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Abstract

The surprising discovery of the BYOL method shows the negative samples can be
replaced by adding a prediction head to the neural network. It is mysterious why
even when there exist trivial collapsed global optimal solutions, neural networks
trained by (stochastic) gradient descent can still learn competitive representations.
In this work, we present our empirical and theoretical discoveries on non-contrastive
self-supervised learning. Empirically, we find that when the prediction head is
initialized as an identity matrix with only its off-diagonal entries being trainable, the
network can learn competitive representations even though the trivial optima still
exist in the training objective. Theoretically, we characterized the substitution effect
and acceleration effect of the trainable, but identity-initialized prediction head. The
substitution effect happens when learning the stronger features in some neurons
can substitute for learning these features in other neurons through updating the
prediction head. And the acceleration effect happens when the substituted features
can accelerate the learning of other weaker features to prevent them from being
ignored. These two effects enable the neural networks to learn diversified features
rather than focus only on learning the strongest features, which is likely the cause
of the dimensional collapse phenomenon. To the best of our knowledge, this is
also the first end-to-end optimization guarantee for non-contrastive methods using
nonlinear neural networks with a trainable prediction head and normalization.

1 Introduction

Self-supervised learning is about learning representations of real-world vision or language data
without human supervision, and contrastive learning [62, 43, 41, 24, 20, 34] is one of the most
successful self-supervised learning approaches. It has been known that the behavior of contrastive
learning depends critically on the minimization of the negative term, which corresponds to contrasting
the representations of negative pairs, i.e., pairs of different data points. However, the surprising
finding of the Bootstrap Your Own Latent (BYOL) method by Grill et al. [37] initiated the research of
non-contrastive self-supervised learning, which refers to contrastive learning methods without using
the negative pairs. BYOL achieved state-of-the-art results in various computer vision benchmarks and
there are plenty of follow-up works [39, 26, 21, 17, 33, 87, 44, 61] in this direction.

On a high level, in non-contrastive self-supervised learning, one wishes to learn a network ¢ such that
¢(x) aligns in direction with ¢ ('), where 2 and 2’ are called the positive pair, generated by random
augmentations from the same sample. Without the negative samples, collapsed global optima exist in
the training objectives. The complete collapse is when ¢(-) is a constant vector whose variance is
zero. Another trivial solutions called dimensional collapse by [44] is when all the coordinates ¢; (-)
are exactly aligned. Nevertheless, adding a trainable prediction head on top of (one branch of) ¢(x)
magically avoids learning such solutions, even though the prediction head can possibly learn the
identity mapping and render itself useless. A more formal introduction will be given in Section 2.
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Since the proposition of BYOL, there have been lots of empirical studies trying to understand non-
contrastive learning. The SimSiam method by Chen and He [26] shows the exponential moving
average (EMA) is not necessary for avoiding collapsed solutions while stop-gradient is necessary.
[68] empirically disproved using batch normalization (BN) is the reason why BYOL can avoid collapse.
[21, 88] further explored other similar approaches. If one wishes to work without both asymmetry
and the negative pairs, one must add extra diversity-enforcing structures as in Barlow Twins [87]
or [33, 44, 17]. Although these previous papers provided some empirical insights, in theory, the
question of how the prediction head helps in learning those diverse features is still unanswered.

Despite the great empirical progress, there is very little theoretical progress towards explaining
them. Most of existing theories focus on contrastive learning, especially from the statistical learning
perspective [79, 81, 14, 80, 40, 82, 13, 15, 47, 45, 59]. However, due to the existence of trivial
collapsed global optimal solutions (even with the prediction head) of the non-contrastive methods, to
the best of our knowledge, there is no well-established statistical framework for those methods yet.
To explain the non-contrastive learning, it is inevitable to study how the solutions are chosen during
the optimization. Therefore, our research questions are:

Our theoretical questions: the role of prediction head
Why do most non-contrastive self-supervised methods learn collapsed solutions when the so-called
prediction head is absent in the network architecture? How does the trainable prediction head
help optimizing the neural network to learn more diversified representations in non-contrastive
self-supervised learning?

Due to the existence of trivial collapsed optimal solutions of the non-contrastive learning objective,
we need to understand the implicit bias in optimization posed by the prediction head. However, to
the best of our knowledge, all of the previous implicit biases theories focus only on the supervised
learning tasks, and thus cannot be applied to our question. On a high level, the results in this paper
are summarized as follows:

Our empirical contributions. In non-contrastive self-supervised learning, we obtain the following
experimental results:

* We discover empirically that even when the prediction head is linear and initialized as an
identity matrix with only off-diagonal entries being trainable, the performance of learned
representation is comparable to using the usual non-linear two-layer MLP or randomly
initialized (trainable) linear prediction head. See Figure 1.

* We empirically verified that even when the prediction head is an identity-initialized matrix
(with fixed diagonal entries), its off-diagonal entries display a rise-and-fall pattern, and it
does not always converge to a symmetric matrix. See Figure 3.

Our theoretical contributions. We based our theory on a very simple setting, where the data
consist of two features: the strong feature and the weak feature. Intuitively, the strong features in
a dataset are the ones that show up more frequently or with large magnitude, and weak features as
those that show up rarely or with small magnitude. We consider learning with a two-layer non-linear
neural network with output normalization using (stochastic) gradient descent. Under this setting:

* We prove that without a prediction head, even with BN on the output to avoid complete
collapse, the networks will still converge to dimensional collapsed solutions, which provides
a theoretical explanation to the dimensional collapse phenomenon observed in [44].

* We prove that the trainable prediction head, combined with suitable output normalization
and stop-gradient operation, can learn diversified features to avoid the dimensional collapse
problem. We characterize two effects leveraged by the prediction head: the substitution
effect and the acceleration effect, as intuitively described below:

The effects of the trainable prediction head
In our setting, we prove that the trainable prediction head can help to learn diversed features by
leveraging two effects: the substitution effect and the acceleration effect. The substitution effect
happens when by learning the prediction head, the learned stronger features in some neurons can
substitute for learning the same features in other neurons. The acceleration effect happens when
the substituted features from the prediction head further accelerate learning the weaker features
in those substituted neurons.

Besides the above effects, we also explain in our setting, how the two common components in
non-contrastive learning: stop-gradient operation and output normalization, can assist the prediction
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Figure 1: Performances of using different prediction heads. Here in CIFAR-10, CIFAR-100 and STL-10,
identity-initialized linear prediction head can achieve good accuracies comparable to commonly used two-layer
non-linear MLP or randomly-initialized linear head. All the prediction heads are trainable, while for identity-init
prediction head only the off-diagonals are trainable. Here BN or L2norm represents the output normalization,
and EMA represents using exponential moving average to update the target network as in BYOL [39].

head in creating those effects during training, which will be further discussed in Section 5.3. There are
already some theoretical papers [78, 83, 63] that try to address similar questions. Our results provide
a completely different perspective compared to them: We explain why fraining the prediction head
can encourage the network to learn diversified features and avoid dimensional collapses, even
when the trivial collapsed optima still exist in the training objective, which is not covered by the prior
works, as shall be discussed below.

1.1 Comparison to Similar Studies

In this section, we will clarify the differences between our results and some similar studies. We point
out that all the claims below are derived only in our theoretical setting and are partially verified in
experiments over datasets such as CIFAR-10, CIFAR-100, and STL-10.

Can eigenspace alignment explain the effects of training the prediction head? The paper [78]
presented a theoretical statement that (symmetric) linear prediction head will converge to a matrix
that commutes with the covariance matrix of linear representations at the end of training, and they
provided experiments to support their theory. However, our theory suggests that the intermediate
stage of training the prediction head matters more to the feature learning of the encoder network
than the convergence. Indeed, as shown in Figure 3, in many cases, the trainable projection head will
converge back to identity after training, which commutes with any covariance matrix. Moreover,
the experiments in Figure 3a shows the training trajectory of the prediction head displays a clear
two-stage separation, which demonstrates that the convergence result (e.g., the eigenspace alignment
result in [78]) is not sufficient to understand the trainable prediction head.

Can the symmetric prediction head explain the trainable prediction head? In the paper [78],
experiments over the STL-10 dataset showed that the linear prediction head converges to a symmetric
matrix during training. And the follow-up paper [83] established a theory under the symmetric
prediction head (which is not trained but manually set at each iteration). Specifically, under their
linear network setting, where W is the weight matrix of the base encoder, they manually set the
prediction head W), at iteration ¢ to be Wzgt) — W(t)IExlxlxlT(W(t))T and the outputs of both
online and target network are not normalized. Under this manual update rule of the prediction head,
they proved a subspace learning result over spherical gaussian data. Nevertheless, our experiments in
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Figure 2: Trajectories of the identity-initialized prediction head with a (min, max) confidence band, average
over 3 runs. In all three datasets, we observe a consistent rise and fall trajectory pattern.

Figure 1 and Figure 3b show that even if we initialize the prediction head using a symmetric matrix
(identity), the trainable prediction head can be very asymmetric at the early training stage when
the encoder network learn most of its features. Actually, in the presence of feature imbalance (e.g.,
E,,z17{ has huge eigen-gap), the symmetric prediction head is also likely to learn a rank-one matrix
where W focus on learning the largest eigenvector of E,, z17 .

The role of stop-gradient and output-normalization. It is discussed in the theory of Tian et al.
[78] that without the stop-gradient, the linear network will learn the zero (constant) solution. [83]
also incorporated the stop-gradient into their theory, but did not explain why it is necessary for their
setting. As a comparison, we proved in our setting that the stop-gradient and output-normalization
together can turn the features substituted via the prediction head into a factor in the gradient of the
slower learning neurons, thereby creating the acceleration effect. In contrast, analyses in [78, 83]
did not incorporate the output normalization, even though their experiments have used certain forms
of normalizations. To the best of our knowledge, our paper is the first to explain the effects of
output-normalization in optimizing nonlinear neural networks in self-supervised learning.

2 Preliminaries on Non-contrastive Learning

In this section, we formally define what is non-contrastive self-supervised learning. To do this, we
first introduce contrastive learning following [24, 85] as background. We use [N] as a shorthand for
the index set {1,..., N}.

Background on contrastive learning. Letting ¢y () be the neural networks, contrastive learning
aims to learn good representations ¢y via contrasting representations of similar data samples to
those of dissimilar ones. Usually we are given a batch of data points { X; },cn}, and we construct for

each ¢ € [N] a positive pair (X Z-(l), X 52)) by applying random data augmentations to X;, and collect

negative pairs (X", X{”) for i # j € [N]. Now given z; = ¢ (X)), 2/ = ow (X)), i € [N],
we train the network ¢y to minimize the contrastive loss:

1
Leontrastive (¢w) := N Z —sim(z;, z) /7 +log Z exp (sim(z;, 25)/7) (2.1
—_——

i€[N] positive term JE[N]

negative term

where sim(+, -) is the similarity metric, often defined as the cosine similarity, and 7 is the so-called
temperature hyper-parameter. Intuitively, minimizing the contrastive loss can be roughly viewed as
trying to classify the representation z; as z; instead of z§ ,J # i. Itis a common belief that in order
for the network ¢y to be able to “distinguish” data points X; from X, j # 4, merely minimizing

the positive term of contrastive loss is not sufficient.

Non-contrastive self-supervised learning. We choose the SimSiam method [26] as our primary
framework, whose differerence with BYOL is a EMA component that is proven inessential in [26].

Following the same notations as above, except that z; = StopGrad[pw (XZ-(Q))] is detached from
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Figure 3: Trajectories of the identity-initialized prediction head. off-diag(E) is obtained by setting the diagonal
of E to be zero. In (a), we discover that the Frobenius norm of our identity-initialized prediction head’s
oft-diagonal matrix clearly display a two stage separation, more precisely, a rise and fall pattern; In (b), The
off-diagonal matrix of the prediction head is not symmetric in CIFAR-10 and CIFAR-100.

gradient computation, the loss objective become: (the symmetric network version)
1 .
Lginsian(dW) = & ZiE[N] —sim(z;, ;) (2.2)

which is just the positive term in contrastive loss (2.1) (not divided by 7). Clearly there exist plenty
trivial global optimal solutions for this objective. For example, the complete collapse refers to when
¢w () learns some constant vector. Another solution called dimensional collapse [44] is when all
the coordinates ¢y (+)]; has correlation 4+-1. The dimensional collapsed solution can minimize the
objective (2.2) even when ¢y () is BN-normalized to avoid learning a constant vector [44, 88].

However, by adding a trainable prediction head on top of z;, the training miraculously succeeds and
outputs a state-of-the-art feature extractor. Let g(+) be a shallow feed-forward network (often one or
two-layer, or even simply linear), we train g and ¢y simultaneously on the following objective:

Lsinsian(Pw, 9) = % Zie[zv] —sim(g(2i), 2;) (2.3)

where 2/ is still detached from gradient computation. The g(z;) = gopw (X i(l)) and the detached part

zl = StopGrad[pw (X i(z) )] are often called the online network and the zarget network respectively
following [39], known as two branches of non-contrastive learning. Note that the trainable prediction

head can represent identity function, so the objective (2.3) still has the collapsed optima.

3 Problem Setup

In this section, we present the setting of our theoretical results. We first define the data distribution.

Notations. We use O, (2, © notations to hide universal constants with respect to d and O, {2, ©
notations to hide polynomial factors of log d. We denote a = o(1) if a — 0 when d — co. We use
the notations poly(d), polylog(d) to represent large constant degree polynomials of d or log d. We
use N'(u, ) to denote standard normal distribution in with mean p and covariance matrix 3. We use
the bracket (-, -) to denote the inner product and || - || the £3-norm in Euclidean space. And for a
subspace V' C R?, we denote V' as its orthogonal complement. We use 1 5 to denote the indicator
function of event B. We use I,,, to denote the m x m identity matrix.

Following the standard structure of image datasets, we consider data divided into patches, where each
patch can contain either features or noises.

Definition 3.1 (data distribution and features). Let X ~ D be X = (X;,...,Xp) € R¥*P
where each X; € R¢ is a patch. We assume that there are two feature vectors v;, vy such that
||lve|l2 = 1,¢ = 1,2 and are orthogonal to each other. To generate a sample X, we uniformly sampled
¢ € [2] and generate for each p € [P]:

Xp = 2p(X)ve + &1z, =0, Ex~plz(X)] =0, Vpe[P]
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Figure 4: Illustration of the data distribution and data augmentations. Each data is equipped with a feature,
either vy or ve, and contains a lot of noise patches. After the data augmentations, the positive pair (X(l)7 X(2))
is constructed by randomly masking out half of non-overlapping patches for each positive sample. The reason
for constructing positive pair with non-overlapping patches is because of the strong noise assumption we made
in Assumption 3.2 and the feature decoupling principle in [85].

where z,(X) is the latent vector of X, £, is the noise vector of patch p € [P] whose assumption
will be given in Assumption 3.2. We denote S(X) = {p : z,(X) # 0} C [P] as the set of feature
patches, where z,(X) = z,/(X) € {0, oy}, Vp,p' € [P], where a, will be picked afterwards. We
assume P = polylog(d), S(X) = Py = O(logd) for every X. A figurative illustration is given in
Figure 4.

Strong and weak features. We pick o, = 2PV109109(d) and oy = a1 /polylog(d). Hence v; is the
strong feature and v is the weak feature, and we want the learner network to learn both v1, vo (but
by different neurons) as their learning goal. This is a simplification of the real scenario. Intuitively,
we can think of the strong features in a dataset are the ones that show up more frequently or with
larger magnitude, and weak features as those that show up rarely or with smaller magnitude.

Assumption 3.2 (noise). Denoting V' = span(vy,v2), we assume &, € VL is independent for each
p € [P]\ S(X), where X = (X}),e[p) ~ D, and:

(a) For any unit vector u € V+, E[(£,,u)] = 0, and E[(£,,, u)®] = ¢° for some o = O(1);

(b) It holds for some g € [0, ﬁ] it holds [E[(u1, ,)3(uz, &)%) < 0 and |E[(u1, )5 (ua, &)]| <
o for any two vectors u1, us € V' that are orthogonal to each other.

Remark 3.3. A simple example of our noise &, is the spherical Gaussian noise in VL. Assumption
3.2b ensures that the prediction head cannot be used to cancel the noise correlation between different
neurons. We point out that the features in our data can be learned via clustering, but we emphasize
that we do not intend to compare our algorithm with any clustering method in this setting since our
goal is to study how the prediction head helps in learning the features.

3.1 Learner Network

Following the SimSiam framework, the online and target network share the same encoder network
in our setting, as explained in Section 2. We consider the base encoder network f as a simple
convolutional neural network: Let W = (wy,...,w,) € RY™ be the weight matrix, where
w; € RY, the encoder network f is defined by

[i(X) o= 2 perpy o (W, Xp)), V) € [m]

Here we use the cubic activation function o(z) = 23, as polynomial activations are standard in
literatures of deep learning theory [9, 35, 50, 2, 52, 23] and also has comparable performance in
practice [2]. The (identity initialized) prediction head is defined as a matrix £ = [E; j](; jye[m)> With

E,;; = 1,1 € [m], where only the the off-diagonals E; ;,i # j are trainable parameters. The online



network F is defined by: given j € [m], we let Fy(X) = f;(X) + 32,5 Ejr fr(X), and

Fj(X) = BN (F5(X)) = BN Zeip) (0w, X)) + 32, Brro (o, X))
where the batch normalization BN! here is defined as follows: Given a batch of inputs {zi}ieiNys
%i— D ic[N] %

BN(ZZ) = ) ) : 5
N Zie[N] i = (W ZiE[N] Zi)

And the we define the target network G as éj(X) :=BN(G,(X)) = BN (f;(X)),Vj € [m].

@3.1)

3.2 Training Algorithm

Data augmentation. We use a very simple data augmentation: for each data X = (X,),¢[p], We
randomly and uniformly sample half of the patches P C [P] to generate the positive pair:

xW = (XpLper)pelp), X® = (Xplpgp)pelp] (-2)

Our data augmentation is similar to the common random cropping used in contrastive learning
[22, 76]. It is also analogous to the data augmentations studied in theoretical literatures [85, 47, 58].

Non-contrastive loss function. Now we define the loss function as follows: we sample N
i

data points {X;}ierny, Xi YD and apply our data augmentation (3.2) to obtain S =
{X@D, XD, v Now we define

Ls(W,E) := % 3 Hﬁ(x(iv”) - StopGrad[é(X(i’Q)])Hz (3.3)
1E[N]

where the StopGrad operator detach gradient computation of the target network G (+). This form of

objective (3.3) is first defined in [37] and is equivalent to (2.3) in Chen and He [26] when Fand G
share the same encoder network f(-) and their outputs are normalized.

Intuitions of the data augmentation and collapse. In Definition 3.1, the features vy, vo appear
in multiple patches, but the noises are independent across different patches (see Figure 4). As our
data augmentation produces positive pairs with non-overlapping patches, learning to emphasize
noises cannot align the representations of the positive pair, but learning either one of the features
o(X) =2, 0((v1, Xp)) or ¢(X) = > o({v2, X)) is sufficient. We consider learning the same

feature v; in all the neurons f; in the encoder network f as the dimensional collapsed solution.

Initialization and hyper-parameters. Att¢ = (0, we initialize W and E as Wi(g) ~ N(0, é) and
E©) = I, and we only train the off-diagonal entries of E(*). For the simplicity of analysis, we let
m = 2, which suffices to illustrate our main message. For the learning rates, we let ) € (0, m]

be sufficiently small and ng € [77/0410(1), n/polylog(d)], which is smaller than 7>

Optimization algorithm Given the data augmentation and the loss function, we perform (stochastic)
gradient descent on the training objective (3.3) as follows: at each iterationt = 0,...,T — 1, we
sample a new batch of augmented data S; = {X (41 X (562}, - ) and update

WD = w® vy Ls, WO, ED), B = BY) — eV, Ls, (WO, ED), Vi 4.

If we do not train the prediction head, we just simply keep E®) = I,,,.

'We use batch normalization as a output-normalization method, rather than for the supposed implicit negative
term effects as disproved in Richemond et al. [68].

2We conjecture that by modifying certain assumptions for the noise (especially by allowing the noise to span
the feature subspace V'), one can prove a similar result for the case ng = n.



4 Statements of Main Results

In this section, we shall present our main theoretical results on the mechanism of learning the
prediction head in non-contrastive learning. To measure the correlation between neurons, we introduce
the following notion: letting Var(¢(X)) := Ex..p[(¥(X) — E[)(X)])?] be the variance of any
function ¥ of X ~ D, we denote the correlation Corr((X), (X)) of any two function ), 1)’/
over D as

E[(v(X) — E[y(X)])(¢'(X) — E[¢'(X)])]
\/Var(z/J(X))\/Var(z/J’(X

Now we present the main theorem of training with a prediction head, and set m = 2.

Corr(1)(X), ¢ (X)) =

Theorem 4.1 (learning with prediction head and BN, see Theorem F.2). For every d > 2, let
N > poly(d), n € (0, poly(d)} be sufficiently small, and ng € | O"(l) , W@g(d)]' Then with probability
ay

1 — o(1), after training for T = poly(d) /n many iterations, we shall have for some { € [2]:

. ~ 1
wi = frvgter, Wi =Povs_g+es  with |Bil,]B2] = O(1), lexlz: lezllz < O(7)

Furthermore, the objective converges: Eg..pn[Ls(W™) E™)] < OPT +
Where OPT stands for the global optimun’.

< O(+).

poly(d) — logd

Theorem 4.1 clearly shows the network learn all the desired features, even under huge imbalance
between v; and ve. This leads to the following corollary.

Corollary 4.2. Under the same hyper-parameter in Theorem 4.1, with probability 1 — o(1), after
training for T = poly(d)/n many iterations, then the encoder f avoids dimensional collapse:

1
[Core(£1(X), £(X))| < O( ).
In contrast, learning without the prediction head will create strong correlations between any two
neurons. To emphasize that this problem cannot be alleviated by having more neurons, we let the
number of neurons m be any positive integer in the following theorem.

Theorem 4.3 (learning without prediction head but with BN, see Theorem G.1). Let N > poly(d),
n = o(1) and the number of neurons m < o(ca /). Suppose we freeze E®) = 1,,, then with
probability 1 — o(1), after training for T = poly(d) /n many iterations, we shall have:

. ~ 1
’UJ;T) = /8]1)1 +€j with |/8_]| = @(1), ||€]H2 < O(ﬁ
Furthermore, the objective converges: Eg_p~ [Ls(WT), E(T))] < OPT + poly(d) < O(logd) This
means the collapsed solution also reaches the global minimum of the objective. Again OPT stands
for the global optimum.

) forall j € [m]

Note that since we have used BN as our output normalization, the learner is immune to complete
collapse and must have a certain variance in the outputs. Immediately, we have a corollary.
Corollary 4.4. Under the same hyper-parameter in Theorem 4.3, with probability 1 — o(1), after
training with E®) = I,,, for T = poly(d)/n many iterations, we shall have dimensional collapse:

|Corr(f;(X), f;(X))]>1- O(%), foralli,j € [m].

In the following section, we shall give some intuitions by digging through the training process and
separately discuss the four phases of the training process.

3Under our setting described in Section 2, the global minimum of our objective (3.3) in population is

E[S(XONPSONP] _ o, 1

OPT =227 FsminPe ~ liogd




5 The Four Phases of the Learning Process

We divide the complete training process into four phases: phase I for learning the stronger feature,
phase II for the substitution effect, phase III for the acceleration effect, and the end phase for
convergence. The first three phases explain how the prediction head can help learn the base encoder,
and the last phase explains why the off-diagonal entries often shrink later in training.

5.1 Phase I: Learning the Stronger Feature

At the beginning of training, the stronger feature v; enjoys a much larger gradient as opposed to the
weaker feature vy, so naturally, v; will be learned first. Without loss of generality, let us assume at
initialization, the neuron f; has larger v between f;, j € [2], then we can show:

Lemma 5.1 (learning the stronger feature, see Lemma C.13). After some t > T) = d*t°(1) /n, the
feature vy in neuron fy will be learn to (wgt), v1) = Q(1), while all other features <w§-t), ve) = o(1)
for (4,0) # (1,1). And the prediction head |[E®) — I,||o < d=%M) is still close to the initialization.
In this phase, the prediction head has not come into play. The substitution effect can only happen after
the feature vy in neuron f; is learned to a certain degree, and neuron fo remains largely unlearned.

5.2 Phase II: The Substitution Effect

To illustrate the substitution effect, let us keep assuming that neuron f; has already learned some
significant amount of the strong feature vy, say wy = Byv1 + residual with || = Q(||residuall|),
then we have: (recall f;(-),j € [2] are the neurons of the encoder network)

Lemma 5.2 (substitution effect, formal statement see Lemma D.8). After \(wgt), v1)| = Q(1), we

shall have |E§2\ increasing until |E§t% FL (XN > | fo(XD)| when X is equipped with the strong
Sfeature vy, for Ty — Ty = o(11) iterations.

Intuition of the substitution effect. ~After the stronger feature is learned in neuron f;, the optimal
way to align two positive representations F»(X (1)) and G»(X (?)) is not learning features in weight
wy, but use the prediction head to “substitute” the features in f; into F5. This is how the substitution
effect happens when trained with a prediction head.

5.3 Phase III: The Acceleration Effect
After the substitution of v1 in F5, our concern is, wét) will learn v5 and only w9 eventually, according
to the acceleration effect in the following lemma.

Lemma 5.3 (acceleration effect, formal statement see Lemma E.8). After Eéti is learned in Lemma

5.2, learning vs in wét) will be much faster than v1, until Hwét) — Bausl|| = o(1) for some B2 = O(1).

The acceleration effect is caused by the interactions between the prediction head, the stop gradient
operation, and the normalization method (which in this case is the batch normalization).

What is the role of the stop-gradient? Thanks to the stop-gradient operation, when we compute
the gradient —V,, Fo(X (1)) - StopGrad[Go (X (?))] to learn f,, this negative gradient will only try
to maximize fo(X (1)) - fo(X ), rather than to maximize F»(X () - fo(X (). This is because the
stop-gradient is on G not on F': while F; has a large component of v; borrowed from f; using E,
G5 does not have this component. So the gradient of F3 is to align with the features in G5 that does
not contain many v, while the gradient of G5 is to aligned with F3 that contains a lot of v;.

What is the role of the output normalization? Again due to the StopGrad operation, the gradient
of F, is taken with respect to the ratio fo(X1))/\/Var[Fy(X1)]. As gradient descent tries to
maximize this ratio, a direct computation gives

f2(XM)

Vs V/Var(F,(XM))

which borrow the substituted feature v, from f1(-) to adjust the gradient of v in f5(-), via the

% ey (IS (i, vs- )12 + Var(fo(XD)]) (Vo f2(X D), vy

prediction head Eéti Without the output normalization, the learning of v; will dominate that of v
even when we train the prediction head.



5.4 The End Phase: Convergence

As the weak features are learned, we have already obtained a good encoder network f(-) as shown in
Theorem 4.1. The rest of Theorem F.2 also contains the following result:

Proposition 5.4 (convergence of the prediction head, see Theorem F.2c). After some t > T =
poly(d)/n iterations, we shall have |[E®) — I p < m.

While we admit that only some of our real-world experiments in Figure 3 show the convergence to
zero for the off-diagonal entries of the prediction head, most of the experiments do display a rise and
fall trajectory pattern of off-diagonal entries consistently, which supports our theory to some degree.

6 Additional Related Work

Self-supervised learning Self-supervised learning has created huge success in natural language
processing [30, 86, 18] and established the pretrain-finetune paradigm for deep learning. In vision,
contrastive learning [75, 41, 24, 20, 27, 28, 34, 64, 33] became dominant in many downstream tasks
recently. Another approach is the generative learning [65, 16, 42], which also gives promising results.
Applications such as [64, 66] also illustrate the power of contrastive learning in multiple domains.

Theory of self-supervised learning The theoretical side of self-supervised learning developed
quickly due to the success of contrastive learning. Since [12], plenty of papers have studied the
contrastive learning. [25, 69] discussed many interesting phenomena associated with the negative
term. Saunshi et al. [71] provided evidence that function class agnostic analyses is vacuous. [85]
took a feature learning view, and inspired our analysis in the non-contrastive setting. For generative
learning, [51, 74] provides downstream performance guarantees. [70, 84] studied the natural language
tasks. [58] gave a recovery guarantee for tensors under hidden Markov models. [4] provided an
optimization guarantee for GANSs trained by stochastic gradient descent ascent.

Feature learning theory of deep learning Our theoretical results are also inspired by the recent
progress of the feature learning theory of neural networks [55, 56, 5, 3, 49, 90, 46]. [55] initiate
the study of the speed difference in learning different types of features. [1] developed theory for
learning two-layer neural networks beyond the neural tangent kernel (NTK) [7, 8, 6, 32, 11]. [5, 3, 2]
further studied how features are learned in different deep learning tasks. Before this recent progress,
[77, 89, 19, 72, 31, 53, 54] also studied how shallow neural networks can learn on certain simple
data distributions, but all of them focus on the supervised learning. There are also plenty of studies
[73, 38, 10, 60, 48, 67, 29] on the implicit bias of optimization in deep learning, but none of their
techniques are designed for analyzing self-supervised learning.

7 Conclusion

In this paper, we showed how the prediction head can ensure the neural network learns all the features
in non-contrastive learning through theoretical investigation. Our key contribution is that we proved
the prediction head can leverage two effects called substitution effect and acceleration effect during
the training process. We also gave an explanation for the dimensional collapse phenomenon. We
believe our theory, although based on a very simple setup, can provide some insights into the inner
workings of non-contrastive self-supervised learning.
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(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]
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(a) Identity-initialized (trainable) prediction head (b) Learning without prediction head

Figure 6: The feature learning process over synthetic data. When trained with the prediction head, after the
strong feature is learned in the faster learning neuron, the weak feature can be learned in the slower learning
neuron. When trained without the prediction head, both neurons will learn the strong feature and ignore the

weak feature.

A Experiment Details

The framework we use in our experiments is shown in Figure 5. We use a
modified version of the codebase shared by the authors of [33], and we use Figure 5: Framework.
the same data augmentation in their implementation. All our experiments
(except for Figure 7) use the following architecture and hyper-parameters: loss «——
we choose standard ResNet-18 as base encoder architecture, 0.003 as the
learning rate for Adam optimizer, a two-layer MLP with ReLU activation e
and 512 hidden neurons as the projection head, an identity-initialized o
but diagonally froze linear matrix (with shape (64x64)) as the prediction projecion | (773 | prjection
head and a non-tracking-stats, non-affine, non-momentum BN layer as 1
the output normalization. Our experiments in Figure 3 use the same @ r«img[m}
architecture and hyper-parameters, but some runs are trained with EMA —
with momentum 0.99, with output BN replaced by ¢2-norm or using x® x@
different prediction heads (such as a two-layer MLP or a linear head, with I
Pytorch default initialization). Evaluation in Figure 1 is by training a
linear classifier on top of frozen encoder with no data augmentation.

stop-gradient

B Notations and Gradients

In this section, we will give some useful notations and warm-up computations for the technical proofs
in subsequent sections. We summarize here the notations that will also be defined in later sections:

Notations. We denote 5j = EK’LU]‘, §p>6], gj,3—j =K [((wj, §p>3 + Ej,B—j <’LU3_]‘, €p>3)2] . and
: E[|S(X 2

o - EISCOOPLISCONP ¢ EISUONPE] ¢, sy

Bj ¢ = (wj,ve), Q; = (E[StopGrad[G?(X(Q))]])_l/z.

)

B?,@ = StopGrad[<wj7W>3]’
and
Uj — E[FJZ(X(D)] _ Zée[Q] Cla?(B?,Z + E]’,S—ng—j,Z)2 + Cng,B—j

Hjy:=Ciop(B,+ Ejs_ B3 ;)? + Ca&jsj,

J

Kjp:=C1af(B},+ Ej3_ ;B3 ;) (B} s s+ Ej3_ ;B3 ;5 )

Moreover, we denote ®; := Qj/U;’/Z, and (recall V' := span(vy, v2))
— <HVL’LU1,UJ2>
Fyi= Myswgwg) Bug=lyswnwa) - e = 0 I vl
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(a) Features learned with prediction head (b) Features learned without prediction head

Figure 7: Feature visualization of deep neural network. We visualized the features of an Wide-ResNet-16x5
following the BYORL method by Gowal et al. [36], a adversarial robust version of BYOL. Features learned with
prediction head obviously have more variety than features learned without the prediction head. Our feature
visualization technique follows from [5].

For any j € [2], the gradient —V,, L(W, E) can be decomposed as

~Vu, LW, E) = > (Nje+Ti0—Tive— Y. SjreVa,Ejraje
L€[2] (437,0)€l2]x[2]
Aj = Co®;0)B] Hj 3y
Uj = Co®y_jBsj;afB3_; ,B; jHs o
Y= Coal_, (@ -B;-’3 EBZ,EKM + ‘I)s—jEs—j,jBg—j,s—ngg,zKi%—M)
S0 = CoCo®;0y B3 (B} + Ej3—;B3_; )

Sometimes we need to decompose Y o = Y s 1+ T ¢ » which is straightforward from its expression.
In Section E, we further define

=0 = CoCratadel” (B (BYY)° + (BE)O(BI))°)
AY) = oo al(BY)(BY, P Cagl

for the gradients of the prediction head.

B.1 Gradient Computation

Let us L(W, E) to be the population version of the objective. Because E[F};(X (1))] and E[G;(X?))]
are both zero (which can be verified easily from the zero-mean assumptions of z,(X) and ¢;,), a
direct computation gives:

F-( (1)) . StopGrad[G; (X )]
j ¢E XO)], /E[StopGrad G3(X )]

LW,E)y=2-)"
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We first calculate the normalizing quantity E[F?(X(1)]:

Mﬁ@mH—E(E:dmw%Wwajdw3w%W0

pE[P]
1 ) .
=3 > E[[S(X) NPaf((w,ve)® + Ejsj(ws—j, v0)*)?]

(Because all signal patches has the same sign within the same data)

E [P\ ISX)(w), &)° + Ejz—j{ws—;, §)°)?]
(Because noise patches are independent and have mean zero)

E[|S(X) NP2
= S a0+ By ISP o isxe;a
Le[2]
where we let
Ein—y S E[((w), &) + Eja_j{ws_j, &)°)?]
=E [(w;,&)° + 2E; 5_;(w;, &) (ws_j, &)° + EZ 5 (ws—j,&)°]

On the other hand, we have

E[F;(X M) - StopGrad[G,; (X @)]]

=E || Y ol(w, X)) + Bjajo(ws—j, X)) | x [ D o((w;, X))
pE[P] pE[P]

1
=5 Z E Z g ((wj, ve)® + Ej 3 j(ws_j,ve)%) x Z a;StopGrad[(w;, v)?]
Le2] pe|S(X)NP PE|S(X)\P

Els(X) NPl IS\ PI]

= > al((wy,v0)* + Bja—j(ws—, ve)?) - StopGrad{uw;, ve) - 2
Le(2]
Now, by denoting
E[IS(X)NP|-|S(X)\P E [|S(X) NP
¢y = EISONTPLISONP] g EISCIOPE] sy
Bj?-”é = StopGrad[(wj,vg>3], Bj ¢ = (wj,ve), Q; = (E[StopGrad[G?(X(z))]])_1/2.

we denote U; := E[F2(X(1))], where the expanded expression is

Uy =E[F} (X)) =" C10f(B}, + Ej3-;B3_;)° + C2&j5-;
Le(2]

and we can rewrite the objective as follows

QJCOOQ 2B}y + Ej3-iB3 ;)
WEfoZZ "5 (B.1)
[2] €[2] j

Now denote
o 6/ 13  p3 2 o
Hjo = Ciroq(Bj,+ Ej3-Bs_; )" + Cajz—j,
Kjo=Ciof(B3,+ Ej3-;B5 ; )(Bls o+ Ejs B3 ;5 4)

J B
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It is easy to calculate
Qj_2 = E[StopGrad[G?(X(z))]]
2
=E ( > 0(<wj,X1§2)>)>
pE[P]

— LS ey v B [ISX) NP + B [P\ [SCOl s, &)

Le(2]
= Z Clangg + Oggj

where &; = E[(w;, £,)%]. And thus the gradient can be computed as (notice Bj = Bj 0

CoQ:a8H,; 5_,B® C _iFs_..a8B3 . B2 Hs .5_
—Vw].L(T/V,E): Z( OQ] 415,34 M>W+Z< 0@3 JH3—5,0%P3—5050413-5,3 Z)W

3/2 3/2
e U; e UsZ;
CoQjol_ B35 B Kje  CoQy—jEs—jjaf B3 5 B3 Ky o
- Z U3/2 + U3/2 ve
ee)2) j 3—J
CoC2Qjay B} ((Bj, o+ Ejr3—j0B3_j o)
P> s 9. 15
U2 3TIemd
2] L€(2] 3’
= Z s+ Tie=Tive— Y Vs (B.2)
2€[2) (47,0)€2]x[2]

where

Vu, Eja—j = 6E[<wj7€p>sfp + Ej3—j(wj, fp>2<w3—ja §p>3§p]

Vi, &4 = 6E[B3_; ;(w;, &)°€p + Ba—jj{ws—, &) (wj, &)*El
As for the gradient of the prediction head, we can calculate

3 p3 _
Bj,ZBS—j,ZUJ

6
~Vg,, LW, E) = Z s

J,3—3 3/2
=r U;
COQja?B?,z(B?,L’ + Ej73*jB§)—j,€) Zz/e[z] Cla?/ (333',12/ + EJ73*jB§—j,Z’)B??:—j,£’
S ro
Le(2] J
CoCoQ;a¢ B} (B3, + Ej3-;B3_ )
- Z ‘ 372 Vs ;€53
U:
Le(2] J
. Z COQjO‘?B?,z(Bg—j,eHj,?f@ - Bg—m—sz,B%)
- 3/2
Le(2] Uj
— > %R [2(w), §) (ws s, &) + 2555 (ws5,6,)°]

Le(2]

where 3J; ; is defined in (B.2). In fact, all the above gradient expressions can be simplified by letting
D :=Q;/ U;’ % for j € [2], which is what we shall do in later sections.

Summarizing the notations. We shall define some useful notations to simplify the proof. We
define V' = span(vy, v2). Let 14 be the projection operator to subspace A C R?, then

<HVL w1, U)2>

Rj = (HVij,wj) RLQ = <Hvlw1,w2> El 2 1=

)

[Ty 2wy [ 2| Ty cwa |2
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B.2 Some Useful Bounds for Gradients

In this section we use the superscript () to denote the iteration ¢ during training. Below we present

a claim which comes from direct calculations of Z%

following sections.

and V. € ](f ?3_ > which is very useful in the

Claim B.1 (on 252 and ij E;f,)gf j,). Let R;, R% be defined as above, then we have

t t t t
(B;$Z)6+E( ) (()B( ) )S(BJ(',Z)S q)%t; )
t t)
(B11)°¢ @

(a) =) = 0(={"))

3 t) ] .
(b) (Vu, €Y Tyrwly = O(RVP) + 0B )R, + o) [RVP2[RY)/2;

J,3—J

(t) t
() (Vu, & owly = 0B, )RV £ OB, )(Ry % + o) [RVP/2[RY))/?
—(t)
(d) (Va, €90 ) = (O(R %) £ 0)[RVP2RY V2 + 0(ES)_)RVIRY J%

(t)
(&) (Vu, €57 5wl ) = (BSY, )? (0(Frz) + o)[RP/ RS )72 + O(BSY, )RR 1)
Proof. The part on E;fg is trivial from its expression, we shall focus on proving (b) — (d).
On (V&0 wi): 1f j = j, then

(Vi €53 wf’’) = OE[(wf, &)° + Ef3_ 7< Y6 w “)j,sm

= O(DE[(w”, )% + O(BY,_E[w”, &,)3((w ;, &)
—(( - thngt)wB ]7§p> )]
+ OB _E[w 6,03 ((I — wj ] w1, 6,)%)

Wl

———, we can derive
HH 1 w H2

Write w; ; =

E[(w”, &) ((w ;)% — <<I—wjtw;>w§”j7£p>3>1
= E[(w", &) (@] w0, £,)0((w) 1, €,)%)]
=O<i> E[(w, &) (w ;, ,)?)
Ly w13 !
Ry} ® (t) ! - :
m) [( §p>] E[(wy” J,§p> 3 (by Holder’s inequality)

—(t)
< O(R )My w31y s ws? 3
and by our assumption on noise &, we also have
Ef{w;”, &)*(I = @y ] Jws . 6% < O(@) [y sy 3Ty 3
Combined with the fact that E[<w§t), &)%) = O(||Ty« w( |13 13), we can get

(Va, &0y = O[Tyl |1$) £ O(ES_ ) (R, + o) Ty w3y w13

when j' = 3 — j, we also have

(V&7 wly = 0E[(EY; )2 (w600 + B (w3 (w . €,)%)
= O((EY”, )My w IS £ OB, (R + o) |y w3y 2wl |13
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On (ijf;,t)3_J,,w§t)7> when j' = j, we have
(Vur, £ 5- wé%> OWE[(wf”, &) wi? ;. &) + B (wf”,6)* (. &,)"]
O(WEl(wy” )T = wy ]y + wy ] Jwg? ;. &)] (B.3)
+OMEIES_;(w)”, &) (i, &)
Using Holder’s inequality and our assumpsion on ,,, we have

E[(w'",&,)%((I — @] )wi? 1, 6)] S ollTy2 w30y s wl? 1

In the meantime, we also have

{
{

o —(t) —(t)
E[(w”, &) (w;00] w5 1, )] = OR, DE[(w'”, &) | [RV)2 R V2 = 0(Ry )[RV )2 R ]H/?

J;t

for the last term in (B.3), we can also use Holder’s inequality to get

t t t t
BBl &), &) S B Elw”, &)1 Elwl? ;. &) < B4R R )2
Therefore, we can combine above analysis to get

—(t)
(Vu, &0 wi? ) = (O(R) ) £ o [RVP[RY 1V + OEY)_)RVIRY )2

When j' = 3 — 4, we also have
wy? ) = 6E[(ESY, )2 (wl &,)5(wi . &p) + BSY . (w, ) 2w  €,)%

(t)
= 6(B32;,)°(O(F ) + o)l B PRIRY )2 + B RGP

(Vi &

3—4.g0 W

which proves the claim. O

C Phase I: Learning the Stronger Feature

In this section, we shall discuss the initial phase of learning the stronger feature. Firstly, we establish
some properties at the initialization for our induction afterwards.

Initialization propertles We prove the following properties for our network at initialization. Recall
our initialization is w ~N(0,1;/d),¥j € [2] and E©®) = T,.

Lemma C.1 (propertles at initialization). Recall that without loss of generality we let |B(?)
max;e|o] |B | With probability 1 — o(1), the following holds:

(@) |3 =14+ 0(Z%) forall j € [2), and |(w]”,wi”)| < O(L5);

(b) max;¢|B\")| < O(/logd/d) and min; ¢|B\")| > Q(

logd) max; ¢ |B

(c) 1B} > B|(1 +

logd)’.

(d) £ = (1 - 0())ob|lw\” IS = O(1) forall j € [2);
(e) Hy) = o[ (1 +O( ) for all (4,0) € 2] x [2);
() U = 06701 +0(“1 ) forall j € [2);

(8) (QV)2 = Co® (1 + O(5h)) for all j € [2);

(h) K\ < O(af/d?) for all (j,0) € [2] x [2).
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Let us first introduce a fact about Gaussian ratio distribution without proof.

Fact C.2 (Gaussian ratio distribution). If X and Y are two independent standard Gaussian variables,

then the probability density of Z = X/Y is p(z) = 77(%22)’ 2 € (—00,00).

Proof of Lemma C.1. a. Norm bound comes from simple x? concentration inequality and our ini-
tialization w( )~ N(0 (0, ) The inner product bound comes from Gaussian concentration.

b. It is from a direct calculation under our initialization, and some application of Gaussian c.d.f. and
a union bound.

c. Itis from a probability distribution of Gaussian ratio distribution from Fact C 2 to bound the
probability of |B |/|B | <1+ ) (WLOG we let |B | = max;e[g] |B |)

log d
d. It can be directly proven from our assumption on noise &, in the subspace V- and (a).

e. Since at the initialization we have B](.?Z) = é(id),j, £ € [2] and Ej(og)ﬂ = 0, it is easy to directly
upper bound the errors.

f. Again from BJ(O) = 6( ﬁ), V4, £ € [2] at initialization and a direct upper bound.

g. Proof is similar to (e).

h. Directly from a naive upper bound using (b).

C.1 Induction in Phase I

We define phase I as all iterations ¢ < T3, where 71 := min{¢ : B; t) > 0.01}, we will prove the
existence of 77 at the end of this section. We state the following 1nduct10n hypotheses, which will
hold throughout the phase I:

Inductions C.3. For eacht < Ty, all of the followings hold:
(@). w2 = w}” |l + O(e + X=) for each j € [2];

(b). | B3 1BSY|, | BS)) = 6(%);

Vd

(c). 1B > Q(ky) max(1B{}], |BY)], |BY)

)’.
(d). |E{}] < O(o+ WHB|MME|<O%%

(). R, RS = 0(1), [R{}| < Olo+ &)

Remark C.4. Since we have chosen ng < nand p < ﬁ, Induction C.3d implies |E](3)> ;I =o0(1)
throughout ¢ < T3.

We shall prove the above induction holds in later sections, but first we need some useful claims
assuming our induction holds in this phase.

C.2 Computing Variables at Phase 1

Firstly we establish a claim controlling the noise terms &;, £; 3—; during this phase.
Claim C.5. At each iteration t < T4, if Induction C.3 holds, then

(@) & = & £ O(X 11 B + Olo + %)
(b) & = €+ O(T e 1B + Oo + X))
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=& +O(EY,

(c) 5(t) 5,3—j

t
1 (0+ 2=) + (B ,)%);

Proof. For (a), we can simply write down
t t
£ = El(w;, &)%) = o®l| My w3

Note that by Induction C.3a we always have ||u) )H ||wj0) 2+ O(0+ ﬁ), and by Lemma C.la
we also have ||w(0)|\2 =(1x O( ))Hw(o) ||2, which implies

t t t
Ty sl o — [Ty rws? [l = wl? ]2 — [0l =0 Y BY)

JLe(2]?
0 0 ~ 1
=l ll2 = s, £ OC 3 B+ 0(e+ =)
JLel2]?
1 oL A 1
=0(—=)£0( > Bj)) =0+ )
vd J.Lel2]? vd
By the elementary equality 2" — y" = (z — y) >_g<icn_1 4" 7%, we can obtain (a). The proof
of (b) is almost the same as (a), and the proof of (c) is just direct calculation. O]

Equipped with Claim C.5, we can establish the following lemma, which will be frequently applied to
bound the gradient in our induction argument.

Lemma C.6 (variables control in phase I). Suppose Induction C.3 holds at some iterationt < 11,
then we have:

(a) if Ve € [2),00| BY)| < O(1), then @) = (C26{")72(1 & o Lo);

(b) if 3 € [2,|BY)] > Q(ai), then ® = O((C26" + Yz C10$(BY)9)72);

(c) ifae B < O(1), HY) = Co&{" (1 + Spbos) = ©(Ca), otherwise H\') € [2(C2), 0(af)]

(d) K7 < 6<a2/d3/2>

Proof. (a) From our assumptions that \B 2\ \B 1| |B 2| < O( =) and alBﬁ < O(1), and also
the fact that é'](- ) = Q(c®) = Q(1), Cy = O(polylog(d)) > C, we can calculate

V=3 Cuof (B + B (B0 + Gl
Le[2]

~ 1
=0(C1) + C2€M + 0o+ —
(C1) + C2€; (0 \/&)
oWy L
a8y polylog(d))
Meanwhile, we can also compute similarly
® 1
=Y C1af(Bi))° + Cofj = CE5 (1 & SolyioE| d))

Le(2]
t t t t _ .
Therefore <I>( ) = Q( )/(U( ))3/2 = (Cng( )1+ Wg(d))) 2 as desired.
(b) The proof is similar to that of (a).

(c) when o Bgt% < O(1), the proof is similar to (a). When a4 B%ti > O(1), we have from Induction
C.3aand HJ(.tg) ’s expression that

H}) = Craf((BJ))° + B3, (BS, ) + Co€)

J,3—3 —

< 0(af)
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And since T} := min{t : B 2 0.01}, so for t < T, we have

A1) 2 ol ;= ot~ 1,1 2 (G

where @ is from Claim C.5b and @ is from Induction C.3d.
(d) Since we have assumed \B 2\ \B 1| \B 2| < O( =), it is direct to bound |Kj(tz)| <
O(af/d"?).
O
Claim C.7 (about E( ) and Vw] 5](,)3 Y ). If Induction C.3 holds at iteration t < T4, then

n ¢ ¢ (Bj(_t))G E(f) (B(t)J )(B;t)) q)(f)
(@) By = O(AJ By} =i =

(b) (V&5 )y = 0(1) £ O(EY)_)(RV) + 0);

w; €535, Wj J,3—J

(€) (Vo ES

3—3,3°

(d) [(Vu, €950 ) = OBy + o) + O(ES) )

wi)y = om@bp>im%2nm$+w

() [(Vu, & s w )| = O(RY, + o) (ES?, )2+ OB, )

Proof. Notice that ||ij_w§-t)H2 = 0(1),Vj € [2] for ¢ < T, which is because of ||wj(.t)||2 =

V2 £ 0(1) from Induction C.3a and max; ¢ \Bj(tg| < 0.02*. Now we can apply Claim B.1 to obtain
the bounds. O

C.3 Gradient Lemmas for Phase I

We first present an interesting lemma regarding the effects of Batch-Normalization on the gradients of
weights. The following lemma allow us maintain the norm of weights to above a constant throughout
phase L.

Lemma C.8 (effects of BN on gradients). For any W = (w1, ws) and E, it holds
(a) Eje[Q] <ijL(W E)7 wj> =0;
Further, if Induction C.3 holds for each t < Ty, we have

(b) (Vo LIV O, EO),w)| < Oo+ )11 | 55 B | for each j € [2].

Proof. Proof of (a): We first calculate the gradient term as follows:
E[F;(X™M) - StopGrad[G; (X ®)]]

%) /ELF2(X (1)) /E[StopGrad[G3(X ™))

E[(Vw F5(XW)) - (G| - EFF (X))

VwL(W,E) = Vw

=2

i€l2) (B[F7 “’)])3/2 E[GF(X®)]
-y E[(Vw F5(XM)) - Fi(XW)] - E[[F(XW) - [GXP)]]
jel2] (B[FZ (X)) JE[GH(X @)

Since by our definition (Vyy F;(XM), W) = zlemw JE (X W) wy) = 3[Fj(XM), we
immediately have -, )V, L(W, E), w;) =

*due to our choice of 7 = is small, we can make sure when 77 = min{¢ : BY{ > 0.01},

B <0.02.

_ 1
poly(d)
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Proof of (b): Firstly we define a new notion

E[F;(X (M) - StopGrad[G; (X ®)]]

Vii=Vu,
\/H*:[Fj2 (X)) \/E[StopGrad[G? (X@)]]

,

Then it is straghtforward to verify that } -, 5 (Vi,;, w;) = 0 for any j € [2], which implies that
(Vs j,wjr)| = [{V3_j j,ws_j)|. Soin order to obtain an upper bound for |(V.,, L(W, E), w;)| =

srer2)(Vi,57, wj) |, we only need to upper bound [(V;,j/, w3 )|, each of which can be calculated
as (ignoring all time superscript (*))

B[ cime Bramsor((wa . X)) - [GX®)] ] - EIF2(X0)
(E[FZ(XMW)])3/2, JE[G3(X )]

(V3—jjr w3—j)| =

E S petrin Bro-io(ws—5, Xp)) - F(X )] - E[[F;(X V) - [G(X)]]
(E[FP(XM)])3/2, [EG3(X ™)

Now we compute

E Z Ejs—jo((ws—;, Xp >)[G(X(2))}j =E Z Ejz-jo((ws—;, Xp)) Z o({wj, Xp))

pE[P]NP pE[P]NP pE[P\P

=Y Ej3 ;CoafBs_; B},
Le(2]

and

> Ejsjo((wsj, X)) - Fi(XM)
pE[P]NP

=E| Y Ejsjo((ws X)) > (0((wy, Xp) + Ejsjo((ws—j, Xp)))
pE[P]NP pE[P]NP

= Ej3_jC10§B3 (B3, + Ejs_;B3 ;) + C2Ej s jB[(w;, &) (ws_j, &) + Ejs_j(ws_;,&)°]
Le(2]
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So we can further obtain the nominator in the expression of |(V3_; j, ws_;)| as

E Z Eja_ jU (ws— ],Xp>).[G(X(2))]j ']E[F]-Q(X(l))]
pe[P]NP

—E Z Bz jo((ws—j, X)) - F5(XW) | - E[[F;(X W) - [G(XP))]]
PINP

= | Y. Ejs ;jCoafBi Bl |- | D Crof(B}, + Ejs_iB3_;)* + Cojs-;

¢€[2) Le(2]
Z Ejs-jCra¢B3_; (B}, + Ejz-jB3_;,) Z Coag B (B}, + Ej3-iB3_j )
— CoEj 3 jE[(w;, &) (w5, &) + Bjaj(ws—5,6)% - | Y Coal B3 (B, + Ej3-;BS_;,)
Le(2]
=Ejs_; > CoafB3 ; (B} Hjs o — B3y K;s3 )
Le(2]
— CoEj5 iB[(w;, &) (w35, &)° + Bz jws—;,6,)°1- | D Coal B (B}, + Ej3-;BS_; )
Le(2]

Now can sum over j' € [2] to get
[(Vaw; LW, E), wj)|

<y Z CoEjs—j | ®08B3_; Bl (His—e| + Y Y |CoBja—;®jaiB3_; B}y (K|

jE[2]) €2 JE[2] L€(2]
+) Z |CoEj 3 E[(w), &) (w35, &)° + Ej3—j(ws—;, &) °|Coag B (B}, + Ej3—iB3_j )|
jel2] eel2]
Next we are going to bound each term, for the first term of LHS we have
Y |CoEjsj®afBs_; ;B ;Hia o] < Y Y 1Bl 5 M
jel2] €€[2] Jjel2] e€l2]
B3 ,®;
B3_ £B5e%5
< A1 Z |Ej3—5ll W
jem L=t
~ do
\f AL Z ‘E]3 ]|

JE]
where the last inequality is because

¢ By Lemma C.6a,b, we have <I>§-t)/<l>§t) < 0(a9(1)) < d°® during t < Ty.
(Bgt)j )3 (Bj(tg) < 6(%)(3?%)5 from Induction C.3b,c.

Similarly, we can also compute

Z Z |COE13 i®; azB:s ]zB]3 K3 1€| < Z ZEJ3 ilAval

J€[2] Le(2] jel2] e 2]

~ do
|A1 1 Z ‘E]3 J|

JE[2]

B3 3 )
3 j,ZBj,?)fZKJ,?’—e
5
Bl,lHj,fi—é
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and

SN |CoE; 5@ E(wy, &) (ws—j, &) + Ejs_j(ws_;,&)°|Coaf BS (B3, + Ej5_;B3 ;)]
J€[2] €2

® B3, + Ej3 ;B3 .,
< Z Z |E33 —J J€| = BQ 2 |IE w],§p> (ws— J»5p> + Eja- J<w3 Jv§p> ]|
j€[2] €(2]
® B3 +E',3,-B?’_4
< D0 D Bl | (OB + 0) + O(Es-y)
je[2] ee2] 3t
<O(Riz+0)Aral Y |Ejsjl
JEl

where @ is due to Lemma C.6¢c, @ is from the same calculation in Claim C.7 for
E[(w;, &)3(ws—j, &p)?] and Induction C.3a. Now combining the above and Induction C.3e together
we have

~ 1
(Vuw, LW, E),w;)| < O(e + ﬁ)|f\1,1| > 1Bl
iel2)

which gives the desired bound. O

Next we give a lemma characterizing the gradient of feature v; in this phase.

Lemma C.9 (learning feature vy in phase I). For eacht < Ty, if Induction C.3 holds at iteration t,
then using notations of (B.2), we have:

(@) (~Vu, LW, EM) ) = (1+0(3))A)

(BSD?
(b) (~Vu, LOIVW, ED),01) = (1 £ O(L)A) + T8 < (1£0(L))AY) + (Bg%i)QEﬁ%Af)l

Proof. From (B.2), we write down the gradient formula for B(-? as follows:

(~Vu, Lp(WO, EW) vy = A 1) — 1)
where (ignoring the superscript (*) for the RHS)
A = Co®;08B3 | Hj
F§t1 = Co®;3_;E3— ”alB3 -7, 1By 1Hs—j2
T} = Coal (9,B,B7, Ky + @3 Bs ;B3 ;28] Ka—j1)

We first prove (a) and we deal with each term individually:
Comparing A 11 and th)l When t < T3 1, we have from Lemma C.6a that

1 1 1 1 1
o) = 1+ = 1+ o H{ 1+ ———
PR @ 0= Coylog(d)’ Oyt U= Soyiogr@) = *2 72200 % Loioei@)
Further, by Induction C.3b,c,d and our definition of stage 1, we know E% < 5(5) Now from
Induction C.3b that B;t% < O( =), together we have
t
~ A

1 ,
I} = Cond B85 Hy}(B1) (BY'))* < O(5)Coaf @l Hi'y (Bf1)* = O(—3%)
When ¢ € [T} 1,71], by Lemma C.6b we have
Cs

(C1a8(B{))8 + O(Cy))?

1 ~
WY > o ) 2ok, ma EPHY < 0()
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Now from our definition of stage 2, it holds that Bﬁ > Q- -) while B(q < 6(%) by Induction
C.3b, which gives

(®)
t t t t t)\: t ~.1 t t t A Al,l
I} = Coal By 3 By (B1) (B11)* < O()Cond @ HY'5 (BY'))° = O(—3)

Comparing Agt)l and Tgt)l Now consider Tgf)l, by Lemma C.6, we can follow the same analysis as

above to get

O(l)
<0 el for any (j,¢) € [2] x [2]

O )
(I)j K d3/2

jt =

Combined with Eét) < o(1), we can derive

)

T&Z—Caz( ”Ki?(B{%M D2+ Bl K (B8 (BI)?)

o),

t
~ A

= O(m) (since Cq = 6(1) and aq, ag = d°(M)

Comparing Agt)l and Tg)l Till now (a) is proved, we can deal with (b) by only comparing AS{ with

Tg)l Similar to the above arguments, we have by Induction C.3b we know K J(tl) = O( Zé?ﬁ ), Vi €[2],
and thus

af

O < 5
o K[} < O(575

)<I>§”H2(f% for any (j,/) € [2] x [2]

By Induction C.3e we know E < O(o+ \/3). Also, note that from Induction C.3b we have
OB ) < O((BL))P). and thus

<00+ 1)0(2 el HB(BY) < 0(-L

B K (BY)) (B < 7

Yol H') (BS))

d5/2

So together we have
t t t t t t t t t
8] = 1Coaf (@é VK (BB + B0 K (B (B)?) |

< O(——)CoaSa B (BY)))

a3/2

= O]

Comparing Fg)l with Agt)l It suffices to notice that

(Bj)?
P8 < |BLS Coafol” HS BY) (B %>2=(B(t))2|E§f;||A§ii|
1,1

)

Combining the bounds for Ag)l and I‘(Qt)l we obtain the proof of (b). O

Then we can also calculate the gradients of feature v in this phase.

Lemma C.10 (learning feature vs in phase I). For each t < T4, if Induction C.3 holds at iteration t,
then using notations of (B.2), we have for each j € [2]:

(=V o, LW, ED), ) = (1 +O0(a$) (B, + (B}f})?’)) AY (C.1)
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Proof. Again as in the proof of Lemma C.9, we expand the notations: (ignoring the superscript *)
for the RHS)
AY) = Coal®; H; 1 B2,
§% Coas®; B3 ;B3 2B, Hs 1
T§% Coal (B3 B}y K0+ 3 B3 j ;B3 ;1B 2Ks j2)

We first compare Agt% and I‘(t% as follows: Lemma C.6 we have

. Bét,)j 5 < 6(3;2) by Induction C.3b;

* From Lemma C.6a,b we can have <I>é )] < O(« 0(1))(1)(:&) Vi € [2].

Together they imply:
o
Coa§ By (B 0)* (B2 8 3y < 0oV ESY 5)Conf@ ) HIS (B]3)°
=0 0(1) p(t t
=0(aYWED_ )AL (C2)

Now we turn to compare Agt% with T(‘t). We split Tgt% into two terms Tlgf%,l, T%z

1) | = CoataP (BN (B K

jon Yiao=Coadel) B, (B, )% (B K,

3—3,3

For Tﬁf%,p we can calculate

T}, = Coafd (B (BI))? K
~ 6
< 0(32722 )(BYD? - Coabe Y H) (BY))? K\ < O(S192) from Lemma C.6d)
< O(a$(B)*)Coas@ P HI)(BY)®  (O(;5%) < O((BY))?) from Induction C.3b)
= 0(a8(B{)*)AY) (C.3)

—~
N>

And for T ;211, we use Induction C.3b and Lemma C.6d again to get
(B32,2)° (B2, K3, 2 < O(C1oS(BJ2)°)

and thus combined with (IDgt_) ;< 5(0/{)@” ,Vj € [2] from Lemma C.6a,b, we can derive

ngz = COQG(I)(t) Ej(t?)) J(B:(),f)g 1)3(B;f2))2K3Et—)j,2
~ t t) 7 (t t
< Oty Cuasel) 1B
~ t t
= O(aSES) . )AY) (C4)
Now combine the results of (C.2), (C.3) and (C.4) finishes the proof of (C.1). O

Lemma C.11 (learning prediction head F 2, F)> 1 in phase I). If Induction C.3 holds at iteration
t < 1T, then we have

3
(@ —vE1,2L<W<t>,E<t>>=0<A§f13§fi>( OE{Y) + OLZ) + O(RL)):

(B
(b) Vi, , L(W®, E®) = O (BW DAL+ Fre CoALBY) (—O(EL)) + O(RED)

Proof. We first write down the gradient for Y : (ignoring the time superscript (*))

J3,3=3"

—VE,, ;L = Co®;0fB; (B} ; Hjso— B3 ;5 Kjs0)— Y Ve, . Esj
Le[2] L€[2]
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where VE] 3_ Jgjygfj =E [2<wj, §p>3<w3,j,§p>3 + 2Ej’3,j <’w3,j,€p>6]. Thus we have

Vi, &4 = 0M)EY)_ +O(R))

3,3=3%3,3—] J,3—J
and by Claim C.5 and Lemma C.6a,b

B( )\6 + E(t) B(t) B(t) 3 (I)(t)
s = oafypity BB A BB o)

(B)s ¥

oA

Now let us look at Vg, , L(W®, E®), first we consider the term

) )

Z Co® t) ap B(t )? ((Béf%)ngtz))ﬁé - (Bét;ﬁe)gK{gfe)
Using Lemma C.6 and Induction C.3b,c, we know

H") <O(H{))att < T and H{") < O(a$H)) fort € [T1,1,T1];
- By Bl By < O(BY)) < O(BY));
* K30 < Ot /d)?).

It can be computed that

)

3
- (B
ooty el < o (5 ) contlatiot)

3
Db BV BOVED | < 5 oD aS (B0 HL)
Z 0@ oy ( 174)( 2,@) 13— = (dg/g) 0@ a7 ( 1,1) 1,2

Le2]
Now we turn to Vg, , L(W®, E®), similarly we have
)
1

3
B t t t
(;)) Cotlad (B0 L)
1,1

CoaPad (BB HL) < 5 (

and since HQ(? <O0(Cy) =0(H 1(2) by Lemma C.6c, we can go through the same arguments again

to obtain
() (t) (t) (t) A § ; t) (t) (t)
‘CO(I)Q ag(B1,2)3(BQ,2)3H2, <0(1) ( )) Co® 6(31,1)6H1,2
1
cuaal(B0)P (B K(| < O2h) @) ot (BB
Now the proof is complete. O

Also, we will need the following lemma controlling gradient bounds for the noise term.

Lemma C.12 (update of R% in phase I). Suppose Induction C.3 holds at iteration t < Ty, then we
have

(@) [{(=Vu, LW D, EO) Ty < O(L + 9)AY) B

(b) =V, LW, BO) Ty wi”)] < O(Z5 + o)A} BY)
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Proof. Proof of (a): Firstly, by Claim C.7a, we can directly write
(Vi LOVO, BO) Ty w))) = =3 S0V, 65 wl)

w1~5,3—737
3t
(t)y6 () ®)  y3g)y3 )
ANBY Y Bio) By Bsmj B €y o et 0y (s
1,111 (B(t)) (I)(t w1%5,3—4" ’
(G,0)€2]? 1,1 1

Now we discuss each summand respectively: for (j,¢) = (1,1), we have

(BY))® + By, (B, ) (B))? o (BS)? 1
O =B s — el ) (€O
(31,1) (3171) d (31,1)
where the last one is due to Inductlon C.3d. And for ¢ = 2, we can see from Induction C.3b and d,
that max; ¢)«(1,1) |B§tg| = (f) and E](tz))) ; < o(1) to give
t t t t t
(Ba)" + oy (B "By ) 51y 1 %)
(B o = e

On one hand, when ¢t < T}, we have agBJ(Q < O(1) for all (j,¢) € [2]?, so Lemma C.6a
applies for both <I>§t> and results in @gt) / @gt) < O(1). We can also apply Induction C.3c to have
B](t% / Bﬁ < O(1). On the other hand, when ¢ € [T} 1, T}], we have by Induction C.3b and Lemma
C.6a,b that 85 /0" < O(af™) = d°M, but now B{') = d=°1) > O(d~/?), therefore

oLy 1 o) - Lyl
B (Beel) T AP (Bl
So together, they imply
(t)y6 () () )3 &)
(Bj72) +E]3 ]<B3 J2) (BL ) ©J < 5( 1 ) (C7)
(B{'})S o) T 2Bl
and similarly, we have
(Bs)' + E3d(BL Byl @) 5 1 cs)
(Bi)° ol = e

Next we turn to (leé‘;tg o (t)> When j = 1, we can apply Claim C.7d to get

L ioE) <o ) (©9)

(Vu, €5, wl)) = OB, + 0) + O(E)) = Olo+ =

S

and when j = 2, we can apply Claim C.7e to get

~ 1 1 1
(Vur&sllwy”) = ~(ESDOWR +0) + O(Ba) = O(5) (e + =) +0(p)  (€C10)

Combining (C.5), (C.6), (C.7), (C.8), (C.9), and (C.10) completes the proof of (a).

Proof of (b): The Z( 2 part is the same as in the proof of (a), so we only deal with (Vw2€1 2, W t))
and <Vw252(t1, wgt)> here. For <Vw252 1s wg )> we apply Claim C.7d to get

(Vusit,wl?) = O(RY) + o) + O(1)EY) (A1)

and for (VwQé'l(t%,wl ), we have
(Vaus€i i) = O(RY) + 0)(B51) + O(1) EY) (C.12)
Inserting (C.6), (C.7), (C8) and (C.11), (C.12) into the expression of
(—V o, LW O, E®) Iy, wi") finishes the proof of (b). O
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C.4 At the End of Phase I

Lemma C.13 (Phase I). Suppose n < Oly( ) is sufficiently small, then Induction C.3 holds for at
leastallt < Ty = O(%) and at iteration t = Ty, we have

(@) B{Y = Q(1);

T1 ~
(b) [w{™ o =14 0(0+ L),

Tl)

(c) B = 6(%) and B = B{) (1 +0(1)) for j € [2];

T T ~
(d) BSY) = O(f%) and BV} < O(o+ L)

() RN, RS™ = ©(1) and R} = O(o + ).

Proof. We begin by first prove the existence of 77 := min{t¢ : B(t) >0.01} = (dz) if Induction

C.3 holds whenever B§ i < 0.01, then we will turn back to prove Induction C.3 holds throughout
t <Tj. We split the analysis into two stages:
)

Proof of T < O( ; ) By Lemma C.9a we can write down the update of Bg 1 as

-1 1 ;

BITY = B 401+ 0(9)A]) = B} +n(1 + og))@&”coa?ffﬁ%wﬁi)o (C.13)
When alB < O(1), by Lemma C.6a,c we have @gt) = 6(%) and H( Q(C3), this means we
can lower bound the update as

C 6
BTV > B} + T E ) (B

Cs

since Cgal is a constant, we know there exist some ¢’ > 0 such that B;tl) > Q(a%) Also recall

that 77 ;1 := min{¢ : (t) > ()} So by Lemma H.1, where = Cy = Q(Cg:?)
and A = Q( =), log(A/B(O)) O(1), we have

1
poly(d)’

_ 1
~ polylog(d)

02 02 6(77) 1 N 1
Ti1=0(——=%) nCy < O( )| 0) + <O )
) 2, = B ) B e ()1

Since (B§?1))4 > () from our initialization, we have T ; < O(%) and thus 77 7 exists. Now we

consider when Bﬁ > Q(a%) Now by Lemma C.6b,c, we have <I>(1t) > Q((Cy + a8)~2), which
gives an update:

t+1 t 7700046 t
B](.,l ) Z B](.,%. + Q<(CQ 4 O[l?)g)(B§j)L)5
so again by Lemma H.1, choosing C; = Q(%),
1

o((C 6)2 6 O(al2 _ 6
= w Z nCt < <O<1) + é??)) (%11>)4 = O(%) = O(
o 2, €[Q(2),0.01] By (Bi1") n(Bii")

where O(%?) < O(%), so we have proved that T} exist. Now we begin to prove that Induction C.3
holds for all t < T3.

Proof of Induction C.3: We first prove (b)-(d), and then come back to prove (a) and (d).
At t = 0, we know all induction holds from Properties C.1. Now we suppose Induction C.3 holds for
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all iterations < ¢ — 1 and prove it holds at ¢.

The growth of Bét% Applying Lemma C.9, we have fort < T ;
B 2 Bl 401 - O()AY]

(B31)”

, (t)
1,2

t
o )

1
= A(t) +
\/a)) 2117
For some ¢} := min{¢ : B(t) > 2(1) % we have E 5 < O(BY 0) § - during ¢ < t{, and
t
(BS))? WAW® <
(B e
) a

BTV < B +n(1+0(

which allow us to give an upper bound to By (tH

1 ~ 1
B{TY < (1+ O(-2))AY) + O3

Vi
§(1+5(d049

t t 1 t
))<I>§ )Coa?%gé )(1 * polylog(d) )(35’1)5 (when < 11)
Since we also have

1 1
B > (1= GG)AY > (1~ O(5) 8 Coafel" (1 -

B(t) 5
polylog(d) ) 1’1)
(t+1)

)), we can now apply Corollary H.2 to the two sequence By " and

. 0 0

Since BH > B( )(1 +Q(logd
t+1 e

By

o, 1
q>(2t)g(t> (1 + Sohoea)

, where S; = to get

) 1 : ) < &L
Bii" 2 gagg While Byi' < O(ﬁ)
Note that here the update of Béti at every step satisfies sign(Bgfl) - Bét%) = sign(Béﬂ) which
implies Bg%) = (:)(ﬁ) Now for every T' € [t,T1], we can apply Lemma H.3 to get that

1
d0.5+Q(1))

5 B2 00 < 00+ Ljo(—L maxt(BI) < Of
! 1,1 = Ue T = JUNTTay ) MaxiBe 1) s =
telt) 1] (B§ )2 Vd Bi,i) t<T

Suppose we have proved that Bét% < O(%) for each ¢t < T, we define a new sequence

1 »(t)\5
B
polylog(d) J(Ba1)"s

))¢§t>coa?025§t>(1 +

<B§ 1)?
EUAS

By = Byy +n(1+0(5

Y = (14 0(1)BSY

)

whereég%):Béf/})+ Z o
te(t),T) (B )

It can be directly seen that |§§ B§01)| > \B(t) (0)\ for all ¢ € [¢],T]. Notice that now

Eét’}) < dQ(l)Bﬁ), we can now apply Corollary H.2 again to get

~ ~ 1
BSY - BY)| < B - BY)| <
‘ 2,1| — ‘ 2,1 2,1‘ — \/&polylog(d)
t)

Now we deal with ¢ € [T} 1, T1]. During this stage, we can directly apply Corollary H.2 to Eé,l and

(forevery T < T} 1)

B§ ), where 5; = —1%2 < O(a?™), to get that
,2

|B<T> B < B — B < =

L—— for every T < T1)
17 Vdpolylog(d) ( g '
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And thus by Lemma C.1, we have Bg? = Bé?l) (1£0(1)).
The growth of B%t% and Bg% By Lemma C.10, we can write down the update as

1
B = B 1 (1 + O(aS) (B

t t
3 ]j+(B(%)3)>A§%

7, ,
Since B < 6( 1 )and M < O( B® g®

21 S 12 = ngf) 11,E21§O( ) because we chose ng < 7, we only
need to care about (B£ i) in the update expression. Now define ¢}, := min{¢ : Bﬁ > Q( )} we

have

* For t < t4, by Corollary H.2 and setting z; = Bﬁ, Cy =(1- 5(%))<I>§t)C(]a?Hl(g,
650 ~

Sy = O(azq}{,i)Hgé) < O(Z—%) < Wog(d) (by Lemma C.6a,c), we have \Bj(tz) — BJ(O2)| <
O(Z%%z) < W for all t < t}, which implies BJ(%) = BJ(OQ) + m €
[Q(mlogd),owj?)] by Lemma C.1.

» For t € [t),T1], we can use Corollary H.2 again and let z; = Bﬁ we know
B'? > ¢@0B? . setting ¢; = (1 — O()d\CoalH, 5, = O((1 +
aﬁ)%) < 0(a®M), we can have |B](-2 - B](t%)\ < m, which implies
B e [Q(\)Ellogd),O(Vi??)] forall ¢ € [t}, T].

This proves Induction C.3b. Indeed, simple calculations also proves Induction C.3c, since the update
of Bﬁ is always larger than others’ during ¢ < T7.

For Induction C.3d: From Lemma C.11, we can write down the update
(B(t) )3
~V i, LW®, BV) = O(AY) B{Y) < C1B{ + O( T Co(R{} + g>>
1,1

(B{1))®

(B(“ 5+ We can obtain

for some constants C7, Co = ©(1). Applying Lemma H.3 to O(Agt)lBﬁ)

(t

U (B,

> 0meAl B —=— = =3 0mAl))—¢
1

3
t<T . (Bl,l)3 N t<T (B R

)’ _ soe/n, 1
i = Olmn)pm <00y
11

)
2
)
1

So here it suffices to notice that whenever |E§t%| < 2% (Rgt)2 + o) (which is obviously satisified at

t = 0), we would have

OB (~O(ESY) + Ca(RY + 0)) = 0 BIDO(RY) + 0) < O(A!) BI)O (0 +

S

In that case, we will always have (since E{OQ) =0)

(B( )) s s s ~ 1
E(t+1 Z ) nEAgt)lBﬁ) 1? + ZO T]EA1 %B( ))(R§% +0) <O(o+ 7)@Bﬁ1ﬂ)
= By = vam

Similarly for Vg, , L(W®, E®), we can write down

(B(t)>3 (v (t (0
)AL+ ZCANBu( O(Ele ')+ O(R} ))

_sz,lL(W(t)a E(t)) = O( (t)
(Bl,l) Le(2]
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by Lemma H.3, we have

)) nE/n
Z 77EO )A < O(—5)

t
o B{")?

and since from previous comparison results we know that

> X oA = 5 S a0

t<T) ¢€[2] t<T) €€[2]
we can then prove the claim.
For Induction C.3a: We can write down the update of ||w§t) ||3 as follows:
oo D3 = ol = 5V, LW, )3
= [l 3 = 0V, LOVE, EG), ) + 0|V, LIV, BO) 3
from (B.2) and Induction C.3a,b,c at iteration ¢ and our assumption on &;,, we know
IV, LOW®, ED)|3 < O(d)

which allow us to choose n < ( y to be small enough so that ndT; < polly( 3 Then by Lemma

poly
C.8b, we have

1 0 s s 1
laf* 0 = i1 0 3 [V, LV, B, )] & s

s<t poly
1

< w3+ Olo+ —) A7) S 1B |
2 2 Vd 2_ 1Bl poly(d)

JE[2]

Since from the above analysis of the update of B1 1> we know >, 7 Agt)l < O(1). Moreover, we

also know that \B \ is increasing and s1gn(A§t)1) = blgn(Aﬂ) for any s,¢ < T}. Thus they imply

De<t |A | = | qu Als%| = O(1), which can be combine with Induction C.3d to prove the claim.
Proof of Induction C.3e: We can write down the update of R@ = (IIy ng ),wét)> as
follows

My wi™ Wiy = My wl? =Ty 0V, LWO, EO) Ty w? — Ty 9V, LW®, EW))
= R = 0(Vu, LV, EO), Ty wf) = (Vo LW, EO), Ty wf?)
+ 92 (M1 Vi, LW EO) 11,0V, LW O EO))
By Cauchy-Schwarz inequality and the same analysis above we have

(T2 Vo LOVO, EO), s Vo LOVO, EO)] < |V LIV, EO)o]] 7 LW, EO)

< O(d)
so by our choice of 7
1
[y Vo, LW EOY 10, V,,, LW EW®
PO ) Ty Vi L( NS o

and by Lemma C.12 we have

1

(Vi LIWY, B, Ty wy”) = (¥, LW, EG), Ty o)) | < nO(AT) B (0 + iV

)
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which implies

s s 1
[y < [y 0l + 303 0V, LOVS, ) Ty sl + 2o
o<t jep2) Poy
1
< O(—=) + Y nO(ATBYY)
f ; " poly(d)
~ 1 1| e+
<O(—=)+0(o+ —=)B
( \/3) (e \/E) 11
1
<O(o+
(e \/g)
which completes the proof of Induction C.3. As for (a) — (¢) of Lemma C.13, they are just direct
corrolary of our induction at t = T7. O

D Phase II: The Substitution Effect of Prediction Head

In this phase, As B; % is learned to become very large (B Pe ||w§t) ||2). The focus now shift to grow
Eé i because we want C1af ((Bét%) + E(t) (B(t) )3)? in Hz(ti to dominate S:Eti We can write down
the gradient of Eé% as

Ve, LW, ED) = 3" oo 8BS (BY )Y, — (B )P K _) — S 58V, , &80
re2] Le(2]

Now let us define

Ty := min{t : RY < —\E i) (D.1)
We will prove that E, ( 2) reaches at most O(\/nT/n) and the following induction hypothesis holds
throughout ¢ € [T, TZ]. In this phase, the learning of Eéti is much faster than the growth of the

first feature vy such that 7o — 77 = o(11/ \/Zi), which is due to the acceleration effects brought by
Bﬁ = Q(1) during this phase.

D.1 Induction in Phase II

We will be based on the following induction hypothesis during phase II.
Inductions D.1 (Phase IT). When t € [T4,Ts], we hypothesize the followings would hold

(@) B = (1), BY) = BIV(1 £0(1)) = O(Z) for (j,0) # (1,1) and sign(BY)) =
sign(B(Tl)) :
it

(b) |R{Y| = O(o + J5)al VR{]V2[RE)I2;
(c) R € [Qgmz), O] B € [k v/ne/m), O(1)];

(d) E{ < Olo+ 3[R/ and ES) < O(\/np/n).

Under Induction D.1, we have some results as direct corollary.
Claim D.2. At each iteration t € [T, Ts), if Induction C.3 holds, then

(a) £ = O(CH[R);

(b) g(t)

o = &£ OB o+ J)RVPPIRY ) + O((B)

53— j) [R;(;t,)j]?’)foreachj € [2);

37



Proof. Tt is trivial to derive (a) from the expression of 5 ® and our assumption of £,. For (b) it

suffices to directly calculate the expression of & ) along with Induction D.1b. [

J3—J
Lemma D.3 (variables control in phase II). In Phase Il (t € [T1,Ts)), if Induction D.1 holds, then

(@ 8 = O(gh), 2 = O((ColRYT + Cro§(ES))2);

(b) K1) = O(af/d*/?), Ky) = O(Egyaf /d*)? + of /d?)

(0 HYl = ©(Ciad), Hi3 = OURYP), Hyy = O(GRYP). Hy) = O(CaRY) +
Cro§(E35)?).

Proof. The proof of (a) directly follows from Induction D.la,c and Claim D.2. The proof of (b)
follows directly from the expression of K; ¢, and Induction D.1a,d. The proof of (c) is also similar. []

D.2 Gradient Lemmas for Phase I1

Lemma D.4 (learning prediction head F 2, Fo 1 in phase II). If Induction D.1 holds at iteration
t € [T1, T3], then we have

0(1)

L (2B R £ O(RY) + o) R/ (RS )
o@)

ne/n o
£ 50002 max{ (BT, o),

O()

(@) — Vg, LW® E®) = (1+0(%L

(b) = Vi, LWY, ED) = (14 0(2__))codla$(BY)*(BY)*HY')

d3/2
. —(t) .
+O(SY))(|1BS RV £ O(Ry y + 0[R2 [RY/2)

Proof. We first write down the gradient for E(-tl - (ignoring the time superscript (*))
~VE,, ;L = Co®;afB} (B} ;Hjs o — B35 Kjs0)— > %4V, s
Le(2] £e(2]
where Vg, . Ejs—j = E [2(w), &) (ws—;, &) + 2E; 5 (ws_;,&,)°]. Thus we have
t) —(?) t
Vi, €3y = 2E5 IR £ O(Rys + )[R (R
and by Claim B.1 and Induction D.1a, if (j,¢) # (1,1)

(t)\6 () (t) ()3 g®) (®)
) _ O(th)l) (Bjaf) +Es- J(B3 J» @) (BL )’ (ﬁj < of 1 )Egt)l (ﬁj
Ji.l ) (Bﬂ)ﬁ ‘I)gt) = TN 3/2 , ‘I)gt)
Therefore for j = 1:
0(1)

N Ve, LE

t t
ZZ()VEw {g_(1i()( 7

Now by Induction D.lac and Lemma D.3b,c we have (B%)BHY:LZ <
max{©(Co[RV]3), 5(0‘—?)}, which leads to the bounds

4372
~ 1 3 05 t t t ~ 1
(B (B Y] < O max{[RVP, Z5), 1(BID*(BYA_)*K (| < O(5)
which implies
o)
~ME/M «a
S CotPa (B (B HE - (B *K{)| £ O max((RF, %)

Le(2]
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Combining above together, we have

_ VEl,gL(W(t), E(t))

1 —(t) ~ ME/N oW
(1—|—0(d3/2))2( V(2B RYP + O(Ry )[R§t)]3/2[R§)]3/2iO(W)max{[REt)]g, d15/2 1

For —V E2,1L(W(t), E®), the expression is slightly different, we first observe that by Induction
D.la

t t
ALy < O(575) A5

d3/2)

Meanwhile, by Induction D.1a and Lemma D.3b,c , we have

o(1)
—_ ~
=) < 0(* L) CoCal [RYP,

Moreover, we can also calculate E(Qt)l = COCQQ?ES%(I)?)(BSD?’) = 5([;‘;2
5(3—?){)(;), which gives

t t
ol s =

> 20V &l = S (—OENRYT £ OR)) + o) R/ (RS )
Le(2]
Now we combine the above results and get
0(1)
d3/2
£ OB RY £ O, + o) [RYF/2[RY)/2)

Vi, LW, EO) = (1 + O(Z ) CodY ) af (BS)?(BY)?l)

O
Lemma D.5 (reducing noise in phase II). Suppose Induction D.1 holds att € [Ty, T3], then
. ~ EM) |2 t
(@) (=i, WO, EO) Ty wl) = SPYO-RIP £ O(EY + )Rl +

0)[RY32[RY3/2);

(b) (=Y, LOIV®, BO) Ty ) = 50 (—0(RY2) + 0() [RVP2[RO1/2 + OB +

E(t) 2 ’
| d?’»’/12| )Rgt) [Rgt)]Q)

And furthermore

(€) (=Y, LW, EO), Ty owl?) = ~6((RY 1) (2 0((E(D)?) + 3 =1))

)

Le(2]
(1)

= O<Z ngzEj(gfj (R172 +0) [Rgt)]3/2[Rét)]3/2);

¥4

—(t)
(d) (=, LW, EOY Ty, 0ty = (2591@ (B + > z<t>) O(R)) + O(o) IRV [RO)?
Le(2]

+0( X n B ROIROP)

3.t

Proof. The proof can be obtained directly from some calculation using Claim B.1 as follows:
Proof of (a): From (B.2), we can obtain that

(—le[/([/v(t))E(t))71-[vl w§t)> _ Z E(t NV & (t) (t)>

w1 jd J’
gt
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Now from Claim B.1a and Induction D.1a, we know (Bj(tg)3 < O( 357 ) and the following
(t)\6 ® (®) 313 &) ® oM

z(tz O(E(t))(B ) +E33 g(B?) ]Z) (BJZ) (I)] <O(Ej3 J>Zg)1¢

) (BL'D° o) T R T e

for any (7, ) # (1,1)
From Induction D.1a,c, we know ((Bgt%)3 + Eét% (Bn) )2 < O(d3/2) S} and Rét) = 0(1), which
by Claim D.2a,b and Lemma D.3a gives @ét)/égt) < O(alo(l)). Combine the bounds above, we can

obtain E;tg = O( (t) _i/ d®/?)% 5 )1 We can then directly apply Claim B.1 to prove Lemma D.5a as
follows

<_V1U1L(W(t)a E(t))a HVLwﬁt)>
ot ¢ t (t) t
= (1 0(E{))= (- O(RYT) + OB By + o) IRV /(RS [2)
)

A —-(t)
+O(ES) /a5 (- 0 (BEDAIRYT + OB (R, + )[R/ 2(RY )

|E( )2
d3/2

~ —(t)
=0 (-~ R £ OB + 55 (R + o) [RUT/2[RY2)

(Since |E£t%| < d=*() by Induction D.1c,d)
Proof of (b): For Lemma D.5b, we can use the same analysis for th)l above and Claim B.1(d,e) to
get (again we have used E;f) = 5(E](t§ ])E(t)l = O(Eg )1))

(=Y, LW O EOY Tl
~ —(t
— (1= O(BL)=Y) ((~0(Ryy) + 0D IR PAIRY) + B R [RY2)
()
+ OB /)51 (-6 (R) + 0)ELIRY TR + ELLRD R
0 oF® (115/2( pt) 50, Bl
= 11 ((—O(R12) + O(0)[RyI/2[Ry 1'% + O(|Exy | + d3/2
Proof of (c¢): Similarly to the proof of (a), we can also expand as follows
(~Vu, LWD, EO) 11y 1w
= (1= 0(E)=) (- R Pe((E)?) + 0<E£2><E§ A

+
Zz( P+ O(Ef ><E§fé+g>[ VRS

)RVIRY?)
)[R( )]S/Q[Rg)]?,m)

= [R“)] (z1he(EDY + 3 28) £ o( o s0EN®Y + olRY PR ?)

7

Le(2] Y4
. Simi : ® — o(pW® ) _ ()

Proof of (d): Similarly, we can calculate (again by X7 = O(E; ;)X = o(2X1 7))

(~Vu LW, EO) 11y 1)

(1)

= > =0 (0 £ 0() (B RS PARY 2 + B R (R

Le2]

+ Z th%((_ )i O( ))[ t)]5/2[R( )}1/2 + E( )R(t)[Rgt)]Q)

Le(2]
3 0

= (1 O(E{))s{} (-0 (RY) + 0(0) (B[RS P2 (RYV? + B R (R

—()
+ 3 50 ((o@Y) £ o) R PARY) 2 + B RPRP))
Le(2]

= (E(t) (t) + Z E(t)) Rgté) + O( ))[ )] 5/2 [R%ﬂ]l/? + O(ZE t)E(t)

J,3—J
2€2] Jit

R(t) [Rgt)]2>

40



which completes the proof. O

Lemma D.6 (learning feature vo in phase I). Foreacht € [Ty, Ts), if Induction D.1 holds at iteration
t, then we have for each j € [2]:
| (t) 2

3—=3.J

E
aSa —
2 1>(<I>‘”<\ i1+ B + 0 (1B, IR P + —20))

|<_V’M)JL( (t) E(t)) 1)2>| < O( d5/2

Proof. Again as in the proof of Lemma C.9, we expand the notations: (ignoring the superscript ()
for the RHS)

(~Vu, LIWD, E®) 0y) = AY) +TY) 1) (D.2)

where
t

AY) = Gyl B (B))

® _
7,2
th% COO‘G(I):(’,t)jEét)j j(Bét)j 2)3(B§t2))2H?()t)j 1
® _
7,2 T

Coa$ (@0 (BB K + o) BD, (B, )* (B KLY, )

t

;-%

Now we further write T(g = ngl + T;’g,z, where

t) t t t t t t t t
T§ 2,1 = Co 04 ( 5%) (Bg(%)QKJ(Q)’ T;‘,%,Q ( ) E?(, )g ](Béjj,l)g(Béjj,2)2K§2j,2
According to (D.2), we can first compute

A =10 = coase (B HY — Coatel” (B (BI))2 K

(B
= Coafl? (BUY® (Cral(BY) + B, (B, )% +Cagl). )

— Coa§@ (BN (BY)?C1ad(BYD)? + B (B, ) (BY)? + B (B, ,)%)
= Coa3Crafe] (Bf3)° (E}% B MBI+ (BB, )°)

- CoafCrabe (B2 (B ) B (B + BN (B2, )P (BI)?)

t
+Coalal (B))5CLEl)_
Then we can apply Induction D.1a,c,d, Claim D.2a,b and Lemma D.3a,c to get

el (g

I+ RV

|AJ, j21|— ( 6d5/2
where the last inequality is due to Lemma D.3a,c. Similarly, we can also compute for F(t) Tgt%,g:

t t t t
T = T80 < |Confol? B,

(B, )3 (B2 HS . |

+[Conga?, B, (B, (B

32‘

3.
6.6 B |
ofad ) 1w pt s 1Eai
< O( P )R3 2B (R 2] + W)
This completes the proof O

Lemma D.7 (learning feature v; in Phase II). For each t € [T1,T5), if Induction D.1 holds at
iteration t, then we have:

(@ (=Y, LV, EO) vn) = OFIDIRP + T+ 0P /d%);

~ ~ a6
(b) (~Vu, LIW®, EOY) 01) = O(ay M /d5/?) + O(%) B2 [RY)?
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Proof. As in the proof of Lemma D.6, we expand the gradient terms:

<—Vw].L(W(t)7E(t)) ) = A(t) +1—\(t) Tgt% (D.3)
where
AY) = Coalol H)(B))?
r'l") = Coa ?@5,“ B, B B2,
T = Coat (2B (BIKN + 0 B (B ) (B K, )

Indeed, when j = 1, by Induction D.la and Lemma D.3a,c, we can compute
A = Coaf@l” (B H{ = ©(=()[RY]?
and with additionally Lemma D.3b, we also have

0(1)
T = [Coat (@1 (B2 (B2 KL + 04 BY) (B (BID KLY ) | < O()

which gives the proof of (a). For (b), we can also apply Induction D.1a and Lemma D.3a,c to get
AY) = Coaf@l Hyy(By))” < O(at " /d*)?)

Iy} = Coaf @l By (B11)(B3h)* 'y < O

~ o
1) = Coat () (B (B KE + 0 BB (8D < 02D
this finishes the proof. O

D.3 At the End of Phase I1

Now we shall present the main theorem of this section, which gives the result of prediction head Eét{
growth after the feature v; is learned in the first stage.
Lemma D.8 (Phase II). Suppose n = Poly( D is sufficiently small, then Induction D.1 holds for all

iteration t € [Ty, Ty, and at iteration t = T, the followings holds:

(@) B{" =0(1), B = BIP(1+0(1)) = (%i)for (. 0) # (1,1)

(b) R < O(), B™ = 0(\/ns/n), and Ryy’ < 0o+ L)

() |E| = O(o+ L) [RVPP[RYI? and | ES| = ©(/ie/n)

Vd

Where the part of learning Eét% is what we called substitution effect. One can easily verify that

|E§t% LX) > | f2(X V)| when X is equipped with feature vy, as stated in Lemma 5.2.

Proof. We first will prove Induction D.1 holds for all iteration ¢t € [T}, T]. We shall first prove

that if Induction D.1 continues to hold when R(t) > |Ey, (*) 1|, we shall have [RP] decreasing at an
exponential rate.

Proof of the decrease of Rgt): Firstly, we write down the update of Rgt) using Lemma D.5a:

E (t)|2 —
RV = RY 4 nS0(-[RYP £ O(BY | + —2 (B, + o) [RYPPRYP?)

from the expression of th)l in (B.2), and by Induction D.la and Lemma D.3a,c, we can compute

CoC
th,)l = 9(0002(I)§t)) = 9( 5122)
1
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Moreover, from Induction D.1c we know that

| (t)|2 1 1
(|E§t%‘+ d3,/2 )[Rgt)]3/2[R(t)]3/2 < (@(d3/2)+0( \/g)[R?)]?’/Q)[R&“]?’/Q[Ré“]m
&L L n(013/2y p(1)13/2
<<@<dwz>+cx ¢8MR1]/ S

Therefore whenever R( ) > (which t < T, suffices), we shall have always have

d3/4

(R + 0B (5) + Ol -+ —IRII/A) R < oA

"V

which implies, if we set T4 := min{t : Rgt) > W}’ then for all ¢ € [T3, T3], we will have
1

E)2
R = R + s 0(~ (R £ O(ES) + di;g' J(RYy + o) IRV T2 [RYT2)

=R —on={") R (D.4)

770002 1
o2 Fha?)

<R{(1-6(

o2W

From the last inequality we know that after T = T7 + @( Q(l) ) we shall have R( < O(—5)-

Moreover, suppose T3 < T5, (which just mean R:(L ) < O(id3 /4a2) for some iteration s € [T, T3])
1
we also have

R = R — e (=) R

nCoCo, 1

(t)
ZRI (1_9( a%‘l )W>

So when Ty < Ty + O(%-e1 1 h 0 > p()(] _ o(nCCe \I-Ti
o when T, 1+ ( L) iterations, we will have Ry’ > R;”(1 — (d3/2 14))

(Rgt)) for all t € [s,TQ}, which means we have a lower bound Rgt) > W throughout
1

t € [Ty, T5]. This proves Lemma D.8a and also our induction on Rgt).
Proof of induction for E% By Lemma D.4a, we can write
O(l) t t) [ p(t)q: () )1 t
Vi, LW, BY) = (14 0T )R (-2BIRS P + O(RY, + o [R P IRYT)
() &5 1B/ s o
£ 0L max( (A", %)
® 5 nE/n
= ~OE R B = 00 (R + o) [RY P2 (RYT? + 0<W>[R§”P)
Since again from Induction D.1b,c that Egté < 6(9 + %), Rgt) R( ) e [vne/n,O(1

we can obtain the update of EY% as

RO+ G R

~ 1
= B3 = 0@ R1) £ 0le + —Z2)ms SR

= BN - 0= RYP)) + nest) )

BTV = B0 - 0w [RY) £ 0mex{D) (o +
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where Jl(t% =C(o+ ﬁ)[Rgt)]?’/Q > 0 and C' = O(1) is larger than the hidden constant (including
the polylog(d) factors) of Eé,Tf) <O(o+ %) in Lemma C.13d. And then we can compute

~ 1
T = Clo+ —=) RV

Vd
~ 1
=C(o+ ﬁ)[R(t)P/Q( @(nZ(t) )[Rgt)]Q)?’/2 (due to calculations in (D.4))
o(1)
00— RSV ROP)  ecause 5} — 25 is very small)

Now by Lemma C.13d, we know |Egl)| < J1(T21)’ then we begin our induction that \E1t2| <
(loglog d) Jl(t% at for all iterations ¢ € [T}, T5]. Now assume we have |E§t%| = 1(loglogd) J1 2
from above calculations it holds that |E]Et;r 1)| = |E§t% (1- @(772?7)1 [Rgt)]3)). Then we would have

Jl(t;rl) o © (t) (s |E(t+1 |
2> (1- 02 ()¥2)RVP) > (1 - 0es) [RY) >~
J1,2 |E

(because of the range of Rg ) and Rét))
This proved that |E§f;1)| < loglogd - Jl(g_l) <O(o+ %)[Rﬁtﬂ)]wz and also the induction can
goonuntil ¢t = T5.
Proof of the growth of Eé) and T, < Ty + O(%) According to Lemma D.4b, we can
1
write down the update of E2 j as
0(1)

d3/2
(f)
+ O (1B IIRVP £ ORYy + o) [RVPP2RYP/?)

Vi, WD, EO) = (1 + (% —)Al)

Then, from Lemma D.3a,c and Induction D.1, we have

—(@®) polylog(d 1
O (BT + O, + o[RS < 0 PYED o) < oL jal)
1

and also

6
~ ~,
(15 O ol ol (B (B HS) > 0(Z573)®5

Now by Lemma D.3a and Induction D.1a, it allow us to simplify the update to

ESTY = B} = eV, LWY, BO)

=Byl + (1 Q(1>Ecoczaii<1>“><B§?> (i)

> ES) +150( )sign(B{])sign(BY])  (by Induction D.1 and Claim D.2)

1
d3/2a8

m is small enough, we can always assume
(t)

to have found some iteration ¢’ € (77, t] such that \E(t )| = 3 (loglog d).J; 5, and we set t = t’ and start our
argument from that iteration.

>If we want |E )| > (loglog d)J(t) then as long as =
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1/2 O(1)
Now since sign(Bj(?) = Sign(BJ(»_jil)), we know there is an iteration T3 ; < Ty + O(w

that for all ¢ € [T3 ;,T5], it holds

) such

EN = B+ ST 0mpCoCaaf)el (B (B{) RY)?
te[Ty,Ty ]

~ 1
|E |+ Z nE@(m)
s€[T1,T3 4] 1

o(1)
d)

e 2B, 0%

and thus bign(Eét%) =Ly sign(B(t ) and |E | will be i mcreasmg during t € [T3 1, T5]. Thus

as long as R(t) > |E§t1\ continues to hold, after at most @( ) iterations starting from 77, we shall
have [ B3| > (/).

However, in order to actually prove \E2 )| = O(\/nE/n), we will need to ensure that (1) there exist

some constant C' = Q(1/ng/n) such that |E£t%| > C while Rés) > lOg;d|E§2| forall s € [T1,¢]; (2)

we shall have a upper bound |E§t%| < O(\/nE/n). They will be done below.

~ 3/2_O(1)
Proof of Eé,jf) = O(y/ne/n) and T, = Ty + O(%): In fact, Induction D.1lc are
already proved since we have already calculated the dynamics of R(t) and its upper bound and lower

bound. In this part we are going to prove 7o = T3 + G)( ) (which means that R2 2 < |Eg]

. 212 o
can be achieved in O(d%) many iterations). From Lemma D.5c, we can write down the update
for Rgt) as

R = RY = 20(9, LV, BO) Ty ) + n2||nwvw2L<w<t>, B3
= RY —no(RYT) (20 + Y o
Le(2]

() (1) (t> (t)13/21 p(t)13/2 n
inO(ZE JEG (B + o) [RV]P2[RD)] )+—po,y<d)

where we have used the fact that || IIy, . V,,, LW ®, E®)||2 < O(d?) from our assumption on the
noise &, and a simple bound for Z% as we have done before. Next we can resort to Induction D.1d

that \E%I <O(o+ ﬁ)[Rg)]?’/Q to derive

s s I~ 1 s s
>0 aEe(ER)) < Y 0@+ mERP

SE[Ty,t] s€[Th,t]

~ 1

which is because 3=, c 7, 7] 9(17252)[.3@}3 < O(1) and Z:(l )1 > 0 as we have calculated in the
proof of Induction D.1a above. Similarly, we can also bound

s s 2 1 s s ~
> SEIELIR + o[RSPRRS2 < 37 O+ =R < 0o+
SE[Tl,t] SE[Tl,t]

Sl-
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~ 43/
Moreover, because Th < T4 + O(L) nd |E | < 0(1), q>§> < a?(l) from Induction D.1, we
have for each t < T5:

> aSOIEL(ED + oA R 2 < 0(22L) S a0 + 2
SE[TY,t] SE[T1,1]
~ fr] ~ 1 ~ d3/2a%2
<O(=).0 )
< Olgi) - Olo+ 72)- O 1)
~ 1| o 1
< — =o(——

Thus combining all the bounds above, we have proved that for each ¢ € [T, T3], it holds

RY =R — 3" omz{))RY)P £ 0(1)

SE[Th,t]

=7 = 30 0CCy) B ate (By) (B IR & ol o) (D.5)
SE[Tl,]

3 1

= R~ S nB8 ()0 (R - sign(EL) -sign(BD) - sign( B4 ) ol
s€[T1,t]

(D.6)

where the last equality is because sign(BJ(.fg )= sign(Bj(.?;l)) by Induction D.la. Now from what we
have proved above on the growth of Eét% that sign(Egg) = sign(Bngf)) = sign(Bgﬁl)Béil))
throughout the rest of phase II (which is just ¢ € [T3 1, T5]). Recall that

R(T21 =R{™ L o(1), and E;ti EéT“ = Z O(15CoCs) P (B(S)) (BS:E)S
S€[Ty 4,t]

The above arguments imply for ¢ € [T} ;, T5]:

2 (s he : 1
RYTY = RYM - % @(nco@)Eéff@é%Bé?i)S(B%,i)ﬂRé”Pio<@>
SE[TQI,lat]
_ R _ oM gty _ oL
R, @(7713‘ 2,1|) O(logd)

Now we can confirm

. t . t t
(1) there exist a constant C' = ©(+/nz/n) such that Eéi = Cif RYY falls below @|E§% ;

(t+1) 1
Q) To =T, + @( ) due to the growth |E; ™| = |E | + nEG(m) fort €
[TQ,lﬂTQ]'

which are the desired results.

Proof of Induction D.la: We first obtain from Lemma D.7a that the update of B() can
be written as

BTV = B +n (0= sign(BI) RV + 1) + 0(afV /a2))

Now by what we have calculated above in (D.4), the total decrease of Rgt) is (since Rgt)

in this phase)

is monotone

S ems)RYE <o®r™ - (™) <o)
tE[Tl,TQ]
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/241
And also since Th, < T} + @(d3 i’ ), we can bound

. - ~ 3/2 -
S Oa/d?) < 0l jd?) - O < 0(aM /d)

«
te[Ty,Ts) e

Now we consider how the I‘g )1 term accumulates

t t t t t t
5 nr;a( S oy )nCoa?Eé,i<I>§)(Bé,i)?’(BH)QHz(,%
te(

te[TlvTZ] Ty, 2,1] tE[TQ 1»T2]
12
o (a;l>+ > O (nCoa§ @ |BY)P|BI] P HYY) sign(BL))

te[T3 1,T2]

— +0(1) + O(1)sign(B\))

where in @ we have used |E2 | <0@1) < O(BY%) and sign(ng%) =Ly &gn(B}?) when

t € [Ty,1, Ts]. These calculations tell us Bﬁ = Bﬂl) + O(l)sign(Bin)) + O(Oé1 ) = ©O(1) for all

iterations ¢ € [T, T5]. Similarly from Lemma D.7b, for Béti we can also write

B{TY = By +n0(a W /d*?) + O(=E >E§i¢>“>m“>1

From similar calculations, it holds Bét% = B27Tf) j:O(a1 2 /d), which proves that Bét% = BéTf)( 1+

o(1)) when ¢ € [T1, T5]. Now we turn to feature v5. By Lemma D.6 we have for j € [2]:

alal Eg(,t_) |2

=V, LW, EO),0)| < OCZE (@57 (1B |+ B?) + @6 (B2 IR P + =575
6.6
A~ Y2
< 047

where the last inequality is from Lemma D.3a and Induction D.1c,d. Thus when t < Th, = T} +

~ 43/2412
O(= ) we would have

o(1)

t T ~r & T . Ty =
BJ(% = BJ(-72 ) + O(IT) = B](-72 )(1 +0(1)) since BJ(’2 ) = @(%) by Lemma C.13c
Together they proved Induction D.1a and Lemma D.8a. Moreover, we have also

Proof of Induction D.1b: Firstly, we write down the update of R% using Lemma D.5b,d

as follows:

RISV = R") — (Vo LW®, ED) Ty ) — (Y, LW O, ED) 11y, L)
+0?(y 2 Vo, LIWD, EW) 10,1V, LW, EW))

| (t) |2

—(t)
= R{") + 12 ((—O(R} ) £ 0(0))[RV]2[RY)H? + O(|E)| + )R[RY?)

d3/2
(t)
+n(=he((E))?) +ZE§2) O(RY) + 0(0))[RY 1P/ [RY] /2

) ()72 n

where in the last inequality we have used
(T2 Voo, LW, EW), 1y 2 V0, LWY, EW))|
< [y s Voo LW, EO) ][Iy 1 Vo, LIVE, ED) |2 < O(d)
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Now from Induction D.lc,d that Rg) = @( and |E(t)| < Olo+ f)[R(t)]‘g/Z |E(lt | <
O(\/nE/n), we can further obtain |Eg)2\ = ( dd/Q )|Z(f)
B3V = RO (1- 0m=)IRYP - 0= (B()? + =0)[RY?)

£ 50(o)[RS]2IRV) (ORI + (S 0((B(D)?) + =50 ) (R
Notice here that there exist a constant C' = ©(1), whenever | R\’ 2| > C(o+ f)[R(t)]l/Q[R( /e,
it will holds
R = R (1- 0B [RYT) - 0= (B{2)? + 2&%))[}%”12)
= R (1 - O R — O(n(s{) (B2 + 4w (R
Thus we can go through the same analysis as in the proof of induction for EY% to derive that

1
IR < O+ ) IR (RY)2

which is the desired result. Note that at the end of phase II

Induction D.1a —  Lemma D.8a
Induction D.1lb,c =  Lemma D.8b
Induction D.1d — Lemma D.8c

We now complete the proof of Lemma D.8. O

E Phase III: The Acceleration Effect of Prediction Head

We shall prove in this section that the growth of E(t) in the previous phase creates an acceleration

effect to the growth of Bé %, which will finally outrun the growth of Bé % to win the lottery. We define

Ty = min {¢ B > S min{|B{Y, LB} ) (E1)
ne
and we call iterations ¢ € [Ty, T5] as the phase III of training and ¢ > T5 as the end phase of training.

E.1 Induction in Phase III

Inductions E.1 (Phase III). During t € [T5, T3], we hypothesize the following conditions holds.
T T T
(a) [BY}| = ©(1). By} = By (1 £ 0(1)), BY's = B (1 £ 0(1)), [By3| € [|BS3|.O(V)];

(b) |EY)| = ©(\/ng/n), sign(ES) = sign(ELT)) and |E{'}| < O(o + ) [R\TP/2[RE1/2;

() R € [0(3),0(%570)), [RY] € [, Oty /e /)]

As usual, before we prove the induction, we need to derive some useful claims. But firstly we shall
give a much cleaner form of Vg, ,_, L(W(t), E(t)) to help us understand the learning process of
phase III and the end phase.

Fact E.2. Let us write
=" = CoCrafage” ((BI)O(BLY® + (B (BLY))
(t)

jZ_O(I)t) 6(33(2)( 3— jé) C25J(t3 7

Then the gradient of B can be written as

J,3—J

(W(t),E(t)) H(t)EJ(t?)) i + Z A(t) Z E(f) Bys J(t3) i
Le[2]

—VE

3,3—3
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t)
83=7°

mials of B; 4 to obtain the first term, and leave the £ ;27 ; part for the second term. O

Proof. By expanding the gradients of E]( we can verify by checking each monomial of polyno-

Lemma E.3 (variables control at phase IIl). Fort € [Ty, T3], if Induction E.1 holds at iteration t,
then we have

(@ @ = 0(1s), [QY]2 = O(CRYP + Cra§(BJ))0), U = O(Ci(a$(ES)? +

~ E(t)
(@) 3\ < oL,

(e) €)= (1 £0(1)EY = O(Co[RV)?)

J:83=3

Proof. Assuming Induction E.1 holds at ¢ € [T», T3], we can recall the expression of these variables
and prove their bounds directly. The bounds for ®; and H; ; comes from \Bﬁ\ = 0O(1) and

|B£t%|, |E§t%| = 0(1). The bounds for Q2, Uz comes from our definition of T3 in (E.1). The rest of
the claims can be derived by similar arguments using Induction E.1. O

E.2 Gradient Lemmas for Phase I11
In this subsection, we would give some gradient lemmas concerning the dynamics of our network in
Phase III.

Lemma E.4 (learning feature vy in phase IIl). For each t € [Ty, T3], if Induction E.1 holds at
iteration t, then we have:

(lg(t) )2 ~ ,OMm : ~ 200
(@) (=Vu, LW, BO),0) = O((fir5) E31 ALy #+ O( %) | B3 P25 & O(Sr )

(b) (~Vu, LIW® E®),15) = (14 0(4))AY)

Proof. Since (—V., LIW®, EW), vy) = AY) + TV — 1) let us write down the definition of

( 5,22
A%, F;g, T;g respectively:

A = Coag M1 (B)3)°
Fgf% = Coagq)z(’,t—)jEét—)j,j(Bgt—)j,Q)g(B](‘g)2H3@j,1
1) = o (9005 BFIC + 840, 0, (58, B )

Again we decompose T% = T%’l + T;t%Q as in the proof of Lemma D.6, where

1100 = Coad @ (BN (B)?KYY, Y, =8 B, (B, )X(BLY P K,

3—3,3
This gives
A = X530 = ConS@ (B HIY — Cont@l? (B (B)K
= CoafCrate” (BI))* (B, (B, (B + (B )*(BSY, )°)

J,3=7
(B + B, (B, (B

J,3—J J,1

t t t t
— Coa§Crafol (B2 (B, ) YY)

J,3—J

+ Coase (B{))°Cat )

J,3—J
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When j = 1, from Induction E.1 and Lemma E.3a (which gives q>§t> < a?“)ég)), we can crudely
obtain

O( )
CoasCrafel’(BLY)” (BLY(BY)* (B + (BO)A(BE)))| < O(*L)el! Bl

)

o(1)
~
CoasCrafe” (B2 (B B (B + ESY(BIDA (B | < O(L—)AL) Bl

) )

=RV

COQQ(I)(t)( ) C 81(t2‘ - 6(d5/2 s

So we have
6

do/2

~ O<
A = T8, = O(55) SR + O(F—) AL B

) 14y

When j = 2, we can also derive using Lemma E.3 about H, (t % and Induction E.1 about B( and
some rearrangement to obtain

)

Coagal) (BYY)7 [Craf (B BED? (BYD? + (B2 (BU)®) + Cogfd] = (14 O(3)AL)

O(
CoasCraso (BEYA (B EL) (B + B (B (BED)?)| < 0“1 EL @)

which leads to the approximation

O
~ 1 ~
Ay =% = (12 0(5))AY, + O(<L B

Similarly, we can also calculate

t t t t
) 1, — Chatel® BY.

= COa2cla?q)gt—j(B§t—)j 2) (B(t)) Ezgt)g]

t t t) t t t t
(B::E)ZJQ)B(BJ(%) H?() )jl G 046(1):()) gEig) )jg(Big )j 1) (B§2)) 151)12

(B8, (BB, ) + (B, (B

~ CoafCrade) (B (B, )2 ((BS2, )0 + B, ,(BI)* (B2, 1)?)

3—J,J
) @) () B2 (t)
+Coal®s” By (B 5)*(Bj5) Ca&s”
When j = 1, following similar procedure as above, we can apply Induction E.1 and Lemma E.3 to
give

2 _ 0(
) BRIAL), £ O(<L I ES PeY)

)2| E; 2\ in the approximation

Note that the first term on the RHS dominates the term j:O( ) g
1
)<_@( ) 1“‘1’5) 2(%

for A% - Tg )2 ; due to Induction E.1a,b. When j = 2, since <I>
this phase and |B1 1l = O(1), we can derive
0(1)
a3
It can be seen that (Eﬁ%)?q)g” < (Eét%) <I>é ) by Induction E.1 and Lemma E.3. And by similar

~ ~ o)
arguments we can have (1 + O(é))Aét)Q > ﬁO( s )|E§t% |<I>§t). Combining all the results above,
we can finish the proof. O

o1
P33 = Tl < O ) (B2l + oV (EAL)

Lemma E.5 (learning feature vy in Phase III). For each t € [Ty, T3], if Induction E.I holds at
iteration t, then we have: (recall that A-notation is from Fact E.2 )

(t))3

(@) (=Y, LIVW, E®),0p) = 6= [RI]P) + O(! Gl e af WA + B@;A“)
BY) A (®)
2 A5
B 22
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o(1) alou) ~ a?(l)

(b) (~Vu, LIW®, ED) v1) = O(% )0 [RY]? £ O(—)AY) + O(“5)

3

Proof. Recall that (—V,,, LIW®, E®) v;) = Agti + I‘;t% - Tﬁ Similar to the proof of Lemma

E.4, we can decompose Tgti = Tgtil + TY%Z and do similar calculations:

(B(t)

A =1 | = CoCralalel(B) (E(‘t) 3-j2

§ (B P (B + (BB, )°)

(B + B (BY, 2 (BY)?)

- COCla(l)‘ag(I);t)(Bj('fl))2(BZ(it—)j,1)3Ej(',t§—j
)

+Coale!" (B Caell)_
When j = 1, from Induction E.1 and Lemma E.3a we know @gt) < a§O<1>) during t € [Ty, T3],
which allow us to derive

t t i t t)\° t t
CoCrabae” (B{))” (E{) (YY) (B + (B2 (BE)°)

s

=~ t t t t t t
< OV (EU)?) + CoCratal (B B (BY))* (BL)?

(BI2)® o
< O oy DAL ED ]+ oI RT)
2,2

And
~ 1

which can be summarized as

(t))B

1
A 10— om®rOp)+o(BL2 | poys Ly po 00,0
1,1 1,1,1 1,144 (Bég)?’ 2,1 \/& 1,21%1 2,2

A similar calculation also gives

aOW

Aét,)l - T;t,)l,l = O( d5/2

OO 1+ 5L e O 50 + 5L A D 5O
)05 [R2°] + O(= =)@y | Bay | + O(=—)A35 By

Now we turn to the other terms in the gradient, from similar calculations in the proof of Lemma D.6,
we have

t t t t t t t t t t ¢
Il =182 = CoagCrafol (B, P (BIDESY, (B, (BB, o) + (B2, )2(B1)°)
— Coa§Crafal (B (B, )2 (B2, ,)° + B (B (B, 5)*)
+ Coagq)étle:@j,j(Bzgﬁj,ﬁg(B](‘g)QCﬁ?@jg
which also similarly gives
E(t) B(f) _0om
() () 2,1 A () 2,2 4 (1) a1 ()
My =T = 50 Ayl — WAQQ +0( 372 A3
1,1 1,1
and
(t) (t) ~ o ®) ¢ m® ) [1p® ~
T30 = Yol < O(==) @V ((Br2)” + [l [R]) < O(—5-)
which finishes the proof. O
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Lemma E.6 (reducing noise in phase II). Suppose Induction E.I holds at t € [T, T3], then we have

(a) (~Vu, LW®O,EO) 1, 0) = —0(RPP) (25“1+Zz<“ (ES))?)

(t)
iO(ZE] gE](tg i (Ry5+ )[Rgt)]?,/g[Rét)]?)/Q);

(6) (=T LV, EO), Ty ) ((”+ZE ) (-0 (R + 0BT RY] /2

+O( Z E(t)E§7§7jR§)[Rét)]2)
(3,0)#(1,2)

(c) (—VwQL(W(t),E(“) wa( )> (t) ( Z E (t) )+ Z E(t))
Le[2]

(t)
iO(Z%Eﬁ, SR+ o [RYPPRSP):
t)
(d) (~Vu, LW, BO), Ty su”) = (25“1@ ((BY2)*) + Z £0) (—O(Ry'y) + 0(o) [RS 1/ [R{")/2

+o( Y 2“)E§f§, SRV IRV)
(3,0)#(1,2)

Proof. The proof of Lemma E.6 is very similar to Lemma D.5, but we write it down to stress some
minor differences. As in (B.2), we first write down

<_Vw1L(W(t)»E(t)) HViw ZE vung]t?z 50 (t)>

Proof of (a): Combine the bounds above, we can obtain for each j € [2]: Egt)Q = 5(E§t% Jd3/ 2)2?)1
We can then directly apply Claim B.1 to prove Lemma E.6a as follows

(=Y, LOWY, BO), Ty sw”)
= (1 O(E{}/d*)% >( O(RYP) + O(BY)(RY, + ol B 1 (RS)7?)
+ (=) + 250 (- eUED Y R £ 0<E§2><R§% + o) [RVT2IRYP?)

J3J

@(Egt)1+2(t) (t) R(t) +0 Zz(t)E(t) *12+ )[R(t)]3/2[R(t)]3/2)

(Since |E(t)| < d=%M by Induction E.1)

Proof of (b): For Lemma D.5b, we can use the same analysis for E(f)l above and Claim B.1d,e to get
(again we have used Egt)g = 5(E§f%/d3/2)2§f>1)
(=Y, LD EOY) Ty, wl?)
= (1 O(B)/d¥) 2 (~0(RY)) + 0 [RYPRETV + B RORYP)

()
+ 035 + 24%) (R + 0o (BS)IRP2 RS2 + B RV IRY?)

s

—(t t
= (=1 + X0 SEND?) (—e(®) + O()RY /2R )
Le(2]

+o( Y B RVREN?)
(GO)#(2.1)
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Proof of (c¢): Similarly to the proof of (a), we can also expand as follows
(—Vu, LV®  EO) 11y, 0))
~ p t . p
= (1 O(B{%/a¥)={) (- [RYPO((E(L)?) £ OB R + o) R/ [RY12)

(t) ¢
= 30 S0 (IR £ OES) (R + o) [RVPRST2)
Le(2]

(t)
= —o([RYT) (zhe(E DY + > = )iO(EiE“)EfégRu o) (R [RY?)
Le(2]

Proof of (d): Similarly, we can calculate
(~Vau, LWO, EO) 11y wf?)
~ —(t)
= (1 O(B{3/d* )2 ((~6(R) + O (EL) (RSP IRY)? + B3R [R))

+ Z 20} (-0 (R + 0()IRST2IRO)Y2 + B R RI2)
t 5
- (= 5”16 D2 + Z =) (~O(Ryy) + (o) [RS 1/ [R{")/2

t) o (t ) p(t
o Y % )E§§ R R)
(7:0)#(2,1)
which completes the proof. O

Lemma E.7 (learning the prediction head in phase IlI). If Induction E.I holds at iterationt € [Ty, T5],
then using the notations from Fact E.2, we have

~Vg, ., LV® Z 2O (~EY_ RV P £ OR) + o) [RVP2[RYP/)
- ”(t S+ Al
Le2]

Proof. By Fact E.2, we only need to bound the last term 3, Zﬁv B 25](t3 _;» which can be

directly obtained from applying Claim B.1. O

E.3 At the End of Phase III

In order to argue that B(T2) = Q(1) at the end of phase III, we need to define some auxiliary notions.
Recall that T3 is deﬁned in (E.1), and now we further define

. . 1 t
Ty :=min{t: Ca§(B3)° > CalRYP), T35 = min {¢ : | B3| > o min{| B3 |, |BY}|}}
(E.2)
It can be observed that if Induction E.1 holds for ¢ € [T, T3] and our learning rate 7 is small enough,

we shall have T, < T3 1 < T39 < T3. Now we are ready to present the main lemma we want to
prove in this phase.

Lemma E.8 (Phase III). Let T3 be defined as in (E.1). Suppose n = m is sufficiently small, then
Induction E.1 holds for all iteration t € [Ty, T3], and at iteration t = T, the followings holds:

(@) |B{"Y| = 0(1), B{Y | =0(1), B = B (1 £ 0(1)) for j # ¢;

3 ~ =~ —(T3s) ~
)’ RéT) = [O(dll/z)aO(d )] and R, 2 < O(Q+ %),

(c) |BS| = ©(v/ni/n) and | B3| = Oo + o) [RVP2[RTP2 = O(3).

(b) R = O(s
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Moreover, ) s decreasing. The part of learning |B(t)| #ill Q(1) and

keeping Bé ) close to its initialization is what’s been accelerated by the prediction head Eé )

I .
2.| is increasing and R,

The proof of Lemma E.8 will be proven after we have proven Induction E.1, which will again be
proven after some intermediate results are proven.

Lemma E.9 (The growth of BY) before Ts1). Let T, be defined as in (E.2). If Induction E.1
o(1)
holds for t € [Ty, Ty 1], then we have RS™) < % and BY2") € [24,0(%r)] and Ty, <

~  41.625,0(1)

Proof. Firstly by Lemma E.6b , we can write down the update of Rgt): (as in Lemma D.8)

ww:@wﬂa@wm@eEg +Zz%

—-(t) (t)13/21 p()13/2 n
(232 SR+ >W1W[&]W)i&@@5

(t) |

~ (t)
Next, by Claim B.1 and Lemma E.3a combined with Induction E.1a,b, we have O( ldEf/’; )E(t) 2

Llg®m =

6(2(;)1) which leads to the bound

o(1)
1 o
o DnsO RVPRVT < 0(=2 =V [RY]P < 0(S sy

(t) (t)y2
n2110((Ey3)7) < O(¢ +d) d9/4) J3/4 :
Similarly, we can bound the following term
t
S nSIEGIR + )R PARY P2 < O + )a zjz RO RD]?

Le(2]
5 L. oq (0[RS
< 0(¢ + 5)ay! ﬁﬂg% Sl )
€2

B ao<1
O(

)
S S (R

IN

Moreover, from Induction E.1c that Rgt) > Rgt), we can also calculate for each t € [T, T3 1]:
) () ) t t ~ L o) «)pt
nESIE (Rl + o) [RYPIRY)2 < Ole+ —2)ad Mz Ry

Thus by combining the results above, we have the update of Rg’) att € [Ty, T3] as follows:
t+1 t t t t)
R = B —ne((RYP) (se((B()?) + 3 5))
Le(2]

= R —n(zy) + 29 [RY (E.3)

which implies that Rgt) is decreasing throughout phase III. From Lemma E.3a and Induction E.1b,

we know that for ¢t € [Ty, T51]:
1

= Q) /IUP = e t t
Co[RY3(Cral(ES))2)3/2
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which implies (also using a bit of Claim B.1 and Induction E.1a)

SR = aiowwg>mam
= (1 iO(d3/2))(1 iO(dB/Q))COCQaff@ VES (B (B RY)?
01/2[R(t)]3/2 )
= @(W)COQ?ES%(BYDJ(BS%)B
O 01/2|B(T2)|3
= O )[R/
( 3/2 3\E2T2)| ) }

(because Bét; = Bé’Tf)(l +0(1)), Bgt; = @(Bf%)) and Egt% = G(EéﬁQ))sign(BgQ)Bé?)))

And for th’)g, from some simple calcualtions (using Claim B.1), we have

* when \Bét%\ <ok |B(T2

* otherwise, we have Zét)l + Egé = @(E%)

22 < O(Z3));

So by (E.3), we know Ry is decreasing for t € [T, T3 1] by at least

(1) o plt) CoCy B P o (1 prip®
Ry " <Ry — (W)[R /2 < Ry (1 = n¢[Ry)?) (E.4)
1/2) p(T2) 3 - T
where ( = @(%) = 0O d;}z/Z?). By this update, we can prove T3, < T5 +
1 1122 1
3/241/8 O(1) ~ 43/202./
O(““—"%1_) Inorder to do that, we can first see that for some s, € [Tﬁ—@(w) To+

n
~ B0 SoTm

@(%)], we shall have R2 ) < 71/, Indeed, suppose otherwise R( R
then (E.4) implies

(th 1) (th ,—1) (th ,—1) (th ,—1) 1
Ry®V < Ry™ (1 —n([Ry™! ]1/2) <Ry (1 - ncdl/S)

t\{i.l T>—-1
C C \/ '
< RéTz) (1 - ®< 0 n/nE dl/S)

- 231203

té‘lngfl
GGy n/nE> U >
di/8

<0 1-0
>~ ( 77E/77) < ( Of/2d3/20€’

~ 33/2.2 / 3/2 /
which means there must exist an iteration t5 ; € [T+ @(%) To+ @(%)] such
that R;S‘l - > d~1/* (so the above update bound is still valid when the RHS is for ¢ < th -1

and Rét“) < d~'/4. Next we need to prove that at ¢ =t} ., it holds Clag(Bég)G > Co[RV]3. Let
us discuss several possible cases:

1. Suppose \Bé 5 1)| > o |B§T11 |12 > @(d1/4) (by Induction E.la and Lemma E.8), then we
already have Claz(B( 4 1)) > Oy [R( % 1)] and T3 3 < t3 45

2. Suppose otherwise |B( 31) | <« |B(T1)|1/2 then we shall have X' )2 < 0(=1). So the

)

update of Ré ) during ¢ € [T3, Tg)]_] can be written as

RY™ = RY) — oz )[RV = RY (1 - 0(n¢)[RY]V/?)

)

55



Thus we proved the bound of T3 < T + @(

Using similar arguments, we can prove that I,

Let t3 , = min{t : R\ < 2d=1/4} be an iteration between T and t5 1, we shall have

£): (ts2) _ pltss) 1 ¢ 1
S RYP = o(Ry*? — RV = (/) and R € 0. 99d1/4, 0177]
€[ty o:t5 4]
~ 3/24+1/8
which also implies t5 ; — 15 , = @(%) = @(df v77’5/7]) In this case, let us look
at the update of Bét% att € [Ty, T3]. By Lemma E.42, we have
B = BY} + (1% O()AY)
It is not hard to see |B§t%| is monotonically increasing. Also by Induction E.la and Lemma
E.3a, if we sum together the update between tg72 and té,l as follows: (suppose the sign of
Bg;‘z) is positive for now, the negative case can be similarly dealt with)
(t55) ~ 1. Ucocla1az(E(T2)) ()r5
By > + Z n(l+ O(g))Azz = Z O( o ) )(B32)
IS APRZSY IS APRZY OQ[RQ ]3(010?(E27 ¥ )2)3/2

(t)
7700@1042322
2322’ +(Bg1;2))4 Z 9( 1/2 ~1/2 )
, (t) (T2)
tE[ts 5,t5 4] Cl/ C'2/ [Rz ]3/2|E2,12 |

fs1 3.6
(t5,2) 3 a1y
> By o 1 O(——————=—
> 1T (8 Gm )
— 3,2
~ 1 ~ 308 O(d*?ai\/nm/n/n)
> &( )(1+77®( ajal ) Ve
Vd d3/2+1/8. /ng /n

which is a contradiction to our assumption |B( > 1)| < %|B§ﬁl)|1/2. Since \Bét;| is

monotonically increasing, we know there must exist some iteration ¢ < téyl such that
|B(t)| > 3—;|B£§1)|1/2, which means 731 <5 ;.

3% o<1>

).

(T3 1) < a?(l
— qi/4

Indeed, we can set T3 3 = min{¢ :

|B(t3 Yl > B, T1)|1/2} From our arguments in this proof, we know E O( ) fort < Tj 3.

Now we can further choose #3 ; = min{t : Rét) < a} for some a =

= s

dl —i7z to be some iteration with

RY > afort € [Ty, tysland ty 3 — Th = @(ﬁlogd) Now we can work out the update of B( )

v
during t € [T, 3 3] again to see that |B( 3:3) | < B(T2) (1 + UG(AD "< O( =). This

would prove that tg’ < T3 and R(T3 3) <

d2a®/2\/ng /1

(T, 3)|<

So we also have | By

d1/4 d1/4 because of the

definition of T3 ;. But since T3 3 > T3 ; by our arguments above and the fact that |B2A2| is increasing,

o(1)

we shall have |B (T5.1)) ¢ [Lo ). O

di/4» d1/4

Now we proceed to characterize the learning of B durlng teT31,T5,9]

Lemma E.10 (The growth of BY') until T3). Let Ty 1, Ty 2 be defined as in (E.2). If Induction E.1
1) ~ 0O(1)
holds true for all t € [Ty, T3), then we have T3 o = T5 1 + O(%) and T35 < T35 + O(aln ).
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Proof. We first calculate the bound for T3 5. After T3 1, since |B£t%| is increasing while Rét) is

decreasing by Induction E.1. So by Lemma E.3a, we have
Q172 = 0(Cra8(B5))), ) = QY /US> = e((CY*a3ad| BYY)IP S 1P )
So according to Lemma E.4, we would have for all ¢ € [T51,T32):

1

(~ Vs LIWO, ED), 1) = (1 £ 0(1) AL = NIRRT T

)(BS))?sign(BY))

where we have used (Eét) )3 = 6((E§7112))3) from Induction E.1a. So when ¢ € [T5 1, T3 2], we can

write down the explicit form of Agt)Q and use Lemma E.3d to derive

Cra$| ST
3/2 T:
C’1/ a?‘Eé,f)F’

1
> ‘Bég (1 + @(07)|B(T3 1)|>

1BY3| = |BY) )(BY))?

5

+10(

o(1)
10

(t) 1 1

Thus after O( ) many iterations, we would have |B§f | >3 min{|E§2\, |B£t% |}. Now let us
(t)

deal with the growth of |B2 2| att € 13,2, T3 3]. During this stage, since Bj , is still increasing and

a2

|E§t |E2 | by Induction E.1, we have from Lemma E.3a that

1 1

(t) t) 3/2 _
o, JUSP? = O ) > O(——5)
C2af?(BI)2 C2ay™

~ ,0Mm
And we can redo the calcualtions as above to get T3 < Tj 5 + O(=—) since \/7/ nE|E | and
|B§ti| are both O(1) according to Induction E.la,b O

Proving The Main Lemma. Now we finally begin to prove Lemma E.8.

Proof of Lemma E.S. We start with proving Induction E.1.

Proof of Induction E.la: From Lemma E.5, we know the update of B£ 1 can be written

as
B )
, oM ()
Jor A %

BT = B} + 6 R £ 50( =0
,1

t
TnA%)

(t)
2,1~

41625 ,0(1)
Since from Lemma E.9 and Lemma E.10, we know T3 < 0(7

o)
Induction E.la,c we have Egt)l [R(t)]?’ < O(i‘l; s= ), we shall have

) and from Claim B.1 and

i 1625 0(1) N 77040(1) 1
> OWENIRTP) < O(—— 2055 < = =oll)
SG[TQ t)

Further more, by applying Lemma H.3 to z; = Bé % with ¢/ = ¢ — 2, and notice that ugn(Bj(g) =
sign(B]gQ)) for all t € [T5, T3], we also have

(BID? . o) 0| - 500"
> 0C 5 af VAl < 0 )
s€[Ta,t) (B2,2
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Now we turn to the last two terms. We first see that from the expression (E.3) of Rét)

have that (note that sign(EéfiAg)l) =1)

’s update, we

ne/n)

Eésl) s 1 s s nE/
S aall= Y —5emsHRYP) = e( L2 = 6
| | ‘B( ) |B( 2)|
SE[To,t) 1,1 s€[Ts,t) 1,1
where we have used the fact that % [R(t)]?’ =(1+ 0(5))E§?A§{ and 3° 7, ) nZgﬂ [R$))3 <
RéTQ) from (E.3) (which holds for all t € [T»,T5]). And also, the analysis above shows that
(S)

B;
T
B = 1B+ OWae/n) — D 5" et

SE[Ts,t]

. . s ES
for all t € [T, T3], which means that either 3 (7, B¢ )lnAé% < Ese[Tz B IB( )‘nA 51 and we
have \B(t)l > \B(Tz)‘ holds throughout t € [13, T3], or that 3° 7., \B(S)|7]A Q(\/nEe/n),in
which case we would have |B171| to be actually decreasing (as Bé% is increasing). Now that since
B{‘Ff) = O(1), we can easily see by our definition of 73 and the monotonicity of B{ti after going

below B{"2) — Q(\/np/n) that B{'} > 0.49B{"2) = Q(1) forall t € [T, T3).

Next let us look at the change of Bét% From Lemma E.5, we can write down the update of Bét%

B = BY + 0% o 1)) PRV + 0 ar™ nay

2,1 2,1 572 n®y ' [Ry’]" £ O(——— d )A :I:O( 3 )

For the first term, according to Lemma E.9 and Lemma E.10 and Rét) < O(\/ne/n) = o(1) for all
t € [T», T5] by Induction E.1c, we have @ét) [R(t)]3 O(l) forall ¢t € [T, T3] and

o(1) 1625 0(1) JNCIO) IS

A& ()1 p(s)y3 !
O s B < O(—2—m0(r) < O )
SE[Ta,t]
And similarly as in the proof of induction for Bﬂ, we have
~ a? 1 o) ~ a?(l) na?(l) ~ a?(l)
SE€[To2,t] s€[T2,t]

which proved the induction for Bé 1 since | By T2)| = (:)(ﬁ)
Next we go on for the induction of Bi%, we write down its update:

B2 O( 0( )

B = B + ot 1;2) JESIAL £ nO(=)| B P8 £n0(S)

(B)? @

By Lemma E.9 and Lemma E.10, we have for any t € [T%, T5]
Oo(1)
~ 1
n0( ) <

SE€[Ts,1] /2 Vdpolylog(d)

and also
0( o 0(
t)
> 0 /i NESPeY < | >+ > nO( B Py
s€[Ta,t] s€[T2,T3,1] s€[T3,1,T3]
~ o°M o) (1)
< n0( il ) (Ts1 —To) - O(ay Vd*®) + O( ) (T3 —Ts,)
o(1)
~
<O(—5)
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Now we consider the term @( (31" S )E. étinAé )2, we have by Induction E.1a that

(Bz, )2
(t)y2 (t)
B A
> oDl mnn) < ovaeBT) X n-e
SE[To,t] ( 2,2 SE€[To,t] 2,2

where we have used our induction hypothesis that Bgt; = B{";Q) (1 +0(1)). Using Lemma H.3 by
setting o, = By}, ¢’ = 3, and A = O(1) > d*M B2, it holds that

(B o ST (B3)? ST (B{%)? 1
O ) Eaanha| < OWne/m)—is= < O(ne/n) <
SG[XT;J] ( ét;)Q 2,112 2 |B(T2 | \B(O) \/&polylog(d)

where in the second inequality we have used Lemma C.13c, Lemma D.8a and Lemma C.1, and in the
last our choice of ng/n < Wog(d). This ensures the induction can go on until ¢ = T5. And we
finished our proof of Induction E.1a.

Proof of Induction E.1b: Let us write down the update of Eﬁg using Lemma E.7:

— (t)
BV = B (1 - 0pE") + Y 0mes) (- ELOIRYT £ ORY) + o) [RVTPAIRYT) + 3 neAl)

Le]2) Le(2]
= B -ne= = Y 0me2)IRYP) + O @l (R
Le(2]
~ 1
+=0(o+ =) > neSi Ry AR
v’
€[2]
= , 5 1 ,
= 50— e — 0meE)(REP) £ O+ —=ne = (R (R

where in the last inequality we have used Rét) > Rgt) from Induction E.1c and Egt)l > Q(@gt)),

Z;)l < O(=2 72 )th)l from Claim B.1 and Induction E.1a. Now we can use the same analysis in the

proof of Lemma D.8 on EY% to prove the desired claim, which we do not repeat here.

t . .« . .
As for Eé %, we can obtain similar expressmns:

1
By = By (1 Z Oy IRYT)

£0(0+ =) Y e<ma22,e)[R%“P/Q[Ré%?’” EDILLINY
Le]2) Le(2]
Now we can obtain bounds for each terms as
P10 gre25,00) 1

(é () A ES 1
s€[Ts,t] L€]2]

and by (E.3) in Lemma E.9, we also have for any ¢ € [T5, T5]

> 0@+ﬁ ) OmeS )RS PRSP < 0o + 75 2 > OmsEIRP

SE[T,t] te(2] sE[T,t] L€[2]
~ 1
< Ole+ =) g™
~ 1
<O(o+ \/&)
And also by using our induction and by (E.3) in Lemma E.9:
NE 77 s NE/MN (T ne/n
S YAl < Y Elepsg] s < TR < 0P _ o apm)
S€[T,t] L€ [2) €T ] 1251 |E5 1 8
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Finally, we can calculate

Z e _(t)EQt% _ Z e E22 t)2

SE[Ts,t] S€[Ts,t] 2,1

By resorting to the defintion of 73 and go through similar analysis as for the induction of Bg i, we

can obtain that \Eét“ is either above |E(T2) [(1 4+ o(1)) or is decreasing and always above = |E(T2) |

This proves Induction E.1b.

(t)

Proof of Induction E.lc: The proof of induction of R;” is half done in Lemma E.9, we

only need to complete the part when ¢ € [T3 1, T3], since by (E.3), we always have Rgt) to be
decreasing by

RéHl) R(t Z @ 772 s) ] )
re[2]
And when ¢ € [T31,T5], we have
Z @ ’I7d3/8+0(1))

Le(2]

So if we suppose R( ) < we shall have for T3 — T3 1 = O(d'/4T°(Y) /n)) many iterations that

f’

1
R (t+1) > R(TJ 1)( d;,?/g )T3 T3,1 > Q(R(Ts 1)) 2 W (by Lemma E9)

So it negates our supposition, which completes the proof of the induction for Rét) int € [Ty, T3).
Now we turn to the proof of induction for R , we write down its update: (as in Lemma D.8§)

RV = RY _ o(y[RP]? ( »(® +Zz(t) ES) )
Le2]

(t) ¢ n
+ O(an VB (Ria + oRUPPIRYP?) =

It is straightforward to derive
() = 1
D SUIELLIE + o RPPIRTP < Ole+ 220 3 SR PRSP
e[2] te(2]
and when t € [T, T5 1]:

1 do(l)d3/8

> 3 SN R + OIRYPIRYP < Olo+ ) g D D RSP

SE€[Ta,t] L€]2] SE[T,t] L€]2]
de
=\ B/

and when ¢ € [T5 1, T5]:

> EUESN @D + ) RYFARS 2 < O+

s€[To,t] L€[2]

doW) g3/8  _ gl/440(1)
N/ T 1

) <

So these combined with Lemma D.8 proved that Rgt) < 0% 7 ) for all t € [Ty, T3]. We can go
through some similar analysis about R(t) to get that Rgt) > % forallt € [T, T3].
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Finally we begin to prove the induction of E% Similarly as in the proof of Lemma D.8, we first
write down

R{TY = R — V., LW, EO) Ty 2wy — (Vo LW O, EO) T 1)
+ 72 Iy Vi, LW D EO) 10, .V, LW O E®))
—(t)
= R{l)+ n(zifi + > SESD?) (-O(RY) + O() RV

Le(2]
=0
+n(ze(E)? +ZE ) (~O(RY) + O() RS PR
a0 O O n
+o( Y wsES (RVRYP + RS [Rl})>ipoly(d)

(G:0)#(1,2)
Note that since |E | <O(o+ )[R(")]?’/Q[Rgt)]g’/2 and Rgt) < O(m

t t t t t t t
S EEN IRVRYE < Y g2 EY L IRPVIRY)
(j,€)¢(1,2) (4,0)#(1,2)

), it holds

~ 1
<o |SURYZ+ 3 sHRYP | O + 7)[1%5“1“?[}%@]”2

Le2]

SH

so the update becomes

RV = R [ 1-n0 (2] + 30 SO B2 (RO n@(zt B + Z =) R
Le[2]
~ 1
+n0(0 + ﬁmgﬂ]w[ e (s + 3 e R
Le2]

+70(¢ + 7)[1%“’1”2[1%“)}“2@(zﬁtiw?g I Al
Le(2]

. () .
Now we can use the same arguments as in the proof of RE)Q in Lemma D.38 to conclude.

Proof of Lemma E.8a,b,c: Indeed, at the end of phase III:

Induction E.1a — Lemma E.8a
Induction E.1lb —  LemmaE.8c
Induction E.1c — Lemma E.8b

Now we have completed the whole proof. O

F The End Phase: Convergence

When we arrive at ¢ = T3, we have already obtained the representation we want for the encoder
network f(X), where v and vo are satisfactorily learned by different neurons. In the last phase, we
prove that such features are the solutions that the algorithm are converging to, which gives a stronger
guarantee than just accidentally finding the solution at some intermediate steps.

To prove the convergence, we need to ensure all the good properties that we got through the training
still holds. Fortunately, mosts of Induction E.1 still hold, as we summarized below:

Inductions F.1. Ar the end phase, i.e. whent € [T5,T), Induction E.la continues to hold except
that |B§t% = O(1), Induction E.1b will hold except that for |E§t}| only the upper bound still
holds, and the upper bounds in Induction E.Ic still hold while the lower bounds for R R(t)

1/po|y( ). Moreover, there is a constant C = O(1) such that when t > T5 + %, we would have

S| < Olo+ )[RV (RS2,
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Now we present the main theorem of the paper, which we shall prove in this section.
d2+o(1)

Theorem F.2 (End phase: convergence). For some Ty = T3 +
forallt € [Ty, T) that Induction F.1 holds true and:

and T = poly(d)/n, we have

(a) Successful learning of both vy, vy: |Bﬁ|7 |B§t;| = O(1) while |B§t1|, |B§t%| = 5(%)

(b) Successful denoising at the end: R; M <R T3)( é(i)[R;t)]z)for all j € [2].

6
Q@

(c) Prediction head is close to identity: |E](t§ —j

| < 00+ 2)RYPRRYP for all j € [2);
In fact, (b) and (c) also imply for some sufficiently large t = poly(d)/n, it holds R;t)

(t .
|EJ§ ;I < mforallj € [2].

1
< poly(d) and

And we have a simple corollary for the objective convergence.

Corollary F.3 (objective convergence, with prediction head). Let OPT denote the global minimum
of the population objective (B.1). It is easy to derive that OPT = 2 — 2%‘1’ = O(L-). We have for
some sufficiently large t > poly(d) /n:

logd

1
poly(d)

LW® E®) < OPT +

Now we need to establish some auxiliary lemmas:

Lemma F.4. For somet € [T3, poly(d)/n), if Induction F.1 holds from T5 to t, we have Lemma E.6
holds at t.

Proof. Simple from similar calculations in the proof of Lemma E.6 . O

Lemma FE.5. For some t € [T, poly(d)/n), if Induction F.1 holds from Tj to t, we have for each
j € [2] that

S S asWRYPE <o®™), viel2

s€[Ts5,t] L€[2]

Proof. Notice that when Induction F.1 holds, we always have

®) L (&) ) ()
D (S + 25 (B )% = D)%,
Le[2] Le[2]

we can use Lemma F.4 to obtain the update of Rét) as in the calculations when we obtained (E.3):

R(t) R(TS) Z Z [e) ,’72( s) R(é }

s€[T3,t) L€[2]

which means that Rét) is decreasing from 73 to t. Summing up the update, the part of Rét) is

solved. For the part of Rgt), we separately discuss when \Eét“ is larger than or smaller than

O(o+ \%) [R(t)]?’/ 2[R(t)]3/ 2. When the former happens, which we know from Induction F.1 that it

0(1)

cannot last until some ¢}, = T3 + many iterations, we have for t € [T5, t)]

o)
1 « T 1 T

S 7(5) S s ~
S S asWEN LIRS + o) [RYPPRS < Oo + R <

s€[Ts,t) (4,0)€[2]? vd
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Now for ¢ > ¢}, we can simply go through similar calculations as in the proof of Induction E.1c to
obtain

Z Z 772(8) E](SS) ]|(ES )[R(S)]3/2[R(S) 3/2 < Z QJFT Z nE(S) R(S) [Rés)]?’
Se[tivt) (4,4 )6[2]2 56[t47t) ]706
< O = R(TS) R(S) 3
(9+\/g) Sgﬁ{g)[ 1]
1 (T

So by applying Lemma F.4a and Lemma E.6, we have
Rgt) =(1+o(1 (TJ) Z Z o( ,]72 (9)]3
s€[Ts,t) L€(2]
which proves the claim. O

Lemma F.6. For some t € [I3,poly(d)/n], if Induction F.1 holds from T to t. Then we have

|Ejt§ ;| is decreasing until |E](t§ ;1< O(RYQ +0)[R; t)]3/2[R(t 132 + O(ds/Q)[R(t)] Moreover,

we have for each t € [T5,T) that

- S O 1
> w0 < B O L <ot
S€[T3,t] \/a

Proof. We can go through the same calculations in the proof of Induction E.1b (using Fact E.2) to
obtain

t+1 t t
B =Bl 0 +ZnEA“
—(t)
+ Z@ () 52 J[R‘” 1*+ OB + o) RV [RIP/?)

~ 1
R ) +0(gm) 3 SR
Le(2]

+ O(neS)) (R + o) RV [R)/2

where we have used in the second equality that 3¢ ) Agtz < ((13/2 ) Deep) E(t )[R (t)]3 and also

»®)

i3 < O(5 /2) ( ) for both j € [2] when Induction F.1 holds. Note that from above calculations,
there exist a constant C such that if |E(t)

—(t)
il = CRY, + [RVPARYPZ + 3 ey Al w

have |E§ 1| to be decreasing. Now it suffices to observe that:

> 0= R + RVFPRSP <30 0Gen{) + neSid) (R + o (RYF + [RYT)
s€[Ts,t] s€[T3,t]

2
Vi

which is from Induction F.1, Induction E.lc and Lemma F4. Also note that Egtj) [Rgt) ]] <
O(do( >)_( ) at this stage, we have

§5(9+

4374
() (T3) =g 5 L
Byl =Eial; = 3. 5B +0(e+ 77
s€[T3,t)
Recalling the expression of Eg-t) finishes the proof. O
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Lemma F.7. Recall T5 defined in (D.1) and Tj defined in (E.1), we have
t
772(1)1 ( ) 1

t Q@
B o

EY| <
n/nEgr%f%I XEDY

t<Ty

To prove this lemma, we need a simple claim.

Claim F.8. If {x:}i<7, 2+ > 0 is an increasing sequence and C = ©(1) is a constant such that
Tpp1 — 2 < O(n) and 3, vy (w441 — 3) = C, then for each § € (3,1) it holds |z — VC| <
O(8 + a3 + O(*%54)).

Proof. Indeed, for every g € 0,1,..., we define 7, := min{¢ : ; > (1 + 0)%x¢}. and define
b:=min{g: ((1+9)%2)%> > C — 52} Now for any g < b, we have
1 1
ST e — w0 2wy (o, — or) > (14 6)98(1 -+ 6)7 N — 5 = 61+ 60— -
te[Ty, Tg+1]
By our definition of 7, we can further get
: b b
C= Zzt(xurl*:rt) :Z Z Te(Tpp1 — @) > (1+§)2bzg o*g >C - 52710 p

t<T 9=1t€[Ty, Tg+1]

And also we have C' < (max<7 2¢) 3, _p(T441 — 2¢) = 2%, so we have |23, — C| < 62 + 2% + &,
where b = O(log(C')/log(1 + 0)) < O(log d), which proves the claim. O

Proof of Lemma F.7. From the proof of Lemma D.8 and Lemma E.8 we know that

]. (t) ].
max|Ey]| < (1% 7)ne|A |+ O0(0+ —=)
(<1, 21 t;g aQ(l 2,1 Vd

And since from the proof of Lemma D.8 we know that

. 1
R — RO — Z(u@(dm)) = EN £0(0 + 7
t<Ts

~ 1 ~ 1
= (1£0(55)) D B 1A 0o+

189, —=)
t<Tj3 \/g

We can define some alternative vanables E; i updated as E(Hl) E(t) + nEAg )1 and R(Hl)

Rét) E;%A(t) Itis easy to see that |E E; 1| < oy max; <, \Ez 1|- From above calculations,
., o < ,

we know L Y0, o0 B (BSTY — ngi) = R £ 0(0+ ) + O(5t), which by Claim
F.8 imphes that

3 1 1
ValnplBSE| = \JB £ 0(5 ) = va < 0o +

—) £ 0(7)

\/3

And when we turn back, we shall have /n/ng max;<r, |E§t%| < V2 + —J75. Now we can use
1

similar techniques on BY% and Rgt)

forallt € [T4,T>]

. Indeed, from (D.4) and similar arguments in phase I, we know

1
RV = R =S (1 £ 0(— )86 £ Ol0 + —=) (E.1)
~ d3/2 Vd

R < RO (1 — O(-5)[RIVP?)

o531
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o(1)
So one can obtain that at some iteration ¢’ = T + O( da% ), we shall have Rgt) < O(-) for all

3

t > t'. Now let us consider the growth of BY; before ¢’, which clearly constitutes of

T
B =B+ S @+l -1
te[Ty,t’)
(T1) nEi () () ()
=By + Z ( (t; 51,251gn(31,1)+7lrl,1—77T1,1>
te[Tht’) |B1 1
0 nx 11 t t t t ~ 1
S IRD o= IR oG TR R

ol te[Ty,t)

where the last one comes from the proof of Lemma C.13. Moreover by using the same arguments in
the proof of Lemma D.8 we can easily prove that

(t)
~ 1 7721 1 0 ~ 1
> -1 <02 = Yo = B B - O(—)
te[Ty ') t<t’ | 1 1
And for ¢ € [t/, T3], we also have by (F.1) that
(t)
7721 1 ot t) o(t 1
Z 0 51(% < Z 7725,)155% < O(ﬁ)
teft! \Ts) 1B tet! \Ty)

Recall RY” = 3, (.11 (1= 0(2))n2{ L[ £ O(o+ ) by (E1) and RYY < O(L) fort > '

Now we can finally go through the same analysis using Claim F.8 on BH and Rg ) during t € [0,¢]
as above to obtain that

(t)
NE10 () ~ 1 o =, 1 ~ 1
Z &2 2 (1-0(Z75)) VR —0(—) =1-0(e+ —=)
t<Tp |B1,1 d* vd Vd
Combining the results, we finishes the proof. O

Now we are prepared to prove Theorem F.2.

F.1 Proof of Convergence

Proof of Theorem F.2. First we start with the B]( gs Indeed, we can go through similar calculations
to see that all gradients (— Vu,,L(W(t), E®), vy) can be decomposed into

(=Y, LW O, E®), 0g) = (A = 1) ) + (0
where Agt} — T§t) ;.1 and I‘( ) Tg 2 5 can be expressed as

A =100 = CoaSCrab e (B (B (B0 )P (B3 )° + (B3, P (B0
~ o Crof e (B (B, B (B30 + By (BY 5 (B3 0)°)
+ Coa§@l? (BV))5Cuel!)_
I =18, = Coa§Crafel) (B, ) (BIDE, (B, (B )Y (B, 5 o) + (B, )X (B _,)°)
2 (B, 500 + B, (B )Y (B 4 )?)
(B P (B{)?Cats!

3—7,J

- COaQClagiégt)](B(t)) (B,

+Coaloy) B

Firstly, for all the terms that contain factors of (B(t))Q(Bgt j 0)? (or (B, B! )) (Bj( 3_¢)%), we can apply
Lemma F.6, our Induction F.1 assumption and |E (2 ;| £ 0O(1),Vt € [T5,T] to obtain that their
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(multiplicated by 7) summation over ¢ € [T5, T is absolutely bounded by 5(%) So we can move on
to deal with all other terms. When j = ¢, Using Lemma F.6, we have

=(t)

n=;
> nCoa§Ciale| B P (B )X (B 4 )0 = > B—(1)<E§f§_j>2
te[Ts,T) te[Ts, T]‘ ] |

(Ts) 1
\/ |Eg3 g|+0 Q+ﬁ) 0O(1)

And the sign of LHS is sign(B](fz ). Moreover, for j = ¢ = 1, from Lemma F.7 and Lemma F.6 we
also have

IN

—(t t
> =B

te[T5,T]

Ts) L
\fw +0(e+ o)

1
<> 51“% + o
t<Ts |B | al( )

Z 77000120104(15@“”3 (Eéfi) (Bét% 7\/

te[Ts,T)

SH

Since we have

(t)
Bg?) _ Z 77321 e ZT

SSTQ I 1 1

n=; ) 2
Z ® (Ej3-5)

te([Ts,T] |

And since by Induction D.1 we have \B&\ = O(1) during t € [T3, o] and 3, 7y nEét))l >
R™) — 0(1) = v/2 — o(1). For all the other terms in the gradient , we can apply Lemma F.6, our
Induction F.1 assumption and |Ej(t?))_ ;1 < O(1) so we have for t € [T3,T]

(t) 7725)1 (t) 77252 (t) UE(t) (t)

_ 2

Bial=>_ |B(t)|5 e B0 DY B (t)|(E ;)7 —ol)
1,1 11

s<T> s<Ty te[Ts,T)

V

(t)
) 221 o) [ )
> \/n/nemax|Ey 1| + Es1— 4/ —IE |+0(Q+*) —o(1)
t<Ty 21 322 |BH| 21 nE 933 Vid
)

in>
> Y e —o(1) 2 Q1)

SSTQ |B171

which also proved |B ﬁ = O(1) since all the terms on the RHS are absolutely O(1) bounded. Since
one can see from Lemma F.6 that |E§ 1| is decreasing before it reaches d) Moreover this proves
\/77/77E|E§2| < Bﬁ for all ¢t € [T5, T}, and also the fact that

B{') > (1), Vte [I5,1]

The case of Bé 5 is much more simple as E{f% < 5(5) throughout ¢ € [T3,7] by Lemma F.6 and
Lemma E.8c, Now we can go through the similar calculations again to obtain that Bét% = O(1) for all
t € [T, T]. When j # £, all the terms calculated in the expansion of A;tz — T%l and thz Tgtz 5
contain factors of (B§t1)2 = 5( L) or (Bgt%)2 = 6( L), So we can similarly use Lemma F.6 as before

(1)
to derive that B](-gfj = B]( 3 )J(l + O( v —)) forall t € [T3,T] and j € [2].
)

As for the prediction head, the induction of E( follows from exactly the same proof in Lemma

E.8. The part of Eé i is half done in Lemma F.6. It suffices to notice that = H2 = 9 al) and if
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1B > OB + o) [RPP2RYTP/2 for some € = O(1), then

1 — ~ 1
B = By (- npEy) —np@ (SR + O 5575) 3 neSy) IRy P
Le(2]

7(t) -
+ O(npEyY) (R + o) [RVP2[RY)P/2

6
t =, No

< EY)(1-6(53)

Qg

o(1)

So after <2

n

many epochs will we have
1
B < (log )R + oll KPR /2 < O+ o IR P2IRY)

as desired. And the rest of the induction of Eé % is the same as in the induction arguments of E§ % in

Lemma E.8.

The induction of Rgt), Rét) and R(t) is exactly the same as those in the proof of Lemma E.8 except

here we only need Rgt) / Rét) el ol(l) , alo( )] after T;. Indeed, from the update of R§t) (which can

be easily worked out), we have

(t+1) _ p® W\ [RO12) = R URYTO
Ry = R (1- 0 )R] = B (1 - 6(—)[R;"T")
]

o(1)

Now after dzaTl many epochs, we can obtain from similar arguments in Lemma E.8 that

RY/RY e 01(1) oW and R;t) < L. The induction can go on untill ¢ = poly(d) /7.

For the convergence of BY; and Bét% after t = T4, notice that their change depends on
O

s, E]Jgfty E;t), which stays very small after 7, we have that \Bj(tj) T4)| < o(1) for all

Jj€[2]. This finishes the whole proof. O

G Learning Without Prediction Head

When we do not use prediction head in the network architecture, the analysis is much simpler. We
can reuse most of the gradient calculations in previous sections as long as we set E(*) to the identity.
Note that here we allow m > 1 to be any positive integer.

Theorem G.1 (learning without the prediction head). Let m be any positive integer. If we keep
E® = I, during the whole training process, then for all t € [ﬁ(%), poly(d)/n], we shall have

1B = 0(1), |BSY] = O() and R = O(5-ty) for all j € [m] with probability 1 — o(1).
Vd

Moreover, for a longer training time t = poly(d)/n, we would have R;t) < mfor all j € [m].

Moreover, it is direct to obtain a objective convergence result similar to Corollary F.3.

Corollary G.2 (objective convergence, without prediction head). Let OPT denote the global minimum
of the population objective (B.1). When trained with E¥) = I,,,, we have for some sufficiently large
t > poly(d)/n:

1

poly(d)

Proof of Theorem G.1. The proof is easy to obtain since it is very similar to some proofs in previous
sections, and we only sketch it here. Indeed, using the calculations in Lemma E.5 and Lemma E.4

and set E\) i # j € [m] to zero. We shall have (note that here & ;tr) =¢; ®) for any r # j)

’L_]7

LWW I,.) <OPT +

(~Vu, LIW®, ED) ug) = CoCaal(BY))? 0V el = 0(CoCrafal” (BY)P[RV)?)
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Now we can go through the similar induction arguments as in the proof of Lemma C.13 (with TPM
lemma to distinguish the learning speed) to obtain that for each j € [m]:

. 2
B =001), |BY=BY(1+0(1), Vjem] (when t > ©)
When this is proven, we can also reuse the calculations as in the proof of Lemma D.5 to obtain that

R = R (1 -0 )IRYP) = B (1 - 0(CoCead e (BI) (R)). V) € [m]
‘ﬁ), we shall have R'

n J

happening, we can make induction that \B](t2)| = |B;;,

iterations before ¢, then

S -V, LW EO) 0) = 3 Coale | B P o)
s<t—1 s<t—1

1
~ polylog(d)

D < O(dol;l) ). While the decrease of R;t) is
(0

2) |(1 £ o(1)), since if it holds for all previous

So again after some ¢ = O(

0
1BYY)]

where @ is due to Corollary H.2, where z; = |Bj(ti| and y; = |B](t2)\ and S; < Wog(d)’ Yo <
O(log d)xg. which finishes the proof. O

H Tensor Power Method Bounds

In this section, we give two lemmas related to the tensor power method that can help us in previous
sections’ proofs.

Lemma H.1 (TPM, adapted from [3]). Consider an increasing sequence x; > 0 defined by x,11 =
x +nCyxl for some integer ¢ > 3 and Cy > 0, and suippose for some A > 0 there exist t' > 0 such
that xy > A. Then for every 6 > 0, and everyn € (0,1):

S(1+6)71 148z " O(nA?) log(A/z) 1
>, iz ((1+5)q—1—1 <1( A ) ) T log(1+5)> gt

t>0,2,. <A
1+46)7! A7) log(A 1
S e < (( +0)7"! | O(nA?) log( /x0)>' L
0,2, <A qg—1 o log(l+9) xd

This lemma has a corollary:

Corollary H.2 (TPM, from [3]). Let ¢ > 3 be a constant and xo,yo = o(1) and A = O(1). Let
{&¢, Y1 }1>0 be two positive sequences updated as

o 211 = x4 + nCixf for some Cy > 0;

* yrr1 = yr + nS:Ceyl for some Sy > 0.

Suppose xy > yo(maxy.z, <A St)q%l(l + Wg(d))’ then y; < 6(y0)f0r all t such that x; < A.

[yol
polylog(d) "

Moreover, if xo > yo(maxy.y,<a St)q%l log(d), we would have |y, — yo| <

Moreover, we prove the following lemma for comparing the updates of different variables.

Lemma H.3 (TPM of different degrees). Consider an increasing sequences xy > 0 defined by
Tiy1 = x¢ + nCixl, for some integer ¢ > ¢’ > 3 and q' < q — 2, and Cy > 0, and further suppose
given A = O(1), there exists t' > 0,z > A. Then for every § > 0 and every n € (0,1):

S nCaf < (1+6)7 (0(1) + A7)

t>0,0, <A

! / 1—(1 —b(g—q'—1)
O R R (R, RE et s Ny
t>0,2, <A 1—(1+40) (-1

q—q’'—1
Lo

q—q’'—1
Lo
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where b = ©(log(A/x0)/log(1 + §)). When A = 20d®1) , n = o(5) and ¢ = O(1), then
1

Y. nCuf =6(==)
Lo

t>0,2:. <A

Proof. Forevery g € 0,1, ..., we define 7y := min{t : 2; > (14 9)%2}. and define b := min{g :
(14 96)9 > A}, we can write down the following two inequalities according to the update of x;:

Z NC{(146)20]? < (14 )x7, — 27, + nA? < 6(1 +0)%20 +nA?
t€[7—977—9+1}

> G+ 6) T w)? > (14 6)ay, — a7, — nAY > 5(1 + 8)ag — nA?
t€[Ty, Tg+1]

where g+1 < b. Dividing both sides by [(148)92:0]7~9¢" in the first inequality and [(1+8)9Tz:0]7~¢
in the second, we have

’ (5 1 77Aq
Z nCe[(1 +9)xo]? < ; —— + ———
9(¢—q'-1) ,.q—q'—1 q—q'—1
te[ T, Tot1] (1 +d)ota=a Zo Lo
, S(1+6)71 1 nA?
Z nct[(]- _~_5)g+1x0}q > (g+D)(a—q¢'—1) a—¢—1  _q—q—1
tE(Ty To1] (L4 Q)orlama =l gm0 0 a2
Therefore if we sum over g = 0, ..., b, then
> Gl < 37 G(1+8)7 )
t>0,x, <A t>0,2,<A
=(1+8)7 D nCl(1+08)Tmo)”
t>0,2:. <A
’ 5 1 nAq
<00 3 ((papamn s o)
AR Ll
/ )
- (]. + 5)1] O ( T + nbAq> j
(1+0)ra-1-1 zd 1

/ 1 1
< q q
< (1+9) o(q_q,_1+nb,4 ) e

For the lower bound, we also have

ST Gl =407 ST gC(1+ 8) ]

t>0,z,<A t>0,2: <A

— S(1+6)~1 1
> (1467 ) ( — A" )
2, (14 0)(g+D(a—a'=1) gdm !

. 1= (140)bla=d =D 1
=(1+6)77 (61461 —nbAT | ——
(1+9) (( +9) —(to)y a1 "

. 1= (14 4)bla—d =1 1
_ q 1 _ a _
= (1+9) (5(1 O e~ A s

Insertinlg b = O(log(A/x0)/log(1l + 0)) proves the lower bound. For the last one we can choose

0= Thoga tO get:

5(1 — (14 0)~bla—da' 1)
1—(1+446)"(¢=a'-D)

which proves the claim. O

b = O(polylog(d)), =Q(1), (1+8)77 =9(),
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