti-

tion the agents into p + 1 sets A = Ui;lAi U B, such that
|A;] € {L%J, (%W} for every i € [p] and | B| = ¢. Note
that this is possible since

n— _
p{qJ+q<n<p{ qJJrq-
D D

We consider the profile >-€ L™ (n), where

(i) b >, c whenever a € A;,b € Aj,c € A, for some

i,7,€ € [p] with |i — j| < |i — £];

(ii) b >, c whenever a € A;,b € Aj,c € B for some
i,J € [pls

(iii) b >, c whenever a,b € B, c € A; for some i € [pl;

(iv) b >, c whenever a € B,b € A;,c € A; for some
i,7 € [p] with ¢ > 7;

and the remaining pairwise comparisons are arbitrary. We

consider the election & = (A, k, >) with A = [n].

In what follows, we distinguish whether f selects all ¢
agents in B or not and construct appropriate distance metrics
to show that, in either case, the distortion can be arbitrarily
large. Intuitively, if f selects B we will consider this set to be
relatively close to A,, so that picking ¢ agents from each set
Ay, ..., A, would give a much lower social cost. On the con-
trary, if f does not select B, we will place this set extremely
far from all others, so that the social cost of the selected set is
huge compared to the social cost of a committee containing

Formally, we first consider the case with B C S and define
the distance metric d; on A given by the following positions
x € (—00,00)": x, = i — 1 for every a € A; and every
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i € [p], and z, = 2(p — 1) for every a € B. It is not hard
to see that d; > >; see Figure 4 for an illustration. Since
B C S, we have that |S N UiE[p] Al-| < k — q. Hence, from

an averaging argument, there exists j € [p] with

k—q q
Al < 2 =Lk - :
SN A;l < » k( q) <q

From the definition of g-cost, we thus have

SC(S,a;dy) > min{d;(a,b) | b€ A\A,;} >1 foreverya € A

(13)
On the other hand, consider the set S = Usclp] S;, where S; C
A; and |S;| > ¢ for every i € [p]. Note that this set exists
because pg = k and

n— 2k
4] > { qu > {qu >q,

where we used our assumption n > 2k + ¢g. From the def-
inition of g-cost, we have that SC(S,a;d;) = 0 for every
a € A, and every i € [p]. For each a € B, we have

SC(S,a;dy) = p — 1. Combining these facts with inequal-
ity (13), we obtain
. SC(S, A4;dy) | A,
dist(f(>),&) > il J >
V)82 Se5, 2y = - 1)1B

o [

We now consider the case with B ¢ S and define the
distance metric dy on A given by the following positions
x € (—00,00)": x, = i — 1 for every a € A; and every
i € [pl,and z, = p — 1+ Mn for every a € B. It is not
hard to see that dy > >; see Figure 4 for an illustration. Since
B ¢ S, we have that |S N B| < ¢ and thus, by the definition
of g-cost, we have

1 p—1
Metricd;, o—eo—eo - e
Ay As Az Ap1 Ap B
. 1 1 1 Mn
Metricd, o—eo—e - . e— eI °
Ar Ax Az Ap1 Ap

Figure 4: Metrics considered in the proof of Theorem B.4. In this
and all similar figures throughout the paper, the (sets of) agents are
represented by circles, with the identity of the agents or sets be-
low them, and the distances between them are written on top of the
¢orresponding line segments. All figures consider indistinguishable
metrics for a certain preference profile of the agents and thus any
voting rule must select the same subsets for any of these metrics.

which can be unbounded by taking n and M arbitrarily large.

Next, we prove a lower bound of 2 — "9 for the dis-

tortion of any voting rule for utilitarian ¢-cost when [%] <
g <kandk > 3.

Theorem B.5. For every k € Nwith k > 3 and q € N with
% + 1 < q <k, there exists n € N withn > k such that, for
every (n, k)-voting rule f, dist(f) is at least 2 — 4qk:k‘13 for
utilitarian q-cost.

Proof. We let k and ¢ be as in the statement and fix n =
2(3q — k — 2), and consider an arbitrary (n, k)-voting rule f.

We partition the agents into four sets A = U?ZlAi such that
|A1‘ = |A4‘ =q— 1 and |A2| = |A3| = 2q — k — 1. Note
that all these values lie between 1 and ¢ — 1. Indeed, this is
trivial for |A;| and |A4|, whereas for |A5| and |A3| we have
2q—k-1>2(+1)-k—-1=1and2¢—k—1<
2q —q — 1 =g — 1, where we have used that ¢ lies between
E 4 1andk.

SC(S,a;ds) > min{da(a,b) | b€ A\B} > Mn forevery a € BWe consider the profile =€ L"(n), where

(14)
On the other hand, consider the set ' = B U Uie[p_l]T,-,
where T; C A; and |T;| > ¢ for every i € [p — 1]. Note that
this set exists because (p — 1)¢ = k — ¢ and

n— 2k
|A;| > { qu > UqJ > q,

where we used our assumption n > 2k + ¢. From the def-
inition of g-cost, we have that SC(T, a;ds) = 0 for every
a € A; and every i € [p— 1] and SC(T',a;dz) = 0 for ev-
ery a € B. For each a € A, we have SC(T,a;dz) = 1.
Combining these facts with inequality (14), we obtain

, SC(S, A;ds) _ Mn|B|
dist >
1
[T‘I] (( kq)qw

Slnce dlst (f(=). &
dist(f

> [59e] . L if B C S and
i } ]an otherwise, we conclude that

z(k

n—gq) 1 1
{ J F—q ((n—kq)qM”q}’

dist(f

(i) b =, c whenever a € A;,b € Aj,c € A, for some
i,7,¢ € [4] with |i — j| < |i — £];

(ii) b =, cwhenevera € Ay, b € Ay, c € As;
(iii) b =, c whenever a € A3,b € Ay, c € Ag;

and the remaining pairwise comparisons are arbitrary. We
consider the election & = (A, k, =) with A = [n].

In what follows, we distinguish whether f selects g or more
agents from A;UA,, from AsUAy, or from none of them, and
construct appropriate distance metrics to show that, in either
case, the distortion is at least the one claimed in the statement.
Intuitively, if f selects less than ¢ agents from both A; U As
and from A3 U A4, we will consider A; U A5 on one extreme
and Az U A, on the other, so that picking ¢ agents from any
of these sets would lead to a lower social cost. If f selects ¢
or more agents from A; U A, we will consider a metric where
A1 lies in one extreme, A» in the middle, and both A3 and A4
in the other extreme, so that picking all agents from A4 would
lead to a lower social cost. If f selects g or more agents from
Az U Ay, we will construct a symmetric instance.

Formally, we first consider the case with |[SN(A; UAz)| <
gand |S N (A3 U Ay)| < g and define the distance metric dy
on A by the following positions x € (—00,00)™: z, = 0
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for every a € A; U Ay and z, = 2 for every a € As U Ay.
It is not hard to check that d; > >; see Figure 5.(b) for an
illustration. It is clear that SC(S, a; d;) = 2 for every a € A.
If we consider the alternative committee S’ = A; U Ay €
(1), we have SC(S',a;d;) = 0 for every a € A; U A, and
SC(S’,a;dy) = 2 forevery a € Az U Ay. We obtain

N SC(S,Aidy)  2-n
dist(f0-):€) 2 §e (97 Aray) ~ 22
If |S N (A3 U Ay)| > ¢, we define the distance metric da
on A by the following positions z € (—o0, 00)™: , = 0 for
every a € Ay U Ay, x, = 1 for every a € As, and x, = 2
for every a € Ay. It is not hard to check that ds > >; see
Figure 5.(b) for an illustration. Since |S N (A; UA3UA;3)| <
(k—q) + |As| = ¢ — 1 < g, we have that SC(S, a;dy) = 2
for every a € A; U As. Furthermore, since both |A3| < ¢ and
|A4] < g, we have that SC(S, a;d2) = 1 for every a € Az U
A,. If we consider an alternative committee S’ C A; U A €
(’2), which exists due to |A; UAy| = 3¢—k—2 > g, we have
SC(S’,a;d2) = 0 forevery a € Ay U Ay, SC(S,a;ds) =1
for every a € Az, and SC(S’,a;ds) = 2 for every a € Ay.
Thus, we obtain

dist(f(>), &)

=2

SC(S, A;da)
SC(5", As da)
_ 20A U Ag| + A3 U Ay
|As| + 2| A4
B 33¢—k—2)
(2q—k—-1)+2(¢g—1)
k—q
49—k -3’

Analogously, if |[SN(A1UA3)| > ¢, we define the distance
metric d3 on A by the following positions x € (—o0, 00)™:
x, = 0 for every a € A, x, = 1 for every a € Ay, and
r, = 2 for every a € Az U Ay. It is not hard to check
that d3 > >; see Figure 5.(b) for an illustration. Since
SN (A2 UA3 UA)| < (k—q)+ A2 =¢—1<gq
we have that SC(S, a;d3) = 2 for every a € A3 U Ay. Fur-
thermore, since both |A;| < ¢ and |As| < ¢, we have that

SC(S,a;ds) = 1 for every a € A; U As. If we consider an

alternative committee S’ C A3 U A4 € (’2), which exists due

to |[A3 U Ay| = 3¢ — k — 2 > ¢, we have SC(5’,a;d3) =0
for every a € A3 U Ay, SC(5’,a;d3) = 1 for every a € Aa,
and SC(S’, a; ds) = 2 for every a € A;. Thus, we obtain

. SC(S, A; ds)
dist(f(>),&) > SC(S", Ards)
2|A3 U Ay| + |A1 U Ag|
|Aa| + 2| A4 |
3(3¢ — k — 2)
2q—k—-1)+2(q—1)
k—q
C4g—k-3
Since dist(f(>),&) > 2— 4(1’“_% regardless of f (), we
conclude that dist(f) > 2

k—q
T 4q—k-3° O

distortion
A

2+
1.9t
1.8 1
1.7 1
1.6 1
1.5 71

50 60 70 80 90 100
(a) Lower bounds for k = 100, q € {51, ...,100}.

Metric dy ® 2 L)
AL U Ay Az U Ay
1 1
Metric do e @ o
A1 U Az As As
1 1
Metric d3 ® @ L
A Ao /13 U Ay

(b) Metrics considered in the proof.

Figure 5: Lower bound on the distortion of any rule for utilitarian
g-cost stated in Theorem B.5, and metrics used to prove it.

The lower bound provided in this theorem increases in ¢

and varies between 3 + ﬁ forqg = £ +1and 2 forq = k;

Figure 5.(a) illustrates it for & = 100 and g between 51 and
100.

B.3 Proof of Lemma B.6

Lemma B.6. Let £ = (A, k, ) be an election and d > = a
consistent metric. Then, for every committee S' = {s1,s2} €

(2)

n—1

Y2 dii,n—i+1)+ "?71 -d(s1,82)+
SC(S', Ay d) > { SC(S", { "5} d)

Zd(i,n—i41) + 5 - d(s1,52)

Proof. Let £ = (A, k,>) with A = [n] and d be as in the
statement and S” = {s1,s2} € (%) an arbitrary committee.

We assume that s; < s w.lo.g.. Leti € {1,...,[%]} bea
fixed agent. If 7 < 51 < so < n—1+ 1, we have that the cost
of the committee for agents ¢ and n — ¢ + 1 is at least

SC(S,i;d)+SC(S",n—i+1;d) = d(i, s2)+d(s1,n—i+1)
>d(i,n—i+ 1)+ d(s1,s2).

Similarly, if s5 < i, we have
SC(5',i;d)+SC(S",n—i+1;d) = d(s1,i)+d(s1,n—i+1)
>d(i,n—i+1)+d(s1,s2),

andif sy >n—1+1,
SC(S',i;d)+SC(S",n—i+1;d) = d(i, s2)+d(n—i+1, s2)

1153
1154

1155
1156

1157

1158
1159

1160

if n is odd,
if n is even.

1161
1162

1163
1164
1165

1166

1167

1168

1169



1170 On the other hand, by Lemma B.6, we have: 1195
>d(i,n —i+1)+d(s1,52).

1171 Summing up over all agents, we obtain .

f;(j(:;l, f{;(i) _ f;(:(:; , f1;(i) 22

3
=

Ingt

IS
Il
w

d(i,n—1i+1)+SC({as}, 4;d)

1172

3
|

N‘

(SC(S',i;d) + SC(S",n —i+1;d)) >

'Mm\:

> d(i,m —i+1) +d(az,a4) + d(az,as3),

1173 i=1 . P
Z dit,n—1+1)+ Ed(sl, S2) where we used, for the second inequality, that the cost of the 1196
i—1 2 median agent is at least d(ag, az) due to the assumption that 1197
1174 if n is even, and a2 >a4 @4. Thus, the distortion is: 1198
= , SC(S, A;d)
SC(S', Ard) = > _(SC(S', ;) 4st(F) = Setse Ay
i=1 n—3
—z - - n+1
1 A dii,n—i+1) + (i) d(as,a3) + d(as, as)
+SC(S’,n—z’—|—1;d))+SC(S’, nt ;d) < i 2
2 > d(i,n—i+1) +d(az,a3) + d(az, as)
not < ("7_3) 3-d(as,a3) + ( ) (az,as3) + 2 - d(asz, as)
= . diin—i+1)+ d(s1, 52) B (252) - 3+ d(az, as) + d(az, az) + 2 - d(az, as)
= 4n—8
S n+1 _ T3 —1—2:471—4:%
+SC| 57, > ;d m94+3 3m-3 3
1175 if n is odd. O where the second inequality follows from inequalities (15) 1199
and the fact that d(i,n — i + 1) > d(1,5) for every i < "5=. 1200

1176 B.4 Proof of Theorem 3.2

This concludes the proof for this case. 1201
1177 Proof. We consider an arbitrary election & = (A, k, ) with Case2: az ¢ S In this case, we either have S = {a1,as} 1202
117e m > 5and A = [n], and a consistent metric d > >. We _ )
. . or S = {a4,as}; we assume the former w.l.o.g.. From the 1203
1179 denote the five middle agents by a1, . . ., a5 from left to right,

definition of FAVORITE COUPLE, this implies that {az, a3} 1204
and {ag3, a4} are not couples, so we must have a1 >,, az and 1205
as g, as. It also implies that a; >, as, since {a4, a5} 1206

1180 with ag being the median agent. We let S denote the commit-
1181 tee selected by FAVORITE COUPLE and S* denote the opti-
1182 mal committee for the metric d. We analyze two main cases,

. . would be selected otherwise. In terms of distances: 1207
1183 depending on whether the rule selects the median agent or
1184 not. d(ag, az) > d(aq7 ag), Cl((lg7 (14) > d(a4, a5),
1208
11es Case 1: a3 € S wlo.g, we assume that ay >,, a4, d(as,as) > d(ay,as). (16)

1186 which implies that the selected committee is S = {az,a3}.

.. ; Similarly as before, the social cost of the selected commit-
1187 This implies that agents as and as form a couple, and both y 1209

1es  d(as,a3) < d(ai,a2) and d(as,a3) < d(as,as) hold. tee ts 1210
1189 Therefore, _3
d(al,a5) > 3‘d(02,03) d(ag,a4) >2- d(ag,ag) (15) S A d Zd Z n—i+ ) ( ) d(alaCLZ)
1190 For each i < ”2 , the joint cost of S for agents ¢ and
1191 n — i+ 11is given by + d(ala az) + d(a1, as) + d(a1, as)
iy SC(8,7;d)+SC(S, n—i+1;d) = d(i, as)+d(az, n—1+1) = ng -
d(i,n —i+ 1)+ d(as,a3). = d(i,n —i+1)+ ( 5 )d(al,az)
11es Since the median agent incurs a cost of SC(A4,as3;d) = i=1
1194 d(a27 (lg), we obtain: + d(ag, a3) + d(a2, a4).
T We now consider two cases depending on whether as is in 1211
SC(S, A;d) = Z d(i,n —i+ 1) + d(az,as)+ the optimal committee. 1212
=1 Case 2.1: a3 € S*. If the median agent is selected in the 1213
n—1 optimal committee, we have from Lemma B.6 that 1214
5 d(az, az) + d(az, az) ‘
n—3 * n;d . .
T, ’ n+1 SC(S ,A;d)ZZd(z,n—z+1)+d(a2,a4)+
= Zd(un—z—&—l)—l— d(az,as) i=1
P 2 1215

-1
+ d(az,a4). (n . + 1) min{d(az, as), d(as,a4)}. 17



1216
1217
1218

1219
1220
1221
1222
1223

1224

1225

1226

1227

1228
1229
1230
1231

1232
1233

1234
1235
1236
1237
1238

We now claim that (251 4+ 1) min{d(as, as), d(as, as)
3d(a1,a3). Indeed, if we have min{d(az, a3), d(as, as)
d(az,as3), this holds because 31 + 1 >
to inequalities (B.4), 3d(a2,a3) > 3d(ai,az). If
min{d(az,a3),d(as,a4)} = d(as,a4), this holds because
"T_l + 1 > 3 and, due to inequalities (B.4), 3d(as,as) >
%d(ag,, a5) Z %d(al,ag).

Replacing in inequality (17), we obtain

Case 2.2.1: S* C {ay4,as,...,n} If the optimal commit- 1239
tee selects an agent on the right side of the median agent, its 1240
social cost satisfies 1241

n—3
2

> Z d(i,n — 1+ 1) + d(as,as) + d(az,as)

i=1

SC(S*, A; d)

1242

n—3

2
=Y d(i,n—i+1)+d(a,az) + 2d(as, as).
i=1

n—3
2
SC(S*, A;d) > Z d(i,n —i+ 1)+ d(az,as)+ Thus, the distortion is 1243
i=1 . SC(S, A4;d)
dist(f) = ————<
3 3 A
5 ~d(ay, az) + . -d(az, a3). SC(5*, A; d) -
. . . n—3
Thus, the distortion is o i dlin— i+ 1) + ("F!) d{ar, az) + d(az, a3) + 2d(as, a)
. SC(S, A;d S P
dist(f) = SC((S*A;) Y21 d(i,n—i+4 1) + d(ag, as) + 2d(as, as)
< (nT—?)) -4 d([ahag) —+ (’RT—H) d(al,ag) —+ d(al,ag) —+ 2.2 d(al, ag)
21221 d( ’/L—Z+1 + (n+3) al,a2 —|—d(a2,a3)—|—d CLQ_,CL4) (%73) '4'd(a17a2)+d(a17a'2)+2'2'd(a17a21)245
ZZ d(i,n —i+1) + d(ag, aq) + 5 - d(ar, a9) + 5 - d(az, a3) _ (253) 4+ (2H) +1+4
< (n ) 4 - d(al,a2)+("+ )d(al,ag)—l—d(al,ag)—i—Q dal,ag) - (%4)-4—%14—4
- ( 5 ) 4-d(ar,a2)+2- d(al,a2)+§~d(a1,a2)+§~da1,a2) _4dn—124+n+14+2+8 5n—1 < é
- is 4n—12+2+8  4n—-27 3
< (T)g 4+ (T) :’ 1 ;’ 2 where we used inequalities (B.4) for the second inequality. 1246
(T) A2+ 5+3 Case2.2.2: S* C {l,...,a1,a2}. IfS* =S, thedistortion 1247

dn—12+n+3+2+4 _ 5n —3 < 5 <é
dn —12+4+3+3 dn—2 473
where the second inequality follows by applying inequalities
(B.4) and the fact that d(i,n — ¢ + 1) > d(1,5) for every
7 < "T_?’ We conclude the distortion bound of % for this
case.

Case 2.2: a3 ¢ S*. We begin by rewriting the social cost
of S more conveniently as

SC(S, A; d)
n;S
= d(z’,n—i+1)+<n_3> d(ax,az)+
i=1
d(al, ag) + d(al, a3) + d(al, (14)
n—3

ol

= di,n—i+1)+ (

.
Il
N

)d al,ag +
)

d(ay,a3) + d(as,az) + d(as, ay)

3
w

)

1
n;‘ > d(ay,a2)+

d(as,as) + d(as, az) + d(as, as),

where the last inequality follows from inequalities (B.4). We
distinguish two further cases to bound the social cost of the
optimal committee from below, depending on whether the op-
timal committee selects agents from the left or from the right
side of the median.

IN

d(i,n—i—i—l)—i—(
1

i

is trivially 1 and we conclude. Otherwise, the social cost of 1248

S* satisfies 1249
n—3
SC(S*, A;d) > Z d(i,n—i+1)+d(a1, a2)+d(a1,a3)+d(ar, as).
i=1
Thus, the distortion is 1250
. SC(S, A; d)
dist(f) = o2 B
) = 5c(57 ara)
n—3
Si2 din —i+ 1) + (252) d(a, az) + d(a1, a2) + d(as, ¢
> 8
21:21 d( n—1-+ 1) +d(a1,a2) +d(a1,a3) —‘rd( a
< (112;3) .4d(a’170‘2 ( ) ai, az +d(a1,a2) +2d(a1,a2
- (252) - 4d(a1, az) + d(a1, az) + 2d(a1, az) + 3d(a

4n—12+n—3+2—|—4+6_5n—3 <é
dn—124+24+4+6 T 4n 3’

where we used inequalities (B.4) for the second inequality. 1251
This concludes the proof of the distortion of FAVORITE COU- 1252

PLE. 1253
For the lower bound, we fix n = 5 and an arbitrary (n, 2)- 1254
voting rule f, consider the profile =€ £5(5) defined as 1255

1>12>13>14>15,
2%>91>93>94>95,
3>32>=31>34>305,
445434241,
5>—54>-53>—52>—51,
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Metricd;, &——e——e¢———————— o
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Figure 6: Metrics considered in the proof of Theorem 3.2.

5 6 7 8

1 2 3 4

Figure 7: Stair diagram for n = 8. The red area corresponds to the
committee {4, 5}; the green area to {5, 6}.

and consider the election £ = (A4,2,>) with A = [5]. We
distinguish two cases depending on the set of agents S =
f (=) selected by the rule.

Suppose first that S = {1,2}. We take the distance metric
d1 on A given by positions z1 = 0, o = 1, x3 = 2, and
x4y = x5 = 4. It is not hard to check that d; > =; see
Figure 6 for an illustration. Since SC({1,2}, A;dy) = 12,
and SC({4,5}, A;d;) = 9, we obtain

SC(S, A;dy) S 12 4
minS/E(Q) SC(S", A;dy) — =

dist(f(>),€&) > 5 =3

If S € {{2,3},{3,4},{4,5}}, we consider the distance
metric do on A given by positions z; = x5 = 0, 3 = 1,
x4 = 2, and x5 = 3. It is not hard to check that dy > >;
see Figure 6 for an illustration. Since SC({2,3}, A;d3) =
SC({3,4}, A;d2) = 8 and SC({4, 5}, A;d2) = 10, whereas
SC({1,2}, A;ds) = 6, we obtain

S(:(t;,/4;(12)
mins,e(;\) SC(S", A; ds)

8§ 4
> =_.
)

dist(f(>),€) = 3

Since dist(f(>-), ) > 4 in all these cases and sets of non-
consecutive agents can only induce a larger social cost, we

conclude that dist(f) > 3. O

B.5 Even number of agents

Even number of agents When n is even, we show that the
voting rule that selects the two median agents attains the best-
possible distortion of 2.

Proposition B.7. For an even number of agents n, the voting
rule that selects the two median agents achieves a distortion
of 2 for utilitarian 2-cost. Moreover, there exists n € N such
that, for every (n,2)-voting rule f, we have dist(f) > 2 for
utilitarian 2-cost.

Proof. We consider an arbitrary election £ = (A, k, >) with
even n > 4 and A = [n], and a consistent metric d > >.

Note that the assumption n > 4 is w.l.o.g. since, for n = 2,
a distortion of 1 is trivially achieved. We let m; = 5 and
ma = 5 + 1 denote the left and right median, respectively,
S = {m1, my} denote the committee selected by the rule,
and S* denote the optimal committee for the metric d. The

social cost of S is

NXSﬂkd%:§:dﬁﬂzfi+1f+gdhnhwmﬁ
=1

whereas Lemma B.6 implies a lower bound on the social cost
of the optimal committee of

[NE

d(i,n—i+1).

SC(S*, A;d) >
=1

(2

Thus, the distortion of the voting rule is

dist(f) = SC(S, A;d)

1284
1285
1286
1287
1288
1289

1290
1291

1292

£ d(i,n —i+1) + 2d(my, ms)

- SC(sv, Ard) ~ S dlin—i+1)

- 25°% d(i,n—i+1)

a i%:ld(i>n_i+1)
where the second inequality follows from the fact that
d(my,mz) < d(i,n —i+ 1) forany i < 3. Thus, the voting
rule achieves a distortion of at most 2.

For the lower bound, we fix n = 4 and an arbitrary (n, 2)-
voting rule £, consider the profile =€ £(4) defined as

:2’

1>12%13»14,
2%91%>93>24,
334 >32>31,
4>=43>42%41,

and consider the election £ = (A,2,>) with A = [4]. We
distinguish three cases depending on the set of agents S =
f(>) selected by the rule.

Suppose first that S = {3,4}. We take the distance met-
ric d; on A given by positions 1 = xo = 0, z3 = 1,
and z4 = 2. It is not hard to check that d; > -; see Fig-
ure 8 for an illustration. Since SC({3,4}, 4;d;) = 6, and
SC({1,2}, A;dy) = 3, we obtain

. SC(S, A; dy)
! >
dist(f(>),€) = ming, ¢ (4) SC(S5', A; dy)

S
-3

If S = {1,2}, we consider the distance metric dy on A
given by positions 1 = 0, x2 = 1, and 23 = x4 = 2. It is
not hard to check that ds > >-; see Figure 8 for an illustration.
Since SC({1,2}, A;d>) = 6 and SC({3,4}, A;d2) = 3, we
obtain

. SC(S, A; dy)
>
dist(f(>~),€) > ming, ¢4y SC(S", A;dy)

S
-3

Finally, if S = {2, 3}, we consider the distance metric d;
on A given by positions 1 = xo = 0and 3 = x4 = 2. It
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1 1
Metric d; e L L)
1,2 3 4
1 1
Metric d2 ® L 4 @
1 2 3,4
. 2
Metric ds ® @
1,2 3,4

Figure 8: Metrics considered in the proof of Proposition B.7 and
Proposition 4.1.

is not hard to check that d3 > >; see Figure 8 for an illustra-
tion. Since SC({2,3}, A;d3) = 8 and SC({1,2}, A;d3) =
SC({3,4}, A;ds) = 4, we obtain
S(:(f;,fl;d3)
mins,e(g) SC(S’, A; ds)

dist(f(~),€) > >5=2

Since dist(f(>),£) > 2 in all these cases and sets of non-
consecutive agents can only induce a larger social cost, we
conclude that dist(f) > 2. O

C Proofs Deferred from Section 4

C.1 Proof of Proposition 4.1

Proposition 4.1. For every n € N, any (n,1)-voting rule
has distortion 2 for egalitarian social cost. There exists n €
N such that, for every (n,1)-voting rule f, dist(f) > 2 for
egalitarian social cost.

Proof. Fix n € N and an (n, 1)-voting rule f arbitrarily. Let
= € L™(n) be any preference profile on A = [n] and let s be
the agent that f outputs for this profile, i.e., S = f(>) and
S = {s}. We denote the agents by {1,...,n} from left to
right, and we let d > > be any consistent distance metric. It
is clear that, on the one hand, we have

SC({s}, A;d) = max{d(a,s) | a € A}

< max{d(a,b) | a,b € A} =d(1,n). (18)
On the other hand, for every agent b € A we
have that d(1,b) + d(b,n) = d(1,n) and, therefore,
max{d(1,b),d(b,n)} > w This implies

S{Ieu(r%) SC(S', A;d) = 21.1612 max{d(a,b) |a € A} =

d(1,n)

rbréixglmax{d(l,b),d(b, n)} > — (19)

Combining inequalities (18) and (19), we directly obtain that
dist(f) < 2.
For the second claim, we denote S = f(>-), and we fixn =

4 and an arbitrary (n, 1)-voting rule f, consider the profile
=€ L£*(4) defined as

1>12%>13%>14,

2%91%>93>54,

3 >3 4 =32 >3 1,

4>43>42%41,

and consider the election & = (4,1,>) with A = [4]. We
distinguish two cases depending on the agent selected by f.

Suppose first that S € {1,2}. We take the distance metric
dy on A given by positions 21 = 29 = 0, 23 = 1, and x4 =
2. It is not hard to check that d; > >; see Figure 8 for an
illustration. Since SC({1}, 4;d1) = 2, SC({2}, A;d1) = 2,
and SC({3}, 4;dy) = 1, we obtain

' SC(S, A; dy)
dist(f(>),€) > minge 4 SC({a}, A; dy)

SC({2}, Asdv)

~ SC({3}, 4;dv)

Similarly, if S € {3,4}, we consider the distance metric

ds on A given by positions 1 = 0, zo = 1, z3 = x4 =

2. It is not hard to check that dy > >; see Figure 8 for an

illustration. Since SC({3}, A;d2) = 2, SC({4}, 4;d2) = 2,
and SC({2}, A; d2) = 1, we obtain

SC(S, 4:dy) SC({3}, 45 da)

minge 4 SC({CL}, A; d2) - SC({2}, A; d2)

Since dist(f(>),€) > 2 both when S € {1,2} and when

S € {3,4}, we conclude that dist(f) > 2. O

C.2 Lemma C.1
Lemma C.1. For every set of agents A = [n], committee size
k, committee S' € (’2) and distance metric d, it holds that

SC(S', A;d) = max{SC(5’,1;d),SC(S",n;d)}.

Proof. Let A = |[n], k, S’, and d be as in the state-
ment, and recall that we refer to the agents sorted from
left to right by {1,...,n}. We suppose towards a contra-
diction that there exists a € A such that SC(S’,a;d) >
max{SC(S5’,1;d),SC(S’",n;d)}; i.e.,

Z d(a,s) > max{ Z d(1,s), Z d(s,n)}. (20)

ses’ ses’ seS’

=2.

dist(f(>),€&) >

We now distinguish two cases. If a has at least as many agents
in S weakly to its left as strictly to its right; i.e., [{s € S’ |
s<a}| > |{s€ S |s>a}| then

> d(s,n)= > (d(a,s)+d(a,n))

ses’ s€S":s<a

+ Y (dla,s) — (d(a,s) = d(s,n)))

sES’:s>a

> Y (d(as) +d(a,n))

seS":s<a

+ Y (dla,s) —d(a,n)

s€S:s>a

Z d(a,s)

seS’
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a contradiction to inequality (20). Analogously, if [{s € S’ |
s<a}| <|{s€ S |s>a}then

s€S’
— S (d(1,0) + d(a,s)
s€S’:s>a
+ Y (d(a,s) = (d(a,s) —d(1,5)))
s€S":s<a
> > (d(1,a)+d(a,s))
sES:s>a
+ ) | —d(1,a))
se€S":s<a
:Zd(a,s)
ses’

+({s€S :s>a}l—|{s€ S5 :s<a}|)d(1,a)

> Z d(a, s),

seS’

a contradiction to inequality (20). U

C.3 Proof of Theorem 4.2

Theorem 4.2. For every n,k € Nwithn > k > 2, k-
EXTREMES has a distortion for egalitarian additive social
cost of at most % — ﬁ if k is even and at most % — ﬁ
if k is odd. Conversely, for every k € N with k > 3 there
exists n € N with n > k such that, for every (n, k)-voting
rule f, dist(f) > § — 7f0r egalitarian additive social cost.

Proof. We first show the bound on the distortion of k-
EXTREMES. We fix n,k € N withn > k > 2, a linear
order > on A = [n], and a consistent distance metric d > >.
We write £ = (A, k, >) for the corresponding election and
denote k-EXTREMES by f and the outcome by S in this part
of the proof for compactness.

We claim that, if d is such that SC(S,1;d) <
SC(S,n;d), there exists an alternative distance metric d’
with SC(S,1;d") > SC(S,n;d’) and dist(f(>),&;d") >
dist(f(>),&;d). Indeed, consider such d defined by posi-
tions x € (—o00,00)", and let d’ be defined by positions
x' € (—o0,00)", where xl, = 41—, for every a € [n].
Since f selects ij agents closest to the left-most agent and
the ( w agents closest to the right-most agent, we have

SC(S,1;d") > SC(S,n;d) > SC(S,1;d) > SC(S,n;d).

Furthermore, this chain of inequalities combined with
Lemma C.1 imply that SC(S, A;d") > SC(S, A;d). Since
min {SC(S", 4;d') | S € ()} = min{SC(S’, 4;d) |
S" € (1)1, this yields dist(f (=), d') > dist(f(=),&;d),
so the claim follows. Thanks to this claim, we can assume
in what follows that SC(S, 1;d) > SC(S,n;d) and thus, by
Lemma C.1, SC(S, A;d) = SC(S, 1;d).

We distinguish three cases depending on the distances from
agent 1 to other agents and show the claimed distortion for

each of them. We first suppose that d(l, [gJ) < ddm)

<= In
this case,

Lk/2] n

Zdls Z

s=n—[k/2]+1

([5- ffano
ool

where we used the assumption d(l7 [gJ) < d/2 and the fact

that d(1, 1) = 0 for the inequality. From Lemma C.1 and ??
kd(1,n A

we know that SC(S’, A;d) > (T) (4): so

we obtain

C(S,1;d) = d(1,s)

for any S’ €

SC(S,1;d)
mins,e(ﬁ) SC(S/’ A; d)

dist(f(>), &) =

(e [4] -
- kd(1,n)
2

2 — kmod 2
2k ’

_3_
)

which is smaller than 3 for even k£ > 2 and smaller

than 2 5 k(k T
in this case.
\EZ&/:QJ next suppose that d(l,ktdg(lp) >
k—2—k mod 2 n
Yool d(l,s) < | .
as before we now have

(k 1)
3 for odd k > 3. Thus, we conclude the result

d(1,n)
—5— and

. In a similar way

C(S, 1;d) = Zdls > d(,s)
s=n—[k/2]+1
k—2—kmod2 kd(1,n) k

< . _

< P 1 +’72—‘d(1,n)

(3 k— (k—2)k mod 2 d(1,n)

B k—1 4 7
where the inequality follows from the assumption
SRl aa,s) < h=2-kmod2 . kd(l’") and the fact
that d(1,1) = 0. From Lemma C.1 and ?? we know that
SC(S, A;d) > k4 ( ") for any S’ € ( ), so we obtain

. SC(S,1;4d)

dist €)=
ist(f(>),€) mmS/ () SC(S',A;d)
k—(k—2)k mod 2\ d(1,n)
Bk - =5 5) 75
— kd(1,n)
2

_ 3 k—(k—2)kmod2
) 2k(k —1) ’

which corresponds to the expression in the statement.

We finally consider the case with d(1, |%]) > w
Zléli/ij d(1,s) > k—2— Iirlnon . kd(i,n)
between 1 and the right-most point among {2, e

and
. Since the distance

3E1)
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namely d(1,[%]), is at least its average distance to points

within this set, we know that

k 1 L%%J
d(l, H) > LN )
2 LgJ - 1 s=2
> kl .k—2—kmod2.kd(1,n):kd(l,n). @1
5] -1 k—1 4 2(k —1)
Let now S’ € (Ak\_{}}) be any set of £ — 1 agents without 1.

Since {2,...,|%|} are the closest agents to 1, we know that

k/2
T Lses d(1,5) > Lk/2J T ZL /2] d(1,s). Rearranging
this expression and using our assumption once again, we ob-
tain

Lk/2]

Zdls

where we used inequality (21) for the last inequality. For any
committee S’ € (’2), this implies that SC(S’, 1; d) > M,
?? implies that SC(S’,1;d) > SC(S’, n; d), and Lemma C.1
implies that SC(S’, A;d) = SC(S’, 1;d). Therefore,

Zdls

(22)
i.e., the optimal set in this case corresponds to {1,...,k}.
Combining the previous expressions, we obtain the following
chain of inequalities:

kd(1, n)

> d(1,s) >

ses’

min SC(S’, A;d) = min SC(S’,1;d) =
s'e(3) s'e(3)

dist(f(>),€)

. SC(S,1;d)
- mins,e( )SC(S/ A d)
SC(S,1;d) — ming e )SC(S’ A;d)
=1+ minS/G(k)SC(S/7A;d)
k

§1—|—kd£n)<2d(1,s)—2d 1,s
’ ses

n

(1,
s=2
k
d(l,s)— Y d(l,s

)

- kd(i’n) (s—n %:/2“1 s={k/2)+1 )>
<t 5| (10 -a(u[5]))
i

3k (k—2)kmod2

2 TG

Indeed, the first inequality follows from equality (22) and the
fact that SC(S’, A;d) > ") for every S/ € (‘2) due to
??, the third equality from the definition of f, the second in-
equality from simple bounds on d(1, s) for different values
of s, and the last inequality from inequality (21). The other

equalities come from simple calculations. Since the last ex-
pression again corresponds to the expression in the statement,
we conclude.

For the lower bound, we consider any k& € N with k& > 3,
we fix n = 2(k + 1), and consider an arbitrary (n, k)-voting

rule f. We partition the agents into four sets A = Ui:1Ai
such that A; = {1}, Ay = {n} and |A3| = |A43| = k. We
consider the profile -€ L™ (n), where S = f(>), and

(i) b =, c whenever a € A;,b € Aj,c € A, for some
i,7,£ € [4] with |i — j| < |i — £];
(i) 1 >, bwhenevera € Ay, b€ A3 U Ay;
(iii) m =, b whenever a € A3, b € A1 U Ag;

and the remaining pairwise comparisons are arbitrary. We
consider the election & = (A, k, >) with A = [n].

In what follows, we distinguish whether f selects more
agents from A; U Ay or from A3 U A4 and construct appropri-
ate distance metrics to show that, in either case, the distortion
is at least the one claimed in the statement. Intuitively, if f
selects more agents from A; U A, we will consider a metric
where these sets lie on one extreme, A4 = n on the other
extreme, and all agents A3 in the middle, so that picking all
agents from Az would lead to a much lower social cost. In
the opposite case, we will construct a symmetric instance.

Formally, we first consider the case with |SN(A4; U As)| >
g and define the distance metric d; on A by the following
positions z € (—o0,00)™: x, = 0 forevery a € A; U A,,
x, = 1 for every a € As, and x,, = 2. It is not hard to
check that dy > >; see Figure 9 for an illustration. Since

|S N (A1 U As)| > &, we obtain
dist >
U (-)8) 2 Sera, Ardy) = SC(Ag i dy)
>(k71)+|SQ(A1UA2)‘ 371
- k -2 Kk

Conversely, if | SN (A3 U Ay)| > &, we define the distance
metric dy on A by the following positions z € (—o0, 00)™:
1 = 0, z, = 1 for every a € A,, and x, = 2 for every
a € A3UA4. Ttis not hard to check that dy > > see Figure 9

for an illustration. Since | S N (A3 U A4)| > %, we obtain

. SC(S,A,dQ) SC(S,l;dg)
>
et f(-),€) 2 SC(Az, A;dz) — SC(Az,1;dz)
>(k;—1)+|Sm(A3uA4)\ 3 1
- k -2 K
Since dist(f(>),€) > 2 — 1 regardless of f(>-), we con-
clude that dist(f) > 2 — ;. O

C.4 Egalitarian ¢g-Cost

We now turn our attention to the ¢-cost aggregation function
of candidates, so that the social cost is the maximum over
agents of the distance from each agent to its gth closest can-
didate; i.e.,

SC(S’, A;d) = max {d(a), | a € A}
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Figure 9: Metrics considered in the proof of Theorem 4.2.

for a set of agents A, a committee size k, a committee S’ €
(’2), and a distance metric d, where d(a) € Rﬁ/ contains the
values {d(a, s) | s € S’} in increasing order.

We begin by showing that no voting rule can guarantee a
constant distortion for g-cost when g < g This implies that
the unbounded distortion for this objective, previously estab-
lished in the setting of disjoint voters and candidates [Cara-
giannis et al., 2022b], also holds in our setting.

Theorem C.2. For every k,q € N with % > q, there exists
n € Nwithn > k such that, for every (n, k)-voting rule f,
dist(f) is unbounded for egalitarian q-cost.

Proof. We let k,q € N with § > q be arbitrary, define p =

[%], and take n = (p + 1)g. We partition the agents into
p+1 > 4dsets A = Uie[p+1]Ai such that |4;| > ¢ for
every ¢ € [p + 1]; note that this is possible since (p + 1)g <
(g + 1)q = k 4+ g = n. We consider any fixed (n, k)-voting
rule f and the profile =€ £"(n), where S = f(>), and

(i) b >, cwhenevera € A;,be Aj,ce Ay with |i — j| <
|i — £| for some 7,4, £ € [p+ 1];

(i) b >, cwhenevera € A;,b€ Aj,c€ A; with |i — 1| =
|i — 7| for some 4, j € [p];

(iii) b >4 ¢ whenever a € A;,b € Apiq,c € Aj with |i —
(p+1)| =i —j|forsomei,je{2,...,p+1};

and the remaining pairwise comparisons are arbitrary. We
consider the election £ = (4,k,>) with A = [n]. Since
(p+1)q > %q = k, we know that there exists j € [p + 1]
such that |[S N A;| < g. We distinguish two cases depending
on the identity of j.

If j ¢ {p,p + 1}, we consider the distance metric d; on A
given by the following positions x € (—o00,00)™: z, =i —1
for every a € A; and ¢ € [p], and z, = p — 1 for every
a € Ap41. Itis not hard to see that dy > >; see Figure 10 for
an illustration. Since |[S N A;| < ¢ for some j ¢ {p,p+ 1},
we have that SC(S, A;;d;) = 1. On the other hand, we can
define an alternative committee S* = J;¢,; 57 such that [SiN

A;| > q forevery i € [p], which is possible because |A;| > ¢
for every i € [p] and pg < %q = k. Since SC(S’, A;dy) =0
and dist(f(>),&) > %,
), €) is unbounded.

If j € {p,p + 1}, we consider the distance metric dy on
A given by the following positions z € (—o00,00)™: x, = 0
forevery a € Ay, and x, = i — 2 forevery a € A; and i €
{2,...,p+1}. Itis not hard to see that dz > >; see Figure 10

for an illustration. Since |SNA;| < ¢ forsome j € {p, p+1},
we have that SC(S, A;;d2) = 1. On the other hand, we can

we conclude that dist(f (>

1 1 1 1
Metricdy, o—eo—e - - - o———¢—9
A Ao As Apfg ApflAp U Ap+1
. 1 1 1 1
Metricd, o——eo—o - .
ALt UA> As Ay Apfl Ap Ap+1

Figure 10: Metrics considered in the proof of Theorem C.2.

define an alternative committee S = (J;cqo, 13 i such
that |S N A;| > g forevery i € {2,...,p + 1}, which is
possible because |A;| > ¢ foreveryi € {2,...,p+ 1} and
pq < Xq = k. Since SC(S', A; dp) = 0 and dist(f(>-), ) >
%, we conclude that dist(f(>), £) is unbounded.
Since dist(f(>), £) is unbounded regardless of f(>-), we
conclude that dist(f) is unbounded. O

In the context of egalitarian g-cost for ¢ > g, much better

results are possible. The case with ¢ > % behaves similarly
to the setting where a single candidate is to be selected: Any
voting rule achieves a distortion of 2 and this is best possible.
When g <q< g, the best-possible distortion a voting rule
can achieve is again 2, but not any rule does so. We show that
k-EXTREMES attains it.

Theorem C.3. Let n,k,q € N be such thatn > k > 2 and
q > % If ¢ > %, any (n, k)-voting rule has distortion 2 for

egalitarian q-cost. If ¢ > § k-EXTREMES has distortion 2

for egalitarian q-cost. For every k,q € N with ¢ > § > 1,
there exists n € N with n > k such that, for every (n,k)-
voting rule f, dist(f) > 2.

Proof. Letn,k € Nbesuchthatn > k > 2. Letfirstg € N
be such that ¢ > g Let f be any (n, k)-voting rule and let
>~ € L"(n) be an arbitrary preference profile on A = [n]. We
denote, as usual, agents by {1,...,n} from left to right, S =
f(>), and we let d > > be any consistent distance metric.

For a committee S’ € (‘:), we let d(S',a) € R% denote the
vector with the values {d(a, s) | s € S’} in increasing order.

It is clear that
SC(S, A;d) = max{d(S,a), | a € A}

< max{d(a,b) | a,b € A} =d(1,n). (23)

On the other hand, for every committee S’ € (?) , if we de-

note the agents in S’ in increasing order by sy,...,s; we

have that s, > s3_4 because ¢ > % This implies that, for
A

every committee S’ € (k) we have

d(8", 1), +d(S",n)q = s(1,84) 4+ d(sk_g,n) > d(1,n),
and thus max{d(S’,1),,d(S",n),} > @. Therefore,

min SC(S’, A;d) = min max{d(S’,a), | a € A}

sre(2) s'e(i)
> min max{d(S’,1),,d(S",n),}
se(d)
S 24)
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Combining inequalities (23) and (24), we directly obtain that
dist(f) < 2.

Let now ¢ € N be such that & 3
arbitrary preference profile on A = [n], and d > > be a con-
sistent distance metric; we consider the election & = (A, k, >
). We denote the outcome of k-EXTREMES for this profile by
S for compactness. We denote agents by {1, ..., n} from left
to right and, for S” € (%), we let d(S’,a) € R% denote the
vector with the values {d(a, s) | s € S’} in increasing order.
We finally let * € arg max{min{d(1,a),d(a,n)} | a € A}
denote the agent with maximum distance from both extreme
agents, assume w.l.o.g. that this is its distance to 1, i.e.,
d(1,a*) < d(a*,n), and write d* = d(1,a*) for this dis-
tance. Observe that

<q< % »-eLm(n)bean

d(1,n)

min{d(a*,n),d(1,a" + 1)} > 5

(25)

> d(lin) follows directly from the in-
<

d(a*,n) and the equality d(1,a*) +
d(1,n)

Indeed, d(a*,n)
equality d(1,a*)
d(a*,n) = d(1,n). Having d(1,a* +1) < would
imply min{d(1,a* +1),d(a* + 1,n)} > d*, a contradiction
to the definition of a*.

We first tackle two simple cases. If a* < g, i.e., there
are less than ¢ agents between 1 and a*, then for any com-
mittee S’ € (%) we have SC(S', A;d) > SC(S',1;d) >
d(l,a* +1) > 4:1) where the second inequality follows
from inequality (25). “Since SC(S’, A;d) < d(1,n) holds

for any committee S’ € (‘2), we know that in particular
SC(S,A4;d) < d(1,n) and thus dist(f) < 2. Similarly,
if n —a* < g, i.e., there are less than ¢ agents between

a* + 1 and n, then for any committee S’ € (‘2) we have

SC(S’, A;d) > SC(S7,1;d) > d(a*,n) > M, where the
second inequality follows from inequality (25). As before,
dist(f) < 2 thus follows directly.

If none of the previous cases hold, we have both a* > g and
n — a* > 2, so that from the definition of k-EXTREMES we

have |SU{1,...,a*}| = |£| > gand [SU{a"+1,...,n}| =
[£] > q. This implies that
SC(S, 4;d) <max{d(1l,a"),d(a* +1,n)} <d*. (26)

We claim that, for every S’ € (’2), we have SC(5, A;d) >
&

% . Together with inequality (26), this would immediately
imply dist(f) < 2 and conclude the proof. To prove this fact,

suppose for the sake of contradiction that SC(S’, 4; d) < %
(’2) This is equivalent to the fact that

(s
qu

< G}fo
3q >

for some S’ €
SC(Y',a;d) < 5 = S"u {be A:d(a,b) <

for every a € A. Since the sets {b € A | d(a,b)
a € {1,a*,n} are disjoint, we conclude that |S’|
a contradlctlon

For the lower bound, we consider the same instances as
in the proof of Theorem 4.2; we repeat the construction for
completeness. Naturally, the proof of the lower bound in the
end differs from the additive case. We consider any £ € N

k

k > 2, we fix n = 2(k + 1), and consider an arbitrary
)-voting rule f. We partition the agents into four sets

4
= U 1A; such that A; = {1}, Ay = {n} and |A3| =
3| = k We consider the profile -€ L"(n), where S =
), and

(i) b =, c whenever a € A;,b € Aj,c € A, for some

i, 5,0 € [4] with |i — j| < |i — ¢|;

(ii) 1 >, bwhenevera € As,b € A3 U Ay;
(iii) m >, b whenever a € A3,b € A1 U Ag;

(
A

A
I

and the remaining pairwise comparisons are arbitrary. We
consider the election £ = (A, k, >) with A = [n].

In what follows, we distinguish whether f selects more
agents from A; U A5 or from A3 U A4 and construct appropri-
ate distance metrics to show that, in either case, the distortion
is at least the one claimed in the statement. Intuitively, if f
selects more agents from A; U A; we will consider a metric
where these sets lie on one extreme, A4 = n on the other ex-
treme, and all agents Ag in the middle. This way, the selected
committee gives twice the social cost as picking all agents
from Ag In the opposite case, we will construct a symmetric
instance.

Formally, we first consider the case with | SN (A4; U Ag)| >
% and define the distance metric d; on A by the following
positions x € (—o0,00)™: x, = 0 for every a € A; U A,,
x, = 1 for every a € As, and x,, = 2. It is not hard to
check that d; > >; see Figure 9 for an illustration. Since
|S N (A1 UAs)| > %, we obtain SC(S, n;di) = 2 and thus

, SC(S,A;dl) SC(S,n; dy)
>
dist(/(~):8) 2 S6ra,, Ardr) = SC(Agomrda)

> 2.

Conversely, if | SN (A3 U Ay)| > g, we define the distance
metric d2 on A by the following positions x € (—o0, 00)"™:
1 = 0, z, = 1 for every a € As, and z, = 2 for every
a € A3UAy. Ttis not hard to check that ds > >~; see Figure 9
for an illustration. Since [S N (A3 U A4)| > %, we obtain
SC(S,1;d3) = 2 and thus

' SC(S, A; d»)
dist(f(-):€) 2 50, A d)

Since dist(f(>), &) > 2 regardless of f(>), we conclude
that dist(f) > 2. O

S(:(f;,]} d2)
- 5(3(142, 1;(i2)

> 2.
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