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Abstract

The standard supervised learning paradigm works effectively when training data
shares the same distribution as the upcoming testing samples. However, this
stationary assumption is often violated in real-world applications, especially when
testing data appear in an online fashion. In this paper, we formulate and investigate
the problem of online label shift (OLaS): the learner trains an initial model from
the labeled offline data and then deploys it to an unlabeled online environment
where the underlying label distribution changes over time but the label-conditional
density does not. The non-stationarity nature and the lack of supervision make
the problem challenging to be tackled. To address the difficulty, we construct a
new unbiased risk estimator that utilizes the unlabeled data, which exhibits many
benign properties albeit with potential non-convexity. Building upon that, we
propose novel online ensemble algorithms to deal with the non-stationarity of the
environments. Our approach enjoys optimal dynamic regret, indicating that the
performance is competitive with a clairvoyant who knows the online environments
in hindsight and then chooses the best decision for each round. The obtained
dynamic regret bound scales with the intensity and pattern of label distribution
shift, hence exhibiting the adaptivity in the OLaS problem. Extensive experiments
are conducted to validate the effectiveness and support our theoretical findings.

1 Introduction

One of the fundamental challenges for modern machine learning is the distribution shift [1, 2, 3, 4].
The learned model’s testing performance would significantly drop when the distribution is different
from the initial training distribution. More severely, in many real-world applications, testing data
often come in an online fashion after deploying the trained model such that the underlying distribution
might continuously change over time. Hence, it is necessary to develop learning methods to handle
distribution shift in online and open environments [5]. Another practical concern is the label scarcity
issue in real tasks, particularly those tasks emerging in online scenarios. For example, in the species
monitoring task [6, 7], a learned model is deployed to detect species of wild animals. The data consist
of received signals from sensors and hence are naturally in the streaming form. The data distribution
of upcoming animals will change due to the variety of species across different geographic locations
and seasons, and moreover, it is hard to gather the labels of streaming data in time.

Motivated by the above real demand, this paper is concerned with the following problem: how to
design an algorithm that can adapt to non-stationary environments with a few labeled data or even
unlabeled data observed at every time? In addition to getting empirical performance gain, the overall
method is desired to have clear and strong theoretical guarantees. The problem is generally hard due
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to the non-stationarity of online environments and the lack of supervision. As such, we investigate a
simplified case with a focus on the specific change on the label distribution. We formalize the online
label shift (OLaS) problem,? which consists of two stages, including offline initialization and online
adaptation. Specifically, the learner collects labeled samples drawn independently from the initial
distribution Dy (x, y) where x and y denote the feature vector and its associated label, and trains
an initial model following standard supervised learning methods. Subsequently, she needs to adapt
it to an unknown non-stationary environment where the underlying label distributions change over
time. Specifically, at time ¢, she receives a few unlabeled samples drawn from the current distribution
D:(x) and uses them to update the model. In OLaS problems, the essential environment change
happens on the label distribution D;(y) with the conditional D(x | y) always remaining the same.

The label shift problem has been widely studied in the offline setting [8, 9, 10, 11, 12, 13, 14], but
this is less explored in the more challenging online setup. One natural impulse is to handle OLaS
by online learning techniques [15], but it is generally non-trivial due to the lack of supervision in
the adaptation stage and also the non-stationarity issue. Wu et al. [16] made the first such attempt
for OLaS, where they constructed an unbiased risk estimator with the unlabeled data for model
assessment and used online gradient descent for model updating. Let 7" denote the number of rounds.
They proved an O(v/T) regret bound, which measures the gap between the learner’s decision and
the best fixed decision in hindsight. However, in non-stationary environments, a single decision
can hardly perform well all the time, which makes the guarantee less attractive for OLaS problem:s.
Another technical caveat is that their theory relies on a vital assumption of the convexity of risk
functions, which was not verified strictly. In fact, this assumption can hardly be satisfied as an
operation to take the argument of the maximum is involved in its formulation of the risk estimator.

In this paper, we aim to develop an algorithm for adapting to online label shift with provable
guarantees. To this end, we first reframe the construction of the unbiased risk estimator via risk
rewriting techniques and prove that the estimator still enjoys benign theoretical properties, albeit
with a potential non-convex behavior. Second, to handle the non-stationarity of the online stream,
instead of using traditional regret as the performance measure, we employ dynamic regret to guide the
algorithm design, which ensures the online algorithm is competitive with a clairvoyant who knows
the online functions in hindsight and hence chooses the best decision of each round. To optimize
such a strengthened measure, we propose a novel online ensemble algorithm building upon the risk
estimator, consisting of a meta-algorithm running over a group of base-learners, each associated

with a customized configuration. Our algorithm enjoys an (’)(VTl/ 12/ 3) dynamic regret, where

Vr = Zthz |fty, — ty, .|| measures the variation of label distributions, with p,, denoting the
vector consisting of the class-prior probabilities at time ¢. Notably, the regret guarantee achieved by
our algorithm is minimax optimal in terms of both number of rounds and non-stationarity measure,
and importantly, our algorithm does not require the unknown class-prior variation Vr as the input.

Furthermore, for many situations where online label shift contains some patterns such as periodicity
or gradual change behavior, we present an improved algorithm to exploit such structures and achieve
provably better guarantees. The key idea is to leverage historical information to serve as a hint for

online updates. We prove an O(VT{/ 3GIT/ S/ 3) dynamic regret, where G'r measures the reusability
of historical information that is at most O(7") while could be much smaller in benign environments.

As a benefit, the improved algorithm safeguards the O(V%/ 12/ 3) worst-case bound and meanwhile
achieves great improvement in easier environments. Extensive experiments are conducted to evaluate
our approach, which show the usefulness of meta-base structure in tackling non-stationarity and
validate the effectiveness of other adaptive components.

Technical Contribution. Our method is not a direct application of existing non-stationary online
learning methods [17, 18, 19], but rather requires in-depth technical innovations. First, the potentially
non-convex risk estimator makes it hard to apply existing techniques of online convex optimization
(OCO) [15], but fortunately, we prove the convexity of its expectation such that the OCO framework
can still be used (see Remark 2). Second, to optimize the dynamic regret, we employ a meta-base
structure to hedge the uncertainty of the unknown minimizer of the expected risk function at each
round and convert the variation of expected risk minimizers to the intensity of label distribution
drifts, a natural non-stationarity measure for the OLaS problem (see Remark 3). Third, earlier study
showed adaptive dynamic regret bounds for convex and smooth functions [19], while the smoothness

*We use OLaS instead of OLS, since OLS often refers to “ordinary least squares”.



assumption can hardly be satisfied in our case. We remove such a constraint by introducing an implicit
update, which could be of independent interest for general OCO purposes (see Remark 4).

2 Problem Formulation

We focus on OLaS of multi-class classification with feature space X' C R and label space Y =

[K] = {1,..., K}, where d is the dimension and K is the number of classes. Below we formulate
setups of two stages of OLaS (offline initialization and online adaptation).

Problem Setup. In the offline initialization stage, the learner collects a number of labeled samples
denoted by Sy = {(x,,yn)}2°, drawn from the distribution Dy(x,y) and then obtains a well-
performed initial model fy : X — Y. In the online adaptation stage, data come in the streaming form
without labels. The current model is deployed to predict the labels of online data and also to evolve
adaptively. Specifically, at each round ¢ € [T, the learner receives a small number of unlabeled data
Sy = {xn}fy;l drawn from the distribution D;(x). The non-stationary nature indicates D; # Dy in
general for different ¢,¢' € [T']. OLaS considers the simplified case that essential changes come from
label distributions and there are no new classes, formally described in the following condition.
Assumption 1 (Online Label Shift). In the online label shift problem, the label distribution Dy (y)
changes over time while the class-conditional distribution D, (x | y) is identical throughout the process
fort € {0,1,...,T}. Moreover, it holds that Dy (y) > 0 for any y € ).

Performance Measure. At round ¢t € [T], the learner uses the information observed so far
to make the prediction and also update the model w; € W, where W is a convex decision set
with diameter I' £ supy, v cyy|[Ww — W’||2. The goal is to ensure that the t-round model w,
generalizes well on the underlying distribution D,. Thus, the model’s quality is evaluated by its
risk defined as Ry(w) = E(x ,)p, [l(f(W,%),y)], where f : W x X — R¥ is the predictive

function and ¢ : R x )~ R is any convex surrogate loss for classification such that £( f(w, x), )
is convex in w. We introduce two constants, G = SUP(x,y) e x ¥, wew | Vwl(f (W, %), y)[2 and
B£ SUP (x,y)exX xY,weW |£(f(w7 X)a y)

We use regret to examine the performance of online algorithms. In particular, dynamic regret [20, 17]
is employed to compete the algorithm’s performance with the best response at each round, defined as

, as upper bounds of gradient norm and loss function value.

T T T T
d a .
Regf £ > Ry(w) _Zv%lv&(w) = Ri(wy) = Y Ri(wy), (1
t=1 t=1 t=1 t=1
where w; € arg min, ¢y R;(w) is the model (or one of the models) with the best generalization
ability on the distribution D;. Notably, it is known that a sublinear dynamic regret is impossible in the
worst case [17], so an upper bound of dynamic regret is desired to scale with a certain non-stationarity
measure. A natural measure for OLaS would be the variation intensity of label distributions.
Remark 1 (Static regret vs. dynamic regret). The classic measure for online learning is static regret,
defined as Reg} = .Zle Ry(wy) — Zthl Ry(w*), where w* € argmin,, cyy Zthl R.(w) is the
best fixed model in hindsight. The measure was adopted in the prior work of OLaS [16]. However, the
measure is not suitable for OLaS, because it is too optimistic to expect a single fixed model to behave
well over the whole process in changing environments. By contrast, minimizing dynamic regret
facilitates the online algorithm with more adaptivity and robustness to non-stationary environments.

3 Proposed Approach

This section presents our approach for the OLaS problem, including the algorithms and theoretical
guarantees. In the following, we respectively address the two central challenges of OLaS: the lack of
supervision and the non-stationarity of online environments.

3.1 Unbiased Risk Estimator for Online Convex Optimization

OCO is a powerful and versatile framework for online learning problems, which enjoys both practical
and theoretical appeals [21, 15]. Online Gradient Descent (OGD) [20] is one of the most fundamental



and powerful algorithms due to its light computational cost and sound regret guarantees. In the
OLaS problem, recall that the learner’s goal is to obtain a model sequence {w;}~ ; enjoying low
cumulative risk Zle R:(w¢). Thus, suppose the model’s risk R;(w;) is known at each round;
then OGD simply updates the model by w1 = Iy [w; — nV R, (w;)], where II)y[-] denotes the
projection onto W and 1 > 0 is the step size. It is well-known that OGD guarantees the regret bound
ZZ;I Ri(wy) — mingew 23:1 Ri(w) < O(V/T) when risk function R;(w) is convex and step
size is set as 7 = O(T~1/2) [15] (see Appendix B.1 for more details).

However, the expected risk function R;(w) is unknown in the current OLaS setup as it is defined
over the underlying joint distribution D;(x, y). More severely, the online environments in the OLaS
problem are fully unlabeled, which poses great challenges to apply the OCO framework. Indeed, the
lack of supervision makes it hard to empirically assess the expeg}ed risk, not to mention ensuring the
convexity. In the following, we establish an unbiased estimator R;(w) with unlabeled data S, which
exhibits nice properties such that the OCO framework is still applicable for our purpose.

Unbiased Estimator under Label Shift. Inspired by the progress in offline label shift [9, 12, 13],
we establish an unbiased risk estimator in OLaS for R;(w) with unlabeled data S; and offline data
Sp by the risk rewriting technique. To this end, let i1, € A denote the label distribution vector

with the k-th entry [p,,]x = D;(y = k), then we have the following decomposition for the true risk:

K K

Ri(w) £ Ex gy, [0(f(w,%),9)] = D [y Ji - RE(W) = Y[y i - B (w), @

k=1 k=1

where R} (W) £ Eyp, (x | y=k)[{(f(W,X), k)] is the risk of the model over the k-th label at round ¢.
The second equality holds due to the law of total probability, and the third equality is by the label shift
assumption that D;(x | y) = Do(x | y) for any ¢t € [T]. Since the labeled offline data S is always
available, one can approximate RX(w) by its empirical version fz’g (w) with offline data Sy, where
RE(w) & @ D oxnesy L(f(w,xy), k) and S§ is a subset of Sy containing all samples with label &.

Therefore, the task is now to estimate the label distribution vector p,,. To this end, we employ
the Black Box Shift Estimation (BBSE) method [12] to construct an estimator via only offline data
Sp and unlabeled data S;. Specifically, we first use the initial offline model f; to predict over the
unlabeled data S; and get predictive labels 7;, and next estimate the label distribution via solving the
crucial equation pt,, = C’f_olugt, where pg, € Ag is the distribution vector of the predictive labels
gy and Cy, € RE*K is the confusion matrix with [C,]i; = Expy(x | y=5) [1{fo(x) = i}] being
the classification rate that the initial model fj predicts samples from class ¢ as class j. We defer more
details to Appendix B.2. As a result, through risk rewriting and prior estimation, we can construct the
following estimator for the true risk R;(w):

K
= > [0} g e - RE(w), 3)
k=1

where C +, and fig, are empirical estimators of the confusion matrix and predictive label distribution
vector using offline data Sy and unlabeled data S; only. Our constructed risk estimator enjoys the
unbiasedness property, which plays a crucial role in the later algorithm design and theoretical analysis.

Lemma 1. The estimator Ry(w) in Eq. (3) is unbiased to Ry(w) = E(x,y)~p, [L(f(W,%),y)], i.e.,
Eg,~D, [ﬁt (w)] = Ry(w), for any w € W independent of the dataset Sy, provided Cj, is invertible
and the offline dataset Sy has sufficient samples such that Cy, = Cy, and RE(w) = R§(w), Vk € ).

The proof of Lemma 1 is in Appendix D.1. Note that the sufficient sample assumption is introduced on
offline data .Sy to simplify the presentation. Indeed, we can further show |Eg, p, [R:(W)]— Re(w)| <
O(+/1/]So|) with high probability (details in Appendix D.2). Such an additional dependence on S
also appears in the classical offline label shift [12, 13] and is negligible when a large number of offline
data is collected at the initial stage. The requirement is easy to realize and will not trivialize the
online adaptation. Another caveat is that storing all the offline data can be burdensome in resource-
constrained learning scenarios, then one may use data sketching techniques like corsets [22, 23] or
reduced kernel mean embedding [24, 25, 26] to further improve the storage complexity.



Remark 2 (Non-convexity issue). Our risk estimator R, (w) can be non-convex as the estimated label
distribution [af;lﬁ@]k might be negative in order to ensure the unbiasedness. Such a non-convex
behavior introduces a great challenge for applying the OCO framework. Fortunately, owing to
its unbiasedness and the fact that the expected risk R;(w) is indeed convex, we can continue the
following algorithm design and theoretical analysis building upon the constructed unbiased estimator.

OGD with Unbiased Estimator. Building upon the risk estimator in Eq. (3), we then deploy OGD
and obtain our UOGD algorithm (abbreviated for “OGD with unbiased risk estimator’), namely,

w1 = Hyy[wy — ﬁvgt(wtﬂ- 4

Despite the potential non-convexity of the risk estimator itself, we can still establish solid regret
guarantees via the OCO framework due to the benign property that the risk estimator is unbiased and
the expected risk is indeed convex. For example, UOGD provably enjoys an (’)(\/T) static regret. See
the formal statement in Appendix D.3. We remark that our attained static regret already achieves the
state-of-the-art theoretical understanding of OLaS, in the sense that previously the same bound can be
only achieved with an additional unrealistic convexity assumption imposed over the algorithm [16],
which UOGD does not require. Concretely, Wu et al. [16] assumed that the risk estimator is convex (in
expectation), which is hard to theoretically verify since the estimator approximates the 0/1-loss and
involves an indicator function and an argmax operation due to the employed reweighting mechanism.
By contrast, our estimator directly approximates the surrogate loss without reweighting and thus
does not suffer from such limitations. Even if modifying their estimator to optimize a surrogate
loss, the reweighting mechanism makes their method still hardly suitable for the OCO framework.
More details are in Appendix C.3. In a nutshell, our constructed risk estimator enjoys nice properties,
which are indispensable for the algorithm design and theoretical analysis.

3.2 Adapting to Non-stationarity of Online Label Shift

So far, an O(\/T ) static regret has been established for OLaS; however, the guarantee is not appealing
because static regret is not suitable for non-stationary online problems as discussed in Remark 1. We
now introduce our method adapting to the non-stationarity with provable dynamic regret guarantees.

First, benefiting from the unbiasedness and expected convexity of our risk estimator, we prove that
UOGD achieves a dynamic regret scaling with the label distribution drift V7.

Theorem 1. Under the same assumptions as Lemma 1, UOGD in Eq. (4) with step size 1 satisfies

E[Reng] < 2KG? o2 4 BYYT + 1%y +4(T +1)y/BVrT/y = O<71T+1/77+ VA (VTT)/n), 5)

where the constant o > 0 denotes the minimum singular value of the invertible confusion matrix C'y,.
Moreover, Vi = ZtT:2 | tty, — by, . |1 measures the intensity of the label distribution shift.

The proof of Theorem 1 can be found in Appendix E.1. The dynamic regret guarantee is obtained in
a non-trivial way, and below we expand the technical innovations.

Remark 3 (Non-stationarity measure for OLaS). For readers who are familiar with the literature,
our result is reminiscent of the existing dynamic regret bound in the OCO studies [17, 27] on the
surface; however, our result exhibits fundamental differences. The key caveat is that in our case the
comparator w; at each round is not the minimizer of the online function. Specifically, as the expected
risk Ry is inaccessible, one has to work on the unbiased risk estimator }A%t and requires optimizing the
empirical dynamic regret Zle Ri(wy) — Zle Ry(w}). Importantly, w; € arg ming, cyy Ry (W)
but w; ¢ argmingcyy }Ait(w) in general. Although the empirical dynamic regret can be trivially

bounded by 23:1 Ri(wy) — Zthl mingeyw R¢(w), the bound will then be loose and related to
temporal variation of risk estimators [17, 27], making it hard to establish relationship to the natural
non-stationarity measure of OLaS: V7.* On the other hand, there exist studies benchmarking dynamic
regret with other choices of comparators [20, 18], but the bounds scale with the consecutive variation

“Besbes et al. [17] also considered a more general setting with noisy function value feedback. In such cases,
the comparator is not the exact minimizer of the online function at each round, and their algorithm will require a
periodical restart to deal with the non-stationarity. By contrast, ours does not require the restart in the algorithm.



Algorithm 1 ATLAS: base-algorithm Algorithm 2 ATLAS: meta-algorithm

Input: stepsizen; € H Input: step size pool H; learning rate ¢

1: let wy ; be any point in W 1: initialization: Vi € [N],p;; = 1/N

2: fort =2to T do N 2: fort =2to T do

3:  construct the risk estimator R, as (3)  3:  receive {wy;};*, from base-learners

4:  update the model of base-learner by 4:  update weight p; € Ay according to
wyi = Ihy[wi_1; — ﬂiVﬁtq(WFu)] Pt,i o exp(—¢ Zf;:ll Rs(ws,i)), i € [N]

5:  send wy ; to the meta-algorithm 5. predict final output w;, = Zf\/: L PiWe

6: end for 6: end for

of comparators ZtT:2 |lwy — wi_;||2, whose relation to V7 is also unclear. To address the difficulty,
drawing inspiration from [28], we decompose the expected dynamic regret into two parts: (i) the
analysis of the first part relies on an in-depth analysis of the empirical dynamic regret of UOGD
to track a specific sequence of piecewise-stationary comparators to avoid undesired variation of
comparators; and (ii) the analysis of the second part is directly conducted on the original risk
functions to attain a non-stationarity measure only related to the underlying label distribution shift.

From the upper bound in Eq. (5), we can observe that a proper step size tuning is crucial. Specifically,
it can be verified that when the environment is near-stationary (more precisely, Vpr < ©(T *%)),

simply choosing 7 = ©(1/+/T) ensures an O(+/T') dynamic regret, which is known to be minimax
optimal even for the weaker measure of static regret [29]. Thus, in the following, we focus on the

non-degenerated OLaS situation where Vp > @(T*% ), and then the dynamic regret upper bound can
1
be further simplified as O(nT + 1/n+ /(VrT)/n). As a result, UOGD can attain an O(V? T%)

1
dynamic regret by setting the step size optimally as n = ©(T ’%VTB ). According to the lower bound
results of Besbes et al. [17], we know that UOGD with an optimal step size tuning ensures a minimax
optimal dynamic regret guarantee, see more discussions on the minimax optimality in Appendix E.3.

However, the optimal step size n* = G(T*%VTE) crucially depends on the label distribution drift

Vr = Zthz |ty — tty, . ||1, Which measures the non-stationarity and is unfortunately unknown to
the learner. It is worth emphasizing that the problem cannot be addressed by standard adaptive step
size tuning mechanisms in online learning literature, such as the doubling trick [30] or self-confident
tuning [31], in that the variation quantity V cannot be empirically evaluated as it is defined over
the underlying label distribution D; (y) inaccessible to the learner. Even diving into the analysis of
Theorem 1, the adaptive tuning requires the knowledge of original risk functions { R;}._,, which are
also unavailable. Intuitively, the hardness of such optimal step size tuning essentially comes from the
uncertainty of the non-stationary label shifts.

To overcome the difficulty, inspired by recent advances in non-stationary online learning [18, 19],
we propose an online ensemble algorithm for the OLaS problem called ATLAS (Adapting To LAbel
Shift). Specifically, to cope with the uncertainty in the optimal step size tuning, we first design a pool
of candidate step sizes denoted by H = {n,...,nn} such that n, can be well approximated by at
least one of those candidates, which will be configured later and here N is the number of candidate
step sizes. Then, ATLAS deploys a two-layer structure by maintaining a group of base-learners,
each associated with a candidate step size from the pool H and then employs a meta-algorithm to
track the best base-learner. The main procedures are presented in Algorithm 1 (base-algorithm) and
Algorithm 2 (meta-algorithm), and we describe the details below.

Base-algorithm. We parallelly run a group of instances of UOGD, each one is associated with a
candidate step size in the step size pool H. Formally, the i-th base-learner yields a sequence of base

models {w, ;}Z_;, which is updated by w; ; = Ilyy[w;_1,; — mVﬁt_l(wt_lﬂ;)} with n; € H.

Meta-algorithm. The meta-algorithm aims to combine all the base-learners’ decisions such that
the final output is competitive with the decisions returned by the (unknown) base-learner associated
with the best step size. To achieve this, we employ a weighted combination mechanism with the
final model as w; = Zf\; Dt iWy i, where p; € Ay is the weight vector with p, ; denoting the
weight of the ¢-th base-learner. We use the classic Hedge algorithm [32] to update the weight vector,
namely, p; ; X exp ( —€ 22;11 fis (wsﬂ;)), where € > 0 is the learning rate of the meta-algorithm



that can be simply set as O(1/(In N)/T') without dependence on label shift quantity. Intuitively, the
meta-algorithm puts larger weights on base-learners with a smaller cumulative estimated risk so that
the overall models {w;}7_, can be competitive to the base-learner with the best performance.

ATLAS enjoys the following dynamic regret guarantee with the proof in Appendix E.2.

Theorem 2. Set the step size pool as H = {n; = QGI:/'K—T 271 | i € [N}, where

N = 1+ [Llogy(1 + 2T)] is the number of base-learners. ATLAS ensures that E[Regd] <
O(maX{VT%T%, VT}), or simplified as O(VT%T% ) for non-degenerated cases of Vip > @(Tfé ).

Theorem 2 shows that ATLAS enjoys the same dynamic regret as UOGD with the (unknown) optimal
step size, but unknown non-stationarity Vr is no more required in advance. Algorithmically, our
online method maintains N = ©(log T') base-learners to achieve an optimal dynamic regret, which
would be computationally acceptable given a logarithmic dependence on 7'

3.3 More Adaptive Algorithm by Exploiting Label Shift Structures

ATLAS is equipped with a minimax optimal dynamic regret, which indicates that it can safeguard the
optimal theoretical property in the worst case. Worst-case optimality serves as the “stress-testing” for
the robustness to non-stationarity environments [33]. At the same time, more adaptive results beyond
the worst-case analysis are also urgently desired, as improved performance is naturally expected in
many easier situations when the shift admits specific patterns such as periodicity or gradual evolution.

To this end, we propose an improved algorithm called ATLAS-ADA with provably more adaptive
guarantees. The key idea is to exploit the label shift patterns and reuse historical information to help
the current online update [34]. We build on the framework of optimistic online learning [35, 36] by
introducing a hint function H; : YW — R to encode shift patterns from historical data, which serves
as an estimation of the expected risk R;(w;). Below, we start with a given hint function and describe
the usage, and finally elaborate on how to design H;(-) guided by the theory.

Similar to ATLAS, the improved ATLAS-ADA also deploys a two-layer meta-base structure. The key
difference lies in the usage of the hint function at both the base-level and meta-level.

Base-algorithm. Besides the gradient descent step as did in ATLAS, another update step related to
the hint function H,(-) is performed. Concretely, the i-th base-learner updates the parameters by

3 (6)
where VAVM is an intermediate output and wy ; is the final returned model. When H;(w) = 0 (i.e.,
without a hint function), the above two-step update simply degenerates to the same UOGD update in
the base-learner of ATLAS by noting that now w; ; = vAvt,i. In the general H(-) case, the second step
in (6) is crucial and can be regarded as another descent towards the direction specified by the hint
function. As a result, this will reduce the regret whenever the hint function is set appropriately to
approximate well the next-round risk function, which will be clear in the regret bound presented later.

V?/'tﬂ‘ = HW [‘/)\Vt_l,i _niv;\{t—l(wt—l,i)]; Wt,i = arg minwew ’Ith(W) +1/2' HW_‘/"\/t,i

Meta-algorithm. The meta-algorithm is used to track the best base-learner, and the hint function
H,(-) is also necessary to be considered in the update to achieve the adaptivity. To this end, we inject
the hint function as the loss evaluation of the meta-algorithm, and then the weight is updated by
Dt,i X €XP (75( Zi;ll ﬁs (ws,) + Hy (w“))) for all ¢ € [IN], where ¢ is the learning rate that can
be set properly without dependence on V. The key distinction to the meta-algorithm of ATLAS is
the additional loss H,(wy ;) evaluated over the current local models {w, ;}¥ ; by the hint function.

The main procedures are presented in Algorithm 4 (base-algorithm) and Algorithm 5 (meta-algorithm).
We have the following dynamic regret bound for ATLAS-ADA (proof in Appendix F.2).

Theorem 3. Suppose the hint function H; : W — R is convex, satisfies maxwew||VHi(w)|l2 <
maXwew ||V§t (W)||2, and is independent of current data Sy. Set the step size pool as H = {n; =
ﬁ 2071 i € [N]} with N = 2+ [41og,(3T(1 + 4G*KT/0))]. ATLAS-ADA ensures
E[Regd] < O(V%/?’GIT/?’TUB), where Gp = Zle E[supweWHVﬁt(w) — VH(w)||3] measures
the reusability of historical information, depending on label shift patterns and hint function designs.

In the worst case, G is at most O(T) given a bounded gradient norm ||V H;(w)||2, and thus
the bound presented in Theorem 3 safeguards the same O(V%/ 2/ 3) bound as ATLAS. More



importantly, when the hint function H,(-) encodes beneficial information and is close to the risk
function, the obtained bound can be substantially better than the minimax rate.

Remark 4 (Implicit update). Problem-dependent dynamic regret was first presented in [19] for
convex and smooth functions. However, their result critically relied on the smoothness condition,
which is not satisfied in our OLaS case. Our key technical innovation is the implicit update in
the second step of (6). The previous method required the gradient-descent type update w; ; =
Mwew Wy — 17, VH(w¢_1,)], which can be deemed as an approximated optimization over the
linearized loss (V H;(w;_1;), w). By contrast, we directly updates over the original function Hy(w),
hence called the “implicit” update [37, 38]. Albeit with slightly larger computational complexity
(which will not be a barrier given a proper design of hint functions), our method enjoys the same
dynamic regret without smoothness, which could be of independent interest for general OCO purposes.

Design of Hint Functions. The hint functions should minimize the reusability measure G to
sharpen the dynamic regret as suggested by Theorem 3. Recall that R;(w) = Zszl [By.],, - RE(w).
Thus, a natural construction is Hy(w) = 31, [hy, |- RE (w) parametrized by hint priors h,, € RE,

which is used to estimate the class prior based on the past observed data {S }t . Then, Gt satisfies
the bias-variance decomposition (with bias term E[||h,, — py, ||3] and variance term E[|| ey, — By, |13]):

Gr < KG?Y | By, ~ iy 8] <26G* 32 (E [lhy, — oy, B + B [l1ay, — 0, 18] ).

Setting h,, = p,, will make the upper bound tightest possible, though the underlying class prior fs,,
is not accessible in practice. So the design of the hint function is actually a task of approximating
it with different parts of previous data guided by prior patterns. In the experiments, we design four
hint functions by encoding different knowledge, including Forward Hint (Fwd), Window Hint (Win),
Periodic Hint (Peri), and Online KMeans Hint (OKM). More details are in Appendix F.1.

4 [Experiments

In this section, we conduct extensive experiments to validate the effectiveness of the proposed
methods (ATLAS and ATLAS-ADA) and justify the theoretical findings. We begin this section with
a brief introduction to the experimental setups (more details are deferred to Appendix A) and then
present empirical results on the synthetic and real-world data, respectively.

Experiments Setup. We compare seven algorithms in various experimental configurations. The
contenders include a baseline that predicts with the initial model directly (FIX), three OLaS algorithms
proposed by the previous work [16] (ROGD, FTH, and FTFWH), and our proposals (UOGD, ATLAS,
and ATLAS-ADA) with the logistic regression model. Besides, we simulate four types of label
shift on synthetic and benchmark data to capture different distribution change patterns. Two of
them, including Sine Shift (/1) and Square Shift ([/ll) change in a periodic pattern. The
other two have no periodic structure but are introduced to capture different shift intensities. The
underlying distribution changes slowly in the Linear Shift (™) while changes fast in Bernoulli
Shift (1 H) We repeat all experiments for five times and evaluate the contenders by the average

error Zt 1 \St letl 1[f (wW,%xp) # yn] over T = 10, 000 rounds.

4.1 TIllustrations on Synthetic Data

This subsection first compares all contenders on the synthetic data. Then, we further illustrate the
effectiveness of our proposal by a closer look at the two key components, including a meta-base
structure for step size search and a hint function for historical information reuse.

Overall Performance Comparison. Table | compares ATLAS with other methods when N, = 100
samples are received at every iteration. Basically, FIX is inferior to the online methods, which shows
the necessity of designing online algorithms for the OLaS problem. Besides, UOGD outperforms
ROGD, the OGD algorithm running with the risk estimator proposed by [16]. The comparison
demonstrates the empirical superiority of our estimator besides its benign theoretical properties.
Moreover, the ATLAS surpasses almost all other methods in the four shift patterns. In particular, it
achieves a significant advantage over UOGD (with step size 7 = ©(T~'/?)) when the environments
change relatively fast (Squ, Sin, and Ber). The results justify our theoretical finding that the small



Table 1: Average error (%) for different algorithms Step Size (7): M0.1 M0.2 W0.4 W0.8 W1.6 M3.2 6.4 12.8
under various simulated shifts for the synthetic data. 10 10
The best algorithms are emphasized in bold (paired
t-test at a 5% confidence level).

Weight Assignment
°

2 20.2-
Lin Squ Sin Ber 0.0%0 1o Tor 1o 00750 1ot 102 108
Iterations Iterations
FIX  7.87+0.03 7.874£0.02 7.34+0.03 7.79+0.02 ] ] ' ]
FTH  4.7040.02 6.50+0.01 6.364+0.03 6.60+£0.01 (a) Linear shift (b) Bernoulli shift

FTFWH 527+0.02 6.5240.01 6.3640.02 6.60+0.01 . . ) .
ROGD  6.08£0.01 7.1140.01 6.87+0.02 6.40+001 Figure 1: Weight assigned of the ATLAS algorithm

UOGD  5.3540.02 6.17£0.01  6.37+0.01 5.46+£0.05  for each step size along the learning process. Different
ATLAS 544002 4274002 5752001 4044007 (1605 are used to indicate different step sizes.

Table 2: Average error (%) for ATLAS-ADA with four hint functions under different sample sizes. The best one
is emphasized in bold. Besides, e indicates a better result than ATLAS without hint (None).

Shift Sample Size: 1 Sample Size: 10 Sample Size: 100
Type None Win Peri Fwd  OKM None Win Peri Fwd  OKM None Win Peri Fwd  OKM

628 589 599 601 535 561 547 543 553 542 5.44 544 538 540 5.45
+021 +£026 +029 +£031 +£031 +004 £004 +£003 +005 £005 +£002 +003 £002 +002 =+0.03
6.03 583 527 588 5.07 4.59 469 385 372 391 4.27 468 339 333 346
+023 +£024 +020 £023 +£035 +002 £0.02 +£004 +002 =£003 +£002 +002 =£0.03 +003 +0.04
in 690 658 €659 643 525 6.12 599 583 578 586 5.75 578 553 548 558
+022 +£022 £025 £026 £022 +£007 +006 +005 +005 +£004 £001 =£001 =£0.00 =+0.01 =+0.00

555 542 543 563 4.69 4.39 4.45 443 366 373 4.04 429 426 319 345
+£0.09 +£0.11 +£009 £0.16 +£0.17 +£0.10 £0.08 +£0.10 +0.10 £0.06 +£007 +006 =£0.06 +007 =£0.11

Lin

step size @(T*I/ 2) suggested by the static regret analysis is unsuitable for the dynamic environments.
Our method can better adapt to the changing environments by enjoying the dynamic regret guarantees.

Effectiveness of Meta-Base Structure. One key component of our method is the meta-base
structure to address the non-stationarity. To better illustrate its effectiveness, we visualize the weights
pr,; assigned for each base-learner of ATLAS. As shown in Figure 5, the meta-algorithm can quickly
assign larger weights to appropriate base-learners along the learning process. Specifically, Figure 1(a)
illustrates the case of slowly changing environments, where more weights are assigned to the base-
learners with small step sizes. In the fast-changing case, see Figure 1(b), larger step sizes are preferred.
The results show that our algorithm can adaptively track the suitable step sizes according to the shift
intensity of environments. Additional results for other shifts can be found in Figure 5.

Effectiveness of Using Hint Functions. Table 2 reports the performance of ATLAS-ADA with four
different hint functions under sample sizes are N; = 1, 10, and 100. All hint functions improve over
vanilla ATLAS in most cases. When N, is reasonably large, the Fwd hint, performing transductive
learning with current unlabeled data, achieves the best performance. While, the OKM hint, which
learns previous patterns by online k-means, is the best choice for a small sample size case (N, = 1).

To illustrate how the hint function works, we further vary the buffer size of the Periodic Hint (Peri)
on the Squ environment (llllll), which shifts in a periodic length L = 40. As shown in Figure 2, when
the buffer size matches the multiples of length L, Peri can significantly improve the vanilla ATLAS.
Besides the improvement, our method is shown to achieve comparable performance with ATLAS
even if the buffer size is misspecified. The result validates our theoretical guarantee of the safety of
using hint functions (the readers can refer to the paragraph above Remark 4).

4.2 Comparisons on Real-world Data

We conduct experiments on real-world data, including six benchmark datasets (ArXiv, EuroSAT,
MNIST, Fashion, CIFAR10, and CINIC10) and the SHL dataset [39] for the real-life locomotion
detection task. Table 3 reports the averaged error of different algorithms, which shows a similar
tendency as the results in the synthetic experiments. When the distribution changes rapidly (Ber),
ATLAS and ATLAS-ADA outperform other contenders. Similar results are also observed in the Sine
and Square shift, see Appendix A.1 for details. Even in a relatively stationary environment (Lin),
our algorithms are comparable with the best algorithm (UOGD), which is specifically designed for
stationary cases. The above results validate the adaptivity of the proposed algorithms.

Further, we highlight the results on the locomotion detection task. The task aims to distinguish six
types of locomotion with sensor data from mobile phones. Figure 3(a) reports the averaged error of
all contenders, which shows the superiority of our proposals ATLAS and ATLAS-ADA (with the OKM
hint) over the entire time horizons. In addition, to further validate the adaptivity of our algorithm



Table 3: Average error (%) of different algorithms on various real-world datasets (Lin and Ber). We report
the mean and standard deviation over five runs. The best algorithms are emphasized in bold. “e” indicates the
algorithms that are significantly inferior to ATLAS-ADA by the paired ¢-test at a 5% significance level. Here

AT-ADA represents ATLAS-ADA (with OKM). The online sample size is set as Ny = 10.

Lin Ber

FIX FTH FTFWH ROGD UOGD ATLAS AT-ADA FIX FTH FTFWH ROGD UOGD ATLAS AT-ADA

ArXiy ©3028 2818 ©2574 «23.09 21.04 2210 21.28 30.63 27.69 02850 2482 2153 e2l.11 20.58
+0.07  +0.28 +0.21 +020  £0.11 +0.09 +0.09 +£020 +0.13 +0.19  +0.11 +0.68 +0.70 +0.69

EuroSAT * 14.06 e11.16 e 9078 1256 7.04 o 7.19 713 e14.12 1048 ©10.50 e 9.06 e 728 e 699 6.91
+0.09  £0.11 +0.12  £3.16  £0.11 +0.10 +0.11 +0.13  +0.09 +0.08  £0.05  +0.04 +0.03 +0.05

MNIST °* 1.79 e 138 e 120 e 125 1.06 1.06 1.06 o 181 e 129 o 134 e 133 e 112 1.03 1.03
+0.02  +0.03 +0.02  £0.02  +0.02 +0.02 +0.02  £0.05 +0.03 +0.03  +£0.03  +0.02 +0.02 +0.02

Fashion * 11.86 e 847 7.84 8.18 795 o 836 8.04 e11.85 e 848 e 869 e 872 e 823 e 791 7.69
+0.04  £0.07 +0.06  £0.07  £0.08 +0.07 +0.08  +£0.09  +0.11 +0.10  +0.08  +0.12 +0.12 +0.12

CIFAR10 °* 20.77 1736 15.77 1845 1554 1577 1562 2082 17.06 01696 1766 1593 1498 14.80
+0.12  +0.14 +0.12  £047  £0.15 +0.11 +0.14  £0.12  +0.14 +0.15  £0.13  +0.29 +0.30 +0.29

CINICI0  ® 3398 28385 ©26.87 3254 26.21 ©26.66 2638 3411 2848 ©2844 2890 20663 2585 25.63

+0.22  £0.10 +£0.13  £2.59  £0.15 +0.19 +0.16  £035  +0.17 +0.19  £0.19  £0.55 +0.58 +0.60
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Figure 2: Average error of Peri hint (a) overall performance (b) weight heatmap

with different buffer sizes. ATLAS-

ADA enjoys a significant improvement ~ Figure 3: (a) Overall performance comparison on the locomotion
with proper buffer sizes while still ~ detection task. (b) The heatmap of the final round weights for each
safeguarding similar performance as  step size. A larger Vr implies a larger intensity of distribution shift.
ATLAS even the size is misspecified. The darker color in the heatmap indicates the larger weight.

to the underlying environment regardless of the fast or slow changes, we simulate various shift
intensities by sampling the original data with different frequencies. Figure 3(b) shows the weight
assignment of ATLAS-ADA for each step size in the final round. Our method automatically selects a
larger step size for larger Vr while tracking a small step size in a relatively static scenario.

5 Conclusion

This paper proposed algorithms for online label shift with provable guarantees. We constructed
an unbiased risk estimator without using any supervision at test time. Then, we designed novel
online ensemble algorithms that automatically adapt to the non-stationary online label shift and enjoy
problem-dependent dynamic regret. Our proposed ATLAS algorithm employed a meta-base structure

to handle the non-stationarity and obtained an (D(VT1 /372 3) guarantee, and ATLAS-ADA further

introduced hint functions to exploit the shift structure and obtained an improved (’)(V%/ 3G¢1F/ S/ 3)
guarantee. Extensive experiments validated the effectiveness of the proposed algorithms.

Our study serves as a preliminary attempt to bridge the distribution change problem and online
learning techniques by focusing on the label shift case. Considering a more general distribution
change setting is an important future direction. Besides, our current algorithm is designed for the most
challenging unlabeled scenario, and it is interesting to consider relaxed real-world demand where a
few labels could be available in the learning process. Moreover, our obtained regret guarantees hold
in expectation, and we will take high-probability bounds as the future work.
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Supplementary Material for “Adapting to
Online Label Shift with Provable Guarantees”

This is the supplemental material for the paper “Adapting to Online Label Shift with Provable
Guarantees”. The appendix is organized as follows.

* Appendix A: details of the experiments.

— Appendix A.l: more numerical results on real-world datasets.
— Appendix A.2: details of experimental setup.
— Appendix A.3: additional experimental results.

» Appendix B: a brief introduction to OCO and BBSE for label shift.

— Appendix B.1: review of the OCO framework.
— Appendix B.2: details of the BBSE method.
» Appendix C: related work and discussion.
— Appendix C.1: related work of the offline label shift problem.
— Appendix C.2: related work of non-stationary online convex optimization.
— Appendix C.3: comparison on the risk estimator of our method and the work [16].
* Appendix D: omitted proofs for Section 3.1.
— Appendix D.1: proof of Lemma 1.
— Appendix D.2: high-probability bound of the risk estimator.
— Appendix D.3: static regret for UOGD algorithm.
* Appendix E: omitted proofs for Section 3.2.
— Appendix E.1: proof of Theorem 1.
— Appendix E.2: proof of Theorem 2.
— Appendix E.3: discussion on the minimax optimality.
— Appendix E.4: useful lemmas in the analysis of Theorem 1 and Theorem 2.
* Appendix F: algorithm details for ATLAS-ADA and omitted proofs for Section 3.3.
— Appendix F.1: algorithm details for ATLAS-ADA and the design of the hint function.
— Appendix F.2: proof of Theorem 3.
— Appendix F.3: useful lemmas in the analysis of Theorem 3.

* Appendix G: technical lemmas.

A Omitted Details for Experiments

In this section, we mainly supplement the omitted details in Section 4. We first present the omitted
numerical results on benchmark datasets in Appendix A.1. Then we list the experiment setups in
Appendix A.2, followed by additional experimental results in Appendix A.3.

A.1 More Numerical Results for Section 4.2

Table 4 presents the numerical results omitted in Section 4.2, which reports the average error of
different algorithms on various real-world datasets. The results show that the ATLAS and ATLAS-ADA
methods outperform other contenders on all tasks. The advantage is particularly significant when the
underlying class prior changes fast. The empirical results validate that our method can effectively
adapt to the non-stationary label shift.

A.2 Experiment Setup

This subsection describes details of experimental setups, including contenders, simulated shifts, and
datasets. All our experiments are run on a machine with 2 CPUs (24 cores for each).

16



Table 4: Average error (%) of different algorithms on various real-world datasets (Sin and Squ). We report
the mean and standard deviation over five runs. The best algorithms are emphasized in bold. “e” indicates the
algorithms that are significantly inferior to ATLAS-ADA by the paired ¢-test at a 5% significance level. Here

AT-ADA represents ATLAS-ADA (with OKM). The online sample size is set as Ny = 10.

Sin Squ
FIX FTH FTFWH ROGD UOGD ATLAS AT-ADA FIX FTH FTFWH ROGD UOGD ATLAS AT-ADA
©31.58 ©30.63 ©31.90 2835 25064 26.03 25.08 3035 2672 02805 2444 2196 21.36 20.80

ArXiv +0.10  +0.24 +0.22  £032  +0.18 +0.16 +0.12  £0.06  +0.39 +020  £0.17  £0.07 +0.06 +0.06
EuroSAT °® 13.62  «10.90 ©1096 e 968 e 8.03 e 8.03 797 1415 1022 01026 e 891 e 730 e 697 6.81
+0.13  £0.03 +0.02  £0.08  +0.06 +0.06 +0.08  £0.11  £0.08 +0.06  £0.05  +0.07 +0.08 +0.06

MNIST ° 1.81 e 146 e 147 e 146 e 130 1.28 127 o 179 e 126 e 128 e 132 e 113 e 104 1.01
+0.02  £0.03 +0.03  £0.03  +0.04 +0.03 +0.03  £0.04  +0.03 +0.04  +£0.04 +0.03 +0.02 +0.04

Fashion ° 11.77 9.37 939 e 975 936 e 944 932 1192 e 824 e 835 e 863 e 842 e 805 7.73
+0.11  £0.15 +0.14  £0.12  £0.07 +0.04 +0.04  £0.09  +0.09 +0.07  £0.07  +0.04 +0.07 +0.05

CIFARI0 ° 2140 1857 01862 19.16 o18.17 18.01 17.89 2077 «16.67 ©1672 1740 1629 1518 14.84
+0.09  £0.07 +0.08  £0.12  £0.07 +0.07 +0.05 £0.08  +£0.12 +0.12  £0.11  +0.09 +0.07 +0.05

CcINICI0  ° 3529 31.17 ©3120 3146 3022 3015 30.06 ©33.99 2799 ©28.08 2858 27.00 2594 25.56

+0.19  £0.12 +0.12  £0.14  £0.10 +0.11 +0.15  £0.16  £0.09 +0.08  +0.09 +0.14 +0.13 +0.12

Contenders. In the experiments, we mainly compare seven online label shift algorithms, including:

* FIX predicts with the fixed initialized classifier without any online updates.

* ROGD is a variant of OGD algorithm proposed by Wu et al. [16]. The algorithm constructs
the risk estimator with the 0/1 loss and uses a re-weighting classifier for the model up-
date. (Detailed description and the comparison with our risk estimator can be found in
Appendix C.3).

* FTH is short for Following The History algorithm proposed by Wu et al. [16]. The method
takes the class prior for every iteration ¢ as the average of all previously estimated priors.

* FTFWH is a variant of FTH proposed as a compared method in experiments of Wu et al. [16].
The method takes an average across previously estimated priors within a sliding window. In
all experiments, the length of the sliding window is set as 100.

* UOGD/ATLAS/ATLAS-ADA: The OLaS algorithms proposed in Section 3.

Following our theoretical results, the step size of ROGD and UOGD is set to be I'/ (GvT), where G
can be estimated during training the initial model and I' is given by the decision set domain. In the
experiments, we choose the decision domain as a ball with a fixed diameter for each dataset. For a
fair comparison, all contenders use the same decision domain »V with the diameter I' set according
to the parameter norm of the initial offline model fj. The settings of step size pool of ATLAS and
ATLAS-ADA are guided by Theorem 2 and Theorem 3, respectively. We employ a multinomial
logistic regression classifier for UOGD, ATLAS, and ATLAS-ADA.
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Figure 4: From top to bottom: Linear Shift, Square Shift, Sine Shift, Bernoulli Shift.

Simulated Shifts. We simulate four kinds of label shift patterns to capture different kinds of
non-stationary environments. For each shift, the priors are a mixture of two different constant priors
W1, Ho € Ak with a time-varying coefficient a;: pry, = (1 — o) 1 + cu pb2, where ., denotes the
label distribution at round ¢ and «; controls the shift non-stationarity and patterns. We list the details
in the following.
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* Linear Shift (Lin): the parameter o, = %, which represents the gradually changed
environments.
* Square Shift (Squ): the parameter oy switches between 1 and 0 every L/2 rounds, where

L is the periodic length. In the experiments, we set L = ©(+/T') by default, which implies

that the fluctuation of the class prior Vi = Zthz £ty — By, |1 is O(V/T). The Square
Shift simulates a fast-changing environment with periodic patterns.

* Sine Shift (Sin): ay = sin‘f, where i = ¢ mod L and L is a given periodic length.
In the experiments, we set L = O(y/T) by default. The Sine Shift also simulates a
fast-changing environment with periodic patterns.

e Bernoulli Shift (Ber): At every iteration, we keep the oy = a1 with probability
p € [0, 1] and otherwise set «; = 1 — a;—1. In the experiments, the parameter is set as

p = 1/+/T by default, which implies V; = ©(+/T). The Bernoulli Shift simulates a
fast-changing environment without periodic patterns.

Figure 4 demonstrates how «; changes over time. We can observe that Square Shift and
Sine Shift change in a periodic pattern while the others do not. Moreover, it can be seen that
Linear Shift has simulated a much more tender class prior change than the other three shifts.

Datasets. We conduct experiments on synthetic data, six real-world datasets, and a real-life applica-
tion of locomotion detection.

Synthetic data. There are three classes in the synthetic data, where the feature distribution of each
class follows a Gaussian distribution. More specifically, for each instance (x;, y;) in the dataset .S; at
round ¢, the label is generated from the discrete distribution defined by the given priors D;(y), and
the feature x € R'? is generated from the corresponding multivariate normal distributions N (4, ).
We set uq = [1/3,1/3,1/3] and 2 = [1,0, 0] for simulated shifts.

Real-world datasets. We conduct experiments on six real-world datasets. For each dataset, we set
p =[1/K,1/K,...,1/K] and ps = [1,0, ..., 0] to generate the simulated shifts. Specifically, we
include the following datasets.

» ArXiv 3: A paper classification dataset which contains metadata of the scholarly articles.
We select 296, 708 papers from the computer science domain, which cover 23 classes,
including cs.Al, ¢s.CC, cs.CL, ¢s.CR, ¢s.CV, ¢s.CY, ¢s.DB, ¢s.DC, ¢s.DM, cs.DS, ¢s.GT,
¢s.HC, ¢s.IR, cs.IT, ¢s.LG, cs.LLO, ¢s.NE, ¢s.NI, ¢s.PL, ¢s.RO, ¢s.SE, ¢s.SI, and ¢s.SY. ¢ We
use a finetuned DistilBERT [40] to extract features from authors, titles and abstracts. The
papers selected additionally to finetune the DistilBERT do not overlap with the offline and
online datasets.

* EuroSAT [41]: A land cover classification dataset, which includes satellite images with
the purpose of identifying the visible land use or land cover class. The dataset consists of
27, 000 satellite images from over 30 different European countries. It contains ten different
classes, including industrial, residential, annual crop, permanent crop, river, sea and lake,
herbaceous vegetation, highway, pasture, and forest. We use a finetuned ResNet [42] to
extract features from the images of EuroSAT and the following four datasets. The images
selected to train the ResNet also do not overlap with both the offline or online datasets.

* MNIST [43]: A widely-used image dataset of handwritten digits, which consists of 70, 000
grayscale images with 10 different classes.

* Fashion [44]: A dataset of 70, 000 grayscale fashion images, consisting of 10 different
classes: T-shirt, trouser, shirt and sneaker, pullover, dress, coat, sandal, bag, and ankle boot.

* CIFARI10 [45]: A dataset consists of 60, 000 color images in 10 classes, including airplane,
automobile, ship, truck, bird, cat, deer, dog, frog, and horse.

* CINIC10 [46]: A tiny ImageNet [47] dataset, which consists of images from CIFAR10 and
ImageNet, and has the same ten classes as CIFAR10.

Real-life application. The real-life application is to distinguish human locomotion through the
sensor data collected by the carry-on mobile phones’. The tabular data covers the sensor data (e.g.,
acceleration, gyroscope, magnetometer, orientation, gravity, pressure, altitude, and temperature) and

www.kaggle.com/datasets/Cornell-University/arxiv

8See www.arxiv.org/archive/cs for the full name.
7www.shl—dataset.org
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Figure 5: Weight assigned of the ATLAS algorithm for each step size along the learning process. Different
colors are used to indicate different step sizes.

the corresponding human motion and timestamp. We sample 30, 000 offline data and 77, 000 online
data from 11 days, covering six classes, including still, walking, run, bike, car, and bus. During the
online update, the online samples arrive in real chronological order based on the timestamp.

A.3 Additional Experimental Results

This part further reports the additional experimental results omitted in the main paper. Specifically,
we show a supplement for the assigned weight visualization of ATLAS and a skyline to illustrate how
the meta-algorithm tracks the proper base-algorithms.

Weight Assignment of ATLAS. In Figure 1, we show that slower Linear Shift is assigned
relatively small step sizes, while faster Bernoulli Shift is assigned relatively large step sizes.
Here, we replenish the experimental results for Square Shift and Sine Shift. As these two
simulated shifts also change relatively fast like Bernoulli Shift, the assigned weights are also
expected to be relatively large, which is in line with the experimental results in Figure 5(b) and 5(c).

Skyline of ATLAS-ADA. The purpose of this part 28
is to answer the question of whether our proposed
ATLAS-ADA can cope with online label shifts, re- | (e S -

N

o
X

*
o

< 2 Z N K

gardless of how fast or slow the change is. To see %24' ~ » 3 4 j
this, we use the SHL dataset to simulate shifts with & 2 W A #
different non-stationarities, increasing from left to g" P S )

right side. We plot the final average errors of the ma- 2%/ JE )7 77 w0y
jor base-learners and ATLAS-ADA in Figure 6. Note 181 7/ N - Binsid
that base-learners with much smaller or larger step I - R
sizes lead to worse results for all situations and are o2 6 7 8

3 4 5
. . . . Shift Intensity (logV7)
omitted for clarity. As shown in Figure 6, small step

sizes achieve the best average errors for tender non- Figure 6: Skyline on the SHL dataset. The inten-
stationarity cases (left side) but fail for dramatic cases sity of the label distribution shift increases from
(right side), which is consistent with the theoretical left to right. The black dashed line represents the
results that the optimal step size scales with the non- average error of ATLAS-ADA, while the other lines
stationarity measure V. Moreover, we find that the ~represent that of different base-learners.
proposed ATLAS-ADA can always track the best base-learners, no matter tender cases or dramatic
cases, which implies that we can safely employ it without knowing the change of the unknown
environment in advance.

B Preliminaries

In this section, we first provide a brief introduction to the online convex optimization framework in
Appendix B.1, and then in Appendix B.2 we present a detailed description of the BBSE method that
is designed for the offline label shift problem, as well as its usage in constructing our risk estimator
for the online label shift problem.

B.1 Brief Introduction to Online Convex Optimization
This section briefly introduces the online convex optimization framework. In many real-world tasks,

data are often accumulated in a sequential way, which requires a learning paradigm to update the
model in an online fashion. Taking the locomotion detection task as an example, each time, we

19



Algorithm 3 Online Gradient Descent (OGD)

Input: step size n > 0

1: Initialization: let w1 ; be any point in W.

2: fort=1to T do

3:  the learner plays w; and observes loss R;(w;) and gradient V R;(w);
4:  gradient-descent update:

Wt+1 = HW [Wt — TIVRt(Wt)] .
5: end for

receive a few data collected by smartphone sensors and need to predict the motion type immediately.
The sequential nature of the data makes it challenging to train a model offline using the standard
machine learning methods. These circumstances can be modeled and handled with the Online Convex
Optimization (OCO) framework [20, 15, 48].

The OCO framework can be viewed as a structured repeated game between a learner and the
environment. During the learning process, the learner iteratively chooses decisions from a fixed
convex decision set JV based on the feedback from the environments. Let 1" denote the total number
of game iterations, and the protocol of OCO is given as follows.

s ~

ONLINE CONVEX OPTIMIZATION FRAMEWORK
1: fort =1to T do
2:  the learner chooses a decision w; € W, and the environments simultaneously choose
a convex loss function R; : W — R,;
the learner suffers cost R;(w;) and observes certain information about R;.
end for

55 &

The classic performance measure for the OCO algorithms is the (static) regret defined as
T

T
Reg’ = ZRt(Wt) — ZRt(W*),

t=1
which compares the learner’s prediction with the best single decision in hindsight w, €

arg ming, cyy Zthl R.(w). The static regret is a reasonable measure for stationary environments.
But the performance measure could be too optimistic in non-stationary environments, where the
underlying distribution changes over time, and the single best model could perform badly. Under
such a case, a more suitable performance is the dynamic regret that competes with the online learner’s
performance with the best decisions for each round. A more detailed discussion and literature review
for the dynamic regret can be found in Appendix C.2.

The OCO framework has received extensive studies over the decades. Among them, one of the
most prominent algorithms is the Online Gradient Descent (OGD) algorithm [20], which takes a
step in the opposite direction to the gradient of the previous risk at each iteration (See Algorithm 3
for the procedures). Despite its simplicity, OGD algorithm is powerful enough to handle a large
family of online problems. Specifically, it enjoys a static regret of (’)(\/T) by setting the step
size to be ©(1/+/T'), which was proven to be minimax optimal [49] for convex functions. Latter,
tighter static bounds for loss functions with stronger curvature [50] and that can adapt to benign
environments [51, 35, 36] were proposed. For more detailed reviews of the OCO framework, we
refer the readers to the seminal books [48, 15].

B.2 BBSE Method for Online Label Shift

The Black Box Shift Estimation (BBSE) method [12] is a family of label shift algorithms that uses
the confusion matrix of a given black-box classifier to estimate the label distributions from unlabeled
samples. This part illustrates how to employ BBSE to the online label distribution estimation.

Recall that we have the labeled offline data Sy and the unlabeled data S;, and we need to estimate the
label distribution ,,, . Note that u1,,, cannot be estimated directly due to labels of S, being unavailable.
Since Sy is labeled, a possible way is to employ the labels of Sy. To this end, we introduce an initial
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black-box model fy and have the following equation:
K

IExNDt(x) []l{fo(x) = Z}] = Z[“’ytb . EXNDt(X | y=3) []l{fO(X) = Z}]

<.
Il
—

I
WE

[y.]5 - Exapy(x | y=) [1{fo(x) = i}], (7

<.
Il
a

which holds for all ¢ € [K]. The first equality holds due to the law of total probability and the
second equality is based on Assumption 1 that D; (x |y) = Dy (x | y) for any ¢ € [T]. (7) can be
equivalently expressed in matrix notation, which is given by:

Ky, = C’fo Ky, (3)

where g, € A is the distribution vector of the black-box model’s prediction under the distribution
Dy(x), with the i-th entry [pg,]; = Exp, x) [L{fo(x) = i}]. Cf, € RF*¥ is the confusion matrix,
whose (i, j)-th entry [Cy,lij = Expy(x | y=j) [1{ fo(x) = i}] is the classification rate that the initial
model fy predicts samples from class ¢ as class j. Here we assume the confusion matrix C', is
invertible. By solving (8), we have

Ky, = 0;01 l’l'@\f : (9)
The LHS of (9) p,, is the label distribution we want. In the RHS, we note that the distribution D;(x)
and Dy (x | y) is empirically accessible via the unlabeled data .S; and the labeled data Sy, so both C/,

and pg, can be unbiasedly estimated with its empirical version. Specifically, C'y, can be estimated
with the offline labeled data Sy:

A 1{fo(x) =iandy = j}
Crlii= >, =7 (10)
(x,9)€So0
And pg, in the RHS can be estimated with the online data S, which is given by
(A5, \5| > Hholx (11)
XESt

With the above estimation, we construct the final estimator for the label distribution vector:
~ N—1~
By, = Cy g, -

Note that although BBSE has benign unbiasedness, it has limitations arising from the inverse
operation, which might amplify slight errors in the confusion matrix. Other powerful unbiased
estimators can also be applied to our OLaS method directly.

C Related Work and Discussion

This section introduces related works to our paper, including supervised learning with label shift
in Appendix C.1, and online learning measures for non-stationary environments in Appendix C.2.
Furthermore, in Appendix C.3, we clarify the main difference between Wu et al. [16] and our work.

C.1 Supervised Learning with Label Shift

Label shift is a typical scenario of learning with distribution change problem [1]. Most existing
works have focused on the offline setting, where the label distribution varies from the source to target
stages, but the label-conditional density remains the same. The main challenge of offline label shift
problem lies in the estimation of the target label distribution. With such knowledge, the learner
can train classifiers guaranteed to perform well over the target distribution. Saerens et al. [8] first
introduced two kinds of solutions for label distribution estimation, including the confusion matrix-
based method and the maximum likelihood estimation. Lipton et al. [12] provided a convergence
analysis of the matrix-based method with black box models and Azizzadenesheli et al. [13] enhanced
the matrix-based method by regularization. Another line of studies investigates the label distribution
estimation problem via distribution matching [9, 10, 11, 14]. Garg et al. [14] further showed that the
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matrix-based method can be interpreted from the distribution matching view. Beyond the label shift,
the label distribution estimation with labeled data from the source domain and unlabeled data from
the target domain is also known as the mixture proportion estimation problem [52, 53, 54], which has
been wildly applied in learning with noisy label [55], positive and unlabeled learning [56, 57], and
learning with unknown classes [58], etc.

The above methods only considered the scenario where the label distribution changes once, and
sufficient unlabeled samples from the target distribution can be collected in advance. In many real-
world applications, data are accumulated with time, and thus it is important to consider the online
version of the label shift problem. Wu et al. [16] first introduced online label shift and considered the
scenario where test samples come in sequence and label distribution changes with time. To address
the OLaS problem, Wu et al. [16] proposed a risk estimator and used the vanilla OGD algorithm to
learn over the online streams with label shift. They derived a static regret of order O(+/T'), but the
analysis crucially relied on the assumption of the convexity of the (expected) risk function, which
is hard to be theoretically verified due to the use of 0/1-loss and the argmax operation. In contrast,
by constructing an unbiased risk estimator with nice properties, our methods can adapt to dynamic
environments with provable grantees. We provide more detailed discussions on the differences
between the risk estimators in Appendix C.3.

C.2 Online Learning in Non-stationary Environments

This section first reviews existing results for non-stationary online convex optimization, including the
worst-case dynamic regret and the universal dynamic regret. Then, we discuss the difference between
our dynamic regret bounds and those in the previous works. We also present a brief introduction to
readers unfamiliar with the OCO paradigm in Appendix B.1.

Worst-case Dynamic Regret. The rationale behind the static regret is that the best single decision
could perform well over the time horizon. However, the underlying environments could change over
the online learning process, making the static regret unsuitable. A better measure for the non-stationary
environments is the worst-case dynamic regret RegJ. = Doy Re(wy) — Zthl R(w}), which
compares the learner’s decision with the best decision at each iteration w; € arg ming, ¢y, R: (W)
and has draw growing attention recently [20, 17, 27, 59, 60, 61, 62, 63, 28, 64].

It is well-known that a sublinear regret bound is impossible for the dynamic regret in the worst case
unless imposing certain regularities on the non-stationarity of the environments. There are two com-

monly studied non-stationarity measures. The first one is the path length P} = Ethg Wi —wr_1]2,
which reflects the fluctuation of the comparator sequence. When the loss functions are convex, Yang
et al. [59] showed that OGD algorithm attains an O(y/T'(1 + P5)) dynamic regret. The bound
can be further improved to O(P;.) when the functions are convex and smooth, and the minimizer
wy lies in the interior of the feasible domain W [59], or the loss functions are strongly convex
and smooth [65]. Another commonly studied non-stationarity measure is the temporal variability

VTf = 2322 SUPwew | fi(w) — fi—1(w)|, which quantifies the variation of the online functions.
1/3
When the online functions are convex, Besbes et al. [17] showed an (’)(TZ/ 3 V:}C / ) dynamic regret by

the restarted OGD algorithm, and the bound can be further improved to O(T"/ QV:}C 1/2) for strongly
convex functions. Then, the temporal variability bound was generalized to high-order deviations [62]
and the p, g-norm [63]. There are also studies on the best-of-both-worlds bounds [27, 28, 64], where
the path-length bound and temporal variability bound are achieved simultaneously by a single algo-

rithm. For strongly convex and smooth functions, the best known result is O (min{ P, S5, qu }) due
to Zhao and Zhang [64], where S} = 23;2 |w; — wy_,||3 is the squared path length.

Universal Dynamic Regret. The worst-case dynamic regret will sometimes be too pessimistic to
guide the algorithm design as the function minimizer w; can easily overfit to the noise [18]. To this

end, the universal dynamic regret is proposed and defined as Reg5(uy, ..., ur) = Zle Ry(wy) —

Zle Ry(uy), which supports the comparison to any feasible comparator sequence {u;}7_; with
u; € W, and the measure has gained more and more attention [20, 18, 19, 66, 67, 68, 69, 70, 71, 72,

73, 74]. Zinkevich [20] showed that OGD can achieve an O((1 + Pr)+/T') universal dynamic regret,
where Pr = 23;2 lus—u;_1||2 is the path length of the comparator sequence {u; }7_;. Nevertheless,
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the guarantee is far from the Q(/7'(1 + Pr)) minimax lower bound for convex functions as shown

by Zhang et al. [18], who further developed an algorithm with an O(y/T (1 + Pr)) universal dynamic
regret and hence closed the gap [18]. Later, many studies are devoted to developing algorithms with
tighter guarantees that can benefit from stronger curvature of loss functions [70], or can adapt to the
benign environments [19, 68], or to the more challenging setting with bandit feedback [69].

Discussion on Our Dynamic Regret Bounds.  Although there are many studies on non-stationary
online learning, it is hard to apply existing methods to OLaS, and our regret bound is novel. First of all,
although our performance measure shares seemingly similarity with the worst-case dynamic regret,
the algorithm with such bounds is not suitable for the OLaS problem. The main reason is that existing
methods require access to the loss function R; for the model update. However, in the OLaS problem,
the true loss function R; ii established on the inaccessible data distribution D; and the learner can
only approximate it with I?; based on the empirical data. A direct application of algorithms with a

worst-case dynamic regret can only lead to regret bounds defined over ?; such that the learned model
would suffer from severe overfitting on the sample noise. A few previous works [17, 59, 62] have
attempted to develop methods to learn with the noisy loss function, but nevertheless the methods
in [17, 59] require knowing the non-stationarity of the underlying distribution D; ahead of time,
which is generally unavailable.

Given that the comparators in our regret measure are not the optimizers of the loss functions, our
dynamic regret measure is essentially a kind of universal dynamic regret rather than the worst-case
dynamic regret. Our results differ from the existing universal dynamic regret bounds appearing in
the literature by carefully exploiting the structure of online label shift. In particular, existing bounds

always scale with the path length of compactors Py = EtT:Q |luy — us—1]|2, whereas our dynamic

regret can adapt to the variation of label distribution Vp = Zthz |6y, — tty, . ||1 directly, which is a
more interpretable and suitable measure for OLaS.

From the technical side, the most related works to us are [18, 19] as all algorithms use the meta-base
structure to achieve the dynamic regret bound. Besides the difference in the non-stationarity measure,
our method improves the regret bound of Zhang et al. [18] for convex functions by replacing the
dependence on 7" with the problem-dependent quantity G7. The G quantity can be much smaller
than 7" in benign environments, which implies a better adaptivity of our algorithm to underlying
environments. The first dynamic regret bound with such adaptivity was achieved by Zhao et al. [19],
but their work requires an additional smoothness assumption on the loss functions. We remove such
a constraint via refined analyses for the meta-algorithm, which updates the weights with function
values and an improved algorithm design for base-algorithm, which trains the model following
an implicit update rule. The new finding might be of independent interest to the general online
convex optimization. We note that a similar implicit update rule also appeared in a concurrent
work [75, Section 5] for achieving problem-dependent static regret. Our dynamic regret is much more
challenging, as we not only need an implicit update in base-algorithms but also need a refined analysis
of the meta-algorithm, which is unique in online ensemble analysis of dynamic regret minimization.

C.3 Detailed Comparison with Wu et al. [16]

As mentioned in the main paper the work of Wu et al. [16] is the closest one to our proposal, who also
proposed a risk estimator to cope with OLaS. In this part, we first review their result by restating their
proposed risk estimator and then elaborate on the salient differences between their method and ours.
The comparison demonstrates both theoretical and practical appeals of our proposed risk estimator in
that it makes the OCO framework still applicable to OLaS.

Estimation of 0/1 risk. The performance measure of Wu et al. [16] is slightly different from ours,
where the authors aim to minimize the regret defined over the 0/1 risk

T T
Regi' = &Y' (9:) —min > R} (9).
t=1 t=1

In above, the 0/1 risk is defined as R{*(9) = E(x)p,[1{g(x) # y} and g : X — Y is
the classifier whose definition will be clear latter. Denoting by p,, the class prior vector with
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[y, e = Di(y = k), the expected 0/1 risk can be rewritten as

R (g ZEXNDt(xm k) [L{g(x) # K} - [py,];,
kKl
= ZEwao(x | y=k) []].{g(X) 7& y}] : [lj’yt]k} : (12)
k=1

In decomposition (12), the first term Ex.p, (x| y=k)[1{g(x) # w}] is established on the class-
conditional distribution Dy (x | y), which can be empirically approximated with the offline data ..
The second term is the class prior at each iteration. One can estimate it with the BBSE estimator
introduced in Section 3. As a consequence, Wu et al. [16] empirically approximated RY*(g) by

K
RMg) =D [ )i - B (9).
k=1
where p,, = C’;Ol - Hg, is the estimated class prior returned by the BBSE model and ﬁ?lk =
Is—lgl > ox.est 1{g(xn) # k} is the model’s empirical risk over S.

Reweighting classifier. To directly optimize the 0/1 loss, Wu et al. [16] further restricted the
model’s structure by focusing on the reweighting algorithm. The basic idea is, the optimal classifier
that minimizes RY'(g) is g«(x) = argmax,¢ k) D: (y = k| x). Under the class shift condition,
they rewrote D; (y = k | x) as

Di(y=k)D; (x|y=4k) Di(y=Fk)Do(x|y=k)

Di(y=Fk|x)= D() B Dy(x)

Since the Dy can be approximate by the offline data Sy, the leaner can train a probability model
go : X = Ak on Sy to approximate Dy (y | x). Then, by the relationship (13), one can construct a
classifier g, : X — [K] parameterized by the reweighting parameter p € A to approximate the
optimal classifier g, by

1 [P]k
gp(x) = arg max ———~ “[90()]k; (14)
? yelk) Z(x) Doly = k)
where Z(x) = YK e DO[I;]’“ ) - [go(x)] is the normalization factor and the initial label distribution

Do(y = k) can be estimated with the offline data Sy. When g, provides a sufficiently accurate
approximation of Dy (y | x), one can show that g, = argmin,ca . R¢*(gp)-

Comparisons. In summary, the differences between the risk estimator of Wu et al. [16] and ours
are mainly in the following two aspects:

(i) Loss function. As shown in (12), Wu et al. [16] used the non-convex 0/1 loss 1{g(x) # y}
for evaluation. Theoretically, the non-convexity of 0/1 loss makes it hard to confirm the
convexity of the 0/1 risk, which is the critical condition for the regret bound. Practically, the
gradient of 0/1 loss is always zero, which brings troubles to the optimization. By contrast,
we use a convex surrogate loss in our risk estimator to address the above problems.

(ii) Classifier. To match the 0/1 loss function, Wu et al. [16] designed a classifier based on the
reweighting algorithm, which directly updates the reweighting parameter p in a simplex.
Theoretically, as shown in (14), there is a troublesome argmax operation in the formulation
of the classifier, which makes it non-convex and then hurts the convexity of the entire risk.
Practically, only adjusting the outputs of the initial classifier f§ by reweighting might limit
the learning capability of the model, especially when the initial classifier does not perform
well enough. By comparison, we employ a strictly convex classifier and update the whole
parameters in a convex parameter space, which confirms the convexity of the risk and the
flexibility to better adapt to the environmental changes. The classifier in (14) is hard to be
convex even if we replace the 0/1 loss with convex surrogate loss (details elaborated below).

24



We finally remark that even if we modify the risk estimator of Wu et al. [16] by optimizing the convex
surrogate loss rather than the 0/1 loss, it remains unclear how to apply the OCO framework to this
modified estimator. The critical challenge is that even if the argmax operation can be avoided, another
renormalization process is required due to the reweighting mechanism, making it hard to confirm the
convexity of online functions. By contrast, our risk estimator well fits the OCO framework and thus
can achieve favorable dynamic regret guarantees with suitable online update rules.

D Omitted Details for Section 3.1

This section presents the omitted details for Section 3.1.

D.1 Proof of Lemma 1

Proof of Lemma 1. Recall the definition of the expected risk (2) as

K

Ry(w) = [my,]r - RE(wW),

k=1

where 1, is the true class prior at iteration ¢ with [p,, ] = D(y = k). Besides, the risk estimator (3)
is defined by
K

~ ~ o~

Rt(w) = Z[C;glﬁ@]k : RIS(W),
k=1

where fig, € A with [gig, [k = (1/]St]) D _xcs, 1{fo(x) = k} is the estimated class prior of the
prediction fo(x).

Given that the initial offline data has sufficient samples such that C¢, = Cy, and R (w) = RE(w)
and the model w € W is independent of S;, we have

K

> (G} Ag k- Ro(w)

k=1

K
= > |67 Esen [, Rbw)

ESt"‘Dt [Et (W)] = EStNDt

>
Il
—

I
]~

[5;01%} B5(w),

=
Il
—

where the first equality is due to the definition of ﬁt (w). The second inequality comes from the fact
that C +, and ]/%’g are independent of S;. The last equality is a consequence of the unbiasedness of
kg, ie., Es,p,[lig,] = pg,, where [ug, |x = Exwp,x)[1{fo(x) = k}] is the expected class prior
of the prediction fo(x).

Then, under the condition that C t, = Cy, and RO( ) = RE(w), we can further obtain

K

K
Es,p [Ba(w)] = Y [CF g | - BEW) = Y y,)y - RE(w) = Re(w),
k=1 k=1

where the second equality is due to the relationship p,, = Cf_ol Wy, as introduced by (8). The last
inequality comes from the definition of R;(w), which completes the proof. O

D.2 Concentration of Risk Estimator

In this section, we show that the risk estimator converges to the expected risk at the rate of

O(+/1/]So|) with high probability.
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Lemma 2. Let 6 € (0,1/4]. For any w € W independent of the dataset Sy, with probability at least
1 — (K + 3)94, the risk estimator Ry(w) in Eq. (3) satisfies

[Es,~p, [Re(W)] = Re(w)| <

K202 |So| [So

4VKB <log(2K/6) . 210g(2K/5)>

given that |So| > (251og(2K/6)) /(ko)?, where = minge(x] Do(y = k) and o is the minimum
singular value of C',.

Proof of Lemma 2. For notation convenience, we denote by Ry : W + R the vector risk function
with its k-th entry [Ro(w)], = RE(w) and its empirical version Ry : W — RE with [Ro(w)]x =
RE(w). Under such a case, we can rewrite the risk estimator as Ry (w) = ﬁ; CA';Olﬁo(w) and the
expected risk as Ry (w) = u; CJ?OI Ry(w). Then, since S; is independent of Sy, we have

Es,~p, [Ri(W)] = Es,~p, [fig,C},' Ro(W)] = Es,~,[fig,]C7. Ro(w) = pg, Cp.' Ro(w).

Let Wy, € RE be the diagonal matrix with Wyl = Do(y = i) and [Jp)i; =
E(x,y)~Do[1{fo(x) = iandy = j}] be the confusion matrix defined over the joint distribu-

tion of fo(x) and y. Besides, denote by [Wfo]m‘ = (1/150l) 2> (x,y)es, H{y = i} and jfo =
(1/150]) >=(x.4)es, 1{fo(x) =i and y = j} the empirical versions. Definition (10) indicates that

Jg, =Wy, -Cp, and Jp, =Wy, - Cy,. (15)
Under such a case, the empirical and expected risk can be further rewritten as
Es,~p, [Rie(W)] = g, T;, Wy, Ro(w) and - Ri(w) = g T Wy, Ro(w).
So, we have
Egop, [ Ri(w)] = Ri(w)
< g, J 1 Wi, Ro(w) — g, J; ' W, Ro(w)
< pg, T Wi Ro(w) — pud J 7' Wy Ro(w) + i, J 7 Wi, Ro(w) — o, J 3 Wi, Ro(w) .

tern (a) term (b)

For term (a), with probability at least 1 — §, we have
term (a) = /,L;t(JJ?Ol - jﬁ)l)wfoﬁo(w)
< g2 - W Ro(W)llz - 175, = 77 12
< VKB = T3 e
_2VEB <log(2K/5) . 210g(2K/5)) |

K202 [So| |So|

where the second inequality is due to the Cauchy-Schwarz inequality and the property of the operator
norm. The third inequality holds since ||, |2 < 1 and |[Wy, Ro(w)|l2 < [|[Will2 - | Ro(w)|l2 <
VK B. The last inequality is due to Lemma 4.

Next, we analyze the term (b).

term (b) = pg, J;, ' (Wy, Ro(w) — Wy, Ro(w))

o

ez ll2 - 1175, 12 - [ Wy, Ro(w) — W, Ro(w)2

IN

IN

1 -
— Wy Ro(w) — Wi, Ro(w)]|2,
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where the third inequality is due to the fact that ||, ||2 < 1 and ||JE)1H2 < ||W£10f701||2 < 1/(ko).
The term wao Ro(w) — Wy, Ro(w)||2 can be further decomposed as
W, Ro(W) = Wy, Ro(W)ll2 = [Wyo Ro(w) = Wy, Ro(w)ll2 + [|[Wy, Ro(w) — Wy, Ro(w)[2
<NRoW)llz - 1Wro = Wi ll2 + [Wioll2 - [[Ro(w) = Ro(w)][2
< B[[Wy, = Wryll2 + [[Ro(w) — Ro(w)[2,

where the first inequality is due to the property of the operator norm. The second inequality is a
consequence of the fact that || R(w)||2 < B for any w € W and ||Wy,||2 < 1.

Then, by the matrix Bernstein inequality in Tropp [76, Theorem 1.4], we have

= 2log(2K/6) 21og(2K/4)
Wi —Wella < 16
H fO f0||2 — 3|S()| + ‘SO| ( )
with probability at least 1 — 4.
Now, we turn to bound the term Hﬁo(w) — Ry(W)]|2- Let Nyin = min{|Sg|, ..., |SE]|}. According

to Lemma 5, we can first show that Ny, > (k|Sg|)/2 with probability at least 1 — ¢ for any
d € (0,1/4]. Then, we can bound the last term by

| Ro(w) = Ro(w)ll2 < VE mau {15 (w) = Ri(w)[}.

According to the Hoeffding’s lemma, for each k € [K], we can bound
~ B?log(1/4) B2log(1/4)
k Dk < <

with probability at least 1 — §. Combining the K events, which holds with probability 1 — §, and the
event that Ny, > (k]So|)/2, we can obtain that

K B?log(1/4)

R — <
[Ro(w) — Ro(w)l|2 < A5

a7

with probability at least 1 — (K + 1)0.
Putting (16) and (17) together, we have

B [ 2log(2K/6) 2log(2K/9) Klog(1/6)
rerm “’“m( DI TN R =N

with probability at least 1 — (K + 2)d. Combining the upper bounds for term (a) and term (b), we
can complete the proof by

[Es,~, [Re(w)] = Ry(w)| <

4/KB <1og(2K/5) . 210g(2K/5)>

K202 10| |So|

with probability at least 1 — (K + 3)4.

D.3 Static Regret of UOGD Algorithm

The following lemma presents the static regret guarantees of the UOGD algorithm when the step size
is setas ) = O(T~1/2),

Lemma 3. Under the same assumptions of Lemma 1, UOGD in Eq. (4) with a step size n = @(T’l/ 2)
satisfies

Eqi.r [Regd] < 2%F\/KT = O(VT),

where E1.7[-] denotes the expectation taken over the random draw of dataset {S;}1—_,. The constant
o > 0 denotes the minimum singular value of confusion matrix C'y,.
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D.4 Useful Lemmas

This section presents several useful lemmas for the proofs in Appendix D.
Lemmad4. Let Jy, and J, to be the matrix defined as (15). Then, for any 6 € [0.1), with probability

at least 1 — § we have

210g(2K/9) 2 2log(2K/4)
k252|So| K202 |So|

175! = T3 Iz <

given that |So| > (251og(2K/9)) /(ko)?, where k = minge(r] Do(y = k) and o is the minimum
singular value of C'y,.

Proof of Lemma 4. Denotingby A ; = ffo — J§,, according to Azizzadenesheli et al. [13, Lemma 2],
we have

21og(2K/4) 2log(2K/4) < ko
3[Sol |50 T2

A2 <

with probability at least 1 — §, where the last inequality is due to the assumption that |Sp| >
(log(2K/4))/(ok)?. We can check the condition for Lemma 10

1 ko
1 1 1
175 Asllz < WO Mz IWg, ll2 - ANl < — - =,

where the last inequality holds since o is the minimum singular value of C, and k is that of W7, .

Then, according to Lemma 10, we can complete the proof by

2log(2K/9) 2 21og(2K/9)
k202|Sy| K202 [So|

170 = T e < 207 311A )l <
O

Lemma 5. Let |So| > (161log(1/9)) /k2. Then, for any § € (0,1/4], with probability at least 1 — §
the following holds:

Nmin > Ma
2

where Niin = min{|S§|, ..., [SE |} and k = minge(x) Do(y = k).

Proof of Lemma 5. For notation simplicity, we denote by f1y the empirical class prior at t = 0, i.e.
[fo]x = |SE|/1So| and g the expected class prior with [po]r = Do(y = k). Then, according to Hsu
et al. [77, Proposition 19], we have

lo 1 6
o — pollz < e(1/9)
\/|So S0

with probability at least 1 — §, which implies that

1 log(1/90)

— , VkelK
So] |Sol 1]

[Folk > [polk —

holds with probability at least 1 — §. We complete the proof by noticing that [tg]; > & holds for any

k € [K] and further noting the assumption that |Sp| > %51/5). O
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E Onmnitted Proofs for Section 3.2

This section provides the proof omitted in section 3.2. We will first present the regret bound for the
UOGD algorithm without step size tuning (Theorem 1), and then show the overall dynamic regret
bound of the ATLAS algorithm (Theorem 2). At the end of this section, we list several useful lemmas.

Before presenting the proofs, we highlight the main challenge of the regret analysis. As noted by
Section 3.2 and Appendix C.2, our performance measure (1) is different from the conventional notion
of (worst-case) dynamic regret [27], where the performance of the learned model is measured by the
observed loss function. However, in the OLaS problem, the model is desired to perform well over the
underlying distribution, and its quality is evaluated over the expected risk function R, (-). The main
challenge here is that the expected risk function R;(-) is unavailable in the learning process, which
makes it hard to apply the analysis of (worst-case) dynamic regret for our case.

E.1 Proof of Theorem 1

This part presents the proof of Theorem 1. The key idea is to decompose the overall dynamic regret
into two parts by introducing a reference sequence, which changes in a piecewise-stationary manner.
In our analysis, the first part measures the regret of our algorithm when compared with the reference
sequence, and the second part reflects the quality of the reference sequence. Since the reference
sequence appears only in the analysis, we can make a tight regret bound by choosing a proper one to
balance the first and second parts.

Proof of Theorem 1. We can decompose the regret bound into two parts by introducing a reference
sequence {u;}’_, that only changes every A iteration. More specifically, denoting by Z,, =
[(m — 1)A + 1, mA] the m-th time interval, any comparator u, that falls into Z,, is taken as the
single best decision over the interval, i.e. u; = w7 € argmingeyy )7, Ri(W) forany t € Z,,.
We have

T T
Evr [ R(wi)| =) Ri(w)
t;l t;l . .
=Eur ZRt(Wt) —ZRt(ut)—&—ZRt(ut) —ZRt(Wf)
til y t=1
SECADLTTIED 3D DLIERED 3D DEIERES o}
t=1 m=1teZ,, m=1teZ,, t=1

term (a) term (b)

where M = (%W < T/A + 1 is the number of the intervals. Then, we turn to analyze term (a) and
term (b), respectively.

Analysis for term (a). Term (a) measures the regret of our algorithm when compared with a
piecewise-stationary sequence. We first show that the regret defined over the expected risk R; () can

be related to the empirical risk estimator ﬁt (+) due to its unbiased property.

term (a)

T T

Z Rt(Wt)] - ZRt(ut)
t=1

VRt Wt , W — ut>]

=Ei.7

[

| /\
ﬂ

t

I
-

VRt Wt V}A%t (Wt), Wi — ut

MH

+E.7

[
g
)ﬂ

T
> (VRi(we),we—u) |, (18)
t=1

~
I
A

term (a-1) term (a-2)
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where the first inequality is due to the convexity of the risk function R;(-). For term (a-1), we have
tern (a-1) = Ey.p [<v3t(wt) — VRy(w), Wi — ut>}
=FE.4+_1 [<VRt(Wt) —E, [Vﬁt(wt) ‘ 1:¢— 1] S Wy — ut>] =0,
where the last equality is due to the unbiasedness of the risk estimator ﬁt such that VR;(w,) =

E; {Vﬁt(wt) ‘ 1:t— 1} . Thus, it is sufficient to analyze term (a-2) to provide an upper bound for

term (a). For the model sequence {Wt}f:1 generated by the UOGD algorithm in Eq. (4), we have the
following lemma, whose proof is deferred to Appendix E.4.

Lemma 6. Under same assumptions of Theorem 1, UOGD in Eq. (4) with a step size 1 > 0 satisfies

T
~ WMKG?*T oT'Pr 41?2
E <VRt(Wt),Wt - llt> < U o2 + gn

t=1

. T
for any comparator sequence {u;}{_, withu; € W. Moreover, Pr =Y _,_,||u; — u;_1]||> measures
the variation of the comparator sequence.

Since the comparator sequence in term (a) only changes M — 1 times, its variation is bounded by
Pr <T(M —1) < (I'T)/A. By Lemma 6 and taking an expectation over both sides, we have

term (a-2) <

KG?*T  2I°T/A +T17?
5 + .
o 2n
Combining the upper bounds of term(a-1) and term (a-2) yields
2mKG?T n 22T /A + 12
3 .

term (a) < term (a-1) + term (a-2) < >
n

19)

Analysis for term (b). For term (b), we can follow the reasoning in Besbes et al. [17] and subse-
quently simplified analysis in Zhang et al. [78, Lemma 1] to show that

M
Yo (Buwr,) = Ru(wy))

m=1teZ,,

term (b)

IA
(]
(]
=
B
=
g

IA
=
=
Z
i
=
Z
_l’_
B
3
E)
|
=
E)

£ 2BAV}E, (20)

where s, = (m — 1)A + 1 is the first time step at interval Z,,,. In the above, the first inequality
is due to the optimality of w7 ~over the interval Z,,. The second inequality holds since wg €
arg ming ¢y R, (W).
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Combining term (a) and term (b), we have

T T
o MKGRT  2T°T/A + T2
IE1:T Z Rt(wt)] - ZRt(Wt) S 1 0_2 + /277 + 2BAVIE
t=1
MKGT T2 BTVE
<R 4s qar + 2BV
o? 2n

MKG2T T2 BTVZE
Si+*+4ﬂ/ I upirvne
o2 2n n
2K G2 r2 | BTV.E
< ( ¢ +2B*)nT + — +4(T +1) i, 1)
0’ n n

where the second inequality is due to the parameter setting A = [/I'2T/(nBV)]. The third

inequality is due to the fact that VTB < 2T'. The last inequality holds by the AM-GM inequality
3B{/T2VE < 2,/ PV 4 B2y

Inspired by Zhou et al. [79, Proposition 1], we know that the bounded distance between probability
distributions can lead to the temporal variability condition. In the OLaS problem, with the label shift
condition, we can further bound the variation of the loss function by the variation of the class prior

T
Vr = Zt:QHll’yt — My, 1 ”1:

T

VAEN s sup. [Re(W) — Ry—1(w)]
t—p WEW
T

K
16111/)\} kg Hyt Nyt 1} )Rg(w)

B HM

< BZH/J’yt]k_ [”l’yt—l}k’
t=2 k=1
T
=By, — tyi (22)
t=2
£ BVr. (23)
Plug (22) into (26) of Lemma 8, we have
ZKG2 I? BTV,
E [Reg}| < ( FRBT 4 A4 1) [
which completes the proof.
O

E.2 Proof of Theorem 2

Proof of Theorem 2. We can decompose the dynamic regret into two parts with the piecewise-
stationary sequence {u;}._, introduced in the proof of Theorem 1.

T T
Evr [ R(wi)| =) Ri(w)
t=1 t=1
=Eur | D Ri(we)| =Y Re(w) + ) Re(u) = Y Re(w))
t=1 t=1 t=1 =
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= El:T

T M M T
zmwt)] Y R4S Y Riwh) -3 Ralwd)

t=1 m=1teZ,, m=1teZ,, t=1

term (a) term (b)
where term (b) can be bounded by
term (b) < 2BAVp

following the same arguments in deriving (20) and (22). So, we only need to focus on the analysis of
term (a), the regret of the model sequence returned by ATLAS algorithm to the piecewise-stationary
compactors.

For any ¢-th base UOGD algorithm, we can further decompose term (a) into the meta-regret and the
base-regret

o o 1 i

Z - Z Rt(Wt,i)

=1 t=1

= ]El +E1:T

T T
> Rt(wm—)] =3 Ri(w), (24)

meta-regret base-regret
where the meta-regret measures the performance gap between the model returned by ATLAS algorithm

and that by the i-th base UOGD algorithm, and the base-regret is the regret of the ¢-th base UOGD
algorithm running with step size n; > 0.

Analysis for meta-regret. For the meta-regret, we have

T T
Ei.r ZRt Wt - ZRt(Wt,i)
Lt=1 t=1
7 N T 1
<Eir ZZPt Ry (wy ) — ZRt(Wt,i)
| t=1j=1 t=1 ]
7 N T 1
=E;.r ZZPt th Wt,]) ZRt(Wt,i)
| t=1j=1 t=1 ]

T N T
+ Ei.p Z Zp t,j (Re(We j) — Re(we j)) + Z(Rt(wt,i) — Ri(wy,i))

=1 j=1 =1
T N T
=B [ DD prjBi(wiy) =Y Ri(wii)| (25)
t=1 j=1 =1

where the first inequality is due to the Jensen’s inequality and the last equality is due to the unbiased-

ness of the risk estimator such that [E; [}AEt(w“)} = Ry(wy,;) for any i € [IN]. Then, we can upper
bound the meta-regret by the following lemma, whose proof is deferred to Appendix E.4.

Lemma 7. By setting the learning rate ¢ = Z 4/ In N +2 , the meta-algorithm of ATLAS (Algorithm 2)
satisfies

2B
t(Wei) < —+/(InN +2)KT
o

T N
ZZPUR“ th

t=1 j=1

HMH

for any i € [N], where B = su P(x,y)ex xy,wew [E(f(W,X),y)| is defined as the upper bound of the
loss function.

As a consequence of Lemma 7, we can upper bound the meta-regret as

2B
meta-regret < —+/(InN + 2)KT.
o

32



Analysis for base-regret. Since the base-algorithm of ATLAS algorithm (Algorithm 1) is taken as
the UOGD algorithm, following a similar argument for obtaining Lemma 6, we have

T T

2, KG?>T  2I'Pp + T2
E R i) — E R < +

t=1 o, )1 =1 o) o2 2n;

IE:I:T

for any base-algorithm with the index ¢ € [N], where Py is the variation of the comparator sequence

Pr = Z;‘FZZ |luz — ut—1||2- Then, by combining the meta-regret and the base-regret, we can obtain
that

term (a) = Eq.7

2 KG2T  2T'Pp + T2
R A
2n);

2B
< ZZ/(nN +2)KT
g g

for any base-algorithm ¢ € [N].

It remains to identify the optimal step size 7);, to make the bound tight. Due to the construction of the

step size pool
I'o ;
H=<¢—F"——=-2""]ic€ N}
{2G\/KT | V]
o [D2420Pr ;o

with N = 1+ [ log,(1 + 2T')], we can make sure that the optimal step size n* = 5% =T

covered by the step size pool. Even better, due to the logarithmic construction of the pool, we claim
that there must exist an i, € [N] satisfies that 7;, /2 < n* < n;,. So, we further bound term (a) as

2B
term (a) < —+/(InN +2)KT + 3¢ KT (2T Pr +1?)
o o
by comparing with the ,-th base-algorithm in the decomposition (24).

Overall dynamic regret bound. Combining term (a) and term (b) and noticing that {u;}7_, is

the piecewise stationary comparator sequences with Pr = 23:2 luy —ue_q||I; <TT/A, we can
bound the overall dynamic regret as

T T
Regf = Eir | > Ri(wi)| — > Ri(w})
t=1 t=1
3GT 2T 2B
<2BAVy + ——|KT (1 + A) + =N +2)KT
g g

3GTT [2K = 3GT 2B
<2BAVp + —— N + — VKT + —+/(InN +2)KT,
o o o

where the last inequality is due to the fact that v/a + b < y/a + /b for any a, b > 0. We can complete

the proof by choosing A = ((%)%] and obtain the bound as

9KBG2F2) 5 ysapass , BVE(GVT + BYInN £2)
T
g

- VT + 2BV
(2

Reg§ < 3(

OKBGAT\® 15 o . 3VK(GYT + BVIN +2)
<3 () vArs
g

1/3
- VT +4BV,*T%/3,

g

where the last inequality is due to the fact that Vo < 27'. O

E.3 Discussion on Minimax Optimality

For online convex optimization with a general convex function R; : WW — R, Besbes et al. [17,
Theorem 2] established an € ((V;)'/372/3) lower bound for the dynamic regret 3, E[R;(w;)] —
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Zthl infwew Ri(w) when the learner can only observe a noisy estimate of the full information
function R;. In the above, the quantity V7 = Zthz SUPy ey | Re(W) — Ri—1(W)| measures the non-

stationarity of the environments by the variation of the loss functions. In addition to the O(VTl/ 12/ 3)
upper bound stated in Theorem 1, we can show that the UOGD algorithm can actually achieve an
O ((V{#)1/37?/3) dynamic regret bound based on the following lemmas.

Lemma 8. Under the same assumptions as Lemma I, UOGD in Eq. (4) with step size 1 satisfies

KG? I? BVET
E[Reg? | < 2( = +B2)nT+7+4(r+1),/TT

= 0(uT +1/n+/(VET) /), (26)

where the constant o > 0 denotes the minimum singular value of the invertible confusion matrix C'y,.

Moreover, VE £ Z;f:z SUPwew |Rie(W) — Ri—1(W)| measures the variation of the loss function,
usually known as the temporal variability or function variation in the online learning literature.

Proof of Lemma 8. This lemma is actually an intermediate result (21) in the proof of Theorem 1. [

By setting the step size in (26) optimally as n = © (T*% (Vjﬁ)%), UOGD enjoys an O((VQE)%T%)
dynamic regret. Such a rate matches the Q((V;#)!/37%/%) lower bound [17] and thus demonstrates
the minimax optimality of the UOGD algorithm in the non-degenerated cases with the noisy feed-
back function. Moreover, we can use a similar argument to show that our ATLAS also enjoys an

1
O(max{ (V)3 T3 ,+/T}) dynamic regret guarantee in addition to the O(max{V? T%,v/T}) bound
exhibited in Theorem 2. Finally, we mention that although our algorithms are minimax optimal in
terms of 7" and V£, while it remains unclear about the tightness of the dynamic regret bounds scaling
with the variation of class priors Vi, which is left as future work to investigate.

We also make another remark on the situation when the online function observed by the learner
is noiseless, an even better dynamic regret upper bound of order O(Vr) is achievable in the OCO
setting [80], see more discussions on the worst-case dynamic regret in Appendix C.2. Note that such
a rate is also attainable for our problem under the assumption that the distribution D;(x) is available
at every iteration, however, this assumption can hardly be true in practice since the data samples at
the online adaptation stage are usually very few. Thus, we focus on the non-degenerated case where
the noise exists due to the sampling from the unknown data distribution.

E.4 Useful Lemmas in the Analysis of Theorem 1 and Theorem 2

This section presents several useful lemmas that are omitted in the proof of Theorem 1 and Theorem 2.
Lemma 6. Under same assumptions of Theorem 1, UOGD in Eq. (4) with a step size 1 > 0 satisfies
T MK G2T L 2Pr 2

;<V§t(wt)7wt —w) < p 2

. T
for any comparator sequence {u;}}_, withu; € W. Moreover, Pr =Y _,_,||u; — u;_1]|2 measures
the variation of the comparator sequence.

Proof of Lemma 6. We can decompose the L.H.S. of the inequality in Lemma 6 as
<V§t(wt), Wi — ut> = (Vﬁt(wt), Wi — Wt+1> + (Vﬁt(wt), Wil — ut> .

term (a) term (b)

For term (a), we have
term (a) = <V§t(wt),wt —Wiy1)

< [VRi(w)[lallwe = Wi ]2

~ 1
< 2n||VRy(wy)|l5 + %Hwt — w3,
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where the first inequality is due to the Cauchy-Schwarz inequality and the second inequality comes
from the AM-GM inequality. Then, we bound term (b) by Zhao et al. [19, Lemma 7],

1
term (b) < o (Ilwe — well3 = [Wegr — we]l3 = [[we — wega[|3) -

Combining the two terms and taking the summation over 7T iterations, we have

T
Z<VRt(Wt)7wt — ut>
t=1
T
< QUZHVRt w3 + Z [wi — w3 = [wesr — we3)
t=1 =
< QUZHVRt wo)ll3 + Z [wi — w3 = [we —uea]l3) + 2
t=1 t=2
< QU;\\VRt w3 + % tz;(HWt —Wella + [[we —w—al2) - [Jur — we—afl2 + o
<2772HVRt wo)ll3 + ZIIut—Ut 1H2+*
t=1
d 2T Py + T2
5 T
22772“VRt(Wt)H§+Ta (27)
t=1

where we denote by P, = 23;2 lu; — u;_1||2 the variation of the comparator sequence {u;}7_;.
The third inequality is due to the fact [|al|3 — [|b]|2 < (||allz + ||b]|2) - || — b]|2 for any a, b € R

We can further bound the first term of (27) by
2

K
3)
2nZHVRt (we)ll3 = 2n2 Zcfo fig, )i - VRG (W)
t=1 t=1 || k=1 2
T /K 2
2n2< €7 g ’||VR’5(Wt)||2>
t=1 \k=1

2
< 277G22 Hcfol’“‘@ )

t=1

2
< 277KG2 HCfO Uy,
t=1

< 277KG2§T: |l
t=1

Ak
2 Y 119

T 2
<2mKG*Y |l 3 < w (28)
t=1
where o is the minimum singular value of the matrix C'y,. In above, the second inequality is due to
the definition R§(W) = Ex.pg (x | y=k) [{(f (W, x), k)] and the norm of gradient of the loss function
(IVwt(f(w,x),y)||2 is bounded by G for any x € X and y € [K]. The third inequality is a
consequence of the fact that ||x||; < /X, for any x € R¥. The last second inequality hold since

fig, € Ak_1 and then we have ||, [|3 < 1. We complete the proof by plugging (28) into (27). [

Then, we provide the proof of Lemma 7, which provide an upper bound for the meta-algorithm of the
ATLAS algorithm.
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Lemma 7. By setting the learning rate ¢ = F 1/ In N+2 , the meta-algorithm of ATLAS (Algorithm 2)
satisfies
T

N
Yo prsRi(wey) Zﬁ (W) S% (InN +2)KT

t=1 j=1 =1

forany i € [N], where B = SUP(x,y)cx x v, wew |{(f (W, X),y)| is defined as the upper bound of the
loss function.

Proof. Since ATLAS takes the Hedge algorithm as the meta-algorithm, we can exploit the standard
analysis to upper bound the meta-regret. According to the regret guarantee of the Hedge algorithm
(Lemma 11 in Appendix G) and setting m; = 0, we can bound the meta-regret bound by

el = IMN+2
DD peila(wig) = Y Ri(wi) € ———+ed max{Rwi)} @9)
- £ 1€[N]
t=1 j=1 t=1 t=1
where the last term can be further bounded by

K
[Re(wei)l = |D_[C g )i - R (W)

k=1
< B||C} g < BVK|C} g, |2

B\F7 (30)

< BVE|Cy 2 - gl <

where the third inequality is due to the Cauchy—Schwarz inequality. The last inequality comes from
the fact that ||Cf_01||2 <o !and|/fig, |2 < 1. Plugging (30) into (29) yields

T N R T ~ . )
DD peghu(wiy) =Y Ri(we) < M% +ey o IjT.

o
t=1 j=1 t=1 t=1

We complete the proof by setting ¢ = % % -

F Omitted Details for Section 3.3

In this section, we first introduce the omitted algorithm details for the ATLAS-ADA algorithm in
Appendix F.1. Then, we present the proof of the Theorem 3 (Appendix F.2), followed by the useful
lemmas in the regret analysis.

F.1 Algorithm Details for ATLAS-ADA

This part provides algorithm details of the ATLAS-ADA. The main procedures are presented in
Algorithm 4 (base-algorithm) and Algorithm 5 (meta-algorithm).

Hint Functions. As shown in Section 3.3, a guidance for designing the hint function is to approx-
imate the true priors g, with hint priors h,,. A direct way is to use current data S; to estimate
the hint priors, which we call Forward Hint. However, when the sample size |S;| is small at each
round, the estimated priors can be far from the true priors, which motivates us to reuse the historical
information. The intuition is that we can benefit from the historical data if there are some regular shift
patterns. To see this, we design three additional hint functions. Details are listed in the following.

» Forward Hint. We perform transductive learning with the current data Sy by h,, = [i,,.
* Window Hint. With the belief that recent data are useful, we set a sliding window size of
L,,, and use the average of the estimated priors in the window as the hint priors:



Algorithm 4 ATLAS-ADA: base-algorithm Algorithm 5 ATLAS-ADA: meta-algorithm

Input: stepsize n; € H Input: step size pool H; learning rate €
1: Let wy ; be any point in W 1: initialization: Vi € [N],py, = 1/N
2: fort = 2to T do 2: fort =2toT do
3 : COI:iSthﬁ the r(lisﬁ e;tll)matolr Rt 1 SS €) 3:  receive {wy;} N | from base-learners
4 update the model of base- eAarner y 4:  update weight p; € Ay according to
Wi = w[Wi1i — i VR_1(We_1,)] -1 "
i = argmin Hy(w) + b [ w — W2 puocexp (=2 I, Rulowe) + H(wi))
wew
. N
5:  send wy; to the meta-algorithm 5. predict final output wy = » ;7| pr iy ;
6: end for 6: end for

* Periodic Hint. For a periodic situation where a similar pattern recurs at a specific time
interval, we consider reusing the historical data in a periodic manner by maintaining a buffer
{@; | i € [Lp]} with the size of L,,. At round ¢, we utilize the estimated prior fi,, to update
the priors in the buffer:

_(t—1) ’

a0 — a7 (g - V) i=tmod I,
’ o; otherwise

where ¢ € [L,] and ﬂgt) denotes the value of fi; at round t. \; € [0, 1] is a coefficient to
balance the historical and present information, which can be set to be 1/¢ or a constant value.
Then we set h,, = ﬁgf), where i; =t mod L,,.

* Online KMeans Hint. To further use the feature similarity of the historical data, we design a
hint function with the online k-means clustering algorithms [81]. We maintain L, prototypes
{(%i, ;) | i € [Li]}. Atround ¢, we find the prototype i;, which is the most similar to the
current unlabeled data S;:

’Lt = arg min —
i€ Lk |St

> % —x|?,

XESt

and then we update the corresponding prototype by

O = ().

where ( Et), ul( )) represents the value of i;-th prototype at round ¢t. x; € [0,1] is a
coefficient to balance the historical and present information, which can be set to be 1/t or a

constant value. Then we set h, “Et)'

F.2 Proof of Theorem 3

The proof of Theorem 3 shares a similar spirit with that of Theorem 2, where we decompose the
overall dynamic regret into meta-regret and base-regret. The new challenge is that the ATLAS-ADA
algorithm involves the hint function H,(-) to exploit the structure of distribution change, which
requires a more delicate analysis for both the meta- and base-regret.
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Proof of Theorem 3. Similar to the proof of Theorem 1 and Theorem 2, we can decompose the
dynamic regret into two parts with the piecewise-stationary sequence {u;}7_;,

T T

ZRt(Wt)] =Y Ri(w})

zmwa] Y RS Y Riwi) - 3 Relwd)
t=1 t=1

m=1t€Z,, m=1t€Z,,

Ei.1r

= Ei.r

term (a) term (b)

According to (20) and (22), we have term (b) < 2BAV7y. Besides, when the parameter is set as
A =1, we have term (b) = 0. Thus, the term (b) can be bounded as

term (b) < 1{A > 1} -2BAVr. (31)

As for term (a), it can be further decomposed into the meta-regret and base-regret.

Z Rt(Wt)‘| — Z Rt(ut)
t=1

t=1

term (a) =E;.7

T

Z Rt(Wt) - Z Rt(wt,i)

t=1

= Evr +Eir

Z Rt(wt,i)‘| - Z Rt(ut)7

meta-regret base-regret

where meta-regret measures the performance gap between the model returned by ATLAS-ADA and
that by the i-th base algorithm. Base-regret is regret of the i-th base algorithm with step size n; > 0.

Analysis for the meta-regret.  Since w; is independent of the sample observed at iteration ¢,
following the same arguments in obtaining (25), we can bound the meta-regret as

T T T N R T
th(Wt) - Z Rt(Wt,i)] <Ei.r Z ZPt,th(Wt,j) — Z Ri(wy ;)

t=1 t=1 j=1

]ElzT

Remark 5. The main difference between the analysis of the meta-algorithm for ATLAS-ADA and
that of ATLAS is that the former method involves an update step with the hint function. To obtain
a meta-regret bound that adapts the quality of the hint function, the previous work [19] crucially
relies on the smoothness of the loss function, which is generally hard to be satisfied in the OLaS
problem (e.g., the commonly used hinge loss is not smooth). A more delicate analysis shows that the
smoothness assumption is no longer necessary to achieve an adaptive meta-regret bound. The result
is stated as the following lemma, whose proof is deferred to Appendix F.3.

In N+2 _
1+ (max; ey { | Re(we, i) — He(we i) [ 1)2)

Lemma 8. By setting the learning rate ¢ = \/ the meta-

algorithm of ATLAS-ADA (Algorithm 5) satisfies

T N T T
Z Zpt,th(WtJ) - ZRt(Wm) <T,|(nN +2) (1 + Z sul[/)VHVRt(w) — VHt(W)H%)
t=1 €

t=1 j=1 t=1W

foranyi € [N], where Ry(wy ;) = Ry(wWy;) — Ry(Wret) and Hy(wy ;) = Hy(Wy;) — Hy(Wyer) are
the reference loss functions built upon an arbitrary reference point Wyes € WW.

According to Lemma 8, we can bound the meta-regret by

T
Ei.r ZRt wy) Z (Wt,i)

T
<TEpr |\|(InN+2)Y sup |VR(w) — VH(w)][3
t=1 WEW
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<1 (nN +2) <1+2Ef[sup |9 Ry (w) - vmmn%)]?

t=1 we
where the last inequality is due to the Jensen’s inequality and the concavity of the square root function.

Analysis for the base-regret. Since the model w; is independent of the draw of dataset S} received
at iteration ¢, following a similar argument in obtain (19), we can bound the base-regret as

T T
ZRt(Wt,i)l - Z Ri(u;) <Eq.p

t=1 t=1

IEl:T

Z VRt Wt z y Wei — ut>] .

=1

Different from the analysis for the base-algorithm of ATLAS, the base-algorithm of ATLAS-ADA
exploit a hint function Hy(-) to better exploit the pattern of the distribution challenge. We have the
following regret guarantees on the output w, ; of the base-algorithm.

Lemma 9. Suppose the hint function Hy : W — R is convex. The base-algorithm of ATLAS-ADA
(Algorithm 4) with a step size 1, ; > 0 satisfies

T T
Z(VRt(Wm-),Wt,i —uy) <2 Z sup | VR(w) — VH(w)||3 +

t=1 t=1 W€

I'2 4+ 2T'Pr
2n;

. T
for any comparator sequence {u;}1_, with u; € W. Moreover, Py = Y oieollus —us_1||2 measures
the variation of the comparator sequence.

By Lemma 9 and taking the expectation over both sides, we can bound the base-regret as

I'2 4+ 2I'Pr

E.
LT o

ZRt(W“ ] ZRt w) < 277121&5 {bup HVRt( ) — VHt(W)Hg] +

t=1 t=1 t=1

Then, combining the meta- and base-regret, we can obtain that

T2 4 orP
tam@)§2mGT+4¥%——Z+FvﬂnN+2XL+Gﬂ
i

for any base-algorithm i € [N], where Gr = | E; [supweWHVFA{t (w) — VHt(w)H%} mea-
sures the reusability of the history information.

It remains to tune the step size to make the bound tight. We can bound the term G by
Gr— 3B, |sup [V (w) ~ VHwE]
=1 wew

T
~ ATG?K
<ym [z sup ||V R (w)[2 + 2 sup ||VHt<w>||§] < HEK
—1 wew wew o

where the last inequality is due to the fact that supy, ¢y || VR, (w¢)|l2 < (GVK) /o (shown as (28))
and the assumption that supWGW |VH;(w)||2 < (GVK)/o. In such a case, we can show that the

TEE2LPL Jies in the range [}/ -2 iifemg» 5 VI? + 2027, So, we can

optimal step size 1, = e

construct the following step size pool to cover the optimal step size

T .
H:{".T*uewﬁ
02 +4TG?K
with N =1+ [£log, ((1+ 27)(1 + 4TG*K/5?))|. Even better, due to the logarithmic construc-

tion of the pool, we claim that there must exist an i, € [IN] satisfies that ;, /2 < 1. < n;,. So, we
further bound term (a) as

term(a) < 3v/(1+ Gr)(T2 + 2I'Pp) + T/ (In N + 2)(1 + Gr).
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Overall dynamic regret bound. We can then use similar arguments in the proof of Theorem 2 to
obtain the final dynamic regret bound. Combining term (a) and term (b) and noticing that { ut}th1 is
the piecewise stationary comparator sequences with Pr = Z;T:z luy —ug_q||L; <TT/A, we can
bound the overall dynamic regret as

T T
Evr [Regh| = Evr | Y Ri(w) | = > Rulw))
t=1 t=1
< 1{A > 1} - 2BAVy + 3/ (1 + G7)(I'2 + 2T Pr) + I'/(In N +2)(1 + G7)
214+ Gr)T

< 1{A >1} - 2BAVp + 3T +30/1+Gr +T/(InN +2)(1 + Gr),

A

where the last inequality is due to the fact that va + b < v/a + Vb for any a,b > 0. To obtain an
upper bound of the above inequality, we consider the two following cases,

Case 1: 3['\/2(1 4+ Gp)T > 4BVp, in such a case, we can set A = (:sri ”igé,fT)T]. Then, we can
bound the dynamic regret by

1
Eir {Reng] <3(9BT?)% - VEPTY3(1 4+ Gr)3 + 3+ V2+ m NI/ + Gy

= 0V *Gy*TV? + \/1+ Gr).

Case 2: 3T'\/2(1 + G7)T < 4BVr, in such a case, we can set A = 1. Then, we have

Ey.p {Reg‘}} < 30\/2(1+ Gr)T +3T\/1+ Gy + T/(In N + 2)(1 + Gr)

< (6T'(1 4+ Gr)T)"3 (12 BVy)' 2 4301+ Gy + T/ (In N + 2)(1 + G7)
= OV *Gy TV + 1+ Gr),

where the second inequality is due to the inequality that 3T'y/2(1 + G7)T < 4BVr. We complete
the proof by combining the two cases. O

F.3 Useful Lemmas in Analysis of Theorem 3

In N+2

= = , the meta-
14+3°7 ) (max;e Ny {| Re(we,i)— He(we,i)|})?

Lemma 8. By setting the learning rate ¢ = \/
algorithm of ATLAS-ADA (Algorithm 5) satisfies

T N T
SO pijRi(wey) ZR (weq) <2T <1nN+2(1+Zsup IV Ry (w) — VHt(w>§)

t=1 j=1 t—1 WEW

forany i € [N], where R, (W) = Et(wt,i) — Ry(Wret) and H, (Wi,i) = Hy(wy ;) — Hy(Wret) are
the reference loss functions built upon an arbitrary reference point Wyes € W.

Proof of Lemma 8. The key challenge in the proof is that the meta-algorithm is updated with the loss

function }A%t(wt ;) and the hint function H;(w, ;), while we desire a regret that can scale with the
gradient to make it compatlble with the base-regret bound. To this end, we introduce the reference

loss Rt(wm) Rt(wt i) — Rt(wref) and Hy(w ;) = Hy(wy;) — Hi(Wret). It is easy to verify
that the update procedure (4) with the original loss function is identical to that with the reference loss:

exp (—e( i ﬁs(ws,i)—i-Ht(ww-))) _ exp (—e( S fffs(ws,i)-i-ﬁt(wt,i)))
K exp (—e (D00} Ro(wo)+Hi(wea))) K exp (—e (U} Ro(woi)+Hi(wei))

DPti =
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As a consequence, we can bound the meta-regret by

T
Zzpt]Rt Wt] ZRt(WtZ)
t=1 j=1 t=1
T N B T .
= Zzpt,gRt(Wt i) = Ri(wi,q)
t=1 j=1 t=1
T - 2 InN+2
SEZ(IQ[E}\DIC{‘Rt(WM) Hy(wei)l})” + -
t=1 °
T
~ 2
<20 3 (e {[Ru(we) = Hi(we)[}) (0 N +2), G2
t=1 "

where the first inequality is due to Lemma 11 and the second inequality is by the step size setting of
e =N +2)/(1+ XL maxsein{| Relwe,) — Howi)|).

Then, we show that the deviation between the loss function max;¢| N]{|]§t (Wei) — H, (W)} can

be converted to the deviation between the gradient. Let G (wy ;) = ﬁt (W) — Hy(wy,;), for any
i € [N], we have

|Re(wei) — Hy(wei)| = |Ge(Wei) — Ge(Wret)| = [(VGe(Eri), Wi i)
<T|VR(&) — VH(€)|2 <T sugvnvﬁt(m — VH;(w)]|2, (33)
wE

where the first equality is due to the mean value theorem and &; ; = ¢; ;W ; + (1- ctﬂ;)wref with a
certain constant ¢, ; € [0, 1]. Plugging (33) into (32), we obtain that

T
S piRi(we1s) ZR wio1;) <20, | (In N +2) Z sup ||V Ry(w) — VH(w)|,

t=1 i=1 =1 wew

which completes the proof. O

Then, we provide the proof of the regret of the base-algorithm for ATLAS-ADA.

Lemma 9. Suppose the hint function Hy, : W — R is convex. The base-algorithm of ATLAS-ADA
(Algorithm 4) with a step size 1, ; > 0 satisfies

T T

N ~ I'?2 +2I'P

> (VRi(Wii), Wei —w) <2n; ¥ sup |[VR,(w) — VHy(w)|[3 + —1
w 2 i

—1 =1 WEW U

. T
for any comparator sequence {u;}{_, withu; € W. Moreover, Pr =Y _,_,||u; — u;_1]|2 measures
the variation of the comparator sequence.

Proof of Lemma 9. We decompose the instantaneous loss of the base algorithm as,

<Vﬁt(wt,i)7 Wit — llt)
< (VRy(wWii) = VH(Wii), Wi — Wig1) + (VH (Wii), Wei — Wig1s) + (VRI(Wi i), Wi

—u).

term (a) term (b) term (c)
For term (a), by Cauchy-Schwarz inequality and AM-GM inequality, we have

term (a) < |[VR(wii) — VH(We)||al[Wei — Wesrilla

~ 1 .
< 20|V Ry(wei) — VHi(wy )5 + 5h — Wi — Weprill3
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Then, we bound term (b) by Proposition 4.1 of Campolongo and Orabona [38],

1 R N - .
term (b) < 5 (IWes1i = Weialls = [Wegrs — wealls — [Wei — weill3) -

K2

The term (c) is bounded by Lemma 7 of Zhao et al. [19],

1 ~ N N ~
term (c) < o (e = e all3 = e = Weprall3 = 1Wei — Wepill3) -
Combining the three upper bounds yields
T
Z<Rt(wt,i)7wt,i - llt>
t=1
o 1 I
<20 > I VRi(wei) — VH(wi)ll3 + oY > (Il = Wl = Juy = W al3) + 5T
t=1 tt=1 ¢
d 2 4 2I'P
~ T
< 2n; Z sup ||V Ry(w) — VHy(w)|3 + BT
=1 WEW i
which completes the proof. O

G Technical Lemmas

Lemma 10. Let A € REXEK be an invertible matrix and A € REXE be a squared matrix such that
|A=TAlls < 1/2. For B = A+ A, we have the following two claims:

e B is an invertible matrix.

c 1B71 = A7 2 <20 AE - [[A]2.

Proof. The proof follows the same arguments in Horn and Johnson [82, Page 381]. We first show
that B = A(I + A=1A) is an invertible matrix. Since A is an invertible matrix by the assumption, it
is sufficient to show that I + A=A is invertible. The statement is true since the spectral radius of
A7LA satisfies p(A71A) < ||A7*A|l2 < 1/2. The bounded spectral radius implies that —1 is not
an eigenvalue of the matrix A~1A, and thus it is invertible.

Then, we can upper bound the norm
1B~ = A7 l2 = [AT'AB™ 2 < [AT A2 B7Hl2, (34)
where the term || B~ ||2 can be further bounded by
1B 2 < [A7 2+ [[1B™ = A7 l2 < AT + [AT A2 B l2.
Rearranging the above inequality, we have

A_1||2
By < —A T 35
Then, plugging (35) into (34) and rearranging the terms, we have
ATNA A 2 _ [JATHIBIA2
B l—4t <H < 2 < 2lA7Y1311A
H ||2 = 1— ||A71A||2 -1 ‘|A,1A‘|2 = || H2|| ||27
which completes the proof. O

Lemma 11 (Theorem 19 of Syrgkanis et al. [83]). Let £; € RY be the loss vector taking 6, €R
as its i-th entry and m; € RY the hint vector taking my ; as its i-th entry. The Hedge algorithm

updating with py ; o exp ( — 5( Zts;ll ls i+ mtﬂ-)) satisfies

T N T T
SN prjle; = > b < % +ey |l —me|Z
t=1 t=1

t=1 j=1

forany i € [N], where € > 0 is the step size.
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