Proceedings of Machine Learning Research vol 272:1-25, 2025 36th International Conference on Algorithmic Learning Theory

Logarithmic Regret for Unconstrained Submodular Maximization
Stochastic Bandit

Julien Zhou JULIEN.ZHOU @INRIA.FR
Criteo Al Lab, Paris, France
Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, 38000 Grenoble, France

Pierre Gaillard PIERRE.GAILLARD @INRIA.FR
Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJIK, 38000 Grenoble, France

Thibaud Rahier T.RAHIER @ CRITEO.COM
Criteo Al Lab, Paris, France

Julyan Arbel JULYAN.ARBEL @INRIA.FR

Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJIK, 38000 Grenoble, France
Editors: Gautam Kamath and Po-Ling Loh

Abstract

We address the online unconstrained submodular maximization problem (Online USM), in a setting
with stochastic bandit feedback. In this framework, a decision-maker receives noisy rewards from
a non monotone submodular function taking values in a known bounded interval. This paper pro-
poses Double-Greedy - Explore-then-Commit (DG-ETC), adapting the Double-Greedy approach
from the offline and online full-information settings. DG-ETC satisfies a O(d log(dT')) problem-
dependent upper bound for the 1/2-approximate pseudo-regret, as well as a O(dT%/? log(dT)'/?)
problem-free one at the same time, outperforming existing approaches. In particular, we intro-
duce a problem-dependent notion of hardness characterizing the transition between logarithmic
and polynomial regime for the upper bounds.

Keywords: Submodular maximization; combinatorial optimization; stochastic bandits; logarith-
mic regret.

1. Introduction

1.1. Context and problem formulation

Several real-world settings can be cast as combinatorial optimization problems over a finite set.
Without some assumptions on the utility function to be maximized and/or the constraints to be sat-
isfied, such problems cannot be solved in polynomial time. In practice, different types of assump-
tions and constraints can be introduced to make these problems manageable, even approximately.
One can, for example, assume the utility to be linear, but in some cases even this already strong
assumption can be helpless to make the problem easier.

This paper focuses on the cases where we maximize a submodular set-function, meaning that
it satisfies a “diminishing marginal gains” property. We consider the unconstrained setting, where
the whole combinatorial super-set is available and the utlitity may be nonmonotone (if we know
that it is monotone, the solution is straightforward, being either the full or the empty set). We
also place ourselves in a stochastic (combinatorial) bandit setting, where a decision-maker / player
chooses different sets in sequential rounds, and receives noisy rewards. In this framework, a classic
challenge is to balance exploration and exploitation, but the problem of managing the combinatorial
complexity of the action set is stacked over it. In particular, a good strategy should efficiently
leverage the underlying structure of the reward — submodularity in this case — by monitoring relevant
quantities.
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Problem formulation and assumptions. We consider a finite set of d € N* items D. The player
has access to actions from the whole superset P (D) and plays for an horizon of T € N* rounds.
The player receives noisy rewards from a non monotone submodular set-function f : P(D) — [0, ¢]
with ¢ > 0. Ateachround t € [T] = {1,...,T}, the player chooses an action A; € P(D) and
receives

Zy = f(A) +me, ey

where 7; is a random variable. Let ¢ > 0 (known), we assume that 7; is o2-sub-Gaussian condi-
tionally to the past (including the possibly random process generating A;).

The algorithms that we study in this paper all consider items sequentially. For convenience, we
identify D with [d] and assume an arbitrary ordering, but a player with prior knowledge could try to
optimize over permutations.

1/2-Approximate pseudo-regret minimization. The objective of the player is to maximize its
cumulative rewards over the 7" rounds. As it is common in the bandit literature, we look instead at a
pseudo-regret, neglecting the contribution of the noise (Ut)te[T]- Besides, rather than looking at the
exact pseudo-regret, we minimize an 1/2-approximation defined as

T
Rr =Y [5504 = (a0, @
t=1

where A* € argmaxacp {f(A)}.

Considering approximate regrets is usual in settings where we have access to an oracle solv-
ing the offline optimization approximately (Chen et al., 2013). In our framework, the 1/2 factor
comes from the impossibility of solving the offline unconstrained submodular maximization prob-
lem (USM), with a competitive ratio better than 1/2, using a polynomial number of calls (Feige
et al., 2011).

In the following, if not specified, the expressions “pseudo-regret” or just “regret” refer to the
1/2-approximate pseudo-regret.

1.2. Contributions

We propose a novel algorithm Double-Greedy - Explore-then-commit (DG-ETC) for the online
unconstrained submodular maximization problem (Online USM), with stochastic bandit feedback
(Section 3). We introduce a new notion of hardness for this problem (Section 4.1), and prove
that DG-ETC satisfies both a logarithmic problem-dependent (hardness-dependent) upper bound
for the 1/2-approximate pseudo-regret, as well as a worst-case O(dT%/3 log(dT)'/?) upper bound
(Sections 4.2 and 5). These bounds are satisfied both with high-probability and in expectation (The-
orem 2), and rely on the stationarity of the stochastic setting. Asymptotically, DG-ETC allocates
a logarithmic, hardness-dependent, number of rounds to the design of a strategy that compensates
the randomness errors with per-round negative losses (therefore, with gains). In practice, DG-ETC
exploits the looseness of the 1/2-approximation ratio in non-adversarial cases, and we argue that
this kind of strategy could also be applied to other settings involving approximations.
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1.3. Related works

In this section, we mention the closest related works, concerning combinatorial bandits, offline
(unconstrained) submodular maximization, as well as its online and bandit versions. Supplementary
discussions with other lines of work can be found Appendix A (offline and online minimization,
constrained maximization, and other online maximization problems).

Combinatorial bandits. The recent monograph by Lattimore and Szepesvari (2020) makes an
extensive study of bandit problems. We are more particularly interested in settings where the action
space is combinatorial and too big to be explored in its entirety. Chen et al. (2013) (extended by
Chen et al. (2016)) introduces the stochastic semi-bandit framework, and derives results for approx-
imate pseudo-regrets and smooth, monotone aggregation functions. When the aggregation is linear,
the leading factors in the regret upper bounds have been refined in several subsequent works (Kve-
ton et al., 2015; Degenne and Perchet, 2016; Perrault et al., 2020; Zhou et al., 2024). A matching
adversarial semi-bandit setting has also been explored (Ito, 2021; Neu and Valko, 2014). While the
player gets one feedback per chosen item in the semi-bandit setting, the full-bandit (or just “bandit™)
setting with a single feedback per action is more challenging. If the aggregation remains linear, one
could see the problem as a linear bandit and use the corresponding methods, as long as the offline
problem can be solved (Abbasi-Yadkori et al., 2011; Bubeck et al., 2012). However, Considering
a nonlinear aggregation function with a full-bandit feedback remains challenging without further
assumptions (Han et al., 2021).

Unconstrained sumbodular maximization (USM). Several systems can be modeled with a sub-
modular structure in various fields, including economics, game theory and combinatorial optimiza-
tion. As it shares properties similar to both convexity and concavity in continuous optimization
(Lovész, 1983), both viewpoints are of interest. The monograph by Bach (2013) details various
cases where submodular set-functions appear and highlights the parallels between submodular min-
imization and convex optimization. While minimization can be solved in polynomial time, maxi-
mization is more challenging and can in general only be solved approximately (Feige et al., 2011).
A (1 — 1/e)-approximation is possible in the cardinally-constrained monotone case (Nemhauser
et al., 1978), but the unconstrained non monotone setting can only be solved up to a 1/2 approxima-
tion ratio (Feige et al., 2011). In particular, Buchbinder et al. (2012) provides a linear-time approach
reaching this ratio, closing the gap between upper and lower bounds.

Online USM with full-information and bandit feedback. Following the results from Buch-
binder et al. (2014), Roughgarden and Wang (2018) studies the particular case of non monotone,
unconstrained maximization in the online adversarial full-information setting and provides an algo-
rithm satisfying a O(d\/T) regret upper bound. Harvey et al. (2020) manages to gain a v/d factor
by using tools related to online dual averaging and Blackwell approachability. Fourati et al. (2023)
considers a stochastic bandit setting, and proposes an Explore-then-Commit type algorithm satis-
fying a O(dT?/3 log(T)'/?) regret upper bound. However, Niazadeh et al. (2021) claims a similar
O(dTZ/ 3) in an adversarial bandit setting. As the latter framework seems significantly more dif-
ficult, one may reasonably wonder if better guarantees can be satisfied in the stochastic setting.
We answer this question positively and propose an algorithm satisfying both logarithmic problem-
dependent and O(d(T log(dT))?/®) problem-free upper bounds.
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2. Preliminary

In this section, we introduce submodularity, and remind the approach of the Double-Greedy (DG)
algorithm (Buchbinder et al., 2012) on which our DG-ETC is based.

2.1. Submodularity

Submodularity is a “diminishing marginal gains” property, it is formally defined as follows.

Definition 1 (Submodularity) Let D be a finite set and ¢ > 0. A set-function f : P(D) — [0, (]
is said to be (bounded) submodular if, equivalently,
* Foral ACBCDandi€D, f(BU{i})— f(B) <
* Forall (A, B) € P(D) x P(D), f(AUB)+ f(ANB)
Besides, f is said to be monotone if forall A C B C D, f(A) <
is non monotone.

fFAU{i}) = F(A);
f(A) + f(B).

<
f(B). Otherwise, we say that f

2.2. Double-Greedy for USM

In this section, we outline Double-Greedy Algorithm (DG, Algorithm 1) from Buchbinder et al.
(2012).
When maximizing a nonmonotone sub- Algorithm 1 Double-Greedy (DG from Buch-
modular function f, DG works in d steps (one binder et al., 2012)
per item) and considers the items sequentially, 1. Inputs: D.
th order being chosen by the user beforehand. 2: (Xo, Yp) < (0, D).
It first initializes a pair of sets Xo = 0 and  3: fori =1,...d do
Yy = D respectively as the empty set and the a;  f(Xio1 U{i}) — f(Xiz1) .
full set, and then modifies them sequentially. Bi + f(Yici \ {i}) — f(Yiz1) .
) At. each _ste,[’) i € [d], DG lc?oks at the R {QT’%’;fr;a)}( BT -
marginal gains” «; and f3; respectively corre- K; ~ B(p:).
sponding to adding item 7 to X;_1 or removing if K; then
it from Y;_; [Line 4-5]. It makes the decision of (Xi, i) + (Xi—1 U{i}, Yio1).
either adding or removing the item by sampling ;5. elge
a Bernoulli random variable K; with parame- ;. (Xi, Vi) « (Xi—1, Yie1 \ {i}).
ter p;, defined from the positive part of o; and  |5.  end if
B; [Line 6-7]. After the d-th and last step, DG ;3. end for
returns the set X4, which is identical to Yq by 14, Return: X, C D.
construction [Line 14].
Overall, DG requires 4d calls to f and satisfies the following guarantee.

D A A

Theorem 1 (Buchbinder et al., 2012, Theorem 1.2.) Let D be a finite set. Algorithm DG returns
a set S such that

fA7).

M\H

E[f(9)] =

The result being in expectation, one can repeatedly run DG to obtain an acceptable set with a
high enough probability. In particular, we prove the following proposition in Appendix C.
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Proposition 1 Let D be a finite set, § > 0 and T' € N* such that T > 21og(1/0). If (Si)ie[ry is
the sequence of sets obtained by running independently T' times Algorithm DG, then

max f(S;) > (;—W)f(fl*), wp. 1—96.

Stochastic bandit setting.  In our setting, using DG directly is not possible as we do not have
access to the marginal gains «; and [3; but only to noisy estimates. To overcome this difficulty,
Fourati et al. (2023) propose the Randomized Greedy Learning (RGL) algorithm, an Explore-then-
Commit strategy satisfying a O(de/ 3 log(T)l/ 3) expected regret upper bound. Similarly to DG,
RGL works in d steps, one per item, each lasting 72%/3 log(T )1/ 3 rounds. During the i-th step,
RGL estimates the coefficients «; and ; , chooses a set X; (and Y;) and move on to the next item.
After dT?/3 log(T)'/? exploration rounds, RGL, commits to the last chosen set X, .

However, we argue that RGL explores too much, and that logarithmic, problem-dependent regret
upper bounds can be obtained both in expectation and with high-probability,

3. Full-bandit feedback algorithm: Double-Greedy - Explore-then-Commit (DG-ETC)

In this section, we propose Double-Greedy - Explore-then-Commit (DG-ETC), a novel algorithm
for unconstrained submodular maximization (USM) with stochastic full bandit feedback. DG-ETC
builds on insights from Buchbinder et al. (2012), Roughgarden and Wang (2018) and Harvey et al.
(2020). We present the theoretical guarantees of DG-ETC in Section 4, which outperform existing
approaches for this setting.

In the following, the word round refers to a single increment of time ¢, the word step refers to
the per-item exploration steps (containing several rounds) and the word phase refers to the explo-
ration/exploitation phases (the exploration phase containing one step per item).

3.1. Algorithms presentation

DG-ETC is presented in Algorithm 2, and is built on two subroutines: DG—-Sp (Algorithm 3) to
sample sets, and UpdExp (Algorithm 4) to update exploration parameters.

Double-Greedy - Explore-then-Commit (DG-ETC, Algorithm 2). Algorithm DG-ETC is an al-
gorithm implementing an Explore-then-Commit type strategy. It takes as inputs the set of items D,
the range of f ¢ > 0, the sub-Gaussian parameter of the noise o > 0, as well as the horizon T" € N*
and a confidence level § € (0,1). It first performs d exploration steps (one per item in D) [Lines
12 to 26], each lasting at most 47,5« rounds where

Tmax = T2/3log(dT)'/3 . (3)

Contrarily to RGL (Fourati et al., 2023), the duration of each exploration step is problem-adaptive,
and can be considerably smaller than the aforementioned worst case (See Section 5.3). It then
spends the rest of the rounds (at least 7''/3 log(dT')?/® ones) exploiting the collected information
[Lines 27 to 32]. During this phase, it does not play a fixed set, but repeatedly samples random sets
based on d Bernoulli random variables with parameters (p;) je[q) determined during the exploration
phase.
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Algorithm 2 Double-Greedy - Explore-then-Commit (DG-ETC)

I: Inputs: D, ¢ >0, 0>0,5 >0, T € N". 18  Receive:
2: /* Instantiating =*/ 19: Zyy Ziwl s Zig1, Zigs .
3. d <+ |D|. 20:  Update:
4: Instantiate g7 5 and Tmax With (4) and (3).  21: b — (Tzdi + (Zy1 — Zt))/(q-i +1),
5: Instantiate UpdExp with g7 s and Typax . 2p. B; (Tsz + (Ziys — Zt+2))/(Ti +1),
6: /* Initialisation =/ 3. T +1,
7. (t, Z)f (1, 1). 24: (pi, Z) — UpdEXp(i, (&, BZ), Ti) ,
8: (&, Bj)jelq) < 0. 250t t+4.
9: (pj)jela) < 1/2. 26: end while

10: (7;)jefa) < 0. 27: /+ Exploitation phase x/

11: /* Exploration phase =/ 28: while ¢t < T do

12: while i < d do 29: (Xd, Yd) — DG—Sp(D, (pj)j, Z) .

13: /x4 rounds exploration */ 30 Play: A, + X,.

4 (Xjo1, Yi1) < DG-Sp(D, (p));, 1) 31;  Update: t < ¢+ 1.

15: Play: 32: end while

16: A — X1, AtJrl +— X;1U {’L} R

17: Ao Y, Az < Y1\ {i}.

Double-Greedy - Sampling (DG-Sp, Algo- X,

ters (pj)jecjq) provided by the meta-algorithm

DG-ETC, which also provides a step ¢ € j=¢ B BN BN W W
{1,...,d,d + 1} before which DG-Sp should
stop. Like DG, it begins by initializing two sets
X and Y) as the empty and the full sets. Then
it iterates over the parameters (p;) jc|4 and pro-
ceeds to either add (to X;_1) or remove (from Y;_) item j in order to create (X;,Y;);j<;i, by
sampling Bernoulli random variables. At the end, DG—Sp returns (X;_1, Y;—1) and DG-ETC then
decides to either collect information when ¢ < d or exploit when 7 = d+1. An example of sampling
from DG-Sp is illustrated in Figure 1.

Y;
rithm 3). Both exploration and exploitation 7/~ FFTEEEETTTILET  SSSS————"
phases rely on the DG-Sp subroutine [Lines /' EELTTTTTTELTTTL s
14 and 29 in Algorithm 2], which is a varia- /-2 EIITTTTTTTTITT] B SR
tion of DG from Buchbinder et al. (2012) (Al- /=3 ECETTTTTTTITTITT] W S
gorithm 1). DG-Sp relies on the parame- =+ BCETTTTTTTTITT] (0 DS
I N e W

Figure 1: Example of sampling from DG-Sp, for
i=d+1and (Kj)jeq = (1,0,1,0,...1).

Exploration update for DG-ETC (UpdExp, Algorithm 4). During the exploration, DG-ETC
makes calls to Subroutine UpdExp [Line 24 in Algorithm 2]. The latter takes as inputs the index of
the current step 7, estimates of the marginal gains («, () and the current values of 7 for item 7. The
objective of UpdExp is to check if we can determine an adequate Bernoulli parameter p for item %
and/or if the exploration has lasted too long (if 7 > Tyax). In both those cases, UpdExp returns an
adequate parameter p and index ¢ 4 1 to tell DG-ETC to switch to the next item. Otherwise, p stays
the default 1/2 and UpdExp returns current index i .
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Algorithm 4 Exploration update (UpdExp)

Algorithm 3 Double-Greedy - Sampling

(DG-Sp) I: f\nputs: i €1d], (a, B) € [—¢,c]?, g;(se N*,
22 A {z€0,1]st. ¢ , <0}
1: Inputs: D, (p;) € € [0,1]¢, i € [d+1]. {z e [0,1]s.t. la, B, @) + v }
2. (Xo, Yp) < (0, D). 3 p+1/2.
3 fOI‘j—l ., (i—1)do 4: if A # () then
4- -~ Blp; ; 5. p<«argmingep {(o, 5, ).
' j T
5 1fK then 3- lZ%H‘l-
6: X- Vi) (X5 U {5}, Vo). . else
7: els<e g j) ( e {J} ’ 1) 8: if 7 > 7'Inax then
. : 9: — where = -, 0}
8: (X5, V)« (Xj-1, Y0\ {4} o P arim (-)+ = max{-, 0}
: : 141 —|— 1.
9: end if . it
10: end for 1; fln‘f I
11: Return: (X;_1, Y;_1). - endu
cturn: (X1, ¥i1) 13: Return: (p, 7).

3.2. Exploring just enough for zero exploitation regret: the key idea

In DG-ETC, the number of rounds devoted to the exploration for each item is adaptive, and is
controlled by Subroutine UpdExp. Given estimated marginal gains (&;, ﬂAZ) and an exploration
time 7, UpdExp checks if it is possible to counterbalance the (high-probability) errors coming
from the different sources of uncertainties.

On the one hand, the per-round exploitation regret induced by all sources of uncertainty (esti-
mations errors, random sampling, noise fluctuations) for item ¢, is bounded with high-probability
(Proposition 2 in our analysis) by 2&:2 where

\/?i

o c o 13
915 = \/2(202 + ¢2)/2log(dT) + log(1/5) (1 + 24/ g( T 4+ \/232+62 (1 ggr )) ) - @

On the other hand, the decision to either add or remove item ¢ with probability p; [Line 30 in
DG-ETC (Alg. 2) and Lines 4-9 in DG-Sp (Alg. 3)] induces an average loss! per exploration round
bounded by ¢(&;, (5, p;) where

Ua, B, p) = max ({* (o, B, p), £ (a, B, p)), 5)
with (*(a, B, p) = (1 —p)a— §(pa+ (1 —p)B), (o, B, p) =pB — 3(pa+ (1 —p)B).

In this definition, /* and ¢~ are per-round regrets of using parameter p when the (estimated)
marginal gains are («, ), corresponding to the two cases {i € A*} and {i ¢ A*}. As one
wants to hedge against both eventualities, we consider the worst-case loss £ which explains the max
of both /T and ¢~ in in Eq. (11).

UpdExp checks if, given estimations (&;, BZ) and a current number of exploration rounds 47;,
it is possible to find a parameter p; so that the errors from uncertainties gT % are absorbed by the
(hopefully negative) loss £(¢;, B;, Di) - Formally, it looks for the existence of ap; € [0,1] so that

1. Average with respect to the sampling variable K;.
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which is guaranteed to happen after a logarithmic number of rounds (Proposition 3). If it is the case,
UpdExp returns this parameter p; and makes DG-ETC move on to the next item. Otherwise, the
exploration for the current item ¢ continues unless it has already lasted too long (i.e. if 7; > Tmax).
In this case, UpdExp returns parameter p; = azj’ﬁ and makes DG-ETC move on to the next
step. This last choice for p; ensures the loss ¢(c;, ’ Bl-, pz) to be negative (or null) in the exploitation
phase and the per-round regret for item ¢ to be bounded simply by ;% .

While RGL (Fourati et al., 2023) devotes the same number of rounds to all the items in the
exploration phase, Subroutine UpdExp enables more flexibility. In particular, Section 4 links the

number of exploration rounds necessary with problem-dependent quantities.

Remark 1 The possibility to counterbalance the accumulated errors with negative losses is enabled
by the approximate regret criterion using the worst-case 1/2 ratio, and an in-depth analysis of the
original Double-Greedy algorithm. In all generality, this kind of intuition could also be applied to
other methods to recover similar logarithmic upper bounds.

4. Theoretical guarantees for DG-ETC

This section presents theoretical guarantees satisfied by our approach. We introduce a concept
of problem-dependent hardness that characterizes how difficult it can be to maximize a given
submodular function with our Double-Greedy approach. We then show that DG-ETC satisfies
logarithmic 1/2-approximate pseudo-regret upper bounds which depend on this hardness, with a
O(dT?/? log(dT)'/3) worst-case.

Remark 2 We remind that the items are taken in an arbitrary order, and the quantities may depend
onit.

4.1. Double-Greedy hardness

The following hardness notion relates to the sufficient number of exploration rounds that guarantees
to find parameters (pi)ie[d] suitable to induce zero 1/2-approximate regret during the exploitation.

Definition 2 (DG-hardness) Let D be a set of d elements (considered in an given order). Let f be
a submodular set-function over D and i be an item in D .
We define the local DG-hardness for item i as o 2 h

(gl X4+ B0, X))
. - 3 47
XCli—1] (af(Z,X)+ - ﬂf@’X)*)

hyi =

where () = max{-,0} and

ay(i, X) = f(X U{i}) - f(X),
Br(i,X) = fF(D\ DU X) = fF(D\[i-1)UX).

We define the global DG-hardness as Hy =3 ;c(q oy -

Figure 2: hy; as a function of arf(i, X)
and ff(i, X) forc=1.
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Remark 3
» This definition is actually not completely tight, as we will see in the analysis. But this form
is more readable and convenient to use than the whole case disjunctions depending on the
(v, B) configurations.
» We can also define a dual quantity, a local DG-gap Ay ; = (hf’i) —1/2 , playing the same role
as the suboptimality gaps in pseudo-regret upper bounds for stochastic multi-armed bandits
(it is homogeneous to a difference of rewards). The corresponding global DG-gap would be

—1/2
Ap=H; "2

Example For illustration purposes, let’s consider the following function g : we assume there exists
(&) € [-1,1]% and v € (0,1] such that for all X C [d],

v 1/v
g<X>=< 3 &) —( T —@-) e, @

i€X, £>0 i€X, £;<0

where {_ = (§1{& < 0}); and ||§_H}/V is here to guarantee the positivity of g. Then g is
submodular and for all i € [d] :

AL {gqm —g(li 1)) if& =0,

7 9@\ - gD\ - 1)) if& <.
These expressions remind the notion of suboptimality gaps common in bandit literature. If & > 0
then i € A* and the DG-gap corresponds to the reward gained by adding i to [i — 1]. If§; < 0 then
i ¢ A* and the DG-gap corresponds to the reward increase when removing i from {i,i+1,...,d}.
Notably, when g is linear (v = 1), then the gaps Ay ; = &; are independent from the ordering.

They are intuitive as they correspond to the value of adding or removing the item, and the optimal
set is the one containing all the items for which &; > 0 (assuming that no item has a gap of 0).

4.2. Regret upper bounds for DG-ETC

This section presents our main result. We state a 1/2-approximate pseudo-regret upper bounds for
DG-ETC, the proof of which is outlined in Section 5.

. ¥ * . . 2/3 T
Theorem 2 Let D be a finite set of d € N* items, T € N* a horizon with d(T+/log(dT))*? < 5
oc€R} andc e RY . Let 5 > 0.
Then, with probability greater than 1 — 100 /T, DG-ETC satisfies

Rr < Cymin {Hf log(dT), dT?/* log(dT)1/3} ,

where C is a constant independent from d, T and 0.
Likewise, in expectation,

E[Ry] < Cymin { Hy log(dT), dT%? log(dT)"/*},

where C' is a constant independent from d and T .
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Remark 4 We can get more fine-grained bounds by using the local DG-hardnesses instead of the
global one. From Eq.8 at the end of Section 5, we can keep the per-item granularity to get with
probability at least 1 — 106/T

Ry < Cy " min {hy, log(dT), T log(dT)"/*}
1€[d]

where C'5 is a constant independent from d, T and 0 .
In particular, depending on the scale of the horizon T with respect to the different local hard-
nesses (h f,z‘)ie[d}’ we obtain a mixed sum of some logarithmic terms, and others of magnitude

T2/3log(dT)/3.

5. Analysis of DG-ETC

This section presents a sketch of proof for Theorem 2.

We denote 7 = } .14 47 the last exploration round. For all the items i, we also denote
ti=> j<i 47; , the last exploration round for item ¢. In this section, we have i-indices to denote
items, and ¢-indices to denote that we place ourselves at round ¢ € N*. When ¢t is not made explicit
(notably for & , BZ and p;), it means that we place ourselves after round ¢; (and that these parameters
are fixed).

Outline of the proof.  The idea of the proof is to find a high-probability event (namely, &)
under which the exploration phase takes a logarithmic number of rounds per-item, and the regret is
non positive during the exploitation phase. To that end, we first break the per-round regret of the
exploitation phase down into per-item contributions (Section 5.1). Using this decomposition, we
highlight an event £ under which the per-round, per-item, regret is bounded by (&, BZ, pi) + ng‘s
for all the items ¢ (Section 5.2). Lastly, we prove that under £, depending on the DG-hardness of f
(Definition 2), a logarithmic number of exploration rounds is sufficient to find a weights p; so that

(&, 51, i) + éi;ﬁ < 0 for all items 7. Additionally, Subroutine UpdExp (Algorithm 4) returns a
parameters p; so that [(&;, ﬁl, pi) < 0 when 7; reaches T,y for item i (Section 5.3), so that the
regret for this item remains bounded by 7'%/% log(dT)'/? when the estimation needs more rounds
than what can be afforded.

Template bound.  Let £ be an event, defined later in Section 5.2. Then, the 1/2-approximate
pseudo-regret can be bounded as

Rr < ]l{gc}

—i-ﬂ{g} <2CZT1+ Z ’I“t> . (8)

t=7+1

where ry = f(A*) — 2f(Ay).

Under event £¢, the pseudo-regret is upper bounded by a worst case ¢I'/2. Under &, each
item ¢ uses 47; exploration rounds, each being bounded by a worst case ¢/2 regret, the rest of the
rounds (between 7 4 1 and T') are devoted to the exploitation and their regret is upper bounded in
the following. In particular, they yield no regret when the exploration is successful and the instance
is “easy” enough.

10
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5.1. Double-Greedy breakdown: Per-item exploitation regrets

We use an approach similar to Buchbinder et al. (2012) to bound the per-round exploitation regret
r; with a sum of per-item contributions.

Item-wise breakdown. Lett > 7. We considers sets (A}, );c(q, With A5, = A% and A], = A4y,
constructed to control the evolution of (f(A;.)); c[a) from F(A*) to f(Ay) using the coefficients
(its Bit)iclq - We define

Fori =0, Apy = A", with Xo;, =0, Yy, =D,
Vi € [d] s A;t = (A* U Xi,t) M Y;,t , with Xi,t C A;Lk,t C Y;"t, 9)
Fori = d, Agy = Xag =Y = A,

where X;; = {j <14, K;; =1}andY;; = D\{j <, K;; = 0} are the sets defined in Subroutine
DG-Sp (Algorithm 3).
Using these sets and the definition of r; in Eq. (8), a telescopic argument yields

r < F(A") = F(A) — 5 [2(A0) ~ (FO) + £(D) (/20
= 780 — £(A30] = 5 [FXa) — F(Xo0) + F(¥ar) — 7(¥o0)
d
= Z [ 1) — f(AL) — %(Ki,tai,t +(1— Ki,t)ﬁi,t)] ; (10)

where forall ¢ € [d], o s = f(Xi—1 U{i}) — fF(Xiz1e),
Big = f(Yic1a \ {i}) = f(Yie1) -

Submodularity. While the marginal gains (¢, fBit)iciq) can be estimated, the sets A*, and
(A7 ;)ica) remain unknown. However, the definition of (A7 ,);c[q) and submodularity yield

o If{i € A"}, then f(A7 ;) — f(A7,) < (1 = Ki)aig,

 Blse {i ¢ A"}, and f(AL,,) — f(A7,) < KidBio-
Using these inequalities, Eq. (10) becomes

E(K cair+(1— Zt)ﬁm)]

e S Z []l{ieA*}(l — Kip)oig + Lgany KigBiy — 5

i€[d]

Since {i € A*} and {i ¢ A*} are exclusive events, we have

T
Z e < Z max {R;H Rii}7 (11)
t=r+1 i€[d)

where RJTFJ- = ZtT:TH [(1 — K)o — %(K’L 1o + (1 — Kip)Bi t)} ;

Rii = Z?:T.H [ ztﬁzt ( it t JF( zt)ﬁzt):| .

11
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5.2. High-probability exploitation regret

Let i € [d], the objective now is to control max { R; i R;z} from Eq. (11). To that end, the
following proposition (proven in Appendix D.1) states how the errors coming from the different
randomness sources concentrate.

Proposition 2 Let H and & be the event

Vield, Vt>ti1, |@—ayl< \/m\/zlog(dT/éT:ligl(Hélm) ,

‘ /B’L t’ < m\/2 lOg dT/lsTjtl:)_gl(]_+4Tz t)

)

E=HnN {\ﬁ €ld], wmax{R; Ry} —(T—7) (l(di’ Bir pi) + gf;) = O}

where for all i € [d], & = Elait|(pj)j<i] and Bi = E|[Bis|(p;)j<i], both quantities being
constant for rounds t > t;_1, and gr s is defined in Eq. (4).
Then, P(H) < 8 and P(£°) < 1%

Template bound. Reinjecting Eq. (11) and Proposition 2 yields

i€(d]

where £ is the event defined Proposition 2.

5.3. Sufficient exploration

In this section, we analyze the exploration steps for each item and we exhibit sufficient conditions
for them to only last a logarithmic number of rounds. The default choice of p; = o 4 when
Ti > Tmax in Subroutine UpdExp (Algorithm 4) ensures £(d;, ﬁl, p;) < 0, which i in turns yield a
O(T'\/log(dT))?/3) regret upper bound for item i.
Subroutine UpdExp looks for a parameter p € [0, 1] so that both

(1 _p)@i - %(paz + (1 - )Bz) < _IT , and p,@z 1(pOéZ +(1 _p)Bi) < _@- (13)

Vi Vg

Under £, as we can upper bound |&; — &;| and | B, — B

(Proposition 2), it is sufficient to have

(1 - p) oy — %(p&i +(1-p)B) < T,é m\/fc’g(dw‘sﬁﬁg(lﬂn)

pB; — S (vai + (1= p)B) ST N Ry T D g
for which it is in turn sufficient to have
- i + - +
p(Bi = 3ai) < =P80 4 (8- 2ay), and p(3f—a) < P04 B, (14

\/?i

where 7.5 = 31/(202 + ¢2)(log(dT/8) + log(1 + T)).
The following proposition gives sufficient conditions to find a p; for Eq. (13) to be satisfied.

VTi

Proposition 3  For each items i € [d], under event £ defined in Proposition 2, UpdExp finds

a weight p; such that l(é&; 4, Bi,h pi) + % < 0 before 47; 4 the current number of exploration

rounds for item i has reached the value 4(gr.5 + yr5)* h i

12
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Template bound. Using Proposition 3, the upper bound Eq. (12) becomes

cT .
Rr < ]1{56} -+ ]1{5} Z [26 min {(gT,5 + 7T,6)2hf7i, Tmax}

2 :
i€[d]
Tgrs
+ ]l{(gT,5+7T,5)2hf,i>Tmax}Tmax(Trnax)3/2]
_ I 91,5 : 2
= liecy 5 T Liey %;] (20 + W) min {(QT,é +1,6) I s Tmax} ; (15)

where Tyax = T2/3 log(dT)1/3 is defined in Eq.(3).
The high-probability result comes from event £ happening with probability greater than 1 — ITO‘S
(Proposition 2). Choosing & = 1 yields the bound in expectation.

6. Concluding remarks

We propose and analyze Algorithm DG-ETC (Algorithm 2) for the online unconstrained submod-
ular maximization problem, with stochastic bandit feedback. Our algorithm is a considerable im-
provement from other existing approaches, as it satisfies logarithmic upper bounds for the 1/2-
approximate pseudo-regret, dependent on a new notion of hardness that we introduce. Possible
extensions include designing anytime variants, and algorithms adaptive to the adversarial/stochastic
setting (best-of-both worlds).

An interesting feature of DG-ETC is that it leverages the looseness of worst-case approximation
ratios in non-adversarial cases, and we argue that this kind of strategy could also be applied to other
settings to yields similar performances.

13
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Appendix A. Extended related works

This section completes the related work of the main paper in Section 1.3.
We discuss additional submodular optimization settings existing in the literature, namely, offline
and online minimization, constrained maximization, as well as other maximization frameworks.

Submodular optimization (offline). Submodularity is also studied in settings different from the
unconstrained non monotone maximization case that we look at.

Minimization can be solved in polynomial time (Grotschel et al., 1981) and there is an extensive
line of work studying that setting. See Lee et al. (2015); Chakrabarty et al. (2017); Axelrod et al.
(2020); Jiang (2021, 2022); Jiang et al. (2023) for the most recent ones.

For maximization, the constrained non monotone setting is even more challenging and there
is a line of work constantly improving the approximations (Lee et al., 2009; Chekuri et al., 2011;
Buchbinder et al., 2014; Vondrak, 2013; Ene and Nguyen, 2016; Buchbinder and Feldman, 2019;
Tukan et al., 2024; Buchbinder and Feldman, 2024), which is known to be smaller than .478 in
polynomial time (Qi, 2024). In the monotone setting, there also exist a line of works interested
in the identification of the best subset with the minimal number of potentially noisy calls to the
function (Singla et al., 2016; Hassidim and Singer, 2017; Karimi et al., 2017; Hassidim and Singer,
2018). Other papers also study maximization of a submodular function only known from given
samples (Balkanski et al., 2016, 2017).

Online and bandit submodular optimization. Both maximization and minimization are ex-
plored in the online learning and bandit literature.

For the minimization version, Hazan and Kale (2012) introduces an online adversarial setting
and proposes an algorithm with sublinear regret. Its results are improved in Matsuoka et al. (2021)
and Ito (2022), the latter also proposing results for the bandit setting. In particular, a commonly
used tool is the Lovasz extension, reducing the problem to convex minimization.

The maximization version is studied in Streeter and Golovin (2008) with a resource allocation
perspective, giving guarantees for the (1 — 1/e)-approximate expected regret in the monotone set-
ting. Its results are extended to matroid constraints in Streeter et al. (2009); Golovin et al. (2014),
and improved in Harvey et al. (2020) using curvatures. The case of bandit feedback is also studied
for monotone functions. Yue and Guestrin (2011) and Guillory and Bilmes (2011) are early works
works providing theoretical guarantees. They are followed by several papers considering variants
of this setting (Kohli et al., 2013; Gabillon et al., 2013; Chen et al., 2018).
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Appendix B. Reminders on sub-Gaussianity

We use sub-Gaussianity assumptions and common concentration tools to control deviations of the
noise (m)tem and the randomization process of our approach. This section remind useful results.

Definition 3 (Sub-Gaussian) Let ¢ > 0 and X be a real-valued random variable such that
E[X] = 0. We say that X is o2-sub-Gaussian, for all A\ € R,

Elexp(AX)] < exp (i"z) :

In particular, for bounded independent random variables, we have the following lemma.

Lemma 1 (Hoeffding’s inequality for sum of i.i.d. bounded r.v.) Let 6 > 0, N € N* and
(Zn)ne(n) a family of i.id. real random variables bounded in [a,b] where (a,b) € (R)? with
mean . € [a, b].

Then for alln € [N], Z,, is (b_4a)2 -sub-Gaussian, and with probability at least 1 — 6,

1 N b—a /2
NZ[Z,L—M]<T 7 log(1/4).
n=1

The sub-Gaussianity for bounded random variables an the concentration for the sums of i.i.d
random variables are classical results proven that can be found Wainwright (2019) for example.

As we estimate quantities in an online setting, with observations arriving sequentially and de-
pending on our actions, we need a more powerful tool. This is provided by the following lemma.

Lemma 2 (Hoeffding’s inequality with martingales) Letd > 0, o > 0. Let (G;)ien be a filtra-
tion and (Zy)ien+ a (Gi)-adapted martingale with E[Z1] = 0. We assume that for allt € N, Z; 41
is o2-sub-Gaussian conditionally to G;. Let (Uy)ien+ be a (Gy)-predictable process. Then, with
probability at least 1 — 6, forallt € N

t
_1UsZs
Zs—l < g

1437, U2 1+ U2

The proof relies on the method of mixture, widely used in the bandit literature (Abbasi-Yadkori
et al., 2011; Faury et al., 2020; Zhou et al., 2024).
Proof Let § > 0, 0 > 0. Let (G;) be a filtration and (Z;) be a G;-adapted martingale with E[Z;] = 0
and so that for all t € N, Z; 1 is o?-sub-Gaussian conditionally to G;. Let (Uy) be a Gy-predictable
process.

Let ¢t € N*, a first direct result is that, U; Z; is (aUt)z-sub-Gaussian conditionally to G;_1. Let
A € R. Then,

¢
2log(1/0) + log (1 + Z USQ)
s=1

E[exp (A2~ A;(aw) Ga] <1. (16)

We define

t 2 1
Mt()\) = exp <)\ Z UsZs — % Z(UUS>2>

s=1 s=1

19



ZHOU GAILLARD RAHIER ARBEL

with My(A) = 1. From eq. (16),

vteN, E[M(N)|G]=E

t 9 t
exp (AZUSZS — % Z(O’Us)2>

s=1 s=1

gtl]
gt—l]

=M, (N E

)\2
exXp )\UtZt - ?(O'Ut)2

<M1 (A).

Then, (M;(X)); is a G;-supermartingale, with E[M;(\)] < 1.

We now consider A ~ N(0,1/02), independent from all the other distributions, then we can
define

My =By nr0,1/02) [M:(N)]

= Lz /Rexp ( - (05)2) exp (xz UsZs — % Z(UUS)2>dac

:/Rexp<—02(1+2221[]82)(:z2—2x > UsZs )))daj

o?(1+ Y, U2
2 t 2 t 9 t 9
0 / exp _ g (1 + 2521 Us) ({L‘ - Zs:l [{sZs ) T (2321 UiZS) da
R o?(1+37_, U 202(1+ >0, U2)

—eXp( (ZZ=1USZS)2 ) g V2 0\/@

202143, U2) ) V2r o /14 St U V2

21+ U2 ' UZs N2
/exp _ g ( +Z2:S—1 US)(.%'— 225:1({ 5 ) dx
R g (1 + Zs:l Us)

= exp ( (2221 UsZs)” > ! E St UsZs ) [1}

t
20%(1+ 3>, U3) 1+ 22:1 U2 )‘NN(J2<1+22=1 U2y’ a2<1+zlg:1 UP)
I S < (S, UsZs)? >

B A G S N e
1+Z$:1Us s=1Ys

. X U202 1 N
M, = S= — =1 1+ U
t exp<202<1+zzzlvz> 1o (1+2007)
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Besides,
E[Mt‘gt—l} ZE[EAW(O 1/02) [Mi(A)] ‘gt 1}
=Exn(0,1/02) [ [ t()\)|gt—1]}

< Exen(0,1/02) [Mt—l()\)}
=M.

So (M), is also a supermartingale, which yield that
E[M;] < E[My] = 1.

Let u¢ > 0. Now, using Chernoff’s method,

Z 1 Us s (thl UsZs)2 U? t )
2 > <P s _ U g U .-
<1+Zs 77 A G (202(1+Z§:1U2 202( +Z S)) =

(Xm1 UsZs)?
o (o~ 1+ 200)

Mtexp( log(1 +ZU2 u +ZU2)

IN

E

. o t
Choosing u; = m\/2 log(1/6) +1og(1+> ., U2),

t

SZS v

P Zs:litUZut SE[(SMI‘}
1+Zs:l Us2

<9.

The bound for all ¢ is based on the stopping time construction from Abbasi-Yadkori et al. (2011).
|
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Appendix C. Proof for the high-probability bound of Double-Greedy (Algorithm 1,
DG from Buchbinder et al. (2012))

Proposition 1 Let D be a finite set, 6 > 0 and T' € N* such that T' > 2log(1/5). If (Si)icir) is
the sequence of sets obtained by running independently T times Algorithm DG, then

1 log(1/0)y ,, .
e £(5,) > <§—T>f(A ), wp. 1-4.

Proof Let 1 > ¢ > 0 and T' € N* such that T' > 21og(1/4) . Then (f(S;));c|z] is a sequence of T
i.i.d. random variables, bounded in [0, f(A*)].
Let £ > u > 0. Then

p(%m) <(3- u)f(A*)> = P(w e (1), 580 < (5 - u)f(A*>>
(f(si) <(3- u)f(A*))
)

ﬁIP’
P((l

T
<P (5-u) A+ £47) - £(51) > f(A*)>
T
< | (5 —u) F(A) + F(4%) ~ F(S))| - Markoy
= FAanT\2 1
1 1 1 g
< AT (5 - u)f(A*) + §f(A*) < Theorem 1
=(1- u)T
< exp(—Tu).
Therefore, taking u = M, we have the result
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Appendix D. Proofs for the analysis of Double-Greedy - Explore-Then-Commit
(DG-ETC, ours)

D.1. Proof for the high-probability exploitation regret

Proposition 2 Let H and £ be the event

Vield,Vt>ti1, |a—dil < m\/Qlog(dT/éTﬁ-tligl(l—&-élnt) ,
log(dT/§)+log(1+4;
1Bi = Big) < V207 + 2 2o LI Hou (L)

9

E=HN {Vz‘ € [d], max{R;i,Rii} —(T—-1) (l(&i7 Bu pi) + g\};;) < O}

where for all i € [d], &; = E[ait|(pj)j<i] and B; = E|[Bi|(p;)j<i], both quantities being
constant for rounds t > t;_1, and gr s is defined in Eq. (4).
Then, P(H®) < %, and P(E°) < 1.

Proof We remind Eq. (11),
T _
Dtmr 1 Tt S Zie[d] max {R;w RT,i} ) (11

where R;i = Z?:TH [(1 — K)o — %(KZ tois+ (1 — Kip)Bi t)} ,

Rii = Z?:T-l-l |: i tlB’Lt ( it QG t + (1 - Ki,t)ﬁi,t):|
For i € [d], we define &; = E[o¢|(p;);<i] and B; = E[Bi+|(pj);<i] . both quantities being
constant for rounds ¢ > t;_; (and thus, for ¢ > 7). Separating the different sources of randomness
yields

+ _ pt frer e e -
RT,i—ET,i+ET +LT1’ RT,i_ET,i+ET,i+LT,i’

where we have
* errors coming from the deviation of (it Bit) from (@, B;):

Ef, = > (1 — Kio)(aig — &) — 5 (Kiy(ouiy — a) + K2y (Big — Bi))],
Er, = ZtT:TH i Kit(Bir — Bi) — ( Ki(aip — ai) + K7 (Bi — Bz))},
* approximation errors for (&, Bi) :
Ef,= S |(1 = Ki) (@ — q) — 3 (K (@i — 6a) + (1 — Kig) (Big — ﬁz)):|
B = S [KiaBis — B) — 2(Eul@ig — o) + (= K1) (g — B1)].

o the deviation of losses caused by the random variables (K ;); :

L =S |1 = Kig)és — (Kb + (1 — Kz‘,t)@)} — (T —7)I,
Ly, = S | (KD B — S (K, té + (1 — Kz’,t)Bi)] — (T —7)l;,

* the average loss criEeribn used in UpdExp :
IF =17 (&, Bis pi) = (1 = pi) & — 3 (pidi + (1 — pi) &),
7 =17 (64, Bi, pi) = piBi — 3(pidi + (1 — pi)dy).
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We control these terms using the concentration lemmas in Appendix B. Let § > 0, we define

G = {Vi, Ef, < 3e/2(T — 7)1og(dT/3) and Ey,; < 3¢y/2(T — 7) 1og(dT/5)} ,

Vie[d], Yt >ti1, | — gl < \/m\/Q log(dT/éljtligl(Hzm’t) ;

1B; — Bitl < V207 + \/2 log(dT/‘Sl:tlﬁ(lHTivf)

. ~ \/2log(dT/é _ A o) A
Vi e [d], E:,JfZ < (T—T)(l + %) max (!ai — &, |5 —ﬁi|)

E':FZ <(T-1) (1 + 7‘2\1;5—@) max (]di — &, 1B — Bt‘)
g {v@' €ld, Ly, <%V({T—1) log<dT/6>,} |

Ly, < 3 /(T —7)log(dT}5)

9

T =

Applying Lemma 1 and a union bound yields that P(G¢ UZ¢ U J¢) < %5. Likewise Lemma 2
yields P(H¢) < 2.
Besides , GN'HNZNJ C & (calculations assuming d > 2, 7 < T'/2, and dT > ). [ |

D.2. Proof for the duration of the exploration phase

The following lemma is a consequence of the definition of submodularity, but it is particularly
useful when analyzing double-greedy approaches, as it limits the range of possible marginal gains
to consider when adding/removing items.

Lemma 3 Let D be a finite set and f be a submodular set-function. Let A C B C D and an item
i€ (B\A). Then,

(reau gy = £() + (FB\{D) - (B)) = 0.
We can now use this lemma to prove the following proposition.

Proposition 3 For each items i € [d], under event £ defined in Proposition 2, UpdExp finds a
weight p; such that l(& ¢, Bit, pi)+ \g/% < 0 before 47; 1 the current number of exploration rounds
for item i has reached the value 4(gr s + Y1.5)* hy.

Proof We need to look for conditions for Eq. (14) to be satisfied

= _ 9i 1,5 _ = _ 9i + 1,5 =
B; —3a;) < ———— + (6; — 2&;) Bi —ay) < ——>+ 3, 14
P( 3 )_ I ( ) P(3 )_ = (14)

where 7.5 = 31/(202 + ¢2)(log(dT/§) + log(1 + T)).

Considering the different configurations of («, /3) possible using Lemma 3, gives 5 zones with
different sufficient conditions for the existence of a p; € [0, 1] satisfying Eq. (14). They are sum-
marized in Table 1, and are upper-bounded by the DG-hardness defined in Definition 2.
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(2) (3)

Zone Threshold of m - 1050
®  @%<05>0 1/57 { o bl
@ 0<a<p/3 1/(B; — 2a,)? | o
® 0<B/3<a<38 (ai+p5i)*/(Bi — a)! § .
@  0<3Bi<wo 1/(a; — 25;)?2 |
®  @>05<0 1/a2 o B

Table 1: Exploration thresholds for UpdExp. Figure 3: Exploration thresholds for

Subroutine UpdExp as a function of &;
and §; forc = 1.
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