A Categorizing Popular Ranking Losses

Table 1: Categorizing Popular Ranking Losses.

H Loss ‘ Loss Family H
Sum Loss@p L(lsa)
Precision Loss@p E(éﬁ?-?c

Average Precision

)

L(lsum )

Area Under the Curve L(0SK)
Reciprocal Rank L(lge.)
Pairwise Rank Loss L(CSK)
Discounted Cumulative Loss LISEY
Discounted Cumulative Loss@p c(ef?,g)

In this section, we show that our loss families L(ﬂgﬁl) and E(Elg}gc) are general and capture many of

the popular ranking loss functions used in practice. We summarize the results in Table|[I]
Recall that

L(69P) = {0 € RS<*Y . ¢ = ( if and only if (22 = 0} {f € RS<*Y . 1 &

sum sum

T = Um,y) =7, y)},
where
K .
(8P (7, y) = Zmin(m,p + 1)y — Z8.
i=1

Note that the normalization constant is defined as Z7' := minqes, Zfil min(rm;,p + 1)y* and thus
only depends on y. Furthermore,

L(E5E) = {¢ € RS<*Y : ¢ = 0if and only if (32, = 0}N{¢ € RS**Y 1 v £ & = ((m,y) = ((7,y)}.

prec prec

where
K

U (myy) = 20 = 1{m < ply".

i=1

As before, the normalization constant Z' := maX es, Zfil 1{m; < p}y* only depends on .

In ranking literature, many evaluation metrics are often stated in terms of gain functions. However,
these can be easily converted into loss functions by subtracting the gain from the maximum possible
value of the gain. When relevance scores are restricted to be binary (i.e. ) = {0, 1}%), the Average
Precision (AP) metric is a gain function defined as

K o
1 > Hmy <idy

||y||1 ZG{TF m*l} ?

AP(r,y) =

Since the maximum value AP can take is 1, we can define its loss function variant as:

EAP<7T7 y) =1- AP(TFa y)
Note that {sp(m, y) = 0 if and only if 7 ranks all labels where y; = 1 in the top ||y||;. Therefore,
lap(m,y) € LILGK).

Another useful metric for binary relevance feedback is the Area Under the Curve (AUC) loss
function:

Cave(m,y) =

K K ' -
m ZZ; Hm <m}{y' <y'}.
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The AUC computes the fraction of “bad pairs" of labels (i.e those pairs of labels where ¢ was more
relevant than 7, but ¢ was ranked lower than j). Again, note that {oyc(7,y) = 0 if and only if 7 ranks
all labels where ¥ = 1 in the top ||y||,. Therefore, £ap(m,y) € LLSK).

sum

Lastly, the Reciprocal Rank (RR) metric is another important gain function for binary relevance

score feedback, .

1Yt = 2

Its loss equivalent can be written as:
ERR(TFa y) =1- RR(ﬂ-a y)

Since ¢rg (7, y) only cares about the relevance of the top-ranked label, we have that {gg (7, y) €

£(€@1 )

prec

Moving onto non-binary relevance scores, we start with the Pairwise Rank Loss (PL):

Lo (7, y) ZZ]I{WZ <y <y}

=1 j5=1

The Pairwise Ranking loss is the analog of AUC for non-binary relevance scores and thus ¢py (7, y) €
L ( f@K )

sum

Finally, we have the Discounted Cumulative Gain (DCG) metric, defined as:

K
v —1
DCG(w
Z log2 (14 m)

For an appropriately chosen normalizing constant Z,, we can define its associated loss:

Ipeg(m,y) = Z, — DCG(m,y).

Like (9K fnog(m, ) is 0 if and only if 7 ranks the K labels in increasing order of relevance, breaking
ties arbitrarily. Thus, /pcg(7,y) € LESK). If one only cares about the top-p ranked results, then
the DCG@p loss function evaluates only the top-p ranked labels:

i

K

ap 2 1 .

Inéa(my) =25 =) o, (T Ty LT <Py =25~ DCG (1, y).
i=1

Analogously, we have that £ (m, y) € L(£9R).

B Agnostic PAC Learnability of Score-based Rankers

In this section, we apply our results in the main paper to give sufficient conditions for the agnostic
PAC learnability of score-based ranking hypothesis classes. A score-based ranking hypothesis
h : X — Sk first maps an input z € X to a vector in R¥ representing the “score" for each label.
Then, it outputs a ranking (permutation) over the labels in [K] by sorting the real-valued vector in
decreasing order of score.

More formally, let 7 C (R¥)? denote a set of functions mapping elements from the input space
X to score-vectors in IR For each f € F, define the score-based ranking hypothesis hf(z) =
argsort(f(x)) which first computes the score-vector f(x) € R, and then outputs a ranking by
sorting f(x) in decreasing order, breaking ties by giving the smaller label the higher rank. That
is, if fi(x) = f2(z), then label 1 will be ranked higher than label 2. Given F, define its induced
score-based ranking hypothesis class as H = {hy : f € F}. Since our characterization of ranking
learnability relates the learnability of A to the learnability of the binary threshold-restricted classes
H! = {h] : h € H}, it suffices to consider an arbitrary threshold-restricted class 7 and bound its
VC dimension. Before we do so, we need some more notation regarding JF.

For each k € [K], define the scalar-valued function class F, = {fx | (f1,-..,fx) € F} by
restricting each function in F to its k" coordinate output. Here, each 7, C IR¥ and we can write
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F = (Fi,...,Fk). Forafunction f € F, we will use f;(z) to denote the k" coordinate output of
f(z). For every (i, j) € [K] x [K], define the function class F; — F; = {f; — f; : f € F} where
we let f; — f; : X — R denote a function such that (f; — f;)(z) = fi(z) — f;(x). Subsequently,
for any (i,j) € [K] x [K], define the binary hypothesis classes G; ; = {1{(f; — f;)(z) < 0} :
fi — fj e Fi — .7:]} and Qi,j = {]1{(]2 — f])(ﬂf) < 0} c fi — fj e Fi — .FJ} Finally, let
C; : {0,1}% — {0,1} be the K-wise composition s.t. C;(b) = I{Zfil b; < j} and define
Cj(gl, ceny gK) = {C](gla ...,gK) : (gl, ,gK) S gl X ... X QK} In other WOI‘dS, Cj(gl, ceny QK)
is the binary hypothesis class constructed by taking all combinations of binary classifiers from
G1, ..., Gx, summing them up, and thresholding the sum at j. We are now ready to bound the VC

dimension of an arbitrary threshold-restricted class ’Hf .

Consider an arbitrary threshold-restricted class 7—[? and hypothesis h € H. By definition, hg €
H!. Let f € F denote the function associated with h. Given an instance © € X, recall that

h(z) = 1{hi(x) < j} where h;(x) is the rank that & gives to the label 4 for instance . Since
h(z) = argsort(f(z)), we have

hi(x) = argsort(f (z))[i]

i K

=Y 1H{fi@) < @)} + Y. (@) < fnl)}
m=1 m=i+1
i K

=Y {(fi— fm)(@) SO+ Y L{(fi — fm)(x) < O}
m=1 m=i+1

Thus, we can write:

i K
hi’(x)ﬂ{(Z 1{(fi = fn)(x) <O} + Y 1{<fifm><x><0}> SJ}-

m=1 m=i+1

Note that hf € Cj (.C;z‘.,l, s GH, Giit1,---»Gi i) by construction. Since h, and therefore h{, was
arbitrary, it further follows that H} C C;(G; 1, ..., Gi.i, Gi i+1, ---, Gi,ic ). Therefore,

VC(Hi) < VC(C; (Gity s GiiisGiiit1y s Gic))-

Since Cj(g},l,...,g},i,gl-,m,...,gi,K) is some K-wise composition of binary
classes  G;1,...,Gii, Giit1, - G0 K, standard VC  composition  guarantees  that

VC(C(Gityos Giir Giit1y - Giie)) = O(VC(Gin) 4 .. + VC(Gii) + VC(Giiv1) + ... +
VC(G; k)), where we hide log factors of K and the VC dimensions [Dudley, (1978, |Alon et al.,
2020]]. Putting things together, we have that

VC(HI) < O(VC(Gin) + ... + VC(Gii) + VC(Giit1) + - + VC(Gi k).

An identical analysis can also be used to give sufficient conditions for the online learnability of
score-based rankers in terms of the Littlestone dimensions of 7.

Now, we consider the special class of linear score-based ranker and prove Lemma 4.6

Proof. (of Lemma[4.6) Let ¥ = R% and F = {fw : W € R¥*?} s.t. fr(z) = Wa. Consider
the class of linear score-based rankers H = {hy,, : fw € F} where hy,, () = argsort(fi (z)) =
argsort(WWx) breaking ties in the same way mentioned above. Note for all i € [K], F; = {f, : w €
R4} where f,, () = wT x. Furthermore, F; — F; = F; = F;. Therefore, for any (i, j) € [K] x [K],

Giy ={1{(fi — f;)(@) <0} : fi — f; € Fi — Fj} = {1{fw(z) < 0} : w € R%}

and
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Gig = {H{(fi = f)(@) SO} fi = f; € Fi = F3} = {1{fu() <0} : w € R}

are the set of half-space classifiers passing through the origin with dimension d. Since for all
(i,§) € [K] x [K], VC(Gi ;) = VC(Gs ;) = d, we get that VC(H]) < O(Kd). O

C Proofs for Batch Multilabel Ranking

Since many of the ranking losses we consider map to values in IR, the empirical Rademacher
complexity will be a useful tool for proving learnability in the batch setting.

Definition 3 (Empirical Rademacher Complexity of Loss Class). Let {(-,-) be a loss function,
S={(z1,11), -, (@n,yn)} € (X X V)* be a set of examples, and L o H = {(z,y) — L(h(x),y) :
h € H} be a loss class. The empirical Rademacher complexity of € o H is defined as

R, (LoH) =E,
heH

sup (711 Z oil(h(x;), yz))]

where 01, ..., oy, are independent Rademacher random variables.

In particular, a standard result relates the empirical Rademacher complexity to the generalization
error of hypotheses in H with respect to a real-valued bounded loss function £(h(x),y) [Bartlett and
Mendelson, [2002].

Proposition C.1 (Rademacher-based Uniform Convergence). Let D be a distribution over X x )
and (-, -) < ¢ be a bounded loss function. With probability at least 1 — § over the sample S ~ D",
for all h € H simultaneously,

In(3)

Ep[t(h(x),y)] — Bs[t(h(z),y)]| < 2R,.(F) + O "

where Eg[0(h(x),y)] = ﬁ > (e.yes Lh(z),y) is the empirical average of the loss over S.

When the empirical Rademacher complexity of the loss class Lo H = {(z,y) — ¢(h(z),y) : h € H}
is o(1), we state that H enjoys the uniform convergence property w.r.t £. If H enjoys the uniform
convergence property w.r.t. a loss ¢, a standard result shows that 7 is learnable according to Definition
via Empirical Risk Minimization (ERM) (Theorem 26.5 in|Shalev-Shwartz and Ben-David|[2014]).

C.1 Proof of Lemmal[4.3]

Proof. Let H C S ;'g be an arbitrary ranking hypothesis class. We need to show that if 7—[? is agnostic
PAC learnable w.r.t to 0-1 loss for all (¢, j) € [K] X [p], then ERM is an agnostic PAC learnable w.r.t

sr By Proposition it suffices to show that the empirical Rademacher complexity of the loss

class £ o H vanishes as n increases. This will imply that ar enjoys the uniform convergence

property, and therefore ERM is an agnostic PAC learner for H w.r.t k. By definition, we have that
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% (gg% © H) O’N{il}" sup — Z 02 sum ))‘|

|heH TV 5

=E,wit11n | SUp o; min(h 0+ )y — 0,28
o Wz(z s 0 -7

=Eyoqtiin Sup o; min(hoy, (), p + 1)y

K
Z o~{£1}n [sup Zozmlnh (i),p+1)yz’-”]
i 1
e £1tn | SUD — o;min(hy, (z;),p+ 1
<8 2 Bevie [Z (nleey

where the second inequality follows from the fact that ¥ < B and Talagrand’s Contraction Lemma
Ledoux and Talagrand [[1991]).

Next note that min (o, (2;),p +1) = (p+1) = 320 L{hm(z:) < j} = (p+1) -
Substituting and getting rid of constant factors, we have that

] 1 hzn(ajl)

K n
mn(gs@ugl © H <B Z an{il}" sup l Z oF} i hﬁn(x )

n
m=1 hm€Hm —

IA

B Eooftiyn sup Z ol

B R, (H).

M= 10
M 1M

1

3
Il
i

Since for H7, is agnostic PAC learnable w.r.t O-1 loss, by Theorem 6.5 in Shalev-Shwartz and
Ben-David [2014], lim,, o, R, (H7,) = 0. Since p, K and B are finite,

K »p
Jim ol o) = Jm B 3%

By Proposition|C.1} this implies that s enjoys the uniform convergence property, and therefore
ERM using se is an agnostic PAC learner for . O

C.2 Proof of Lemma[4.5]

Proof. Fix £ € L({eh) and (i, 7) € [K] x [p]. Let a = ming , {€(m,y) | £(m,y) # 0}. Let H be
an arbitrary ranking hypothesis class and .A be an agnostic PAC learner for H w.r.t £. Our goal will
be to use A to construct an agnostic PAC learner for H?.

Let D be distribution over X’ x {0,1} and k)’ = arg ming; ,,; Ep 1{h!(z) # y}| be the optimal

hypothesis. Let h* € H be any valid completion of h:’j . Our goal will be to show that Algorithm@
is an agnostic PAC learner for ] w.r.t 0-1 loss.

Consider the sample S7 and let ¢ = A(S%"). We can think of g as the output of A run over
an i.i.d sample S drawn from D*, a joint distribution over X x ) defined procedurally by first

17



—

Algorithm 4 Agnostic PAC learner for ’Hf w.r.t. 0-1 loss
Input: Agnostic PAC learner A for H w.r.t £, unlabeled samples Sy ~ D%, and labeled samples
Sp ~ D™
For each h € ’H‘SU, construct a dataset
SZ‘ - {(xla gl)v ceey (xny gn)} s.t. ij = BIHRel(h(l'Z),])
Run A over all datasets to get C(Sp) := {A(SE) | h € His, }
Define CJ(SU) ={gllg € C(Sv)}
Return § € CY(Syy) with the lowest empirical error over Sy, w.r.t. -1 loss.

sampling « ~ Dy and then outputting the labeled sample (z, BinRel(h*(z), j)). Note that D* is a

realizable distribution (realized by h*) w.r.t (SP and therefore also ¢. Let m (€, 6, K) be the sample
complexity of A. Since A is an agnostic PAC learner for H w.r.t £, we have that for sample size
n > ma(%, /2, K), with probability at least 1 — 3,

Ep- [t(g(2),y)] < jnf Ep- [((h(2), )l + 5 = 7

Furthermore, by definition of D*, Ep- [¢

(9(2),y)] = Eqnpy [U(g %}BinRel(h*(z),j))]- There-
fore, E,np, [((g(2), BinRel(h*(2),j))] < % .

Next, using Lemma we have pointwise that

1{g] () # h” (x)} < 1{LGh(g(x), BinRel(h*(x), 5)) > O}
= 1{¢(g(z), BinRel(h*(z), j)) > 0}

IN

ég(g(l«), BinRel(h*(z), ).

Taking expectations on both sides gives,

Ep [1{g}(x) # 117 (@))] < - Ep [((g(x), BinRel (4" (x). /)] < &,

where in the last inequality we use the fact that E,p, [((g(x), BinRel(h*(x), j))] < % . Finally,
using the triangle inequality, we have that

v [UHol (@) # 43| < Ep [1{h}7 () # v} + Ep [Ugl (2) # 1} ()]
< Ep [L{h}9(x) £ y}] + 5

= arg min Ep []l{hf(a’) # y}} + <
hier] 2

Since g/ € C(Sy), we have shown that C? (Sy) contains a hypothesis that generalizes well w.r.t
D. Now we want to show that the predictor ¢/ returned in step 4 also generalizes well. Crucially,

observe that Cf (Sy) is a finite hypothesis class with cardinality at most K7". Therefore, by standard
Chernoff and union bounds, with probability at least 1 — §/2, the empirical risk of every hypothesis

4|¢? (Su)l

in Cj (Sv) on a sample of size > 8 5 log is at most ¢/4 away from its true error. So, if

=S| > & log M , then w1th probablhty at least 1 — §/2, we have
: ' j € 3¢
2 j < [ j €3
|S1] > Hol@) #y} <Ep |Hgl(w) #v}| + 7 <3

(z,y)€ESL
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Since g is the ERM on Sy, over CY(Sy;), its empirical risk can be at most 3¢, Given that the
population risk of g/ can be at most /4 away from its empirical risk, we have that

Ep[1{g](2) # y}] < argmin By [1{4(2) £ y}] +¢

hieH?

Applying union bounds, the entire process succeeds with probability 1 — §. We can compute the
upper bound on the sample complexity of Algorithm denoted n(e, d, K), as

n(e, 0, K) < mA(%7(5/2’K) L0 <1210g|C(§U)>

(KmA( ,6/2,K) +log5>7

< mA( € 5/2,K)+0 >

where we use |C(Sy)| < 26ma(%9/2.K) This shows that Algonthm@m an agnostic PAC learner
for HJ w.r.t 0-1 loss. Since our choice of loss £ € L(¢SF) and indices (i, J) were arbitrary, agnostic

PAC learnability of 7 w.r.t £ implies agnostic PAC learnability of ”HZ w.r.t the 0-1 loss for all
(,4) € [K] x [p]. O

C.3 Characterizing Batch Learnability of L(ﬁg’éc)

In this section, we prove Theorem [{.2] which characterizes the agnostic PAC learnability of an

arbitrary hypothesis class H C ng w.r.t losses in E(Epm) Our proof will again be in three parts.
First, we will show that if for all i € K], H? is agnostic PAC learnable w.r.t the 0-1 loss, then ERM
is an agnostic PAC learnable w.r.t Eprec Next, we show that if H is agnostic PAC learnable w.r.t Zggc,
then H is agnostic PAC learnable w.r.t any loss £ € E(Eg@rfc). Finally, we prove the necessity direction
- if H is agnostic PAC learnable w.r.t an arbitrary £ € £({pk), then for all i € [K], H? is agnostic
PAC learnable w.r.t the 0-1 loss.

We begin with Lemma@ which asserts that if for all ¢ € [K], ’Hf is agnostic PAC learnable, then

ERM is an agnostic PAC learner for H w.r.t Eprec

Lemma C.2. If for all i € [K|, H? is agnostic PAC learnable w.r.t the 0-1 loss, then ERM is an
agnostic PAC learner for H C S w.rt ES‘Z
The proof of Lemma[C.2 is similar to the proof of Lemma[4.3]and involves bounding the empirical
Rademacher complexity of the loss class zf?;g’c o H. This will imply that E?rfc enjoys the uniform
convergence property, and therefore ERM is an agnostic PAC learner for H w.r.t KS@’C. The key insight
is that we can write (pr (h(z), y) = zZb — SR 1{hi(z) < plyt = zZb — SR hP(z)y. Since zh
does not depend on h(z) and * < B, we can upperbound the empirical Rademacher complexity in
terms of the empirical Rademacher complexities of ! using Talagrand’s contraction.

Proof. LetH C S ;g be an arbitrary ranking hypothesis class. Similar to the proof of Lemmalﬁl, it
suffices to show that the empirical Rademacher complexity of the loss class ﬁg@ré’c o H vanishes. By
Proposition this will imply that Egé’c enjoys the uniform convergence property, and therefore
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ERM is an agnostic PAC learner for H w.r.t f;()@;gc. By definition, we have that

m (gp@rgc OH) ON{il}" }SLEEL n ZUZ prec xl 7y2))]
=E,~ n | Su 0iZy, — o 1H{hm(x;) < m
(+1} heg - Z ( Z { ) < pty; )]
=Egsoft1)n |SUp — oih th yz
o s e
< Z an{il}" lSUP Zalhp xl)yz ]
m=1

1
<B Z Eo{t1}n [SUP - Zaih%(xi>]
m=1 her 155

K
=B Ra(Hh),
m=1

where the second inequality follows from Talagrand’s Contraction Lemma and the fact that y;* < B
for all 7, m. Since for all m € [K|, H?, is agnostic PAC learnable w.r.t 0-1 loss, by Theorem 6.7 in

Shalev-Shwartz and Ben-David [2014], lim,,_, oo S)A%n(”an) = 0. Since K and B are finite,

K
im R, (%P —
i Pk %) = lim B )

By Proposition E, this implies that Egé’c enjoys the uniform convergence property, and therefore
ERM using Kf?rfc is an agnostic PAC learner for . O

Next, Lemmaextends the learnability of Kprec to the learnability of any loss ¢ € z(zﬁg’c) In
particular, Lemmaasserts that if H is agnostic PAC learnable w.r.t efi?g’c then H is also agnostic
PAC learnable w.r.t any £ € L({pk.).

Lemma C.3. If a hypothesis class H C Sy is agnostic PAC learnable w.r.t KI,@,EC, then H is agnostic
PAC learnable w.r.t any { € L({SP).

prec

The proof of Lemma [C.3]follows the same the exact same strategy used in proving Lemma[d.4, More
specifically, given an agnostlc PAC learner A for H w.r.t. éprec, we first create a realizable PAC

learner for H w.r.t £ € £(€prfc). Then, we use a similar realizable-to-agnostic conversion technique
as in the proof of Lemma[4.4]to convert the realizable PAC learner into an agnostic PAC learner for
H w.rtl.

Proof. Fix { € /J(éprec) Let a = min, ,{{(m,y) | U(m,y) # 0} and b = max, , {(7,y). We need
to show that if H is agnostic PAC learnable w.r.t Kprec, then H is agnostic PAC learnable w.r.t /. We
will do so in two steps. First, we will show that if A is an agnostic PAC learner for H w.r.t. ég?c, then
A is also a realizable PAC learner for H w.r.t £. Next, we will show how to convert the realizable

PAC learner w.r.t £ into an agnostic PAC learner w.r.t £ in a black-box fashion. The composition of
these two pieces yields an agnostic PAC learner for H w.r.t /.

If H is agnostic PAC learnable w.r.t éﬁﬁ’c, then there exists a learning algorithm 4 with sample
complexity m(e, d, K) s.t. for any distribution D over X x ), with probability 1 — J over a sample
S ~ D" of size n > m(e, J, K), the output g = A(S) achieves
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Ep [gggc(g(w)ay»] < inf Ep [Eggc(h(‘T)vy))] +e.

If D is realizable w.r.t /, then we are guaranteed that there exists a hypothesis h* € H s.t.
Ep [((h*(x),y)] = 0. Since £ € L(nk), this also means that Ep [ﬁgé)c(h*(x),y)} = 0. Fur-

thermore, since ¢ € [I(Zf?rfc), ¢ < béﬁfc. Together, this means we have Ep [¢(g(x),y)] < be showing
have that A is also a realizable PAC learner for 7 w.r.t £ with sample complexity m(§, d, K). This
completes the first part of the proof.

Now, we show how to convert the realizable PAC learner A for ¢ into an agnostic PAC learner for ¢
in a black-box fashion. For this step, we will use a similar algorithm as in the proof of Lemma[4.4]
That is, we will show that Algorithm [5|below is an agnostic PAC learner for  w.r.t £.

Algorithm 5 Agnostic PAC learner for H w.r.t. ¢
Input: Realizable PAC learner A for H w.r.t £, unlabeled samples Sy ~ D%, and labeled samples

S ~ D™
For each h € ’H‘SU, construct a dataset
S[’} = {(xlagl)a ceey (xna:gn)} s.t. gl = BlnRel(h(xz)ap)

Run A over all datasets to get C(Sp) := {A(SE) | h € His, }
Return § € C(Sy) with the lowest empirical error over S, w.r.t. £.

Let D be any (not necessarily realizable) distribution over X x ). Let h* =
arg miny, .4, Ep [((h(z),y))] denote the optimal predictor in 7 w.r.t D. Consider the sample S}

and let g = A(S{}* ). We can think of g as the output of .A run over an i.i.d sample S drawn from D*,
a joint distribution over X x ) defined procedurally by first sampling x ~ Dy, and then outputting
the labeled sample (x, BinRel(h*(z), p)). Note that D* is indeed a realizable distribution (realized

by h*) w.r.t both £ and Egé’c. Recall that m 4 (3,0, K) is the sample complexity of A. Since A is

ae

a realizable learner for H w.r.t £, we have that for n > m4(g5;%,9/2, K'), with probability at least
1-9
2 9’

ae

Ep- [((g(2),y)] = 5.

By definition of D*, it further follows that Eps [((g(2),y)] = Ez~p. [£(g(z), BinRel(R*(z), p))].
Therefore,

E,p, [((g(z), BinRel(h*(z),p))] < %

Next, by Lemma|[E.2] we have pointwise that:

Ug(x),y) < L(h*(x),y) + Sf(g(»f%BinRel(h*(I),p))-

Taking expectations on both sides of the inequality gives:

Ep [((g(0), )] < Ep [((h*(2),1)] + B | Z6(g(w), BinRel(4* (2), )

= o (001" (2), )] + ~Buv, [(g(), BinRel (1 (1), p))]

< Ep [6(h*(2),y)] + 5-
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Therefore, we have shown that C'(Syy) contains a hypothesis g that generalizes well with respect to
D. The remaining proof follows exactly as in the proof of Lemma[4.4, We include them here for the
sake of completeness.

Now we want to show that the predictor ¢ returned in step 4 also has good generalization. Crucially,
observe that C(Sy) is a finite hypothesis class with cardinality at most KP". Therefore, by standard

Chernoff and union bounds, with probability at least 1 — §/2, the empirical risk of every hypothesis
in C(Sy) on a sample of size > % log w is at most ¢/4 away from its true error. So, if

=|SL| > % log w, then with probability at least 1 — §/2, we have

BT X o)) < Eplala). )]+ < o [0 @)+ -
(z,y)ESL

Since § is the ERM on Sy, over C(S), its empirical risk can be at most Ep [¢(h*(z), y)] + 2¢. Given
that the population risk of § can be at most €/4 away from its empirical risk, we have that

Eplt(9(z),y)] < Ep [((h"(x),y)] + €.

Applying union bounds, the entire process succeeds with probability 1 — §. We can upper bound the
sample complexity of Algorithm|[1} denoted n(e, d, K), as

5/2,K)+0 ( L |C(6SU)|>
pma(£5,5/2, K)log(K) +1og;>

n(e, 6, K) < m(—
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5/2, K)+o(

where we use |C'(Sy )| < KP™4Giz9/25) This shows that Algorithm given as input an realizable
PAC learner for H w.r.t , is an agnostic PAC learner for H w.r.t £. Using the realizable learner we
constructed before this step as the input completes this proof as we have constructively converted an

agnostic PAC learner for Kpm into an agnostic PAC learner for /. O

Lemma [C.2) and [C.3]together complete the proof of sufficiency in Theorem .2, Finally, Lemma
below shows that the agnostic PAC learnability of ! for all i € [K] is necessary for the agnostic

PAC learnability of # w.r.tany ¢ € E(ngc) Like before, the proof of Lemma@is constructive
and follows exactly the same strategy as Lemmal4.5| That is, given as input a learner for ¢, we will
convert it into an agnostic learner for 7. In fact, the conversion is exactly the same as in the proof of

Lemma and just requires running Algorrthml:wrth an input learner for ¢ € [,(éprfc) and setting
J=0p

Lemma C.4. [fa function class H C S is agnostic PAC learnable w.r.t { € £(€p@,fc) then HY is
agnostic PAC learnable w.r.t the 0-1 loss for all i € [K].

Proof. Fix l € ﬁ(éﬁ&) and ¢ € [K]. Let a = ming ,{¢(m,y) | £(m,y) # 0}. Let H be an arbitrary
ranking hypothesis class and A be an agnostic PAC learner for H w.r.t £. Our goal will to be to use A
to construct an agnostic PAC learner for Y.

Let D be any distribution over X x {0,1}, A7 = arg miny, cy» Ep [1{h(z) # y}] the optimal

hypothesis, and h* € H be any valid completion of A", We will now show that AlgorlthmEfrom
the proof of Lemmars an agnostic PAC learner for Hp if we set j = p and give it as input an

agnostic PAC learner A for H w.r.t. £ € E((Sfc)

Consider the sample S} and let g = A(S}"). We can think of g as the output of A run over an i.i.d
sample .S drawn from D*, a joint distribution over X x ) defined procedurally by first sampling
x ~ Dy and then outputting the labeled sample (x, BinRel(h*(z), p)). Note that D* is a realizable

distribution (realized by h*) w.r.t Ef,@rg’c and therefore also £. Let m 4 (¢, ¢, K) be the sample complexity
of A.

Since A is an agnostic PAC learner for H w.r.t £, we have that for sample size n > m (%, 6/2, K),
with probability at least 1 —
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Ep- [(g(x),y)] < jnf Ep. [((h(z),9)] + 5 = 5

Furthermore, by definition of D*, Ep« [¢(g(z),y)] = Eswp, [¢(g(x), BinRel(h*(z),p))]. There-
fore, E;p, [((g(x), BinRel(h*(x),p))] < % . Next, using Lemma|E.4, we have pointwise that

1{g} (x) # hi*(2)} < Gk (9(x), BinRel(h* (x), p)) > 0}
= 1{¢(g(z), BinRel(h*(z),p)) > 0}

2 ((g(x), BinRel(h* (), p)).

IN

Taking expectations on both sides gives,

p [Hg](z) # h;P(2)}] < 21% [¢(g(x), BinRel(h*(z),p))] < %

where in the last inequality we use the fact that E,p, [¢((g(z), BinRel(h*(z),p))] < % . Finally,
using the triangle inequality, we have that

o [L{g! (=) # y}] < Ep [I{h"(2) # y}] + Ep [L{g{ (x) # h;""(z}]
< Ep [1{h]"(z) #y}] + 5

= argmin Ep [1{h(z) # y}] + g
hYeH?

Since g € C¥(Sy), we have shown that C?(Sy) contains a hypothesis that generalizes well w.r.t
D. Now we want to show that the predictor ¢!’ returned in step 4 also generalizes well. Crucially,
observe that C?(Sy) is a finite hypothesis class with cardinality at most K*". Therefore, by standard
Chernoff and union bounds, with probability at least 1 — ¢/2, the empirical risk of every hypothesis

4|¢? (Su)l

in C’p(SU) on a sample of size > 8 5 log is at most €/4 away from its true error. So, if

=181 > S log M , then w1th probablhty at least 1 — §/2, we have

o Z 1{g! (z) #y} < Ep [1{g} (z) # y}] +

92l ese

Since §¥ is the ERM on Sy, over C?(Sy), its empirical risk can be at most %. Given that the
population risk of §¥ can be at most €/4 away from its empirical risk, we have that

Ep[1{g; (=) # y}] < a}fpgerfl;n Ep [1{h](x) # y}] + €.

3€
< —.
— 4

FNI

Applying union bounds, the entire process succeeds with probability 1 — §. We can compute the
upper bound on the sample complexity of Algorithm denoted n(e, d, K), as

n(e, 8, K) < ma(% 6/2K)+O< |C(§U)|)
(pmA( ,0/2,K)log(K )—l—log;)

€2

<mA( € 5/2,K)+0

where we use |C(Sy)| < KP4 (59/2K)_This shows that Algorithm 4]is an agnostic PAC learner

for ’Hf w.r.t 0-1 loss. Since our choice of loss £ € E(El%gc) and index ¢ were arbitrary, agnostic PAC
learnability of H w.r.t £ implies agnostic PAC learnability of H? w.r.t the 0-1 loss for all ¢ € [K]. [

Combining Lemma|C.2,[C.3 and [C:4 gives Theorem .2
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D Proofs for Online Multilabel Ranking

D.1 Proof of necessity in Theorem [5.1]

Proof. Fix { € L({%5) and (i,j) € [K] x [p]. Given an online learner A for 7 w.r.t £, our goal is to
construct an agnostic online learner .A? for #7. To that end, let (1, 1), ..., (z7, yr) € (X x{0,1})7
denote a stream of labeled instances. Define h}7 = arg M, g0 Z?:l ]l{hi(act) # y; } to be the
optimal function in 7—[{ and h* be an arbitrary completion of h;"j . As in the sufficiency proof, our
construction of the online learner for ’Hg will run REWA over a set of experts we construct below.

For any bitstring b € {0,1}7, let ¢ : {t € [T] : by = 1} — Sk denote a function mapping time
points where b; = 1 to permutations. Let ¢, = SEE[T]:b‘:l} denote all such functions ¢. For
every h € H, there exists a ¢! € @, such that forall t € {t : by = 1}, ¢ (t) = h(x;). Let
|b] = |{t € [T] : by = 1}|. Forevery b € {0,1}" and ¢ € ®}, define an Expert E,, . Expert E}, 4,
formally presented in Algorithm@, uses A to make predictions in each round. For every b € {0,1}7,
let & = Uyeq, 1 Eb,¢ } denote the set of all Experts parameterized by functions ¢ € ®y,. As before,
we will actually define &, = {Eo} UUycq, { £b,¢ } Where Ej is the expert that never updates A and
only uses it to make predictions in each round. Note that 1 < |&,| < (K!)IPl < KK,

Algorithm 6 Expert (b, ¢)
Input: Independent copy of online learner A for H

fort=1,....T do
Receive example x4
Predict 1{#; < j} where # = A(z;)
if b, = 1 then
| Update A by passing (z;, BinRel(¢(t), 7))
end

We are now ready to give the agnostic online learner for 4!, henceforth denoted by Q. Our
online learner Q is very similar to Algorithm E First, it will sample a B € {0,1}T s.t. B; ~
Bernoulli(7” /T). Then, it will construct a set of experts £p using Algorithm |§ Finally, it will run
REWA, denoted by P, on the 0-1 loss over the stream (z1,¥1), ..., (z7, yr). As before, let A and
P be the random variables denoting internal randomness of the algorithm .4 and P. Using REWA
guarantees and following exactly the same calculation as in the sufficiency proof, we arrive at

T

Z 1{Q(z1) # yi}

t=1

T

Z H{EB,(N[; (z¢) # Y}

t=1

E <E + V2Tt K In K.

The inequality above is the adaptation of Equation (1) for this proof. Recall that h:’j is the optimal
function in hindsight for the stream and h* is a completion of h}*. Since 1{E B (z) #ye} <

{7 (x) # ui} + HEp g (21) # 7 (x4)}, the inequality above reduces to

T

> U{Ep gy (w0) # i (22))

t=1

E

T T
> 1{Q(z) # yt}l <D Uh (x) #y} + E

t=1 t=1

It now suffices to show that [|E {23:1 ]l{EB,%* (1) # b7 (xt)}} is sub-linear function of T'.

Given an online learner A for H, an instance x € X, and an ordered finite sequence of labeled
examples L € (X x ))*, let A(z|L) be the random variable denoting the prediction of A on
the instance z after running and updating on L. For any b € {0,1}T, h € H, and t € [T}, let
Lt = {(x;,BinRel(h(zs),j)) : s < tand b, = 1} denote the subsequence of the sequence of

by
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labeled instances {(z, BinRel(h(z,), j))}'Z} where b, = 1. Thus, using Lemma we have

U Ep gy (x0) # i ()} < LR (Al | L _,), BinRel(h* (), 5)) > 0}

sum

= 1{0(A(x: | L%;),BinRel(h*(xt),j)) > 0}

IN

L U(AG | 2, BinRel (i (z.). ), BinRel (" (x0), )

where equality follows from the fact that ¢ € E(Kgﬁ). Here, a is the lower bound whenever it is
non-zero. Taking expectations of both sides and summing over ¢ € [T] gives

T

Y UEp g (@) # hf’j(xt)}] < %]E

t=1

E

T
> U(A(xe | L), BinRel(h* (xy), j))] .

t=1

To upperbound the right-hand side, we will again use the fact that the prediction A(x; | L}};Q) only
depends on (By, ..., B;_1), but is independent of B;. The details of this calculation are omitted
because they are identical to that of the sufficiency proof. Using independence of A(x; | L%;) and
B;, we obtain

T
C . , T * . . ,
E | > 0(A(z | L), BinRel(h* (x¢), 7)) =5 F > U(A(x | L), BinRel(h (xt),;))]
t=1 t:By=1
T N
= E|E > U(A(xy | L), BinRel(h*(xy), 5)) | B
t:B;=1
T
< 75 E[R(B], K],

where R(|B], K) is the regret of the algorithm A, a sub-linear function of |B|. In the last step,
we use the fact that A is a (realizable) online learner for H w.r.t. ¢ and the feedback that the
algorithm received was (z, BinRel(h*(x;), j)) in the rounds whenever B; = 1. Again, Lemma
5.17 from [Ceccherini-Silberstein et al.|[2017] guarantees an existence of a concave sublinear up-
perbound R(|B|, K) of R(|B|, K). Then, applying Jensen’s inequality yields IE [R(|B|, K)] <

E [R(|B |, K )} < R(T?, K), a concave sub-linear function of 7. Combining everything, we get

T T
> 1{Q(x) # yt}] <Y R () £ w + G%R(Tq K)+ V2T PR In K
t=1

t=1

E

T
) T -
=argmin Y 1{h!(z;) # p} + =z R(T7, K) + V2T K In K

> 1111 3
hleH] =1 al

For any choice of 8 € (0,1), the regret above is a sub-linear function of T'. Therefore, we have
shown that Q is an agnostic learner for 1 w.r.t. 0-1 loss. O

D.2 Proof of Theorem [5.2]

Proof. (of sufficiency in Theorem Fix { € E(ép@rgc) and let M = max, , ¢(m,y). This proof is
virtually identical to the proof of sufficiency in Theorem [4.T] However, we provide the full details
here for completion. Our proof is also based on reduction. That is, given realizable learners A% of
HPs for i € [K] w.r.t. 0-1 loss, we will construct an agnostic learner Q for H w.r.t. £. We will
construct a set of experts & that uses A to make predictions and run the REWA algorithm using
these experts.

Let (71,%1), ..., (x7,yr) € (X x V)T denote the stream of points to be observed by the online learner.

As before, we will assume an oblivious adversary. Define A* = argming, ¢, Zthl L(h(xy),yt) to be
the optimal hypothesis in hindsight.
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For any bitstring b € {0,1}7,let ¢ : {t € [T] : b = 1} — Sk denote a function mapping time
points where b; = 1 to permutations. Let &, = SEG[T]:b‘:l} denote all such functions ¢. For
every h € H, there exists a ¢! € @, such that for all t € {t : b = 1}, $(t) = h(x;). Let
|b] = |{t € [T] : by = 1}|. For every b € {0,1}T and ¢ € ®,, we will define an Expert E}, 4. Expert
E}, 4, formally presented in Algorithm [3, uses A?’s to make predictions in each round. However,
Ey, 4 only updates the A%’s on those rounds where b; = 1, using ¢ to compute a labeled instance. For
every b€ {0,1}T,let & = sca, 1 Ev,o} denote the set of all Experts parameterized by functions
¢ € ®p. If bis the bitstring with all zeros, then &, will be empty. Therefore, we will actually define
& = {Eo} UUyecp, 1 b6} Where Ej is the expert that never updates A7 ’s and only uses them for

predictions in all £ € [T]. Note that 1 < || < (K!)IPl < KKIPl, Using these experts, AlgorithmB

is our agnostic online learner Q for H w.r.t £ € E(ﬂgﬁ’c).

Algorithm 7 Expert (b, ¢)

Input: Independent copy of realizable learners A” of H? fori € [K]|
fort=1,....,T do
Receive example z;
Define a binary vote vector v; € {0, 1} such that v,[i] = A? ()
Predict 71; € argmin, s, (7, v¢)
if b; = 1 then
| Letm = ¢(t) and for each i € [K], update .A? by passing (¢, n?)

end

Using REWA guarantees and following exactly the same calculation as in the proof of Theorem
we immediately arrive at

E <E + MV2THBKIn K,

T
ZK(Q(xt)ayt)

T
Zg(EB,qs’g (@), ye)
t=1

the analog of Equation (1)) for this setting. Using Lemmal[E.2| we have

((Ep gy (), 1) < L0 (00), ) + o (B, (), BinRel (4 (1), )
pointwise, where a = min, ,{¢(m,y) | 4(7,y) # 0}. By definition of M, we further get
é(EBﬁ(é%* (z¢), BinRel(h* (z),p)) < M]l{é(EBy(b%* (2¢), BinRel(h*(x¢),p)) > 0}
= M 1{¢°? (Ep g+ (x:), BinRel(h* (), p)) > 0},

prec

where the equality follows from the fact that £ € £({g%).

In order to upperbound the indicator above, we need some more notations. Given the realizable
online learner A? for i € [K] x [p], an instance x € X, and an ordered finite sequence of labeled
examples L € (X x {0,1})*, let AY(z|L) be the random variable denoting the prediction of A?
on the instance z after running and updating on L. For any b € {0,1}T, h € H, and t € [T}, let
L’bl<t (i,p) = {(zs, W (z5)) : s < t and by = 1} denote the subsequence of the sequence of labeled
instances {(zs, ¥ (x,))}.Z] where b, = 1. Then, we have

K
L{lpte(Ep gy (1), BinRel(h* (), p)) > 0} < Y 1{Af (2, | L_, (i, ) # hy" (20) )}
i=1
. . . . . K .
To prove this claimed inequality, consider the case when Y ., 1{A"(z; | L%Q(z,p)) #
h;P(x:)} = 0 because the inequality is trivial otherwise. Then, we must have A? (z; | L}ILB« (i,p)) =
hiP(zy) forall i € [K]. Letv; € {0,1} such that v [i] = AP(z; | L};_, (i,p)) be a binary
vote vector that the expert £/ 4n+ constructs in round ¢. Since h*(z¢) is a permutation, the vote

vector v, must contain exactly p labels with 1 vote and K — p labels with 0 votes. Thus, every
7ty € argmin, g, (7, v;) must rank labels with 1 vote in top p and labels with 0 votes outside top p.
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In other words, we must have 7, 2 h*(x;), and thus {s (7, BinRel(h* (2;), p)) = 0 by definition
of £g%.. Our claim follows because Ep gn+ (x) € argmin g, (7, v¢).
Combining everything, we obtain

2 K

(B g (1), 90) < O (), 90) + T S0 LAy | T (G,p) # BEP(20)).

i=1

Taking expectations on both sides and summing over all ¢ € [T] yields

ZZ‘EB¢"* xy) yt] <Z€ (@¢), s Jr*ZE

So, it now suffices to show that E [ZtT:l 1{A? (2, | L%;t (i,p)) # h:P(xt)}] is a sub-linear func-

tion of 7'. Again, using the independence of B; and the algorithm’s prediction in round ¢, we can
write

ZH{A” x| Ly, (i,p)) # hf”’(fﬂt)}l :

t=1

T

Z 1{A7 (x; | LBQ(l p)) #h;* ] ZE [H{Ap x| LB<,(1 p)) # h:’p(zt)}}

t=1

P[B, = 1]

5 P[B; = 1]

= = ZE (AT (e | Ly, o) # B (@)} E[1{B, = 1}]

- % ZE (1A 0 | Ly, (i) # B2 (@)} {B = 1}].

t=1

Next, we can use the regret guarantee of the algorithm A% on the rounds it was updated. That is,

SR [0 | L i) £ (e} (B = 1}] = [ S UM | T (i) # h:’pm)}]

t=1 t:By=1
=E l]E > WA (@ | L, (i,p) # b7 ()} |B
t:By=1

<Ep[R}(BI)],

where R?(|B|) is the regret of A?, a sub-linear function of | B|. In the last step, we use the fact that
AP is a realizable algorithm for Hp and the feedback that the algorithm received was (z¢, b} (¢))
in the rounds whenever B; = 1. By Lemma 5.17 from |Ceccherini-Silberstein et al. [2017] there
exists a concave sub-linear function R?(|B|) that upperbounds R”(|B|). By Jensen’s inequality,

Eg [RY(|B])] < RP(T?), a sub-linear function of 7.
Putting everything together, we obtain

Vi M2 T porsy o Vo R R
Zé )| < DR (@) e) + = D7 25 RET?) + MVATH K K
t=1

i=1

. pM? S\ T
nf ZE(h(xt),yt)+ - ﬁR”(Tﬁ)+M\/ AT H8KIn K.

Since R?(T7) is a sublinear function of 7%, we have that = RP(T?) is a sublinear function of 7'.
As the sum of sublinear functions is sublinear, the second term above must be a sublinear function of
T. Thus, the regret is sub-linear for any choice of 8 € (0, 1). This completes our proof as we have

shown that the algorithm Q achieves sub-linear regret in 7. O

We will now show that the online learnability of H w.r.t £ implies that H? for each ¢ € [K] is online
learnable w.r.t 0-1 loss.
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Proof. (of necessity in Theorem 5.2)

Fix { € ﬁ(ép@rfc) and let M = max, , {(m,y). Given an online learner A for 7 w.r.t £, our goal is to
construct an agnostic online learner A? for H? for a fixed ¢ € [K]. One can construct agnostic online
learners for H? for all i € [K] by symmetry. Our construction uses the REWA and is similar to the
sufficiency proof above.

Let us define function ¢’s, the collection of functions ®;, for every b in the same way we did before.
For every b € {0,1}” and ¢ € ®,, define an Expert E}, ,. Expert E}, , is the expert presented in

Algorithm 6| after setting j = p and uses A to make predictions in each round. For every b € {0,1}7,
let & = beD, {E},¢} denote the set of all Experts parameterized by functions ¢ € ®;. As before,

we will actually define &, = {Eo} U U cq, { £b,¢ } Where Ej is the expert that never updates A and
only uses it to make predictions in each round. Note that 1 < |&,| < (K!)IPl < KK,

The online learner for ’Hf , henceforth denoted by Q, is similar to Algorithm E First, it samples a

B € {0,1}7 s.t. B; ~ Bernoulli(T?#/T), constructs a set of experts £p using Algorithm@and runs
REWA, denoted by P, on the 0-1 loss over the stream (21, y1), ..., (z7,y7) € (X x {0,1})T. Let

h;? = argmingpcyp S 1{hP(x;) # y:} be the optimal function in hindsight and h* be any
arbitrary completion of A",

Using REWA guarantees and following exactly the same calculation as in the sufficiency proof, we
arrive at

T

Z 1{Q(x¢) # e}

t=1

T

Z IL{EB@';; (ze) # i}

t=1

B <E + V2T +AKIn K.

The inequality above is the adaptation of Equation (1) for this proof. Since 1{£5 oh (xe) #yr} <
L{h; () # ye} + L{Ep gn (xe) # h;"(21)}, the inequality above reduces to

T

T
Z 1{Q(z1) # yt}] < Z AP () # ye} + E
t=1

t=1

T

Z ]l{EB,qﬁlg; (z¢) # hiP(24)}

t=1

E + V2T K In K.

It now suffices to show that I {23:1 ]l{EB,%* () # h;‘vp(xt)}] is sub-linear in 7.

Given an online learner A for H, an instance x € X, and an ordered finite sequence of labeled
examples L € (X x ))*, let A(z|L) be the random variable denoting the prediction of A on
the instance z after running and updating on L. For any b € {0,1}T, h € H, and t € [T}, let
Lt = {(x;,BinRel(h(x;),p)) : s < tand by = 1} denote the subsequence of the sequence of

bt

labeled instances {(z,, BinRel(h(zs), p))}'Z] where by = 1. Using Lemma we have

I{Ep gne (20) # by (20)} < W{oE (A, | Ly, ), BinRel(h* (z,), p)) > 0}
= 1{¢(A(z; | L_,), BinRel(h*(z;),p)) > 0}

< %e(A(xt | L;_,), BinRel(h*(z1), p)),

where the equality follows from the definition of the loss class. Here, a is the lower bound on ¢
whenever it is non-zero. Thus, we obtain

T

B |3 1By e (@) # b7 (@)

t=1

T

Z L(A(zy | L’g«), BinRel(h*(z¢), p))

t=1

—_

< E

IS
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Now, we will again use the fact that the prediction A(x; | L’]_?-;G) only depends on (B, ..., Bi_1),
but is independent of B;. Using this independence, we obtain

T

: . * T . ) .
E Zﬁ(A(xt | L%G),BlnRel(h (z¢),p)| = ﬁ]E Z (A | L%G),BlnRel(h (xt),p))l
t=1 t:By=1
T . )
=75 B |E| Y (Al | L), BinRel(h* (,),p)) | B
t:Bi=1

< 25 BIR(BLK)],

where R(|B|, K) is the regret of the algorithm A and is a sub-linear function of | B|. In the last step,
we use the fact that A is a (realizable) online learner for # w.r.t. £ and the feedback that the algorithm
received was (x¢, BinRel(h*(z;), p)) in the rounds whenever B; = 1. Again, using Lemma 5.17 from
Ceccherini-Silberstein et al. [2017] and Jensen’s inequality yields Eg [R(|B|, K)] < R(T?,K), a
concave, sub-linear function of 7. Combining everything, we get

T T
* T -
B> 1{Qxe) # hiP ()} | <D U{hIP(2) # ye} + mR(Tﬂ,K)+\/2T1+5K1n}(
t=1 t=1
: - p T 5ors
< inf {3 () # p} + —5 R(T7, K) + V2T K In K
ey aT

For any choice of 8 € (0, 1), the regret above is a sub-linear function of T'. Therefore, we have
shown that Q is an agnostic learner for /¥ w.r.t. 0-1 loss. This completes our proof. O

E Technical Lemmas

Throughout this section, for any ranking (permutation) m € Sk, we let 7rf = 1{m; < j} forall
(i,4) € [K].
Lemma E.1. Foranyy € Y, (7,7%) € Sy, and £ € L({ED)

U, y) < U7, y) + cp Ejuip) [€(m, BinRel(7, 5))] -

_ maxz , £(7,y)
where ¢ = o T (7 ) 70T -

Proof. Assume that £(m,y) > £(7,y) > 0 (as otherwise the inequality trivially holds). Then, since

[p]
le ﬁ(égﬁ), it must be the case that 7 # . That is, 7 and 7 assign different ranks to the labels in

the top p. Therefore, there exists i € [p] s.t. Lah (7, BinRel(#,4)) > 0. Since £ € L({ah), for this
same 4 € [p], ¢(w, BinRel(7, 7)) > 0. Therefore, we have

cp Ejunit(p)) [£(7, BinRel(#, j))] > cf(m, BinRel(, 7))
B maxsz , £(7,
minz , {£(7,y) | £(
> max ((7, y)
7y

y) , y
9] 2 O}E(Tr, BinRel(7, 1))
> U(m,y).

Combining the upperbounds in both cases gives the desired inequality. O

Lemma E.2. Foranyy € Y, (7,#) € Sy, and { € L(¢2P.)

prec
U(m,y) < U, y) + c L(x, BinRel(#,p)).

o maxz y, £(7,y)
T = T = = .
where ¢ = e 0w | (7 )07
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Proof. Assume that £(m,y) > (7, y) > 0 (as otherwise the inequality trivially holds). Then, since

P
le E(E;;gc) it must be the case that @ # 7. That is, 7 and 7 assign different labels in the top p.

Therefore, (b (7, BinRel(#, p)) > 0. Since £ € L({pk), £(r, BinRel(#,p)) > 0. Therefore, we
have

. . maxz , (7, y) . R
cf(mw,BinRel(7, p)) = — Y - £(m,BinRel(7, p
(o BIRAT D) = S Ttw) | () Z0) - PReAEP)
> max £(7,y)
Ty

> U(m,y).
Combining the upperbounds in both cases gives the desired inequality. O
Lemma E.3. Let 7, 7% € Sy. Then, forall (i, §) € [K] x [p], {22 (x, BinRel(#, j)) > 1{x] # #7}.

Proof. Fix label i* € [K] and threshold j* € [p]. Our goal is to show that &um( ,BinRel(7, j*)) >
I{r}. # . }. Recall that BinRel(7,;*)[i*] = 1{a;» < j*} by definition. Since
(eF (%, BinRel(#, j*)) = 0, we have that

(8P (7, BinRel(7, %)) = (2P (r, BinRel (7, j*)) — (2P (%, BinRel (7, j*))

sum sum

K K
= me 7, p + 1)BinRel(7, 5°) me i, + 1)BinRel(7, 5*)[i]
i=1 =1
K K
= min(m,p+ 1)I{m < j*} = Y min(d, p+ 1)1{7 < j*}
i=1 i=1

K K
= Zmin(ﬂ'i,p—&— DI{#; <j*} - Zﬁ'i]l{ﬁ'i <7}
i=1 i=1
LetZ C [K]s.t. foralli € Z, fr{* = 1{#; < j*} = 1. Then, we have that

(P (m, BinRel (7, j*)) = Y min(m,p+1) = >

i€ i€
j
= Zmin(m—m—i— 1) — Zz
i€ i=1

Suppose that ]1{7r . # 777 } = 1. It suffices to show that &um( ,BinRel(#, j*)) > 1. There are
two cases to consider. Suppose i* € Z. Then, it must be the case that 1{m;x < j*} = wf: =0,
implying that 7;+ > j* + 1. It then follows that in the best case ) _; ., min(m;,p + 1) > Zi;}l i+
(J*+1) > Zz;l i showcasing that indeed ok (7, BinRel(#, j)) > 1. Now, suppose i* ¢ Z. Then,
1{#;+ < j*} = 0, which means that 1{r;» < j*} = 1. Accordingly, while 7 did not rank label i* in
the top j*, 7 did rank label ¢* in the top j*. Since |Z| = j*, there must exist an label ¢ € Z which 7
does not rank in the top 5*. That is there exists 1 € T s.t. m; > j*+1. Using the same logic, in the best
case Y ;oo min(m,p+1) > 37~ 1 i+ (j* + 1) showcasing that again (gh (7, BinRel (7, j*)) > 1.
Thus, we have shown that when ]l{7ri* # ﬁf:} = 1, lgh (m, BinRel(#, j*)) > 1. Since i* and j*
were arbitrary, this must be true for any (4, j) € [K] X [p], completing the proof. O

Lemma Ed. Let 1,7 € Si. Then, for all i € [K], (S2.(, BinRel(7,p)) > 1{n? # #/}.

» “prec
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Proof. Fix label i* € [K]. Our goal is to show that {p& (7, BinRel(#, p)) > 1{x% # 4% }. Recall
that BinRel(7, p)[¢*] = 1{#;+ < p} by definition. Since Zf,@rgc (7, BinRel(7, p)) = 0, we have that

ok (7, BinRel(#, p)) = £o? (7, BinRel(#, p)) — £k (7, BinRel (7, p))

prec prec

K K

= Z 1{#; < p}BinRel(%, p)[i] — Z 1{m; < p}BinRel(#, p)]i]
=1 N i=1

=p= > Um <phi{F <p}

LetZ C [K]s.t. forall i € Z, 77 = 1{#; < p} = 1. Then, we have that

(o (7, BinRel (7, p)) = p — > 1{m; < p}.
i€

Suppose that 1{z”, # #%.} = 1. It suffices to show that /% (7, BinRel(#, p)) > 1. There are
two cases to consider. Suppose i* € Z. Then, it must be the case that 1{m;« < p} = Wf* =0,
implying that 7;» > p 4 1. It then follows that in the best case >, ., 1{m; < p} <p—-1<p
showcasing that indeed /g (7, BinRel(#, p)) > 1. Now, suppose i* ¢ Z. Then, 1{#;» < p} =0,
which means that 1{m;» < p} = 1. Accordingly, while 7 did not rank label ¢* in the top p, 7 did
rank label i* in the top p. Since |Z| = p, there must exist an label 7 € Z which 7 does not rank

in the top p. That is, there exists ¢ € Z s.t. m; > p + 1. Using the same logic, in the best case

> ier H{mi < p} < p—1 < pshowcasing that again éﬁé’c(w,BinRel(ﬁ,p)) > 1. Thus, we have
shown that when 1{n?, # #%.} = 1, (% (7, BinRel(#, p)) > 1. Since i* was arbitrary, this must be

true for any ¢ € [K], completing the proof. O
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