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A Some Prerequisite Definitions and Useful Lemmas

Definition 3 (Wasserstein Distance). Let d(-,-) be a metric and let P and Q) be probability measures
on X. Denote T'(P, Q) as the set of all couplings of P and Q (i.e. the set of all joint distributions on
X x X with two marginals being P and Q)), then the Wasserstein Distance of order one between P

and Q is defined as W(P, Q) = infoerp,g) [y d@ 2" )dy(z, ).

Definition 4 (Total Variation). The total variation between two probability measures P and Q) is

TV(P,Q) £ supg |P(E) — Q(E)|, where the supremum is over all measurable set E.

Note that the total variation equals to the Wasserstein distance under the discrete metric (or Hamming

distortion) d(x, ') = 1(x # «’) where 1 is the indicator function.

Definition 5 (Lautum Information [43]). Define the lautum information between X and Y as

L(X;Y) £ Dxi(Px Py||Pxy).
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The key quantity in most information-theoretic generalization bounds is the mutual information
between algorithm’s input and output. Specifically, the core technique behind these bounds is the
well-known Donsker-Varadhan representation of KL divergence [47, Theorem 3.5].

Lemma A.1 (Donsker and Varadhan’s variational formula). Let @), P be probability measures on
©, for any bounded measurable function f : © — R, we have Dk1,(Q||P) = sup; Eoq [f(0)] —
log Eg~p [exp f(0)].

Remark A.1. Motivated by the classic f-divergence, Acuna et al. [8] proposed a discrepancy
measure called D44 -discrepancy. Since KL divergence belongs to the family of f-divergences (e.g.,
choosing x log x as the Fenchel conjugate function) and both [8] and our work invoke the variational
representation of the divergence, it seems our work (in Section 4) is related to theirs. However,
the variational characterization of f-divergence used in [8] is based on the result of [57], and the
Donsker-Varadhan representation of KL divergence (see Lemma A.1) used in this paper cannot be
directly recovered from their variational characterization [58, 59]. Indeed, simply choosing x log x
as the conjugate function will lead to a weaker bound than Lemma A. 1. Thus, our results (in Section 4)
cannot be directly recovered from the results in [8].

Lemma A.2. Let Q and P be probability measures on ©. Let 8’ ~ Q and 6 ~ P. If g(0) is

R-subgaussian, then,
[Bong [9(6)] = Bonr [9(0)]] < v/2R?Dicr(Q]| P).
Proof. Let f =t-gforanyt € R, by Lemma A.1, we have
D1(QIIP) 2 supEoq [tg(8")] — logEg~p [expt - g(0)]
=supBq [tg(¢)] — log Eo~p [expt(g(8) — Eop [9(6)] + Eop [9(6)])]
=supEyq [tg(8)] — Eorp [t9(60)] — log Eo~p [expt(g(0) — Eo~p [9(0)])]
2 supt (Eg~q [9(0)] — Eo~r [9(0)]) — t*R*/2,

where the last inequality is by the subgaussianity of g(6).

Then consider the case of ¢ > 0 and ¢t < 0 (¢ = 0 1is trivial), by AM—GM inequality (i.e. the arithmetic
mean is greater than or equal to the geometric mean), the following is straightforward,

Eornq [9(0")] = Eonr [9(0)]] < v 2R*Dxr(Q|IP).

This completes the proof. O

The following lemma is the Kantorovich—Rubinstein duality of Wasserstein distance [60].
Lemma A.3 (KR duality). For any two distributions P and Q), we have

WeQ = sw [ gar- [ a0
f€l-Lip(p) J X X

where the supremum is taken over all 1-Lipschitz functions in the metric d, i.e. |f(z) — f(2')| <

d(x,2") forany x, 2’ € X.

To connect total variation with KL divergence , we will use Pinsker’s inequality [47, Theorem 6.5]
and Bretagnolle-Huber inequality [48, Lemma 2.1] in this paper, for more discussion about these two
inequalities, we refer readers to [61].

Lemma A.4 (Pinsker’s inequality). TV (P, Q) < /3DkL(P||Q).
Lemma A.5 (Bretagnolle-Huber inequality). TV (P, Q) < V1 — e~ Pxn(PllQ),

Below is the variational formula, or golden formula of mutual information.
Lemma A.6 (Polyanskiy and Wu [47, Corollary 3.1.]). For two random variables X and Y, we have

I(X;Y) = irfl)f]Ex [DkL(Qy x|IP)],

where the infimum is achieved at P = Qy .
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Figure 1: The relationship between random variables in UDA, where F' = R, (W) — Rg(W).

e2 B Omitted Proofs and Additional Results in Section 4
673 B.1 Proof of Theorem 4.1

674 Proof. Let Q = /', P = pand g = /, then Theorem 4.1 comes directly from Lemma A.2. O

675 B.2 Proof of Corollary 4.2

676 Proof. When the loss is bounded in [0, M], similar to the proof of Theorem 4.1, let Q = p, P = 1/
677 and g = /, then the following bound also holds by Lemma A.2,

‘ﬁ;(w)’ < \/m

678 Then, recall Theorem 4.1 and by min{A, B} < %(A + B), the remaining part is straightforward,

= M - M
[Bre(w)| < 7o fDi (), Drc. ()} < /Pt (ell) + Dt (1w
679 This completes the proof. O

680 B.3 Proof of Theorem 4.2
8t Proof. Let w* = argmingew Ez [0(fu(X'),Y)] +Ez [¢(fu(X),Y)]. By Lemma A.1,

DkL(Px/||Px) > sup Ex: [t(fu(X'), fu-(X)] —logEx [ew(fw(x)’fw*(X))]
teR,wEW

es2  Recall that £(f,,r (X), fu (X)) is R-subgaussian, by using Lemma A2 (let Q = Px/, P = Px and
683 g(-) = (fuw (), fw(-))), we have

Ex [(fu(X), fur (X))] = Ex [6(fu(X), fur (X)) < V2R?Dir(Px/[|[Px). (D)

e84« Forany f,, € F, by the triangle property of the loss, we have
Ez [0(fu(X'),Y")]
<Ex/ [((fu(X"), fur (X)) + Bz [((fur (X),Y7)]
<Ex [£(fu(X), fur (X))] + V2R?Dkr(Px||Px) +Ez: [((fur (X'),Y)] ®)

- / (fu(), fur (2))dPx () + /2R*DxL(Px/||Px) + Bz [((fur (X'),Y)]

- / / U(fu(@). Fur (2))dPy x o (4)dPx (z) + /2D ger (P | Px) + Ez [€(fur (X'),Y)

< / / U(Fu(@).9) + L, Fur (2))dPy x o ()dPx (z) + /2R Dger (Pxr[[Px) + Ezr [0 e (X'), V)

9
=Ez [((fu(X),Y)] +Ez [((Y, fu-(X))] + /2R?Dkr(Px/ || Px) + Ez/ [0 fur (X),Y7)],
e85 where Eq. (8) is by Eq. (7) and Eq. (9) is again by the triangle property of the loss function.
686 Thus, /lir;(w) < \/ZRQDKL (Px/||Px) + A*, which completes the proof. O
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B.4 Proof of Theorem 4.3

Proof. By Lemma A.1,

Dk (Px/||[Px) > sup  Ex/ [t(fw (X'), fw (X'))] — log Ex [6w(fW(X)’fW’(X))}
LER, W, W/ €W?2

> SUPEW,W’ []EX’ [tz(fW(Xl)“fW’ (X/))] _ lOgEX {etf(fW(X)afw/(X))}}
teR

> sup Euwx (0w (X'), fovr(X'))] = log Buayr,x [t 0 fw O],
teR
where the last inequality is by applying Jensen’s inequality to the concavity of logarithm function.

By Lemma A.2,

Ew,we,x [0 fw (X)), fiw (X))] = Bwywe x [E(fw (X), fivr (X))]] < /2R?Dier, (Px[| Px)-
This concludes the proof. O

B.5 Proof of Theorem 4.4
Proof. From the definition, we have
[Brv(u)] = B2 [0 (X').Y)] = Bz (£, (X). V)]
<BW(u, pt").
where the last inequality is by the KR duality of Wasserstein distance (see Lemma A.3). O
B.6 Proof of Corollary 4.3

Proof. When d is the discrete metric, Wasserstein distance is equal to the total variation, then by
Theorem 4.4,

[Err(w)| < ATV ),

The remaining part is by using Lemma A.4 and Lemma A.5:

1
BTV (', p) < 6\/min {2DKL(M’|IN), 1- e—DKLWIlu)}.

Then, if ¢ is bounded by M, we replace 3 by M above, which completes the proof. O

B.7 Proof of Theorem 4.5

Proof. Let w* = argminwew Ez [[(fw(X’),Y’)} +Ez [E(fw(X)vy)]

If 0(fu (X), fur (X)) is L-Lipschitz in X for any w, w’ € W, then similar to Theorem 4.4, it’s easy
to show that

B [0(fu(X), f5(X)] = Ex [6(fu(X), f*(X))] < BW(Px, Px) (10)
For any f,, € F, by the triangle property of the loss, we have
Bz [0(fuw(X),Y)]
<SEx: [0(fu(X), fwr (X)) + Eze [0(fu- (X7),Y7)]
<Ex [((fu(X), fur (X)) + BW(Py, Px) + Bz [£(fu- (X"),Y)] (1)
<Ez [l(fuw(X), V)] + Ez [((Y, fu- (X))] + BW(Px, Px) + Bz [((fu-(X"),Y")],

where Eq. (11) is by Eq. (10) and the last inequality is again by the triangle property of the loss
function. This completes the proof. O
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B.8 Additional Results: Sample Complexity Bounds

Theorem B.1. Let i and [i/ be the empirical distributions consist of n source data and m target
data sampled i.i.d. from p and 1/, respectively. Let G = {g : Z — Rs.t. E, [eg(z)] < oo} with
finite VC-dimension dy, and let VC-dimension of {exp o g|lg € G} be ds. WL O.G. assume that
a<E; [eg(z)] <E, [eg(z)] for some constant « > 0 and any g € G. Then for ¥ € (0,1) the
Sollowing holds with probability at least 1 — 6,

2en 4 1 4 2em 4
/ _ A1) < [ = <Cie
Dk (p'||e) — Dir (]| 1) < \/ (dl log 4 + log 5) + a\/m <d2 log A + log 5)

Proof. Recall Lemma A.1, we have

D, (1] 1) = SupE, [9(Z")] — logE,, [69<Z>},
ge

and

Dict (]172) = sup Bz [9(2")] — log g [e7?)].
Y

Then, with the probability at least 1 — 6,
D (1| |11) — D (4| 2)

=supE,/ [9(Z")] —logE, |:eg(Z):| - (supIEﬂ/ 9(Z")] — logE, [eg(z)}>
geY geY

szggEH,w(zq]_qogEu[eﬂZﬂ-(EQ,M(ZQ}_JogEﬂ[eﬂZﬂ)

=sup B,y [9(2')) — B [9(2')] + log B [/ )] ~ log B, [e?)]

g€eg
<sup |E, [g(Z")] —Eu [g(Z")]]| + sup |logE, [ (Z)} —logE, [eg(z)”
geg geg
@M%Mﬂ%%ﬂ(mﬂw’EPﬂ B [0 )| (12)
geg geg &
4 4 1 /4 2em 4
<\/n (dllog d +10 (5>+Oé\/m (dglong-i-log(s), (13)
where Eq. (12) is by
E, [e9(2) E [ 9(Z )]
Nea2)] _ g<Z>‘: B A | Su €]
llogE# {e ] logE, [e } log E, [eg(Z)] log <1 + E, [c [ o7 )] 1
[eg(Z)]
=& @]
1
_ (2) (2)
- (5 ] - [)

1
<~ |E [ 9(2)} B [ 9(2)} ‘ ,
e ’ | n|e
and Eq. (13) is by the classic VC-dimension generalization bound [62]. This concludes the proof. [

With Theorem B.1 and Theorem 4.1, we immediately have the following corollary.
Corollary B.1. Let the conditions in Theorem B.1 and Theorem 4.1 hold, then for any w € W,

e 2en 4 2 4 2em 4
< Al _ —_ _
Err(w)’ Ry | 2Dk (@] ) + 2\/ (dl log + 1o 6) + \/m <d2 log + log 5)

19



720 B.9 Additional Discussions on the Convergence of Empirical KL Divergence

721 Although characterizing the convergence of the empirical KL divergence to the real KL is not easy
722 without relying several additional assumptions (as in Theorem B.1), the result of convergence rate of
723 empirical distribution to the real distribution in the KL sense is already known in the discrete space.
724 The following theorem comes directly from the classic result in [63, Theorem 11.2.1],

725 Theorem B.2. Ler [i and [i’ be defined as in Theorem B.1. Assume the space of Z is finite (i.e.
726 | Z] < 00), then for V§ € (0, 1), with the probability at least 1 — 6,

. Z .
D (ill) < Zltog (n + 1) + Dicr (1) <

n nlogd’

Z 1
| |10g(m+1)+

m mlogé’

727 Thus, it suffices to ensure that the empirical KL converge to the real KL with the similar rate, although
728 we do not know if there might exist more optimal convergence rate.

729 C Omitted Proofs and Additional Discussions in Section 5

730 C.1 Additional Discussion on Theorem 5.1

731 To derive the bound in Theorem 5.1, we need to make use of the second equality in Eq. (1). Indeed,

732 by the definition of Err (the first equality in Eq. (1)), the unlabelled sample S’, does not explicitly
J

733 appear, so one can easily apply the similar information-theoretic analysis starting from the first

734 equality in Eq. (1), and obtain an upper bound that consists of I(W; Z;) and Dky, (u||p’). Precisely,

735 the following bound holds,

736 Theorem C.1. Assume ((f,(X'),Y") is R-subgaussian for any w € W. Then

1 n
[Brr| <~ > EV2R’I(W; Z;) + /2R?Dxw(ul|).
=1

737 The proof of Theorem C.1 is nearly the same to the proof of [38, Corollary 2] and [40, Corollary 1].
738 It’s important to note that although

(W3 2;) < 1(W3 2 X)) = Bx, [1¥0(W3 20)]
739 the bound in Theorem 5.1 is incomparable to the bound based on I(W; Z;). This is mainly due to the
740 fact that we use the disintegrated version of mutual information, / X; (W Z;), and the expectation

741 over X is outside of the square root, which is a convex function. Using / X (W; Z;) instead of

742 I(W; Z;) allows us to figure out more details about the role of unlabelled target data in the algorithm.
743 Additionally, one can also prove a bound based on I(W; Z;| X ;) (e.g., simply applying Jensen’s
744 inequality to Theorem 5.1), which is close to an individual and UDA version of [41, Theorem 3].

745 In essence, the first term in Theorem 5.1 characterize the expected generalization gap on the source
746 domain (i.e. Ew, s [R, (W) — Rg(W))), then the bound suggests us that it’s possible to invoke the
747 unlabelled target data to further improve the performance on source domain, and the simplest case is
748 the semi-supervised learning (when p = p').

749 C.2 Proof of Theorem 5.1

750 Proof. By Lemma A.1,
Dx1, (PW,ZAX]’.:m’jHPW,Z’\XJ’.:r;.)

=DkL (PW,Z”XJ’.:a;;.HPW|XJ’.:a;;PZ/> (14)
ZSltlpEPW,Z,i\x}=w’ [t0(fw (X), Yi)] —logBpy, . Py [exp te(fw (X7),Y")]

j

> sgp EPW,Zi\X;:m;. [t(fw(X:),Y:)] — EleX;:m; [tR, (W)] —log Epwp(;:m; Py [et(é(fW(X’),Y/)—Ez/[@(fW(X/),Y’)])}
(15)

ZSltlpEPw,zi\x_;:m_/ [t(fw(X:),Y:)] — Epmx;:m,» [tR, (W)] — R2t2/2,

J J
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751 where Eq. (14) is by the independence between algorithm output W and unseen target domain data

752 Z', Eq. (15) is by Jensen’s inequality for the exponential function and the last inequality is by the
753 subgaussian assumption.

754 Thus,

[y s L (XD, YO =By [RMI(W>]\S\/2R2DKL (P 21701 || P g P )
(16)

755 Exploiting the fact that

Bl = |5 > Bz, (0w (X0, Y] — Eweze (6w (X)), Y)

=% Ey Z W30t 16 (X0, Y2)] = Bzt (€ (X), Y >]]
<%Z ZEWZIX’—z (fw (X)), Ya)] — EWZ’|X’—L[(fW(X/)7Y/)]
<SS B B g (i (600, Y0~ Bawpog oy (R )]

—

j=11i=1

756 where the last two inequalities are by the Jensen’s inequality for the absolute function.

757 Since

P,z x1=a!
Dk (PW,Z,;\X;:x;.|\PW\X;:z3.PZ') :EPWZ”X;:,I; log

PW\X'—;E' Pz

E | Pw\z,.x1=a/ Pz,
- PW,Z“X;:J:; 0g

Py x1 =g Pz
J J

P oy
W|Z:,X)=a)

:EPW,Z“X;::L'; log

Py
+Ep,, {log

Pwxi=ar PZ’}

—I(W; Z,|X} = o) + Dycw.(ul|1).

758 Recall Eq. (16), we have

1 m n
|Err| g% ZZEX}

j=1i=1

1 m n
< SN Ex: \/QRzDKL (PW,Zi\XJ’. —o | |Pw|x:=a/ PZ’)

j=1i=1

Ew,z,|x1=a [€(fw (Xi), Yi)] — Ew|x=a/ [R;/(W)}‘

1 m n
= 3> B 2RAUW3 ZiIX] = 7)) + Dice ull))

j=11i=1
S%;;EX;\MR I55(W; Z) + /2R?Dxr, (1| 1).
759 This completes the proof. O

760 C.3 Proof of Corollary 5.1

761 Proof. We now modify the proof in Theorem 5.1.
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763

764

765

766
767

768

769
770

771

772

Recall that

|Err| S% ZZEXJ(

j=1i=1

Evw.z,1x;=a; [((fw (X2), Yi)] = Bw | x;=o) [Rr (W)]] -

We first decompose the right hand side,

Ew,z1x)=a;, (00w (X2, Y2)) = By [Rye (W)
= |Ew.z1x;=a [E(fw (X:), Yi)] = Ew|xs=a [Ru(W)] + Ew|x)=a, [R(W)] = Ew|x =0 [Ru’(W)]’

< [Euw 27 [0 (X0),Y0)] = B g (R (W] 4 By (R (W) = R (W]

< Bz € (). Y0 =~ Bavcy LR (9] + /i Do (ol Do G )

where the last inequality is by Corollary 4.2.
Then for the first term in RHS, notice that

Dxr, (PW,Z\X;:z} ||PW,Z,;\X;:13.)
=Dxr, (PW\XJ/.:JC;. le\PW,zi|X§:z;)
ZSlszPW‘X;_:m; Py [ fw(X),Y)] — logEPW,Z-|X’.:m; lexp t4( fw (X4), Y3)]
ZS%pEPW‘XJ/:x;PZ [te(fw(X),Y)] - Ep,, , Xt [te(fw (Xi), Yi)]

t(e(fw(X:),Y:)—E s, (fw (X:),Y)|)
_IOgEPW,Zi\x':I'. l:e " PWZ‘X [ " ]

> sup EPW‘XF% [tR,(W)] — EPW’Z”X;:% [te(fw (X5),Y5)] — M?t2/8,

where the last inequality is due to the fact that ¢ is bounded by M and £(fw (X;),Y:) is M/2-
subgaussian.

Thus,

2
Ew,z; 1 x:=a; [L(fw (X3),Y)] = Ew|x=ar [RH(W)] S\/DKL (PW|XJ’.:z;.PZ|‘PW,Z”XJ/.::E;)

\/L (W, Zi| X} = 2).

Plugging this inequality with the decomposition into the inequality at the beginning of the proof, we

have
1 M? X
el < LSS B 20 w2 + 5 Vanin (D ). D (T}

Jj=11i=1

Similar development also holds for Dkr, (PW_’ Z,|X}=a! | | Py | X!=a! PZ), thus

M K¢ , , , M —
|Err| < T > Ex \/mln {IX”' (W3 Zy), L5 (W Zz‘)}*’ﬁ\/mm {Dxr(ul|p'), D (p/[[10) }-
j=11i=1
This completes the proof. O
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773 C.4 Proof of Theorem 5.2

774 Proof. Similar to the proof of Theorem 5.1, we exploit the fact that
|Err|

1 m n
<> > Ex

j=11i=1

1 m n
<> > Ex

j=1i=1

<%;;EX

m n

Z ZEX’ 2z W(Pwix;,z. Pwix;) + BW(p, 1),

]111

Ew.z,1x;=a; [((fw (X2), Yi)] = Bw x;=ot [Ru(W)] + Ew i x; =21 [Ry(W)] = Bw | x) =21 [Ryr (W)

Bw,z,x1=ar [((fw (Xi), Yi)] = Ew|x:=ar [RH(W)]‘ + BW (p, ')

e Xy [ (X0), YO = By [0 (X0), YOI + AW (e, )

775 which concludes the proof. O

776 C.5 Proof of Corollary 5.2

777 Proof. Similar to the proof of Corollary 4.3, replacing Wasserstein distance by the total variation and
778 replacing 8 and 8’ by M, will give us the first inequality,

m n

< — ZZEX’ {TV Pwz, x: PWlX’)} + MTV (p, pt').

j=11:=1

‘Err

779 The second inequality is by Lemma A .4,

Err

<%ZZEX’ \/DKL(PwlZ X |[Pwixs) + \/DKL(ALHM)

j=114i=1

780 Again, one can also apply Lemma A.5 here. This concludes the proof. O

781 C.6 Proof of Theorem 5.3

782 Proof. Recall Theorem 5.1 and by Jensen’s inequality we have

I & ;
[Brr| <— > > Ex\2R2IN(W; Z) + /2R?Dcr, (1)

j=11i=1
2 m n
< ZZ[ (W5 Zi| X)) + /2R?Dx (1)
j 1:i=1
783 First notice that,
m n 1 m n 1 n
— IWZX — I(W; Z;|S%/) = — I(W: Z;|S%)).
nm;; | nm;; |S%) n; (W; Zi|S’)
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784 Then, since S UL S%, and Z; 1L Z;.,_; for any i € [n], by chain rule of the mutual information, we
785 have

I(W, S|S§</) = ZI(W, Zq’,‘SS(/,Zl:i—l) :ZI(W; Zi|S3(/7Z1:i—1) + I(Zi; Zl:i—l)

i=1 i=1

= (W, Z1.i-1; Zi| S1)

i=1

=3 I(W; Zi|S%:) + I(Zi; Z1:i-1|S%, . W)
i=1

> I(W; Zi|S0).-

i=1

786 Thus, the generalization error bound becomes,

2R?
[Err| < \/nI(W; S18%:) + v 2R?Dxr (] [1').

787 Recall the updating rule of W and notice that Wy is independent of S and S’ , the following process
788 is by using chain rule of mutual information and data processing inequality recurrently,

I(WT; S|S§</) :I(WT_l — T]Tg(WT_l, ZBT,X/BT) + NT; SlS;(/)
<I(Wr—1,—nrgWr_1,Zp,, Xp,) + Nr; S|S%)
=I(Wr_1;5|S%:) + I(nrgWr-1, Zp,, Xp,) + Nr; S|S:, Wr_1)

:Zl(ntg(wtfla Zp,, Xp,) + Ni; S|S%/, Wi_1).

t=1

780 Foreacht € [T, denote g(W;_1, Zp,, X}3,) as G, then

I(ntg(Wt_l’ ZB”X/Bt) + Nt’ S|S§(,’ Wt_l) :E53</7Wz—175 [DKL(PGF“%‘S,S;(/ ,Wf,—lHPGf,'f‘%lS/ Wt—l):|

X

SES%HW?,—MS [DKL(PGt+%t\S,S%“Wt_1HPNt/m)}

2

o :
_2O-t2Esxl7Wtflvs |:|‘Gt|| :|a

790 where the inequality is by Lemma A.6 and the last equality is by the KL divergence between two
791 Gaussian distributions.

792 Finally, putting everything together,

R & n? 2
Bl <\ - 3 5By s l9(Weer, Zi,, Xip)|*] + 2RPDice (i),
t=1

793 which concludes the proof. O
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C.7 Derivation of Eq. (6)

Recall the expected cross-entropy loss, we have

Ew,z (fw(T}),Y:)] = Ez, w [~ log Qv 1, w]
Py, i1, w ]
L Qvinw Py, w
= H(Y;|T;,W) +Ex, w [Dxr(Py, |15, wl| Qv 1;,w)]

} + Er,.w [Dke(Py; 7w l|Qvijry,w)]

=Ez, w |log

Py, 1, Pwr,

=Ez, w |log
L7 Py, w Py Pw,

} +Er, w [Dxr(Py, i1, w Qv 1w )]
Py, wr, Py,r,

= H(Y;|T;) — I(W;Y;|T;) + Eq, w [Dxw(Py, 1, wll Qv w0 )]

Py,r, Pwr,

=Ez,w |log

C.8 Additional Discussion on LIMIT

As mentioned in Section 5, [51] proposed an approach called LIMIT, refers to limiting label in-
formation memorization in training, to control label information. Roughly speaking, to update the
parameters of the classifier, they construct an auxiliary network to predict the gradient instead of
using the real gradient, in which case the true label is not directly used for training the classifier.
To provide accurate gradients, they also need to train the auxiliary network by using the true labels.
We find that the training of LIMIT is unstable and hard to tune the hyperparameters under the UDA
setting. Thus, we choose to use the pseudo label strategy proposed in Section 5 instead of pseudo
gradient strategy.

D Experiment Details

The implementation in this paper is on PyTorch [64], and all the experiments are carried out on
NVIDIA Tesla V100 GPUs (32 GB).

D.1 Objective Functions of Gradient Penalty and Controlling Label Information

For every iteration, the objective function after adding the gradient penalty becomes

mmi/nf/(W, ZBMXAIBQ) + )‘1Hg(VV7 ZBth/Bt)||2v

where ﬁ(W, Zp,, X j’gt) is some loss function for the source and target domain data in the current
mini-batch and )\; is the trade-off coefficient. For example, if we combine ERM with gradient

penalty then L(W, Zp,, Xp,) = |B%| > ken, {(fw(Xk),Yr) and £ could be the cross-entropy loss.

Moreover, if we combine KL guided marginal alignment algorithm [9] with gradient penalty then the
objective function is

1

TVnVigﬁ > U(fw (Tk), Ya) + B1DkL(Pre||Pr) + B2Dxn(Pr||Pro) + Mllg(W, Zs,, X3, )|,
) t kEB,;

where 6 is the parameters of the representation network and the gradient is

1

g(VVaZBﬂX/Bt) = @

> Vwol(fw(Th), Yi) + B1VeDkL(Pr|| Pr) + B2VeDkw(Pr||Pr).
keB:

In [9], the representation distribution is modelled as an Gaussian distribution, i.e., T° ~
N(po,0314|X) and T" ~ N(pg, 0314/ X’). Additionally, let the batch size be b = |By], the
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empirical KL divergence is estimated by the mini-batch data, as given in [9],
B1DxL(Pr||Pr) 4 B2Dxr(Pr||Pr)

1 1
xﬂlg Z [log Pr; —log Pr, | + ﬁgg Z [log Pr, — log Pry]

kEB, keB,
1 1 1 1 1 1
z315 Z logg ZPT,;\X,;—IOgg ZPTHXR, +525 Z logg ZPTk\Xk_IOgZ ZPT,;\X;c ,
keB; keB, keB, keB, keB, keB,

where Pr, |x, = N (ug, 0314/ X)) and Pryix; = N (e, 0314)X},). To be more precise, g and oy
are the outputs of the representation network. Since the forward pass requires the sampling of 7" and
T’, we need to use the reparameterization trick [65] for the backward pass.

When we train the model with controlling label information, the objective function becomes

min L(W, Zs,, Xp,) + dol[W — WP,

where W is the auxiliary classifier and Aj is the trade-off hyperparameter.

Similarly, when we combine KL guided marginal alignment algorithm with controlling label informa-
tion, then the objective function in every iteration is

W B IB | > U(fw (Th), Ya) + BiDk1(Pr|| Pr) + B2Dxr (Prl|Pro) + Mol [W — W ||,
W keB,

In addition, the training objective for the auxiliary classifier is

min —— |B | Z U fo (Ty), fw (T})) \B | Z O fi7(Tw), fw (Tw)). (17)

keB; keBy

In practice, removing the second term would not affect the performance. Note that we need to
disenable the automatic differentiation of 7', 7’ and W when executing the backward pass for the
auxiliary classifier. The detailed algorithm of controlling label information is given in the next
section.

D.2 Algorithm of Controlling Label Information and Additional Results of ERM-CL

Algorithm 1 Controlling Label Information

Require: Source domain labelled dataset S, Target domain unlabelled dataset S’ , Batch size b,
Classification loss function £, Marginal alignment loss function /., Initial classifier parameter
wy = Wy, Initial representation network parameter 6y, Learning rate n), Lagrange multiplier Ao
while w; not converged do

2:  Update iteration: t <— t + 1
Sample Z5 = {2;}?_, from source domain training set S
4:  Sample X} = {x!}?_, from target domain training set S%,
Compute distance from the auxiliary classifier dis < ||w; — w;||?
6:  Compute marginal alignment loss L, < 3 Z?:l 0-(0, 2, )

Compute classification loss L. ¢ ¢ Z?Zl Le(wy, O, 25, xh)
8:  Compute gradient:
gB < V(L(' + LT + )\les)
Update parameter: w1 < wy — 1 - gB, Opp1 +— 0 — 1 - g
10:  Obtain the pseudo labels Vi < fuw, (g0, (X5))
Compute auxiliary classification loss L, % 2?21 Lo(wy, 0y, ), y))
12:  Compute auxiliary classifier gradient:
gB +— Vi,
Update auxiliary classifier parameter: w11 < Wy — 1 - gB
14: end while
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Table 2: RotatedMNIST and Digits Experiments of ERM-CL. Results of ERM are reported from [9].

RotatedMNIST (0° as source domain) Digits
Method 15° 30° 45° 60° 75° Ave M—-U U—-M S—M Ave
ERM 97.5+0.2  84.1x0.8  53.9+0.7 342404  22.3+0.5 584  73.1#42 548462 659+14 64.6

ERM-GP  97.5+0.1  86.2+0.5  62.0+1.9  34.8+2.1 26.1+1.2 612 91.3+1.6 72.74#4.2  68.4+02 775
ERM-CL  97.3+0.1 84.1+0.1 56.9+2.5 342419 255416 59.6  88.9+04 712436  73.5x14 779

If we only provide the pseudo labels for the target domain data to the auxiliary classifier, i.e. removing
the second term in Eq (17), the Algorithm 1 is the algorithm for combining any marginal alignment
algorithm with controlling label information.

Even without incorporating with the marginal alignment algorithm, e.g., ERM, in which case L, is
removed, Algorithm 1 still boosts the performance in practice.

Table 2 shows that ERM-CL can overall outperform the basic ERM and is close to the performance
of ERM-GP.

D.3 Architectures and Hyperparameters

The network architecture in this work is the same as in [56] and [9], where a simple CNN is used.

Other settings are also the same as [56] and [9], for example, each algorithm is trained for 100
epochs. To select the hyperparameters (\; and Ay) for ERM-GP, ERM-KL, KL-GP and KL-CL,
we perform random search. Specifically, A; is searched between [0.1,0.9] and )5 is searched between
[1076,0.8]. Other hyperparameters searching range could be found in the source code.

D.4 Additional Experimental Results

The representation version of Corollary 4.2 hints that small Jeffrey’s divergence will make the
testing error small. In Figure 2a, we show that the dynamic of Jeffrey’s divergence (computed in
representation space) can well characterize the evolution of the testing error during the training phase.
In Figure 2b, we show that the number of target data has some impact on the testing performance on
the target data. When we use less than half of the available unlabelled target data, the performance
increases as the number of data increases. When we use more than half of the unlabelled target data,
the improvement on the performance is very small.

: Testing Error ‘
= (scaled) Jeffrey’s divergence P —
09 R
2
g
§ 0.8 R
<
| 0.7 R
L | | | | | ‘ ‘ ‘ ‘ =@— Testing Accuracy
0 20 40 60 80 100 0 0.2 0.4 0.6 0.8 1
Epoch Fraction
(a) Training Dynamic (b) Testing Performance vs. # of Target Data

Figure 2: KL on S—M. The left figure is the comparison of the Jeffrey’s divergence in the represen-
tation space and the testing error. The right figure is the evolution of testing accuracy with respect to
the different fraction of unlabelled target data used for training.
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D.5 License of the Assets

MNIST is made available under the terms of the Creative Commons Attribution-Share Alike 3.0
license. SVHN is licensed under the GNU General Public License v3.0. The source code from the
DomainBed suite is released under the MIT license.

E Limitations

A central notion in our bounds is KL divergence (which includes mutual information as a special
case). Although generic and universally applicable, KL divergence has a fundamental limitation
in capturing the natural metric in the underlying space, which may cause the bounds incapable of
extracting certain structural properties in some settings.

In the mutual information-based bounds, the key random variable is weight . For over-parametrized
models, this variable may not be sufficiently indicative as the algorithm’s output. Replacing W by a
random variable on the space F of classifiers may lead to tighter bounds.

28



