A Experiments

As proof of concept, we demonstrate our theoretical findings empirically in a simulated logistic
regression setting. In the first set of experiments, we adopt the model from Section[d.2] where agents
are constrained in how they modify their features. In the second set of experiments we adopt a model
more akin to that in [20] where the negatively classified agents are penalized from deviating from
their true features. For simplicity, we refer to the first setting as the “constrained agent” case, and the
second as the “costly deviations” case. The details of all numerical results are deferred to the end of
this section.

A.1 Agents with constraints

To begin, we verify our theoretical findings from Section[d.2} First we let the decision-maker lead and
the agents follow, and then we switch the roles. In both cases the slower player runs the derivative-free
update (3), and the faster player runs standard (projected) gradient descent. We generate 100 samples,
fixa =2,0 =1,d =1, and vary B and p. We run the interaction for a total of 7" = 100000 epochs,
with each epoch of length 7 = 200. In Figure 2]and Figure[3]we plot the decision-maker’s and the
agents’ average running risk against the number of epochs, for the two different orders of play, for
B = 2and B = 1, respectively. For p € {0.1,0.5} and B = 2, we observe a clear gap between
leading and following, the agents leading being the preferred order for both players. For p = 0.9 or
B =1, the two equilibria coincide asymptotically, however for any finite number of epochs both
players still prefer the agents to lead.
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Figure 2: Decision-maker’s and agents’ average running risk for varying p and B = 2.

A.2 Agents with costly deviations

In this section, we verify our findings on a model where the decision-maker’s problem is the same
logistic regression problem posed in Section[d.2] but the strategic agents are penalized for deviating
from their true features. In particular, the agents’ risk R takes the form:

A
R, 0) = Sllul* = p70.

We remark that though this setup is conceptually very similar to that in Section[#.2] (increasing \’s
can be seen as shrinking the constraint set), we use it to highlight that the experimental results are not
caused by interactions with the constraints. Further, this setup is more readily comparable to previous
models studied in, e.g., [20].

In our experiments we once again let the decision-maker lead and the agents follow, and then we
switch the roles. In both cases the slower player runs the derivative-free update (3, and the faster
player runs standard (projected) gradient descent. We generate 100 samples in R2, fix o = 1.5[1, 1]
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Figure 3: Decision-maker’s and agents’ average running risk for varying p and B = 1.

and o = 1, and vary A and p. We run the interaction for a total of 7" = 50000 epochs, with each
epoch of length 7 = 100. In Figure @ and Figure [5| we plot the decision-maker’s and the agents’
average running risk against the number of epochs, for the two different orders of play and for A = 1
and A = 20 respectively. To be able to analyze the long-run behavior, we also explicitly compute
the Stackelberg risks of the decision-maker and strategic agents and find the global minima which
correspond to the decision-maker’s and agents’ equilibria respectively.
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Figure 4: Decision-maker’s and agents’ average running risk for varying p and \ = 1.

In Figure 4] we empirically observe that there is gap between the decision-maker’s risk at their
Stackelberg equilibrium and at the agents’, and that the decision-maker consistently achieves a lower
risk when the agents lead. Further, we note that agents consistently prefer leading, meaning that
both the decision-maker and agents prefer if the order-of-play is flipped. We also observe that the
proposed dynamics converge to the desired equilibria, validating our theoretical results.

Remark A.1. Our empirical results suggest that the agents’ equilibrium is a strictly better equilib-
rium in terms of the social cost (defined classically in game theory as the sum of the agents’ and
decision-maker’s risks). Such equilibria were not captured by prior models and only emerge when
considering learning dynamics of both players.
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Figure 5: Decision-maker’s and agents’ average running risk for varying p and A = 20.

In Figure 5] we again observe that the proposed dynamics converge to the Stackelberg equilibria. By
comparing with Figure ] we also observe that as X is increased and p increases, the gap between
the two equilibria shrinks and disappears entirely when p = 0.9 and A = 20. This is similar to
the behavior seen in the constrained agent problem where shrinking the constraint set can give
rise to Nash equilibria where neither agent strictly prefers leading or following. This highlights
the inter-dependence between the preferred order-of-play and the problem structure, meaning that
understanding when leading or following is strictly preferred by players is a non-trivial learning
problem.

A.3 Further experimental details

10112
as given in the proof of Proposition .2 with 1000 steps of gradient descent. We approximate the
relevant expectation via a sample average over 1000 samples o ~ N (a, 0?). Once we have fsg, we

compute upr(fsg) = ”(fssﬁB. To find the agents’ equilibrium, we perform grid search over 1000

To generate Figure we first find the decision-maker’s equilibrium by optimizing L (LB , 6) ,

equally spaced points in the interval [— B, B]. For each point in the grid, we compute the relevant
best response fpg (1) by running 1000 steps of gradient descent, again estimating the expectation
over 1000 samples. We take as the agents’ equilibrium the point y in the grid that minimizes the
estimated value of R(u, Opr(i)).

To generate Figures [2 and [3] in all experiments we set the step size of the faster player, that is,
the one running gradient descent, to 0.1. When the decision-maker leads, we set their step size to
be 7, = 0.5¢3/4. When the agents lead, we set their step size to be 7; = 0.05¢t~3/%. We let the
perturbation parameter § decrease with time, and set 6, = ¢t~ /4,

To generate Figure when the decision-maker led, we set their step size to be 77, = 0.1t~3/4. When
the agents led, we set their step size to be 7, = 0.01¢t73/4. We let the perturbation parameter &
decrease with time, and set §, = ¢ ~'/%. When the decision-maker and agents followed, their stepsizes
for gradient descent were 0.1 and 0.01 respectively. To generate Figure[5all parameters were the
kept the same except when the decision-maker led, we set their step size to be n, = t—3/4.

To compute the decision-maker’s and agents’ risk at the decision-maker’s equilibrium, we explicitly
computed the decision-maker’s Stackelberg risk by using the fact that the best response of the agents
is upr(6) = %9. We then minimized this risk directly using gradient descent with a fixed step-size
of 0.1.

To compute the decision-maker’s and agents’ risk at the agents’ equilibrium, we computed their
Stackelberg risk over a grid by fixing ;+ and running gradient descent with stepsize 0.1 on the decision-
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maker’s problem until convergence for each value of ;. We then found the minimum of the agents’
Stackelberg risk by searching over the grid.

B Proofs

Lemma B.1. Suppose that M is compact. If the decision-maker is proactive and the strategic agents’
actions satisfy condition (AT)), then

R
Jim — z; Ellpjr — pBr(0e)]|2 = 0.
]:
Similarly, if the decision-maker is reactive and

T
1
lim lim — “ESRg(u) — SRr(pse) =0,

T—oo T—00 T’ P

then

T
. .1
:Fll_{r;o Tlggo T ;EHM — psgll2 = 0.

Proof. We will prove the second statement; the proof of the first statement is completely analogous.

By the uniqueness of ugy and compactness of M, notice that for all ;4 and ¢ > 0 such that
e — psgllz > €, we have SRr(1) — SRe(usg) > d(e) > 0, for some d(e). We will use this

observation to argue that, if Zle E| g+ — psgll2 # 0, then that must imply positive regret in the
limit, which concludes the proof by contradiction.

Denote dist; = lim,_,~ E||pt: — psgl2, and suppose that

T
.1 .
TI% T ;:1 dist; # 0.

Then, that implies that for every e > 0, there is a sequence {ay }?2 ; such that i >oik, dist, > e for
all k. Fix 0 < € < ¢, and denote py, = ;- |{t < aj, : dist; > ¢'}|. Then, we have

1 &
€< —Zdistt < prDpa + €,
k=

where Daq = max,, sem ||t — p'[|2. Therefore, pp > 65;: > 0. This shows that in the sum

i Z?il dist, there is a constant fraction of terms outside a ball of radius €’ around pgg, in expecta-
tion. Fix one such term dist;~. Then, we know

€ < distys < lm P{||pex — psgll2 > € /2}Dag + € /2.
T—r00
Therefore, we can conclude that lim,_, o P{|| s+ — psg|l2 > €' /2} > 25//\4 > 0. On this event, we

also know that lim, _, o SRgr(u+) — SRr(use) > d(€’/2). Putting everything together, we have
shown that

1 &
— Y lim ESRg(u) — SRe(pse) = A >0,
ak ) T—r00

and this holds for all terms in the sequence {aj}. This finally implies that
+ Zthl ESRgr(u:) — SRr(use) # 0. Since this contradicts the hypothesis, we conclude
that im0 lim, e = 3 Bl — psgll2 = 0. O
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B.1 Proof of Theorem 3.1]

We let SR, (0) = Eyunit(s)[SRL(0 + dv)], where B denotes the unit ball. Then, we know that

— U, s[SRL(0 + du)ud,

where S denotes the unit sphere. Denote by Osr, the optimum of SR, and notice that SR, is convex
since SR, is convex.

For any fixed ¢, we have
N d ~
lpe1 — Osell3 < lle — TltgL(ﬂt,sbt + dug)ug — Osrl|3

. d . d?
< o — Osull3 — 200= Lfie, ¢r + Sug)uy (¢ — Osg) + 77152§||L(ﬂta b1 + Oug)ul|3

§
5112 d T ) L d*B?
<Il¢r — Osgll5 — QTItSL(ﬂta bt + dup)uy (dr — Osk) + 1y 52 (6)

Focusing on the middle term, we have

L(fit, ot + 5Ut)u;r(¢t - éSE) = L(fi, ¢t + 5Ut)uj(¢t - éSE) + L(usr(0:), ¢ + 5ut)uf(¢t - éSE)
> L(ppr(¢r + dur), dr + dug)u] (¢ — Osu) — Bulliic — psr ()2 De-

Denote ¢; def E| i+ — par(0:)]2- Taking expectations of both sides, we get
EL(jit, ¢¢ + 0us)u; (¢r — Osp) > Lpsr(¢r + ur), ¢ + dur)u] (¢ — Osg) — BuDe¢;.

Going back to equation (€) and taking expectations of both sides, we get
d’B?

Ell¢r+1 — Osll3 < Ellé: — Osgll3 — 20 (E[VSRL(6:) T (¢¢ — Osp)] — BuDeer) + 17 52

A = = 4 d
< Ell¢y — Osgll5 — 2m(ESRL(¢¢) — SRL(0sE) — BuDeer) + 7735727
where in the last line we use the fact that SR 1, is convex. After rearranging, we have

ntd B

_ . 1 R R
. < - . 2 . 2
ESRy(60) ~ SRy (Os) < 5 - (Bl — sl ~ Elloun — bssl) + 75

+ 5#D65t

Summing up over t € {1,...,T}, we get

T 2 T-1 2 R2
S (EISR (60)] - SRy (Bse) < 20 4 13 (1 - ) g+ L5 Zm + 8,De Zet

2
t=1 2m N 26

D% d232
<5 27]T 252 Zﬁt‘Fﬂ#D@ZEt,

where we use the fact that n; is non-increasing.

We use the fact that SRy, is Lipschitz to bound the difference between SR, and S/f\{ L.

EISRL(6) — SRL(6))]] < 265,
and similarly
€
Putting everything together, we conclude

T

Z(E[SRL(Ht)] SRr(0sk)) <

t=1

D2 d2Bz T T
o T o5 > +380T + B.Do D e
t=1 t=1
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Setting 7; = 1od =2t~ % and § = Jodz T~ 1/4 yields the final bound:
g y

T D2
S (IR0 - SRu(0se) < (50 + 25°) VAT 45,06 Zet

t=1 210

For the second statement, observe that
/e — pBr (62 < ZHMm 1er(0) |2,
and the right-hand side tends to 0 in expectation as 7 — oo by Lemma B.1}

B.2 Proof of Theorem 3.4

By standard convergence guarantees of gradient descent on PL objectives [34], we have
e = 1RO ll2 < VR = 1) 72 pt-1 = pmr(0)]|2,

R
where & BT“ Denote ¢, def le — pBR(6:)]|2. We will show that e; decays fast enough due to the
decay in 7. In particular, we have

e = ||t — per(00)|l2 < VE(L — 1) i1 — psr(0:) |2
= VE(L =) 2| -1 — pr(01—1) + R (01—1) — pBR(0:)]|2
< VR =107 (|pe—1 — per(Oc—1) |2 + R (B:—1) — 18R (0:)]2)
< VE = 1) -1 — per(B-1)ll2
ned
VR =) PR L 6 Gyl

d
<Vk(l-— 77’#)7/267&—1 +VE(l — VWu)T/Z%B

Now suppose 7 is chosen such that 7 > II(OLT). Then we have that a(7) o VE(1=ym,)T? < 1.
og T,
(Note that as 7 increases, a(7) can be driven to zero.) Altogether, we find that:

dBerB

e < aT)e—1 + a(T)m 5

Unrolling the recursion, we find that

dBprB .
e < a(r)eo + Per Za(r)”lﬂm.

0 =1
Summing up over ¢t € {1,...,T}, we get
T T T
d B
Se<od al)+ 51?1 3OS a(r)tHy
t=1 t=1 t=1i=1
T T
€0 dBprB 41
< Q@ ' 1{i <t
1—a(r) 1) ; 1:21 (7) { }
T T
€0 dBerB t+1—i
+ Yy aT) 1{i <t
1—a(r) 1 ; tz:; { }
T T
€0 dBpr B 1
1—a(r) 1 ;m;a( )
¢ dBprB
0 BR
<
ST1—a(n) 81 —-alr) 2



For 1, = nod—Y/2t=3/* and § = §4d"/>T~1/*, we have
T
1 4 B T
Sa<—t (o 4BrBovVT |
=1 1—afr) do

B.3 Proof of Theorem 3.6

Define i} = Dy(p1,08r(11), - - 451, 0BR(1t—1), & ). First we will prove that

T

. o1

lim lim — ESRg(u) — SRr(pse) = 0. (7)
t=1

T—o0o T—00 T’

To show this, it suffices to prove that for all ¢, j1; —, i as 7 — oo. The sufficiency of this condition
follows because

T—ooT—00 T

T

. .1

lim lim — ZESRR(ut) — SRE(usE)
t=1

T
. . 1 * *
= lim lim T E [ESRg(p:) — ESRRr(pf) + ESRg(1;)] — SRr(pusk)

T—o00 T—00
t=1

T
: o1 .
= lim lim T E (ESRR(1e) —ESRR(1;)),

T—00 T—00
t=1

where the last step follows by the assumption that the agents play a rational strategy. Therefore,
if iy —p pf, continuity of SRz () implies ESRg(p:) — ESRr(1y) — 0 and we get the desired
conclusion.

We prove that p; —,, p by induction. Notice that 1 = pj by definition.

Suppose that pi; — p for all j < ¢. Denote by 0; - the possibly randomized algorithm that maps
fj to 0;. Then, for any u € M, we know that ||0; - (1) — Or(1)||2 —p 0 by assumption. This in
turn implies that for all 7 < ¢,

10+ (15) — OBr (1) l2 < 1105+ (1t5) — OBR(125)||l2 + [|0BR(115) — OBR(11]) |2 —p O,
where the second term tends to 0 by the continuous mapping theorem. Finally, we can apply the
continuity of D; to conclude that ;1 —, py, as desired.

Let 3 denote the Lipschitz constant of SR;,. Finally, we we can apply this Lipschitz condition to
conclude:

N =
MH

EL(pt,0¢,7) — L(psk, O8r (1se))

&~
Il

1

[EL (¢, 0¢,7) £ EL(p1t, 08r (12¢)))] — L(1sE, OBr(UsE))

I
Nl =
[M]=

t=1

(EL(pe, O08R (11e)) — L(pse, Or (use)) + E[L (1, 01,7) — L(pee, O5R (12¢)])

t

T
1
T > Ellu — psnll2 + T > E[L(p,0e.7) — Llps, O (1))
t=1 t=1

S
_

I
™ Nl
[M]=

<

By Lemma[B.]] the guarantee (7)) implies that the first term vanishes. The second term vanishes by
continuity. Therefore, taking the limit over 7', 7, we obtain

T

. .1

lim lim — ZEL(M, 91:) — L(MSE7 HBR(MSE)) =0,
t=1

T—ooT—00 T’

as desired.
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B.4 Proof of Propositon

First we assume the decision-maker leads. When 6 is the deployed model, the best response by the
agents is to simply move by distance B in the direction of 6. Thus, ugr (6) is given by:

. 0
R (6) = argminB(e )iy — @0 = 1B
o

This implies the following expected loss for the decision-maker:

1
L(pzr(0),0) = EZNP(WB)K(Z;H) = §E(xmy)~7’(0) (y — 00— ||9H2B)

2 2
o 1 B

= — +-|IB— 0|3+ =03

-+ 518 — 013 + 1613

This objective is convex and thus by finding a stationary point we observe that it is minimized at
Ose = 17 32 By plugging this choice back into the previous equation, we observe that the minimal

Stackelberg risk of the decision-maker is equal to

o lIBl3B?
SRr(fse) = L(ker(0sk), Ose) = o + 21 B (8)
Moreover, the agents’ loss at fgg is equal to:
_ _ _lsl:B
R(ur(0sk), Osp) = —|0sell2B = 1+ 5

Now we reverse the order of play and assume that the agents lead. If the agents move by p, i.e. they
follow the law P (1), then the decision-maker incurs loss:

1
L(1,8) = Eppiny (y— 06— n76)” = W 0lI3 + ( T0)%.
By computing a stationary point, we find that the best response of the dec:1s10n-maker is:

.
9 = (I + ") (I““) .
BrR(1) = ([ +pp )8 T+ B B

The Stackelberg risk of the strategic agent is then
T
SRR (p) = R(u, Opr (1)) = —p Opr(p) = —p' (I - 1flr|2> B
13
lpl3un™s '8
L flulz T+ luls
Among all ¢4 such that || u||2 = C, SR g(u) is minimized when g points in the 3 direction: u = C 0 g

Bll2*

=—u' B+

With this reparameterization, we can equivalently write min, SRz (u) as

-C
min 1527 o
This function is decreasing for C' € (O7 1], and increasing for C > 1. Therefore, usg =
min(1, B)ﬁ, and
min(1, B)

SRr(usE) = _HBHQH-T(LB)?'

Finally, we evaluate the decision-maker’s loss at usg:

T . 2
Luse, o (nse)) = . + 3 Sl e 2 (1, pinCB) )

o2 1 ||8]3min(1,B)* 1 min(1,B) \°
2 o0t min(L B2 2 (”5”21+min(1,3)2)
O'
2

+

1813 min(1, B)*
2(1 4+ min(1, B)2)"

+
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B.5 Proof of Proposition
First we evaluate L(u, 0):
L (1,0) = E(ey)~p(u) [—wa@ +log(1 + e’”)}
= Egeyyopin) [logle™? 0 4 1702 70)]
= E(p.)~p(0)[L{y = 1} log(1 + 70 %) + 1{y = 0} log(1 + " **#7)].

We prove that the agents are never worse off if they lead. We will provide a sufficient condition;
namely, we will show that

6
SRr ( oE B) = R(usr(bsk), Osk).
[0sEll2

This immediately implies that SRz (usg) < R(usr(0sE), Osk)-
To see this, first observe that
R(usr(0sk), Ose) = BlOskl|2,
where Ogg = argming L (” o B 9) Here we use the fact that the best response of the agents is to
simply move by distance B in the direction of ¢:

0
ppr(f) = argmaxf'p= ——B
peM 1612
By the fact that sg, is a Stackelberg equilibrium, we know that VSR, (0sg) = 0, where SR (0) =
L(2-B,0):
llel2

0 6+6]2B 0
evo 28 (g —— B
(2o + o B)

Wy = O s

e~ %o 0
VoSRL(0) = E(zyy)~r0) |1y = 1}#

In contrast, consider Vg L(j, 6):

T T
efo 1 O ag + pu)
1+ e¥o 0nT0

+1{y =0}

—z10
B e 0% (=)
VoL(1,0) = Ezo,y)~p0) ll{y =T

Notice that VoSSR, (0sg) = 0 implies that VgL( o EH

this condition implies that fgg, is a best response to ” ” B, hence

B, 0sg) = 0. Since L(u, 0) is convex in 0,

%
SRR( SE B) = R(uBr(0sk), Osk)-
10sell2

Now we analyze the decision-maker’s preference. Notice that L (s, ) is increasing in p ' 6; that is,
for any 6 it holds that max,, L(u, ) = L(usr(6),6). Using this, we observe that for every 6 we
have

L(psg, O8r(pse)) < L(psg, 0) < max L(,0) = SR ().

Since this also holds for # = fgg, we conclude that following is never worse than leading for the
decision-maker.

C Local guarantees when SR/, is nonconvex

We provide local guarantees in the limit when the decision-maker’s Stackelberg risk is possibly
nonconvex. Specifically, we show that the update rule (3) converges to a stationary point of a smooth
version of the decision-maker’s Stackelberg risk, provided that the strategic agents achieve iterate
convergence. Moreover, under mild regularity conditions, this stationary point is a local minimum
(see, e.g., Theorem 9.1 in [7]]).
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Proposition C.1. Assume that the agents achieve iterate convergence, ||y — upr(0:)|| — 0 almost
surely as t — oo. Further, assume that the decision-maker’s Stackelberg risk is Lipschitz and smooth,
and that L(u, 0) is Lipschitz in its first argument and bounded for all p and 0. If the decision-maker
runs update (3) with n, satisfying Zfil 1y = oo and Zfil n? < oo, and § = ﬁ, then as t — oo,

¢ — ¢* such that VSR (¢*) = 0, where SRy (¢) = Ey~unit(8) [SRL(¢ + 6v)].

Proof. We make use of results from the literature on stochastic approximations (see, e.g., [10]]).

As in the proof of Theorem let S/RL(¢) = Ey~unit(8) [SRL(¢ + dv)], and recall §; = ¢; + duy,
uy ~ Unif(S971).
We begin by writing the update for ¢, as:

[STIRSH

Gir1 = Pt — 1 v¢§ﬁL(¢t) - V¢S/f\{L(¢t) — —L(upr(0:), 0:)uy

=I

d
—s L(pe, 0¢)us — L(usr(0:), 0¢)us
—1I

Since J
VeSRL(¢) = Eyunit(si—1) |:5SRL(¢ + 5”)”] ;
we know E,, [I] = 0. Since L is bounded and SR, is smooth, we know ||I||2 is bounded. Thus, I is a
zero-mean random variable with finite variance.
For term II, we use the assumed Lipshchitzness of L in the first argument to find that:
T2 < Bullpe — psr(0)]]2]|uell2
= Bullre — pBr(6:)]l2,

where we use the fact that ||u||s = 1. By assumption, ||u; — ppr(6:)]|2 — 0 almost surely as ¢ — oo.
Thus, we can write the update rule as:

Gry1 = G — M (ans/f{L(th) +& + Mt) )

where £; = o(1) and M, is a zero-mean random variable with finite variance. Since the assumed
choice of 7, satisfies Y-, n; = co and Y ;= | n? < oo we can invoke Chapter 2, Corollary 3 in [10]

to find that ¢y — ¢* € {¢: V¢S/f\{L(¢) = 0}. O
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