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A Proof of Hard Constraint Satisfaction

Appendix A: Proof of Hard Constraint Satisfaction

We now show that, under standard regularity assumptions, PCFM (see Algorithm[T) returns a final
sample u; satisfying the hard constraint h(u1) = 0 to numerical precision.

Theorem A.1 (Exact Constraint Enforcement). Let h : R™ — R"™ be a twice continuously differen-
tiable constraint function, and suppose the Jacobian J,(u) := Vh(u) € R™*"™ has full row rank
m < n in a neighborhood of the constraint manifold M := {u € R™ : h(u) = 0}. Then the final
sample u, produced by PCFM satisfies

h(ul) =0
to machine precision, provided the final projection step in Algorithm 1 is solved using sufficiently
many Newton—Schur iterations.

Proof. We consider the final correction step in Algorithm 1:

uy = argmin [lu’ —w[|* st h(u') =0,
u

which seeks to project the current sample u; (obtained after flow integration and relaxed penalty
correction) onto the feasible manifold.

Let (9 := u; denote the initial guess to the Newton solver. The constrained root-finding problem
h(u) = 0 is nonlinear, but under the full-rank Jacobian assumption, the implicit function theorem
ensures a locally unique root u* € M near u(?). We solve the nonlinear system using the following
Newton—Schur iteration:

-1
wb D) = 0 — gy (T [Jh(u<k>)Jh(u<k>)T} h(u®). (A.1)

This corresponds to the batched Schur-complement Newton update implemented in our differentiable
solver. Standard convergence theory (e.g., Theorem 10.1 in [66]) guarantees that, for sufficiently
small |2 (u(®))]|, the iterates u(¥) converge quadratically to u*. Hence, for any tolerance ¢ > 0, there

exists a finite & such that
[h(uFN) < e.

Since we continue iterations until |2 (u5))|| < e, (With &, typically set to machine precision), we
conclude
h(uy) = h(u) = 0.

Finally, we verify that the initial guess u(®) = w, is within the basin of convergence. Each prior
step of PCFM includes: (i) a Gauss—Newton projection, (ii) an OT-based backward solve, and (iii) a
relaxed penalty correction. These ensure the incoming residual || (uy)|| is already small (typically
< 1073). Combined with the well-conditioned Jacobian .J;, we ensure convergence of the final
Newton—Schur projection.

O

B PDE Dataset Details

We evaluate our method on four representative PDE systems commonly studied in scientific machine
learning: the Heat Equation, Navier-Stokes Equation, Reaction-Diffusion Equation, and Burgers’
Equation. These problems cover linear and nonlinear dynamics, have smooth or discontinuous
solutions, and include a variety of initial and boundary condition types.

B.1 Heat Equation

We consider the one-dimensional heat equation with periodic boundary conditions, following the
setting in Hansen et al. [[13]]:

Uy = QUgze, € [0,27], t€]0,1], 8)
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with the sinusoidal initial condition
u(z,0) = sin(z + @), 9)

and periodic boundary conditions (0, t) = u(27,t). The analytical solution is given by u(z,t) =
exp(—at) sin(z + ¢). To pretrain our FFM model, we construct the dataset by varying the diffusion
coefficient & ~ U(1,5) and phase ¢ ~ U(0, 7). All solutions are on a 100 x 100 spatiotemporal
grid. During constrained sampling, we restrict to the same initial condition by fixing ¢ = 7/4. The
global mass conservation constraint is enforced via

2m
/ u(z,t)de =0, Vtel0,1]. (10)
0

B.2 Navier-Stokes Equation

We consider the 2D incompressible Navier—Stokes (NS) equation in vorticity form with periodic
boundary conditions, following Li et al. [22]:

pw(z,t) +u(z,t) - Vw(z,t) = vAw(z, t) + f(x), (11)
V- u(z,t) =0, (12)

where w = V x u denotes the vorticity and v = 1072 is the viscosity. The initial vorticity
wq is sampled from a Gaussian random field, and the forcing function is defined as: f(x) =
0.1v2sin (2m(21 + 22) + ¢), ¢ ~U(0,7/2). We solve the NS system using a Crank-Nicolson
spectral solver on a 64 x 64 periodic grid, recording 50 uniformly spaced temporal snapshots over
the interval 7' = 49. For training, we generate 10000 simulations by sampling 100 random initial
vorticities and 100 forcing phases. For test dataset, we sample an additional 10 vorticities and 100
forces, yielding 1000 solutions. We fix to 1 initial vorticity for comparison during sampling.

Here, we prove the global mass conservation for this NS problem set-up. Under periodic boundary
conditions, global vorticity is conserved. Specifically, integrating the vorticity equation over the
spatial domain €2 and applying the divergence theorem yields:

d
a/ﬂw(mt) dx = /QVAw(x,t) + f(z) —u-Vw(z,t)dx =0,

since the divergence and Laplacian terms vanish due to periodicity and the incompressibility condition
V - u = 0. Thus, the total vorticity [, w(z,t) dx remains constant for all .

B.3 Reaction-Diffusion Equation

We consider a nonlinear 1D reaction-diffusion equation with Neumann boundary conditions:
ug = pu(l — u) — voyu, (13)

on the domain z € [0, 1],¢ € [0, 1], where (p,v) = (0.01,0.005). The boundary fluxes at the left
and right ends are specified as g7, and gg, respectively. The initial condition u(z, 0) is sampled from
a randomized combination of sinusoidal and localized bump functions (see Appendix [D for full
specification). The training dataset is constructed by pairing 80 initial conditions with 80 boundary
conditions, producing 6400 PDE solutions, all discretized on a (nx,nt) = (128,100) space-time
grid. We use a semi-implicit finite difference solver with CFL-controlled time stepping. During
constrained sampling, we fix one initial condition and vary the boundary fluxes to enforce constraint
satisfaction.

As this system involves nonlinear source and flux terms, global conservation is no longer trivial.
Integrating both sides of the PDE over the domain yields:

d [ !
%/ u(z,t)de = p/ w(l —u)dr + gr(t) — gr(t), (14)
0 0

which depends nonlinearly on the state u(x, t) and boundary fluxes gy, gr. Thus, conservation must
be tracked through both the nonlinear reaction term and boundary-driven transport, making hard
constraint enforcement via our framework necessary.
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B.4 Inviscid Burgers’ Equation

We consider the 1D inviscid Burgers’ equation with mixed Dirichlet and Neumann boundary condi-
tions:
1

ut+§(u2)w:0, re[0,1], telo,1], (15)
with initial condition defined as a smoothed step function centered at a random location pjoc ~
U(0.2,0.8):

1
u(z,0) = ———, € =0.02. 16
(=0) =1 + exp (E2) (10

We apply a Dirichlet condition on the left, «(0,t) = wup. With upe ~ U(0, 1), and a Neumann
condition (zero-gradient) on the right. Solutions are computed using a Godunov finite volume method
on a (nx,nt) = (101, 101) grid. For pretraining the FFM model, we vary both initial and boundary
conditions, generating 80 variants each to create 6400 solutions in the training set. For constrained
sampling, we use two configurations: (1) fixing the initial condition and varying the boundary
condition, and (2) fixing the boundary condition and varying the initial condition.

The conservation constraint is nonlinear and particularly sensitive due to shock formation. Integrating
the PDE yields
1
7 u(z,t)de = — [2u(1,t)® — 2u(0,t)?],
0

so global conservation requires u(1,t)? = u(0,t)?, making the constraint highly sensitive to
boundary-induced discontinuities.

C FFM Model Pretraining

For all PDE benchmarks, we employ the functional flow matching (FFM) [10] framework and
parameterize the underlying time-dependent vector field with a Fourier neural operator (FNO)
backbone [22]. The FNO encoder takes the input the concatenation of the current state u.-, a sinusoidal
positional embedding for the spatial grid and Fourier time embedding. For each benchmark, we adopt
the following training scheme unless otherwise specified:

* Optimizer: Adam optimizer with learning rate 3 x 1074, 8; = 0.9, 3> = 0.999, and no
weight decay.

* Learning rate scheduler: Reduce-on-plateau scheduler with a factor of 0.5, patience of 10
validation steps, and a minimum learning rate of 1 x 10~%.

 Batch size: 256 for 1D problems (Heat, Reaction-Diffusion, Burgers) and 24 for the 2D
Navier-Stokes problem.

For Heat, we follow Cheng et al. [11] to train on 5000 analytical solutions of the heat equation. For
Reaction-Diffusion and Burgers, we train each model on 6400 numerical PDE solutions. For these 3
problems, the FNO is configured with 4 Fourier layers with 32 Fourier modes for both spatial and
temporal dimensions, 64 hidden channels, and 256 projection channels. For Navier-Stokes equation,
we train a 3D FFM on 10, 000 numerical solutions. The FNO has 2 Fourier layers with 16 Fourier
modes per dimension, 32 hidden channels, and 256 projection channels, following Cheng et al. [11].
FFM models for Heat, Reaction-Diffusion, and Burgers are each trained over 20, 000 steps on 1
NVIDIA V100 GPU and the Navier-Stokes model is trained for 500, 000 steps on 4 NVIDIA A100
GPUs.

Following Kerrigan et al. [10], all FFM models use a Gaussian prior noise P(ug). For all 1D
problems, we adopt a Matern Gaussian Process prior with smoothness parameter v = 0.5, kernel
length 0.001, and variance 1.0, implemented using GPyTorch. For Navier-Stokes (2D), we adopt
standard Gaussian white noise as the prior, P(ug) = N (0, I). Importantly, PCFM is applied post-hoc
at inference time, allowing us to reuse the pretrained unconditional FFM models across constraint
configurations.
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D Constraints Enforcement via PCFM

We focus on physical and geometric constraints of the form Hu = 0, which must be satisfied
as equality conditions on the solution field u. First, we describe common equality constraints
encountered in solving PDEs. Next, we describe specific constraint setup for our PDE datasets.

D.1 Linear Equality Constraints

Dirichlet Initial and Boundary Conditions Constraints such as u(z,0) = ag(x) or u(z,t) =
g(x,t) on 0Q x [0, T define fixed-value conditions that are linear in u. These can be encoded in the
general form

Hu= Au—b=0, (17)
where A is a sampling or interpolation operator applied to u, and b is the prescribed target value.

Linear Global Conservation Laws (Periodic Systems) In systems with periodic boundary condi-
tions, additive invariants such as total mass are often linearly conserved. A representative example
is

Huz/u(m,t)dm—CzO, (18)
Q

where C' € R is the conserved quantity. Such constraints can be exactly enforced via analytically
derived projections [13]], geometric integrators [56]], and numerical optimization [65} 47].

D.2 Nonlinear Equality Constraints

Many physical systems exhibit global conservation laws where the conserved quantity depends
nonlinearly on u. A representative form is:

Hu = i/ plu(z,t))dx =0, (19)
dt o,

where p(u) denotes a nonlinear density, such as total energy or entropy. While such constraints
are often not conserved exactly by standard numerical integrators, structure-preserving methods,
such as symplectic or variational integrators [S6]], can conserve invariants approximately over long
time horizons. In our setting, however, we seek to enforce such nonlinear conservation laws exactly
at inference time and moreover only at the final denoised sample. Thus, we rely on applying
iterative projection methods such as Newton’s method for constrained least squares [65] to satisfy
Equation (T9) up to numerical tolerance.

Neumann-Type Boundary Constraints Boundary constraints involving fluxes, such as

Hu = Opu(z,t) — g(z,t) =0, (20)
are typically linear under standard semi-discretizations, as the derivative operator is linear. However,
these constraints can become effectively nonlinear in practice when implemented with upwinding or
other nonlinear flux-discretization schemes, particularly in hyperbolic PDEs [57]]. Additionally, if
the prescribed flux g depends nonlinearly on u, the constraint becomes explicitly nonlinear. In both
cases, we handle them using differentiable correction procedures or projection-based updates within
our framework.

In our PCFM framework, the residual operator  (u) specifies the equality constraints to be enforced
on the generated solution u. We enforce these constraints on the generated solution state in our PCFM
projection operator, ensuring that the final solution strictly satisfies the required physical constraints
without retraining the underlying flow model. We summarize the specific constraint formulations
used for each PDE task below.

D.3 Heat Equation (IC and Mass Conservation)

The residual is a concatenation of two linear constraints:
_ u(z,t =0) — uc(x)
Hiea (1) = Ju(z,t)de — [u(z,t =0)dx
where the first term enforces the initial condition and the second term ensures mass conservation over
time.
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D.4 Navier-Stokes Equation (IC and Mass Conservation)

For the 2D Navier-Stokes problem, we impose the initial vorticity and the global mass conservation
constraint over the spatial domain:

u(z,y,t = 0) — uc(z, y)
// u(z,y,t) dmdy—//u(x,y,t =0)dzdy
where u(x, y,t) represents the vorticity field over spatial coordinates (x, y) and time ¢. The mass

conservation term enforces that the total vorticity integrated over the spatial domain remains consistent
with the initial condition over all time steps.

Hus (u (22)

D.5 Reaction-Diffusion (IC and Nonlinear Mass Conservation)

We enforce both the initial condition and nonlinear mass conservation which accounts for reaction
and boundary flux terms:

u(z,t =0) —uc(z) ] 03

Hro(u) = [m(t) _ ( )+ jo u)dt + jo gr — 9r) dt)

where m(t) = [ u(x,t)dz is the total mass, p(u) = pu(1 — u) is the nonlinear reaction source term,
and g1, gr are the Neumann boundary fluxes.

D.6 Burgers (BC and Mass Conservation)

We enforce both the boundary conditions (Dirichlet and Neumann) and nonlinear mass conservation:
u(x = 0,t) —uy,

u(x = —1,t) —u(zx = =2,1)
Ju(z,t)de — [u(z, t =0)dx
where vy, is the Dirichlet boundary value at the left boundary, and the Neumann BC enforces a
zero-gradient at the right boundary.

HBurgers—BC (u) = (24)

D.7 Burgers (IC, Mass Conservation, and Local Flux)

We impose three complementary constraints for the Burgers equation: (i) the initial condition, (ii)
global nonlinear mass conservation, and (iii) a sequence of local conservation updates based on
Godunov’s flux method. Specifically, the residual is formulated as:

u(z,t = 0) —wc(x)
k
HBurgerS-IC(u) = RF]UX (u) (25)
u(z,t) de — /u(x,t =0)dx

where Réﬁ}x (u) applies & unrolled discrete updates (collocation points) based on Godunov flux:

min ($uf, 3u%) ifup <ug
F(ur,ur) = %u% if ur, > ug and % >0 (26)
Fu if up, > up and 2548 <0
We apply k& € {1,...,5} unrolled steps to incrementally enforce local conservation dynamics

alongside global mass conservation and initial condition satisfaction.

E Details of the PCFM

We provide additional theoretical context for the PCFM algorithm. In Proposition[E.T| we formalize
the projection step as a tangent-space update in Hilbert spaces and show that it corresponds to an
orthogonal projection onto the linearized constraint manifold, justifying its use for enforcing both
linear and nonlinear constraints.
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Proposition E.1 (Tangent-Space Projection in Hilbert Spaces). Let H be a real Hilbert space and let
h : H — R™ be a Fréchet-differentiable constraint operator. Consider a point u; € H, and define
the Jacobian J := Dh(uy) € L(H,R™), the bounded linear operator representing the Fréchet
derivative.

Then, the update
Uproj = w1 — J*(JJ*) " h(ur)
is the unique solution to the constrained minimization problem

miqr_tlﬂu—ul”% subject to h(u1) + J(u —uy) =0,
ue

and corresponds to the orthogonal projection of uy onto the affine subspace defined by the lineariza-
tion of h at uq, i.e., the tangent space to the constraint manifold at u;.

In the special case where h(u) = Au — b is affine, with A € L(H,R™), the update becomes the
exact projection onto the feasible set {u € H : Au = b}.

F Connection to ECI as a Special Case

The ECI (Extrapolate—Correct-Interpolate) framework [11] only considers and showcases empirical
results on constraints such as fixed initial conditions, Dirichlet boundary values, and global mass
integrals. These are all linear and non-overlapping, and are applied at isolated subsets of the solution
field. To be used with the ECI framework, such constraints must admit closed-form oblique projections
and act independently across disjoint regions. Let us denote any value or regional constraint [[11]] as a
linear constraint A(u) = Au — b, for some matrix A € R™*", vector b € R™, and for simplicity and
comparison purposes, the ECI hyperparameters such as re-sampling is set to its default value (0) and
mixing to be 1.

In this regime, our Gauss—Newton update during PCFM guidance simplifies to an exact constraint
satisfaction step for linear constraints:

Uproj = 1 — AT(AAT) 71 (Auy — b),

which is precisely the “correction” step ECI employs. Moreover, by disabling the relaxed penalty
(A = 0) and skipping intermediate corrections, PCFM reduces exactly to ECI.

Hence, ECI is a special case of PCFM, tailored to simple linear constraints, while PCFM provides
a general and principled framework for enforcing arbitrary nonlinear equality constraints during
generative sampling.

G Pre-trained Models with Functional Flow Matching

G.1 Flow Matching

Flow Matching (FM) [4}135,138]] formulates generative modeling as learning a time-dependent velocity
field vy (u, 7) that transports a prior sample ug ~ 7 to a target sample u; ~ ;. The induced flow
¢, satisfies the ODE

(1) = v0(9r(1), 7),  oluo) = o,

and defines a trajectory u(7) = ¢, (up) connecting 7 to 71. The learning objective minimizes the
squared deviation between the model field and a known target field 0, evaluated along interpolants
ur = (1 — 7)ug + 7uq. This yields the standard Flow Matching loss:

Len(0) = Era0,1], uomrmo, usrm Vo (ur, 7) — o(ur, 7)]?] 27

where ©(u.,, 7) is the true vector field, which is typically unknown.

Conditional Flow Matching (CFM). When the conditional velocity field u;(u1) := 07t (uq) is
known in closed form, as under optimal transport, one can minimize the conditional flow matching
loss:

Lorm(0) = Er gy [0o(ur, 7) = (w1 —uo)|?] (28)
where u, = (1 — 7)ug + Tuy is a linear interpolant. This CFM objective forms the basis for most
recent flow-based generative models due to its tractability and effectiveness.
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G.2 Functional Flow Matching

To handle infinite-dimensional generative tasks such as PDE solutions, Functional Flow Matching
(FFM) [10] extends CEM to Hilbert spaces U/ of functions u : X — R. The FFM flow - satisfies

%wr(u) = 00(1#7(“),7)7 Uo ~ o,

where 19 is a base measure over function space. Under regularity assumptions, FFM minimizes an
analogous loss over the path of measures:

[:PW?Bd (9) = HET,U07IL1 |‘7)9(1L77'r) - (1L1 - 1‘0)||%/2(;V) ) (2€))

where u,; = (1 — 7)ug + Tu; and the L2-norm is used to evaluate function-valued velocities over
the domain X. This loss generalizes CFM to the functional setting, and serves as the pretraining
objective for PCFM in this work.

H Sampling Setups for PCFM and Other Baselines

For all comparisons, we adopt the explicit Euler integration scheme unless otherwise specified.
We use 100 Euler update (flow matching) steps for the simpler heat problem and 200 steps for
Navier-Stokes, Reaction-Diffusion, and Burgers (IC or BC).

Vanilla FFM. We perform unconstrained generation by integrating the learned flow vector field
using explicit Euler steps, following the standard flow matching procedure [4,|10]. At each step, the
model applies the forward update u;y ar = ur + At vg (¢, u;) without any constraint enforcement.

PCFM (Ours). PCFM performs explicit Euler integration combined with constraint correction at
every step. We apply 1 Newton update to project intermediate states onto the constraint manifold.
Additionally, we optionally apply guided interpolation with A = 1.0, step size 0.01, and 20 refinement
steps to further refine interpolated states, although we use A = 0 by default (no interpolation guidance)
for computational efficiency (see Appendix [L.2|for further ablations on \). Interpolation guidance is
only applied for the heat equation case to obtain results in Table[3] For Navier-Stokes, we follow the
stochastic interpolant idea and randomize noise over batches [36] (i.e., different noise samples over
batches). Finally, after all flow matching steps, we apply a final projection on the solution to enforce
the constraints.

ECI. We follow the ECI sampling procedure introduced by Cheng et al. [11] where it performs
iterative extrapolation-correction-interpolation steps as well as several mixing and noise resampling
steps throughout the trajectory. For the simpler heat equation case, we did not do mixing and noise
resampling. For more challenging PDEs (Navier-Stokes, Reaction-Diffusion, and Burgers), we apply
nmix = © mixing updates per Euler step, and resample the Gaussian prior every 5 steps. We adopt
their value enforcements in IC and Dirichlet BC cases, and also constant mass integral enforcement
in the heat and Navier-Stokes problems, where the periodic boundary conditions lead to trivial linear
constraints.

D-Flow. Following Ben-Hamu et al. [34], D-Flow differentiates through an unrolled Euler integra-
tion process. Following their paper and the set-up in Cheng et al. [[11], we optimize the initial noise
via LBFGS with 20 iterations and a learning rate of 1.0. The optimization minimizes the constraint
violation at the final state, requiring gradient computation through the full unrolled trajectory. We
adopt the adjoint method shipped from torchdiffeq [37] to differentiate through the ODE solver.
Depending on the problem, we adopt an IC or BC loss as well as a PINN-loss based on the differential
form of the PDE to form the constraint loss function to be optimized. We use 10 iterations and a
learning rate of 10~2 for the Navier-Stokes dataset to avoid NaNs in the optimization loop.

DiffusionPDE. We adopt a gradient-guided sampling method proposed by Huang et al. [9] on the
same pretrained FFM model. The generation process is augmented with explicit constraint correction
where a composite loss of IC/BC and PINN [21] (differential form of the PDE), like in the D-Flow
set-up, is used to guide the vector field at each flow step. We apply a correction coefficient n = 1.0
and set the PINN loss weight to 10~2 for stable generation. We find that a higher PINN weight or
higher learning rate lead to unstable generation.
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I Batched Differentiable Solver for Nonlinear Constraints

We describe our solver for projecting a predicted sample u; € R™ onto the nonlinear constraint
manifold M := {u € R" : h(u) = 0}, where h : R" — R™. The projection is formulated as the
constrained optimization problem:

JIGI]iRI}L Llu — u1||* subjectto h(u)=0. (30)

The corresponding Lagrangian is:
L(u,A) = $llu—u]®> + AT h(u),
with first-order optimality conditions:
Vul(u,\) =u—uy +J(u)"A=0, h(u) =0,
where J(u) := Vh(u) € R™*"™ is the constraint Jacobian.

These yield the full nonlinear KKT system:

{u —uy + J(u)TA =0,

h(u) = 0. 6D

Newton-Based Update. At iteration k, we linearize the KKT system around u(k), M%) and solve
for updates du, d\. The full Newton step solves:

I+ Z?; )\Ek)V%i(U(’“)) J(u(k))T] [&ﬂ _ {u(k) —uy + J(u(k))TA(k) 32

J(uk)) 0 P h(u®))
Here, the upper-left block contains the Hessian of the Lagrangian:
V2,Lu® AR = 1+ 3 APV, (™).
i=1
After solving, we update the primal and dual variables:

u D = 4 F) gy, AEFD = AF) 4 g,

This Newton system converges quadratically under standard regularity assumptions (e.g., full-rank
Jacobian and Lipschitz-continuous second derivatives). In practice, we often omit the second-order
terms to yield a Gauss—Newton approximation that is more stable and efficient in high-dimensional
settings.

Approximate KKT Solve via Schur Complement. For inference-time projection, we adopt a
simplified and batched update using the Schur complement [65]]. At each iteration, we set A = 0, and
solve only for the primal update. Eliminating du from Equation (32, we obtain:

(JIT)YX=h(u), du=-J"A (33)
This gives the Gauss—Newton-style update:
wu—J (JIT) " h(u). (34)

We iterate this procedure until convergence or until the constraint residual ||h(u)]|| falls below a set
tolerance. The matrix JJ ' € R™*™ is small and typically well-conditioned for local or sparse
constraints, enabling efficient solves.

Restarting the dual variable with A = 0 at each iteration avoids stale gradient accumulation and
improves numerical stability. This leads to a robust and memory-efficient projection routine that
supports batched execution and reverse-mode differentiation.
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Batched and Differentiable Implementation. We implement the solver in a batched and differ-
entiable fashion to support inference across samples. For a batch of inputs {u’}2 |, we evaluate
Jacobians J¢, residuals h(u'), and solve the corresponding Schur systems in parallel using vector-
ized operations and autodiff-compatible backends (e.g., PyTorch with batched Cholesky or linear
solvers) [67].

Computational Complexity. The per-sample cost includes:
+ O(m?n) for computing J and J T,
» O(m3) for solving the Schur complement system,
* O(n) for applying the update.

Since typically m < n, the overall cost scales as O(n) per sample.

J Evaluation Metrics

We evaluate each method using 512 generated samples for all 1D problems and 100 samples for the
2D Navier-Stokes problem. For each setting, we use an equivalent number of ground truth PDE
solutions with a fixed IC or BC configuration used during sampling for direct comparison.

MMSE and SMSE. Following Kerrigan et al. [10], Cheng et al. [[11]], we evaluate generation
fidelity with mean of the MSE and the standard deviation of the MSE as:

MMSE = ||.Ugen - UgtH; SMSE = Hagen - 0gt||§7

where figen, ftgr denote the mean across generated and true PDE solutions, and ogen, 0g the standard
deviations.

Constraint Error. To evaluate physical consistency, we compute the 5 norm of residuals from
constraint functions R applied to each sample @.(""), then average across all N samples:

CE() = i{ﬁ: [”. (a)]

where the residuals are computed following Appendix [D]to measure the constraint or conservation
violation.

, € {IC,BC,CL}.
2

Fréchet Poseidon Distance (FPD). To assess distributional similarity beyond mean and variance,
we adopt the Fréchet Poseidon Distance (FPD) introduced in Cheng et al. [[11], where we measure
the Fréchet distance between the hidden state distributions extracted from a pretrained foundation
model (Poseidon [63]]) applied to both generated and true solutions. We pass both generated and true
solutions through the Poseidon base model (157M parameters) and extract the last hidden activations
of the encoder to eventually obtain a 784-dimension feature vector for FPD calculation:

FPD? = a1 — ool 4 Tr (81 + 25— 2(5:52) /%), (35)

where p11, 21 and u9, 3o are the empirical mean and covariance of the Poseidon embeddings from
the generated and true solutions’ distributions, respectively. FPD is computed either per frame u(x, y)
for 2D PDEs and averaged over all frames (across t) or over the full spatiotemporal solution u(z, t)
for 1D PDEs.
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Figure 5: Solution profiles for the Inviscid Burgers equation with fixed BC. We plot the various
constraint guidance methods and compare the mean solution profile and standard deviation. While
PCFM yields slightly worse MMSE and SMSE and better FPD, it ensures global mass conservation
and maintains low constraint errors for both Dirichlet and Neumann BCs over time.
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Figure 6: Solution profiles for the Heat equation with fixed IC. We plot the various constraint guidance
methods and compare the mean solution profile and standard deviation. PCFM outperforms all other
methods by visually being the most similar to the ground truth.
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Figure 7: Alternative view of the Reaction-Diffusion equation with fixed IC. We plot the pointwise
mean and standard deviation across generated samples for each method. PCFM outperforms all other
methods by visually being the most similar to the ground truth.
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Figure 8: Alternative view of the Inviscid Burgers equation with fixed IC. We plot the pointwise
mean and standard deviation across generated samples for each method. PCFM outperforms all other
methods by visually being the most similar to the ground truth.

L Further Ablations

L.1 Total Variation (TV) Constraints on the Heat Equation

Total Variation Diminishing (TVD) constraints encode the principle that diffusive systems, such as
those governed by the heat equation, smooth spatial fluctuations over time. Mathematically, this is
expressed by the fact that the total variation of the solution should not increase in time:

dx is non-increasing in .

)= [ |3

To enforce this property in a data-driven or generative setting, we adopt a hard constraint that relates
the total variation at final time 7' to the total variation at the initial time ¢ = 0. Specifically, we
impose the condition:

TV(ur) =~ -TV(ug),

where v € (0, 1) is a decay factor that can either be fixed (e.g., v = 0.5) or estimated from unprojected
samples. This constraint can be implemented using discrete spatial differences as:

Ng—2
TV(uj) ~ Y fuigr; —wigl,
1=0

applied at selected time slices (typically ¢t = O and t = T)).
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Table 4: Test metrics on the Heat Equation dataset with TVD constraints. Lower is better for all
metrics.

Metric PCFM ECI DiffusionPDE D-Flow FFM
MMSE /102 0.684 0.697 4.49 1.97 4.56
SMSE /1072 0.962 0.973 3.93 1.14 3.51
CE (IC)/ 1072 0 0 599 102 579
CE (CL)/1072 0 0 2.06 64.8 2.11
FPD 1.28 1.34 1.70 2.70 1.77
Power MSE 488.42 500.12 1420.92 3996.11 932.20

‘We encode the constraint as a differentiable function:

hrv(uw) := TV(ur) — 7 - TV(ug) = 0.

This constraint is compatible with mass conservation and initial condition enforcement, and can be
combined with other physically informed conditions such as energy decay or curvature regularity. In
practice, we observe that enforcing TVD constraints reduces spurious oscillations in the generative
output and improves structural fidelity without significantly altering statistical accuracy.

Power MSE. To further quantify the effect of this constraint, we introduce the Power MSE metric,
which measures the deviation in spatial frequency content between the generated and ground truth
solutions. Formally, for a model’s mean output @(x,t), we compute the spatial power spectrum
|i(k,t)|> and average over time to obtain a per-frequency energy profile. The Power MSE is then
defined as:

1

2
Pover MSE i= -3 ([Tam FIF ~ e PIT)

This metric captures discrepancies in frequency modes and is especially sensitive to unphysical
sharpness or over-smoothing. Variants of power-spectrum-based error metrics have been used in
turbulence modeling [68]], climate downscaling [69]], and Fourier neural operators training [22]. In
our setting, we find that Power MSE effectively complements pointwise metrics (e.g., MMSE, CE),
as it evaluates structural fidelity in the spectral domain. As shown in Table [, this metric reveals
how enforcing a TVD constraint not only improves calibration but also leads to closer alignment in
frequency space.

Effect of TVD Constraint. To isolate the benefit of total variation control, we mirror the ECI
setting by setting the constraint penalty weight to zero and enforcing only initial condition and mass
conservation constraints. When we additionally include the TVD constraint (v = 0.3) in our PCFM
model (with no penalty-based regularization), we observe a consistent improvement in structural
fidelity. This is most evident in the Power MSE metric, where PCFM achieves the lowest error among
all baselines (488.42 vs. 500.12 for ECI), indicating better alignment with the true spatial energy
distribution. We also see gains in MMSE and SMSE, without introducing constraint violations (e.g.,
CE remains zero). This confirms that the TVD constraint acts as a meaningful structural prior even
in the absence of learned penalties, improving generative realism without sacrificing calibration or
efficiency.

L.2 Effect of Relaxed Constraint Correction with Flow Matching Steps

Figure 9 shows the effect of the relaxed constraint penalty weight A on the generation error, mea-
sured via MMSE and SMSE, for the Reaction-Diffusion dataset. We evaluate on a 128 x 100
spatial-temporal grid, as described in Appendix[B.3, and solve the relaxed optimization objective in
Equation (6) using the Adam optimizer.

With only 10 flow steps (left), increasing A significantly improves performance, as the relaxed
constraint correction effectively compensates for the coarser integration of the flow. In contrast, with
100 flow steps (right), the flow is more precise, and additional penalty yields only marginal benefit.
This illustrates that relaxed correction is particularly valuable when inference is constrained to a small
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Figure 9: Effect of penalty weight A on MMSE and SMSE for the Reaction-Diffusion dataset. Left:
10 flow matching steps. Right: 100 flow matching steps.

number of steps—for instance, in scenarios where evaluating the vector field vy is computationally
expensive.

However, overly large values of A can harm performance by distorting the reverse update and breaking
alignment with the OT interpolant (see Proposition[3.1), as discussed in Equation (3)). Hence, choosing
A requires balancing constraint enforcement with consistency along the learned generative path.
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