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A Proof of Proposition 4.1]

A.1 A Primer on Representation Theory

Let GL (V') denote the general linear group of invertible linear transformations on the vector space V.
Contrarily to the notations defined in Section[2] the vector of the vector of NV ones and the all-ones
N x M matrix are denoted by 1 and 1y 5/, respectively.

A group homomorphism. Let G and H be groups. A group homomorphism is a function ¢ : G — H
that preserves the group operation, meaning that for all g1,92 € G, ¢(g1 - 92) = d(g1) - d(g2).
Additionally, a homomorphism satisfies: Forall g € G, ¢(¢g~ 1) = (¢(g))~* and ¢(eq) = ex, where
eq and ey are the identity elements of G and H, respectively.

A representation. Let G be a group and let V' be a vector space over a field F. Let p : G — GL (V)
be a group homomorphism. Then a representation of G is the pair (V, p).

An invariant subspace. Let G be a group. Let (V) p) be a representation. A subspace W C V' is
called an invariant subspace for p if for every g € G and w € W, p(g)w € W holds.

A subrepresentation. Let G be a group. Let (V,p) be a representation. Let W C V be an
invariant subspace for p. Then, (W, py/) is a subrepresentation of (V, p), where the restriction of
p to W defines the representation py : G — GL (W) . Irreducible and completely reducible
representations. If V' has no nontrivial subrepresentations (i.e., the only invariant subspaces are
{0} and V), then (V, p) is called irreducible. The representation (V, p) is said to be completely
reducible if V =V, ® V5 @ - - - ® V, where each (V;, py, ) is an irreducible representations. For
brevity, we refer to a representation (V;, py; ) by (V;, p).

G-equivariance over representations. Let G be a group. Let (V, py) and (W, py) be represen-
tations of G. We say that a function f : V' — W is G-equivariant with respect to py and pw

if
VgeG,veV  flpv(g)v) = pw(g)f(v).

We can now detail a classical result in representation theory that is later used to derive the irreducible
representations that are (Sr X S¢)-equivariant.

Lemma A.1. The vector space RY can be decomposed the S -invariant subspaces Vi¥ © Vi such
that

RN = VlN D ‘/()Na
where the one-dimensional V{¥ = {c- 1y | ¢ € R} is denoted as the trivial irreducible representation
and the (N — 1)-dimensional V¥ = {x € RN | 1,z = 0} is denoted as the standard irreducible
representation, which is the orthogonal complement to V.

After we obtain all the irreducible representations we employ Schur’s lemma to derive all linear
layers that are (Sp x S¢)-equivariant.

Lemma A.2 (Schur’s lemma). Let G be a group. Let (V, py) and (W, pw ) be finite-dimensional
irreducible representations of G. Suppose a linear map L : V' — W is G-equivariant with respect to
pv and pyy. Then,

1. If V.and W are non-isomorphic, then L = (.

2. If V. = W, then T is a scalar multiple of the identity, i.e., there exists A € N such that
L= M\y.
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A.2  Proof of Proposition d.1]

In this section we prove an extension of Proposition[#.1]

Propositiond.1} A linear function of the form
T = (Tl TQ): RleNxF « RK1><N><C - RKQXNxF % RKQXNXC

is (Sy x Sp % S¢)-equivariant if and only if there exist AV ... A2 € RE2*Kx gych that for
every X € REVINXE 'y ¢ REGXNXC i |y € [Kg] we have
K

. i i i+6
Vi € [6], X,iz) = E A,(Q)yklxkl, E Ak;kl)Y
k1=0 k1=0

T(X,Y ), = (lN NX(I) + X(2)> 1pr+1n, NX(3) + X(4) (1N,NY(5) + X(G)) lc,F,
(X, Y ), = (1N,NYk(21) + Yk(22)> leo+1nnYY + Y + (1N, XV + X(G)) 1rc,
where Ty (X,Y) € RE2XNXF gpd Ty(X,Y) € RE2XNXC,

Proof. The irreducibles of R¥ >N *(F+C) We view RF*+C as the direct product of three coordinate
subspaces
RKXNX(F+C) :RK®RN®RF+C (4)

The group Sy x (SF X S¢) acts naturally on this space, where Sy acts by permuting the coordinates
of RY, and Sy x S¢ acts on RF+C.

By LemmalA.1} the vector space RY is composed of the irreducibles V¥ and VgV, i.e.
N _ VlN D VON (5)

Since no symmetry group acts on the channel axis R, the corresponding representation is trivial.
Consequently, R decomposes as the direct sum of K one-dimensional trivial representations

K
K-pE, 6)

k=1
where each E* = {c - e, | ¢ € R} C R¥ is a 1-dimensional subspace invariant under the identity

action, and e, denotes the standard basis of R¥.

The irreducibles of R”+¢, We view R¥ ¢ as the direct sum of two coordinate subspaces: R ®RC.
The group S x Sc acts naturally on this space, where S acts by permuting the coordinates of RY",
and S¢ acts similarly on RC.

By Lemma the vector space R is composed of the irreducibles Vi and V;{". Similarly, the
vector space RC is composed of the irreducibles V,¢ and V,C. Thus,

RFFC =vFoVfovC e VL. (7
Denote, for all k£ € [K] the following irreducible representations
v =vVevf e EF, V" =1 o Vf @ EF,
V" =vNevleEr, V=1 eV ek
VOI,VI,F,k — VN o VF @ B, VO{\SFJ@ — VN o VF @ EF,
Voot =V e Ve @ E*, Vi =V o VE @ B,
with dimensions

dim (V<N ) ) _ dim (Vi) M) =c -1,
dim (VY)Y = N dim (Vi) = (V= 1)(F - 1),
dim (V<Nc k) ) _ dim (Véﬁ’c””) =(N-1)(C-1)
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By substituting Equations (3) to (7) into Equation (@), we get

K
REXNX(F+C) _ Wev) e (Ve evlaevL) @Ek
k=1
K
= @ (VT o VT o VT @ VT @ VO 0 1EOR @ VTR @ V).

k=1

The equivariant linear maps from R *Nx(F+C) go RE2XNx(F+C) We denote the irreducible

components of RE1 XN X (F+C) py

N,F,kq N,F,kq N,F,kq N,F,k;y N,C,k1 N,C\ky N,C,ky N,C,ky
Vl,l 7Vl,0 7Vl,1 7V1,0 ’Vl,l ’Vl,O aVl,l ’Vl,o

for each k; € [K] and similarly for RF2*N>x(F+C)

By Schur’s lemma Lemma [A.2] any equivariant linear map between non-isomorphic irreducible
representations must be the zero map. Therefore, we restrict our attention to the linear maps between
isomorphic irreducibles for each k1 € [K1], ks € [K>)]

Lllcl,kz . Vvlj,va’kl V1]7V1’F’k2,
DA o R /% e
ngl,kz . ‘/1[,\]17F7k1 - V1]7\71,C,k2)
2 e S i e
ngl,kz . ‘/vllydC,kl - VQ]}/dC,kg,
Lllci,kg . Vl]’Vl,C,kl N Vvll’\fl,F,Icz7

ki,ka |
L, :
k1,ka |
L, :

k1,k2 |
Lg :

k1,k2
LS

k1,k2 |
Liy™ -

.1/ N,Ck
Vo

k1,k2
L12

N,Fky
Vo

N,F.k1
Vo0

N, F.kq
Vo

.1/ N,Cik1
Vo

N,C,k1
Vo0

N,F k2
Vo1

)

N %%F,k2’
N ‘/E){\/i,c,kz’
- ‘/[Lz\rl,c,kQ’
N %zydc,kz’

N,F,k2
= Wou )

Following the respective definitions of the irreducibles these linear layers take the forms for every

X ERKlXNXF7Y€RK1XNXCZ

Lk (X Y) = MRy v X 1p p,
LR (X, Y) = M1y v (X - X1pp),
LEF (X Y) = AP 1y v X 1p e,
Livk (X vy = AvR21y v Yie e,
LR (X, Y) = M1y v (Y = Yeo),
LR (X, Y) = MY 1y nY e p,

Thus, the general form can be written as:

Vi € [6],

)= MR (X — 1y v X) 15,
)= Ak (X 1y N X1pp)
)= AR (Y =1y v X) 1pc,
) = AR (Y —1y8Y) 10,
) = M* (Y =1y nY100)
) =A™ (Y — 1y nY) 1or,

T(X,Y ), = (1N,NX,§? + X2 ) 1rp + 1w, NX<3> + X0+ (v ¥ + X)) 1o,

DX, Y ), = (Y + Y ) 100+ I Y + ¥+ (1o X0 + X ) 1rc,

where T' =

(Ty,Ty) are (Sy x Sg x S¢)-equivariant linear function of the form

T = (Tl,TQ)S RleNxF % RleNXC N RK2><N><F % RszNxC.
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B Proof of Theorem 4.2

B.1 Background and Definitions

Contrarily to the notations defined in Section[2] we denote 1 as the vector of N ones.

Polynomials. Let X € RY*(F+C) We denote the first F' columns by X (F) € RN*¥ and the last
C columns by X (©) € RVN*® such that X = (X ), X (©)). We also denote that all permutation
subgroup act on vectors by permuting their indices.

Let € RP be a vector. For a multi-index o € N?, define the monomial ® = z{* - - - % and its
total degree ||,. Let {a®), ... &™)} enumerate all such multi-indices o € N with ||, < N,
where T' = (NJJDFD).

Let X € RV*D and let p : RV*P — REXE For any [ € [L], we define p; : RV*P — RE to be
the mapping that extracts the I-th row of p(X). Explicitly,

p(X) = (p(X)i1,p(X )12, p(X)1x) € RE,

that is, the K -dimensional feature vector corresponding to the {-th row of p(X). Similarly, for all
l € [L],k € [K] we define p; 1, : RV*P — R to be the mapping that extracts the (I, k)-th element of

p(X).

Groups. We define an action of Sy_1 x Sp_1 x Sc on RN*(F+C) by restricting the permutation
op_1 € Sp_1 to act only on the second to the F-th columns, and restricting the permutation
on—1 € Sn—1 to act only on last (N — 1)-th rows, keeping element (1, 1) fixed. Formally,

X1 ifn=1andj=1,

X1 1tort (1) ifn=1andj € [F]\[1],

X Fros'(—F) ifn=1andj € [F+ C]\ [F],
(on-1,0p-1,00) - X), ;= Xl+a;’lcl(n_1)71 ifn e [N\ [1]andj =1,

Xoion uotyatapt,gon iTn € [N]\ [ and j € [F]\ [1],

X1+a;,1_1(n_1)7p+051(j_F) otherwise ,

forall (on_1,0p—1,0¢) € Sn—1 X Sp_1 X Scand X € RN*(F+C) 1n words, op_1 permutes
the last F' — 1 columns, o acts as before on the last C, and o acts on the last N — 1 rows, leaving
element (1, 1) unchanged.

Similarly, the action of Sy_1 X Sp x Sc_; on RV*(F+C) ig defined analogously: the permutation
oc—1 € Sc—1 acts only on the last C' — 1 label columns and the permutation o1 € Sy _1 acts act
only on last N — 1-th rows, keeping element (1, F' + 1) fixed. That is,

((on-1,0p,0c-1) - X),, ; =

X1 ifn=1landj=F+1,

X ifn=1andj € [F+C]\[F+1],

X ifn=1andj € [F],

)X ifne[N]\[l]andj = F +1,

X ifne [N]\[l]andj € [F + C|\ [F + 1],

X otherwise ,

1LF+1+og" (j—F-1)
Lop'(h)
l1+oyt  (n—1),F+1

4oyt (n=1),F+1+o;"  (j—F-1)

l+oyt  (n—1),05" ()

forall (o5—1,0r,0c-1) € Sn—1 X Sp X Sc—1 and X € RV*(F+0),

B.2 Symmetric Polynomials

This subsection introduces key definitions and lemmas from symmetric polynomials and invariant
theory that will be used in the proof of Theorem 4.2
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Generating set of a polynomial ring. Let R[X] denote the polynomial ring over RY x(F+C)
A finite set of polynomials {pi,...,pr} C R[X] is called a generating set for R[X] if every
polynomial in R[X] can be written as a polynomial in py, . .., pr, (with real coefficients); that is,

R[X] ZR[p17--~7pL]-

We define the power-sum multi-symmetric polynomials for us to use a known result from invariant
theory.

Definition B.1 (Power-sum Multi-symmetric Polynomials (PMPs)). Let M € N. The power-sum
multi-symmetric polynomials {s;}7_; : RV*P — R are defined by

N
si(X) =Y xg

n=1

and are parameterized by oY) € NB such that |||, < M, where T = (Mz;D)

This known result from invariant theory is utilized in the proof of Lemmas[B.3]and [B.6]

Lemma B.2 (Corollary 8.4 in [Rydh, [2007]). Let X € RN*P. Let p : RV*P — R be an
Sn-invariant polynomial with degree M. Then, it can be written as a polynomial in the PMPs

p(X) = q(s51(X), ..., s7(X)),

for some polynomial ¢ : RT — R, where T = (M;D).

The following lemma enables the decomposition of polynomials that are not invariant under the
full symmetry group Sy into a combination of polynomials that are, thereby allowing them to be
approximated using our framework. The following lemma, originally stated as Lemma 2 in|Segol and
Lipman|[2019], contained a minor error in the summation index bounds. We present the corrected
version below.

RNXD

Lemma B.3 (Lemma 2 in|Segol and Lipman| [2019])). Let p : — R be an Sy_1-invariant

polynomial with degree M. Then

p(X) = Z Xff:‘]a(X)a
lell, <M

where qo, : RV*P — R are Sy-invariant polynomials.

B.3 Triple-symmetric Polynomials

We define the doubly power-sum multi-symmetric polynomials for us to prove a similar result to
Lemma
Definition B.4 (Doubly power-sum Multi-symmetric Polynomials (DMPs)). Let M € N. The doubly

power-sum multi-symmetric polynomials {s!") : RVNX(F+C) _y RVT |y {s{9) . RNX(F+C) _,
R}YL_, are defined by

c=1

F C
F (t) C (t)
sP(x) =3 x4, s9x) =Y x%,,
f=1

and are parameterized by o) € N} such that ||c||, < M, where T = (M;N).

We now show that given X € RV *(F+C) the DMPs form a generating set for the ring of (S x S¢)-
invariant polynomials. This is later employed in the construction of the approximating neural networks
in Theorem

2We count the number of possible a by introducing a slack variable apy1 == M — Ef’: 1 @i, so that
ZD *1 ; = M. The number of such non-negative integer solutions is equivalent to distributing M indistin-

i=1
guishable balls into D + 1 distinguishable bins, which yields (MgD ) possibilities.
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Lemma B.5. Let X € RVX(F+C) Lot p : RNX(F+C) 4 R be an Sp x Sc-invariant polynomial
with degree M. Then, it can be written as a polynomial in the DMPs

p(X) = (s (X),...,s8(X), s\ (X), s (X),),

(JW—&-N).

; . w2T _
for some polynomial q : R** — R, where T' = ("

Proof. Denote the degree of p by M. For every X € RV*(F+C) we fix X(©) and consider p as a
function of X "), denoted by pX(C) : XNXF _ R such that
©
p(X) =pX (X)) ®)

The space of Sp-invariant polynomials over R *¥" of bounded degree is a finite dimensional linear

space and therefore has a basis {b;}%_, : RV*¥" — R with degree at most M, such that
© -
X (XE) =3 (X )b (X ), ©)
=1

where the coefficients {c;(X ()} | € R depend on X (©).
By Equations (8) and (9)), For every X € RNX(F+0) we get

L
=Y a(X (X)), (10)
=1
where the coefficients {¢;}7, : RY *C 5 R are now polynomials with degree at most M that

depend on X (@), Let o € Se. Since p is Sc-invariant, we get
p(X) =p(oc - X).
Namely,

L L
ch XOpy(XTN) =3 "ey(oc - X O)by(X ).
=1 =1

Now, due to the fact that basis elements are linearly independent, we must have
Vie[L], a(X9)=c¢(oc  XO).

Hence, each {¢;}/-, is an Sc-invariant polynomial. As a result, by Lemma each {¢;}, can be
written as a polynomial v; : R — R in the the PMPs {s;}7_, : RV*¢ - R, i.e.

(XY = (s (X, ... sp(X (D) (11)

where T = (M;\?N).

Moreover, since b; are invariant to Sg by construction, by Lemma each {bl}lL=1 can be written
as a polynomial u; : R — R in the the multi-symmetric power-sum polynomials (PMPs) {s;}7_; :
RVNXF 5 R je.

bi(X )Y =y (s (XY, sp (XY, (12)

By substituting Equations (IT) and (12)) into Equation (I0), we deduce that p is a doubly power-sum
multi-symmetric polynomial. O

Similarly to Lemma the following lemma enables the decomposition of (Sg_1 x S¢)-invariant
polynomials into a combination of polynomials that are (Sr x S¢)-invariant. This decomposi-
tion is later used to express general Sy X Sp X Sc-equivariant polynomials, which facilitates
an approximation of Sy x Sp X Sc-equivariant functions using Sg x Sc-invariant functions in
Lemma[B.16
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Lemma B.6. Let p : RV*(F+C) s R be an (Sp_1 x S¢)-invariant polynomial with degree M.
Then, there exist Sp X Sc-invariant polynomials {qy : RV*(F+0) _ R}HK’HISA{ such that

p(X)= > XFau(X).
lll, <M

Proof. One can expand the polynomial p(X) in X, ; as

pX)= Y, XNpy(Xoz Xopse), (13)
Iyl <M
where each p,, : RV*(F=1+C) _ R is a polynomial of degree at most M — ||/, -

Since derivatives commute with the action of Sp_; X S¢, any partial derivative of an (Sp_; X
Sc)-invariant polynomial is also an invariant polynomial. Moreover, plugging X.; = 0 into an
(Sp_1 x Sc)-invariant polynomial u : RF*¢ — R gives an (Sp_1 x S¢)-invariant polynomial
ulx, ,—o : RE=DXC 5 R, Hence, the polynomials

ol

p (X:,27"'7X:,F+C) = <7p
g 9x7,

O Xz Xopie), Vol < M

are (Sp_1 X Sc)-invariant.

Following Deﬁnitionwith respect to the the domain RV *((F=1D+C) 'the doubly multi-symmetric
power-sum polynomials (DMPs) RV *((F=1+C) _y R map the variable Z € RV*(F=1)+C) (o

F—1 C
~(F (t) ~(C ()
$2) =328 ad 52)=> 2%,
f=1 c=1

where these polynomials are parameterized by ¢ € [T] for T = (A{;N), in order to go through all

multi-indeces 3) € N such that ||3®)]|, < M.

Similarly, following Deﬁnition with respect to the the domain RN *(F+C)_the DMPs s\, s\ .
RN*(F+C) 5 R map the variable Y € RVN*(F+C) 1o

F c
F a® c a®
s (V) =3 Y5 ad sO(Y) =3 YL
f=1 c=1
where these polynomials are parameterized by t € [T, in order to go through all multi-indeces

al’) € N such that ||a®]||, < M.

Without loss of generality, assume that the ordering of {a(Y)}7_, matches that of {3")}1_, over the
T multi-indices that were set by {3"}]_ |, i.e.

vie[T], o =",
Thus, for each ¢ € [T, we have that
~F— (t) R
8TV Xoo Xopre) =50 (X) - XP and 89 (Xoo, . X o) = s7(X). (14)

Each p., of (Equation ) is (Sp_1 X S¢)-invariant. Hence, by Lemma it can be expressed as a
polynomial G : R?” — R in the DMPs RV *((F=D+C) _; R map the variable Z € RV*((F=1)+C),
ie.,

~ ~(F— ~(F—
PW(X:,2,~~~7X:,F+C):(]'7(35 1)(X:,27"~;X:,F+C)a"'as’(1" 1)(X:,27"'3X:,F+C);

$NXn Xopac), 8 (X X:,F+C)).
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and by Equation (T4)) it can be written as
~ (1) (T)
Py( XKoo Xopic) = dy (ng)(X) x2S x) - x0T (15)

C C
X @), (X)),

We can now expand ¢ in the right-hand-side of in monomials of X. 1, and write

8~ ~
p’y(X:,27~"aX:,F+C) = Z X;,‘f%., (SgF)(X)avsg“F)(X)a (16)
1611, <M

c c
X, 557 (X))
where & depends on vy and g5, is an Sp X Sc-invariant polynomial as it is a polynomial in the
S X Sc-invariant DMPs (see Definition [B.4)).
When substituting Equation (I6)) into Equation (13), we obtain

pX)= > Y XN, (VX)L s (X), )
IVl <M (|85 ]I, <M

c c
st )(X),...,S(T)(X)7>
and recall that by Equation (13), each p. is of degree at most M — ||||,. Thus, by Equation
Iy +lo41l, < M.

Define = v + 8., and g, (X)) as a finite linear combination of the g5 from Equation (16}, such that
Equation (17) can be written as

p(X)= Y Xa(X).
il <

Note that as ¢,,(X) is defined as a finite linear combination of the gs, it is also Sp X Sc-invariant,
concluding the proof. O

By the exact same proof technique a similar lemma holds.

Lemma B.7. Let p : RVX(F+C) R be an (Sp x Sc_1)-invariant polynomial with degree M.
Then, there exist Sp X Sc-invariant polynomials {qy : RN*(F+C) _, R}Hnulgmax(p’c) such that

pX)= > XFpge(X).
[l <M

B.4 Supporting Lemmas

The following Lemma [B.8§]is close to Lemma 4 in[Segol and Lipman| [2019]. Lemma [B.8|extends
Lemma 4 in|Segol and Lipman|[2019] by showing that it holds for general invariant sets rather than
the cube and any subgroup of the permutations as the symmetry group. In the proof of the lemma we
use the same well-known proof technique of symmetrization to enforce equivariance. This lemma is
later used in the proof of Lemma[B.T6|to reduce the problem to approximating polynomial functions.
Lemma B.8. Let G < Sk. Let K C RE be a compact domain such that K = UgeagK. Then the
space of G-equivariant polynomials p : R® — R is dense in the space of continuous G-equivariant
functions f : IC — RY in Lo over K.

Proof. Let € > 0 be arbitrary, and let f : K — R’ be a continuous G-equivariant function. For each
output coordinate f; : I — R, the classical Stone—Weierstrass theorem guarantees the existence of a
polynomial p; : RX — R such that

[fi(X) —p(X)] <e forall X € K.
Define the polynomial p : RX — R by
p(X) = (p1(X),....pr(X)) €RF, VX eRF
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The polynomial p is not necessarily G-equivariant. We now define the symmetrization of p, denoted
by p : RX — R, by
-1

geG
Now, since f is G-equivariant, we have

1£(X) = P oo = ng X)—plg" X))

geG

\G\ ZHf —plg " X
geG
and by the construction of p
1£(X) = P(X)]| oo = ng ‘X)-plgT" X)) <e

geG 0o

Thus, p is an G-equivariant polynomial map that uniformly approximates f, concluding the proof. [

Given G, a subgroup of the permutation group, we define a G-descriptor as a polynomial function
that maps two matrices to the same output if and only if they differ by an element of G. These
G-descriptors are later used to approximate invariant functions in Lemma [B.16]

Definition B.9 (G-descriptor). Let G < Sy and K C RN*P . We call a G-invariant polynomial
function q : KK — R, a G-descriptor, if it satisfies:

VX, Y ek, ¢X)=¢qY) < FgeG:Y =g -X.

Next, we cite Lemma 3 in from Maron et al.| [2020]], which shows the existence of a descriptors given
a subgroup of the permutation group. These G-descriptors are later used to approximate invariant
functions in Lemma

Lemma B.10 (Lemma 3 in|Maron et al.|[2020])). Let G < Sy be a subgroup. Then, there exists a
G-descriptor u : RN*P — RL,

We also mention a triviality from point set topology (for example, see Lemma 5 from |Maron et al.
[2020]).

Lemma B.11 (Lemma 5 in Maron et al|[2020]). Let K C R* be a compact domain and f : K — R
be a continuous function such that f = h o g, where g is continuous. Then h is continuous on g(K).

B.5 Supporting Universal Approximation Properties

First, we mention a classical Universal Approximation Theorem (UAT) as it is later employed to
show universality in Lemma[B.16]

Theorem B.12 (Universal approximation theorem Pinkus|[[1999]). Let 0 : R — R be a continuous,
non-polynomial function. Then, for every M,L € N, compact K C RM, continuous function
fK— RY , and € > 0, there exist D € N, W; € RP*M b, € RP and Wy, € RE*P such that

sup ||f (@) — Wao (Wiz +by) || <e.
xe

We next study universality with respect to composition of functions. For that, we first define universal
approximation rigorously.

Definition B.13. Let Dy, D5 € N. A space of continuous functions N from a domain Q1 C RP* to a
domain Q3 C RP? is said to be a universal approximator of another space of continuous functions B
from Q1 to Qa, if N' C B, and for every f € B, every compact domain C C RPt such that C C Q,
and every € > 0, there is a function q € N such that for every x € C

[1f(z) —q(@)[c <e
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The following theorem is a trivial approximation theoretic result.

Theorem B.14. Let L € N, and D1,... Dy 1 € N. Let Nj be a universal approximator of B; for
| € [L]. Let the domain of the functions B; be Q; C RP! and the range be Q1 C RP+1, forl € [L).
Consider the function spaces

N::{GLO...091‘9l€M7 le[L]}7

and
B:={fro...ofi| fi€ B, le€[L]}.

Then N is a universal approximator of B.

B.6 The proof of Theorem[4.2]

We define a set called the exclusion set, that is used in Theorem 4.2]to enable the composition of
descriptors under our triple symmetry.

Definition B.15 (The exclusion set). The set

£ = L_J {:;X{ c HQIV’X (F+C)

N N
S X = zXn,fz} U
n=1

1<fi<fo<F n=1
N N
L_J {:;X( € HR[V><(1747(7) :g:: ;X(n,l74—cl = :E::-)(7u1?4—02:} L_J
1<c1<e<C n=1 n=1
F+C F+C
U X € RVX(F+0) Z X, ;= Z X
1<n;<n2<N Jj=1 Jj=1
is called the exclusion set corresponding to RN *(F+C),

The exclusion set £ is a finite union of linear subspaces of co-dimension one. We consider input
matrices X € RV*(F+C) where X (F) correspond to continuous real-valued features and X (©)
encode one-hot vectors with entries in {0, 1}, assigning probability one to exactly one class and zero
to the others in each row. The real-valued features X () vary continuously in R¥". The set of features
that lie inside the exclusion set £ is meagre with respect to the standard topology of the feature space
(more specifically, it is nowhere dense). Hence, being outside £ is the generic case in the topological
sense. From a probabilistic perspective, if the features are sampled from a joint distribution that is
continuous with respect to the Lebesgue measure (in the Radon—Nikodym sense), then the features
belong to { X (F) | X € £} in probability zero. Hence, for the features to belong to & is event that
almost surely does not occur. With regard to the labels, the exclusion set £ rules out the special
scenario in which multiple classes have exactly the same number of examples. If labels are samples
from a reasonable joint probability space, where labels are not constrained to be balanced, such an
even typically occurs in low probability. To summarize, from both the feature and label perspectives,
the data typically lies outside the exclusion set £, and hence considering a domain C disjoint from &
is reasonable. A similar philosophy regarding an exclusion set is adopted by Maron et al.|[2020]].

Note. The following Lemma [B.16| follows the same proof strategy as Theorem 3 of [Maron et al.
[2020] with added elements from|Segol and Lipman|[[2019] to correct the issue detailed in Section
and extend the Theorem for our triple-symmetry.

We define TSNer™ as the class of architectures obtained by removing the final label projection layer
from TSNets. Formally, a TSNet" architecture is composed solely of interleaved (Sx x Sg x S¢)-
equivariant linear layers (as defined in Equation (3))) and activation functions.

To demonstrate that TSNets can approximate functions that are (Sy X S¢)-equivariant and Sp-
invariant to arbitrary accuracy, we prove that TSNet* can approximate any (Sy X Sg X S¢)-
equivariant function arbitrarily well. This result is then used in the proof of Theorem }.2] before the
Sp-invariance is imposed by the final label projection layer.

Lemma B.16. Let K ¢ RVN*F+C) pe g compact domain such that K = UgeSn xSrxSe gk and

KNE =0, where £ ¢ RN*F+C) js the exclusion set corresponding to RN *F+C) (Definition .
Then, TSNet* are universal approximators in Lo of continuous I — RN *(F+C) functions that are
(Sy x Sg x S¢)-equivariant.
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Proof. Reduction to polynomials. Let ¢ : K — RY*(F+C) be a continuous (Sy x Sp x S¢)-
equivariant function, and let ¢ > 0. By Lemma there exists an (Sy X Sg X S¢)-equivariant

polynomial p : RN*(F+C) _y RNX(F+C) of some degree M, such that

sup [[p(X) = (X). < 5 (1)
XeK

Until the rest of the proof, we show how to approximate the (Sx x SF X S¢)-equivariant polynomial
p: RVX(F+C) _y RNX(F+C) by 3 TSNet*.
Reduction to p; ; and p; r11. Recall that we denote by p; ;(X) € R the (¢, j)-th entry of p(X).
The polynomial p is (Sy x Sp x S¢)-equivariant, meaning that by definition

(on,0p,00) - p(X) =p((on,0r,00) - X),
forall (on,0r,0¢) € Sy X Sp x Sc. Applying, o = (1n) and o = (1f), we obtain

pn,f(X):pl,l((UNngve)'X)7 VnE[N],fE[F}, (19)
and by applying, oy = (1n) and o = (1c¢), we obtain
PnF+e(X) =p11((on,e,0¢0) - X), Vne[N],celC]. (20)

Thus, every entry in the output of p can be recovered from p; ; or p; g1, reducing the problem to
the approximation of py ; and p; p11, as we show next.

The symmetries of p; ; and p; r1. The output element in the first row and column p; ; can be

viewed as the composition of p with the projection map my 1 : RV (F+C) _ R, defined by
m1(X) = X1,

which extracts the (1, 1)-st element of X € RVN*(F+C) Namely, p; ; = 71,1 0 p.

The projection map 7y ; is invariant the action of Sy _1 x Sp_1 x Sc. This is because the permutations
leave the (1, 1)-st element unaffected while affecting all other elements. This symmetry is captured
by the group Sy_1 X Sp_1 X Sc. Now, since pis an (Sy X Sp X S¢)-equivariant map, it is also
an (Sy_1 x Sp_1 x S¢)-equivariant map. Thus, p; 1 is a composition of an (Sy_1 X Sp_1 X S¢)-
equivariant map p and an (Sy_1 X Sp_1 X S¢)-invariant map 7y 1, making p; 1 an (Sy_1 X Sp_1 X
S¢)-invariant function.

By the same reasoning, p1 g1 is an (Sy—1 X SF x Sc—1)-invariant function.

A (Sp_1 x S¢)-descriptor Q(*). By Lemma there exists an Sp_1 x Sc-descriptor (see
Definition[B.9) ¢(F) : RF+C)x2 _, RLr with degree M, namely, a polynomial such that

VZ,Y € RFHC)Ix2 1)

(q<F>(Z) - q(F>(Y)) — (a(ap,l,ac) €Sp_1xSc: Z=(op_1,00) ~Y).

We define a polynomial Q) : RNX(F+C) \ £ — RNXLr a5 follows. Given X € RVX(F+C)\ g,

the polynomial is defined by taking the row vector Zf;l X;. € R¥+C and appending it to each row
of X forming a new dimension and creating the intermediate tensor

N
X =[X, 1y ) X)) e RV, (22)
i=1
To define Q*), the function ¢(*") is then applied on X via
N
Vn € [N]7 Q(F)<X)n, = q(F)(Xm:,:) = q(F)([Xn7:7ZXi,:])~ (23)
i=1

By construction, this makes Q(*) an Sy-equivariant polynomial. Note that given a permutation
(0p_1,0¢) € Sp_1 x Se, forevery Z,Y € RN*(F+C) we have

(Vn :Zy,. = (op_1,00) - Yn,;>

N N
Z, 1y Zzi,:‘| = [(UF—laUC) Y, (op-1,00) - 1n ZYZ;;] )
i=1 n,:, n,:,:

i=1

= (Vn:

95e

“— (Vn : ZAW,: = (op_1,00)" Yn,:ﬁ).

30



1095

1096

1097

1098
1099

1100

1101

1102

1103
1104

1105
1106

1107

1108
1109

1110
1111

1112

1113

1114

1115

1116

1117

Thus, we obtained that
(Vn : Zn,: = (0F7170'C) ' Yn,:) <~ (VTL : Zn,:,: = (UF,hO'C) : Yn,:,:)~ (24)

We now prove that Q) is an Sy -equivariant polynomial that satisfies
VZ,Y € RVXUFHO)\ ¢ (25)
Q(F)(Z) :Q(F)(Y) <~ H(O'Ffl,(]'c) ESF,1 XSC : Y:(op,l,ac)-Z.

Direction < of Equation (25). Assume there exists (0p_1,0¢) € Sp—1 X Sc, such that Y =

(0p_1,00) - Z € RNX(F+C) By definition, the action of (c7_1,0¢) permutes the columns of Z
identically across all rows, namely,

Vn € []\I] : )/h,: = ((T17471 7(TC7) . 23;1;
and by Equation (24)

Vne[N]: Y. =(0p_1,00) Zn,. (26)
By Equations (2I)) and (26)), we obtain

vne N q(Zn) =" (V).
and by the definition of Q¥) in Equation (23), we have that Q(F)(Y) = QF)(Z).

Direction = of Equation . We now show the opposite direction. Assume that Q¥ )(Y) =
QU (Z) for some Y, Z € RVN*(F+C)\ £, By the definition of Q) in Equation , we have that
Vne [N q¥(Zs) = ¢ (Vo).

and by Equati ity impli i i (n) _(n)
y Equation (21), the equality implies the existence of a permutation (o~ ,,04") € Sp—1 X Sc
for each n € [N], such that

Yn,:,: = (Ug‘l)p Ugl)) . Zn,:7:- (27)
Next, we would like to show that
Vning € [N]: (032,08 = (o52),06™).

For that, consider two indices ny # n2 € [N]. By Equation and the definition of Z and Y’
(Equation (22)), we get

N N N N
Iy Y= (0§"0,08) ANy Zi and 1y Y Yi. = (032),08")) - 1n Y Zisy (28)
=1 =1 =1

i=1
Since 1y Zfil Z;.. has equal rows (and so does 1y vazl Y;. ) and Sp_; x Sc permutes all
columns simultaneously, Equation (28) can be written as

N N
(ng_l)l, Jg“)) . Z Z;,.= (J%nf)l, UgL2)) . Z Z;,.. (29)
i=1

i=1

Recall that Y, Z € RV*(F+C)\ £ Hence the first F entries of 3| Y;. and Y.\ | Z; ., each

have F' distinct elements. Moreover, the last C' entries of Z]il Y; . and Efil Z;.., each have C

distinct elements. Therefore, the only way that Equation l) holds is when aglj)l = a}nf)l and

J(C" v Ugl 2), Thus, all row—wise permutations coincide, i.e.
op_1,0¢) € Sp_1 X S¢, Vi € [N]: (Ug1170g)) = (oF-1,00),

and consequently by Equations (24) and (27),
Vie[N]: Y.=(or-1,00) Zi,.

Thus, Q(F) : RN*(F+C) _ RNXLr j5 an Sy-equivariant polynomial that satisfies Equation .

31



1118
1119

1120
1121
1122

1123

1124

1125

1126

1127
1128

1129

1130

1131
1132

1133

1134

1135

1136

1137

1138
1139

A (Sy_1 x Sp_1 x S¢)-descriptor Q). By Lemma [B.10} there exists an Sy _-invariant
polynomial ¢(™) : RN*3 — REN with degree My, such that

VZ,Y e RV*3 . <q<N>(Z) - q<N>(Y)) = (aaN_1 €Sn_1: Z=0Nn_1- Y). (30)
We define a polynomial Q(VF) : RN (F+C) \ & — RENXLF ‘where L is the output dimension of

the polynomial descriptor ¢'¥”) given in Equation , as follows. Given an input X € RV*(¥ +C)\E ,
the output QN ¥)(X) is defined via the following composition of computations.

(i) Compute Q(F)(X) € RVXLF a5 defined in Equation .

(i) Consider the column vectors Z?Zl X.; € RN and Zil X. ri. € RY. Append these
vectors to @ p(X) forming a new dimension. Namely, construct the intermediate tensor

F c
X =[QUN(X),> X.f11,,Y X pielf,] € RVErS, (31)
f=1 c=1
(iii) Apply the function ¢¥) on X to define QVF) (X)) via
Vie[Lp]: QWI(X)., = q(N)(f:,l,;) (32)

F C
=™ (Q(X)et, 3 Xeip D Xl
f=1 =1

By construction, QV) is a polynomial from RY*(F+C)\ € to REN*Lr  We now prove that Q(VF)
satisfies VZ,Y € RVX(F+O)\ ¢

QWNM(z)=QW(Y)
|} (33)

J(on-1,0r-1,00) € SNo1 X Sp_1 X Sc: Y = (on-1,0F-1,0¢) - Z.

Direction { of Equation (33). Let Y,Z < RVX(F+C) \ £ Suppose there exists
(UN71,0F71,0'0> € Sy_1 X Sp_1 X S¢c such that Y = (UN71,0F717UC) - Z. Recall that
Q") is Sy-equivariant. This, together with Equation , gives

Vie[Lr]: QYY) =on_1 -QE(2Z).,. (34)

Substituting Equation into the definition of Y in Equation , we get
N F c
Y =(on1-QEN(2),Y Y51, Y]]
f=1 c=1
Since Y = (on_1,0Fr_1,0¢) - Z, we obtain, by the fact that summation is invariant to permutations,

F c
Y =on1:QUN2),Y 2411, Zridl,]=ov1 Z.
f=1 c=1
Hence, by Equation (30)
Vi€ [LF] : q(N)(Z:,l,:) = q(N)(?,l,:)a
and by the definition of Q") in Equation , we have that QUVF)(Y) = QWVE) (Z).

Direction |} of Equation (33). We now show the opposite direction. Let Y, Z € RV*(F+C)\ &
and assume QN (Z) = QINF)(Y"). By the definition of Q(*) in Equation , we have that

vl S [LF] : q(N)(Z:,l,:) = q(N)(?,l,:)a
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1140 and by Equation , the equality implies the existence of a permutation a](\l,)fl € Sy_1 for each
1141 [ € [Lp], such that
Y. =081 Za. (35)

sl

1142 Next, we would like to show that
Vil € [Lp): o, = ok,

1143 For that, consider two indices I; # ls € [Lr|. By Equation and the definition of Z and Y
1144 (Equation (31)), we get
c

F F C
DYl =0yt Y Zgf, and Y Yipd] =0y Y Zipeel],.  (6)
f=1 f=1 c=1 c=1

1145 and similarly for 01(\1,221.

1146 Since Zf:l Z. ;1] and Zle Z. pic1]  has equal columns (and so does Zle Z. ;1]  and

1147 chzl Z. F+61—L'—F ) and Sp_; x S permutes all rows simultaneously, Equation li can be written
1148 as

F F C C
o\ >z =0 Y Zy and oY Zipie=0 Y Zipie G
=1 =1 e=1 c=1

1149 Recall that Y, Z € RV*(F+C)\ £ Hence 2?21 Y. s, Z?Zl Z. ;5 Yo and Y Zopo
1150 each have N distinct elements. Therefore the only way that Equation (37) holds is when all col-wise
1151 permutations coincide, i.e.,

don_1 € SNfl, Vi e [LF] : 0'5\[,)71 = ON-1-
112 and by Equation (33)

Vie[Lp]: QUNY). =on_1-Q"(Z).,.
1153 Recall that Q) is Sy-equivariant, meaning,

Q(F)(Y) = Q(F)(UN,1 -Z),
1154 and by Equation (23]
Hop—1,0¢) € Sp—1 xSc: Y =(on—_1,0Fr_1,0¢) Z.

1155 Thus, QIVF) : RNX(F+C) _y RENXLr catisfies Equation . Note that we can also flatten it to be
116 QUINE) . RN*(F+C) _y RL~NLr,

1157 Expressing ¢//) and ¢(") using DMPs. Recall the property of ¢(*) : RF+C)x2 _ RLr with
1158 degree M, in Equation (2I)):

VZ,Y e RETOx2. () 7) = ¢INY) = F(op_1,00) € Sp_1xSc : Z = (0p_1,0¢) Y.

1150 Let us focus on the [-the output dimension ql(F) : REHC)IX2 5 R and denote it by ¢(¥) for brevity.
1160 By Lemma the (Sp_1 x S¢)-invariant polynomial ¢(*) : RFFC)*2 _, R can be expressed by
iOvy= Y VPws(V), (38)

I8l <Mp

1161 where wg : RF+C)I*¥2 R are (Sp x S¢)-invariant polynomials with degree at most M.

1162 The doubly multi-symmetric power-sum polynomials (DMPs) sgc), SEF) : RFHOIX2 4 R ag
1163 defined in Definition[B.4with N = 2 transposed to the second axis, map the variable V € R(F+C)x2
1164 tO

F C
F a® c a®
sPvy=>ve" ad s OWV)=3 Ve,
f=1 c=1
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where these polynomials are enumerated/indexed by ¢t € [T] for T = (M g“), in order to parameter-

ize all multi-indices a*) € NZ such that ||oz(t) Hl < Mp.

Fix B € R? and denote wg by w for brevity. By Lemma the (Sp x S¢)-invariant polynomial
w can be expressed as a polynomial v : R?Z — R in the doubly multi-symmetric power-sum
polynomials (DMPs) {s{"?}Z_ : RF+x2 5 Rand {s{V}L | : RF+O=2 5 R by

w(V) =u (s V), V), s, s (1) (39)

We can write w as composition of the three maps
w=wuotob, (40)
where b : RUFFE>2 — RUEHFOXT ¢ RUHFOXT _y R2T and o : R?T — R.

Here, the map b : REF+C)x2 _ RFFEIXT calculates all monomials of the DMPs. It does so by
applying the signle function b : R> — R” row-wise, which calculates all monomials of the DMPs
per row, i.e.,

Vi€[F+C): b(V); =bV,) = (Vﬁ“),._.,vjjfm) 1)

The map t : RFHEIXT _ R2T performs the relevant sums over F' and C' to derive the DMPs, when
applied to H = b(X) € RF+TO*T Jike so

F C
t(H):(ZHfmZHF-‘rC,:)' (42)
=1 —1

Lastly, u : R?T — R is defined by .

Approximating Q) using TSNet*. Note that b belongs to the space B; of all polynomials from
R? to R”. By the Universal Approximation Theorem (Theorem [B.12), the space N; of multilayer
perceptrons (MLPs) from R? to R” is a universal approximator of B;.

The polynomial b applies b row-wise (see Equation ) and belongs to the space Bs of all polynomi-
als z : RFHC)x2  RIFHCIXT of the form 2(V) = (y(V1.),...,y(Vric..)) | for arbitrary poly-
nomials y € B;. Consider such a polynomial z and corresponding y. For any € > 0 and compact do-
main C' € RF+E)%2  the domain C in contained in a larger compact domain of the form C’x . .. x C’
where C’ C R? is compact. Hence, by Theorem@ q : ' — RT can be approximated in infinity
norm by an MLP 6 € N/; up to error e. Hence, we also have that n(V') := (0(V1.),...,0(Vric.)) "
approximates z up to error € in infinity norm. Such an 7 belongs to the space N5 of networks from
REFE)X2 1o RIFFCIX2 of the form (V) = (§(V4.),...,0(Vryc.))T, where § € N. This
shows that V5 is a universal approximator of Bs.

The transformation ¢ belongs to the space Bs of linear (Sr X S¢)-equivariant functions from

RFHOIXT to R?T.  Specifically, it corresponds to the layers next to coefficient matrices
Ao, Ag, Ag, A15 in Equation . Consider the space N3 of linear MLPs consisting of the (Sz x S¢)-

equivariant linear layers from R+ XT o R2T | Specifically, the layers which correspond to the
coefficient matrices Ao, Ag, As, A1 in Equation (3). By Proposition .1} any function from B3 can
be implemented as a function from A3, so AN is trivially a universal approximator of Bs.

The polynomial u belongs to the space B, of all polynomials from R?” to R. By the Universal
Approximation Theorem (Theorem [B.12) the space N of multilayer perceptrons (MLPs) from R27
to R is a universal approximator of 5.

Denote

Ny = {01005005 |02 € No,05 € N3, 04 € Ny},
which contains the polynomial wg (see Equation (#0)). By Theorem [B.14] the function space NV, is
a universal approximator for the class of

By :={fsofso fol| f2 € Ba, f3 € B3, fs € Ba}.

Next, we construct a space By of polynomials from RV*(F+C) \ £ to RV*Lr | and show that
Q") € Bp. A general function from the space B is defined constructively as follows. Given an
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input X € RVX(F+C)\ £ we first compute its row-wise sum Zfil X . and append it to a new
dimension of X, creating a tensor V' &€ RV*(F+C)x2 yija
N
Vne[N]: V.. =[Xn,> Xl
i=1
Next, for some Y € N (which can be any value from N), we define for each multi-index 3 with

IB]]; <Y,apolynomial Rg € B,, (Rg can be any function from B,,). We then apply Rz row-wise

. . 6} . . NxL
oneach V,, . ., and multiply it by V", , to create the following array in R™* %

VP Ra(Va.. .
Iﬁ%:ﬂ/ ol ”)}ie[N],jE[MC]

Note that by Equations (22) and (23) and 38)-@2), Q'F) € Br.

We now define a corresponding space of MLPs from RV *(F+C) \ € to RN*Lr  that we denote by
N, as follows. Given an input X € RV*(F+C) | first compute its row-wise sum Zi\;l X, . and
append it to a new dimension of X, creating a tensor V' € RN X(F+C)%2 [jke g0

Vn e [N]: Vi..=[X,, ,ZX

This operation can be can be implemented using the general form of (Sy x Sp X S¢)-equivariant
linear maps. Specifically, it corresponds to a choice of coefficient matrices Az, Ay, Ag, Ajp in
Equation . Next, we apply on V,, ; ., for each n € [N] and j € [F' + C], any sequence of general
MLPs 6; : R? — R, [ € [L] for some L € N. Then, apply the same general MLP ¢ € A, on Vi,
for all n € [N]. Then apply any general MLP « : R? — R on each (6;(V,,1..),((V,....)), and sum,

to obtain
L

R 91 ‘/h,}: 7C ‘/ﬁg,: } .
{; Vg ) (Vo f
Since we can approximate the products of two numbers by an MLP & : R? — R, since we can
approximate monomials Vﬁ ... OY MLPs 6, : R? — R, and since we can approximate polynomials
from B,, by MLPs from Nw, the above space ANr is a universal approximator of Br. Moreover, by
construction, the space Ny consists only of TSNets*.
Approximating Q") using TSNet*. Similarly to the function space B,, of (S x S¢)-invariant

polynomials. We can construct a the function space B, of Sy-invariant polynomials from R >3 to
R. By the same reasoning, similarly to the function space N, of (Sg X S¢)-invariant MLPs, we can

also construct a the function space Nw of Sy-invariant MLPS from RV >3 to R.

Next, we construct a space By of polynomials from RY*(F+C) \ £ to RE»*Lr | and show that
QWF) € By. A general function from the space By is defined constructively as follows. Given an
input X € RVX(F+C)\ € we first compute 7'(X ), where T can be any function from Bf. We also
compute its column-wise sums Z?:I X. rand 25:1 X ryc and concatenate the sums to the result
of T'(X) over a new tensors to create a tensor Z € RV*LrX3 yig

VielF+Cl: Z.= [T(X):,j’ZX:,vaX:,FJrc]-

Next, for some ¥ € N (Wthh can be any value from N) we define for each multi-index 3 with
IB]l; < Y, a polynomial R@ € By, (Rﬁ can be any function from B.). We then apply Rg
column-wise on each Z. ; ., and multiply it by Vf ;..» to create the following array in RENXLF

Z n] J:)}nE[N],jE[LF].

Bl <Y

Note that by Equations and , QWF) ¢ By.
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We now define a corresponding space of MLPs from RV *(F+C) \ £ to RENXLr | that we denote by
Ny, as follows. Given an input X € RVXF+C)  first compute T'(X ), where T can be any function
from Nr. We also compute its column-wise sums Z?:l X. rand chzl X. r+c and concatenate
the sums to the result of 7'(X) over a new tensors to create a tensor Z € RY*L#*3 Jike so

F C
Vi€ [F+Cl: Z.=[T(X):y, Y Xop, Y X pyel.
f=1 c=1

This operation can be can be implemented using the general form of (Sy x Sp X S¢)-equivariant
linear maps. Specifically, it corresponds to a choice of coefficient matrices Ao, Ayg, Ag, Ag, A1g, A12
in Equation . Next, we apply on Z, ; ., for each n € [N] and j € [Lr], any sequence of general
MLPs 0, : R? - R, € [L] for some L € N. Then, apply the same general MLP CA e N, on Z. ;.
for all j € [Lr]. Then apply any general MLP & : R> — R on each (6;(V;,;.), (V. ;.)), and sum,

to obtain
L

{ Y #01(205).(2.5.))

=1
Since we can approximate the products of two numbers by an MLP # : R? — R, since we can
approximate monomials Zﬁ ;.. by MLPs 0, : R3 — R, and since we can approximate polynomials

ne[N),jelLr]

from B,, by MLPs from N,,, the above space Ny is a universal approximator of Byr. Moreover, by
construction, the space Ny consists only of TSNets*.

Approximating p; ; using our architecture. Let Y, Z € RY *(F+C) | Define the equivalence
relation Y ~yp Z if there exists (on_1,0r_1,0¢) € Sn—1 X Sp—1 X S¢ such that Y =
(0N_1,0F_1,0¢0)-Z. The quotient space RV*(F+C) /(S| x Sp_ 1 x S¢) is the set of equivalence
classes under this relation, equipped with the quotient topology, i.e., the finest topology that makes
the canonical projection

T RNX(F+C) — RNXD/(SN,1 X SF,1 X 50)7 %(Y) = [Y]NF
continuous, where [Y] v denotes the equivalence class of Y.

Let Q : K — REFLEN be the invariant map defined earlier, and for brevity write Q = Q). Since
both @ and p; 1 /C — Rare (Sy_1 X Sp_1 X S¢)-invariant, they factor uniquely through the quotient
space. That is, there exist unique continuous maps

pra1:m(K) = p1a(K) and Q:7(K)— Q(K),
such that ~
pra=piaomand Q = QoT.
Since the canonical projection 7 is continuous by definition, and p1; is continuous, by Lemma(B.11

p1,1 must also be continuous. Now as K is compact, 7(K) is also compact. Moreover, () is a bijection
on its domain and co-domain by Equation (33). Thus, we can now write p; ; as

PLa={ri0Q ) oQoF=(prioQ )oQ.

Denote p; 1 oQ by r: Q(K) = p1,1(K). Since K is compact, both Q(/C) and p; 1 (K) are compact
as well. By Lemma|[B.TT] the function 7 is continuous.

Note that r belongs to the space B, of all polynomials from Q(K) to p; 1(KC). By the Universal
Approximation Theorem (Theorem[B.12)), the space N, of multilayer perceptrons (MLPs) from Q(K)
to p1,1(KC) is a universal approximator of B,..

Denote
N = {QTOQN ‘ ‘9N ENN)H’I‘ ENT}’

which contains the polynomial p; ;. By Theorem[B.14] the function space N is a universal approxi-

mator for the class of
N:={fofn|fn€Bn,b €B.}.

Recall that p g1 is an (Sy_1 X Sp x Sc_1)-invariant function. By the same reasoning, we can
define a function similar to ¢/ which is not (Sp_; x S¢)-invariant but (S x Sc_1)-invariant
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instead. We can then follow up by approximating it using Lemma [B.7]instead of Lemma|[B.6| such
that by the same reasoning we can also approximate p; r4; using TSNet*.

Thus, there exists a TSNet* in 3, denoted by f : L — RYX(F+C) guch that
€

sup [[p(X) = f(X)llo < 5-

Xek
Then, Equation (I8) and the triangle inequality, we obtain

sup [[¢(X) = f(X)]l <

XeK
which completes the proof. O

Note. By applying same techniques in the proof of Lemma[B.16] one can correctly prove Theorem 3
of Maron et al.|[2020].

Theorem Let K ¢ RNX(F+C) pe ¢ compact domain such that K = Ugesy x5y x50 9K and

KNE =0, where & € RN*(F+C) s the exclusion set corresponding to RN * (F+C) (Definition|B.15)).
Then, TSNets are universal approximators in La, of continuous K — RN*C functions that are
(Sn x S¢)-equivariant and Sp-invariant.

Proof. Letq : RN*(F+C) _y RNXC be 3 continuous Sy X Sc-equivariant and S z-invariant function
on K. We define the lifted function ¢* : RN X(F+C) _ RNX(F+C) py

¢"(X) = [0V || g(X)] € RN,

where we pad ¢(X) with zeros in the first F' columns. It is easy to verify that ¢* is (Sg X S X Sy )-
equivariant, as the S part of the group action acts only on the zero-padded section, and thus does
not affect g(X).

By Lemma for any £ > 0, there exists a network TSNet*, denoted by f* : RNX(F+C)
RN X(F+C) guch that
lg"(X) = f2(X)lloc <& forall X K.

Consider the label projection map 7, which satisfies
(X, Y)=Y, ¥Y(X,Y)eRVN*F x RNxC,

Notice that ¢ := 7 o ¢* and that 7 o f is a TSNet architecture, denoted by f. := m o fx*..

Thus, we get
19(X) = fo(X) oo = [I7 (¢"(X) = f2(X)) oo < [I¢7(X) = LX)l <&,
for all X € K. Hence, there exists a TSNet that approximates ¢ on K. O

C Further Details on the Experiments
C.1 Dataset Statistics

The statistics of the 28 node classification datasets used in Table[I]can be found in Table[2]

C.2 Hyperparameters for all Experiments

We adopt the hyperparameters used in [Zhao et al|[2025] for the experiments in Table [I| over the
architectures MeanGNN, GAT and GraphAny. The full set of hyperparameters is reported in Table 3]
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Table 2: Statistics of the 28 node node classification datasets.

Dataset #Nodes  #Edges #Feature #Classes Train/Val/Test Ratios (%)
actor 7600 30019 932 5 48.0/32.0/20.0
amazon-ratings 24492 186100 300 5 50.0/25.0/25.0
Arxiv 169343 1166243 128 40 53.7/17.6/28.7
blogcatalog 5196 343486 8189 6 2.3/48.8/48.8
brazil 131 1074 131 4 61.1/19.1/19.8
chameleon 2277 36101 2325 5 48.0/32.0/20.0
citeseer 3327 9104 3703 6 3.6/15.0/30.1
co-cs 18333 163788 6805 15 1.6/49.2/49.2
co-physics 34493 495924 8415 5 0.3/49.9/49.9
computers 13752 491722 767 10 1.5/49.3/49.3
cora 2708 10556 1433 7 5.2/18.5/36.9
cornell 183 554 1703 5 47.5/32.2/20.2
deezer 28281 185504 128 2 0.1/49.9/49.9
europe 399 5995 399 4 20.1/39.8/40.1
full-DBLP 17716 105734 1639 4 0.5/49.8/49.8
full-cora 19793 126842 8710 70 7.1/46.5/46.5
last-fm-asia 7624 55612 128 18 4.7/47.6/47.6
minesweeper 10000 78804 7 2 50.0/25.0/25.0
photo 7650 238162 745 8 2.1/49.0/49.0
pubmed 19717 88648 500 3 0.3/2.5/5.1
questions 48921 307080 301 2 50.0/25.0/25.0
roman-empire 22662 65854 300 18 50.0/25.0/25.0
squirrel 5201 217073 2089 5 48.0/32.0/20.0
texas 183 558 1703 5 47.5/31.7/20.2
tolokers 11758 1038000 10 2 50.0/25.0/25.0
usa 1190 13599 1190 4 6.7/46.6/46.6
wiki 2405 17981 4973 17 14.1/42.9/43.0
wiki-cs 11701 431206 300 10 5.0/15.1/49.9

Table 3: Hyperparameters used in Table

MeanGNN GAT GraphAny  TS-Mean  TS-GAT
2.107%  2-1074 0.01
Ir 5-104 5.1074 2.107¢ 0.01 0'03
1073 1073 ’
hidden dimension 64, 128 - 64 16 16
# layers 1,2,3 - - 2 2
# batch - - 500, 1000 5,10 5,10
visible train labels (%) - - 0.5 0.3,04,05 0.1,0.2
# epochs 400 400 400 2000 2000
Entropy - - 1,2 - -
# MLP layers - - 1 - -
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