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Abstract

The Wasserstein barycenter is a geometric construct which captures the notion of
centrality among probability distributions, and which has found many applications
in machine learning. However, most algorithms for finding even an approximate
barycenter suffer an exponential dependence on the dimension d of the underlying
space of the distributions. In order to cope with this “curse of dimensionality,” we
study dimensionality reduction techniques for the Wasserstein barycenter problem.
When the barycenter is restricted to support of size n, we show that randomized
dimensionality reduction can be used to map the problem to a space of dimension
O(logn) independent of both d and k, and that any solution found in the reduced
dimension will have its cost preserved up to arbitrary small error in the original
space. We provide matching upper and lower bounds on the size of the reduced
dimension, showing that our methods are optimal up to constant factors. We
also provide a coreset construction for the Wasserstein barycenter problem that
significantly decreases the number of input distributions. The coresets can be used
in conjunction with random projections and thus further improve computation time.
Lastly, our experimental results validate the speedup provided by dimensionality
reduction while maintaining solution quality.

1 Introduction

The Wasserstein barycenter (WB) is a popular method in statistics and machine learning for summa-
rizing data from multiple sources while capturing their underlying geometry [AC1 1a]. The problem
is defined as follows. Suppose we have a collection of data, represented as k discrete probability
distributions j¢1, . . ., s, on R%. Given a set of non-negative weights A1, . .., A, that sum to 1, and
a class P of probability distributions on R?, a Wasserstein barycenter under the L, objective for a
parameter p > 0 is a probability distribution v € [P that minimizes

k
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where W),(u;, v) is the p-Wasserstein distance.

The Wasserstein barycenter is a natural quantity that captures the geometric notion of centrality
among point clouds, as it utilizes the optimal transport distance [BT97] between a number of ob-
served sets. Thus, Wasserstein barycenters have been extensively used in machine learning [SLD 18],
data sciences [RUO02, EHJK20], image processing [RGT97], computer graphics [PW09], and
statistics [Vil08], with applications in constrained clustering [CD14, HNY ™ 17], Bayesian learn-
ing [SLD18], texture mixing [RPDB11], and shape interpolation [SDGP ™ 15].

Unfortunately, the problem is NP-hard to compute [AB21, BP21] and many algorithms that even
approximate the Wasserstein barycenter suffer from large running times, especially if the datasets
are high dimensional [MC19]. Indeed, [ABA21] recently gave an algorithm that computes the
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Wasserstein barycenter using runtime that depends exponentially on the dimension, thus suffering the
“curse of dimensionality.”

To alleviate these computational constraints, we consider dimensionality reduction for computing
the Wasserstein barycenter. Dimensionality reduction can be used to improve the performance
of downstream algorithms on high dimensional datasets in many settings of interest, e.g., see the
survey [CG15]. In the specific case of Wasserstein barycenters, dimensionality reduction has several
practical and theoretical benefits, including lower storage space, faster running time in computing
distances, and versatility: it can be used as a pre-processing tool and combined with any algorithm
for computing the Wasserstein barycenter.

1.1 Our Results

In this paper, we study dimensionality reduction techniques for computing a Wasserstein barycenter of
discrete probability distributions. Our main results show that it is possible to project the distributions
into low dimensions while provably preserving the quality of the barycenter. A key result in
dimensionality reduction is the classical Johnson-Lindenstrauss (JL) lemma [J[.84], which states that
projecting a dataset of N points into roughly O(log N') dimensions is enough to preserve all pairwise
distances.

Using the JL lemma, we first show that we can assume the distributions lie in O(log(nk)) dimensions,
where k is the number of input distributions whose barycenter we are computing, n is the size of the
support of the barycenter, and each of the & input distributions has support size poly(n). For p = 2,
there exists a closed form for the cost of any candidate barycenter in terms of the pairwise distances
of the points in the input distributions. Thus it is straightforward to see that our bound results from
the fact that there are & - poly(n) total points masses in the union of all the distributions and therefore,
projecting them into a dimension of size O (log(k poly(n))) = O(log(nk)) suffices to preserve all
of their pairwise distances. However for p # 2, a closed form for the optimal cost no longer exists, so
preservation of all pairwise distances is insufficient. Instead, we make use of a Lipschitz extension
theorem, namely the Kirszbraun theorem, which allows us to “invert” the dimensionality reduction
map and argue the preservation of the cost of the Wasserstein barycenter under a general L,, objective.
For more details, see Section 3.

Dimensionality reduction independent of k. While the JL lemma is known to be tight [LN16,
LN17], it is possible to improve its dimensionality guarantees for specific problems, such as various
formulations of clustering [CEM ™15, BBC ™19, MMR19]. Indeed, our main result is that we can
achieve a dimension bound beyond the O(log(nk)) bound that follows from the JL lemma and
Kirszbraun theorem. We show that it suffices to project the support points onto O(logn) dimensions,
which is independent of the number of distributions k. In fact, we show a stronger statement that
projecting the points supported by the distributions onto O(log n) dimension preserves the cost of
the objective (1) for any distribution v supported on at most n points (Theorem 4.1). The algorithmic
application of this theorem is that one can take any approximation algorithm or heuristic for computing
the Wasserstein barycenter and combine it with dimensionality reduction. A simplification of our
theorem is stated below where we omit some parameters for clarity.

Theorem 1.1 (Theorem 4.1 Simplified). Let p1,. .., jux be discrete probability distributions on R?
such that |supp(u;)| < poly(n) for all i. There exists a dimensionality reduction map w : R¢ — R™
Sform = O(log n) such that projection under 7 preserves the cost of objective (1) for any v supported
on at most n. points.

The result is surprising because the projected dimension is independent of the number of input
distributions k, which could be significantly larger than n. Thus the random projection map 7 can
no longer even guarantee the preservation of a significant fraction of pairwise distances between
the support points of the k distributions. Our main tool is a “robust” Lipschitz extension theorem
introduced in [MMR19] for k-means clustering. We adapt this analysis to the geometry of the
Wasserstein barycenter problem.

Optimality of dimensionality reduction. We complement our upper bound results by showing
that our dimension bound of log n dimensions is tight if a random Gaussian matrix is used as the
projection map. We also show that the JL lemma is tight for the related problem of computing the
optimal transport between two distributions with support of size n. More specifically, we give a lower
bound showing that Q(log n) dimension is needed for a random projection to preserve the optimal



transport cost. Thus our results show a separation between the geometry of the optimal transport
problem and the geometry of the Wasserstein barycenter problem, as we overcome the JL bound in
the latter.

Hardness of approximation. In addition, we also show the NP-hardness of approximation for
the Wasserstein barycenter problem. Namely, we show that it is NP-hard to find an approximate
barycenter that induces a cost that is within a factor of 1.0013 of the optimal barycenter if we restrict
the support size of the barycenter. This complements recent work of [AB21, BP21], who showed that
computing sparse Wasserstein barycenters is NP-hard.

Coresets for Wasserstein barycenters. An alternate way to reduce the complexity of datasets is
through the use of coresets, which decrease the effective data size by reducing the number of input
points rather than the input dimension d. If the number of input distributions k is significantly larger
than the support size n, we show that there exists a weighted subset C' of roughly poly(n) distributions,
so that computing the optimal barycenter on C' is equivalent to computing the optimal barycenter on
the original input up to a small approximation loss. Hence, it can potentially be much more efficient
to use the subset C' in downstream algorithms involving Wasserstein barycenters. Moreover, the
coreset is not mutually exclusive with our techniques for reducing the ambient dimension d. Our
techniques show that we can simultaneously reduce both the size of the input distribution % and the
dimension d of the data, while preserving the optimal clustering within a small approximation factor.

In Supplementary Section E, we also show a connection between the Wasserstein barycenter problem
and constrained low-rank problems. This class of problems includes examples such as the singular
value decomposition (SVD) and k-means clustering. While this connection does not yield any
improved results, it classifies the Wasserstein barycenter as a member of a general class of problems,
and this classification could have further applications in the future.

Experiments. Finally, we present experimental evaluation of our proposed methodology. Note that
our results imply that we can use dimensionality reduction in conjunction with any Wasserstein
barycenter algorithm and still roughly retain the approximation guarantees of the algorithm used.
Specifically, we give examples of real high dimensional datasets such that solving the Wasserstein
barycenter problem in a reduced dimension leads to computational savings while preserving the
quality of the solution. Our experiments in Section 7 demonstrate that on natural datasets, we can
reduce the dimension by 1-2 orders of magnitude while increasing the solution cost by only 5%. We
also empirically test our coreset construction. Our method both reduces error and requires fewer
samples than simple uniform sampling.

1.2 Related Work

[AB21, BP21] showed that computing sparse Wasserstein barycenters is NP-hard; hence, most of
the algorithmic techniques focus on computing approximate Wasserstein barycenters that induce a
cost within an additive ¢ of the optimal cost. [AC11b] first considered approximating Wasserstein
barycenters when either (1) the distributions P only have discrete support on R, (2) k£ = 2, or (3)
the distributions y; are all multivariate Gaussians in R?. Although there is a line of research that
studies the computation of barycenters of continuous distributions, e.g. [ADCMI 6, CMRS20], we
focus on discrete input distributions. For discrete input distributions, the majority of the literature can
be categorized by its assumptions of the support of the barycenter [ABA21].

Fixed-support. The “fixed-support approximation” class of algorithms assume that the support
of the barycenter is among a fixed set of possible points. It then remains for the algorithms to
solve a polynomial-size linear program associated with the corresponding set [CD14, BCC™ 15,
COO015, SCSJ17, KTDT19, LHC20]. Unfortunately, the set of possible points must often be
an e-net over the entire space, which results in a size proportional to 1/ that suffers from the
curse of dimensionality. Nevertheless for constant dimension, the algorithms typically have runtime
poly(n, k, D/e), where D is an upper bound on the diameter of the supports of the input distributions.
This is further improved by an algorithm of [ABA21] that achieves runtime poly(n, k, log(D/¢)).

Free support. A separate class of algorithms do not make assumptions about the possible support
of the optimal barycenter. These “free-support algorithms” instead optimize over the entire set
of up candidate barycenters, which can be as large as n* in quantity. Thus these algorithms,
e.g., [CD14, LSPC19], either use exponential runtime or a number heuristics that lack theoretical
guarantees. [ABA21] showed how to explore the n* possible points in polynomial time for fixed d.



2 Preliminaries

Notation. For a positive integer n, we denote [n] := {1,2,...,n}. We use u1, ..., py to denote the
k distributions whose Wasserstein barycenter we wish to compute. While the Wasserstein barycenter
problem is well defined for continuous distributions, in practice and in actual computations, the
distributions p; are assumed to be discrete distributions that are supported on some number of
point masses. This is also the assumption we make. More specifically, we assume that each of the
distributions s; are discrete distributions supported on at most 7' < n¢ points where C' is a fixed
constant. That is, p; = Z;F:l a(xi;)0z,,, where d, is a delta function at = and a(x) is the weight
assigned to a point x in its corresponding p;. We note that if there is some point x in the support of
more than one of the y;s, then the weight function a may not be well-defined. Instead, we implicitly
assume that a = a(x, ) is a function of both the point and the distribution from which it comes, but
we suppress this dependence on ¢ for notational clarity.

The distribution v denotes a candidate for the Wasserstein barycenter of the p;. We write v =
n . . .« . . . . .
> j=1bj 0,5 . In general, an actual Wasserstein barycenter (in the sense of minimizing the objective

(1) over all possible v of any support size) may have support size up to | Ule supp(p; )| [ABM16].
Throughout this paper, we will restrict ourselves to computing (approximate) barycenters of support
size at most n. When we refer to an optimal barycenter, we mean a distribution that minimizes the
objective (1) within this restricted class.

Problem description. The goal is to compute a distribution v € R¢, consisting of at most n point
masses, to minimize the objective (1). As previously mentioned, W),(u;,v) is the Wasserstein
p-metric, defined as

1/p
Wy(uv) = it (/ ||x—y||pdw<z,y>)
R4 xRd

YET (p,v)
where I'(u, v) is the set of all joint distributions with marginals 4 and v (i.e. all couplings of x and
v) and | - || denotes the Euclidean norm on RY. When p and v are discrete distributions, W), (11, v)?
p-metric is the cost of the minimum cost flow from p to v with edge costs being the Euclidean
distance raised to the p-th power. For simplicity, we assume that the distributions p1, - - -,y are
weighted equally (each A\; = 1/k in (1)) but our results hold in the general case as well. The most
common choice of pis p = 2.

Description of v. The barycenter v can be characterized as follows. Recall that v is supported on the
points v!, ..., v™. For the optimal coupling of each y; to v, let w;(x) denote the total weight sent
from z (in the support of one of the j;s) to 7. (The same note about suppressing the dependence
of w; on the distribution 1; from which = comes applies here.) Let S; = {z € Ule supp(p;) :
w;(z) > 0} denote the set of all points in the 1;s with some weight sent to 2. Then given the set S;
and weighting function w, (+), we can reconstruct v/ since it must minimize the objective

> wix) |z — 7P )

zeS j
Indeed if 27 does not minimize this quantity, we can change it and reduce the cost of (1).

Consider the case of p = 2. For a fixed j, (2) is just a weighted k-means problem whose solution
is the weighted average of the points in .S;. To prove this, consider taking the gradient of (2) with
respect to the k-th coordinate of v7. Then setting it equal to 0 gives us that the k-th coordinate will
be the weighted average of the k-th coordinates of the points S;. That is, we have

: ZxGS- Wi (QT)JJ 1
== 0 F w;(z)T. (3)
Ses ) Hy 2"
The second equality results from observing that in order for the wyjs to define a proper coupling, we
have Z?’zl w;(z) = a(z) for all z in the support of the 4i;s, and 3, ,10(,,) Wi (%) = bj for all 4,
along with w;(z) > 0. In particular, this implies that Zmesj w;(x) =kb;forall j=1,...,n.
For arbitrary p, such a concise description of /7 is not possible. Therefore an alternate, but equivalent,

way to characterize the distribution v is to just define the sets S; and weight functions w;(-) for
1 < 7 < n. This motivates the following definitions.



Definition 2.1. A solution (S,w) = (Si,...,Sn,w1,...,w;) is a valid partition as described
previously (meaning that these partitions come from the optimal coupling between each p; to a fixed
v), along with the corresponding weight functions wj(-).

Figure 1: Points of the same color belong to the same distribution. The sets S; are denoted by the
large black circles. Given the partitions S; (denoted by large black circles) and associated weight
functions w;, we can reconstruct the barycenter (denoted by crosses).

Definition 2.2. Let (S, w) be a solution. The cost of this solution, denoted cost,(S), is the value of
the objective (1) when we reconstruct v from S and w and evaluate (1):

costy ( mlnfz Z w;(x)||z — 7 ||P.

j=1lxz€S;

Similarly for a projection T, cost,(wS) denotes the value of the objective (1) when we first project
each of the distributions to R™ using m, then compute v using the original weights w;:

costy, (1S mln—Zij () — 7P,

j=1lxz€S;
Note that each 79 € R™. We suppress the dependence of the cost on w for notational convenience.
For the case of p = 2, we can further massage the value of 27 in (2). Let Z denote the weighted average

of points in .S; (given by (3)). From our discussion above, we know that v = Z. After some standard
algebraic manipulation, we can show that 3, ¢ w;(2)||z — 7[> = 32 c o wj (@) |[z]|* — kb; ||z

and 32, e, w5 (2)w; ()l — > = 2kt (e, wi(w) 2l]* — kb |7]*). Combining these
equations yields the following for the p = 2 objective.

1 .
2 | 3wl -yl | = 3wl - P, @
J

z,y€S; z€S;

Dimension reduction. In this paper we are concerned with dimensionality reduction maps 7 : R% —
R™ that are JL projections, i.e., any dimensionality reduction map that satisfies the condition of the
JL lemma. This includes random Gaussian and sub-Gaussian matrices [LN16, MMR19]. We are
mainly concerned with making the projection dimension m as small as possible.

Consider any algorithm A that, given jq, - - - , ptg, solves for some approximate or exact v minimizing
the objective (1). We can combine any such A with dimensionality reduction by first projecting
the point masses of the u; down to R™ for some m < d and using .4 to compute some barycenter
v in R™. Then, we can consider the solution (S, w) induced by ¥ (see Definitions 2.1 and 2.2) to
reconstruct the appropriate v in the original dimension R? using the objective Eq. (2). Note that this
objective is a convex program for any p > 1 since we are given S; and w;(-). For p = 2 (which is the
most common case), 17 has a particularly simple form which is the weighted average of the points in
S, (see Eq. (3)). This procedure is outlined in Algorithm 1.

As a corollary of our results, if algorithm A takes time T'(n, k, d), then using dimensionality reduction
as in the procedure outlined above takes time T'(n, k,m) plus the time to perform the projection
and reconstruct the barycenter using the solution S. The cost of running algorithm A is usually
much more expensive than performing the projection, and the reconstruction step can also be solved
efficiently since it is convex. In the case of p = 2, the reconstruction just amounts to computing n
weighted means. Therefore for m < d, we get significant savings since T'(n, k,m) < T'(n, k,d).



Algorithm 1 Using dimensionality reduction with any algorithm A for computing WB

Require: k discrete distributions i1, - - - , ju with point masses in dimension R<, projection dimen-

sion m, algorithm A

1: Project the point masses of each distribution y; to dimension R™ using a JL projection

2: Use algorithm A to solve (or approximately solve) the Wasserstein barycenter problem in R™ to
get a distribution v //vV is a discrete distribution in R™

3: Let (S, w) be the solution that partitions the the point masses of the distributions as described in
Definition 2.1

4: for each S; € S do

5: Solve for v/ minimizing >, g w;(z)|lz — 7|’ //This is a convex program for

p>1. For p=2, 1V is just the weighted average of points in S;.
6: end for ‘ . 4
7: Output the distribution v supported on v/, and where 17 has the same weight as 7/

3 Reduction to O(log(nk)) Dimensions

We first show that it suffices to project the point masses of the input distribution into O(log(nk))
dimensions and guarantee that the cost of any solution is preserved. Note that our results hold
simultaneously for all solutions. We first state the p = 2 case.

Theorem 3.1. Consider a JL projection 7 from R to R™ for m = O(log(nk/d)/e?). Then

P (costy(mS) € [(1 —€)? - costa(S) , (1 + €)* - costa(S)] for all solutions S) > 1 — 6.

Proof. The proof follows from the solution decomposition given in (4) if we condition on all the
pairwise distances being preserved which happens with probability 1 — 4. O

A decomposition similar to (4) does not exist for p # 2. To prove an analogous theorem for p # 2, we
need the following Lipschitz extension theorem which roughly allows us to “invert” a dimensionality
reduction map.

Theorem 3.2 (Kirszbraun Theorem [Kir34]). ~For any D CR™ let f: D — R4 be an L-Lipschitz
function. Then there exists some extension f : R™ — R? of f to the entirety of R™ such that
f(z) = f(z) forall x € D and f is also L-Lipschitz.

The Kirszbraun theorem allows us to prove Theorem 3.1 for general p with a dimension bound of
m = O(log(nk/8)p?/e?) (see Theorem A.l in Supplementary Section A).

The overview for the proof strategy for the general p # 2 case is as follows. First suppose that all
the pairwise distances between the support points of all the distributions are preserved under the
projection map up to multiplicative error 1 4. This event happens with probability at least 1 — . We
then consider the map f : R™ — R¢ that maps each of the projected points to its original counterpart
in R%. Note that the map is from the smaller dimension m to the larger dimension d. On the support
points, we know that f is (1 + ¢)-Lipschitz by our assumption above.

Now if the projection caused the cost of 7.5 to decrease significantly, then using the Kriszbraun
theorem, one could “lift” the corresponding barycenter v from the projected dimension to the original

dimension using the extension map f. Then since fis Lipschitz, this lifted barycenter f(ﬁ) plugged
into Eq. (2) would subsequently have cost smaller than the original barycenter that corresponds S in
the original dimension. This is a contradiction in light of Eq. (2) and the description of v given in

Section 2. Note that the exact description of f does not matter for the analysis, just that such a map
exists. A complete, rigorous proof can be found in the supplementary section.

4 Optimal Dimensionality Reduction

We now present our main theorem which improves the guarantees of Theorems 3.1 and A.1.



Theorem 4.1. Let juiy, . .., iy be discrete probability distributions on R such that |supp(u;)| <
poly(n) foralli. Letd > 1,¢,6 € (0,1), and p > 1. Let 7q, : R* — R™ be a family of random

JL maps withm = O (g—j log %) Then we have,
P (cost,(mS) € [(1 —¢) - costy(S) , (1 +¢€) - cost, (S)] for all solutions S) > 1 — 6.

We now give an overview of the proof strategy for Theorem 4.1, deferring all technical details to the
supplementary section. Ideally, one would like to use a strategy similar to the proof of Theorem A.1.
The key bottleneck is that when we project down to the m specified in Theorem 4.1, a large number
of pairwise distances between the support points of the & distributions can be distorted (since we are
projecting to a dimension smaller than O (log(nk))). Therefore, the Kirszbraun theorem cannot apply
as the map f described in the proof strategy of Theorem A.1 is no longer Lipschitz on the support
points.

To overcome this barrier, we generalize an approach of [MMR19], who achieved the optimal dimen-
sionality bounds for k-means clustering beyond the naive JL bound by defining a distortion graph on
the set of input points, which has an edge between each pair of points if their pairwise distance is
distorted by at least a (1 + ¢)-factor under the random projection map 7. They show that the distortion
graph is everywhere sparse, i.e., each vertex has small expected degree in the distortion graph, which
implies a “robust” Kirszbraun theorem (for their particular problem of k-means clustering). Namely,
there exists an extension map f : R¢ — R™ and a specific point v € R™ in the projected space
such that a large fraction of the distances from the pre-image f~!(v) to the input points in R? are

preserved. Moreover, the input points whose distance to f~*(v) is not preserved can be shown to
contribute small error to the k-means clustering cost.

The dimensionality reduction maps of Theorem 4.1 generally require multiplication by a dense matrix
of (scaled) subgaussian variables. In the Supplementary Section, we show that “faster”” dimensionality
reduction maps can also be used by providing a trade off between the projection runtime and the
dimension m. Note that in practice, performing the projection is extremely cheap since we only need
to perform one matrix multiplication, which is highly optimized. Therefore the cost of any algorithm
for Wasserstein barycenter will typically outweigh the cost of computing the projection.

4.1 Dimensionality Reduction Lower Bounds

In this section, we state lower bounds on the projection dimension m for the Wasserstein barycenter
problem. Theorem 4.2 shows that Theorem 4.1 is tight up to constant factors.

Theorem 4.2. Consider the setup of Theorem 4.1. Any Gaussian matrix used as a dimension
reduction map that allows a (1 + €)-approximation to the optimal Wasserstein barycenter requires
dimension Q(logn/e?).

We also prove that one cannot do better than the naive JL bound for the related problem of computing
the optimal transport between two discrete distributions with n point masses each. This is in contrast
to the case of Wasserstein barycenter where we were able to overcome the bound that comes from the
JL lemma alone. Theorem 4.3 shows that the optimal solution in the projected dimension can induce
a poor quality solution in the original dimension if the projection dimension is smaller than log n.

Theorem 4.3. There exists point sets A, B C R% with |A| = |B| = n and matching cost M between
them, such that if randomly projected down to m = o(logn) dimensions using an appropriately
scaled Gaussian random matrix, the pull back cost of the optimal matching in R™ is at least w(M).

In addition, we prove a related theorem which states that the cost of the optimal transport is heavily
distorted if we project to fewer than log n dimensions.

Theorem 4.4. There exists point sets A, B C R% with |A| = |B| = n and matching cost M between
them, such that if randomly projected down to m = o(logn) dimensions using an appropriately
scaled Gaussian random matrix, the cost of optimal matching in R™ is o(M) with probability at
least 2/3.

See Supplementary Section D for full proofs.



5 Coresets

In this section, we give a coreset construction for Wasserstein barycenters. Our goal is to reduce the
number of distributions % to only depend polynomially on n. We first define our notion of coresets.

Definition 5.1 (Coreset). Fix p > 1. Let C' and M be two sets of distributions in R% where all
distributions consist of poly (n) point masses. C is called an e-corset for the set of distributions M if
there exist weights w, for ¢ € C such that for all distributions v of support size at most n, it holds
that
1
(1-¢) Z we W(e,v)P < ] Z Wi, v)P <(1+¢) Z we W (e, v)P.

ceC neM ceC

The main result of this section is the following theorem.

Theorem 5.2 (Theorem C.6 simplified). Let M be a set of discrete distributions in RY, each supported
on at most poly(n) point masses. There exists a weighted subset K C M of size poly(n, d)/e? that
satisfies Definition 5.1 for p = O(1).

To prove Theorem 5.2, we follow the “importance sampling” by sensitivities framework in conjunction
with using structural properties of the Wasserstein barycenter problem itself. The sensitivity sampling
framework has been successfully applied to achieve corsets for many problems in machine learning
(see the references in the survey [BLLK17]). Note that we have not attempted to optimize the constants
in our proofs and instead focus on showing that k can be reduced to poly(n, d) for simplicity. The
formal proof of Theorem 5.2 is deferred to the supplementary section.

We now describe the high level overview of the proof. We form the set C' by sampling distributions
in M with replacement based on their “importance” or contribution to the total cost. The notion of
importance is formally captured by the definition of sensitivity.

Definition 5.3 (Sensitivity). Consider the set N of all possible barycenter distributions v with
support size at most n. The sensitivity of a distribution p € M is defined as
W (p,v)?
o(p) = sup :
PN T Sprent W 0)7

The total sensitivity is defined as & = ﬁ > pem O (1)-

To see why such a notion is beneficial, consider the case that one distribution y consists of point
masses that are outliers among all of the point masses comprising the distributions in M. Then it is
clear that we must sample p with a higher probability if we wish to satisfy the definition of a coreset.
In particular, we sample each distribution in M with probability proportional to (an upper bound on)
its sensitivity. Using a standard result in coreset construction, we can bound the size of the coreset in
terms of the total sensitivity and a measure of the “complexity” of the Wasserstein barycenter problem
which is related to the VC dimension. In particular, we utilize the notion of psuedo-dimension.

Definition 5.4 (Pseudo-Dimension, Definition 9 [LFKF18]). Let X be a ground set and F be a set
of functions from X to the interval [0,1]. Fixa set S = {x1, - ,x,} C X, a set of reals numbers
R ={ry,--- ,rp} withr; € [0,1] and a function f € F. The set Sy = {x; € S| f(x;) > ri}is
called the induced subset of S formed by f and R. The set S with associated values R is shattered
by Fif {Sy | f € F}| = 2". The pseudo-dimension of F is the cardinality of the largest shattered
subset of X (or o0).

The following theorem provides a formal connection between the size of coresets and the notion
of sensitivity and psuedo-dimension. Note that the statement of the theorem is more general and
applies to a wider class of problems. However, we specialize the theorem statement to the case of
Wasserstein Barycenters.

Theorem 5.5 (Coreset Size, Theorem 2.4.6 in [Lan18], Theorem 2.3 in [BLLK17] for the case of
Wasserstein Barycenters). Let e > 0 and § € (0,1). Let s : M — RZ° denote any upper bound
Sfunction on the sensitivity o(-) defined in Definition 5.3 and let S = |T11\ > penm S(1). Consider a set

K of | K| samples of M with replacement where each distribution u € M is sampled with probability
q(p) = s(u)/(|M] - S) and each sampled point is assigned the weight 1/(|M| - |K| - q(p)). Let F



denote the set of functions

B W(.,,/)p ,
7= {SQ(') ZueM W, v)P Ve N}

where N is the set of all possible barycenter distributions with support size at most n. Let d’' denote
the pseudo-dimension of F. Then the set K (along with the associated weights) satisfies Definition
5.1 with probability at least 1 — ¢ if

1
K| > % (d’ log S + log )
€ 1)

where ¢ > 0 is some absolute constant.

Thus, the bulk of our work lies in bounding the sensitivities and psuedo-dimension. For the former
quantity, we exploit the fact that the Wasserstein distance is a metric. The latter requires us to use tools
from statistical learning theory which relate the VC dimension of a function class to its algorithmic
complexity (see Lemmas C.3 and C.4). Full details given in Supplementary section C.

6 Other Theoretical Results

We now present some additional theoretical results pertaining to Wasserstein barycenters. Our first
result is that Wasserstein barycenters can be formulated as a constrained low-rank approximation
problem. This class of problems includes coputing the SVD and k-means clustering [CEM ™ 15].
Formally, we prove the following theorem.

Theorem 6.1. Given discrete distributions ji1, . . ., ju, € R? with support size at most n, consider
the problem of computing the Wasserstein barycenter with support size at most n for the p = 2
objective. There exists a matrix A € R™""*4 and a set S of rank n orthogonal projection matrices in
R X1k sych that the first problem is equivalent to computing

P* = argmin |[A — PA||%.
PcsS

The proof of Theorem 6.1 is given in Section E.

We also prove the following NP hardness result in Section F which complements the hardness results
in [AB21, BP21].

Theorem 6.2. It is NP-hard to approximate an optimal Wasserstein barycenter of fixed support size
up to a multiplicative factor 1.0013.

7 Experiments

In this section, we empirically verify that dimensionality reduction can provide large computational
savings without significantly reducing accuracy. We use the following datasets in our experiments.

FACES dataset: This dataset is used in the influential ISOMAP paper and consists of 698 images of
faces in dimension 4096 [TSLO0O]. We form k& = 2 distributions by splitting the images facing to the
“left” versus the ones facing “right.” This results in ~ 350 uniform point masses per distribution.

MNIST dataset: We subsample 10* images from the MNIST test dataset (dimension 784). We split
the images by their digit class which results in & = 10 distributions with ~ 10 uniform point masses
each in R784,

Experimental setup. We project our datasets in dimensions d ranging from d = 2 to d = 30
and compute the Wasserstein barycenter for p = 2. For FACES, we limit the support size of
the barycenter to be at most 5 points in R*0%6 (since the barycenter should intuitively return an
“interpolation” between the left and right facing faces, it should not be supported on too many points).
For MNIST we limit the support size of the barycenter to be at most 40. We then take the barycenter
found in the lower dimension and compare its cost in the higher dimension (see Algorithm 1) against
the Wasserstein barycenter found in the higher dimension.



We use the code and default settings from [Yel9] to compute the Wasserstein barycenter; this
implementation has been applied in previous empirical papers [YWWL17]. While we fix this
implementation, note that dimensionality reduction is extremely flexible and can work with any
algorithm or implementation (see Algorithm 1) and we would expect it to produce similar results.

Results. Our results are displayed in Figure 2. We see that for both datasets, reducing the dimension
to d = 30 only increases the cost of the solution by 5%. This is 1-2 orders of magnitude smaller than
from the original dimensions of 784 and 4096 for MNIST and FACES respectively. The average time
taken to run the Wasserstein barycenter computation algorithm in d = 30 was 73% and 9% of the
time taken to run in the full dimensions respectively.

Dataset: MNIST, d = 784 Dataset: FACES, d = 4096
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Figure 2: Ratio of the quality of solution found in the lower dimension versus the original dimension.
Result displays average of 20 independent trials and £1 standard deviation is shaded.

Coreset experiments. Our coreset result reduces the number of distributions k through sensitivity
(importance) sampling. We created a synthetic dataset with large k but small n and d to emphasize
the advantage of sensitivity sampling over uniform sampling. We have k = 50, 000 distributions
that each consists of a single point mass in R. The first £ — 1 distributions are all supported at
the origin while one distribution is supported at x = k. We consider the p = 2 case and limit
the support size of the barycenter to also be 1. Let costyig (1) denote the cost of v on the original
objective (1) and let costeoe(v) the cost of (1) when evaluated on a coreset. We record the relative
eITOr |COSteore (/) — COStorig (V)] /|COStorig ()| evaluated at v = §,, i.e. a single unit point mass at z,
for x = 0, 1, 10. We then average the results across 10 trials each. As x (the point on which the
query distribution is supported) grows bigger, the associated cost became bigger, hence decreasing
the relative error. Other query locations displayed the same trend. See Figure 3 for more details.

% error at query
Method # of samples =100 T2 =101 2=1 T7=0
Uniform sampling 1000 0.986 9.087 | 49.998 | 100
Sensitivity sampling 10 0.0040 | 0.0036 | 0.0020 0

Figure 3: Even with much fewer samples, sensitivity sampling outperforms uniform sampling for a
number of query locations, averaged across 10 repetitions.
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A Proofs for Section 3

Theorem A.1. Let p # 2. Consider a JL projection 7 from R? to R™ for m = O(log(nk/8)p?/<?).
Then we have

P (cost,(mS) € [(1 — ¢€) - cost,y(S) , (1 + ¢€) - cost, ()] for all solutions S) > 1 — 4,

where the probability is taken over the randomness in the projection .

Proof of Theorem A.1. We again assume that the distances between point masses among all the nk
points in the distributions 1, .. ., uj are preserved up to 1 £ €. By Theorem 3.2, dimensionality
reduction gives us a (1 + ¢)-Lipschitz map 7 : R? — R™ as well as § : R™ — R,

Now consider an arbitrary solution S = (S1, ..., S, ). We first show that cost(.S) < (1+¢)Pcost(r.S)
where cost(7.S) is the cost of the solution S evaluated in the projected space. Indeed for any S}, the

objective in the original dimension R? is

> wi@) e =P,

€S

Let /7 denote the argmin of this objective in R? and let u/ denote the argmin for this same objective
but in the projected space R™, i.e.

u! = argmin Z wj(x)||re — ul|P.
u€R™ z€S;

Then we have

Z w;(z)||z — VP < Z w;(z)||lz — @(u?)|P (v is more optimal than &(u))
:CGS]‘ ZEGSJ'

= > wi@)|@(ra) — )" (F=n"forzeS;)
TES)

< Z w;(x)(1 + &)P||7e — ul || (@ is (1 + )-Lipschitz)
T€S;

=1+ Y wja)llre —u’ |7,

T€S;

Summing over all S; finally leads to cost(S) < (1 + e)Pcost(wS). A similar reasoning also
gives cost(m.S) < (1 + €)Pcost(S) and combining these two statements and adjusting € proves the
theorem.

B Proofs for Section 4

In this section, we give the missing proofs from Section 4. Our main goal will be to prove Theorem 4.1;
we also describe a “faster” dimension reduction map at the end of the section. To prove Theorem 4.1,
we will actually first prove a version of the theorem with a slightly rescaled value of € (Theorem B.13).
Theorem 4.1 follows immediately by “undoing" the rescaling.

We adapt this analysis to the Wasserstein barycenter problem by handling four additional issues: (i)
the input points are weighted since they come from probability distributions; (ii) input points may
be assigned to multiple support points in the barycenter; (iii) each barycenter point is constrained
to receive a specific amount of mass under optimal transport; and (iv) the distorted points must
not contribute large error to the cost induced by the Wasserstein barycenter. Issues (i) and (ii)
are problematic because previous structural results for the distortion graph do not rule out a large
weighted fraction of the distances being distorted. Furthermore, issues (iii) and (iv) are problematic
because we cannot isolate each point in a probability distribution to a specific barycenter. We again
consider a hypothetical distortion graph on the k - poly(n) points in R¢ with nonzero support in the &
distributions and connect an edge between each pair of points if their pairwise distance is distorted by
the random projection map 7 by at least a (1 + ¢)-factor. To resolve issue (1), we give a combinatorial

14



argument that shows that the distortion graph for 7 is everywhere sparse for a weighted notion of
sparsity. To resolve issues (2) and (3), we define a mapping for each point in a probability distribution
that partitions its mass among the barycenters. Using the everywhere-sparse distortion graph, we
show a robust 1-point extension theorem that the pairwise distances from the barycenter to a large
weighted fraction of the points is preserved. Finally to resolve issue (4), we show that the remaining
weighted fraction of points incurs a cost that is at most e-fraction of the optimal cost induced by the
Wasserstein barycenter.

The structure of the proof is as follows. To prove that the cost of any solution (in the sense of
Definition 2.1) is preserved, we first show that the cost of the flow from a weighted cluster of points
in the ;s to one particular support point in the barycenter is preserved (Theorem B.12). This in turn
rests on the fact that weighted cluster costs are preserved when only a small weighted fraction of the
cluster distances are distorted (Theorem B.1).

In summary, the overall proof structure is

Theorem B.l — Theorem B.12 — Theorem B.13 —> Theorem 4.1.

We begin by proving Theorem B. 1, which should be considered the weighted analog to Theorem 3.3
in [MMR19].

Theorem B.1. Let X C R? be a finite set of weighted points and the map ¢ : X — R™ have a
distortion graph G for X that is a-sparse (with respect to the weight of X ), with o < 1/10P*L. Then

foreveryp > 1and D = (1 +¢)P(1 + 3P+2 + o/ we have

%costp(X) < cost,(¢(X)) < Dcost,(X)

where cost, is the cost of solving a clustering on X with only 1 center under the cost function || - ||5.

Unfortunately, the results of [MMR 19] do not immediately imply the corresponding sparsity results
for weighted graphs. For example, a vertex that has edges to a small fraction of its neighbors may
still have an edge to a large weighted fraction of its neighbors. Thus we show the weighted analogs of
the structural results from [MMR19]. The following lemma is analogous to Lemma 4.1 in [MMR 19],
extending the properties to handle weighted sets X.

Lemma B.2. Let X be a finite set and V. C X be a random subset of X. Let oo € (0,1/2) and
suppose that Pr [x € V] > 2« for each x € X. Then there exist a random set R C V and a
deterministic measure (. on X such that

1. p(x) > wz"‘ﬁg\”}{) foreveryx € V\ R

2. Pr(z € R] <2 forevery x € X
3 (X) = Xpex ule) < B

Proof. Since X is a finite set, we truncate (or discretize) the weights of the elements in X and
without loss of generality suppose that there exists a sufficiently large integer NV > 0 such that for
each 2 € X, there exists some integer ¢ < N such that w(x) = %. We then prove our claim by
induction on the weight of the set X. If w(X) = 0 so that X is empty, then the claim trivially holds.

Now we suppose that w(X) = % and the statement holds for all sets X’ with weight w(X") = %,
where k' < k are non-negative integers; we show the statement holds for X.

Let £ = a - w(X) and define a deterministic set X’ and a random subset V' C X’ by:
X' ={z:PrlreVandw(V) < /(] >2a}

S [vnx ifw(V) <
0, otherwise

We first show that there exists an xy € X such that Pr [zg € V and w(V) < ¢] < «, which implies
that zp ¢ X' and thus w(X") < w(X). We show that the average value of Pr [z € V and w(V') < ¢
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for x € X is at most «, which implies the existence of such an z. Since w(V') - 1{w(V) < ¢} is
always at most /, then

%X) ZPI‘[:C eVandw(V) < /(] = ﬁ Z E[l{z € Vand w(V) < £}]
reX rzeX
1 1 !
_ mE L;{ 1{z € Vandw(V) < }| = mﬂ‘: [w(V) - Hw(V) < £}] < wx) "

Because w(X') < w(X)and Pr[z € V'] =Pr [z € Vand w(V) < ] > 2« for each z € X’ by
definition of X', then we apply the inductive hypothesis to X’ and V’. Hence, there exist a random
set " C X' and a measure i/ on X' such that the above claims 1-3 hold for X’ and V’. We then
define a measure ;4 on X and random subset R C V' by:

() : !
_ @)+, ifzeX
pu(w) = {10(;0)7 otherwise.
RUWVA\X),  ifwV)<(
R = / i
R, otherwise.

We claim that R and p satisfy the desired properties.

Property 1: y(z) > —=%)_foreachz € V\ R.Letz € V \ R.

w(V\R)
We have three possible cases. (1) If x € X’ and w(V') < ¢, then V' \ R = V' \ R’ by the definition
of R. Hence, u(x) > p/(x) > w(wv(,‘"’i)R) = wz”‘ﬁ@%) by the inductive hypothesis. (2) If z € X’ and

w(V) > ¢, then p(x) > w;) > :;’((;)) Since w(V') > ¢, we also have V'’ = {), so by the definition

of R, we have R = R’ C V' = (). Thus, :j(({i)) = wzué@%) so that p(z) > %. Q) Ifx ¢ X',
thenz €e V\ X' C RU(V\X'). Since X € V\ R, thenz ¢ R. Thus, R # R'U(V \ X'). By
the definitions of ;2 and R, we have that w(V) > ¢ and pu(z) = “) | so that p(z) > 22 Since

¢ = w(V)"
w(V) > £, then pu(z) > 2 = o

Property 2: Priz € R] < 2a. If x € X', then by the inductive hypothesis, Pr [z € R] =
Pr[z € R] < 2a. If x ¢ X', then by the definitions of R and X' respectively, we have that
Priz € R|=Prz € Vand w(V) < /] < 2.

Property 3: pu(X) = > v p(z) < Pr[V # 0] /a?. By the inductive hypothesis, z/(X") <

Pr [V’ # 0] /2. Therefore, u(X) = p/(X') + “0 < @ + L. Note that Pr [V # 0] —

Pr [V’ # (] > « implies % é < %, which would imply the desired claim; thus it
suffices to prove Pr [V # (] — Pr[V/ £ 0] > «.
Observe that if w(V) > £, then V # @ but V/ = (). Since V' C V, then

Pr[V#£0—Pr[V' #£0]=Pr[V £ 0and V' = 0] > Prw(V) > (.

+

Recall that we previously showed the existence of an zp € X with Pr[zg € V and w(V) < {] < a.
On the other hand, Pr [z € V] > 2« for all € X. Thus,

Priw(V) >0 >Przge Vandw(V) > €] > Przg € V] = Przg € Vandw(V) < {] > a.
Hence, we have shown that all three properties are satisfied by R and p, which completes the induction

for X. O

The following claim is analogous to Corollary 4.2 in [MMR 19], again extending the properties to
handle weighted sets X.

Corollary B.3. Let X be a finite set, V. C X be a random subset of X, and o € (0,1/2). Then

there exist a random set R C V' and a measure (1 on X such that
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1. p(z) > E”‘EJ\C;%) foreveryx € VAR

- w

2. Prx € R| <2aforeveryr € X
3o (X)) =2 pex (@) < alz

Proof. Let X' = {x : Pr [z € V] > 2a. By applying Lemma B.2 to X" and V' = V N X’ and set
R=RUV\X),

(W), ifre X’
uiw) = {0, otherwise ’

We also have the following analog to Observation 4.3 in [MMR19].

Observation B.4. Ler R be defined as in Corollary B.3 and Vi = V'\ R. Then for every S C Vy, we
have w(S) < p(S) - w(Vp).

Proof. By Corollary B.3, we have u(x) > w(z)/w(Vp) for every & € S. Thus, u(S) >
w(S)/w(Vo), 50 w(S) < (S) - w(Vp). 0

The following is analogous to Theorem 3.2 in [MMR19].

Theorem B.5 (Theorem 3.2 in [MMR19]). Consider a finite set X and a random graph H = (V, E),
where V is a random subset of X and E is a random set of edges between vertices in V (there are no
independence assumptions or any other implicit assumptions about the distribution of V and E). Let
a € (0,1/2). Assume that Pr [(z,y) € E] < 0 < « for every x,y € X. Then there exists a random
subset V' C 'V such that

» HI[V'] is a-everywhere sparse,
e PrlueV\V’']<600§/a® forallu € X.

Proof. Let B = a/(1+ «) and o = a/3. Applying Corollary B.3 with o/, we get a deterministic
measure 4 on V and a random set R C V. Consider the canonical product measure

12 (2, y)) = p(x)u(y)
for all z,y € X. We define V' according to the measure ;2.

Case 1: u®2(E) > (2. In this case, we let V' = ().

Case 2: 1®%(E) < 2. In this case, define Vy = V' \ R. We say that € X is bad if u({y € V :
(z,y) € E}) > . Let B denote the set of bad vertices and define

V' =V\(RUB)=1,\ B.

Our goal is to verify that in both of the above cases, both of the desired properties of Theorem B.5
hold. First we handle the easier Case 1. There, the graph H[V’] is empty so the conclusion trivially
holds. For the second condition, note that

E [u®*(E)] _ oM?

CEE
where M = p(X) and we have used the fact that Pr [(x,y) € E] < §. Then from our choice of 8
and o’ (fill in details in a bit), the above probability is at most C'cv.

Pr [ (B) > 5] <

We now verify the second case. First, we check that H[V'] is a-everywhere sparse. This is equivalent
to checking that the weighted degree of every vertex x in H[V'] is at most « fraction of the total
weight. That is, we need to check:

w{y e V': (z,y) € E}) < aw(V').
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Analogous to the proof of Theorem 3.2 in [MMR19], we have u®2(E) > Bu(B) and therefore,
uw(Vo N B) < u(B) < B since we are in Case 2. Now for z € V', we similarly have u(y € V' :
(z,y) € V') < . Combining the above findings with Observation B.4, we conclude the following
two statements:

w({y € V': (z,y) € E}) < pw(Vo),
w(Vo N B) < Bw(Vp).

From the second relation, we have w(V’) = w(Vp \ B) > (1 — 8)w(V}) and using the first relation,
we can conclude that 5

w{yeV': (z,y) € F}) < ﬂw(V’).
Finally, the same probability bound as in the end of the proof of Theorem 3.2 in [MMR 19] allows
us to say that in Case 2, the probability of € B is at most §M /8. Finally, combining all the

probabilities from Case 1 and Case 2, we can conclude identically as in Theorem 3.2 in [MMR 19]
that Pru € V V'] < 5M?/B% + 2a' + §M/B < 6005 /ab. O

We now state an analogous version of Theorem 5.2 from [MMR 19] that is suitable for our purposes.

Theorem B.6 (Robust Kirszbraun Theorem). Consider two finite (multi) sets of points X C R and
Y CR™andamap ¢ : X = Y. Let G = (X, E) be the distance expansion graph for o with
respect to the Euclidean distance with vertex weights given by w : X — RZ°. Suppose that G is
a-everywhere sparse according to Definition B.10. Then for every u € R% and € > 0, there exists
v € R™and X' C X such that forall x € X \ X',

[¢(z) —vll < (1 +e)lle —ul,
and w(X') < o/ (e)w(X) where o/ () = 2(1 + €)% /e.
The proof of Theorem 5.2 from [MMR 19] carries over in a straightforward fashion to the proof of

Theorem B.6 above. In particular, we just outline the small changes that need to occur to carry the
proof over.

Proof Sketch. In [MMR19], the following polytope is defined:
={AeR¥: ) A =10< Ay <pforalla’ € X}
reX

for n = (a/(g)n) . For us, we define a slightly modified polytope which includes the weights of
elements of X:

Ap={AeRY: > A =10< A\ < w(a)pforalla’ € X}
rzeX

where 77 = (o/(¢)w(X))~". Then for every A € A,,u’ € R, and v’ € R?", we similarly let
FX A ) =3 Aallu’ — al|* and f(o( =D Aallv’ = $(@)II*.
reX reX

Since A,, is still a convex polytope, we recover the statement

>
flelgz(” )\H&}Kl F(',\) >0 (5)

where F(v/,\) = (1 +¢)2f(X, A\, u) — f(¢(X), A\, v"). Now to finish the rest of the proof, let v be
the point that maximizes the functional minyea, F'(v, A). By (5), we know that F'(v, ) > 0 for all
A € A;,. Now consider the set

S={zeX:|p()—vl=1+e)z—ul}
If S = (0, we are done so otherwise, define \* as

o wlg ifzes,
v 0 otherwise .
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By the definition of S, we have (1 + ¢)||z — u||? — ||¢(z) — v||* < 0 which implies

F(o,\") = ﬁ S w(e) (1 +e)lle - ull® () - of?) <0

zeS

and thus, \* ¢ A, Therefore, 1/w(S) > nand w(S) < 1/n = o/(¢)w(X). This finishes the proof
of Theorem B.6. O

We also need the following analogous version of Lemma 5.3 in [MMR19]. The proof differs in that
we have to consider a careful weighting scheme whereas in [MMR 19] it was more straightforward.
We first require the following property:

Lemma B.7 (Lemma A.1 in [MMRI19]). Let x and y1, . . . ,y, be non-negative real numbers, and
e>0,p>1. Then

<I+Zyz> (1+e)P~LaP + (m:)r)pliyf.

Lemma B.8 (Lemma 5.3 in [MMR19]). Consider two finite multisets of points X C R and
Y C R™ of the same size and a one-to-one map ¢ : X — Y. Let G = (X, E) be the distance
expansion graph for © with respect to the Euclidean distance with a weight function w : X — R=0,
Suppose that G is a-everywhere sparse with o < 1/10PTY. Then, for every p > 1, we have the
following inequality on the cost of the clusters X and 'Y (with the same weights as w)

cost, (V) < (1 + 3PF2a/ P+ cost, (X).

Proof. Let e = a/(P*1) and let u* be the optimal center for the cluster X. By Theorem B.6, there
exists a set X C X and a point v* € R™ such that for x € X,

lp(z) = o™ < (1 +e)llz - u™]|

where w(X \ X) < o/w(X) with o’ < 2(1 + £)2a/e. By definition, it follows that

cost,(Y) < D w(y)lly —v*|I”

yey

= Z x)||e(z) — v*||P (x and ¢(x) = y have the same weight)
zeX

= > w@)lp@) =[P + Y w@)le@) — o7
zeX LEQX

< (L+e Y wia)e —u [P + Y wl@)le@) — o7

zeX CEQX

We now try to bound |p(z) — v*||P for = ¢ X. We will bound this quantity using a slightly
stronger claim that applies for all z € X. Indeed, fix an arbitrary = and consider the set I, of
its non neighbors in the distance expansion graph G. Note that w(I;) > (1 — a)w(X) and thus,

w(I, N X) > (1 —a—a)w(X) > 0if the total weight w(X) is positive. Consider an arbitrary
' € I, N X. Then it follows that
() — o™l < lle(x) — ()]l + [le(’) — v
< (1+e)|lz — 2| + (1 +&)|ja’ — u*|| (using the fact that 2’ € I, N X)
= (L+e)llz — || + (2 + 2e) 2" — w7

Applying Lemma B.7, we have that

P /
[l " —u*||” (©6)

—_ ¥ p —_ a*|P
llp@) = vl < A +e)’llz —ullP + =
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for € sufficiently small. We now average equation (6) over all possible 2’. This gives us

1
> w@) o’ — |

ep—1 X
U)(Ix 4 X) z'el,NX

(@) — v < (1 +e)Plle — ™| +

* 3p 1 !/ ! *
<(A+e)fllz—u ||p+€p_1‘m Z~w(fﬂ)||f —u|
w'el,NX

where o/ = (1 — a — o). Therefore,

Y w(@lle(@) v 7 < (L +e)” Y wia) e —u|?

3p 1 !/ ! *
1 (X)) Z w(z)w(a’)|[x" —u”|P.
g X
&' elNX
Focusing on the second term, we have
1 . 1 .
T 2 @l — v < e 3 wl@) 3l -
z¢X zgX z'eX
w’EImﬂ)?
1

< w0 (X) Zw(x)costp(X)
g X
w(X \ X)

< cost, (X) (X

< 20/ cost, (X))

using the fact that o” > 1/2. Putting everything together gives us

cost,(Y) < (1 +¢)P Z w(x)||z —u*||P + g 20/ cost, (X))
reX
< (1+3P72a/)cost, (X)
for ¢ sufficiently small. [

Finally, with the above lemmas in hand, we are ready to prove Theorem B.1.

Proof of Theorem B.1. Given Lemma B.8, the proof follows identically as the proof of Theorem 3.2
in [MMR 19] by applying Lemma B.8 to the maps (1 + €)¢ and (1 + &)~ L. O

Next we prove Theorem B.12, which shows that the cost of each “cluster” in the barycenters problem
(i.e. the cost of the weighted flow from points in the input distributions to one of the support points
in the barycenter) is preserved. We will make use of distortion graphs, which quantify the level of
distortion of pairwise distances resulting from a dimensionality reduction map.

Definition B.9. Let m : R? — R™ and X be a set of points in R%. A distortion graph G with vertex
set X is a graph where two points u,v € X are joined by an edge if the distance between u and v is
distorted by a factor at least 1 + ¢ by .

We define the following concept of an everywhere sparse graph to be a generalization to weighted
graphs of the concept introduced by [MMR 19].

Definition B.10. Let G = (V, E) be a graph with vertex weights given by w : V. — RZ°. Let N (u)
denote the neighborhood of a vertex u. G is a-everywhere sparse if

Z wv) <aw(V) =« Z w(v)

vEN (u) veV

forallu V.
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Finally, we impose some additional requirements on the dimensionality reduction map. These
essentially say that, even when a pair of points are distorted by the reduction map, the distortion is
not too large in expectation.

Definition B.11. For ¢ > 0, 6 € (0,1), a random map 7 : R? — R™ is an (&, d)-dimension
reduction if

1
1+4+¢

with probability at least 1 — § for every x,y € R%. Forp > 1, 7 is an (¢, §, a)-dimension reduction
if it additionally satisfies

e =yl < llm(2) =7 (y)l < (1 +e)lle -y,

() — 7 ()"

lle —yl?

E |1{|ln(z) — =()]| > (L + &)z -y} ( “a+ >>} <a

We say 7 is a standard dimension reduction if the parameters (¢, 6, o) permit § < exp(—Ce%d) and
a < exp(—Ce2d) for d > C'p/e? for some absolute constants C,C" > 0.

In the theorem below, we just consider one point 7 in the support of the barycenter and corre-
sponding points (and weights) S;, w;(-) assigned to /. We show that a random (g, J, «)-standard
dimensionality reduction map roughly preserves the cost of the assignment. The proof is similar to
Theorem 3.4 in [MMR 19], but we instead use a weighted version of the distortion graphs.

Theorem B.12. Let i1, ..., ux be an instance of the Wasserstein barycenter problem with the
L, objective. Define X = Ule supp(u;). Let w be a random (e, §, )-standard dimensionality
reduction map and let v, = 22:1 b;d (c;‘) be the Wasserstein barycenter. Furthermore, let C* =

(C%, ..., CF) denote the solution to the minimum flow problem for the j1;s to v* with corresponding
weight functions w} (-) (see Definition 2.1).

LetC = (C4,...,Cy) with corresponding weight functions w;(-) be any solution (possibly random
that depends on ) to the Wasserstein barycenter problem in the sense of Definition 2.1. Let C = C}
be any fixed cluster in C, and further suppose that o < 1/10P™! and § < min(a” /600, o /n). Then

with probability at least 1 — n — (Z) 0,

cost, (m(C')) < A(cost,(C) + cpeacost,(CT))
cost, (C) < A(cost, (m(C)) + cpeacost,(C*)),

where A = (1 +¢)372(1 + 3772tV and ¢, = 5(;;257)?&.

Proof. We use a similar outline to the proof of Theorem 3.4 in [MMR19]. Fix C = C} and let
we(+) = wj(+). Let £ be the event that all distances between the points ¢; are preserved within a
(1 + £)-approximation, so that Pr [£] > 1 — (%)& under a random JL projection (or other random
standard dimensionality reduction projection). We thus condition the remainder of the proof on the
event £. Let C° C C be the subset of C' whose distances to each center ¢ are preserved within a

(1 + €)-approximation, so that
C° = {z € C : 7 preserves the distance between z and each ¢ within a factor of (1 + ¢)}.

Note that for a particular z € X, we have that Pr [z € C'\ C°] < nd, since by a union bound,
the probability that the distance between = and some center ¢ is distorted by more than a (1 + ¢)-
approximation is at most nd. Let G[C°] be the graph induced by C° on the distortion graph
G. By Theorem B.5, there exists a set ¢/ C C° such that G[C'] is a-everywhere sparse and
Pr[z € C°\ C'] < a. Thus,

Prize C\C'|<PrjzeC\C°|+PrjzeC°\C'l<né+a<2a

We define g(x) to be the identity mapping if z € C’ (so that x is a vertex of the a-everywhere sparse
graph) and otherwise, we define g(x) to be the weighted multiset of the assignment of z to each point
in the support of the optimal Wasserstein barycenter C*:

o = Jwe(z),x), iz el
o {{(wcw)-m(fc)vcf)}z-e[n], ifx ¢ O,
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where r;(z) is the ratio of the weight of z that is assigned to the point ¢;. That is, r;(z) =
w}(z)/a(x), where recall a(z) = weight of z in y;. Note that since ) ;" ; w;(z) = a(z) in order
for w} () to define a valid solution to the min flow problem, we have Y. | r;(z) = 1.

Let C = g(C) be a multiset, so that every weighted point in C is either assigned to a point in C’ or
assigned to some point(s) ¢} in C*. Let ¢ be the optimal center for C'. That is,

¢ = argmin Z wlly — ¢[[?.
© wyec

Observe that since G[C"] is a-everywhere sparse, then the map 7 (1 4 ¢)-approximates the distances
from every x € C’ to (1) at least a (1 — ) weighted fraction of the points in C’ and (2) to all of the
points in the barycenter c;. Conditioning on the event £ so that all pairwise distances between the
points ¢; are approximated within a (1 + ¢) factor, then by Theorem B.1,

%costp(é) < cost,(7(C)) < Dcost,(C), (7)

where D = (1 + £)P(1 + 3712/ (1)), Because ¢ is the optimal center for C, we further have

costy(C) < S we@lle—ellP,  costy (€)= 30 3 wly — e,

zeC zeC yeg(x)

where we denote each ordered pair in g(z) as (w, y). We compare each term in the right hand side of

the relationships for cost,(C') and cost,(C). For z € C’, we have that g(z) = x and w = wc () so
the contributions of each term in both summations are the same. For z ¢ C”, the contributions are
we () ||z — ¢||P and we (z) Yoiy ri(x)||ef — ¢||P respectively. Hence,

costy (C) —(1+2)" teosty(C) < ) (wc(f’f)ﬂw —elP = (e twe(z) Y ria)lle — 5||p> '

zeC\C’ i=1

By triangle inequality, we have that ||z — ¢|| < ||z — ¢}|| + ||¢f — ¢]| for each . By Lemma B.7 with
r=1,

~ —1 * ~ l1+e o *
ri(@)lle —e|” < (1 +e)rila)le; —eflP + | — ri(z)llz = c;[” ®)

for each 4. Recalling that } ", 7;(z) = 1 and summing over inequality (8), we have

1+€>p—1 n

S i) la - P

i=1

n
o=l < @ 2p Sl — el +
i=1

Thus,

3

cost,(C) — (1 + )P~ Leost,(C) < (1 +€) ) Z we(z) Yy ri(x)|c —x|P.

c zeC\C" i=1
By similar reasoning, we also have
- _— 1+e\7! . . »
cost, (C') — (14 €)P~ "cost, (C) < . Z we(x) Zri(x)ﬂci — x| 9
zeC\C" =1
-1 ~ l1+e¢ ot - *
costy(m(C)) — (1+ )" costy(m(C)) < | — Y wele) Yo ri@)r(er) — m(x)|l?
z€C\C’ i=1

cost, (m(C)) — (1 + £)P~Lcost, (7(C))
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Along with (7), we have that
cost, (7(C)) = [costp(ﬂ'(C)) — (14 £)P Leost, (m(C)) | + (1 + &)Pcost, (w(C))
< (10)+ (1 4 )P ' Dcost,(C)  (due to (7))
=(10)+ (1+e)P'D [(costp(é) 1+ s)Pflcost,,(C)) +(+ 5)p*1costp(0)]

<10+ (14 'D[(9) + (1 + )P teost,(C)] .

Substituting the right-hand sides of (10) and (9) into the above and factoring out A = (1 + 5)2(1’_1),
if we define

(@)Y | ri@)le; = |)? +rila)llm(c}) = m ()| (12)
= (A) ()
we see that
cost,(m(C)) < A | cost, (C) + &P Z R; . (13)
c€C\C"
A similar calculation yields
cost,(C) < A | cost,(7(C)) + &' Z R, |, (14)
ceC\C’

and inequalities (13) and (14) simultaneously hold with probability at least 1 — (g) d.
Finally, we prove that ¢!~ >recvor HEIR: < cpeacosty(C*) with probability at least 1 — 7,

by first showing that E []1 {€} > ecne Rw} < 5(1 + e)Pacost, (C*) and then applying Markov’s
inequality. We will bound the sum of the (B) terms first. Observe that

[m(ci) = m(@)[|” < (1+e)Pllef —zl|” + max([|x(c;) — m(@)[[” — (1 +&)?|[c; — [, 0).
Furthermore, we have
max(||m(ci) — m(2) || — (1 +&)P[lcj —2|]",0) =
Ll (ci) = ()| > (A +e)lle; — x|} (Iw(ci) — m(@)[|P = (L +)Plle; — x[”) .
Thus by Definition B.1 1, we have that for every « € C and any i € [n],
E [max([|7(c;) — m(2)[|” = (1 +&)?[lc; — «[|”,0)] < efei — x|
Combining these two bounds, we see that

E| Y we@ Y ril@) ) —w@)IP| < Q+PE| Y wel@) Y ri@)le — |
=1 i=1

zeC\C’ zeC\C"’

n

+E Z z_;r, max(||7(c}) — ()P — (1 +

zeC\C’
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The second term in the RHS can be bounded by

ri(e) max(|[7(cj) = w(2)||” = (L +¢)"|le; — 2|, 0)

&=
M
S
Q
&
i-

zeC\C’
< > > wel@)ri(@)E max(||w(c}) — w(@)|” = (1+e)?||c; — |7, 0)]
reX i=1
<a 3 S wi@le; - all?
rzeX i=1

where we have replaced the sum over C' \ C’ by a larger sum over all X and used the fact that
we(z)ri(x) < a(x)r(x) = w](x) for the weight w; (x) that is assigned to the point ¢} in the actual
barycenter. Therefore,

n n

E| Y we@)) @) |n(c) —m@)|P| <Q+)PE| > wel@)) r(@)|lc -]
zEC\C" i=1 zeC\C" i=1
(15)
+ acost, (C*).
By linearity of expectation, we also have
E| > we@llz—c|?| =E| Y H{z €O\ Cluwe(@)|e—ci|”
zeC\C’ zeX
= Z Priz € C\ C') we(x)||x — c||P
zeX
<20y wolw)|z - |1
zeX
It then follows that
El Y we@)) m@lz—cl?| =Y r@E| Y wel)|z— P
zeC\C’ i=1 i=1 zeC\C’
n
<3 nia) 20 3 wolw)|z — P
=1 reX
n
<203 S wi@)le e
=1 xeX
= 2a cost,(C*) (16)

where we again use the fact that we (z)r;(z) < a(z)r;(z) = w}(z). Notice that the bound obtained
by (16) suffices to bound the first term in (15) and the (A) terms from (12). Combining bounds (15)
and (16) with the definition of R, in (12), we obtain

E|1{€} Y R.|=E| > welo) (Zn(x>||cf—x||l’+n<x>w(cf)—w<x>|p>
=1

z€C\C’ ©€C\C
< 2acost, (C*) 4+ (1 +€)P - 2acost, (C*) + acost, (C*)

< 5(1+¢)Pacost,(C*).
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By Markov’s inequality, we have that

5(1 + €)Pacost,(C*)
Cneacosty (C*)

Pr | 7P1{&} Z Ry > cpeqoost,(C*)| < el P =1.

z€C\C"
Recalling that bounds (13) and (14) hold with probability at least 1 — (2)6, by a union bound we have
cost, (m(C')) < A(cost,(C) + cpeacost,(CT))
cost, (C) < A(cost,(m(C)) + cpeacost,(C*)),
with probability at least 1 — 1 — (5)4. O

We now show that the cost of any valid solution to the Wasserstein barycenter problem (again in
the sense of Definition 2.1) is roughly preserved under a random (g, d, «)-standard dimensionality
reduction map. The proof is similar to Theorem 3.5 in [MMR19], but we again use a weighted
version of the distortion graphs.

Theorem B.13. Let yuy,. .., be k discrete distributions with support size n on RY, and let

X = Ule supp(u;). Given e € (0,1/4) and 6 € (0,1) and 7w : R — R™ with

log +plog  + p?
m:O( 82 = ’

then with probability at least 1 — §, we have that simultaneously for every solution C = (Cy,...,C,)
and corresponding weight functions w;(-) of X,

cost,(m(C)) < (1 +¢)* cost,(C)
(1 — &)cost,(C) < (1 +&)*P~Leost, (7(C)).

Proof. We define § = min(ePt13-PHUE+2) 52P/(10n(1 + €)= 1/10PT1).  Let &' <
min(07/600,0/n), (5)0’ < 6/2,a < 6, and < %. Let the constant in m be sufficiently large, so
that 7 is a random (e, §’, &)-standard dimensionality reduction map. Note that the constant m is
independent of the quantities ¢, §’, & due to the properties of a standard dimensionality reduction
map. Then we seek to apply Theorem B.12 and note that with these values of ¢, ¢’, and «, we have
A< (1+¢e)*Pland ¢eq < g/n.
Let &€ be the event that we have
cost,(m(C)) < (1 + ¢)*cost,(C) (17)
(1 —&)cost,(C) < (1+¢)*"Leost,(7(C)) (18)
simultaneously any valid solution C to the Wasserstein barycenter problem. Suppose that the event £

does not occur, so that there exists a solution C = {C4, ..., C,} and corresponding weight functions
wj (-) that violates (17) or (18). If (17) fails to hold, then

Z cost, (1(C;)) = cost,((C))

(1 +¢)*cost, (C)
(1 +¢)*"~! + &)cost, (C)

A <Zn: costp(Ci)> + ecost, (C).

>
>

Y

Similarly, if (18) fails to hold, then
Z cost, (C;) = (1 — g)cost, (C) + ecost,(C)
i=1
> (14 €)% tcost, (m(C)) + ecost,(C)

> A <i costp(ﬂ(Ci))> + ecost, (C).
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It follows that there exists some ¢ € [n] such that at least one of the following inequalities holds:
cost, (m(C;)) > Acost,(C;) + %costp((?)
cost, (C;) > Acosty(m(C;)) + %costp((,’).

Let C* be the optimal solution (i.e. the actual Wasserstein barycenter) for p1, . .., . In particular,
this means that cost, (C*) < cost,(C). Then one of the following inequalities must hold:

cost, (m(C;)) > Acost,(C;) + - cost, (C*)
n

cost, (C;) > Acost,(n(C)) + £ cost, (C*).
n

By Theorem B.12, one of these inequalities can hold with probability at most 1 + (g) 0’. Since np < g
and (5)0’ < %, it follows that £ occurs with probability at least 1 — 4. O

Finally, we show how to rescale the parameters of Theorem B.13 to prove Theorem 4.1.

Proof of Theorem 4.1. Observe that Theorem B.13 with a rescaling of ¢’ := (1 + ¢)1/P)~1 =
O(e/p) immediately implies the desired claim. O

Fast dimensionality reduction. The dimensionality reduction maps of Theorem B.13 generally
require multiplication by a dense matrix of (scaled) subgaussian random variables. Thus for § = O(1)
and p = O(1), applying the dimensionality reduction map using rectangular matrix multiplication
takes O (W) time. We provide a tradeoff between runtime and dimension using the following
observation:

Theorem B.14. [MMR]9] There exists a family of (¢, 6, o)-dimensionality reduction maps 7 : R —

R™ withm = O (‘Z—Z log? %6) with runtime O(dlog d) on an input vector v € R%,

We describe the construction of 7 in Theorem B.14 as in [AC09, MMR19]. By a standard padding
with zeros argument, we first assume that d is a power of two. We define D to be a diagonal d x d
matrix with i.i.d. uniform signs, i.e., £1 entries. We define H to be a normalized Hadamard transform
so that H is an orthogonal matrix with all entries i% and Hv can be computed in O(dlog d) time.

We define S to be a diagonal “sampling” matrix with i.i.d. entries, so that Pr {SH = %} =7

and Pr[S;; = 0] =1 — 2. Let II : R* — R be defined by II = SH D and note that the expected
dimension of the image of II is m. Then 7 is defined to be the image of II, conditioned on the
event that the dimension of the image of II is at most 10d [AC09, MMR 19]. Hence, we obtain the
following fast dimensionality reduction:

Corollary B.15 (Fast dimensionality reduction). Lef pi1, . .., ji; describe an instance of the Wasser-
stein barycenter problem with the L,, objective in R%. Given e € (0,1/4) and § € (0, 1), there exists

7 R = R™ with 6 L
m=0 (1’2 log? 5) :
(3 g

that uses O(dlog d) runtime to apply the mapping to each point and provides the same guarantees as
Theorem B.13.

Alternative proof for Theorem 4.1. An anonymous NeurIPS 2021 reviewer pointed out the follow-
ing alternative proof for Theorem 4.1. Given the k distributions j1, . .., i in R, consider each
distribution y; as a multiset U; of R? of size M for a sufficiently large M. Then the Wasserstein
barycenter problem can be rewritten as the optimization problem

k
. 1
mlnz i Z lu —cg; ) ll2,
i=1

ueU;

for an assignment function f; : U; — [n], subject to the constraints:
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1. c1,...,cp, € RY
2. 27 e, fi(u) = j] = a;, where e @ = 1.

Setting U to be the multi-set defined by the union of all U; with i € [k] and f : U — [n] defined by
f(u) = fi(u) for u € U;, the above optimization can be further rewritten as

o1
min - Z lu = cplle,

uelU

subject to the same constraints. Since this is a constrained k-median clustering problem and [MMR 19]
show that the cost of every clustering is preserved to within a (1 + ¢)-factor under a projection to
O (E% log n) dimensions, then the optimal clustering under the above constraints are also preserved
to within a (1 4 &)-factor.

C Proofs for Section 5

We need the following theorem which relates the size of coresets, obtained from importance sampling
according to sensitivity values, to the pseudo-dimension of a related function class. Sensitivity
sampling has been used to design coresets for many problems in machine learning such as support
vector machine, Gaussian mixture models, projective clustering, principal component analysis, M -
estimators, Bayesian logistic regression, and generative adversarial networks, e.g., see recent surveys
on coresets such as [BLK 17, Fel20].

From Theorem 5.5, we now need to bound the following two things to obtain a coreset.

1. The total sensitivity S,
2. The pseudo-dimension of F.

(Note that Theorem 5.2 in [BLK 17, Lan18] is stated for coresets of general functions, we specialize
it to the case of Wasserstein Barycenters.)

We begin by bounding (1), the total sensitivity S. To do so, we need to define a function s that
informs how we sample the distributions in M. The following lemma shows that it suffices to use a
constant factor approximation to the best barycenter solution to perform the sampling.

Lemma C.1. Let o, p > 1 and let V' be an a-approximate solution to the p-Wasserstein Barycenter
problem for the set M of distributions in R¢ with support size at most n. That is,

W,V )P <a W, v*
P P

where v* is the optimal barycenter distribution. Then the sensitivity o(u) for u € M defined as in
Definition 5.3 is bounded by

Q2P LW (p, V)P
W T AT

o(p) < s(p) < +odPTt gt
Furthermore, it holds that
S < (4Pt 2P gt
Remark C.2. Note that p is typically O(1); for example p = 1 or p = 2 are the most common
choices.

Now our goal is to bound (2), the pseudo-dimension of the function class F in Theorem 5.5. First we
relate pseudo-dimension to VC dimension of related threshold functions and then we state a result
relating the VC dimension to the algorithmic complexity of computing these threshold functions.

Lemma C.3 (Pseudo-dimension to VC dimension, Lemma 10 in [LFKF18]). For any f € F, let By
be the indicator function of the region on or below the graph of f, i.e., By(z,y) = sgn(f(x)—y). The
pseudo-dimension of F is equivalent to the VC-dimension of the subgraph class Br = {By | f € F}.

Then we need the following theorem that relates VC dimension of a function class to its computational
complexity.
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Lemma C.4 (Theorem 8.14 in [AB99]). Let h : R® x R® — {0, 1}, determining the class
H={x— h(b,z):0 R}

Suppose that any h can be computed by an algorithm that takes as input the pair (6, ) € R® x R?
and returns h(0, z) after no more than t of the following operations:

* arithmetic operations +, —, X, and | on real numbers,
e jumps conditioned on >,>, <, <, =, and = comparisons of real numbers, and
* output 0, 1,

then the VC dimension of H is O(a*t? + t?aloga).

Combining the previous lemmas lets us prove the following theorem. At a high level, we are
instantiating Lemma C.4 with the complexity of computing any function in the function class F
defined in 5.5. This is a similar proof strategy used in [LFKF18] to control the coreset size of a
different problem (coresets for Gaussian mixture models) in the proof of their Theorem 2. However,
there is a flaw in their argument as we believe that they incorrectly apply the pseudo-dimension
argument to a slightly different function class. We propose a fix in our proof below.

Finally note that the function class F depends on the the sampling function s. For our purposes,
we use the sampling function defined in Lemma C.1 which samples according to a fixed O(1)
approximate solution.

Theorem C.5. Consider the set of functions F defined in Theorem 5.5 for s : M — R as defined in
Lemma C. 1. The pseudo-dimension of F is O(n3d?).

Altogether, we can prove the following bound on the size of coresets for the Wasserstein Barycenter
problem which states that k, the number of distributions, can be reduced to poly(n, d) for constant p.

Theorem C.6. Let 6, € (0,1). Let v be an « approximation to the p-Wasserstein Barycenter
problem for a set M of distributions in R? with support size at most n and let s : M — R be defined
as in Lemma C.1. Consider sampling a subset K C M of size Q(a4P~ n8d* /e2) where Q hides
logarithmic factors. Then K satisfies Definition 5.1 with probability 1 — 0.

Proof. The result follows from instantiating Theorem 5.5 with the bound of S from C.1 and the
pseudo-dimension bound in C.5. O

Remark C.7. Again we remark that we are not optimizing for the exact constants in the exponents in
Theorem C.6. There are several places where such optimizations can possibly be made. For example,
using a faster algorithm than the Hungarian algorithm to argue about the pseudo-dimension bound
in Theorem C.5. However, any such optimizations would result in coresets of size poly(n, d) if we are
to use the sensitivity sampling framework.

Proof of Lemma C.1. Let v denote an arbitrary barycenter distribution. For any p € M, the triangle
inequality gives us

W (p,v)P < 2071 (W (u, )P + W (', v)P)

where we have used the fact that (z + y)P < 2P~1(zP + yP) for non-negative z,y and p > 1. Using
a similar reasoning, we have

W, v)? < 27" N(W (1) + Wi, v))
for every 1/ € M. Averaging over all i’ gives us

op—1

WP < S S WL+ W 0)?).

‘ | w'eM
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It follows that

Wil Wy S Sen (V0 £ W)
i Spens W~ 1y Sens W (E )7 o S ent W7 v)?
4Pt
< a2p—1 W(/'L7Vl)p \4M| ZH’EM W(V/,/J,/)p p—1

ﬁ > mem W(g, V)P ﬁ > mem W (i v')P
a2~ W (, /)P
ﬁ ZﬁeM W(/l V/)
where we have used the fact that v/ is an a-approximation to the optimal barycenter and thus,

S Wy > Y Wy LS Wiy

neM peM neM

<

P +adP Tl 44 = s(p)

by assumption on v* and v’. This gives us

= (4Pt 2Pty pgpmt

| 02 S W'
6< — s(u) < 4P~y adP~t 4 = —
| M| gf | M| \71| ZﬁeM W(p,v')P

Since p and v were arbitrary, the result follows. [

Proof of Theorem C.5. Let v € N where N is the set of all possible barycenter distributions with
support size n, as defined in Theorem 5.5 and let » € R. Let M be a set of & different distributions
on R¢, each with support size at most n. Then for x € M, we define h : N x R x M — {0, 1} by
hy,r,z) = hyr(x) = L{W (z,v)?/s(x) > r}.

We remark that the conceptually similar proof of Theorem 2 in [LFKF18] used to bound the coreset
sizes of Gaussian mixture models erroneously omits the function s(x) in the definition of & above.

Now let the corresponding function class H be defined as
H=A{hy,: M —{0,1} |v € N,r € R}.

Note that computing W (z, )P is equivalent to computing the minimum cost bipartite matching
between the weighted points of z and v with edge costs coming from the Euclidean metric raised to the
pth power. By the well known Hungarian algorithm, this can be computed in O(n? + n?d) arithmetic
steps where the first term is from the Hungarian algorithm and the second term is to compute the
edge costs between x and v. Furthermore, computing s(x) can also be done in O(n® + n2d) since
we need to find the cost of the matching between = and v’ where v/ is the approximate solution used
to define s in Lemma C.1 (the other terms of s(x) are constant).

Therefore by Lemma C.4, the VC dimension of H is at most O((nd)? - (n® + n%d)?) = O(n®d*)
since we need O(nd) variables to define x and v. Now note that the function class # is equivalent to
the function class J defined as

J=A{fvr:M—{0,1} |v € N,r e R}

W('a V)p }
v,r — 1 Z r
s Eo o i
This is because we are letting r range over all all the reals in the definition of H. Therefore it also
follows that the VC dimension of class J is O(n8d*). Finally by Lemma C.3, the pseudo-dimension
of F as defined in Theorem 5.5 can be bounded by O(n®d*). O

where

D Lower Bound Proofs for Section 4.1

‘We now turn to proving lower bounds, showing that our dimensionality reduction is optimal up to
constant factors. To begin, we first need two auxiliary results regarding random linear transformations.

The proof of Theorem 9 in [KMN11] states the following:
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Theorem D.1. [KMNI1] Let M : R* — R™ be a linear transformation with d > 2m and € > 0
sufficiently small. Then for a randomly chosen unit vector u € R?

Pr [|Mul]> <1 —¢] > exp(—O(me* +1))).

By applying rotational invariance of a standard Gaussian, we arrive at the following corollary of
Theorem D.1.

Corollary D.2. Let M : R? — R™ be a random matrix with i.i.d. entries from N'(0,0), d > 2m
and ¢ > 0 sufficiently small. Then for any vector u, € RY,

Pr [|Mul]> <1 —¢] > exp(—O(me* +1))).

We are now equipped to prove Theorem 4.2, restated here for convenience.

Theorem 4.2. Consider the setup of Theorem 4.1. Any Gaussian matrix used as a dimension
reduction map that allows a (1 + €)-approximation to the optimal Wasserstein barycenter requires
dimension Q(logn/e?).

Proof. Lett > 0 be a parameter and N > 0 be a sufficiently large constant. Consider the points
S =p1,P2,- -, Dt,q1,G2, - - -, Gt SO that p; = Ne; and g; = (N + 1)e; for each i € [t — 1], where
e; is the i-th elementary vector. Let p; = Ne; and ¢; = (N 4+ 1 — Ce)e, for a parameter C' > 0.
Hence we have:

1. ||pi — qi|| = 1 foreachi € [t — 1].
2. lpt —qll =1-Ce.

3. miniz; (lps — ;. llps — 51, g — g5l) = N(1 = Ce)v2.

Let n = 2t — 1 and consider the k = 2¢ distributions p1, .. ., to; so that for each ¢ € [t], p; has
weight ﬁ on each of the points in .S except p;, at which it has weight zero. Similarly, for each
i € [t], suppose p;++ has weight Tl—l on each of the points in S except g;, at which it has weight
zero. Thus, the total weight across all distributions at each of the 2¢ points in .S is exactly 1. It can
easily be shown that the barycenter of support size at most n has cost (1 — Ce)P, by choosing the
points p; and g; for each i € [t — 1] and then either p; or ¢;.

logn
1000¢2
there exists some j € [t—1] such that | Mp; —Mg;|| < ||Mp;— Mg||. First note that | Mp; — M|
equals (1 — Ce) times a random variable that follows a Chi-squared distribution with m degrees of
freedom. By standard concentration inequalities on the sum of m independent 2 variables, e.g.,
Equation 2.21 in [Wail9], we have that

We now show that for a Gaussian matrix M with dimension m = ( ), with high probability

Thus the probability that ||Mp; — Mg || < (1 — Ce)(1 — ¢) is at most 0.01.

Moreover we have that for i # [t], p; — ¢; is a unit vector in R%. Thus by Corollary D.2, we have that

1

Pr [||Mpi — Mqu2 <1-— (40)5] > exp(—O(m(éLC)E2 +1)) > 75

for m = (m(l)oog%). Therefore since t = Q(n), we have that there exists i # [t — 1] with

| Mp; — Mg;||* < 1— (4C)e with probability at least 0.99.

Hence with probability at least 0.98, the optimal clustering in the projected space will be the projection
of the points p1,...,Pj—1,Pj+1,---, Pt the points g1, ...,q¢j—1,¢j+1,- - -, G and either the point
p; or g;. Thus in this case, the corresponding cost in the original space is exactly 1, so that the
dimension reduction map does not allow a (1 + ¢)-approximation to the optimal clustering. O

Next, we turn to proving lower bounds on dimensionality reduction for the optimal transport problem.
Again, we first need an auxiliary concentration result for high-dimensional Gaussians.

30



Lemma D.3. Let C > 1 and fix some point v of norm at most C in R%. Then, if x ~ ﬁ -N(0,1y) is

a d-dimensional scaled multivariate Normal, then Pr(||z —v|| < &) > n=/10 ifd < logn/(10C?)
and n is sufficiently large.

Proof of Lemma D.5. By the rotational symmetry of the multivariate normal, assume v =
(r,0,...,0), where 0 < 7 < C.Then, if v = (x1,y) forz; € R,y € R¥! thenifr— g <y <7
and [|y|| < 5%, then we indeed have ||z — v|| < %. Since Vdz1 ~ N(0,1) and r < C, the probabil-
ity that 7 — 55 < @1 < r equals the probability that A'(0,1) € [(r — 1/2C)/d, r/d], which is at
least Y4 . L. =C%d/2

. Moreover, the probability that [|y|| < 5 is at least (i)d. Therefore,

2C  /om 2eC
1 N > 1\*
P ol =) > XD 2
g ('x vl < c) =20 Var © 2¢C
> p—1/10
where the last inequality is true because d < logn/(10C?) and that n is sufficiently large. O

Proof of Theorem 4.4. Our point sets will be AU B = {e;} U {e;/2} with the property that e; and
e;/2 will be in different sets and we will alternate the 4’s such that e; € A. The optimal matching in
R is to match each e; to e; /2 leading to cost d/2.

Our strategy is to show that if we project A U B to m = o(log d) dimensions, then we can find
a matching of cost o(d). Towards that end, let C = y/logd/10m = w(1) and let 7 be a random
projection to o(log d) dimensions. First, we will show that points me; with ||we;|| < C will have
‘many’ other points 7e; sufficiently near by so that we can match me; to we; (assuming they are in
different sets). We then show that the points with ||e;|| > C can be disregarded.

More formally, by Lemma D.3, the number of other points e; such that ||we; — me;|| < 1/C and e; is
in a different set than e; is a binomial random variable B(d — 1, q) where ¢ > d~'/19 /2. Therefore
the number of such j’s is at least d¢’ for some constant ¢ > 0 except with probability at most < 1/d.
By a union bound, we can assume that every 7 such that ||7e;|| < C has at least d°’ other 7e;’s such
that ||me; — me;|| < 1/C and e, is in a different set than e;. Now consider the following greedy
matching procedure to match the points e; with |re; < C|| which may not be optimal: for every
such me;, we try to match it to any 7e; that is within distance 1/C' greedily (we also map 7e; /2 to
me;/2). We do this until it is no longer possible. Then, we try to match each 7e; to some 7e; within
distance 2/C' greedily until no longer possible. Then, we just match 7e; to we; /2. Note that every

possible match contributes O(1/C') to the matching cost so altogether, this greedy matching has cost
at most O(d/C) = o(d).

We now want to show that not many of the we; will be leftover that have to be matched to we; /2.
Consider maximally covering the set of all such 7e; that have to be matched to we; /2 with disjoint
balls of radius 1/C'. First, every such 7e; must be in some ball since other wise, it would have been
within radius 2/C of some 7e;» and we would have matched them. Now each ball intersects with
at least d¢ other points in A U B by our calculation in the previous paragraph. Therefore, there
can be at most O(dlfcl) such balls and hence, the matching cost induced by these points is at most

O(Cd*=") = o(d) as well.

Now we just have to deal with points e; that satisfy ||we;|| > C. If they are not matched already, we
just match them to 7e; /2. The expected cost incurred by one of these edges in the matching is

E[|Geill - Ljge,jzc] < VE[IGe;[?] - Pr(|Geil| > C)
< /1 -exp(—m-(C —1)2/8)

1
<exp (—(C —1)%/16) < vl
so the total expected cost from these edges is at most O(d/C) = o(d). Finally by an application of
Markov’s inequality and a union bound, we have that with probability at least 2/3, we can find a
matching in R with cost at most o(d) and hence, the optimal matching in the projected space has
cost at most o(d), as desired. O
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If z € S™~! and 7 is an appropriately normalized Gaussian dimensionality reduction map, then the
following statements hold about the distribution of ||7z|| [INO7]:

Pr(|||rz|| — 1| > t) < exp(—dt*/8), (19)

3 d
Pr(lel <1/0 < (7)) 20)

Finally, we prove Theorem 4.3. Note that Theorem 4.4 states that after we perform a random
projection to o(log n) dimensions, the cost (i.e., the actual objective numerical value) of the optimal
matching in the projected space will be much smaller than the cost of the optimal matching in the
original dimension. This highlights that if we just wish to approximate the cost of the matching, we
cannot do better than the standard JL. lemma dimension bound. Note that given Theorem 4.3 it is still
possible that the optimal matching in the projected dimension is approximately equal to the optimal
matching in the original dimension since Theorem 4.3 is only addressing the cost. We show in the
proof of Theorem 4.3 that this is not the case; the optimal matching in the projected space will induce
a poor matching in the original dimension if we project to much fewer than log n dimensions.

Proof of Theorem 4.3. Many details of this proof follow similarly as in the proof of Theorem 4.4.
Let C = y/logd/10m = w(1). Our point sets willbe AU B = {e; - k/C} forall 1 <4 < d and
1 <k < C. Werefer to A and B as “classes” and assume that C' is an even integer. The partition of
the points is as follows. For a fixed ¢, the points e; - k/C will alternate which set they belong to, i.e,
e;/C will be in A, 2¢;/C will be in B etc. We will also impose the condition that half of the ¢;’s will
be in A and the other half will be in B. Now note that the optimal matching in R is to just match
eache; - k/Ctoe; - (k+1)/Cforl <k < C — 1 which results in matching cost O(d).

Now consider a random projection 7 to m = o(log d) dimensions. Our strategy is to show that the
optimal matching in R™ will contain many edges between different e;’s which will induce a large
matching cost in R%,

Towards that end, define ‘level &’ to be the set of points of the form e; - k/C' for some . First note
that if 7 is a Gaussian random projection, we have that ||7e;|| € [1/10, 100] with probability at
least 1 — exp(—m/10) — (3/100)™ > 0.06 from equations (19) and (20). Thus we can say by a
standard Chernoff bound that a ©(1) fraction of e; will satisfy ||we;|| = ©(1) with exponentially
small failure probability. By Lemma D.3, for each such me; , there exists some e; such that
lme; — me;|| < 1/(100C) (again up to some exponentially small failure probability). Since the basis
vectors are equally partitioned into the two classes, we can further assume that e; is in a different
class than e;.

Let I be the set of ¢’s such that ||we; || = ©(1) and there is some j such that ||7e; — me;|| < 1/(100C)
and j is in a different class. For each i € I, the distance between me; - k/C and me; - £/C for any
 # k is at least 155 but the distance between me; - k/C and 7e; - k/C' is at most 1555. Thus
at all levels, we can potentially switch the matching between me; - k/C and me; - (k + 1)/C or
me; - (k —1)/C (if it exists) to we; - k/C and we; - k/C and the same for the point that e, - k/C
was matched to. Therefore, almost all except possibly 1 of the indices in I across all levels will be
matched to a point that comes from a different basis vector. Thus the pullback cost is at least some

absolute constant times
k
ZZ 525 Ul

which is least Q(C - d) = Q(C - M) = w(M), as desired. O

E Connections to Constrained Low-Rank Approximation

[CEM™15] previously showed that the problem of k-means clustering can be formulated as a
problem of constrained low-rank approximation, a class of problems which also includes the singular
value decomposition (SVD). In this section, we show that the problem of computing a Wasserstein
barycenter can be also formulated as a problem of constrained low-rank approximation. Thus efficient
subroutines that improve the performance of low-rank approximation can also be used to improve the
performance of computing a Wasserstein barycenter.
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Recall that for an input matrix A € R?*? and any set S of rank c orthogonal projection matrices in
R®**%the goal of constrained low-rank approximation is to find

P* = argmin ||A — PA|%.
PeS

Proof of Theorem 6.1. For each point z, let w; () be the weight of z in distribution w; and for each
J € [n], let w; j(x) be the weight of z in distribution w; that is assigned to barycenter j, so that we
have 3¢, wij(2) = wi(z) and 3 w;(z) = 1 for all i. Thus we have the Wasserstein barycenter

objective as minimizing
>N wis@)e - GylfP

JEln] i€lk]
Rewriting the points of ji; as 25,1, %; 2, - - -, Ti n, then the Wasserstein barycenter objective for p = 2
is
: 2
min Y > " wi (@) llwi; — C1%
J€[n] i€lk]

Thus we can refold the points x; ; into a matrix of size A € R™**? 5o that the first row of A consists
of the d coordinates of 1 1 and more generally row (i — 1)n + j of A consists of the d coordinates
of Xi,j-

Suppose without loss of generality that there exists an integer N such that w; ; is a multiple of
1/N for each i € [k],j € [n]. Let B € RV¥*4 g0 that each row (i — 1)n + j of A consecutively
appears w; ;(x; ;) times in B. Thus B is essentially the matrix whose rows encode each point of
each distribution, effectively duplicating each point a number of times equal to its weight in the
distribution.

We define a clustering C' = {C1, ..., Cy, } so that there exist weights wy, . . . , w, with Zje[n] w; =1

with the property that for each ¢ € [k] and j € [n], there are exactly w; N points between rows
(i—1)N+1and N inclusive are assigned to cluster j. Intuitively, this corresponds to each barycenter
being assigned weight w; from each distribution. For each j € [n], let o; be the centroid of all the
w; Nk points assigned to C; and for each r € [Nk], let C(r) € [n] be the cluster to which row r is
assigned.

Given a clustering C' = {C1,...,C,}, we define the cluster indicator matrix Xo € RY kxn 4o
be matrix such that row (i — 1)n + j in X¢ has entry \/\107| in column ¢ € [n] if and only if the

2
corresponding % weight of x; ; is assigned to cluster C; (and entry zero otherwise). Thus there exist
weights wy, ..., wy, with 37, en) Wj = 1 such that for each i € [k] and j € [n], column j has exactly
w; N nonzero entries between rows (¢ — 1) N + 1 and ¢V inclusive. Note in this interpretation, we
further have |Cy| = w; N.

Since the columns of X have disjoint support, then the corresponding vectors are orthonormal. Thus

XCXE is a rank n projection matrix and we can write the problem of Wasserstein barycenter as the
constrained low-rank approximation

.1 T2 2
min —[|A - XcXcAlr = > B — o *
re[Nk]|

Note that the cluster indicator matrix X is constrained to the set of valid clusters C' consistent with
assignments of the support points in the Wasserstein barycenter to each distribution. O

F NP Hardness of Approximation of Wasserstein Barycenters

In this section, we show the NP-hardness of finding a Wasserstein barycenter with cost within a
multiplicative 1.0013 factor of the cost induced by an optimal Wasserstein barycenter. We first the
following statement about the hardness of approximation for k-means clustering:

Theorem F.1. [LSWI7] It is NP-hard to approximate k-means clustering within a multiplicative
factor of 1.0013.
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The proof of Theorem F.1 relies on a reduction from the Vertex Cover problem on 4-regular graphs.
Namely, [CCO06] showed that it is NP-hard to distinguish whether a 4-regular graph G with n vertices
has vertex cover size at least A, or vertex cover at most A,;,n, for some absolute constants
Amin < Amax. [LSWI17] transformed a 4-regular graph G into a graph G’ and embedded G’ into
R3™ so that for the optimal k-means clustering cost of G (where k is a function of n) is at least Cpyax
if the smallest vertex cover of GG has size at least A, and at least C\,,;,, if the smallest vertex cover
of G has size at most Ai,. As it turns out, Cipax/Crin = 1.0013, which shows the NP-hardness of
approximating the optimal k-means clustering cost within a factor of 1.0013.

Given a set G’ of N points in R3", let ;1 be a uniform distribution on the N points in G’ such that
each point p € G’ has weight % Suppose we restrict the barycenter to have support k, where £ is
the number of centers in the above k-means clustering instance. Then a set of k centers c1, ..., ¢y
inducing clusters C1, ..., Cj on G’ that achieves cost C for k-means clustering on G’ translates to

a barycenter of support size k that induces optimal transport cost % where the weight of ¢; in the

‘JCV"" , for each i € [k].

barycenter is

Thus the optimal k-means clustering on G’ has cost C' if and only if the Wasserstein barycenter has
cost % Therefore, we immediately have the proof of Theorem 6.2.
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