4 Discussions and open problems
We discuss the assumptions and implications of our results as well as related open problems.

Very large state space. Theorem 1 determines the optimal prediction risk under the assumption of
k < +/n. When k 2 +/n, Theorem 1 shows that the KL risk is bounded away from zero. However,
as the KL risk can be as large as log k, it is a meaningful question to determine the optimal rate in
this case, which, thanks to the general reduction in (11), reduces to determining the redundancy for
symmetric and general Markov chains. For iid data, the minimax pointwise redundancy is known to
be n log % + O(”TQ) [SW12, Theorem 1] when k > n. Since the average and pointwise redundancy
usually behave similarly, for Markov chains it is reasonable to conjecture that the redundancy is
2 . . . . . . .
O(nlog %) in the large alzphabet regime of k = +/n, which, in view of (11), would imply the optimal
prediction risk is ©(log %) for k > \/n. In comparison, we note that the prediction risk is at most
log k, achieved by the uniform distribution.

Other loss functions As mentioned in Section 1.1, standard arguments based on concentration
inequalities inevitably rely on mixing conditions such as the spectral gap. In contrast, the risk bound
in Theorem 1, which is free of any mixing condition, is enabled by powerful techniques from universal
compression which bound the redundancy by the pointwise maximum over all trajectories combined
with information-theoretic or combinatorial argument. This program only relies on the Markovity
of the process rather than stationarity or spectral gap assumptions. The limitation of this approach,
however, is that the reduction between prediction and redundancy crucially depends on the form of
the KL loss function? in (1), which allows one to use the mutual information representation and the
chain rule to relate individual risks to the cumulative risk. More general loss in terms of f-divergence
have been considered in [HOP18]. Obtaining spectral gap-independent risk bound for these loss
functions, this time without the aid of universal compression, is an open question.

Stationarity As mentioned above, the redundancy result in Lemma 6 (see also [Dav83, TIW18])
holds for nonstationary Markov chains as well. However, our redundancy-based risk upper bound in
Lemma 5 crucially relies on stationarity. It is unclear whether the result of Theorem 1 carries over to
nonstationary chains.

5 Proofs in Section 2

5.1 Proof of Lemma 5

Proof. The upper bound on the redundancy follows from the chain rule of KL divergence:

D(Pxnll@xn) =Y D(Px,xt-1,0l|Qx, x1-1 [Px1-1). (30)

t=1
Thus

n
sup D(PXn|9||QXn) < Z sup D(Pthxtfl’QHQththl |PXt—1).
) “— 9co

Minimizing both sides over @ x~ (or equivalently, Qththl fort =1,...,n)yields (23).

To upper bound the prediction risk using redundancy, fix any ) x~, which gives rise to Q) x,|x -1 for
t =1,...,n. For clarity, let use denote the t*» estimator as ﬁt(-\xt_l) = Qx,|xt-1=5¢-1. Consider
the estimator @ X, |xn»-1 defined in (25), namely,

n

> Pllrn-ip1s s znn). 31)

t=m-+1

~ 1
A
Qananl:Infl =

n—m

That is, we apply I3t to the most recent ¢ — 1 symbols prior to X, for predicting its distribution, then
average over t. We may bound the prediction risk of this estimator by redundancy as follows: Fix

3In fact, this connection breaks down if one swap M and M in the KL divergence in (1).
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¢ € ©. To simplify notation, we suppress the dependency of 6 and write Pxn g = Pxn. Then

D( Xl X2 ZPt X0 t+1>]

A (a)
D(Px, | xn1]|@x, | xn—1|Pxn-1) = E

(b)) 1 n
< —— 3 E[D(Py, e IBCIXIT)]
t=m+1
© 1 - 5 t—1
= ]E|:D t— . :|
— > (Py,x—2 [IPi(1X'7))
t=m+1
(d)
= DP t— vt | X
n_mt;“ ¢ x [Quxe e X7

1 & _
< > D(Px,x-1[Qxexi-1 | X'
t=1

n—m <

(@ 1

——D(Px»[|Q@x~),

n—m

where (a) uses the m™-order Markovian assumption; (b) is due to the convexity of the KL divergence;

(c) uses the crucial fact that forallt = 1,...,n — 1, (X,—¢,. .. ,Xn,l)laW(Xl, ..., X4), thanks to

stationarity; (d) follows from substituting ﬁt( |zt~ = Q X,|xt-1=zt-1, the Markovian assumption
Py, IXITL = = Py, x¢-1, and rewriting the expectation as conditional KL divergence; (e) is by the

chain mle (30) of KL divergence. Since the above holds for any 8 € O, the desired (26) follows which
implies that Risk,,—1 < ¢4z Finally, Risk,_; < Risk,, follows from E[D(Px, ., . [|Px(X3))] =
E[D(Px ||]37,,(Xf”_1))], since (Xo,...,X,,) and (X4,...,X,—1) are equal in law. O

n|Xy_1

Remark 3. Alternatively, Lemma 5 also follows from the mutual information representation (17)
and (22). Indeed, by the chain rule for mutual information,

I(6; X™) = > 1(0; X[ X", (32)
t=1

taking the supremum over 7 (the distribution of #) on both sides yields (17). For (22), it suffices to
show that 7(6; X;|X*~1) is decreasing in ¢: for any 6 ~ T,

P n P n P n
1(0; X, 11| X™) =Elog Xng1[X™,0 Elog Ij(nHlX 0 + Elog Xn1] X3
Xpg1]Xn Xn1| XY Xpt1]Xn

)

—_——
—I(X1;Xn+1|X5)

and the first term is

PX X" 0 PXW,+1‘XW ,9 Pan n— 170
Elog n+1| ) — Elog n—m-+1 _ Elog n—m 1(9; Xn|Xn_1)
X pg1| X7 Px, .. 1xp Py, xn—

where the first and second equalities follow from the m'"-order Markovity and stationarity, respec-
tively. Taking supremum over 7 yields Risk,, < Risk,,_1. Finally, by the chain rule (32), we have
I(0; X™) > (n —m)I(0; X,|X"~1), yielding Risk,,_; < Redn

5.2 Proof of Lemma 6

In this section we bound the pointwise redundancy of the add-one probability assignment (27) over
all (not necessarily stationary) Markov chains on k states. The proof is similar to those of [CS04,
Theorems 6.3 and 6.5], which, in turn, follow the arguments of [DMPWS&1, Sec. III-B]. Specifically,
we show that for every Markov chain with transition matrix M and initial distribution 7, and every
trajectory (1, -+ ,Zp), it holds that

(1) H?:_ll M (x441]|2) n
log Qx1, -, an) < k(k—1) |log 1+m + 1| + logk, (33)
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where we abbreviate the add-one estimator M+ (2+41|2¢) defined in (5) as M (z¢41]2¢).

To establish (33), note that Q(x1, - - - , x,,) could be equivalently expressed using the empirical counts
Ni and Nij in (4) as
o 1 ﬁ Hk 1 Nij!
x =—
b AL (k1) (Ni+k—1)

Note that

n—1 ko k ko k

HM$t+1|$t HH §HH(NZJ/N2)NJ>

t=1 i=1j=1 i=1j=1

(J/ ‘]j) > 0 for each 7, by the nonnegativity of the KL

where the inequality follows from Z 1]\;
divergence. Therefore, we have

m(x1) H?:T M (x41|2) <k- H k-(k+1)----- (Ni + k1) H Ngij . (34)

Qzy,- - an)

i=1 i j=1

We claim that: for ny,--- ,ng € Zy andn = Zf:l n; € N, it holds that

k

[1(2)" < Byt

i=1

with the understanding that (9)0 = 0! = 1. Applying this claim to (34) gives

(1) H?:_ll M (x441]x) k-(k+1)----- (N; +k—1)

log

<10gk+Zlog

Qx1,--- ,xy) P N;!
f & k—1

=logk + log|{1+ ——

s 23 s (14557

koo k-1
§10gk+z log| 14+ —— ) dz
X 0 X

logk+Z( —1)log <1+kN1>+Nlog( kj;l))

(a) n—1
< — .
< k(k—1)log (1—|— W= 1)

where (a) follows from the concavity of x — log z, Zle N;,=n—1,andlog(l4+z) <=z

) +k(k—1) +logk,

It remains to justify (35), which has a simple information-theoretic proof: Let T' denote the collection

of sequences x” in [k]™ whose fype is given by (nq,...,n). Namely, for each 2™ € T, i appears

exactly n; times for each ¢ € [k]. Let (X1, ..., X,,) be drawn uniformly at random from the set 7.
Then

n! (a) < (b) o oni n

logﬁ =H(Xy,...,X,) < ZH(Xj) =n, #logn—i,

1=1"" j=1 =1
where (a) follows from the fact that the joint entropy is at most the sum of marginal entropies; (b) is

because each X is distributed as (5, ..., 2&).
n n

6 Proofsin Section 3

6.1 Proof of lower bound for three states

In this section we prove the optimal lower bound in Theorem 7 for three states. Let us start by
recalling the following well-known lemma.
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Lemma 8. Let ¢ ~ Uniform(0,1). Conditioned on q, let N ~ Binom(m,q). Then the Bayes
estimator of q given N is the “add-one” estimator:

N+1
Elg|N] = ——
[alN] =~
and the Bayes risk is given by
1
E[(¢ — E[g|N])?] = ——.
0~ N = g gy
Proof of Theorem 7. Consider the following Bayesian setting: First, we draw p uniformly at random
from [0,1 — %] Then, we generate the sample path X™ = (X1,..., X,,) of a stationary (uniform)
Markov chain with transition matrix M, as defined in (28). Foreach¢ = 1,...,n — 1, define
Xe={a":x1=...=x, =1z, £1,i=t+1,...,n}
and let X = U}, A;. Let u(a”|p) = P[X = 2"]. Then
1 9 t—1 9 . 1 n—t—1—N(z™)
pa"lp) = 3 (1 - ) —pN@") (1 — = —p) , aheX,  (36)
3 n n n

where N (z™) denotes the number of transitions from state 2 to 3 or from 3 to 2. Then

1 2 t—1 2 n—t—1 n—t—1 1 n—t—1—k
PX"eX|=-(1-2= = Fl1—-——
e (=3) T (Tl ()

1 2 t—1 9 1 n—t—1 2 1 n—2 1 t—1
=—|1-- —(1-— =—(1—-— 1-—— 37
3( n) n( n) Bn( n) ( n—l) (37)
and hence

P[X" € X] = nfp[x" € x] = 2(”37;1) (1 _ 711)“ (1 _ <1 _ ni 1>n1> (38)

t=1
2(1—-1/e
SV o),
Consider the Bayes estimator (for estimating p under the mean-squared error)
Elp - p(z"|p)]
pa") = Elplz"] = 5

Elu(z"(p)]
For " € X, using (36) we have
B e (g )] -
pla™) = 1 iioN@E] 0 P Uniform (O7 )
ST n

n

z" n—t—1—N(z"
nflE[UN( )+1(17U) t ( )} .
= , U ~ Uniform(0, 1)
n E [UN(xn) (1 _ U)n—t—l—N(:c"):|
n—1N(z") +1
on n—t+1’
where the last step follows from Lemma 8. From (36), we conclude that conditioned on X™ € X}
and on p, N(X") ~ Binom(n —t — 1, q), where ¢ = (0,1). Applying Lemma 8

(withm=n—t—1and N = N(X")), we get
]E _ N@E™+1\?
nftJrl

() s
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Finally, note that conditioned on X" € X, the probability of X™ € A} is close to uniform. Indeed,
from (37) and (38) we get

t—1
1
1 (_n—1> 1 1
n = > =1,... — 1.
P[X" € X;|X] n_11_< - 1)”_1_n—1<e 1+on(1)>7 t=1,...,n—-1

n—1

Thus
n—1
El(p— P(X™)*Lixrexy) =P[X" € X] Y E[(p — PX™)*| X" € 4P [X" € X;|X]
t=1
n—1
1 1 logn
> =
Nn—ltZ:;n—t—i—l ®<n> (39

Finally, we relate (39) formally to the minimax prediction risk under the KL divergence. Consider

any predictor M\(\z) (as a function of the sample path X) for the ith row of M, i = 1,2,3. By
Pinsker inequality, we conclude that

DOM(2)FI([2)) > IM(12) = FT(12)[F, > 3o~ M(3(2)) (40)

DN | =

and similarly, D(M ([3)[|M(|3)) > 3(p — M(2|3))2. Abbreviate M (3|2) = p and M (2[3) = ps,
both functions of X. Taking expectations over both p and X, the Bayes prediction risk can be
bounded as follows

E[D(M (-]3)|| M (-]i))1x, -]

-

N
Il
-

E[(p — P2)*1(x, =2y + (0 — P3)*1x,=3)]

Y

(") (E[(p — P2)*|X = a"|1(y, =2} +E[(p — P3)*|X = 2"]1(s,=3})

&
m
*®

p(@"E[(p — pla")*|X = 2")(L(z, =2} + L{z,=3})

8

3
m
®

u(@™)E[(p — p(x"))?1 X = 2"

Y
= NI= N =N

X

= %E[(p —ﬁ(X))Ql{XeX}] = (loin> .

8
3
m

6.2 Proof of lower bound for k states

In this section, we rigorously carry out the lower bound proof sketched in Section 3.2: In Section
6.2.1, we explicitly construct the k-state chain which satisfies the desired properties in Section 3.2.
In Section 6.2.2, we make the steps in (29) precise and bound the Bayes risk from below by an
appropriate mutual information. In Section 6.2.3, we choose a prior distribution on the transition
probabilities and prove a lower bound on the resulting mutual information, thereby completing
the proof of Theorem 1, with the added bonus that the construction is restricted to irreducible and
reversible chains.
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6.2.1 Construction of the k-state chain
We construct a k-state chain with the following transition probability matrix:
1

1+ -+t .. _1
n(k—1) n(k—1) n(k—1)

n
1/n
M=|1/n (1 1 ) T , (41)
1/n
where T' € RS2*52 is a symmetric stochastic matrix to be chosen later. The transition diagram of M
is shown in Figure 2. One can also verify that the spectral gap of M is @(%)
1-1
I \ S ~
,n ,' .l \ AN
4 N AN
L7 AN N
4 ,I RN AN
’ ’ ’ ,’ [ \\\\ AN Sl
// Il i 1 1 VA \\
4 s ! ! ‘o N 82
’ , ’ [ \ VA N
’ , ’ I \ U \
) / ! ! \ vy \
, ’ ' I \ v AN
/ / ' I \ [N NS
4 1 1 \ \ 1 \n
\ \ \ \
N

II n(k_l) \\ \ \

(1= ) Tkx

Figure 2: Lower bound construction for k-state chains. Solid arrows represent transitions within
S and S, and dashed arrows represent transitions between &7 and S,. The double-headed arrows

denote transitions in both directions with equal probabilities.
, X») be the trajectory of a stationary Markov chain with transition matrix M. We

Let (Xl, e

observe the following properties:
with stationary distribution

(P1) This Markov chain is irreducible and reversible,
1

1 1.
(35 2(k—1)0 " Q(k—l))’
(P2) Fort € [n—1], let X; denote the collections of trajectories 2™ such that x1, x2,

,x, € Sy. Then
n—1
P(X"€Xy) =P(Xy ==X, =1) - P(Xyp1 # 1X; =1) - [] P(Xop1 # 1X. #1)
s=t+1
n—1—t
1) > L (42)
2en

s (3)
—-.(1=-= 1= =
2 n n n
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Moreover, this probability does not depend of the choice of T

(P3) Conditioned on the event that X" € A}, the trajectory (Xy41,---,X,) has the same
distribution as a length-(n — t) trajectory of a stationary Markov chain with state space
So ={2,3,--- , k} and transition probability 7', and the uniform initial distribution. Indeed,

1 1\t—1 1 n—1
27 (1 - H) " n(k—1) Hs=t+1 M(zs11|2s)

PlX¢i1 = Xia1,. -, Xpn =2, | X" € X4 = — pog
e S N R e

n—1
1
:m H T($S+1|x5).
s=t+1

6.2.2 Reducing the Bayes prediction risk to redundancy

Let M7™ be the collection of all symmetric transition matrices on state space So = {2,...,k}.
Consider a Bayesian setting where the transition matrix M is constructed in (41) and the submatrix T’
is drawn from an arbitrary prior on M3}™ . The following lemma lower bounds the Bayes prediction
risk.

Lemma 9. Conditioned on T, let Y™ = (Y1,...,Y,,) denote a stationary Markov chain on state
space S with transition matrix T" and uniform initial distribution. Then

. = n—1 n

inf Er [EIDOCX)IMCX))] = G (1T:7™) =~ log(k —1).

Lemma 9 is the formal statement of the inequality (29) presented in the proof sketch. Maximizing
the lower bound over the prior on 7" and in view of the mutual information representation (17), we
obtain the following corollary.

Corollary 10. Let Risk;"" denote the minimax prediction risk for stationary irreducible and reversible
Markov chains on k states and Red}"" the redundancy for stationary symmetric Markov chains on k
states. Then

n—1

Riskjy, > 502 (Redzy_mlm —log(k — 1)).

We make use of the properties (P1)—(P3) in Section 6.2.1 to prove Lemma 9.

Proof of Lemma 9. Recall that in the Bayesian setting, we first draw 7" from some prior on M},
then generate the stationary Markov chain X™ = (X1, ..., X,,) with state space [k] and transition

matrix M in (41), and (Y1,...,Y,,) with state space Sy = {2, ..., k} and transition matrix 7.

We first relate the Bayes estimator of M and T (given the X and Y chain respectively). For
clarity, we spell out the explicit dependence of the estimators on the input trajectory. For each

t € [n], denote by M, = M,(-|2t) the Bayes estimator of M (-|z;) give X! = ', and T} (-|y*)

the Bayes estimator of T'(-|y;) give Y = 4*. Foreacht = 1,...,n — 1 and for each trajectory
2" =(1,...,1,%¢41,...,2,) € Ay, recalling the form (21) of the Bayes estimator, we have, for
each j € Ss,

P [ X" = (2", )]
P[X" = g"]
_ E[%M(l\1)t_1M(mt+1|1)M(xt+2|xt+1) coo M (zp|Tn—1) M (j|zn)]
E[EM (1) M (252 [) M (@r2lws1) - M(nlzn 1)
(1 ) 1) E[T(ws2l2041) - T(@nlon )T l20)
E[T(xig2|Tis1) - T(xn|Tn-1)]

n
1 o
= 1‘% Tn,t(]\xtﬂ),

where we used the stationary distribution of X in (P1) and the uniformity of the stationary distribution

of Y, neither of which depends on 7. Furthermore, by construction in (41), M\n(l\x”) = 1is

M, (jlz") =
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deterministic. In all, we have

— 1 1\ ~
Mn(|1'n) = 551 + <1 - n) Tn,t('|$?+1), " e Xt. (43)
with §; denoting the point mass at state 1, which parallels the fact that
1 1
M(fz) = 01+ (1=~ ) T(|z), z€Ss. (44)

By (P2), each event { X™ € X;} occurs with probability at least 1/(2en), and is independent of T".
Therefore,

Er [EDOMCIX)IFCXD)] > 5o S Er [EIDOM (XM X)X € ]| @5)

By (P3), the conditional joint law of (T, X;11, ..., X, ) on the event { X™ € A;} is the same as the
joint law of (7', Y7, ..., Y, _¢). Thus, we may express the Bayes prediction risk in the X chain as

Er [EDOCX)IFTUX)X" € 1] @ (1- 1) - Br [EIDECY-ITCY )]

b 1
8 (1 - n) (T3 YY), (46)

where (a) follows from (43), (44), and the fact that for distributions P, Q) supported on Sa, D(ed; +
(1—¢€)P|led1 + (1 —€)Q) = (1 — €)D(P||Q); (b) is the mutual information representation (20) of
the Bayes prediction risk. Finally, the lemma follows from (45), (46), and the chain rule
1

T3 Yoo [Y"™) = I(T;Y™) = I(T; Y1) > I(T;Y™) — log(k — 1),
1

H(Y7) <log(k —1). O

n

¢
as I(T; Y1)

IN

6.2.3 Prior construction and lower bounding the mutual information

In view of Lemma 9, it remains to find a prior on sz:nl for T, such that the mutual information

I(T;Y™) is large. We make use of the connection identified in [DMPW81, Dav83, Ris84] between
estimation error and mutual information (see also [CS04, Theorem 7.1] for a self-contained exposi-
tion). To lower the mutual information, a key step is to find a good estimator f(Y”) of T'. This is
carried out in the following lemma.

sym

Lemma 11. In the setting of Lemma 9, suppose that T € M3™ with T;; € |5, =] for all i, j € [k].

Then there is an estimator T based on Y™ such that

~ 16k
E[|T — T3] < .
T =TI < —=

We show how Lemma 11 leads to the desired lower bound on the mutual information I(T;Y™).
Since k£ > 3, we may assume that k¥ — 1 = 2k is an even integer. Consider the following prior
distribution 7 on T": let u = (u;,j); je[ko],i<; e iid and uniformly distributed in [1/(4ko), 3/(4ko)],
and u; ; = u;,; for 7 > j. Let the transition matrix 1" be given by

1 .
Toi—1,2j—1 = Toi05 = U5, Toi—125 = Toi25-1 = T Ui Vi, j € [k]. 47
0

It is easy to verify that 7" is symmetric and a stochastic matrix, and each entry of 7' is supported in
the interval [1/(4ko), 3/(4ko)]. Since 2ky = k — 1, the condition of Lemma 11 is fulfilled, so there

exist estimators T'(Y™) and @(Y™) such that

64k2

E[[a(y™) - ullyl < E[IF (™) - TJF) < =5

(48)
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ko(ko+1)
2

Here and below, we identify u and u as -dimensional vectors.

Let h(X) = [ —fx(z)log fx (x)dz denote the differential entropy of a continuous random vector

X with density fx w.r.t the Lebesgue measure and h(X|Y) = [ —fxy (zy)log fx|y (z|y)dxzdy the
conditional differential entropy (cf. e.g. [CT06]). Then

hw =) h(uz’,j)Z—wlog(%o)- (49)

1,j€[ko] i<
Then

1Ty @ 1w ym)

®» -
2 I(u;u(Y™)) = h(u) — h(ufu(Y™))

Y hw) - hu—aym)

@ k’o(ko + 1) n—1 k2 n—1
> 1 > jog ().
=71 %\ 1024rek? ) = 16 7% \ 256mek?

where (a) is because v and 7" are in one-to-one correspondence by (47); (b) follows from the data pro-
cessing inequality; (c) is because h(+) is translation invariant and concave; (d) follows from the max-
imum entropy principle [CT06]: h(u — u(Y™)) < k“(k}H) log (ku(k%’fl)ﬂ -E[||a(y™) — u||§]),
which in turn is bounded by (48). Plugging this lower bound into Lemma 9 completes the lower
bound proof of Theorem 1.

Proof of Lemma 11. Since T is symmetric, the stationary distribution is uniform, and there is a
one-to-one correspondence between the joint distribution of (Y7, Y2) and the transition probabilities.

Motivated by this observation, consider the following estimator 7°: for i, j € [k], let

j; = k . Z?:l 1{Yt=i,Y}+1=]‘}
ij ] )

Clearly IE[ZIA”U] =k -P(Y1 =14,Y2 = j) = T;;. The following variance bound is shown in [TJW18,
Lemma 7, Lemma 8] using the concentration inequality of [Paul5]:

~ 8Tkt
Var(Ty;) < k2. —28%
T =B =1
where 7. (T) is the absolute spectral gap of T defined in (8). Note that 7' = k~1J + A, where J is
the all-one matrix and each entry of A lying in [—1/(2k), 1/(2k)]. Thus the spectral radius of A is
at most 1/2 and thus 7, (7T) > 1/2. Consequently, we have

. ~ 16kT;;  16k>
E[|T - T|7 = Z Var(T};) < Z rlj =7
i,j€[k] i,5€[K]

completing the proof. [

7 Proofs of spectral gap-dependent risk bounds

7.1 Two states

To show Theorem 2, let us prove a refined version. In addition to the absolute spectral gap defined in
(8), define the spectral gap

YEL= X (50)
and M/ (7o) the collection of transition matrices whose spectral gap exceeds 7y. Parallel-
ing Risky (7o) defined in (9), define Riskj, (7o) as the minimax prediction risk restricted to

M € M} (o) Since v > ~v*, we have My (7o) € M (7o) and hence Risk;, ,,(70) > Riskgn(70).-
Nevertheless, the next result shows that for £ = 2 they have the same rate:
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Theorem 12 (Spectral gap dependent rates for binary chain). For any vy € (0,1)

1 1
Riska,n(70) = Risks ,,(70) =< — max {17 log log (min {n, }) } )
d n

Yo

We first prove the upper bound on Risk;m. Note that it is enough to show

log log (1 5
Risks o (10) < OB L00) 09 < g < o= (51

Indeed, for any vo < n=99 the upper bound O (log log n/n) proven in [FOPS16], which does not

depend on the spectral gap, suffices; for any 7o > e¢~¢, by monotonicity we can use the upper bound
Risk), , (7).

We now define an estimator that achieves (51). Following [FOPS16], consider trajectories with a

single transition, namely, {2”*415 An2t 1<t <n— 1}, where 27 ~¢1¢ denotes the trajectory

(1, ,xp) withay =+ =2,y = 2and x,,_g41 = --- = x, = 1. We refer to this type of ="
1

as step sequences. For all non-step sequences ™, we apply the add-3 estimator similar to (5), namely

— Ni; + 1
Mzn i7) = J 2 5 ’, ] S ].7 2 3
(J19) N1 i,j €{1,2}
where the empirical counts N; and IV;; are defined in (4); for step sequences of the form 214 we
estimate by

My(2]1) = 1/(£log(1/70)),  Me(1]1) =1 — My(2|1). (52)
The other type of step sequences 1”2 are dealt with by symmetry.

Due to symmetry it suffices to analyze the risk for sequences ending in 1. The risk of add-% estimator
for the non-step sequence 1" is bounded as

E [1(xn1my DM (D) Myn (1)) | = Pxn (17) {M(2|1) log (]1”/235))) + M(1]1) log (M)}

1
< (1- M(@2[1))! {2M(21)2n +log ( o ) } <.
n—s n
where the last step followed by using (1 — z)"~!2? < n=2? withz = M(2|1) and logz < x — 1.
From [FOPS16, Lemma 7,8] we have that the total risk of other non-step sequences is bounded
from above by O (%) and hence it is enough to analyze the risk for step sequences, and further by
symmetry, those in {2”41Z 1<l <n— 1}. The desired upper bound (51) then follows from
Lemma 13 next.
Lemma 13. For any n=%° < 4 < e, My(-|1) in (52) satisfies
n—1
— loglog(1/~
sp S B [Lyocan 1oy DO [FE(1)] 5 281080 0)
MeM5(vo) y— n

Proof. For each ¢ using log (ﬁ) <2,z <} withe = m,
== M(11)
D(M(-[1)[[M(:[1)) = M(1|1)log | ———— | + M(2|1) log (M (2[1)flog(1/70))
Llog(1/v0)

1
S Tiog(/mgy T M 211 log(M21)0) + M (2[1)loglog(1/0)

1
< M2 log, (M(2[1)6) + M(2[1)loglog(1/70),  (53)
where we define log, () = max{1,logz}. Recall the following Chebyshev’s sum inequality: for
a1 <ag <---<ayandby > by > --- > b,, it holds that
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The following inequalities are thus direct corollaries: for z,y € [0, 1],

n—1 — n—1
p(l—2)" Tyl -y < —— (Z — )" “) < y(1 - y)“)
(=1 =1 =1
. (54
n—1 n—1 n—1
.13(1 _ x)n—[—ly(l o y)e—l 10g+(£y) S 1 (Z (1 — n l—l) (Z y(l — y)f—l 10g+(£y)>
=1 =1 =1
n—1
-1
< LS n-parms 26

where in (55) we need to verify that ¢ — y(1—y)*~ ! log, (y) is non-increasing. To verify it, w.L.o.g.
we may assume that (¢ + 1)y > e, and therefore

y(1—y)log, (¢ +1)y) _ (1—y)log((¢+1)y) < ( e ) (1+ 10g(1+1/f)>

y(1—y)Ttlog, (by) log , (Cy) (+1 log , (¢y)

e 1 1 e
<(1- - - .
_(1 €+1><1+€><1+£ €+1<1

Therefore,
1

E [1(xnmsneey DM [M(:1)|

S
|

~

1
n—1

M

M (2[2)"~ T M (12) M (11 DM ()| Mo (1))

=1
(a) n—1 1
n—~{—1 —1
N 2 M(2]2) M(1|2)M(1]1) <€log(1/70) + M(2|1) log, (M (2[1)¢) + M (2|1) log log(l/%)>
AN M (22" MM A2 + loglog(1/70) 56
=1 tlog(1/70) n—1

where (a) is due to (53), (b) follows from (54) and (55) applied to © = M (1|2),y = M (2|1). To deal
with the remaining sum, we distinguish into two cases. Sticking to the above definitions of x and y, if
Yy > Y0/2, then

- ne 101 _ \—1 n—1 n—1 . \i—1 o
; r ) Sn;(Zx(l_m)ﬂl) (Z(l Y >§1g<2/%>,

n—1
=1 =1

where the last step has used that Y, , /=1 /¢ =log(1/(1 —t)) for [t| < 1. If y < ~0/2, notice that
for two-state chain the spectral gap is given explicitly by v = M (1|2) + M (2|1) = = + y, so that
the assumption y > - implies that > y/2. In this case,

n—1
z(l—a)" (1 —y)” )"/ z(l— )"t
) ; <> (- I n/z
(=1 £<n/2 (>n/2
< Pp-tnjz-10 L 2 < 1
-2 n™~n’

thanks to the assumption g > n =%, Therefore, in both cases, the first term in (56) is O(1/n), as
desired.

Next we prove the lower bound on Risks ,,. It is enough to show that Risks ,,(70) 2 % loglog (1/70)
forn™! <y < e, Indeed, for o > e’es, we can apply the result in the i.i.d. setting (see, e.g.,
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[BFSS02]), in which the absolute spectral gap is 1, to obtain the usual parametric-rate lower bound
Q (L); for yo < n~!, we simply bound Risks , (7o) from below by Risks ,, (n~!). Define

a=log(l/n), B= [ 51ng , (57)

and consider the prior distribution
1 1
A = Uniform(M), M= {M s M(1]2) = E,M(2|1) =—nimEe NN (,B,SB)} . (58

Then the lower bound part of Theorem 2 follows from the next lemma.

Lemma 14. Assume that n= 99 < Yo < e~ Then
(i) v« > Yo for each M € M;

(ii) the Bayes risk with respect to the prior ./ is at least () (M).

Proof. Part (i) follows by noting that absolute spectral gap for any two states matrix M is 1 —
11— M(2|1) — M(1]2)| and for any M € M, M(2[1) € (a=%,a78) C (70,%'") C (70,1/2)
which guarantees v, = M (1]2) + M (2|1) > 7o.
To show part (ii) we lower bound the Bayes risk when the observed trajectory X™ is a step sequence
in {2" 1:1<0<n-— 1}. Our argument closely follows that of [HOP18, Theorem 1]. Since
Yo > n~—1, for each M € M, the corresponding stationary distribution 7 satisfies

Ve 1
M(2[1) + M(12)

Ty =

Denote by Risk(.#) the Bayes risk with respect to the prior .# and by M B(-|1) the Bayes estimator
for prior .4 given X™ = 2"~“1¢. Note that

n—~—1
1 1 1
P[x" =211 = 1—= M > — M) 59
[ ]@( n) n(\) _Qen(\) (59)

Then

=1

n—1
Risk(.#) > Enren lz E [1{)@_2”zlz}D(M(.|1)||z\7£B(.1))”

2en
=1

S lz WD(M(-I)@B(-II))]

MZEMW/[ (LD D CDIME )] (60)

Recalling the general form of the Bayes estimator in (21) and in view of (59), we get
Enfm. [M(1]1) 1M (2]1)]

Ervmn[M(1L)] 7
Plugging (61) into (60), and using

ME(2)1) = MP(1)1) = 1 - M2(2]0). 61)

1—
D((z,1 —2)|(y,1 —y)) :xlogf + (1 —x)log 1 z> J;maX{O,logx — 1},
Y -y Y

we arrive at the following lower bound for the Bayes risk:
Risk(.#)

' M@21) - Epen MO
—QenZEM~/4 (1) M@'”max{o IOg(EMw[Mul)f1M<2|1>}) 1}]

(62)
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™ with § < m < 5.

Under the prior 4, M(2|]1) =1 — M(1]1) = a~
We further lower bound (62) by summing over an appropriate range of £. For any m € [, 3/3], define
am
— — m 1 .
am =[] ) = la™togal
Since vo < e, our choice of « ensures that the intervals {[¢1(m), £2(m )]} <m<3p are disjoint.
We will establish the following claim: for all m € [, 3] and ¢ € [¢1(m), £2(m)], it holds that
™™ By [M(11)] log(1/70) (63)
(1)~ M(2[1)] ™ loglog(1/70)

Enfmr [ M
We first complete the proof of the Bayes risk bound assuming (63). Using (62) and (63), we have

38  £a2(m)
™)1 loglog(1/70)

Risk(.# 25 BZ Y am1l-a”

m=8 =01 (m)

38
_ 10g10g(1/'70) Z {(1 _ a—m)ﬂl(nb) 1 (1 a—?n)[g('rn)}

4dnp oy
@ loglog(l/30) §~ (1\™7 (1Y) doglog(1/70)
4 e ~ n ’
1/5
<1l

>
- dnp
m=
& ,anda™™ < a™f <y

B
with (a) following from % <(l-=x) § if z g
Next we prove the claim (63). Expanding the expectation in (58), we write the LHS of (63) as
X, + Ap+ By

o™ By (ML)
Epea [M(UD)IM(2]1)]  Xp+Cp+ Dy’
where
m— 58
Xp=(1-am)", Z (1-a)", Be= Y (1-a7),
Jj=B j=m+1

58

Z (1 — a_j)[ a™ I,

Z (1—a )™, D=

j=pB Jj=m+1
We bound each of the terms individually. Clearly, X, € (0,1) and A; > 0. Thus it suffices to show
that By > 8 and Cy, Dy < 1, form € [3,35] and ¢1(m) < ¢ < £5(m). Indeed,

* For j > m + 1, we have
(1/4) >1/4,

a*j)@(m g (1/4)

(1-a)" > (1-
where in (a) we use the inequality (1 —z)'/% > 1/4 for 2 < 1/2. Consequently, B, > (/2;

* For j < m — 1, we have

. m) (B)  _gm—i am—J—1

(170[73)5 < (17 )51( ) < e S =% e

where (b) follows from (1 — 2)*/* < 1/e and the definition of £, (m). Consequently,
m—2
Cg <’yloga Zam J _i_a,yloga <e loga (2B+1)loga+eloga Toea <2,

=8B

where the last step uses the definition of 3 in (57)

« Dy <ZJ gt @7 jgl,sinceazlogvlo >e

Combining the above bounds completes the proof of (63)
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7.2 k states

7.2.1 Proof of Theorem 3 (i)

Notice that the prediction problem consists of £ sub-problems of estimating the individual rows of
M, so it suffices show the contribution from each of them is O (%) In particular, assuming the
chain terminates in state 1 we bound the risk of estimating the first row by the add-one estimator

Mt (1) = Niitl {nder the absolute spectral gap condition of 7, > -y, we show

Ni+k
— k log k
EﬁuﬁﬁD(MunMﬁ%ﬂD}s<l+ %>. (64)
n kg
By symmetry, we get the desired Risky, ., (70) < ’j—f (1 + lz§f> The basic steps of our analysis
0

are as follows:

* When V; is substantially smaller than its mean, we can bound the risk using the worst-case
risk bound for add-one estimators and the probability of this rare event.

* Otherwise, we decompose the prediction risk as

NWM) — M(j|1) Ny +1

k
DM (A1) = 37 {M(jllﬂog( Ny +1 Ni+k]

We then analyze each term depending on whether Ny; is typical or not. Unless IVy; is
atypically small, the add-one estimator works well whose risk can be bounded quadratically.

To analyze the concentration of the empirical counts we use the following moment bounds. The
proofs are deferred to Appendix B.

Lemma 15. Finite reversible and irreducible chains observe the following moment bounds:

V= Vi

(i) E |(Nig = NiM(j1i))° | X = | S mmdd (j10) (1 = M(jili)) + Y52 + MUI0

(i1) B [(Nig = NoM(j1)* [ X0 = 1] S (nmM (1) (1 = M(jl0)))? + YU 4 MUJD®

v+ 7i

[ 4 . n2n? 1
(iii) E [(N; — (n — D)) [ X, = 4 <nimoy 1

~ Ve

When +, is high this shows that the moments behave as if for each ¢ € [k], Ny is approximately
Binomial(n — 1, m;) and NN;; is approximately Binomial(N;, M (j]¢)), which happens in case of i.i.d.
sampling. For i.i.d. models [KOPS15] showed that the add-one estimator achieves O (%) risk bound

which we aim here too. In addition, dependency of the above moments on 7. gives rise to sufficient
conditions that guarantees parametric rate. The technical details are given below.

We decompose the left hand side in (64) based on N; as
E 10,20y D (MCDIMT (D) =B [10asy D (MCEDIMTCD) | +E [10as, D (MEDITH ) )|
where the typical set A~ and atypical set A< are defined as

AS 2 (X, =1,N; < (n—Dm/2}, A”2{X,=1,N; > (n—1)m/2}.

For the atypical case, note the following deterministic property of the add-one estimator. Let @ be an
add-one estimator with sample size n and alphabet size k of the form Q); = ’:hfkl, where > n; = n.

Since @ is bounded below by n—}rk everywhere, for any distribution P, we have

D(P||Q) < log(n + k). (65)

28



Applying this bound on the event A<, we have

E[1gae) D (MC)IA()]

<log (nm + k) P[X, =1, N; < (n—1)m1/2]

@ E (Vi = (n = )m)* X = 1]

S Lnmy.<10ym log (1 + k) + 1z 4. 1071 log (nmy + k) i
1

(66)

(b) 10 10 1 1
< 1{mrw*<10}77y* log (’y* + k) + Loy, >10y log (nm + k) (n27r1'y2 + n47r§”y4)

log(1/7«) + logk 1 1
5 E {1{n7r1"/*<10} I~ + 1{”771%« >10} (nﬂ-l + lOg k) nﬂ—lfyz + n3ﬂ—£13fyil

1 1 log k 1 log k 1 log k
Sg {1{n7r1'y*<10} (’Yf + ™ > + 1{n7r1'y*>10} ('Y% + ™ )} S_, T’Yg + 0 . (67)

where we got (a) from Markov inequality, (b) from Lemma 15(iii) and (¢) using x +y < zy, z,y > 2.

Next we bound E [1{A>}D (M(\I)HJ\/ZH(H))} Define

A; = M(i]1) log <J\/§f(1z(zl)1)> — M) + ]\/4\+1(i|1).

As D(M(-\I)HZ/W\“(-H)) = Zle A; it suffices to bound E [14 4>y A;] for each i. For some r > 1
to be optimized later consider the following cases separately

Case (a) nm; < r or nmM(i|1) < 10: Using the fact ylog(y) —y +1 < (y — 1)? with

_ MG  _ M@)(Ni+k)
y= 1\7+11(‘¢|1) = N weget
(M(i[1)Ny = Ny; + M(i| D)k — 1)°
A; < . 68
- (N1 +k) (N1; +1) (©8)
This implies
Ly (M(i[1)Ny — Ny; + M(i[1)k — 1)?
E|1 Al <E
[ {47} ] - (N1+k) (NM—FI)
®E [1{A>} (M(i|1)Ny — NM-)“'] R M) + m
~ nm + k
(b) mE (M(i\l)Nl—N1‘)2‘X =1 4 M(ill
< [ R ]Jr + rkM(i|1) (69)
nmy + k n
(n—1)my

where (a) follows from N7 > **—™ in A~ and the fact that (z + y + 2)* < 3(2* + y* + 2%); (b)
uses the assumption that either nmy < 7 or nm; M (i|1) < 10. Applying Lemma 15(i) and the fact
that z + 2% < 2(1 + 22), continuing the last display we get

. M (i|1)
nmi M (i[1) + (1 + T) L LA TRMG) L kM) MG

~ 2

<
E [1{A>}Al] ~ n n n nvy;

Hence

k

— rk 1
E [1{A>}D(M(-I1)||M+1(.\1))} = ;E [LiamyA] S —+ pri (70)
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Case(b) nm, > r and nmy M (i|1) > 10:  We decompose A~ based on count of Ny; into atypical

part BS and typical part B>

BS2{X,=1,N; > (n—1)m /2, Ny; < (n—1)m M(i[]1)/4}
B> 2{X,=1,N; > (n—1)m/2,Ny; > (n— )7 M(i|]1)/4}

and bound each of E [I{Bg }Ai] and E [1{B> }Ai} separately.

Bound on E [l{Bg}Ai] Using ]\/4\+1(i|1) > ﬁ and Ny; < Ny M (i[1)/2 in BS we get

) M@E1) (N, + k Ny +1 :
2 [1{B§}Ai] =E |11p<3 M (i1) log (%11))] +E {1{B<} (Nll—kk — M(z|1))]

< E[1(p<yM(i[1)log (M (i[1)(N1 + k)] + E {1{BS} (ZJVVE - M(i“)ﬂ +E [1{;1

< E (154, M1 log (MGI(N) +8)] + - an

where the last inequality followed as E [1 (B<}/N 1] S PX, =1]/nm = %L Note that for any
event B and any function g,

n

E [9(N1)1{n,>t0,8}] = 9(to)P[N1 > to, B] + Z (g(t) —g(t—1))P[N; > ¢, B].
t=to+1

Applying this identity with tg = [(n — 1)m; /2], we can bound the expectation term in (71) as

E [I{BS}M(Z'H) log (M (i|1)(Ny + k))]
— M(il1) log (M(il1)(to + k) P [m > 19, Ny, < MO 1}

— 1 nmy M (i[1)
M(i|1 log(1+——— PNy >¢t+1,N; < ————2 X, =1
- (zl)t_§t+1og( +t_1+k> [1 +1,Ny; < . ]
=to

< TG log (M(I1)(to + )P | MGIDN ~ My > 2 x, =1
REC(UDR o {M(M)Nl N> M(i'l)t‘Xn - 1} (72)
t=to+1

where last inequality uses log <1 + ﬁ) < ¢ S 75 forallt > t. Using Markov inequality

P[Z > c] < ¢*E [Z*] for ¢ > 0, Lemma 15(ii) and z + 2* < 2(1 + 2*) with & = /M (i[1) /.

. VY2 g M(E1)?
M(Ql)t’Xn:l} g(mnM(zll)) + =

P{M(il)J\H—Nu > (tM(i|1))4
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In view of above continuing (72) we get

E [115<yM(i[1)log (M (i|1)(N1 + k))]
. 2 n
< <(mlM(i|1))2+ M) ) <mM( i) log(M L) (nm +)) 1 S 1)

7 (nmy M(i[1))! n(M([1))? 4=
nm { 2 M(T)Q og(nm 7 7
5< M(il))” + Cm LMD +RMG) L Q
n (nm M (i]1)) (nmy M (i]1))

1 e M(i1)% ) log(nmy M(i|1) + kM (i|1))
5n@me»+ % ) o MG

A

(log(an(il) + kM (i]1)) N M(i|1) log(nm M (i|1) + /4;))
nm M (i|1) nmyE(nm M(i]1))?2
(a)

1
< % <nﬂ'1M(i|1) + kM (i]1) N M (i|1) log(nm M (2]1)) N M (i]1) log k )
1

nm M (i|1) nmyyi(nm M(i]1))?2 nmyyE(nm M(i]1))?2
M(i]1) L
(1 4 kM(i]1) + W)
5

where (a) followed using  + y < zy for z,y > 2 and (b) followed as nm; > r,nm M (i|1) > 10
and log(nm M (i|1)) < nwy M (i|1). In view of (71) this implies

i log k k log k
> E[1p,A] Z <1+kM |1)( 8 >)§ <1+ g4>. (73)

p — rkg n Tk

®

=

N

Bound on E [1(551A,]
Using the inequality (68)

E[1(p>1A;] <E

Lip=y (M(i|1)N; — Ny + M(i|1)k — 1)°
(N1 + k) (N1 +1)

E {1{B>} {(M(Z|1)N1 — Nli)Q}} + ]{327T1M(i|1)2 + m
(nmy 4+ k)(nmi M (i]1) + 1)

< 7T1E|:(M(Z|1)N17N11) ‘Xn:].] M(Z‘l)

(nmy + k)(nmi M (4]1) + 1) n

<

where (a) follows using properties of the set B> along with (z + y + z)?
Lemma 15(i) we get

A

+

3(z% + y* + 22). Using

B A‘]<mr1M(iI1) (1+240) EM(1) _ 14+ kMG | M)
Bz} n(nm M(i]1) + 1) n " n g

Summing up the last bound over ¢ € [k] and using we get for nmy > r,nm M (i|1) > 10

>~

k 1 loghk
E[l{A>}D( (DM () ] Z [1<yA:] +E [151A4]] < n<1++ o8 >

i=1 kvg  rkvg

Combining this with (70) we obtain

— k(1 logk\ _ k log k
g . +nl < E
E [1{/4 \D(M(-|1)|[ M (|1))} S <k72 trt ) <= <1+ >

2 rkv¢) ~n kv

where we chose r = 10 + lgg ® for the last inequality. In view of (67) this implies the required
bound.
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Remark 4. We explain the subtlety of the concentration bound in Lemma 15 based on fourth moment
and why existing Chernoff bound or Chebyshev inequality falls short. For example, the risk bound
in (67) relies on bounding the probability that N; is atypically small. To this end, one may use
the classical Chernoff-type inequality for reversible chains (see [Lez98, Theorem 1.1] or [Paul5,
Proposition 3.10 and Theorem 3.3])

1
P[N; < (n—1)m/2[X; =1] S \/7716*@(71#1%); (74)

in contrast, the fourth moment bound in (66) yields P [N; < (n — 1)m1 /2| X1 = 1] = O(
Although the exponential tail in (74) is much better, the pre-factor \/%, due to conditioning on the
initial state, can lead to a suboptimal result when 77 is small. (As a concrete example, consider two
states with M (2]1) = 9(%) and M(1]|2) = ©(1). Then 71 = @(%),’y = v, =~ O(1), and (74) leads
toP[N; < (n—1)m/2, X, =1] = O(ﬁ) as opposed to the desired O().)

In the same context it is also insufficient to use 2nd moment based bound (Chebyshev), which leads
toP[Ny < (n—1)m/2|X;=1] = O(Fiv*) This bound is too loose, which, upon substitution
into (66), results in an extra log n factor in the final risk bound when 71 and +, are large.

1
Ty

7.2.2 Proof of Theorem 3 (ii)

Let k > (logn)® and o > W. We prove a stronger result using spectral gap as opposed
to the absolute spectral gap. Fix M such that v > ~¢. Denote its stationary distribution by 7. For
absolute constants 7 > 0 to be chosen later and ¢y as in Lemma 16 below, define

2k 1 3Vk
e(m) ==+ M’ ¢n = 10072
m m ny

] .1
n;:miima}{{w,/W}, T 3
ny ny

Let N, be the number of visits to state ¢ as in (4). We bound the risk by accounting for the contributions
from different ranges of IV; and 7; separately:

logn

E il{xn_i}D(Mcmz\?“(-m)]
= 2 B[l zmen) D (MO (D))
+ s [ xomiwiont oomecnm ) D (MCDIMECD) [+ D7 E [, D (MCDIM (i) )]
i >en iimi<cn
<log(n+k) > P[DMCDIMTC0) > e(No)ny < Ni<nf |+ 7 Bl e cncnry (N0
i >cn imi>cn
+ log(n + k) Z [P[N; >nf]+P[N; <n;]|] + Z m;log(n + k)
imi>cn imi<cy
< log(n + k) ZP [DOMCDIA (1)) > e(No),n7 < Ni < nf | + Z m max ()
+log(n+k) > (P[Ni>nf]+P[N;<n;])+ W. (76)

LT >Cpy

where the first inequality uses the worst-case bound (65) for add-one estimator. We analyze the terms
separately as follows.
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For the second term, given any ¢ such that m; > ¢,,, we have, by definition in (75), n; > 9nm; /10
and n:r —n; < nm;/5, which implies

3 2 31.3/2
Y o wax em< Y ( 2% +NW)<k+aogn>k.

ny <m<ni 0.9nm; 9 nw; ~n n

T > C, BT > Cpy

(77)

For the third term, applying [HJLT 18, Lemma 16] (which, in turn, is based on ther Bernstein
.2
inequality in [Paul5]), we get P [Ni > nﬂ +P [NZ- < n;] < 2naFioT

To bound the first term in (76), we follow the method in [Bil61, HIL " 18] of representing the sample
path of the Markov chain using independent samples generated from A/ (-|¢) which we describe below.
Consider a random variable X; ~ 7 and an array W = {Wyp:i=1,...,kand ¢ =1,2,...} of
independent random variables, such that X and W are independent and Ww%j'M (+|¢) for each i.
Starting with generating X; from 7, at every step ¢ > 2 we set X; as the first element in the X;_;-th
row of W that has not been sampled yet. Then one can verify that {X;,...,X,} is a Markov
chain with initial distribution 7 and transition matrix M. Furthermore, the transition counts satisfy
N;; = Zé\f;l 1(w,,—jy, where N; be the number of elements sampled from the ith row of W. Note
the conditioned on N; = m, the random variables {W;1, ..., W;,,} are no longer iid. Instead, we
apply a union bound. Note that for each fixed m, the estimator

E ITPITNID Dy A Fe /R TE o R )
M (jli) = SR SN Gl), € (K

is an add-one estimator for M (j|¢) based on an i.i.d. sample of size m. Lemma 16 below provides a
high-probability bound for the add-one estimator in this iid setting. Using this result and the union
bound, we have

> P [DOMC)IATH () > e(N;)ny < Ni <]

VT, > Cpy
— 1k
< > (f —n7) max P[D@MICRIMG) > em)] < Y <
1T >Cn n; Smn; 1T >Cpy n n

where the second inequality applies Lemma 16 with t = n > n;” > m and uses n;” — n;” < nm;/5
for w; > ¢,.

Combining the above with (77), we continue (76) with 7 = 25 to get

k
7 k2 (logn)3k3/2  k(log(n + k)2
E 1 —iD<M"M+1-'> <
; {Xn*} ( |7’)|| ( |l) ~ n + " —+ oy
. . k2 (1 ( +k))2
which is O (7) whenever k > (logn)® and v > 28050
Lemma 16 (KL risk bound for add-one estimator). Let Vi,...,Vp, i Q for some distribution

Q = {Q}r_, on[k]. Consider the add-one estimator Q+* with Q;* = (O Ly—iy + 1),
There exists an absolute constant cy such that for any t > m,

2k co(logt)*VEk

P [D(Q@“) > 2k collostV VR L
m

3"

~+

m
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Proof. Let @ be the empirical estimator @1 = % ZT:l 1¢v,=iy. Then QA);H mQ +1 and hence
- Q;
DEIGM =S (Qi log 25— Qi + Q“)
i=1 Qz
k o~
% k i 1
=3 Qz‘logi@(in—i_ >—Qz‘+7m@+
= in + 1 m + k
k ~
_;<Q210g Qz T Qz"‘Qz ) ;(Qzlo mtk m(m+k)
k
k
Z(QZIOgQ\Q _Q1+Qz > +* (78)
=1 4 m

with last equality following by 0 < log (Z:£) < k/m.

To control the sum in the above display it suffices to consider its Poissonized version. Specifically,
we aim to show

P [Z (Qz log @pf T @it Q¥ + m) > %Jr W] < %4 (79
i=1

where m@mi,i = 1,...,k are distributed independently as Poi(m@);). (Here and below Poi(\)
denotes the Poisson distribution with mean \.) To see why (79) implies the desired result, letting

w=% 4 W and Y = S°F mQP*" ~ Poi(m), we have

k
Plz <Q110g@% Q2+Qz ) >U}‘|

g m

k k
(a) Q Apoi 1 poi __
_IEDL_Zl (Qzlog@p0I 7—62z Q5 —i—m) > w zzzl =1
(b) 1 m! © /m 1
< = < < = 80
~ HPY =m]  tlte~mmm ™ 4 T 3] (80)

where (a) followed from the fact that conditioned on their sum independent Poisson random variables
follow a multinomial distribution; (b) applies (79); (c) follows from Stirling’s approximation.

To prove (79) we rely on concentration inequalities for sub-exponential distributions. A random
variable X is called sub-exponential with parameters o2, b > 0, denoted as SE(02, ) if

E [ek(X—E[XD] <™, WA < % @1
Sub-exponential random variables satisfy the following properties [Wail9, Sec. 2.1.3]:
o If X is SE(02,b) forany t > 0
N (82)
>
* Bernstein condition: A random variable X is SE(o%, b) if it satisfies
1

E [\X - E[X]ﬂ < JU0%E f=23,. . (83)

« If X,,..., X}, are independent SE(0'2, b), then ¥, X; is SE(ko2, b).
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Define X; = Q; log —xri— o - Qi+ @f o | %,i € [k]. Then Lemma 17 below shows that X;’s are

+1

independent SE (02, b) with 02 = Cl(l:’me)4 b= 62(105 m)* for absolute constants cp, ¢z, and hence
Zle (X; — E[X;]) is SE(ka?,b). In view of (82) for the choice ¢y = 8(c1 + ¢2) this implies

k
(log t)?’\/E _ cgk(ogn)S _ coVE(log )3 1
P X —E[X]) > chp—2t—"—| <2 252 2 " < . 4
[;(z [Xi]) = co m < ze E + 2e 2mb <3 (84)
. e~ A )\vt1 _
Using 0 < ylogy —y+1<(y—1)2%y>0and E [71,@(’/\\)“} =3, 7@?1)! =1—e?
. 2
k k (Qz _ (QEOI—‘F%))
E X;| <E D
—chf —1+5=§:Q4(1—e—m@)_1+5<ﬁ
QPO| +1 m p T m = m
Combining the above with (84) we get (79) as required. O

Lemma 17. There exist absolute constants cy, 02 such that the following holds. For any p € (0, 1)
and nY ~ Poi(np), X = plog ﬁ —p+Y Jr is SE (m(logn) , c2(1ogn)2>.

n

Proof. Note that X is a non-negative random variable. Since E [(X - E[X })q < 2'E [X*], by the

’
Bernstein condition (83), it suffices to show E[X e} < (M) ,0=2,3,... for some absolute

constant c3. guarantees the desired sub-exponential behavior. The analysis is divided into following
two cases for some absolute constant ¢y > 24.

Caselp > c““%: Using Chernoff bound for Poisson [Jan02, Theorem 3]

,52
P[|Poi(\) — A| > 2] < 2e” 20+, A,z > 0, (85)
we get
calplogn cantplogn
Y—p >y ————| <2 —
| rl 4n 1 - exp( 8np + 2v/canlplogn
/1 1
< 2exp crosh — (86)
8+ 2y/callogn/np
which implies p/2 < Y < 2p with probability at least 1 — n~2¢. Since 0 < X < %, we get

14
E[X] < (Vestolognzan)™ e (Ldbgn)e

(p/2)* n28 ~ n

cql logn

Casell p <

* Ontheevent {Y > p}, we have X < Y—i—% < 2Y, where the last inequality follows because
nY takes non-negative integer values. Since X > 0, we have X‘1¢y5 1 < (2Y) 1y
for any ¢ > 2. Using the Chernoff bound (85), we get Y < % with probability at
least 1 — n~2¢, which implies

E [Xel{YZp}] <E [(QY)el{Y>p,Y§ 204@iogn}:| + E [(QY)El{Y>p,Y> QC4eTiogn}:|
¢ 1 ¢
< <4C4€leogn> Lot (E[Y%]]P’ [Y - 2C4€$0gn}) 2 - (qﬁfgn)
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for absolute constant c5. Here, the last inequality follows from Cauchy-Schwarz and us-
2¢
ing the Poisson moment bound [AhI21, Theorem 2.1]:* E[(nY )] < (m(fﬁ”)) <

(cellog n)% for some absolute constant cg, with the second inequality applying the assump-
tion p < catlosn
n

e As X1 <l l<M E [Xx¢ <M6f
{r<p} Splogn+ 5 ,we get B [X 1y o] < or some

~ n n
absolute constant c7.

O

7.2.3 Proof of Corollary 4

We show the following monotonicity result of the prediction risk. In view of this result, Corollary 4
immediately follows from Theorem 2 and Theorem 3 (i).

Lemma 18. Riskyt1,,(70) > Riskg n(70) for all 4o € (0,1),k > 2.

Proof. Fix an M € My(vo) such that v, (M) > ~o. Denote the stationary distribution 7 such that
7M = m. Fix § € (0,1) and define a transition matrix M with k + 1 states as follows:

= <((11—_ 56))1\7{ §§1>

One can verify the following:

e M is irreducible and reversible;
« The stationary distribution for M is 7 = ((1 =9)m,9)

« The absolute spectral gap of M is v, (M) = (1 — §)7, (M), so that M € M1 (7o) for all
sufficiently small §.

e Let (X4,...,X,)and ()? Tye-- ,)?n) be stationary Markov chains with transition matrices

M and M, respectively. Then as § — 0, (X1, ..., X,,) converges to ()~(17 e ,)}n) in law,
i.e., the joint probability mass function converges pointwise.

Next fix any estimator M for state space [k + 1]. Note that without loss of generality we can assume
M (j]¢) > Oforall i, j € [k + 1] for otherwise the KL risk is infinite. Define M as M without the
k+ 1-th row and column, and denote by M’ its normalized version, namely, M () = %

fori =1,...,k. Then

5—0

Eg. [DOICIEIMZa)] S5 Exn [DOMC1X,) M (1X,))]

> Ex [ D(M (1) |77/ (1X,)]

> inf Exn | D(M(1X.) [M(|X,))]
M

where in the first step we applied the convergence in law of X™ to X™ and the continuity of
P — D(PJ|Q) for fixed componentwise positive ); in the second step we used the fact that for any
sub-probability measure () = (g;) and its normalized version Q = Q/a witha =) ¢; <1, we
have D(P||Q) = D(P|Q) 4+ log + > D(P||Q). Taking the supremum over M € M (7o) on the

LHS and the supremum over M € M1 (7o) on the RHS, and finally the infimum over M on the
LHS, we conclude Riskg1.5(70) > Risky n(70)- O

*For a result with less precise constants, see also [Ahl21, Eq. (1)] based on [Lat97, Corollary 1].
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A Mutual information representation of prediction risk

The following lemma justifies the representation (22) for the prediction risk as maximal conditional
mutual information. Unlike (17) for redundancy which holds essentially without any condition
[Kem74], here we impose certain compactness assumptions which hold finite alphabets such as
finite-state Markov chains studied in this paper.

Lemma 19. Let X be finite and let © be a compact subset of R®. Given {Pxn+1)g : 0 € ©}, define
the prediction risk

Risk, £ inf  sup D(Px,,,|x»0ll@x, x| Pxns), (87)
QXn+1|X" 0e©
Then
Risk, = sup (0 Xpi1|X™). (88)
Py M(©)

where M(©) denotes the collection of all (Borel) probability measures on ©.
Note that for stationary Markov chains, (22) follows from Lemma 19 since one can take 6 to be the

joint distribution of (X1, ..., X,,+1) itself which forms a compact subset of the probability simplex
on X"t

Proof. 1t is clear that (87) is equivalent to

Risk,, = o inf sup  D(Px,,,|xn0
Xn411X™ PpeM(O©)

‘QXTH—I‘X" PXn’g).

By the variational representation (14) of conditional mutual information, we have

I(0; Xnia|X™) = inf  D(Px,,,1x7,0ll@x, x| Pxn.0)- (89)

XppplXn

Thus (88) amounts to justifying the interchange of infimum and supremum in (87). It suffices to
prove the upper bound.

Let | X| = K. For € € (0, 1), define an auxiliary quantity:

Risky, c = inf  sup D(Px, . xn0l@x, . x»|Pxn.0), (90)
Rx, 111X 2] Pye M(O)

o . . S .
where the constraint in the infimum is pointwise, namely, Qx, , ,—¢,  |xn=2n > 3¢ for all

Z1,...,Znt+1 € X. By definition, we have Risk,, < Risk,, .. Furthermore, Risk,, . can be equiva-
lently written as
Risk, ¢ =  inf sup D(PXn+1|Xn79||(l — E)QXHH\X" + eU|Pxn g), 91)

QX 11X Pye M(O)
where U denotes the uniform distribution on X.

We first show that the infimum and supremum in (91) can be interchanged. This follows from the
standard minimax theorem. Indeed, note that D(Px, ,|x»gll(1 — €)Qx, ., |x» + €U[Pxn g) is

convex in Q) x,, LalXms affine in Py, continuous in each argument, and takes values in [0, log %] Since

M(O) is convex and weakly compact (by Prokhorov’s theorem) and the collection of conditional
distributions Q) x, 1lXn is convex, the minimax theorem (see, e.g., [Fan53, Theorem 2]) yields

RiSkmE = Sup inf D(PXH+1|X7L’0||(1 — G)QX”+1|X" + €U|PXn’9). (92)
TEM(O) QX7L+1|X"

Finally, by the convexity of the KL divergence, for any P on X, we have
D(P||(1 - €)Q+eU) < (1 - e)D(P[Q) + eD(P|U) < (1 - €)D(P[Q) + elog K,
which, in view of (89) and (92), implies

Risk,, < Risk, . < sup I(6;Xp4+1]X") + elog K.
PyeM(O)

By the arbitrariness of ¢, (88) follows. O
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B Proof of Lemma 15

Recall that for any irreducible and reversible finite states transition matrix M with stationary distribu-
tion 7 the followings are satisfied:

1. m; > 0 for all 2.
2. M(jli)m; = M(i|j)m; for all 4, 5.

The following is a direct consequence of the Markov property.
Lemma 20. Forany 1 <t < -+ <ty < -+ < tpandany Zy = f(Xy,,....X4,,), 21 =
g (Xtm_l, o ,th) we have

E[Zo1(x,, - 211 X1 = i] =E[Z:| Xy, =] E [1x,, = 21 X1 =] (93)
For ¢ > 0, denote the ¢-step transition probability by P[X; 1 = j| X = 4] = M*(j|i), which is the

ijth entry of M?®. The following result is standard (see, e.g., [LP17, Chap. 12]). We include the proof
mainly for the purpose of introducing the spectral decomposition.
MY(Gl) =] < Xy 7

Proof. Throughout the proof all vectors are column vectors except for 7. Let D, denote the diagonal

Lemma 21. Define A\, = 1 — v, = max{|\;| : i # 1}. Foranyt >0,

1 _1
matrix with entries D (¢,4) = m;. By reversibility, D2 M D 2, which shares the same spectrum

1 _1 .
with M, is a symmetric matrix and admits the spectral decomposition Dz M D *> = 22:1 Aalau,]
for some orthonormal basis {u1, ..., ug}; in particular, A\; = 1 and u1; = /7;. Then for each ¢ > 1,
t : t n—3 TrHs : t =3 T3
M' =Y "A.D:*uqu] D =1r+ Y N.Dr *ugu) D?. (94)
a=1 a=2

where 1 is the all-ones vector. As u,’s satisfy S uqu] = I we get 2F_ w2, =1 —u2, <1
forany b = 1, ..., k. Using this along with Cauchy-Schwarz inequality we get

1 1

k k 2 k 2
.- Uy T ey
|M*(jli) — m;| < \/;ZM“V [uaittaj] < ALy /W—J_ (ZUZJ (Z“%) < Ai\/?
v a=2 v \a=2 a=2 i

as required. O
Lemma 22. Fix states i, j. For any integers a > b > 1, define

hs(av b) = |E [1{XQ+1=1} (1{Xa=j} - M(]|Z))s ‘Xb = Z] | , s=1,23,4.
Then

(i) ha(a,b) < 2¢/M(jli)Ae"
(ii) |ha(a,b) — mM(jli)(1 — M(j]i))| < 4/ M(jl))A¢~°.
(iii) h3(a,b), ha(a,b) < mM(jli)(1 = M(j]i)) + 4/ M(Gl) AL "
Proof. We apply Lemma 21 and time reversibility:
(@)
hi(a,b) = [P[Xqt1 =i, Xo = j|Xp = i] = M(j[i)P [Xot1 = i|Xp = ]|
= | M (i|) M~ (jli) — M (§]i) M~ (il4) |
< M (il5) [ MO0 (jlé) — 75| + M (jl3) [M**F(ii) — i
< XEUM(ilg) [ 2L+ M(jli)ae
Uy
= XUV MM (i) + M(Gli)AL" < 20/ M ()AL
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(ii)
[ha(a, b) — mM(jli) (1 = M(j1i)|
=’E (L (x0 s xa =} | X0 = ] — M (jli) + (M(j1i)* (B [1(x,,,—} | X =] — m)
— M GI)(E [1x, =i x,= | X = i] = mM10)|
<P [Xas1 = i, Xo = j1Xp = i] — m; MG + (M(10)? [P [Xass = X, = 1]
+2M (1) P [Xas1 = i e :jucb = i] = = M (i)
=M (ilj) | MO0 (G10) = 3] + (M10)? (MO (i) = mi] + 2M Gl M (L) [ M0 (li) =

<|3)\fw (M(J1i))2Ae4+ 4 2 (jli) M <|y>fw
<xet [V P 1 arla? + on(l /T

<4/ M (D)X
(iii) hs(a,b), ha(a,b) < ha(a,b). O

Proof of Lemma 15(i). For ease of notation we use c¢g to denote an absolute constant whose value
may vary at each occurrence. Fix i, € [k]. Note that the empirical count defined in (4) can be

written as INV; = 22;11 Xp_a=i} and Nj; = ZZ;; 1{x, =i, Xn_as1=j}- Then

B [(M(Gl)N: = Nig)? X, = ]
=E (2 l{ana:i} (l{Xn—a+1:j} - M(]Z))> Xn =1

a=1

a=1

n—1 2
g (Z L=y (Lix,=j) — M(J'|i))> Xy =i

:) ZE [nanb‘Xl = Z} < 22 |E [%%\X1 = 7,]|,
a,b a>b

where (a) is due to time reversibility; in (b) we defined 7, £ Lix, =i (Lx.=jy — M(j]i)). We
divide the summands into different cases and apply Lemma 22.
Case I: Two distinct indices. For any a > b, using Lemma 20 we get
|E [narmp| X1 = 4| = |E [na| Xp1 = 4| [E [mp| X1 = 1]| = ha(a, b+ 1)ha (b, 1) 95)
which implies
S EpaXi=id= S mwbt UG0S MGl Y ar2 g MU
n—1>a>b>1 n—1>a>b>1 n—1>a>b6>1 ’7

Here the last inequality (and similar sums in later deductions) can be explained as follows. Note
that for 7. > 1 (i.e. A, < 1), the sum is clearly bounded by an absolute constant; for v, <

(.e. Ay > %), we compare the sum with the mean (or higher moments in other calculations) of a
geometric random variable.

Case II: Single index.

M{(j1)
ZEwaﬂ=meU5mem—Mw»%f7f. (96)
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Combining the above we get

ji L MGl
E [(Ny — MIIND? (X, = i] S (i) (1 - v ul
as required. O

Proof of Lemma 15(ii). We first note that due to reversibility we can write (similar as in proof of
Lemma 15(1)) with g, = 1yx, ., =i (1x.=j3 — M(jli))

E [(M(li)N; = Nig)* X0 = i

n—1 4
(Z Lix, =iy (Lxa=g) — M(J”)) X1 =1

a=1

= > Elamnanel X1 =il < > [Eamnane X1 =il <Y B [amynane X1 =]l

a,b,d,e a,b,d,e a>b>d>e

o7)

We bound the sum over different combinations of @ > b > d > e to come up with a bound on
the required fourth moment. We first divide the 7’s into groups depending on how many distinct
indices of 7 there are. We use the following identities which follow from Lemma 20: for indices
a>b>d>e

* [E[mampnane| X1 =i]| = hi(a,b+ 1)h1(b,d + 1)hi(d,e + 1)1 (e, 1)

* For s1, 80,83 € {1, 2}, [E [3'0,°n*| X1 = 4| = hs, (a,0+ 1)hs, (b,d + 1), (d, 1)
* For s1,59 € {1,2,3}, [E[n'n;?| X1 = t]| = hs, (a,b+ 1)hg, (b, 1)

E [n5|X1 = 1] = ha(a, 1)

and then use Lemma 22 to bound the A functions.

Case I: Four distinct indices. Using Lemma 22 we have

SIS S B Damnane X =)l = D> D3N ha(a,b+ Dha(b,d + Dha(d, e + 1) (e, 1)

n—1>a>b>d>e>1 n—1>a>b>d>e>1

PIYS Y MU

n—1>a>b>d>e>1

Case II: Three distinct indices. There are three cases, namely 721,74, 7a72 74 and 1,7,73-
1. Bounding > > Zn—12a>b>d21 |E [nﬁnbnd\Xl = l] |5

2.0 [EimnalXi == D23 > haa.b+ Dha(b,d+ Dhi(d, 1)

n—1>a>b>d>1 n—1>a>b>d>1

S DY (MG - MGl + VMG MGl

n—1>a>b>d>1

< Mg'“mmumu M) + M(,j')
< (nmM(j)i) (1 — M(j]i)))* + M(jf)z + M(ﬁi)

where the last inequality followed by using zy < z2 + 32
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2. Bounding ) Zn722a>b>d21 |IE [nangnﬂXl = Z} ’:

S |E [namgnal Xy = ]|

n—2>a>b>d>1

= > 3> hilab+)ha(b,d+ 1)h(d,1)

n—2>a>b>d>1

S Z Z Z (WZM(Jh)(l — M(j]i)) + \/W)\i’*dfl) M(jli)a—brd=2

n—2>a>b>d>1

S Mgman(ju)u = (i) + MU
i1 % i1 9
< mm M (i) (1 = M(jl0)° + M(je[ Ly M(ﬁ )

3. Bounding Y3330, osispsas |E [namn3| X1 =] |:

DD IE [nammil Xa = ]|

n—2>a>b>d>1

= Y 3> h(a,b+ 1)hi(b,d+ 1)ha(d, 1)

n—2>a>b>d>1

< DY (mMGINA = MGl + VMG ) Ml
n—2>a>b>d>1
< Mg”) n M (310 (1 — M (jli)) + UL

3
* *

M(ili)* | ML)

< (nmM(jli) (1 — M (j19)))* + 3 v

Case III: Two distinct indices. There are three different cases, namely n2nZ, n3n, and ngn;.

1. Bounding ) Zn_22a>b21 |IE [1727)5|X1 = z} |:

ST B[ Xy =il

n—2>a>b>1

= > > hala,b+1)ha(b,1)
n—=2>a>b>1

S Y (MGl - MG+ VAGINT) (m MG = M) + VMG
n—2>a>b>1

XY {mMGID - MEE)VMGR O A
n—2>a>b>1

o (m M1 (1 = M(G10)))* + M(ili)xe 2}

M (jli)
72

< (nmM(j1i) (1 — Mjli)))° + ]‘f'”anum(l M) +
M)

2
*

< (nm M (j1i) (1 — M (j1i)))* +

2. Bounding 373, o5 ,op>1 |E [n2m| X1 =] |:
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SN B [iml Xy =]

n—2>a>b>1
= > Y hs(a,b+ Dha(b,1)
n—2>a>b>1
S SN (WM - M) + VMG VMG
n—2>a>b>1
< VMO0 v liy (1 - mGlay) + 299D < (gl - iy + 281,

Ve V2 V2

3. Bounding ) Zn_22a>b21 |IE [nang’|X1 = z} ’:

SN B [nani X =]

n—2>a>b>1
= ZZ hl(a,b+1)h3(ba 1)
n—2>a>b>1
Y (MG - MG + VMGINT) VG
n—2>a>b>1
£ VMG~ M) + 2 S (rmM I (1= MGl + 2

Case IV: Single index. Bound on " E [n}|X; = i]:

Ml

SCERAX =] = 3 hala, D<nmM(jli) (1 — M(jl) + -
a=1 a=1 *

Combining all cases we get

E [(MGN: ~ No)* 1X, = 1] (om0~ aaliy)? + YU MU MOIOE | MUT

e 72 % e
. - M(jli) | M(jli)*
< (M (310)(1 = M) + W + 20
as required. O

Proof of Lemma 15(iii). Throughout our proof we repeatedly use the spectral decomposition (94)
applied to the diagonal elements:

MUili) = m + > Mud, D ul, <1
v>2 v>2
Write N; — (n — 1)m; = 22;11 Eawhere &, = 1yx,—;y —m. Fora>b>d >e,
E [£a&p€abe| X1 = 1]
= E [€a& (Lix,=ix.=iy — Til{x =i} — Tilix,= +77) [ X1 =]
=E [&a&1{x,mi x. =i} | X1 = i] — mE [€&lix,—i | X1 = i
—mE [l lix.—iy| X1 = i] + TIE [£.&| X1 = i]
= E [£alp| Xa = i| P[Xq = i| X, = | P[X, = i| X1 = i] = mE [£2&| Xa = 1] P[Xq = i| X, =i
— B [Labp| Xe = | P[Xe = i| X1 = i] + mE [£a&p| X1 = d]
= E [€0&| Xa = ] { M0 (i) M (ifi) — mM " (ili) }
—{mE €| Xe = i) M TH(i]i) — T7E[€.6| X1 = i]} 98)
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Using the Markov property for any d < b < a, we get

E[alp|Xa = i] —m Y _ul, Ao

v>2

= |E [1(x,=ix,=i} — Til{xo=i} — Til{x,=i} + 7| Xqg =i] — m ZumAi b
v>2

= | M) M) — M) — M) 4?3 e

01\
v>2
a—b b—d a—d
=||m+ g u2 \? T + E u? N0~ —m | i+ E uZ A\
v>2 v>2 v>2
2
—m; | ™+ E W N 4o E u? N2t
v>2 v>2
_ a—b b—d a—d
- E :uvz)"u E um)‘v - T § u'uz)‘v
v>2 v>2 v>2
a—d 2 2 a—d 2 a—d
<AL E Uy, E Uy; | + AL E uy; <2874 99)
v>2 v>2 v>2

We also get ford > e

| M (i) MO (i) — m M (i)

1 1
= T+ E uvz)‘g ¢ T + E uvz)\i —m | ™+ E ’u’vz)\g
v>2 v>2 v>2
1 1 1
= | E :uvz)‘i + E :uvz)‘g ‘ § um)‘ze) E :uvz)‘g |- e E uvz/\g
v>2 v>2 v>2 v>2 v>2
) L | (100)

This implies

|E [€abo| Xa = 4| | M€ (i) M (i]d) — m MO (ili)|

< w220 ) (AT AT Al
v>2

(mA27P 2087 (2097 4 AT 4 Al
<4 [rPagmbtdme popaambenl o (NGO hamdbenl L deme) LA (101)

IN
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Using (99) along with Lemma 21 for any e < b < a we get
| [€abp| Xe = i) M1 (ili) — 77 E [£&o| X1 = 4]

< i |B [€a&pl Xe = i)l [ M1 (ild) — | + 77 |E [0l Xe = i] = m > ul X070 (102)

v>2

+ 77 (B[l X1 =i] —m > ulAe"

v>2

mi [ Y ug AP 20070 | 20T 4 2P A TE 4 2mf Al
v>2

< om2 azbresl g yp2ya—e 4 gp2)a-l, (103)
This together with (101) and (98) implies
|E[§a£b§d£e‘X1 _ Z]| < r ()\a b+d—e )\Z—b-‘re—l) + )\(i—l
+m (AL AL A7)

To bound the sumovern —1 >a > b > d > e > 1, we divide the analysis according to the number
of distinct ordered indices related variations in terms.

(104)

Case I: four distinct indices. We sum (104) over all possible a > b > d > e.

 For the first term,

DI Dt toe

n—1>a>b>d>e>1 T

> s

n—1>a>b>3

¢ For the second term,

EDI)I) I IECLEEELD 3) PISCEP e

n—1>a>b>d>e>1 Tl 1>a>b>3

¢ For the third term,

Yy Yty Y aesoy

n—1>a>b>d>e>1 n—1>a>4

For the fourth term,

WZZZZZ aa—brd—1 o T T ZZ A~ b< ”771

n—1>a>b>d>e>1 FY* n—1>a>b>3
¢ For the fifth term,
b—1 e
i E E § § )\a d+e—1 < I § E )\Zfb 2 :)\l;—d S 31.
n—1>a>b>d>e>1 T n—1>a>b>3 d>2 T

For the sixth term,

b—1
3553 3 SECEEE U 9p SPTRD N D wite) HO ol s

n—1>a>b>d>e>1 n—1>a>b>3 a>2 e>1 *

Combining the above bounds and using the fact that ab < a? + b?, we obtain
2,2 2.2

.1 |
ZZZZIE [€abpbatel X1 = | S n,; + 2 s <L (105)

7 S
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Case II: three distinct indices. There are three cases, namely, ,£2&., £,6,E2, and £26,¢..

1. Bounding >3 %0 15 ospsest |]E [€alPle| X1 =i |: We specialize (104) with b = d to
get B B
’E [£a§b€e|X1—Z” ()\a b+e— 1+>\a e)+/\a 1
Summing over a, b, e we have

SNNN B [t X0 = ]|

n—1>a>b>e>1
DD AmGee )
n—1>a>b>e>1
b—1

=N ety DD N PP I OV

T n—1>a>b>2 n—1>a>b>2 e>1 n—1>a>3

nmo 1 < n?m? 1
0 S N
with last inequality following from zy < 2 + y2.
2. Bounding >33, 1o aspeest |B [€a&2| X1 = i] |: We specialize (104) with e = d to
get B B

<

~

(106)

|E [€a&&21 X1 = i]| S aPAsb +m (NS0Tt 4 X07¢) 4 A0
Summing over a, b, e and applying (106), we get

DN B [G&el X =il

n—1>a>b>e>1

35 D) DR C R DGO RS

n—1>a>b>e>1

nm; 1 n?n?  nm 1 n2n?
ZZ AL "+ ~3 S Lt ~3 ~ 21 ~3° (107)
n— 1>a>b>2 ’Y* ’Y* ’Y* * ’Y* FY*

3. Bounding 333", 1suspeest B [€26€| X1 = i]|: Specializing (104) with a = b we
get B B

|E (€246 X1 = ]| S w2 (Ae + X671 4 A2 oy (AETE o Nmdrem p zbme)
which is equivalent to

B [gheptel Xy = ]| S mf (AT + 271 + A0+ m (AT AT 10T
For the first, second and fourth terms

S AT (A AT +mAl 1}< Y 1+

n—1>a>b>e>1 n—1>a>b>2

n2n2

z nm;
2 )
T

Z/\

2
* D

and for summing the remaining terms we use (106), which implies

2.2 1 2,2 1
> |E[§2£b§e|X1=i]|§%+nm+?Nn72-rl togo a0m)

n—1>a>b>e>1 * "y* * T

Case II1: two distinct indices. There are three cases, namely, 7212, 7,12 and 737..

1. Bounding Y>3 1.0 .oq E [€2€2| X = i]: Specializing (104) fora = band e = d we
get T

E[22|1X =4]) Sm+m (AT +A27%) +aeh
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Summing up over a, e we have

DY BlaeXi=0s 33 {mem ) e xr Setet e 2

n—1>a>e>1 n—1>a>e>1

(109)

2. Bounding 3 37, 15 ,ses |E [£a€3| X1 = i]|: Specializing (104) for e = b = d we get
|E (61 X1 = ]| S made™e + A0

which sums up to
1

LY Eledin=ilsn NF e £F s

n—1>a>e>1 n—1>a>e>1 n—1>a>e>1
(110)

3. Bounding 3530, 15qsent |E [£3¢c| X1 = i]|: Specializing (104) for a = b = d we get
|E [52§e|X1 = l]‘ S (Xj_e + ,\i—l) 4+ et

which sums up to

- a—e e— a— nm; 1
>N E[Eeixi =4S D> {mreaaT) e S —+
n—1>a>e>1 n—1>a>e>1 T T
(111)
Case IV: single distinct index. We specialize (104)toa = b = d = e to get
E &)X =4 Sm+ A0t
Summing the above over a
1
ZE NXy =14 S+ —. (112)
Vx
Combining (105)-(112) and using 7 < ™70 4 L we get
n2n2
4 n-my; 1
E [(Ni ~ (= 1m)t X :z} STt
O
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