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Abstract

In real-world reinforcement learning (RL) systems, various forms of impaired
observability can complicate matters. These situations arise when an agent is
unable to observe the most recent state of the system due to latency or lossy
channels, yet the agent must still make real-time decisions. This paper introduces
a theoretical investigation into efficient RL in control systems where agents must
act with delayed and missing state observations. We establish near-optimal regret

bounds, of the form O(4/poly(H)SAK), for RL in both the delayed and missing
observation settings. Despite impaired observability posing significant challenges
to the policy class and planning, our results demonstrate that learning remains
efficient, with the regret bound optimally depending on the state-action size of the
original system. Additionally, we provide a characterization of the performance of
the optimal policy under impaired observability, comparing it to the optimal value
obtained with full observability.

1 Introduction

In Reinforcement Learning (RL), an agent engages with an environment in a sequential manner. In
an ideal setting, at each time step, the agent would observe the current state of the environment, select
an action to perform, and receive a reward [Smallwood and Sondik, 1973, Bertsekas, 2012, Sutton
and Barto, 2018, Lattimore and Szepesvdri, 2020]. However, real-world engineering systems often
introduce impaired observability and latency, where the agent may not have immediate access to the
instant state and reward information. In systems with lossy communication channels, certain state
observations may even be permanently missing, never reaching the agent. Nevertheless, the agent is
still required to make real-time decisions based on the available information.

The presence of impaired observability transforms the system into a complex interactive decision
process (Figure 1), presenting challenges for both learning and planning in RL. With limited knowl-
edge about recent states and rewards, the agent’s policy must extract information from the observed
history and utilize it to make immediate decisions. This introduces significant complexity to the
policy class and poses difficulties for RL. Moreover, the loss of information due to permanently
missing observations further hampers the efficiency of RL methods. Although a naive approach
would involve augmenting the state and action space to create a fully observable Markov Decision
Process (MDP), such a method would lead to exponential regret growth in the state-action size.

Why existing methods do not work. One may be tempted to cast the problem of impaired
observability into a Partially Observed MDPs (POMDPs). However, this would not solve the
problem. In POMDP, the system does not reveal its instant state to the agent but provides an
emission state observation conditioned on the latent state. POMDPs are known to suffer from the
curse of history [Papadimitriou and Tsitsiklis, 1987, Bertsekas, 2012, Krishnamurthy, 2016], unless
additional assumptions are imposed. Existing efficient algorithms focus on subclasses of POMDPs
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Figure 1: Reinforcement learning with impaired observability. At time h, the agent only observes the
past state s,_q4 and actions ap_g4, - .., ar—1. The policy depends on the observed information.

with decodable or distinguishable partial observations [Jin et al., 2020, Uehara et al., 2022, Zhan
et al., 2022, Chen et al., 2022, Liu et al., 2022, Zhong et al., 2022, Chen et al., 2023], where the
unseen instant state can be inferred from recent observations. Unfortunately, MDPs with impaired
observability do not fall into these benign subclasses. The reason behind this is that at each time step,
a new observation, if any, is in fact a past state. Viewing it as an emission state of the current one
leads to a time reversal posterior distribution depending on the underlying transitions, which suffers
from the curse of history and makes the POMDP intractable. The problem becomes even harder if
some observations get missing.

Empirical evidences suggested that efficient RL is possible even with impaired state observability
[Lizotte et al., 2008, Liu et al., 2014, Agarwal and Aggarwal, 2021]. However, theoretical under-
standing of this problem is very limited. One notable work [Walsh et al., 2007] studied learning with
constant-time delayed observations. They identified subclasses of MDPs with nearly deterministic
transitions that can be efficiently learned. Beyond this special case, efficient RL with impaired
observability in MDPs with fully generality remains largely open.

Some recent works studied delayed feedback in MDPs [Yang et al., 2023, Howson et al., 2023]. It
is a fundamentally different problem where the agent’s policy can still access real-time states but
learning uses delayed data. Our problem is fundamentally harder because the agent’s policy can only
access the lossy and delayed history. See Section 1.1 for more discussions.

Our results. In this paper, we provide algorithms and regret analysis for learning the optimal policy
in tabular MDPs with impaired observability. Note that this optimal policy is a different one from the
optimal policy with full observability. To approach this problem, we construct an augmented MDP
reformulation where the original state space is expanded to include available observations of past
state and an action sequence. However, the expanded state space is much larger than the original one
and naive application of known methods would lead to exponentially large regret bounds. In our
analysis, we exploit structure of the augmented transition model to achieve efficient learning and
sharp regret bounds. The main results are summarized as follows.

e For MDPs with stochastic delays, we prove a sharp O(H*v/SAK) regret bound (Theorem 4.1)
comparing to the best feasible policy, Here S and A are the sizes of the original state and action
spaces, respectively, H is the horizon, and K is the number of episodes. Here we allows the delay to
be stochastic and conditionally independent given on current state and action. Moreover, we quantify
the performance degradation of optimal value due to impaired observability, compared to optimal
value of fully observable MDPs (Proposition B.2). We also showcase in Proposition 4.2 that a short
delay does not reduce the optimal value, but slightly longer delay leads to substantial degradation.

e For MDPs with randomly missing observations, we provide an optimistic RL method that provably

achieves O(vV H3S2AK) regret (Proposition 5.1). We also provide a sharper O(H*/SAK) regret
in the case when the missing rate is sufficiently small (Theorem 5.2).

To our best knowledge, these results present a first set of theories for RL with delayed and missing
observations. Remarkably, our regret bounds nearly match the minimax-optimal regret of standard
MDP in their dependence on S, A (noting that the target optimal policies are different in the two
cases). It implies that RL with impaired observability are provably as efficient as RL with full
observability (up to poly factors of H).

1.1 Related work

Efficient algorithms for learning in the standard setting of tabular MDPs without impaired observabil-
ity has been extensively studied [Kearns and Singh, 2002, Brafman and Tennenholtz, 2002, Jaksch
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et al., 2010, Dann and Brunskill, 2015, Azar et al., 2017, Agrawal and Jia, 2017, Jin et al., 2018,
Dann et al., 2019, Zanette and Brunskill, 2019, Zhang et al., 2020, Domingues et al., 2021], where

the minimax optimal regret is 1) (VH3SAK) [Azar et al., 2017, Domingues et al., 2021].

The delayed observation studied in this paper is related to delayed feedback in Howson et al. [2023],
Yang et al. [2023], yet the setup is fundamentally different. In delayed feedback, an agent sends a
policy to the environment for execution. The environment executes the policy on behalf of the agent
for an episode, but the whole trajectory will be returned to the agent after some episodes. The policy
executed by the environment is able to “see" instant state and reward. It is Markov and not played by
the agent. Our setting concerns learning executable policies when delayed or missing states appear
within an episode. The policy is no longer Markov and can only prescribe action based on history.
Therefore, the algorithms and analyses for delayed feedback MDPs are not applicable to our settings.

Despite the distinct settings, there are existing fruitful results in efficiently learning MDPs or bandits
with delayed feedback. Stochastic delayed feedback in bandits is studied in Agarwal and Duchi [2011],
Dudik et al. [2011], Joulani et al. [2013], Vernade et al. [2017, 2020], Gael et al. [2020], Lancewicki
et al. [2021]. In the more challenging setting of reinforcement learning, Howson et al. [2023]
considers tabular MDPs and Yang et al. [2023] generalizes to MDPs with function approximation
and multi-agent settings.

On the other hand, results analyzing MDPs with missing observations are limited in literature,
although missing data is a commonly recognized issue in applications [Garcia-Laencina et al., 2010,
Jerez et al., 2010, Little et al., 2012, Emmanuel et al., 2021]. One notable result is Bouneffouf et al.
[2020] for bandits with missing rewards.

Notation: For real numbers a, b, we denote a A b = min{a, b}. In episodic MDPs, we use the
superscript k£ to denote the index of episodes, and the subscript i to denote the index of time.
We denote a;.; = {ai,... ,aj} as the collection of actions from time ¢ to j. For two probability
distributions p and v, we denote their total variation distance as || — v||Tv.

MDP preliminary: An episodic MDP is described by a tuple (S, A, H, R, P), where S, A are
state and action spaces, respectively, H is the horizon, R = {rh}thl is the reward function and
P = {py }L, is the transition probability. We primarily focus on tabular MDPs, where S = |S| and
A = | A| are both finite. We also assume that the reward is uniformly bounded with ||7 || < 1 for
any h. An agent will interact with the environment for K episodes, hoping to find a good policy to
maximize the cumulative reward. Within an episode, at the h-th step, the agent chooses an action
based on the available information of the environment. After taking the action, the underlying
environment produces a reward and transits to the next state. With full state observation, a policy 7
maps instant state s to an action a or an action distribution. Given such a policy , the value function

is V}T(Sl) =FE™ [Z}Iz—{:h T}L(S}L'7 a,h/)

2 Problem formulation

sh} , where [E™ is the policy induced expectation.

In this work, we study MDPs with impaired observability. We focus on two practical settings: 1)
delayed observations and 2) missing observations.

MDP with delayed observations In any episode, we denote dj, € {0,1, ...} as the observational
delay of the state and reward at step h. That is, we receive sy, and rj, at time h + dj,. The delay time
dy, can be dependent on the state s, and action ay, at time h. To facilitate analysis, we denote the inter-
arrival time between the arrival of observations for step & and h 41 as Ay, = dp, 1 — dy,. With delays,

at time h, the nearest observable state is denoted as s;, , where ¢, = argmax {I : Zf:o A; < h}.
Then the executable policy class

Il = {mn(-|st,,as,:n—1) forh =1,... , H}
chooses actions depending on the nearest visible state and history actions. We impose the following
assumption on the interarrival time.

Assumption 2.1 . The interarrival time Ay, takes value in {0, 1, ... }. The distribution Dy, (s, az) of
Ay, can depend on (sy, ap,), but is conditionally independent of the MDP transitions given (sy,, ap,).

Assumption 2.1 does not impose any distributional assumption on Ay, but only requires that the
delayed observations still arrive in order and at each time step, there is at most one new visible state
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and reward pair (A, > 0). A widely studied example of delays in literature is that the inter-arrival
time is geometrically distributed [Winsten, 1959]. Then the observation sequence {4 + d}, } is known
as a Bernoulli process, which is understood as the discretized version of a Poisson process.

Our delayed observation setting is newly proposed and substantially generalizes the Constant Delayed
MDPs (CDMDPs) studied in Brooks and Leondes [1972], Bander and White III [1999], Katsikopoulos
and Engelbrecht [2003], Walsh et al. [2007]. When A}, = 0 being deterministic for all & > 1 and &,
our observation delay coincides with CDMDPs. In CDMDPs, a new past observation is guaranteed
to arrive at each time step. However, our delayed model can result in no new observation at some
time steps.

Observation delay leads to difficulty in planning, as the agent can only infer the current state and then
choose an action. Therefore, the policy is naturally history dependent. We summarize the interaction
protocol of the agent with the environment in Protocol 1. At the end of each episode, we can collect

Protocol 1 Interaction between the agent and the environment with delayed observations

1: forepisode k =1,..., K do
2: fortimeh=1,...,Hdo

3: The agent observes a pair of new, if any, state and reward (sfh , afh’). By memory, the agent
also has access to past actions afh: he1-

4: The agent plays action a¥ according to some executable policy 7} € I,

5 The environment transits to next state s% | ~ pp(-|s}, af}), which is unobservable to the

agent. The environment also decides the delay at step h + 1 as df |, = dff + A} and ¢}, ;.
6: end for
7:  The environment sends all unobserved pairs of state and reward as well as their corresponding
delay time to the agent.
8: end for

all the delayed observations, however, these observations are not used in planning. In reality, the
agent can collect these observations by waiting after time H.

MDP with missing observations In addition to the stochastic delay in observations, we also
consider randomly missing observations. In applications, an agent interacts with the environment
through some communication channel. The communication channel is often imperfect and thus,
observation can be lost during transmission. This type of missing is permanent and we describe in
the following assumption.

Assumption 2.2 . Any pair of observation (state and reward) is independently observable in the
communication channel. The observation rate is \;, depending on h, but independent of the MDP
transitions. Moreover, there exists a constant Ay such that A, > \g for any h. The agent will be
informed when an observation is missing.

3 Construction of augmented MDPs

To tackle the limited observability, we expand the original state space and define an augmented
MDP. It will serve as the basis for our subsequent theoretical analysis. For audience not interested in
technical details, please feel free to skip this section.

3.1 Augmented MDP with expected reward

In the remainder of this section, we focus on the delayed observation case and defer the missing case
to Section 5. Define 7, = {st,,a¢,.n—1, 0+, } as the augmented state, where d;, € [0, A, ] is the
delayed steps after observing (s, , 7, ). Let Saug denote the augmented state space of all possible
7’s. Then the original MDP with delayed observations can be reformulated into a state-augmented
one MDPoyg = (Saug, A, H, Raug; Paug). The reward is defined as

Thaug(Thy an) = E[rh(sn, an)|mh, an]

which is the expected reward given the nearest past state s;, and history actions a, .. We can define
belief distribution by, (s[7n) = P(sp = s|7). Then 74 aug(Th, an) = Egp, (|7 [7(8; an)]. Belief
distributions are widely adopted in partially observed MDPs [Ross et al., 2007, Poupart and Vlassis,
2008]. We will frequently use the belief distribution to study the expressivity of Il in Section 4.2.
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The transition probabilities P, are sparse. For any 7, = {s4,,as,.n—1,0¢,} and Th41 =
{51‘/;;+1 Aty yqthy 6th+1 }’ we have

ph,aug(T ht1|Th, Q) Condition
Ma(Thy The1)0delay (8¢, Gty > Ot ) PR (Sty iy |5t 0ty ) | if 0p, .y =0 and tpy =t + 1
Ma(Th, Th+1)(1 — gdelay(stha ath,éth)) if 5th,+1 = 5th, + 1 and thy1 = T

0 otherwise

where M, (71, Tn+1) indicates whether the rolling actions are matched, i.e.,

Ma(Th, The1) = WH{ag,.n—1 = ag,,:n-1},
and Ogelay (¢, , at, , 0t, ) is defined as

edelay(stmatm 6th) = ]P)(Ath = 6th

Si o ar . § ) _ P(Ath = 5th ‘St}ﬂath)

thy Wty s Oty ) — .

! ! ! 1- Z§<6th P(Ath, = 5‘875;1,7 ath)

The factored form of Oqelay (St » @t » O¢), )P(St,,41 Sty » G, ) Tollows from the conditional independence
in Assumption 2.1. We define ()-functions and value functions as follows. For any 74, aj, and policy

w € 1l,, we have
H

Z Th,aug (Th’v ah’)
h'=h
Vhﬁaug(’rh) = <Qg,aug(7—h? ')? ’/Th(' |Th)> .

We note that V;T is equivalent to V}: aug for the same executable policy 7 € II.. We also denote Py, aug
as the transition operator corresponding to FPyy. It can be checked that

QR aug(Ths @n) = Thoang(Thy an) + [Phoang Vi aug) (Th @n)-
MDP,,s also appears in makes all the policies in II. executable and Markov. Meanwhile, the reward
function keeps track of all the expected reward for H steps. Although the expanded state space
Saug 1s much more complicated than the original state space S, the sparse structures in the transition
probabilities still allow an efficient exploration. We note that pj, i only depends on the delay
distribution and one-step Markov transitions. However, there is still one caveat for learning in MDP,, ;o
— the reward function depends belief distributions, which involve multi-step transitions.

3.2 Augmented MDP with past reward

To tackle the aforementioned challenge, we further define l\ﬁaug = (g'aug, A, H , ﬁaug, ]Saug) that

shares the optimal policy in MDP,,; with an enlonged horizon H = 2H. The state space Sy consists

of any 75, = {s¢,,at,:naH, 01, }- Comparing to Saug, We cut off the action at horizon H, since ay,

for h > H has no influence on the state and reward in time [0, H]. The reward function is defined as
Thoave(Thy an) = Th (S0, ar, ) 1{0s, = 0}1{t;, € {1,..., H}}.

By definition, g (7, an) is a past reward. More importantly, 7, aue(7h, @) zeros out rewards

outside the original horizon H. Meanwhile, between the arrival of two consecutive state observations,

the reward only counts once. Lastly, the transition probabilities are

Qh avg(Thy an) = E7

Th, ah] and

Dhaug (Th+1|Th, an) Condition
Ma(Thy Tha1)0delay (86, Gty > Oty ) PR (St 1 |50, ey ) | i 0y, = 0,1 =tp +1and h < H
Mo (Th, Th1) (1 — Odelay (81,5 @ty 01, ) if &, ., =0y, + L, thy1 =tpand h < H
Mo (Th, The1)Pn (St +11¢, , Gt ifdy, 41 =0,tp41 =tp +landh > H
0 otherwise

We interpret the transitions as follows. When h < H, the transition is the same as MDP,,,,. When
h > H, we simply wait for unobserved states and rewards to come. As mentioned, actions taken

beyond time H are irrelevant. We build an equivalence in the expected values of MDP,,; and l@lgaug.
Proposition 3.1. Let MDP,,, and l\ﬁaug be defined as in the previous paragraphs. Then for any
initial state 77 and any policy 7 = {m; }L, € IL, it holds,

H
E" Zrh,aug(Thyah)‘Tl

"
=E" E Thaug(Th, GR)|T1 | »
h—1 h=1

where in the right-hand side, the policy for steps H + 1 to His arbitrary.
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The proof is provided in Appendix A.1. Proposition 3.1 implies that learning in MDP,, until time H
is equivalent to that in @T»aug for H steps.

4 RL with delayed observations and regret bound

In this section, we provide regret analysis of learning in MDPs with stochastic delays. For the sake of
simplicity, we assume the reward is known, however, extension to unknown reward causes no real
difficulty. Motivated by the augmented MDP reformulation, we introduce our learning algorithm
in Algorithm 2. In Line 5, unobserved states and rewards are returned to the agent as described
in Protocol 1. Using the data set, we construct bonus functions compensating the uncertainty in
one-step transitions of the original MDP. This largely sharpens the confidence region, yet still ensures
a valid optimism. We emphasize that in Line 9, we are planning on ﬁﬁaaug involving the augmented

transitions and expanded states of 7 € gaug. Only in this way, we can obtain an executable policy in
delayed MDPs. The planning complexity is SAX though.

Algorithm 2 Policy learning for delayed MDPs using I‘Z]Sl/’aug

: Input: Original horizon H, extended horizon H, policy class Il,, failure probability ~.

: Tnit: Vi, (1) = 0 and Q (7, a) = H for any 7 and a, data set D° = (), initial policy 7°.

: forepisode k =1,..., K do

Execute policy 7#~! for H steps.

After the episode ends, collect data D* = D=1 U {(sF, af, 7k, AR} .

On data set D*, compute counting numbers NF(sp,an), NF(sp,an,sni1) and
N}If(sh, ap, (Sh).

7:  Estimate transition probabilities and delay distributions via

AN AN

Nk ShyQh,y Sh+1 Nk Shy @, On
B (s s, an) = ECm@nssnn1) g g o, 5y = < NA(Ran )
Nh(8h7ah) :

B Eéz&h N,?(Sh,ah,é) .

Then estimators of pp, ayg in MDP,,,,, is computed using p¥ and @gelay.

8: Set bonus function as

H. H.
bF (th,an) = cH +
g ) Ntkh (Stm Qh, 6th) Ntkh (Sth ) a’th)

SAKH
vy

9:  Run optimistic value iteration in l@f’aug for H steps and obtain ke II,.
10: end for
11: Return: Learned policy 7% ,, fork =1,..., K.

for . = log and c sufficiently large.

4.1 Regret bound
We define regret in delayed MDP as

K T K T
Regret(K) = 37,y maxren, Vi"(st) — 25—y VI™ (1),
where V/™ is the value function of the original MDP. Although the regret here is defined on the original

MDP, it is equivalent to the regret of the same policy on MDP,,, and further l‘ﬁaug by Proposition 3.1.
Note that we are comparing with the best executable policy. The performance degradation caused by
observation delay is discussed in Section 4.2. The following theorem bounds the regret.

Theorem 4.1 (Regret bound for Delayed MDP). Suppose Assumption 2.1 holds. Let v € (0,1) be
any failure probability. With probaiblity 1 — ~, the regret of Algorithm 2 satisfies

Regret(K) <c (H4\/SAKL + H4S2AL2) ,

and c is some constant.

where © = log SA%

The proof is provided in Appendix B.1. We discuss several implications.
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Sharp dependence on S and A Theorem 4.1 has a sharp dependence on S and A, although the
expanded state space S,y has a cardinality bounded by SA*. Naively learning and planning in
I@f’aug would suffer from the exponential enlargement of A”. However, we identify the sparse
structures in the transition probabilities. As can be seen, Py, aug Only involves one-step transitions in
the original MDP and some conditionally independent delay distributions. Such structures lead to a
rather easy estimation of Py, aug, Which can be constructed from the estimators of one-step transitions

in the original MDP. Meanwhile, the sparse structures make exploration in 1@1/3aug efficient, due to
many unreachable states.

Effect of the delay distribution and delay length Theorem 4.1 holds for arbitrary conditionally
independent delay distributions, even include heavy-tailed distributions. Our regret bound encodes
the influence of delay by paying extra H factors. The reason to this is that if the delay is larger than
H, then the corresponding state will only be observed after an episode ends and won’t be used in
planning. Therefore, we can truncate the delay at [, regardless of its tail distributions.

4.2 Performance degradation of policy class 11,

This section devotes to quantify the performance degradation caused by delayed observations. In
particular, we bound the value difference between the best executable policy and the best Markov
policy in a no delay environment. Recall that V; is the value function of the original MDP. We denote

* _ T * _ u
Thodelay = argmax; Vy (s1) and Telay = argmax,cyy Vy (s1)
N

as the best vanilla optimal policy and executable policy, respectively. The values achieved by 7 4.1,
and 73, are denoted as Vi, .1, (s1) and Vi (s1), respectively. The gap between Vi*, gelay
and V7' 4q,, quantifies the performance degradation, which is denoted as gap(s1) = V7" ogelay (51) —
V1" delay (51). We bound gap in Proposition B.2 in Appendix due to space limit.

In a nutshell, we show that the performance degradation gap is highly relevant to the belief distribution
by (-|7). When by (+|7) is evenly spread, meaning that the entropy of by, is high and inferring the
current unseen state is difficult, we potentially suffer from a large gap. On the contrary, when by, (-|7)
is nearly deterministic, the performance degradation is small. In the special case of deterministic
transitions, we have gap = 0.

4.3 The (mysterious) effect of delay on the optimal value

To further understand the effect of the delay on the optimal value, we provide the following dichotomy.
On the one hand, we show that there exists an MDP instance, such that a constant delay of d steps
does not hurt the performance. On the other hand, in the same MDP instance, a constant delay of
d + 1 steps suffers from a constant performance drop.

Proposition 4.2. Consider constant delayed MDPs. Fix a positive integer d < H. Then there exists
an MDP instance such that the following two items hold simultaneously.

e When delay is d, it holds & S"1_| gap(s}) = 0.
e When delay is d + 1, it holds + Zszl gap(sh) > 1 — /5 log %, with probability 1 — .

The proof is provided in Appendix B.3. We remark that Proposition 4.2 says that observation delay
can be dangerous, even with the slightest possible number of steps. The idea behind Proposition 4.2
is consistent with the analysis on gap. In particular, we construct an MDP instance demonstrated
in Figure 2. The reward vanishes at all times but d + 1. When delay is d, the initial state sy is
revealed and the policy can choose the best action to receive a reward. When delay is d + 1, however,
there is always a 1/2 probability of missing the best action for any policy, which leads to a constant
performance degradation.

5 RL with missing observations and regret analysis

We now switch our study to MDPs with missing observations. In such an environment, executable
policies share the same structures as delayed MDPs, where an action is taken based on available
history information. Compared to delayed observations, learning with missing observations is
more challenging. Since unobserved states and rewards are never revealed, we are suffering from
information loss. Besides, we will frequently deal with multi-step transitions, due to missing
observations between two consecutive visible states.
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Tat+1(si,a;) =1 for i=1,2

Figure 2: MDP instance on two states with two actions. The transition is lazy until time d. Then the
transition is uniform regardless of actions for time d + 1. Reward is nonzero only at time d + 1. This
is an example with a delay of length d causes no degradation and a delay of d + 1 causes a constant
performance degradation.

5.1 Optimistic planning with missing observations

Despite the difficulty, we present here algorithms that are efficient in learning and planning for MDPs
with missing observations. We begin with an optimistic planning algorithm in Algorithm 3. To unify
the notation, we denote s¥ = () and ¥ = () as missing the observation.

Algorithm 3 Optimistic planning for MDPs with missing observations

1: Input: Horizon H, observable rate Aj,.

2: Init: B° = O to be all possible tabular MDPs, data set D° = §.
3: forepisode k =1,..., K do

4:  Setpolicy 7% = argmax, . maxgepr V% (st).

k\\H

5. Play policy 7* and collect data D*~1 U {(sF, af, 7))} L.
6:  Compute counting number N} (s, a) = Z?Zl s} =s,ay =a,sf , #0}.
7. Update confidence set
k =k 0 St k—1
B = {9 PR Cls, a) = pr(-ls; a)llrv < ¢y =5 forall (h7s,a)} nB" =,
Ny (s, a)
~Ne /1 o N,}f(s,a,s') .
where py (s']s,a) = N o) and c is some constant.
h\®
8: end for

The majority of the algorithm resembles the typical optimistic planning [Jaksch et al., 2010] but with
some notable differences. In Line 4, the value function V g is for the original MDP with transition
probabilities parameterized by 6. Different from the typical optimistic planning, the underlying MDP
here obeys the stochastic observable model in Assumption 2.2. Therefore, the value V; g is the sum
of all possible values under missing observations. When counting /V, ,’f(s7 a) in Line 6, we exclude
data tuples missing the next state, which inevitably slows down the learning curve. Nonetheless, the
effect of missing only contributes as a scaling factor in the regret.

Proposition 5.1. Suppose Assumption 2.2 holds with A\;, known. Given a failure probability v, with
probability 1 — -, the regret of Algorithm 4 satisfies

1
R t(K) < ——— VH352AK? H*K
egret( )_C(—log(l—)\g)\/ S B4V L),
SAHK
¥

where ¢ = log and c is some constant.

The proof is provided in Appendix C.1. Proposition 5.1 is optimal in the K dependence and
achieves an S2?A dependence on the complexity of the underlying MDP. In the extreme case of
Ao = 0, which implies that every state and reward are hardly observable, we have Regret(K) =

9] (%\/ H3S2AK ) Here )3 is the probability of observing two consecutive states for estimating
0

the transition probabilities. Proposition 5.1 requires knowledge of observable rate A;,. This is not a
restrictive condition, as estimating A, from Bernoulli random variables is much easier than estimating
transition probabilities.
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5.2 Model-based planning using augmented MDPs

Proposition 5.1 has a lenient dependence on the missing rate 1 — A2, nonetheless, is not sharp on the
dependence of S. We next show that the augmented MDP approach is effective to tackle missing
observations, when the observable rate satisfies additional conditions. Specifically, we assume that
the observable rate \;, is independent of (s, a). We utilize the MDP,,¢ reformulation, except that we
redefine the transition probabilities as

AP (Sht1lSt,,a,:n)  ifthr =h+1
Phaug(Th+1|Th, @n) = S Mo (Tha1, Th) (1 — Ap) i thyr =1y
0 otherwise

The first case in pp, aue corresponds to receiving the state observation at time i + 1. In contrast to the
delayed MDPs, the transition probabilities here potentially rely on multi-step transitions in the original
MDP. The second case of the transition corresponds to missing the observation. We summarize the
policy learning procedure in Algorithm 4 in Appendix C.2, which is similar to Algorithm 2, but with
a new bonus function. The following theorem shows that Algorithm 4 is asymptotically efficient
when the observable rate is relatively high.

Theorem 5.2. Suppose Assumption 2.2 holds with Ay > 1 — A~(1*%) for some positive constant .
Given a failure probability v, with probability 1 — ~, the regret of Algorithm 4 satisfies

Regret(K) <c (H“v SAK3 + 5/ HOK T LG) ,

and c is some constant.

where ¢ = log SA#

The proof is provided in Appendix C.2. Some remarks are in order.

SA rate when K is large When the number of episodes K > §3(1+v)/v the first term
H*/SAK 3 in the regret bound dominates and attains a sharp dependence on S and A. How-
ever, when the number of episodes are limited, the regret bound has a worse dependence on the state
space size S. We also observe that as the missing rate A\ becomes small (equivalently, v becomes

large), the regret is close to O(H*VSAK3).

Observable rate smaller than 1 — 1/4 Theorem 5.2 holds for an observable rate Ao > 1 — 1/A.
The intuition behind is that to fully explore all the actions when a state observation is missing takes
A trials. Therefore, in expectation, we will encounter a missing observation at least every A episodes
as long as \g > 1 — 1/A. Nonetheless, when Ag < 1 — 1/A, the regret bound remains curiously
underexplored. We conjecture that A\ = 1 — 1/A is a critical point distinguishes unique strategies
for learning and planning in MDPs with missing observations. A detailed analysis goes beyond the
scope of the current paper.

Proof sketch The proof of Theorem 5.2 adapts the analysis of model-based UCBVI algorithms
[Azar et al., 2017]. Let m denote the maximal length of consecutive missing observations. We denote
Em as the event when the maximal length of consecutive missing is less than . On event &£,,, a naive

analysis leads to a O <\/ poly(H)SA™+IK ) regret, in observation to the size of the expanded state

space S,ue. However, our analysis circumvents the A™ dependence by exploiting the occurrence of
consecutive missing observations is rare (Lemma C.3). On the complement of event, the regret is
bounded by K H (1 — P(£,,)). Summing up the two parts and choosing a proper m yield our result.

6 Conclusion and limitation

In this paper, we have studied learning and planning in impaired observability MDPs. We focus
on MDPs with delayed and missing observations. Specifically, for delayed observations, we have
shown an efficient O( H*\/S AK) regret. For missing observations, we have provided an optimistic
planning algorithm achieving an O(v H3S2 AK) regret. If the missing rate is relatively small, we
have shown an efficient O(H*v/S AK) regret bound. Further, we have characterized the performance
drop caused by impaired observability compared to full observability. A limitation of the current
study is that the planning complexity in augmented MDPs is high with an exponential dependence on
the size of the action space. Sharpening such a dependence is left as a future direction.
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A Omitted proof in Section 3
A.1 Proof of Proposition 3.1

Proof of Proposition 3.1. Consider an arbitrary fixed inter-arrival pattern Ag, A1, ..., Ag_1. We
show that the expected accumulated rewards under this inter-arrival pattern are identical for MDP ¢

and lqﬁlgaug. In I@l/’aug, we have

Mmz

T
E Thoaug(Thyan) | 71,80, .., A1

h=1

Mmz

th aug sth’ath)]l{(sth - O}]l{th € {1 H}} TlaAOa e ~7AH—1

H
(1)
E™ | > r(snran) | 71,80, Ar s
h=1

)

H
E Th,aug (Ths Qh) ’TIaA07~--;AH—1

where equality (4 ) invokes the definition of 77, e and equality (4¢) eliminates zero reward terms.
Now taking expectation over all possible inter-arrival patterns, we deduce

H H
Z ;aug('rha ah) ' 1| = E Z Th,aug(sha ah) ‘ ’7—1‘| .
h=1 h=1

The proof is complete. O

B Omitted proofs in Section 4

B.1 Proof of Theorem 4.1

Proof of Theorem 4.1. We adapt the main steps from Azar et al. [2017] for proving the theorem. The
proof consists of verifying a valid optimism and developing a regret analysis. We denote ()}, . as

the optimal @)-function for I@f’aug. When analyzing the regret, we also denote @’g’aug as the optimal
Q@-function in the k-th episode.

Valid optimism To begin with, we verify that the choice of the bonus functions leads to a valid
optimism in the following lemma.

Lemma B.1. Given any failure probability v < 1, we set a bonus as

H H.
b (m,an) = caH + ,
h( ! }) 4 <\/Nth,(8th7ath76th) \/Nth,(sth’a’th)>

SAHK
v

where ¢« = log and c4 is a constant. Then with probability 1 — -, it holds

@Z,aug(’rhﬂ ah) 2 é;,aug(T}H ah)v Vhﬁaug(’rh) 2 ‘Zvﬁaug(Th) for any (ka h, Th, ah)'

Proof of Lemma B.1. We compute the cardinality of the expanded state space g‘aug as

AH+1 -1

(S| 2 Z HSA' = < 2HSAH.

For a fixed episode k, we show by backward induction that the assertion in Lemma B.1 holds. To ease
the presentation, we omit all superscripts of &, all subscripts of “aug”, as well as the tilde ~ notation.
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470 When h = H + 1, the base assertion holds immediately. Suppose the assertion is true for time A + 1.
471 At time h, for any fixed (7, ap), if Qn(7h,an) = H, the assertion holds true. Otherwise, we have

Qn(h, an) — Qi(hy an) = [PV (th, an) — (PrViro1)(Thy an) + bf (1, an)
> (1P = PulViiir) (7nan) + B (s an).

(4)

472 We show a lower bound on (A). If h > H, expanding the transition kernel P}, leads to

(A) = 3 Vs (Fhe ) P (Tt s an) = (Tt 7 an))

Th+1

(1) * ~
= Z Vh+1(Th+1)(ph(Sth+1|Sth’ ath) - ph(sth+1‘8th’a/th))

Sty +1

(43) H.
> —caaHy |,
* Nth (St}ﬂa‘th)

473 where equality () requires 7,41 to take s;, 11 as the new state observation, and inequality (¢7) follows
474 from the Hoeffding’s inequality (Lemma D.2) with a constant c4 ;. Note that the A term in the

475 numerator comes from a union bound over Sy X A.

476 On the other hand, if h < H, expanding the transition kernel P, yields

(A) = Vi1 (Ths1) Bn(Thsa|7hs an) = pr(Thia|7h, an))

Th+1
= Z Vi1 (Ther) On (Thse1 [Ty an) — oo (Thet|Thy an)) 1{0¢,,,, = O} 1{th41 =ty + 1}
Th+1
(A1)
+ ) Vi (Thg1) Bn(Thsa|7hs an) = pu (s [mh, an)) {01, ,, = 64, + 13 1{tags = ta} .
Th+1
(A2)

477 Note that (A7) accounts for receiving a new state observation in 7,11, and (Ay) accounts for no new
478 state observation. We tackle these two terms separately. For (A7), we have

(A1) = D7 Viea (rnsn) (1= Blsuus a0, 00,0 (St 1 02,) = (1= 050,30, )P (51,50, 01,) )

Stp41
= > Vi () ((1 - g(sthvathv(sth)) = (1= 0(st,, ath,a5th))) P(Sthsa St ae,)
Sttt
+ Z Vi;k+1(7_h+1)(1 - Q(Sth, aty, 5th,)) (ﬁ(sth«{»l |Sthv ath,) - p(sth+1 ‘Sth ) a’th))
Sthi1
(4) ~ H.
> —H ‘e(sthaathvdth) - Q(St,ﬂath,(gth) - CA,QH m7

479 where in (7), the first term is the estimation error of 9 using the collected data, the second term follows
g0 from Hoeffding’s inequality, and c4 2 is an absolute constant. For (As3), we have

(AQ) Z —-H )é\(st;ma/tha 6th) - G(Sth7atha 6th)

)

81 since 7,41 is now uniquely determined. Summing up (A;) and (As), we obtain

H.
—capH |
? Nth(sth’ath)

(4) = (A1) + (A2) = —2H |00, a1, 61,) = O(st,. 01,01,
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ss2 It remains to bound the estimation error of | (8¢, at, , 0t, ). Using the Hoeffding’s inequality again,

483 we obtain
< H.
<cgy| —/———.
Nth(sth,’ath,?(sth)
84 Taking c4 = max{ca 1,ca2,co,2}, we have

H. H.
A) > —caH + .
( ) - 4 (\/Nth<sth7a’th76th) \/Nth(sth?a’th)>

485 With the choice of the bonus function, it can be checked that
@]l?z,aug(’rhv ah) - @Z,aug(’]—ha ah) > (A) + b;cl(’rhv ah) >0

g6 with probability 1 — ~ for any (73, ap,). O

~

e(sth ) At 5th) - H(Sth ) At 6th)

487 Regret analysis In the sequel, we omit subscrlpts ‘aug” and tilde ~ for s1mplicity Thanks to

48 Lemma B.1, we consider (QF — Q}*) (¥, af) as an upper bound of (Q;, — Q1) (77, af). We
ass bound (QF — Q") (17, af) by
(@ — Q3*) (4, ap)

< (IPhViE = PVt ]) (ko) + b (o o)
< (IPk = PulViiy ) (ks ab) + (1PF = PallViEs = Vieial) (7 o)
+ (PulVit = ViTtal) (7 af) + bl (s af)
< ([73;? — PullVitr — V}:+1]) (i, ak) + (PulViies — Vi) (Th,af) + 205 (1f,af).  (B.1)

(4)

ag0  Similar to Lemma B.1, for h > H, we expand term (A) into

(A) = > (Bh (ks ak) = pa(mnsalh, af)) Vs = Via)(maen)

Th+1

= Z Vi1 = Vil (thar) (D5 (st 41185, ar, ) — pr(se,+alst, - af,)) - (B.2)

Stp+1
et On the other hand, for h < H, the decomposition of term (A) is more complicated. We have

(4) = > (Bh(musalrk, af) = pu(musalrh, af)) Vilis = Vira) (raen)

Th+1

= > Wik = Vil () Bk (rnsa [, af) = pr(rna 7, af)) 1464, = O30 {tpsr =t + 1}

Th+1

(A1)

+ Z Vitoy = Vil () Bk (Thsa |77, @) — pr(Tha |74 a3)) 1464, = O + L} {tns1 = tr}.

Th+1

(A2)

a2 Term (Asz) can be directly bounded by

(A2) < H |0*(sk,  af,  6%,) — 0(s}
H.

<coH,| 75—~

< Cy \/Nk (Sth7ath7§k)
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ath’(sk )

th’




g3 with probability 1 — ~y. To bound (4, ), we have

(A1) = D Vi — V;:‘H](m)( (1= 0%(sk, . ak,  0%)) Ph(suna sk, af,)

Stp41
SRS PACHNESER)

= > Wiy = Vi) (1= 8%t ab 08)) = (1= 0GsE, ol 65)) ) Bh(sun, st af,)

Stpy1
+ ) VE = Vi) (Tne) (1= 0(sE,af,  08)) (BR (st |E, af,) = pr(st,. Isf,  af,)
Sthi1
k k ~k k k k k
(1 - e(sthﬂath’é )) Z [Vh+1 - V;+1](Th+1) (ph(stthl ‘Sthv ath,) - Ph(sth+1 |sthaath))

Stp41

JrH‘G (sfh,ath,(;k ) —G(Sth,ath,(;k)

S (1 - Q(th ’ ath ) 6;1)) Z [Vh-‘rl - V;+1](Th+1) (ﬁ;ct (Stthl ‘th ) afh) - ph(sth+1 |th ’ afh))

Stpia

H.
+cgH, | —F—F .
\/Ntkh (sfh ) allfch ) 6{2)

ae4 Putting (A7) and (Az) together, we obtain

(A4) < (1 0(ss,af,,08)) D Vilin = Vil (er) (B (s I8t s af, ) — pa(se, Js, b))

Sthy1

+ 209H\/ Nk(HL (B.3)

k
Sthaath’é )

495 In both (B.2) and (B.3) for different ranges of h, we apply the Bernstein inequality (Lemma D.1) to
496 derive

> Wik = Vil aga) (B (seaIsh, > af) = prlsta st af,)
Stpia
* ph(8th+1|81}5C 7aé€ )L L
<c- Vit = Virpal () \/ P+
sgl ’ ’ Nk (Sth’a?h) Nk (Sth’afh)
(i) (e, 1 |8F ,af ) (2cH 4+ 1)
k * ht1 19ty Yty
= Z Vi = Vil (Ths1) [ QCHh : NF (Sthv“fh)
Stpyq
SH(2cH + 1)t 1 .
<o\ NEGE ) o 2o Vi~ Vialewe(u st a) | B
th Pty

Sthi1

ag7  where inequality (¢) follows from vab < a + b. Substituting (B.4) into (B.2), for h > H, we deduce

1 . ¢SH(2cH + 1)
(4) < S5H [th+1 - Vh+1](7h+1)Ph(5th+1|5fhaafh) W
Stthl h? h
(1<) 1 (P [V _ym ])( & ak)—i—c’ mSH?.
T b ATk 7 .k N\
=50 hlVh+1 h+1 h>»%h Ntkh (th,a§h>
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a8 where ¢’ is a sufficiently large constant. By the same reasoning, substituting (B.4) into (B.3), for
499 h < H, we have

1

. . c¢SH(2¢H + 1)
(4) < 5H (1 - e(sth’atmék )) Z [fo+1 - Vh+1](7'h+1)l7h(5th+1\thaafh) + W
Sty th \Ztp Ttp
H.
2c0H | | ————F—F—
+ 2c¢y \/Nk (Sth7ath75k )
(1) 1 SH?, H.

< o7 (PelVis = Viitl) (hs i) + & ey 200 H | 7 o 50
2H ( e — Vida]) (7 an NE (st af) NE (s, a,,08,)

so0  We denote ¢} = ¢ % Now we have a unified upper bound on (A) for any h € [1, H ] as
th\7th T th
A PulViFr — Vi) (78, ab) + CF + 2o H H B.5
( )_QH( Al h+1 h+1])(7—h7ah)+Ch+ Co W (B.5)
so1  Substituting (B.5) back into (B.1), we have
(Vi = V™) (7)) = (QF — Qp*) (7, af)
< (14 1) (P [VE = V) (bl 4 Ch ok 20 | T
< Y70 h h B> Oh h h NE(sF af oF )
sz We further denote & = (P [ViF = V™]) (rF,af) — [VIF, — V] (7F,,) and rewrite

si3  (VF— V™) (7f) as

1

_ - H.
(ViF =) () < <1 + 2H> (Vi — Virtd] (Thy1) + &) + G + 207, + QCGH\/

Ntkh (sthva’th ) 5k )

s04 Recall H = 2H. Using a recursive summation argument, we deduce

(V’f—V”k)(Tk)<ZH:( +1>h G YN O . LR
1 1 1/ = 2H h h h 0 Ntkh(

k
h=1 Stmathv& )

2H

H.
<ey, <£h+<h + 20} +209H\/W>

k
h=1 Sthvath,a )
505 As a consequence, the total regret is bounded by
K 2H

H
Regret(K) <e Z Z (52 + ¢k obf + QCQH\/Nk(L> (B.6)

k
Sth ) ath ) (Sth)

k=1h=1
so6  We need to sum over (¥, £F bF. Consider ¢ first. We have
K 2H K 2H
SH?,
DD =D N aF)
k=1h=1 == N Stmat;>
Sony s S
<dH
k= 1 sh’ a’h)
(i)
< ccH*S* A2, (B.7)
s07  where inequality (i) invokes the fact that ¢, only takes value in {1,..., H} and each NF (s ,af )

s08  is repeated at most H times, and inequality (i¢) follows from the pigeon- hole argument in Azar et al.
s09  [2017].

sto  Next we bound the summation over £F. This is a martingale difference sequence. We apply Azuma-
511 Hoeffding’s inequality (Lemma D.3) with n = 2H and ¢; = 4H to obtain

K 2H
YN & <eeVKH . (B.8)
k=1h=1
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s12 The additional H dependence above comes from a union bound over gaug x A. Lastly, we tackle the
513 summation over bonus functions bf. We have

K 2H . K 2H H
by = H

<cAHZZH

k=1 h=1 th(stmath)

< e, H"*V/SAKL. (B.9)
s14 Putting (B.7), (B.8) and (B.9) together, we deduce

K 2H

Regret(K) <c (H7/2\/SAKL—|- H*S? A2 + VH4KL) + 2€CQHZ Z He

k k k k
k=1h=1 Nth (Sth’ Ay 5th)

515 for some constant c. To this end, the only remaining task is to find Zszl Ziil /W,
th\7th th

st which undergoes a similar argument as the bonus summation We have

K 2H
<H

N/ (s,a,8) 1
n Yy ﬁ

(i)
< 2HY VSAKH
§

(4i4)

< 2H*VSAK (B.10)
517 where inequality (¢) invokes .- 11/ Vi < 2y/n, inequality (u) follows from Cauchy-Schwarz, and
518 inequality (4i4) uses the fact that § is bounded by H. Plugging (B.10) into the regret bound, we obtain

519 the desired result
Regret(K) <c (H4\/ SAK.+ H*S? A + vH4KL)

520 with probability 1 — ~. Absorbing v H4 K into H*\/SAK. yields the bound in Theorem 4.1. []

521 B.2 Statement and proof of Proposition B.2

522 Proposition B.2. In the setup of Section 4.2, we have

gap(s:) z

/ ( s~bp (|7 )[mgxrh(s,a)] _maaXESth("T)[Th(S’a)]) (phdeldy /\/) nodeIAY> (T)dT

&1

+2 ||pZnodelay _ p;:delay lTV‘| )
Ea

P
nodelay Tdelay

T .
523 where p, and p,, are visitation measures induced by 7}, and 7], , respectively.

nodelay

s24 Term & is strictly larger than zero due to the convexity of the max operation. Term &, accounts
s25 for the difference in the visitation measure. When the original MDP has deterministic transitions,
526 we can check that & is zero, since the expectation over s is concentrated on a singleton that
527 can be inferred from history. Hence, the visitation measures are also identical, which implies
528 V' odelay (51) = Vi'delay (81) = 0. On the contrary, when by, (+|7) is evenly spread, meaning that
529 the entropy of by, is high, we potentially suffer from a large performance drop, in that, inferring the

530 current state is difficult.

18



531 Proof of Proposition B.2. Let 71,..., 7y denote the states observed in the delayed environment.

532 Since ) delay 18 greedy and Markov, we obtain

H-1

Vlﬂjnodelay (81) = EW:Odelay [Z Th(shv ah)‘sl
h=1

+ Emnoactay [Elrg (spr, ap)|ma]|51]

H-1

— ™ nodelay [Z Th(Sh, an)|s1

h=1

| EFatey lz bH<s|TH>maxm<s,a>|s1] .

S

533 Recursively applying the above argument, we deduce

H
Vi nodelay (81) = ETwoactes [Z > bu(slmm) maxry (s, a)lSl] -

h=1 s

- *
ss4  We also rewrite V)", (s1) as

TH—1
Vl*,dela,y(sl) = ETdetay rh(sh, an)|s1| + Eaelay [Elru(sa,am)|TH]|s1]
Lh=1
(H—1
— E™delay rh(Sh, an)|s1| + ETdetay maxz b (s|Te)ru(s, a)|511
a
Lh=1 s

:]Enjelay Zmaxz [‘Jh |Th Th S a)|81‘| .

Lh=1

s35. Then we write the difference between Vi, o1y (51) and Vi 1, (s1) as
Vl*nodelay (81 ) - Vl*delay (81 )

H

Z (/Zmaxbh s|T)rn(s,a)py, "°del"‘y de/maXZ br(s|T)rn(s,a)p delay(r)d7—>
(/Zmaxbh T)rn(s,a)p, ““d“’y dT—/maXZ br(s|T)rn(s,a)p "Od‘“l“v( Ydr
maXZ b (s/7)r (s, @)y ()l / max 3 by (s]7)ra (s, ) oy @dT)

Mm ; M= T

[/ ( smbn (") [maxrh(s a)] — maaxESth(.\T) [rh(s,a)]> pZ"“d“"‘y (r)dr + 2||pZ““d°‘1"‘y - Py d“1“y|| v} )
h=1

53 We also have

Vl*nodelay(‘gl) - Vl*delay(sl)
H
Z (/Zmaxbh s|T)rn(s, a)ph""delay de/Zmaxbh s|T)rn(s,a)p delay( )dr
h=1
—|—/Zmaxbh(sh')rh(s,a)pzsel"‘y(T)dT—/maxz bh(s|7')7‘h(s,a)pzsel"‘y(T)dT>

H
Z [/ ( smbn(-|7) [max (s, a)] — max B p, (.|r) [ra(s, a)]) ph""“v( )T 4 2| ppreter — pZdQI“yHTV] .
h=1
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537

538

539

540
541

542

543
544
545

546
547

549
550
551
552

553

554

Combining the above two inequalities, we obtain

Vlinodclay (81) - Vlfdclay(sl)
H
<2
h=1

+ 2||p;:nodelay _ p;lrdelay ||TV] )

/ (ESth(_‘T) [maax rn(s,a)] — mgXESth(.‘T)[rh(s, a)]) (pzdel“y A pzn‘)dmy) (r)dr

The proof is complete. O

B.3 Proof of Proposition 4.2

Proof of Proposition 4.2. 'We construct an MDP instance (S, A, H, R, P) for H > d as follows. Let
S ={1,2} and A = {a1, az}. For the reward function, we have

1 ifa=asandh=d+1
0 otherwise '

rh(s,a) = {

The reward is nonzero only at time d + 1. The transition probabilities are defined as

% ifh=d+1
pr(s’|s,a) =<1 ifh#d+1lands =s.
0 otherwise

The transition probability at step d + 1 says that s’ is uniform regardless of the previous state and
action. Suppose a uniform initial distribution on s;. We first show that if the constant delay equals d,
then there exists a policy 7*¢ achieving maximal value. Indeed, the policy is chosen as

ﬂ-*,d('HSh—d ah—d~h—1}) _ ) Gsn_a ifh=d+1
h ) : Uniform(A) ifh #d+ 1.

It is straightforward to check that 7*¢ is optimal, since at step d + 1, s, is revealed and the policy

takes the optimal action a, to obtain reward 1.

On the other hand, if the constant delay equals d + 1, then any policy suffers from a constant
performance degradation. To see this, in a single trajectory, since the starting state is only revealed at
time d + 2, the policy at time d + 1 cannot exploit the information of the initial state. Therefore, any
policy coincides with the best action with probability % For K episodes, with probability 1 — -, the
total reward of any policy m € Il is bounded by

1 K 1
V(MY < 2K+ 4/ =1log =,

due to Hoeffding’s inequality. As a result, the performance drop is at least

1 1 1
K)>=—/—log—.
gap( )_2 T

gt

20



ss55, C  Omitted proofs in Section 5

556

557

558
559
560

561

562
563

C.1 Proof of Proposition 5.1

Proof of Proposition 5.1. We have by standard performance difference arguments that

I;Eé%}i%t(sl Ve* 51) Zvek (s1) Ve* (1)

k=1h=1
H K
k H2SL
< Eg. |¢ ————— ANH

k
(i) log HK
< c’d_gw VH2S, - SAHK+\/H4KL>

1
< 3G2 3 4
<c q_log(l_v)w VH3S2AK .3 +VH m),

where inequality (7) follows from valid optimism, equality (i¢) recursively expand the value function

and (-,

-) denotes the inner product, inequality (ii7) invokes Azuma-Hoeffding’s inequality, and

inequality (iv) invokes Lemma C.2. O

C.2  Algorithm and proof of Theorem 5.2

Algorithm 4 Policy learning for MDPs with missing observations

1:

AN AN

10:
11:

Input: Horizon H.

Init: V4 1(7) = 0and Q(7,a) = H for any 7, a, data set D° = (), initial policy 7.
for episode k =1,..., K do
Execute policy ¢~ 1.
After the episode ends, collect data D = D*=1 U {(s}, af, 7)) HL |.
On data set D¥, compute counting numbers
k
NE(h, an) Z]l{Th =Th,a) = ap, S5, #0} and Np, = ZH{SZ = 0}.
j=1
Estimate transition probabilities and delay distributions via
N (Th, an, sn N
ﬁﬁ(s;t+1|rh,ah) = M and )\Z = N}]f)\/k
Nh (Th7 ah) :
Set bonus function as
H. L
b (Thyap) = cH 1/4_\/7
h(Th h) < N,’f(rh,ah) k
for 1 = log SAKH AK H and c sufficiently large.
Run optimistic Value iteration in MDP,,,, for H steps and obtain 7k e II,.
end for

Return: Learned policy 7" fork = 1,..., K.

We remark that similar to delayed MDPs, in Line 9 the planning is on MDP,,, and the obtained
policy is executable given any 7 € S, When state observation is missed. Therefore, the planning
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564
565

566
567

568

569

570

571
572
573
574

575

576

complexity is SAH. Different from Algorithm 2, the bonus function here depends on multi-step
transitions, in that missing observations are permanently lost.

Proof of Theorem 5.2. The proof utilizes similar steps as Theorem 4.1, with an extra care on the
summation of bonus functions.

Valid optimism We verify the choice of bonus functions leads to a valid optimism.

Lemma C.1. Given any failure probability v < 1, we set bonus functions as

/ H. L SAHK
b (1h, an) = cH —1—\/» with ¢ =1o ( )
h( h h) < N;’:(Thyah) k) g ~

Then with probability 1 — +, it holds

Qﬁ,aug(Thaah) 2 Q;kz,aug<7—h7ah>7 Vfﬁaug(Th) 2 Vi;k,aug(Th) forany (k, h7Th7ah>'

Proof. In the proof, we omit subscript “aug” for simplicity. We use backward induction on time h
again. The base case of [ + 1 holds immediately due to the initial value of Vg1 aug. Suppose at time
h + 1, the assertion holds. Then for time A, if Q) ae = H, the assertion holds trivially. Otherwise,
we have

Qn(th,an) — Q, (Th, an)

= Fu(Thy an) + [PuVass] (Ths an) — r4(Th, an) — [PrVir 1] (Thy an) + 0F (71, an)
( V;L+1> (Thsan) +Th(Ths an) — 1 (Th, an) + b (Th, an).

We lower bound (A) and (B) separately. For term (A), we have

(A) =Y Vit Taga) Bu(Taral s an) = pr(Tnga |70, an))

Th+1

= Vit (ns) Bn(Thralhy an) = Pr(Thgr|Ths an)) T{tngn = h+ 1}

Th+1

+ > Vi (tht) Br (T |7y @n) = pa(Thga|hy an)) L{tnts = ta}

Th+1

= " Via () (1= Ra)Bn(snsalstn s an,n) = (L= An)pn(snlse,  an))

Sh+1

(A1)
+ V;+1({Sth,a ath:h})(Xh - >\h) .
(A2)

In (A1), Thy1 is {Sp+1}. We bound (A;) as

Ar) = Z V;+1(Th+1)((1 - :\\h)ﬁh(sh—ﬁ-llsthaath:h) — (1= Xn)Dn(she1l8e,,a,:n)

Sh+1

+ (1 = Mo)Dn(Sht1lst,,ae,:n) — (1 — /\h)ph(5h+l|5th;ath:h))

= > Vi1 (T ) (1= M) (B (st |56, @in) = Pl [se, ae,:0)

Sh+1
+ Z Vi1 (Tha1) (An — Xh)ﬁh(8h+1|8th7 ag,:n)
Sh+1
(1) Hy ~
S e H | — —H‘)\ W
= Ny (7h, an) hon
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577 where inequality (7) invokes Hoeffding’s inequality and holds with probability 1 — ~ for any 74, ay,
578 and some constant ¢4. Term (As) is immediately bounded by

(Ay) > —H ‘Xh - )\h‘ .
579 Putting (A;) and (Az) together, we derive

H.
Nu(7h, an)
sso  with high probabilty. For term (B), we have

(A) > —caH =20 [ =\

~ H,
(B) = gr(sh,ah) (Bn(snlm) = busulma)) = e Nt
sst  Taking ¢ = c4 + ¢p and summing up (A) and (B), we have
H. ~
Qn(tn,an) — Qy(h,an) > —cH Nalraan) 2H ’Ah - )\h’ + b} (T, an).-

ss2  We estimate \;, by its empirical average. In episode k£ > 1, we have access to k i.i.d. realizations of
583 Bernoulli random variable with rate \;, (observable or not). Therefore, by Hoeffding’s inequality, we

584 have
HK
‘/\k /\h‘ <9 < 2[

s85  Substituting into Qh(rh, ar) — Q% (mh, ap) and reloadmg constant c give rise to

QF(hyan) — Qp(Th,an) > —cH (1/ \[> + 05 (7, ap)
T}Lyah

s8s The proof is complete. O

587 Regret analysis We omit subscript “aug” to ease the presentation. The same derivation in the proof
sss  of Theorem 4.1 gives rise to

(@ — )(Thvah) (Qh ) (Tf]faalﬁ)
< <[Ph — Pl [Vh+1 - Vh*ﬂ]) (Tf]faah) (Ph[Vthl szrfﬂ) (Tf?’a’fb) + 25]}3(7576115)- (C.1)

(4)
sss  Lemma C.1 shows that (A) can be written as

(4) = D> Vils = Vil (ma) (1= M) (B (snalst, afl ) — pulsnralst, af, )

Sh+1
+ > Vi = Vil () O = N)DBE (snvalst, » ay, )
Sh+1
< Wi = Vi) () (1= An) (B snaalsh, a0 = pu(snsalshy af,0)) + H X = A
Sh+1
<(1—=An) Z[th+1 - Vﬁ+1](7h+1) (ﬁz(sh+1|5th ath n) — ph(sh+1|sthaaf, + 2H\/>.

Sh+1

s90 Following the derivation in (B.4), (B.5) and (B.6), we have
K H
Regret(K) < Eyck ook +2H, )~
carer() <03 (6 +¢h vk 2y

<e

(gh +C+2bF) +2VH

MN I
Mm i

>
Il

1h
- [V}ﬁ1 - th_l] (77,1) is the martingale difference and

sot  where £F = (Ph (ViF = Vit ]) (75, af;
gk — /M
h Np(thap)”

~

592
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593 Counting number summation The summation over & }’j is standard. Using the Azuma-Hoeffding’s
594 inequality, we have

K H
YN & <ceeVKHA.
k=1h=1

se5 It remains to find the summations involving N (7%, aF). First, we show that the event &,, =

ss6  {h —t;, — 1 < m}, i.e., the maximal consecutive delay is upper bounded by m > 0, holds with high
597 probability. We have

P(E,) < (1— H(1—A)™)™,

598 since Ao is a uniform lower bound of \;,. Next, we provide an upper bound on NV ;f( (Th, ap). For
se9 a given tuple (h, 11, ap, ty), the consecutive missing length is & — ¢;, — 1. Such a missing pattern
s00 appears with probability at most (1 — \g)"~*»~1. As a consequence, denote C’ff_t} _, as the number
601 of h —t;, — 1 consecutive missings in K episodes. With probability 1 — v, we have

CF 41 < KL= 20)" " g [ (1 = A)h=tn—1Ho 4.
602 by Bernstein’s inequality in Lemma D.1. Furthermore, at a fixed time h, we use Lemma C.3 to
603 bound the gap between two consecutive appearances of the same missing pattern. We instantiate
604 Lemma C.3 with & = (1— \g)"~*»~! and obtain that the gap is bounded by [7 log(l,u:)\o)h_th_l)—‘

605 with probability 1 — . Within the gap, the number of consecutive delays of length larger than
606 h — t;, — 1 is bounded by

@ L h—t
-1 < 1-— VTR
Coronn 2 | g gy | 4

L
1— o)t H
+\/’V—log(l—(1_)\0)h—th_1)-‘( O) rHL 41
(44)
< V2= A)H+2(1— o) + 1,

e07 where inequality (¢) follows from Bernstein’s inequality again and inequality (i¢) invokes the fact
s0s8 x + log(l —z) <O0forz € [0,1) and bounds [x] by x 4+ 1. Now we can bound the summation of
609 the counting numbers. Conditioned on the event &,,, we have

N (r,a)
5 e S Y Caena /

k=1h=1 (h‘rath)
§2( 2T M)He+2(1- %) +¢) Y \/NE(ra)

(id)
< 2(\/2(1—/\0)HL+2(1—/\0)+L>Z S Ah— thc’}lf tn—1
hth

< 2( 2(1 — No)He +2(1 — o) +L)

Z SA (K((l — Xo)A)h—tn—1 4 \/K(A2(1 _ Ao))h—th—1HL+Ah—th,_1L>

h,tp

<o (VAT ATH+ 201 0) +1) Y [ (1 4 VEAH + 4

h,tp

<2 (\/m+2(1 ~ o) +L) HQ\/SA (K+ \/m“rAmb)
< 2\/H5SAI,2 (K—i— \/m+AmL>,
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610 where inequality (¢) follows since N ,’f is repeated at most C'>;,_¢, —1 times before getting an up-
611 date and inequality (i7) follows from Cauchy-Schwarz inequality, and inequality (i7) invokes the
e12 assumption of AA < 1. Moreover, conditioned on the event &,,, we also have

K H 1 N,If(‘na)l
NGRS 2 Cohent 2 g
k=1h=1~"h\"h’"h (h,7a,tp) i=1

g( 2(1—)\0)HL+2(1—)\0)+L) 3 log Nf(r,a)

(h,7,a,tn)

< H2SA™  og K.

6

3 Putting together On event &£,,, the regret is bounded by

@) K H 9
Regret(K)<c<vH4KL+ZZ[SHL+H HL}ﬁ))

= LV ah) NE(rf, af

<ec|HY|SAPK (1 n AKHL + AKL> £ S2A™HYS + VHK, |,

614 where c is a sufficiently large constant and we substitute the bonus functions into inequality (7).

e15  On the complement of £,,, the regret is bounded by H (1 —P(&,,)) < H2K(1— o)™ 1. We choose

16 M =3 {%J such that H(1 —P(&,,)) < H?K (1 — \o)" ! < H?V/K. We can now check

6

1
7 that A+ = exp (%{i\o) log VK ) < K 20+v), Therefore, combining the regret on event £,

618 and the complement event 551 leads to

Regret(K) <c (H4\/ SAK3 + S*/ HOK T LG) .

619 The proof is complete. ]

620 C.3 Supporting lemmas

621 Lemma C.2. Suppose Assumption 2.2 holds. With probability 1 —  for some failure probability
622 7y > 0, we have

log L%
—log(1 = A3)

—‘ VSAKH.

o1t/ NE(sE ak)

623 Proof of Lemma C.2. For any time h, we denote K (h) as the collection of episodes that the h-th
624 and (h + 1)-th step observations are available. It is clear that the cardinality of K (h) is bounded
625 by K for any h. Within each X (h), we would like to bound the gap between two observations.
626 Thanks to Lemma C.3, the gap is bounded by ¢q with probability 1 — K (1 — A\2)9T1. We set

627 K(1— \2)91 = ~/H, which implies ¢ = {

n

log HE . .
Wllx\%.) . Therefore, for any time step h, available
628 Observations are at most separated by ¢ episodes.

629 With these notations, we bound
K H ) HK 71 H
(i) log ==
>yl ¢l il s
k=1 h=1 1/ NF(sk,aF) 8 0 ko ( K




630

631

632

633
634

635

636
637
638

639

640

641
642

643

644

645

646

647

where inequality (i) follows since N, }’f will only be updated when h € K¢ (h) and then repeat at

o HE
most —lc)gg(ll)\?])-‘ times, inequality (i) invokes the cardinality bound of K¢ (1), and inequality
(#it) follows from the standard pigeon-hole principle. O

Lemma C.3. Let {u;}*_, be i.i.d. Bernoulli random variables. Suppose P(u; = 1) = 6. Define the
largest gap between u;’s as

g(k) =sup{j —i:u; =0andu; = O0withu, =1forl=i+1,...,5—1}.
Then for any integer ¢ > 0, the following tail probability bound holds
P(g(k) > q) < k™"
Proof of Lemma C.3. We denote Iee = {(1,...,¢n} as the index set for uy, = 0 when i =

1,...,|Inegl|- Let v; = €41 — ¢;, which is a geometric random variable with a success rate . Note
that the cardinality of I,c, is at most k. Therefore, we have

Pg(k) > ¢q) < P( max v; >q)
Jj=1,...,
=1-P(v; <gforj=1,...,k)
—1— (1—0ot)"
< kO,

where the last inequality follows from 1 — k971 < (1 — 9at1)%, O

D Helper concentration inequalities

Lemma D.1 (Bernstein’s inequality). Let z1,...,x, be i.i.d. zero mean random variables. Suppose
|x;| < M forany i = 1,...,n. Then for all positive ¢, it holds

n th
P i >t | <exp|——=5 2 ) .
(; > = ( S, Var[z;] + £ Mt

In particular, given a failure probability v < 1, it holds

P in> ZVar[xi]log;—i—Mlog; <.
i=1

i=1

Proof of Lemma D. 1. The proof of Bernstein’s inequality is standard; see for example Wainwright

142
[2019, Section 2.1]. Here we verify the second claim. Let exp —m) < 7 hold true.
We find a suitable ¢ by ‘
142
2
ex — <
P ( Z?:l Var[z;] + éMt) =7
142 1
2
<= > log —
S Varlw] + Mt T Py

2 I 1
— t? - gtMlog - > ZVar[xi] log —
R Y

1

n
1 1 1 1
= t> E Var[z;]log = 4+ - M2log? = + =M log ~.
v 9 gl v

i=1 3

It is enough to choose t = \/22;1 Var[z;] log % + M log % H
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649

650

651

652
653
654

655

656

Lemma D.2 (Hoeffding’s inequality). Let zq,...,z, bei.i.d. random variables. Suppose a; < z; <

b; forany ¢ = 1,...,n. Then for all positive ¢, it holds

P ( zn:l‘i —E i%l]
i=1 i=1

In particular, given a failure probability v < 1, it holds

2t2
i=1\"1 ?

1 n n Z?:l(bl — CLZ‘)2 log %
P - ;xi—E[;m] >\/ o2 <.
Proof of Lemma D.2. The proof is standard; see Wainwright [2019, Section 2.1]. O
Lemma D.3 (Azuma-Hoeffding’s inequality). Let x1, ..., x, be a martingale adapted to filtration

F1 C -+ C Fy. Suppose E[z; — E[z;]|F;—1] = 0 and |z; — E[z;]| < ¢;. Then for all positive ¢, it

holds

P x; — Elz;] >t | <exp (—n> .
(; ) 2 Zi:l CZZ

In particular, given a failure probability v < 1, it holds

P Zl‘i - E[l‘l] >
=1

Proof of Lemma D.3. The proof is standard and applies Lemma D.2.
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