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A Proofs

Proof of Theorem[2.1] This proof is done via the standard conformal risk control argument [An]
gelopoulos et al., 2022].

Consider the “lifted” threshold
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nA LT plo(xlp<t

which, as opposed to their “unlifted” counterpart ¢, leverage the (n + 1)-th sample as well and does
not include the 3/(n + 1) term.

Note that it is certainly the case that t&”H) > to. Moreover, note that the fidelity error is monotone

with ¢, and so it suffices to show that the fidelity function with ¢t("*1) is upper bounded by .

Let Z, be the multiset of the samples (X, Y;)?_; —i.e., a random variable representing the samples,
but with their order discarded. Hence, upon conditioning on Z,, all the randomness that remains is
that of the order of the samples. It then follows:
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and by the definition of t&”“), this is upper bounded by «. Thus

E sup Dy((Xn+1): Yni1)| = Ez, |E sup Dy (1(Xn+1)s Yni1)| Zs
pilo(Xnsn)lp <t pilo(Xnsn)lp <t
< EZ* [Oé] = Q,
which concludes the proof. O

Proof of Proposition[3.1] The PSNR we are bounding is given by
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15 Now, by Jensen’s Inequality and standard properties of logarithms,
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16 And, because the RMSE is upper bounded by the maximum error, we get that
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17 And, by Theorem [2.1]
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18 where the last step holds as long as all pixel values are in [0, 1].

20 Proof of B.2] We effectively want to bound the supremum of the expected fidelity error as the leaked
21 data is allowed to alter freely. For convenience, let sup,,,;.q denote the supremum over all possible
22 values of the leaked samples (X;,Y;)7_,, ., (and infieakeq the corresponding infimum).

23 Note that the error function is decreasing on the selected parameter ¢ and continuous. Hence:
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24 and in turn
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25 Note that this corresponds to doing our calibration procedure only on the new data but with altered
26 fidelity level - (n + 1)/ (Mpew + 1) = @+ (Nnew + Meaked + 1)/ (Nnew + 1), and so, by the same
27 arguments as in Theorem
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B On [Kutiel et al., 2023]]

The method of [Kutiel et al., 2023]] produces, given a low-resolution image X in [0, 1]**"*3 and an

initial estimate of uncertainty o in nggx *h a predicted high-resolution image Y in [0, 1]kwxkhx3

along with a continuous ‘confidence mask® M in [0, 1]***¥" where higher values denote higher

confidence at that region of the image. Ideally, this continuous mask would be such that it would
satisfy an RCPS-like guarantee

Y]ij— V]igl| <a| >1-34, )

1
PE kwkh;[m’*i'

for some chosen « and 4. This goal is enunciated in Definition 2 in [Kutiel et al., 2023]E] Their
calibration procedure is then presented in Section 4.2 of their paper; it does the following:

1. Foreach¢ =1,...,n, compute

MX = min{)\,l}
1 — [O']ig' +6

1 N
A= max < A Twkh ;[MO‘)]M Y — [Y]i7j| <«

2. Compute A := Quantile; _5(A1, ..., An).
3. The resulting “calibrated” masks are produced by M),

However, they do not prove that this procedure satisfies Equation [T} other than a passing mention at
the end of their Section 4.2. Indeed, the guarantee actually does not hold: intuitively this should be
fairly immediate:

1. They writeﬂ “Finally, A is taken to be the 1 — ¢ quantile of {\z}}_,, i.e. the maximal value
for which at least § fraction of the calibration set satisfies condition (5). Thus, assuming the
calibration and test sets are i.i.d samples from the same distribution, the calibrated mask is
guaranteed to satisfy Definition 2.” However, their condition (5) states that

1 A
B g M [V]es =Wl | <o

with an expectation — this expectation is fundamentally absent in the calibration procedure.

2. Additionally, the quantile taken is a simple empirical quantile. But the guarantee we want is
that the populational risk is bounded. To satisfy this, one would need to slightly tweak the
quantile; this is analogous to how in RCPSs you would apply a concentration inequality (e.g.
Hoeffding).

Indeed, we provide here a counterexample, in which their procedure does not satisfy their stated
guarantee.

'The one difference is the presence of the normalization m, which is absent in their paper (they refer to a

simple 1-norm). However, we found it to be necessary in order for their method to function, and conjecture that
it was accidentally omitted in their work.

*Modulo ajustments to notation



54 Example B.1. Suppose that o is a deterministic 0 mask for all inputs. Then, to show that Equation|[I]
55 does not hold, we just need that
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s6 for some o and 4. Further suppose that there is some nonzero probability 7 that 7 >~ i | [}A’]l j
57 [Y]”‘ = 0 for all samples in the calibration set. Then, with this nonzero probability, A\ =
s8 1 regardless of §, implying that [M];; = 1/(1 + ¢€). By chosing 6 = 7/2 and o <

59 1_56 {kwlkh Zi,j Y] — [Y]s; }

, we conclude.
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C Pseudocodes

Concrete implementations of these algorithms can be found in our code.

Algorithm 1 Conformal mask calibration (computation of ¢,) with dynamic programming

T < all unique values of 0(X1),...,0(X,)

T «+ Sort(T)

D < values of D,, each entry of T > can be computed jointly with the sorting
I + indices of the original images for each entry of 7' > can be computed jointly with the sorting
R, <0 > risk so far on each observation
R+ ni_l > total risk so far
t, & —00

[+ NA > last threshold seen so far

fori=1,...,nddo
if t; # [ then
if R < o then
ty 1t
end if
end if
I+ t;
r + max{Ry,, D;}
R+ R-—
Ri 7T
end for
return ¢,

n+1 I; + 7L+1T

Algorithm 2 Conformal mask calibration (computation of ¢,,) with a brute force search

T « all unique values of o(X1),...,0(X,)
t, < —00
fort € T do
compute risk R + n%_l D i1 SUP (x4, <t Dp(Yis (X5)) + n%_l
if R < « then
t, < max{t,,t}
end if
end for
return ¢,
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D Results on Image Colorization

Here we showcase a direct adaptation of our method for image colorization rather than super-
resolution. The method works similarly, suggesting a broad applicability beyond our domain.

o with 64-pixel-wide Prediction with Prediction without
Gaussian blur Gray scale Ground truth conformal mask conformal mask
' L e s e

— o g b

Figure 1: Results of our method adapted for image colorization. This figure presents a comparison
of multiple color-restored images generated using the DDColor base model [Kang et al., [2023],
alongside their corresponding conformal masks for o = 0.1 and non-semantic D,,. Our conformal
masks accurately highlight regions where color predictions significantly deviate from the ground truth,
effectively capturing uncertainty related to hue variations, saturation inconsistencies, and lighting
discrepancies.This demonstrates the versatility of our theoretical framework, indicating it can be
directly extended to other image restoration tasks beyond super-resolution.
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