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Abstract

Training deep networks on increasingly large-scale datasets is computationally
challenging. In this work, we explore the problem of “how to accelerate the con-
vergence of adaptive gradient algorithms in a general manner”, and aim at pro-
viding practical insights to boost the training efficiency. To this end, we propose
an effective Weight-decay-Integrated Nesterov acceleration (Win) for adaptive al-
gorithms to enhance their convergence speed. Taking AdamW and Adam as ex-
amples, we minimize a dynamical loss per iteration which combines the vanilla
training loss and a dynamic regularizer inspired by proximal point method (PPM)
to improve the convexity of the problem. Then we respectively use the first- and
second-order Taylor approximations of vanilla loss to update the variable twice
while fixing the above dynamic regularization brought by PPM. In this way, we
arrive at our Win acceleration (like Nesterov acceleration) for AdamW and Adam
that uses a conservative step and a reckless step to update twice and then linearly
combines these two updates for acceleration. Next, we extend this Win accelera-
tion to LAMB and SGD. Our transparent acceleration derivation could provide in-
sights for other accelerated methods and their integration into adaptive algorithms.
Besides, we prove the convergence of Win-accelerated adaptive algorithms by tak-
ing AdamW and Adam as examples. Experimental results testify the faster con-
vergence speed and superior performance of our Win-accelerated AdamW, Adam,
LAMB and SGD over their vanilla counterparts on vision classification tasks and
language modeling tasks with CNN and Transformer backbones.

1 Introduction

Deep neural networks (DNN5s) are effective to model realistic data and have been successfully ap-
plied to various applications, e.g. image classification [1-10] and speech recognition [11-14]. Typ-
ically, their training models can be formulated as the following nonconvex optimization problem:

A
min, cga F(2) :=Eeup[f(2,€)] + ) [E (1

where z is the model parameters; sample ¢ is drawn from a data distribution D; the loss f is
differentiable; A is a constant. To solve problem (1), SGD [15, 16] uses its compositional structure
to efficiently estimate gradient via minibatch data, and has become a dominant algorithm to train
DNNs. However, on sparse data or ill-conditioned problems, SGD suffers from slow convergence
speed [17, 18], as it scales the gradient uniformly in all parameter coordinate and ignores the data or
problem properties on each coordinate. To resolve this issue, recent work has proposed a variety of
adaptive methods, e.g. Adam [17] and AdamW [19], that scale each gradient coordinate according
to the current geometry curvature of the loss F'(z). This coordinate-wise scaling greatly accelerates
the optimization convergence and helps them, e.g. Adam and AdamW, become much more popular
in DNN training.
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Unfortunately, along with the increasing scale of both datasets and models, efficient DNN training
even with SGD or adaptive algorithms has become very challenging. In this work, we are particularly
interested in the problem of “how fo accelerate the convergence of adaptive algorithms in a general
manner” because of their dominant popularity across many DNNs. Heavy ball acceleration [20] and
Nesterov acceleration [21] are widely used in SGD but are rarely studied in adaptive algorithms.

Contributions: In this work, based on a recent Nesterov-type acceleration formulation [22] and
proximal point method (PPM) [23], we propose a new Weight-decay-Integrated Nesterov accelera-
tion (Win) to accelerate adaptive algorithms. By taking AdamW and Adam as examples, we follow
PPM spirit and minimize a dynamically regularized loss which combines vanillas loss and a dy-
namical regularization, and independently approximate the vanilla loss by its first- and second-order
Taylor expansions to update the variable twice while fixing the above dynamic regularization. As a
result, we achieve at our Win acceleration, a Nesterov-alike acceleration, for AdamW and Adam that
uses a conservative step and a reckless step to update twice and then linearly combines these two up-
dates for acceleration. Then we extend Win acceleration to LAMB [24] and SGD. This transparent
acceleration derivation may motivate other accelerations and provide examples to introduce other
accelerations into adaptive algorithms. Moreover, we analyze the convergence of Win-accelerated
adaptive algorithms to justify their convergence superiority by using AdamW & Adam as examples.

Finally, experimental results on both vision classification tasks and language modeling tasks show
that our Win-accelerated algorithms, i.e. accelerated AdamW, Adam, LAMB and SGD, can acceler-
ate the convergence speed and also improve the performance of their corresponding non-accelerated
counterparts by a remarkable margin on both CNN and transformer architectures.

2 Weight-decay-Integrated Nesterov Acceleration

In deterministic optimization, one widely used optimization-stabilizing and acceleration approach is
proximal point method (PPM) [23, 25]. At the k-th iteration, PPM optimizes an ¢s-regularized loss
F(z)+ ﬁ |z—2k_1]|2 instead of the vanilla loss F'(z). This change enhances the convexity of the
problem, accelerating and also stabilizing optimization [26, 27]. To make the ¢5-regularized problem
solvable iteratively, PPM approximates F(z) by its first- or second-order Taylor expansion to get
a close-form solution. At below, we borrow the idea in PPM to induce a Weight-decay-Integrated

Nesterov acceleration (Win) for adaptive algorithms by using AdamW and Adam as examples.

Win-Accelerated AdamW and Adam. To begin with, following most adaptive gradient algorithms,
e.g. Adam and AdamW, we estimate the first- and second-order moments m, and vy, of gradient as

1 b
ge =7 Zz‘:l Vi(z:¢i), mi = (1= B)my1+ bigs, vi = (1 - Ba)vr—1+ Pagi, )
where mgy = go, vo = g2, f1 € [0,1] and B2 € [0, 1]. For brevity, with a small scaler v > 0, we

define
S =\ + v, ur = my /v + v. 3)
Then following PPM spirit, at the k-th iteration, we minimize a regularized loss F'(x)+ % |z —

x||2, . Here we use the regularizer || —xy||2, instead of the /5-regularization ||z —xy||3, since 1)
this new regularization allows us to handle adaptive algorithms as shown below Eqn. (4), and 2) it
also helps increase the problem convexity to speed up the convergence. To make problem solvable
iteratively, we approximate F'(z) by its first-order Taylor expansion at the point z, and update @1
as

: 1 A
Thy1= argmmmF(zk)+<mk,acfzk>+—\|a:fa:t\|§k+§||m||§k =
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where |lz[|, = \/(x,si+x) with element-wise product , 1, is used to approximate the full

gradient VF(z;) for Taylor expansion. We add a small regularization 3 ||| , as 1) it can im-
prove the generalization in practice [19, 28]; 2) it allows us to derive Adam (A = 0) and AdamW
(A > 0). If A =0, the updating (4) becomes the exact Adam algorithm. If A > 0, the updat-
ing (4) can approximate the updating rule &1 = (1 — Ang)x, —nru, of AdamW. This is because
consider Any is small in practice, we approximate (1+ Anx)™' = 1 — A, + O(A?n?) and thus

ﬁ(azk — ) = [1=M+O(N2nd)]zrk—[n— O (M) +O (N30} )| ux, which becomes AdamW
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Algorithm 1: Win-Accelerated AdamW, Adam and LAMB

Input: initialization xy = 2o = 0, step size {(nx, 7k )} }_,, moment parameters {31, 32}
while k£ < T do

b
gk =5 21 V(23 6)
my, = (1 = fr1)mi—1 + Prgk /¥ mo =gy */
vp = (1= B2)vp—1 + P29} /* vg=g3 */

up = \/% for AdamW and Adam, uj, = Hmkuf/];)lb-wb \/Umk’ly for LAMB

1
Th1 = 113 (Tk — kW)

Zhtl = MeTe@h41 + MeTr (28 — Trwy) With 7, =
end while

1
M+ 7k +ANE Nk

by ignoring O(n3) and O(n}). This is one reason that we adopt the regularizer || —x||2, in (4)
instead of the />-regularization in PPM, as we can flexibly derive Adam and AdamW.

2

Similarly, we minimize a regularized loss F(z) + 5[z — i1 [[3, ,

and further approximate F'(z)
by its second-order approximation F'(z) + (my, 2 — z) + ﬁ”z — zi||2,:

. 1 1 A
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21 5)
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where 7, = my, can approximate V F'(xy,) as shown in Theorem | in Appendix B.

1
N+ M+ ANk
For more clear, we introduce a virtual sequence Y41 = 2 — MUk in Win, and rewrite (5) as

Tpp1=(1+ M) "' (T — Mkur) s Yhe1 =2k — TeWky Zkt1 =Tk TETh+1 + METhYk41-  (6)

See detailed steps in Algorithm 1. Interestingly, Win acceleration is similar to Nesterov-type accel-
eration, since they both use a conservative step 75 and a reckless step 7 to update @41 and y41
respectively, and then linearly combine xj; and yj4; to obtain 2.

Our Win-acceleration is quit simple and efficient, as our accelerated AdamW/Adam only adds an
extra simple algorithmic step, i.e. the 7th step in Algorithm 1, on vanilla AdamW/Adam. Moreover,
for the only extra hyper-parameter, the reckless step 7, in Algorithm 1 over AdamW/Adam, we
always set it as 7y = 27, which works well in our all experiments.

Extension to LAMB and SGD. Here we generalize Win acceleration to LAMB [24] and SGD [15].
For LAMB, it scales the update uj;, of AdamW in Eqn. (3) so that uy, is at the same magnitude of
the network weight x. That is, it changes the update rule x;1 = (1 — M) — MMy / Sk in

AdamW to ®py 1 = o) — nk%(rk + Az ) where rp, = my/s,. This modification is to
avoid too large or small update, improving optimization efficiency. To extend Win acceleration to

LAMB, we inherit this scaling spirit, and scale the update u in (3) to the following one:

up = ([|zll2/lm/skll2) - (M /sk). (7)
Next, we can follow Eqn. (4) and (5) to update, and summarize detailed steps in Algorithm 1.

For SGD, applying Win acceleration to it is quite direct. Specifically, the only algorithmic difference
between SGD and AdamW on the ¢5-regularized problems is that SGD has no second-order moment
v, while AdamW has. So we can borrow the acceleration framework of AdamW to accelerate SGD
by setting s, = 1 € R? in Eqn. (3), (4) and (5), and obtain WIN-accelerated SGD:

my=Bimy_1+ 519k, Thi1= (T —MMk), Zkg1=TkThTh1+ 6Tk (26— Tk )5 (8)

14+ A

where ] € [0, 1] is dampening parameter. Here we slightly modify the moment m, to accord with
the one used in Nesterov-accelerated SGD (e.g. SGD-M in Pytorch).

Convergence Analysis. Theorem | in Appendix B analyzes the convergence of Win-accelerated
adaptive algorithms to justify their convergence superiority by using AdamW & Adam as examples.



Table 1: ImageNet top-1 accuracy (%) of ResNet50&101 whose official optimizer is LAMB due to
the stronger data augmentation for better performance. * is reported in [29].

ResNet50 ResNet101
Epoch 200 300 avg. 200 300 avg.
SAM 71.3 78.7 79.4 78.5 79.5 81.1 81.6 80.7
SGD-H 75.3 76.9 77.2 76.5 77.7 78.6 78.8 78.4
SGD-M 77.0 78.6 79.3 78.3 79.3 81.0 81.4 80.6
SGD-Win 78.0 79.2 79.7 79.040.7 80.1 81.2 81.6 81.040.4
Adam 76.9 78.4 78.8 78.1 78.4 80.2 80.6 79.7
Adam-Win 77.8 78.8 79.3 78.7+0.6 79.2 80.6 81.0 80.340.6
AdamW 77.0 78.9 79.3 78.4 78.9 79.9 80.4 79.7
AdamW-Win 78.0 79.3 79.9 79.140.7 80.2 81.1 81.3 80.941.2
LAMB 77.0 79.2 79.8* 78.7 79.4 81.1 81.3* 80.6
LAMB-Win 78.4 79.7 80.1 79.440.7 80.6 81.5 81.7 81.340.7

Table 2: ImageNet top-1 accuracy (%) of ViT and PoolFormer whose default optimizers are both
AdamW. * and ¢ are respectively reported in [28] and [30].

ViT-S ViT-B PoolFormer-S12

Epoch 150 300 avg. 150 300 avg. 150 300 avg.
SGD-M 774 794 78.4 79.6 80.0 79.8 69.7 74.3 72.0
SGD-Win 78.1 80.1 79.140.7 80.4 80.8 80.640.8 71.1 74.5 72.840.8
Adam 77.3 79.3 78.3 79.0  79.7 79.4 74.3 76.3 75.3
Adam-Win 78.6 80.2 7944111 80 80.5 80.340.9 75.6 77.1 764411
AdamW 78.3 79.8* 79.1 79.5 81.8* 80.7 752 77.1* 76.2
AdamW-Win 79.3 80.8 80.1+1.0 81.0 82.2 81.6.10.9 76.7 71.6 772410
LAMB 780  79.6 78.8 80.3 80.8 80.6 754 77.4 76.4
LAMB-Win 79.3 80.6 80.041.2 81.0 81.4 81.210.6 76.7 78.0 7744110

3 Experiments

For clarity, we call our accelerated algorithm “X-Win”, where “X” denotes vanilla optimizers. In all
experiments, our accelerated algorithms, e.g. AdamW-Win, always use the default hyper-parameters
of vanilla optimizers, e.g. moment parameters 51 and B2 in AdamW; and set 77y, = 27

Results on ResNets and ViTs. Table | reports accuracy of ResNets under the setting in [29], and Ta-
ble 2 gives the performance of ViT [2] and PoolFormer [30]. Our accelerated algorithms always out-
perform their corresponding non-accelerated version. On ResNet, LAMB-Win achieves remarkable
improvement over the official optimizer LAMB for this setting; SGD-Win also surpasses heavy-ball
accelerated SGD (SGD-H) and Nesterov accelerated SGD (SGD-M). On ViTs, our accelerated al-
gorithms consistently outperform the corresponding non-accelerated counterparts. Fig. 1 shows the
faster faster convergence behaviors of our accelerated algorithms over non-accelerated counterparts
which could benefit their better performance under the same computational cost.

Results on Transformer-XL. Table 3 shows that un- Table 3: Test PPL of Transformer-XL-B.
der different training steps on WikiText-103 dataset, our * is officially reported.

accelerated Adam-Win always achieves lower test PPL . o <7 Training Steps

than the official Adam optimizer of Transformer-XL- S0k 100k 200k _avg.

. Ad 28.5 25.5 24.2* 26.7
base, and improves 1.5 average test PPL over Adam. Adamzil\r;i,in 267 25.0 240 252415

4 Conclusion

In this work, we adopt proximal point method to derive a weight-decay-integrated Nesterov acceler-
ation for AdamW and Adam, and extend it to LAMB and SGD. Moreover, we prove the convergence
of our accelerated algorithms, i.e. accelerated AdamW, Adam and SGD, and observe the superior-
ity of the accelerated Adam-type algorithm over the vanilla ones in terms of stochastic gradient
complexity. Finally, experimental results validate the advantages of our accelerated algorithms.
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Figure 1:Training/test losses on ImageNet. Lager training loss than test one is due to its strong augmentation.
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Appendix

The appendix contains the technical proofs of convergence results and some additional experimental
details of the paper entitled “Win: Weight-Decay-Integrated Nesterov Acceleration for Adaptive
Gradient Algorithms”. It is structured as follows. Appendix A provides more experimental results
and details. In Appendix C, we define some necessary notations for our analysis. Then Appendix D
provides some auxiliary lemmas throughout this document. Then Appendix E presents the proof of
the convergence results in Sec. 1, i.e., the proof of Theorem 1. Finally, Appendix F provides the
proofs of some auxiliary lemmas in Appendix D.

A More Experimental Results and Details

A.1 More Experimental Results

Results on ResNetl8. Here we follow the
conventional supervised training setting used in Table 4: ImageNet top-1 accuracy (%) of
ResNets [1] and evaluate our accelerated algo- ResNetl8. x, T and I are respectively reported
rithms on ImageNet [34]. Due to limited space, we in [31], [32] and [33].

defer the hyper-parameter settings of the four accel- A :Bound

[ . : . 68.1* Radam 67.7¢
erated algorithms in Table 4 into Appendix A.2. Nadam 68.8 Padam 70.1*
. SGD-H 67.3 AdaBelief |70.17
Table 4 shows that our accelerated algorithms can SGDM 0n e oy
; : - 2% am .
improve the corresponding non-accelerated ver-  g&p win ‘ 707 +0.5 || Adam-Win | 687455

sions by a remarkable margin. For instance, AdamW 7o TAMB 055
AdamW—Wln, Adam-Win and LAMB.—Wln reSpec-  AdamW-Win 71.'0+3' L ‘ LAMB-Win 71'.1+2' .
tively make 3.1%, 2.2% and 2.6% improvement
over their corresponding non-accelerated counter-
parts, AdamW, Adam and LAMB. Moreover, SGD-Win improves SGD-H (i.e. SGD + heavy ball)
by 3.4%, and also surpasses SGD-M by 0.5%, where SGD-M is the Nesterov-accelerated SGD, also
validating the superiority of our Win acceleration. Besides, our accelerated algorithms, i.e. SGD-
Win, AdamW-Win and LAMB-Win, beat several other optimizers, e.g. AdaBound, Radam [33],
Nadam, Padam [31] and AdaBelief, in which Nadam uses Nesterov acceleration to estimate its
first-order gradient moment. Actually, LAMB-Win sets a new SoTA top-1 accuracy on ResNet18.
All these results show the strong compatibility and superiority of our Win-acceleration in adaptive
algorithms.

Robust Analysis. For the only extra hyper-

parameter 7, in our accelerated algorithms over Table S: Effects of y to top-1 accuracy (%) of

their non-accelerated counterparts, in experiments, AdamW-Win and LAMB-Win on ResNet50.

we always set 7, =1, where =2 determines the y 15 2 3 4 6 8

relation between the reckless step 7y and the con- ~ AdamW-Win | 77.9 78.0 78.0 779 78.1 78.0
. . . LAMB-Win | 783 784 784 784 785 783

servative step 7. Here we investigate the effects

of v to the accelerated algorithms on ResNet50 by

taking AdamW-Win and LAMB-Win as examples because of their superior performance. Table 5

shows the stable performance of AdamW-Win and LAMB-Win when tuning -y in a relatively large

range, thus testifying the robustness of AdamW-Win and LAMB-Win to the hyper-parameter .

Results on LSTM. We follow AdaBelief to test our )
accelerated algorithms via training three-layered Table 6: Test perplexity of LSTM on Penn
LSTM [35] on the Penn TreeBank dataset [36] for 1reebank. x is reported by AdaBelief [32].

200 epochs. See optimization and training details AdaBound | 63.6* Radam 70.0*
i i Yogi 67.5* AdaBelief [61.2*
in Appendix A.2. SGD-H (674  ||Padam  |632*
From Table 6, one can observe that our Win- SGD-M 63.8* ‘ Adam  |64.3*
accelerated algorithms consistently surpass the cor- ~ SGD-Win _ [61.642 > [[Adam-Win [62.741.6

responding non-accelerated counterparts, and actu- AdamW  |67.0* ‘ LAMB  |66.8
ally bring 1.2 overall average perplexity improve- ~ AdamW-Win|66.5;0.5 [[LAMB-Win|66.2-0.6
ment over the four non-accelerated counterparts.




A.2 Experimental Details

Due to space limitation, we defer the experimental details, such as hyper-parameter settings of the
four accelerated algorithms, and their official augmentations in [1] and [29], to this section.

For accelerated algorithms, including AdamW-Win, LAMB-Win, Adam-Win and SGD-Win, always
share the default optimizer-inherent hyper-parameters of the vanilla optimizers and its reckless step
7y 1s always 2x larger than its conservative step 7 for all iterations, i.e. , = 27;. For AdamW-
Win, LAMB-Win, Adam-Win, their first- and second-order moment parameters 51 and (o are set
to the default values $; = 0.9 and 2 = 0.999 used in AdamW, LAMB and Adam. For LAMB-
Win, its other key parameters, such as “grad averaging” and “trust clip”, also adopt the default ones
in vanilla LAMB. For SGD-Win, it uses the default momentum parameter 0.9 and set dampening
parameter as 0.0 used in vanilla SGD.

Settings on ResNetl8. Here we follow the conventional supervised training setting used in
ResNets [1] and evaluate our accelerated algorithms on ImageNet [34]. For data augmentation
in [1], it uses random crop and horizontal flipping with probability 0.5. For warm-up epochs, for
all four accelerated algorithms, we set it as 5.0. For base learning rate, we respectively set it as
3x1072,5 x 1073, 3 x 1073, and 1.2 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win.
Moreover, we follow the default setting and use cosine learning rate decay. For weight decay, we
respectively setitas5x 1072, 5x 1072, 1076, and 103 for AdamW-Win, LAMB-Win, Adam-Win
and SGD-Win. On ResNetl8, all algorithms are trained for 90 epochs with minibatch size 512 by
following the conventional setting.

Settings on ResNet50&101. For these two networks, we use “A2 training recipe” in [29] to train
them, since this training setting uses stronger data augmentation and largely improves CNNs’ per-
formance. Specifically, the data augmentation in [29] uses random crop, horizontal flipping with
probability, Mixup with parameter 0.1 [37], CutMix with parameter 1.0 and probability 0.5 [38],
and RandAugment [39] with M = 7, N = 2 and MSTD = 0.5. Moreover, it often use binary
cross-entropy (BCE) loss for training.

On both ResNet50 and ResNet101, for base learning rate, we respectively set it as 2 X 1073,8%x 1073,
1 x 102, and 0.8 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. Moreover, we follow
the default setting and use cosine learning rate decay. On both ResNet50 and ResNet101, for weight
decay, we respectively setitas 5 x 1072,2 x 1072, 1075, and 5 x 10~* for AdamW-Win, LAMB-
Win, Adam-Win and SGD-Win. On both ResNet50 and ResNet101, for warm-up epoch number, we
respectively set it as 5, 5, 10, 5 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win.

Settings on ViT and PoolFormer. We follow the widely used official training setting of
ViTs [28, 30]. For this setting, data augmentation includes random crop, horizontal flipping with
probability, Mixup with parameter 0.8 [37], CutMix with parameter 1.0 and probability 0.5 [38],
RandAugment [39] with M = 9, N = 2 and MSTD = 0.5, and Random Erasing with parameter
p = 0.25. For training loss, we use cross entropy loss.

On both ViT-S and ViT-B, for base learning rate, we respectively set it as 2 X 1073, 5 x 1073,
1 x 10~*, and 0.8 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. Moreover, we follow
the default setting and use cosine learning rate decay. On both ResNet50 and ResNet101, for weight
decay, we respectively setitas 5 x 1072, 2 x 1072, 107°, and 5 x 10~* for AdamW-Win, LAMB-
Win, Adam-Win and SGD-Win. On both ResNet50 and ResNet101, for warm-up epoch number,
we respectively set it as 5, 60, 30, 5 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. For
AdamW-Win, following the default setting in AdamW, its minibatch size is 1024 for ViT-S and 512
for ViT-B. For all other accelerated optimizer, their minibatch sizes are always 1024.

Settings on LSTM. On LSTM, for base learning rate, we respectively setitas 1 x 1073, 1 x 1072,
1 x 1072, and 15.0 for AdamW-Win, LAMB-Win, Adam-Win and SGD-Win. Moreover, we follow
the default setting and divide the learning rate by 10 at epoch 100 and 145. For weight decay, we
respectively setitas 2 x 1072, 5 x 1072, 1.8 x 1076, and 2 x 10~° for AdamW-Win, LAMB-Win,
Adam-Win and SGD-Win. We do not utilize the warmup strategy in this experiment. Following the
default setting, we set minibatch size as 20.

Settings on Transformer-XL. On Transformer-XL, for base learning rate, we set it as 4 X 10— for
Adam-Win. Moreover, we follow the default setting and use cosine learning rate decay. For weight
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Figure 2: Test accuracy curve of SGD-Win and Adam-Win on ResNet18. See the curves of AdamW-
Win and LAMB-Win in manuscript.

decay, we set it as 10~¢ for Adam-Win. For warm-up steps, we set it as 2000. Following the default
setting, we set minibatch size as 60 x 4.

Test accuracy curves of SGD-Win and Adam-Win on ResNet18. Here we investigate the con-
vergence behaviors of our accelerated algorithms and hope to explain their better test performance
over their non-accelerated counterparts. In each sub-figure pair of Fig. 1, we plot the curves of train-
ing and test losses along with the training epochs on ResNetl18 and ViT-B. One can find that our
accelerated algorithms, e.g. AdamW-Win, show much faster convergence behaviors than their non-
accelerated counterparts, e.g. AdamW. Moreover, SGD-Win also converges faster than Nesterove-
accelerated SGD, i.e. SGD-M. We also plot the curves of test accuracy in Fig. 2, showing the supe-
rior convergence speed of AdamW-Win and LAMB-Win over their corresponding non-accelerated
versions. Fig. 2 also reveals SGD-Win and Adam-Win enjoy faster convergence than their non-
accelerated counterparts in terms of test accuracy. So these faster convergence behaviors could con-
tribute to our accelerated algorithms for their higher performance over non-accelerated algorithms
under the same computational cost.

B Convergence Analysis

Here we investigate the convergence performance of Win-accelerated algorithms by taking acceler-
ated AdamW, Adam and SGD as examples, as these algorithms are more preferably used in deep
learning field. Moreover, since we aim to accelerate deep network training which is highly noncon-
vex problems, we focus on analyzing nonconvex problems to accord with the practical setting.

For analysis, we follow previous works on optimizer, e.g. [17, 40-43], and introduce necessary
assumptions.

Assumption 1 (L-smoothness). We say a function f(z,-) to be L-smooth w.r.t. z, if for Vz1, zo and
V¢ ~ D, we have ||V f(z1,{) — Vf(z2,¢)|l, < L||z1 — 22|, with a universal constant L.

Assumption 2 (Unbiased and bounded gradient estimation). The gradient estimation gj, is unbi-
ased, i.e. for Vk, Elgi] = VF(z), and its magnitude and variance are bounded, namely, for Vk,
llgk]l o < oo and E[||VF(z1) — gilly] < o with two universal constants co, and o.

Next, we first define a dynamic function Fj(z) at the k-th iteration which is real loss minimized by
our algorithms. It combines the vanilla loss F'(z) in (1) and a dynamic regularization 2% ||z ||§k:

)\k 2 )\k 2

Fi(2) = F(z) + = ll=ls, = Eelf (= QI+ - ll=ls, ©
where sy, is given in (3). To obtain (9), following PPM spirit and Eqn. (4), one can approximate
F(z) by its first-order Taylor expansion, and obtain Eqn. (4) with & replaced by z to update zj1 =
m (zk —mrmmi/Sk). Since Mgy is very small, one can follow the discussion below Eqn. (4) and
approximate zgy1 as 21 = (1 —A\gnk) 2K —neMy / Sk which becomes the update rule of AdamW.
This is the reason that our analysis on Win-accelerated AdamW involves a dynamic loss Fj(z)
in (9). Note, for Win-accelerated Adam (A, =0), Fj(z) degenerates to the vanilla loss F'(z).

With these assumptions, we analyze the convergence behaviors of our accelerated algorithms on gen-
eral nonconvex problems, and summarize our main results in Theorem 1 with proof in Appendix E.
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Theorem 1. Suppose Assumptions I and 2 hold, and x, € argmin,, F'(x). Let i, =ynk, 7> 1, np =
< O(tmtors). B SO(PA2), By € (0,1), ¢ = (e +v)°%, A = A1 = 25)F (i > 0)
2.5_2.5 ZL

and \g = 0 with a constant A > 0. Then after T = O(Wbeb‘) iterations with minibatch size

band A = F(zo) — F(x), the sequence {(xy, zi)}_, generated by Win-accelerated AdamW
and Adam in Algorithm 1 satisfies the following four properties.
a) The gradient V Fy(xy,) of the sequence {wk}gzo can be upper bounded by

TZH 1V B (e 3 + \|mk+Akmk*skH§]g62.

b) The gradient moment my, can well estimate the full gradient VF (xy,) and VF (zy):
1 T-1 1
=3 max{Elmy — VF(@)3 Ellmy — VF(z)ll; < (16 + 5-v*7L)

Theorem | guarantees the convergence of Win-accelerated AdamW and Adam in Algorithm 1 on
nonconvex problems. When A\; > 0, Algorithm 1 corresponds to Win-accelerated AdamW; and
if A\ = 0, it becomes Win-accelerated Adam. For both cases, Theorem 1 holds. Theorem 1 a)

shows that by runnlng at most T iterations, the average gradient - k 0 E[[|VFy(z) || | is upper

bounded by €2, guaranteeing the algorithmic convergence. Theorem 1 b) indicates the gradient
moment my, can well estimate the full gradient VF'(z;) and also VF'(x}) because of their small
distances, guaranteeing the good Taylor approximation used in Eqn. (4) and (5).

C Notations

Here we first give some important notations used in this document. For brevity, we let

S =V + V.
Since we have ||my|| . < co and v < ||lv; +v|| < ¢% + v in Lemma 2 (see Appendix D), for
brevity, let
c1 =107 < lspll, < e = (B + )0
Also we define
Me My +ATR ¥ Sk Nk Wk
L+ Ang P L+ Xy sp

Next, we introduce an virtual sequence {yy} into the algorithm. In this way, we can rewrite the
update steps in Algorithm 1 in the manuscript as its equivalent form (10):

gL =13 S V(2 G);

my, = (1 — f1)my + Pag;
vp = (1 — B2)vy, + B2g3;

wy = My + A\xy * Sg, Tyl — Tl = —

(10)
Thr = e (o0 - s
Yk+1 = 2k — kgt
Zk41 = MeThTh41 T MeTeYk+1
where mg = go and vy = gg.
For analysis, we further define
~ )\k 2 >\k 2
Fi(zr) = F(2) + 7 llzll, = Ec[f (= O + 5 lI=ll5, - (11)
where A\, = 2 ZZ 1 (1 “) (k > 0) and \g = 0 in which u = 25> In the following, we mainly

use these notatlons to ﬁmsh our proofs.

D Auxiliary Lemmas

Before giving our analysis, we first provide some important lemmas.
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Lemma 2. Suppose the sequence {wk7yk,zk} are updated by Eqn. (10). That is, xy+1 =
T (ﬂck - ﬁk%:) Ukl = 2k~ keE Zhp1 = TkTEThe1 + RThYk41 Sk = VR + 1
Then {(my, s)} satisfies Assume cs o < ||g,€HOo < Coo, then we have

52020
2(cz o +v) ~

Sk

ﬂzcgo
2200 tv)

Imillo < coor  llvi + Vil < 3+, <1+

Sk+1
See its proof in Appendix F.1.

Lemma 3. [43] Suppose the sequence {iL’k, Yk, 2+ are updated by Eqn. (10). That is, Tp+1 =
%Am: (mk o ) J Ykl = 2k — M5l Zit1 = MkThTh1 + MkThYk+1, Sk = Uk + v. Then
{x1} satisfies

Ak A
T ka3, < M el + A s — @n ey, + 5 ke — @l

Lemma 4. [43] Suppose the sequence {:ck, Yk, 2k } are updated by Egn. (10). That is, T+ =
T (-’Ek — Nk %f) s Ykl = 2k — Tk 22, Zk1 = MkThTh+1 + Mk ThYk+1, Sk = /U + v. Then
{2z} satisfies

E [jmy — VF ()|

. 272 2,52
<(1-BE [Hmk_l - VF(zk_l)nﬂ + %E + 611) .
1

Lemma 5. Suppose the sequence {xy,yy,zr} are updated by Eqn. (10). That is, Tpt+1 =

1 _ X _
s (-’Bk - nk%:) Ykl = 2 — ek, Zhe1 = MeTe@h41 + MeThYk+1, Sk = VR + V.
By setting n, = n, N = 1), P1,x = P1 and 62 & = Pa, then we have

(B

n—n w;
< pir1 L4+ An s

Yr1 — (L+ AN Ti1 = — prt Z

2

_ Pr+1(7 —
—(1+A ?<
Y1 — (1 + A @pqa]]” < =1- 1+)\77 )2 Z 8;

p2+1
2

7)(
2 Pr+1nT (N —
z — L
|| k+1 k+1|| ( )(1 + )\,’7 2 Z

L
(14 An)?

p1+1 Si

2
Wi wj

Si

lzh41 — 2ill” <

5 g, k
20k417°72(7 — 1)? Z 1

(1 =n7) 5 Pit1

where py+1 = NTp and p; = 1.

See its proof in Appendix F.2.
Lemma 6. Suppose the sequence {xy,yy,zi} are updated by Eqn. (10). That is, Tp41 =
ﬁ (-’Bk - 77k%f> Ykl = 2k — ey S, Zhe1 = MeTe@ht1 + MeThYk+1, Sk = VR + V.
By setting n, =0, N, =10, P1,x = B1 and PBa i, = Pa, then we have

2005 (1 — 31)2 L2 n 23202

E [llms — VE(@e)*] <20~ BE [[lmics = VF(ze) ] + =5 17 2L,
where
R VS A 7 U S A
(L4 An)? || sk-1 (1- 777) 5 Pi+1 || Si

'Si

penT (] — n)?
I, .=
P =) (1 + Mnp)2 Zz; Pit1

where py+1 = nTpy and p; = 1.

see its proof in Appendix F.3.
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E Proof of Theorem 1

o0 = 2 2 .
Proof. Recall our definition Fj(z;) = F(z) + % 2[5, = Ecl[f(z:¢)] + % |5, » in the (11).
By using the smoothness of f(8;¢), we can obtain

ﬁk-+1(-73k+1)
L
(k) + (VE(@r), Trsr — @) + 5 [l@nes — o |” + Mo el
) L A
<F(@) + (VF(r), 2an = @) + 5 [oa = @nll” + 75 |l

@ L A
<F(xk) + M |@ill2, + (VF(2k) + Ay * 85, Tugr — i) + 5 ks = x| + 5 @ers — |2,

2 2 2
~ Mk wy L3 wy Ang; wy,
—F VF A , D Wk AT || Wk
k(@) = 14 Ak < (@e) + Ay x 81 Sk > + 214+ A\n)? || sk 2(1 4+ Ang)? || sk
[ 2 Mk 2
—F F( A — - — — (VF A
k :Itk H 1 n )\nk V :Ek + AT * Sg wk) 5 ‘ (1 T /\nk)Sk (V (:ck) + AT * Sk)
o Lng A wy ||?
(1+ >\77k 2(1+ Ae)? || s 201+ Ani)? || sk |,
Mk 2
<F VF — ||V F]
Fo(xr,) R TR v (1+>\77 ] IVE (@) — mel|” - Sea(l + ) IV (k)|
B Mk {1 _eln el } wx|?
2¢o(1 4+ Ang) A+ ) a1+ M)
@~ U 2 Nk 2
<F(xn) + — V(@) — mp|)? — ——T V() |? = —E ,
<Flen) + g IVF @) =l = e VR @0 = e o

where @ holds since Lemma 2 proves H ﬁ H €l —pu,1+p] (Vpe0,1])in which p = %;
@ holds because in Lemma 3, we have *

Ak41 )‘ 2
T kil < Ak l@ellZ, + A (@ri1 — @, Th) o, + 5 ks — @lly, s

2
@ holds, since we set 1, < L UFAI) o that czchT]k 4 G <

1
2co(L+MAer) 1(A+Ank) c1(14+Ang) 2°

From Lemma 6, by setting 0, = 1, M, = 7 and (1 , = (1, we have

2005, (1 — 31)2 L2 N 23202

B[l — VF(2e)|?] <201 - BOE [[ma—s — VF(ze1)|] + 5 17 1 2L,
1
where
2P w206 PR - )P R L || |
A | s (L=n7) S put | s
) B (12)
;. PENT ﬁ
P - Jr)\77 )? ZP1+1 s
Here pr+1 = n7px and p; = 1. By considering co > ||Sk||oo > ¢1, we have
_ _ _ k-1
- 277 o | 2p67°T2(7 —n)* 1 2
I, <IIp i=—————— ||wi_ + w;
k= tk e (1+ An)? w1l (1 —77) ; it [|w;]|
B (13)
H/ <].:.[I — PknT 77 77 ; 2.
k = 'k (1_777_ 1+A772Z ||w||

13



Therefore, we have

Fioy1(2hg)
= U 2 2
< I 0
<Fy(xy) 2ea(1+ A1) IV Ey ()] (1+)\ )|| wy ||
n(1—pB1) 21, k(1 — py)?L? npBio? nLIIj,
—F _1—VF(z,_
+ c1(14 An) {Hmk ! (zx-1)] c1B81(1+ An) a(l4+Ab (14 An)

(14)
From Lemma 4, we have

E [lImi — VF(z)]?]

1 — 272 2 2
<(1—-p)E [||mk 1 — VF(z_ 1)||2] + ¢E |z — z;HHﬂ + BlTU (15)

B1
 B\272T] 2 9
2(1 - 51)E {Hmk,l _ VF(zk,l)HQ] n (1 51ﬁ)1 L?TI,, n Blba

where we use the results in Lemma 5 that
Iz — zi—1|® <TI0 < 10
Then we add Eqn. (16) and a:x (15) as follows:
Bt (@41) + B [y, — VF (@) ]

= n 2 n 2
<F - F R S
n 2 nl:[k(l - 51)21]2 775%02
1-— _ E .1 — VF(z,_ + +
+( B1) (01(1 ) +a) {Hmk 1 (ze—1)ll c1Br(1+ ) (L + )b
nLIT, a1 — B1)* L2y, L afio?
c1(1+ An) B1 b

(16)

Then by setting @ = % and G(xg41) = fk+1(wk+1)+%E [||m;~c — VF ()|
we can obtain

n 2 Ui 2
< S F; e —
Glaw) <G(@r) = 5 —s IVR@n) I = s
NIl (1 — B1)2L? npio? n LI},

c1B1(1+ An) c1(1+ An)b + (14 An)
n(l— B1)3L%T0, | n(l— p1)Bio?

n 2
S -
<G(@) 2¢o(1 +/\77 HV Th deo (14 An) ok
n(1 — B1)? L2, nLIj, npro?

+

183 (14 An) ci(T+2An)  c(1+ )b’
Then summing the above inequality from k = 0to k =T — 1 gives
T-1

F 3 IVl + 5 ol

1

<2C2(1 + /\7)) 262,610’2 262 1-— Bl 2L2

2, L o
[G(x0) — G(z7)] + obT + BT ZHk—F coL Z A

nt k=0
L20(l+ A 228102 2e5(1 — B1)2L2 TZ 2e5L < Z L
nT 1 bT a1 BiT ClT

k=0
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where
G(zo) — G(z1)

n(1—p1) n(1—p1)

=Foeo) + A SE s = VE@ )| = Fr(en) = oo [lmey - VF ()]
- n(l — p1)
=F(@o) = F(er) = At |@rly, = 22 3 B [l = VEGer)]

<F(zo) — F(zr)

<A

where A = F(xg) — F(x,); £_1 and m_ are two virtual points which satisfy m_; = VF(x_1).
Now we try to bound 35—, I, and 3} ) I Firstly, we have

_ _ _ k—1
- 277 2, 20T (7 — n)? 1 >
II, = _ _ i

E k E: T+ )2 lwr—1]|” + o= E — [

777') i Pit+l

k=0 k=0
) _— 5 T—1 k—1
2772 r 97 1 2
== Wy -|- oo Wi
cr(14An)? = ol c1 1*777 Zpk [Zo Pit1 el
o1 T—1 T-1
27 ' 2] , 20°7% (1 —n)° 1 2
__“n lwe_1|*| + pi ||wg||
c1(1+ An)? kzzo : booal—ar) k;) Prt1 ; z
) 1 T—1
® 2772 r 2] 277 (7 —n) 2
[ Wy — + [ Wk ]
c1(14 An)? kZ:o ” el boan(—ar)? kZ:o ol
T—1
e (1 (1) (e )?]
T oa \(1+Mm)?2 (1-n7)?

where @ holds since 1) Zzﬂ:_kl p; = exd=n
holds by setting 77 = ~yn. Similarly, we can bound

- (7 — )2 T-1 k=l
/ 2
E = E E w;
P e (1 =) (14 Mn)? Pk L_O Pit1 ] ]

m-n? GE n?(y — Ti (oel]
c1 (1 —n7)2(1 + An)? P ML= (@ =nr)? 1—|—/\77 )2 P R
Therefore, we have
T-1
1 202(1 + M)A ca(1+Mn)o? 2cB102
E ||VF
72 B[Vl + g ] <2208 R 2

deay?n? (1 — B1)2L? 1 (v — 1) T—1 ,
" AT <(1+/\n)2 * (1—nr)2 ) Z {HwkH }

2oL (y —1)2 =

00 (et 2o o]

+

®202(1 +)\77)A 202ﬁ10’ 1 — 2
nT Ty Tar > [”wkH }

IA

where @ holds since we choose proper 7 and /31 such that
deay®n? (1 = fr)?L? ( 1 nT(y - 1)2) <
ciff T+ (1=nr)? )~
2c2Ln?(y — 1)°
i1 =n7)?(1+ An)?

amn

| = 0| =
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Now we discuss how to select 17 and 37 such that (17) holds. To begin with, we have <1

1
(1+An)?

and 7’(2977_71))22 = 1&?1;‘77)” (y—1)% < HTA/(V —1)% < 4% in which 7 = . Then we only
need
1 < min ( c15 cr(1—n7)(1+ )\77)>
- 42695 (v + 1)2(1 = By) L7 Ac§PLO(y — 1)
So we arrive at
T-1
1 262( + )\n)A 202ﬁ10’2 @ 2
— E||VF - <
F B IV R + o] <22 IE  ZaBe o
k 0
where we set T > 602(1% and 81 < clbe . This result directly bounds
1 n? T-1
2 2
T Z sk * () — Thtr) || :W Z lmer + Az + 8|
k=0 k=0

n 2 4n°e
<— w < — Q.
_(1+)\n)2T];” fll < (1 + A)?

Moreover, from Lemma 5, we have

T-1 T 2 T-1

1 —~  pr(—n)? o 1
*ZEllyk—(HAn)wkH Z QZ =—=>
pors k:O (I=n7m)(14+ A\n) — pit1 si nrT =
= Ellzk—wk\l <7 == 10
k 5 (]. — 777' ]. + )\77 =0 Pi+1 Si T =0
T—1 T—1 _ _ k 2
1 2 21 277 wy, 20k 17T n)? 1
= D Ellzer — 2™ <4 — s |
T = T kZ:o (T4+Xn)2 || sk (1- nT lz; pit1 || 8i
1 T—1
=72
k=0

where @ holds by using Lemma 5; @ holds by using the definition in Eqn. (12). Now remaining task
is to upper bound % ZZ:_Ol 11, and % Z:_ol IT).. From the bound in Eqn. (13) and the following
bound on & 77 ) I:I;€ and L 3/~ I}, we have

1= v2n? 1 ® c3p3e?

15 e 15 ; B [juel?] £ AEE
72 Z <ot ((HW )Z wll) < G-
1 T—-1 1T71 772( 016

=Y I <= )Y I, < IE:{ }

T;} k_TkZ:0 e (1 —nm)2( 1+)\n 2TZ e des L

where @ holds, since 1) % 327~ E|jwy||? < 4¢%; 2) we use the results in Eqn. (17) to obtain

29°n ( 1 n(y—1) > pi - B
C1 (1 + )\?’])2 (1 — T]T)2 - 1602(C%ﬂ1 + 1-— ﬁl)(l — ﬁl)QLQ - 1602(1 — ﬂl)SLZ
-1 a
c1(1—=n7)2(1 4+ Anp)?2 ~ 16¢L
Therefore, we have

T—1
1 cr€2 c1(1 4 v + Ayn)e?
73 Bl 0 el <2 = ! )

“dcoLnT 4eo L
016
= ZEsz—xkn
T—1
1 c3Bie
e Z E||zr41 — 2l 71—32~
T &= 4eo(1 — B1)3L
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Besides, we have

T-1 T-1
1 1 r
=D E [||mk. - VF(a,-k)HQ] <7 D E [Imi + Awe s — VF (@) — A+ sk||2]
k=0 k=0
A
<z ;) E |[lm + Awi * sil” + |V F () + Az * skﬂ
o T=1 o , ,
=7 OB [lm 4+ 2 = sl + |V Fu(an) ]
k=0 )
@
<2 |:62 + % X 462:| < 8€2.
where in @ we use wy = my, + Axy * S. In this way, we have
1 T-1 9 T-1
2 2 2
TZ;EMmk—VF@w}STE;EMmk—VF@MH+ﬂvﬂww—VF@wH}

, 212 T-1 ,
<16¢ +TZE[||wk—zk|| ]
k=0

<1662 4+ c1 Lé? _ (a1 L+ 3262)62
- 262 202 ’

From Eqn. (15), we have
1 — B1)2 L2y n B2o?
B b

E s~ VEI] < (1 BIE [lmss — VF ()] + ¢

By setting pr+1 = (1 — 1) px and pp = 1, we have
(1 — B1)2 LTI, n Bio?

1 2 1 2
— _ < _
PkE [Hmk VFE(z) } _pk71E [||mk_1 VF(zp—1)|| } +

Brpk bp
k —
1 2 (1-4)°L%;  pio?
S*E{ mg— VF(z } + [ +
B [lmo = VPG + 3 T30 -
For all hyper-parameters, we put their constrains together:
Clb€2
< —
s 6coo?’
where ¢; = 195 < [[sgl00 < (2 + 1/)0‘5 = ¢o.
For 7, it should satisfy
77<min( a1 ci(l=nm)(1+Xn) i(1+ M) )

- 4V2e95 (v +1)2(1 = B1)L7 4e3PLO3(y —1) " 2¢o(L + Aey)
Considering (1 —n7)(1+ An) = % > ﬁ, W > % and ¢; = 9% << 1, then we
have

< min c1B €1 C%
= 36¢05 (7 + 1)2L° 4357 L05 2¢5(L + Aey)

. c1be? 1 d(l+An) \ c1be?
- (36055(7 +1)2L02" 4¢Y5vL05" 2¢o(L + /\cl)> ~ 36¢5°(y + 1)2Lo?
where v is often much smaller than one, and 3; is very small. For T, we have
6ca(1+ A 0 (CQA 36¢35(y + 1)2L02>
ne2 €2 c1be?

T>

The proof is completed.
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F Proofs of Auxiliary Lemmas

F.1 Proof of Lemma 2

Proof. To begin with, we assume that V¢ < k, it holds
Ml < ooy lve+ vl S oo +v
Then we consider the case where t = k + 1 as follows
[mipillee = 11 = Br)mw + Bigrlle < (1= 51) Ml + Brllgrllo < Coos
opsillo = |1 = Bo)vp + Baglll. < (1= Ba) [lwelloe + B2 ||g2]|. <
Then we derive the second results as follows:

2

- v —
H [ v +v :H /1+Uk Vk+1 _ 1+52( k —9i)
Vit+1 + V|| Vi+1 TV || Vg1 +V

o0
Therefore, we have

2 2 2 2
1P _ | P < vy v <. it Pacse P
2(63700 + V) Cg,oo +v Vi1 + V|| Cg,oo +v 2(63700 + V)

We complete the proof. O

F.2 Proof of Lemma 5

Proof. To begin with, we have

Y1 — (L + Ag) 41

R T (m _ mk)
ke Tk Sk 14+ A kT Sk

- _my 14+ A my

=MNk—1Tk—1%k + Me—1Tk—1Yk — Me—— — T — Mk ——
Sk 1+ )\77k
B 1AM N\ me . Aok — )

=Nk—1Tk— — (1 + A\ijg—1)xg) — - — —t —

Me—1Tk—1 (Y — ( Tk—1)Zk) (Wk 1+ M1 k Py 1+ Ay
® ~ B 14+ A\ijg—1 > wi — A/ Ak — k)
— 1Tk — ]_ + )\ — X - - + r

Me—1Tk—1 (Y — ( Me—1)Tr) (77k 1+/\77k—177k Sk 1+ Mg

_ _ 14+ A\ w
=Ne—1Th—1 (Y — (1 + Ajp—1) ) — (ﬁk - 14_/\2:1770 ?:
1+ A\ijp— A -7,
+ (A — + ANg—1 - (M — )
14+ AMpe—1 14+ A
® _ n—"n wg
& (14 _ Wk
nt (yr — (1 + An)zy) 11 s

where @ holds since wy, := my + Az * Si; @ holds since we set all n, = n and 7, = 7 which

gives T, =T = m Therefore, by defining py1 = n7py and p; = 1, then we have
Yrpr — (AL +ADxR  yp = (A2 1 71—7 W (1 > 1)
Pl+1 Pk P11 +2An s,
For k = 0, we have
_ _Mmyo 1+ )\ﬁ mo
—(1+ A =zy — — — —n—
y1 — (L+Aq)z1 =20 — 7 - 1+ (wo n 50 )
_wg— ASgxxyg 14+ A7 wy — ASg * Tg
0o—1"n % 1+ Ay 0o—17 %
L -nwo
—F0 T %o 1+ s
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In this way, one can obtain

_ k _
Y1 — (1 + A))Tr41 n— nwo_z 1 7—n w

=zy—
Plk+1 ’ T 14 A 8o — piv1 1+ An s

k
-y
= pit1 1+ AN S;

where @ hold since zy = ¢ and p; = 1. Then we can upper bound

_ k _
H Yri1 — (L+ M)y || _ Z Pr+1(1 —n7) n—n w;
Ph+1 —~  pir1 peer(I—n7)(1 4 An) s
k _ 2
2 Z Pr+1(1—n7) (7 —n)? w;
ST AaA—ar A s
nT k
where @ holds since 1) > 1 =3 o(5r = 5) = 5 and 2) Jensen’ inequality. There-
fore, we have
Pr+1(1 — 2
— (14 A 2 O
Hyk+1 ( + n)warl” = ( ( _|_An 2 Z pz-l-l Si
Moreover, we can also bound
2 _ 2
zk+1 — pt1ll” = 197Te1 + 0TYt1 — Tpeta |
=07 |Yr+1 — (1 + Aﬁ)wkﬂﬂz
2
Pr117 (7 — 1)
T (1 =n7)(1+ An) Q;mH 50
On the other hand, we have
lzk+1 — 2kl = 197Zk41 + 07YR11 — 24|
@ | - _Mg
=|MNTTk4+1 +NTYk4+1 — Yrt1 — ﬂskH
B _ W — AT * Sk
=|NTTk+1 +NTYk4+1 — Ykt1 — Us—k
_ _ N wg
= 1+ A 1+ A — — —
(L4 ) (L4 Mg = yin) = 7 N
<iir(1 + ) | (1 + A7) |+ —r— || =&
T T
=N n NTk+1 — Yk+1 T >\77
where @ we plug in Y41 = 2 — 7 7:—: Then we can upper bound
s — 2l <2720+ A 0+ At v+ 20 [
+1 = +1 + (1+ An)?
_9 2 9 9/ 2 k 2
2wk ||” ) 2ok T (0 — 1) 3 1w
(14 An)? (1—nT) 5 Pi+1 || Si
The proof is completed. O
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F.3 Proof of Lemma 6

Proof. From Lemma 4, we have

E [ — VF(z0)|]

1— 31 4)2L2 B3 ro?
<1 B10E [Ime—s — VF ()] + EE g - 2y 2] 4 24
1,
® (1 — 22 fi 0l
01— 51 iy — VF ()] + L Pl P
B,k b
where in @, we use the results in Lemma 5 that
_ o9 k— 2
2 20 Wg—1 2 2017272 (1) —
— Zp_ <II :=
llze — zr—1]|” <Ilg (1+>\77)2 P + 1_777_ Zopz-i-l Si

Then we have
E [l — VF(2x)|?] <2E (i — VF(z0)|] + 2B [|VF(21) — VF ()]
<9F [||mk - VF(zk)Hﬂ +2LE [||zk - xkﬂ

2105 (1 — ﬁLk)QLQ n 25% k02

@
<2(1 = Bu0)E [mi 1 = VF(z0)|] + S0 o,
B,k b
where in @, we use the results in Lemma 5 that
_ 2
2 / Pk777' U
Z — Lk S II, .=
| | (1—nm)(1+ /\Tl )2 Z ¢ Pit1 50

The proof is completed. O
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