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Abstract

Temporal-difference learning is a popular algorithm for policy evaluation. In this
paper, we study the convergence of the regularized non-parametric TD(0) algorithm,
in both the independent and Markovian observation settings. In particular, when
TD is performed in a universal reproducing kernel Hilbert space (RKHS), we prove
convergence of the averaged iterates to the optimal value function, even when it
does not belong to the RKHS. We provide explicit convergence rates that depend
on a source condition relating the regularity of the optimal value function to the
RKHS. We illustrate this convergence numerically on a simple continuous-state
Markov reward process.

1 Introduction

One of the main ingredients of reinforcement learning (RL) is the ability to estimate the long-term
effect on future rewards of employing a given policy. This building block, known as policy evaluation,
already contains crucial features of more complex RL algorithms, such as SARSA or Q-learning [64].
Temporal-difference learning (TD), proposed by [62], is among the simplest algorithms for policy
evaluation. The estimation of the performance of the policy is made through a value function. It is
updated online, after each new observation of a couple composed of a state transition and a reward.

Although the formulation of TD is quite natural, its theoretical analysis has proved more challenging,
as it combines two difficulties. The first one is that TD bootstraps, in the sense that it uses its
previous — possibly inaccurate — predictions to correct its next predictions, because it does not
have access to a fixed ground truth. The second difficulty is that the observations are produced
along a trajectory following a fixed policy (on-policy), hence they are correlated, which calls for
more involved stochastic approximation tools compared to independent identically distributed (i.i.d.)
samples. Moreover, using off-policy samples, produced by a different policy than the one being
evaluated, can make the algorithm diverge [16]. Off-policy sampling is out of our scope in this paper.

A third element which is not inherent to TD further complicates the plot: function approximation.
While TD was originally proposed in a tabular setting, its large-scale applicability has been greatly
extended by its combination with parametric function approximation [17]. This enables the use of
any linear or non-linear function approximation method to model the value function, including neural
networks. However, one can exhibit unstable diverging behaviors of TD even with simple non-linear
approximation schemes [06]. This combination of difficulties (even with linear function approxima-
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tion) has been coined the “deadly triad” by [63]. We argue that convergence can be obtained even with
non-linear function approximation, by making use of the non-parametric formalism of reproducing
kernel Hilbert spaces (RKHS), involving linear approximation in infinite-dimension. Studying this
case could bring us closer to understanding what happens with other universal approximators used in
practice, like neural networks.

1.1 Contributions

We study the policy evaluation algorithm TD(0) in the non-parametric case, first when the observations
are sampled i.i.d. from the invariant distribution of the Markov chain resulting from the evaluated
policy, and then when they are collected from a trajectory of the Markov chain with geometric mixing.
In that sense we follow a similar outline as the analysis of [10] which is dedicated to the linear case.

The non-parametric formulation of TD closes the gap between the original tabular formulation and
the parametric formulation which involves semi-gradients. It allows the use of classical tools and
theory from kernel methods [22]. In particular, we highlight the central role of infinite-dimensional
covariance operators [5, 2] which already appear in the analysis of other non-parametric algorithms,
like least-squares regression. We study a regularized variant of TD, a widely used way of dealing
with misspecification in regression. Importantly, when the regularized TD approximation is run on an
infinite-dimensional RKHS which is dense in the space of square-integrable functions, then there is
no approximation error and the algorithm converges to the true value function. More precisely, we
provide a proof of convergence in expectation of TD without approximation error, even when the true
value function does not belong to the RKHS, under a weaker source condition. Furthermore, we give
non-asymptotic convergence rates related to this source condition, which measures the regularity of
the true value function relative to the RKHS, e.g., its smoothness if the RKHS is a Sobolev space [51].

Note that using a universal kernel [48] to obtain convergence of TD to the true value function is also
interesting from a theoretical point of view. Indeed it exempts us from a possibly tedious study of
the approximation (or projection) error on a given basis, and simply removes an error term which in
general scales linearly with the horizon of the Markov reward process [49, 70].

In the rest of this section, we review the related literature. In Sec. 2, we present the algorithm, along
with generic results and notations. In Sec. 3, we analyze a simplified version of the algorithm, namely
population TD in continuous time. This allows to catch the main features of the analysis, while
postponing the technicalities related to stochastic approximation. Sec. 4 is dedicated to the analysis of
non-parametric TD with i.i.d. observations, while Sec. 5 consists in a similar analysis for correlated
observations sampled from a geometrically mixing Markov chain. Finally, in Sec. 6, we present
simple numerical simulations illustrating the convergence results and the role the main parameters.

1.2 Related literature

Temporal-difference learning. The TD algorithm was introduced in its tabular version by [62],
with a first convergence result for linearly independent features, later extended to dependent features
by [27]. Further stochastic approximation results were proposed by [4 1] for the tabular case, and
by [58] for the linear approximation case. An exact analysis of the behavior of tabular TD was
recently carried out by [40], using the framework of Markov jump linear systems. [66] provided a
thorough asymptotic analysis of TD with linear function approximation, while failure cases were
already known [4]. A non-asymptotic analysis was later proposed by [45] in the i.i.d. sampling case
with constant step size, concurrently to another approach extending to Markov sampling by [10].
Other problem-dependent bounds for linear TD were derived around the same period [26, 60], along
with an analysis of variance-reduced TD [44, 69]. All of the analyses mentioned above focus either
on the tabular or on the linear parametric TD algorithm. A recent work by [33] deals with the batch
counterpart of non-parametric TD, namely the least-squares TD algorithm (LSTD), but they rather
focus on the analysis of the statistical estimation error. Importantly, LSTD only requires offline
computations and is not related to stochastic approximation. Most closely related to our work is
the non-parametric regularized TD setting studied by [43]. However, their analysis is limited to
the case where the optimal value function belongs to the RKHS. This is not sufficient to get rid of
the approximation error term. Also, we will show later that regularization is not necessary in this
case. Furthermore, their analysis is restricted to the i.i.d. setting, for which we will require fewer
regularity assumptions. Finally, let us mention the recent work by [ 18] concerning TD with function



approximation using a one-hidden layer neural network with finite-width, called “neural TD”. Since
finite-width neural networks are not universal approximators, there is an approximation error, which
vanishes in the infinite-width limit if the value function belongs to a particular function space.

Kernel methods in RL. To tackle large-dimensional problems, kernel methods have been combined
with various RL algorithms, including approximate dynamic programming [53, 11, 6, 38], policy
evaluation [25], policy iteration [36], LSTD [33], the linear programming formulation of RL [29],
upper confidence bound [32], or fitted Q-iteration [47]. Such kernel methods often come along with
practical ways to reduce the computational complexity that grows with the number of observed
transitions and rewards [7, 43].

Stochastic approximation. The analysis of TD requires tools from stochastic approximation [8],
among which the ODE method [13]. Such tools are primarily designed for finite-dimensional
problems. Stochastic gradient descent (SGD) [15] is a specific instance of stochastic approximation
that has received extensive attention for supervised learning. In particular, the role of regularization
of SGD for least-squares regression has been studied [19, 24], as well as the effect of of sampling
data from a Markov chain [50]. Finally, we use a formalism which is close to the analyses [31, 54, 9]
of non-parametric SGD for least squares regression.

2 Problem formulation and generic results

2.1 The non-parametric TD(0) algorithm

We consider a Markov reward process (MRP), i.e., a Markov chain with a reward associated to
each state. This is what results from keeping the policy fixed in a Markov decision process (MDP)
for policy evaluation. We consider MRPs in discrete-time, not necessarily with a countable state
space X. Specifically, we use the formalism of Markov chains on a measurable state space, also
called Harris chains, which unifies discrete- and continuous-state Markov chains. Formally, let
X C R a measurable set associated with the o-algebra A of Lebesgue measurable sets. Let (@n)n>1
a time-homogeneous Markov chain with Markov kernel x. A Markov kernel [56, 42] is a mapping
K : X x A — [0, 1] that has the following two properties:

1. forevery x € X, k(x, -) is a probability measure on A, and
2. forevery A € A, k(+, A) is A-measurable.

If X is a countable set, « is represented by a transition matrix @ such that Q; ; := P(j|i) = k(4, {j}),
forany i,j € X.

We define a reward function » : X — R uniformly bounded by R < oo, and a discount fac-
tor v € [0,1). The aim of policy evaluation is to compute the value function of the MRP:

VeeX, V¥ E{Z’y Ty )xozx], (D

n=0

where the (z,,),>1 are drawn from the Markov chain. A probability distribution p : A — Ris a
stationary distribution for  if forall A € A, p(A) = [, & x K dx). The existence and uniqueness
of a stationary distribution p, along with the convergence of the Markov chain to p in total variation,
is ensured by ergodicity conditions. A sufficient condition is that the Markov chain is Harris ergodic,
i.e., it has a regeneration set, and is aperiodic and positively recurrent (see [1] and [35] for a complete
exposition of Harris chains). For discrete-state Markov chains, ergodicity conditions can be expressed
somewhat more simply, and any aperiodic and positive recurrent Markov chain has a unique invariant
distribution. Throughout this paper, we assume that p is the unique invariant distribution of the
Markov chain, and that it has full support on X. Only in Sec. 5, we will in addition assume that the
Markov chain is geometrically mixing.

We define L2(p), the set of squared integrable functions f : X — R with respect to p, with the
norm || f ||2L2( ) = [y f(z)*p(dz) < 4o00. We also consider a reproducing kernel Hilbert space H of
A-measurable functlons assomated to a positive-definite kernel K : X x X — R. For all x € X, we
use the notation ®(x) := K (x, ) for the mapping of x in H, and (-, -)4¢ for the inner product in H



(we sometimes drop the index). We assume that Mg¢ := sup, ¢+ K (z, x) is finite, which implies

that H C L?(p). More precisely, the F{-norm controls the L?(p)-norm: any sequence converging
in JH thus converges in L?(p). Indeed, if f € 3:

Wﬁmnz/ﬂm%mw=/6@@»%wwéHN%/WM@%MM@SMMU%-@

We also assume that » € L?(p). The non-parametric TD(0) algorithm in the RKHS  is defined
as follows [53, 43]. Draw a sequence (,, ), >0 according to the Markov chain with initial distribu-
tion p, and collect the corresponding rewards (7(z,,))n>0. Define a sequence of non-negative step
sizes (pn)n>1. We build recursively a sequence of approximate value functions (V},),,>0 in L?(p).
Throughout the paper, we take V;; = 0 for simplicity, but note that all the results can be adapted to
the case Vy € H. Forn > 1:

VX, Valy) = Vaci(y) + pu[r(an) + 9 Varr () = Vi (@) [ K @niy), )

where 2, := 1. The term in brackets is called a temporal-difference. Equivalently, in the RKHS:
Vn = anl + Pn |:7"($n) + ’Yanl(x{n) - anl(mn)i| (I)(:En) (4)

This update has a running time complexity of O(n?), which can be improved to O(n), e.g. using
Nystrom approximation or random features [39]. More details on the implementation are given
in App. B.2. This non-parametric formulation is a natural extension of the tabular TD algorithm.
Indeed, if X is a countable set and K (z,y) = 1,—, is a Dirac kernel — a valid positive-definite
kernel — then we exactly recover tabular TD: the update rule (3) becomes, after observing a transition

(i7 7;’, T’i) = (xna 1';” r(x’ﬂ)):
Vali) = Vaer () + pu 1 4+ Vara (1) = Vaa ()] and ¥ #4, Va(i) = Vaa (G). - )

This also covers the semi-gradient formulation of TD for linear function approximation [64]. Sup-
pose H has finite dimension d, then V,, can be identified to &,, € R4, and we are searching for an
approximation of the form V,,(z) = &} ®(z). Then (4) becomes:

& = Enmt + pn [1(@n) + WVao1(2)) = Voot (20) | VeV (@), (©)

Since Vy € H, all the iterates V;, are in the RKHS, in particular V;, € span{@(a:k)}1<k<n Conse-
quently, if the sequence (V},) converges in the topology induced by the L?(p)-norm, it converges in

K, the closure of K w@ respect to the L2( )-norm. In particular, foﬁr a dense RKHS and because p
has full support on X, H = L?(p), but in general it only holds that H C L?(p).

To understand the behavior of the algorithm, we will first consider the population version (also called
mean-path in [10]) of the algorithm: set Vy = 0 and forn > 1:

Vo = Va1 4 pnBaanyng [(r(@) + Va1 (2') = Voo (2) ()], (7

where the expectation is taken with respect to ¢(dz, dz’) := p(dz)k(x, dz’"). Since V,,_; € X, the
reproducing property holds: V,,_1(z) = (V,,—1, ®(z))9¢. Hence the update is affine and reads: V,, =
Va—1 + pn(AVh—1 +b), with A := E; [v®(2) ® ®(2') — ®(z) ® ®(x)] and b := E, [r(x)P(x)],
where ® denotes the outer product in H defined by g @ h: f — (f, h)5cg.

2.2 Covariance operators

Assume that the expectations 3 := E, [®(z) ® ®(z)] and X1 := E,[®(z) @ ®(2')] are well-defined.
Y and }; are the uncentered auto-covariance operators of order 0 and 1 of the Markov process
(mn)nzl, under the invariant distribution p. They are operators from J{ to J(, such that, for all
f, g € I, using the reproducing property:

Ep[f(2)9(z)] = By [{f, 2(2))ac(g, ®(2))5c] = ([, Ep[(g, ®(2))3cP(2)])3c = ([, Eg)ac

B, (0)9(a)] = Byl D())aclg. () )oc] = (£, Byllg, D ocB(@))oc — (7. Erghoe.



In particular, forally € X and f € H, (2f)(y) = (®(y), Lf)3 = E,[f(2) K (z,y)] and similarly,
(Z1f)(y) =E,[f(2")K(x,y)]. Following [31], ¥ and ¥; can therefore be extended to operators ¢
and ¢ from L?(p) to L?(p) defined by:

S [ J@)B(@)plde). such thar vy € X, (5°)(5) = Byl (@)K (2.)
9
z?fH//f@%WW@ammammmWexmxﬂwwﬂMﬂwKuw»

These two operators are the building blocks of the TD iteration (7). In particular, A = y¥; — ¥ and
b = X°r, the latter being valid for » € L?(p). With a slight abuse of notation, we denote simply as 3,
¥, the extended operators. Furthermore [31], Im(X) C 3 and £/ is an isometry from L?(p) to 3

VEET, |Ifllczw = IIZY2f 5. (10)

The fact that p is a stationary distribution for x implies a particular constraint linking X and >1:

Lergma 1. T~here exists a unique bounded linear operator il : H — Hosuch that ¥ = 21/22121/2
on H, and ||X1|lop < 1 (|| - lop is the H-operator norm).

This results from an application of [5, Thm. 1], valid on J{ and extended by continuity to J{. See
also [37] for an exposition of cross-covariance operators specifically in an RKHS. In finite dimension,
this is retrieved with generic results on positive semi-definite (PSD) matrices. Specifically, if H C R™,
the uncentered covariance matrix of the random variable (®(z), ®(z')), when (z,2’) ~ ¢ is:

S Y
(EI z) z 0.

Using a classical condition on block matrices [12, Prop. 1.3.2], this matrix is PSD if and only if there
exists a matrix 31 such that |2 [|op, < 1and ¥; = 225,512 (|| - ||, is also the spectral norm in
this case). This corresponds to the fact that the Schur complement of a PSD block matrix is also PSD.

Assumptions on ¥ and V*. We assume that x — K (z, ) is uniformly bounded by Ms. There-
fore, the eigenvalues of X are upper-bounded. However, unlike [66] and [10], we do not assume them
to be lower-bounded, i.e., > > 0 is not invertible in general. We will formulate our convergence
results for two sets of assumptions. The first one recovers known results from [10] for linear function
approximation. The second one assumes that V'* verifies a source condition [30, Chap. 1]:

(A1) V* € H, H is finite-dimensional and 3 has full-rank;
(A2) V* € X92(H) for some 6 € (—1,1] (and consequently, ||£~%/2V*||3¢ < +00), and
H = L?(p) (i.e., K is a universal kernel).

In (A1), H is finite-dimensional because 3 cannot be simultaneously compact (x +— K (z,x)
being uniformly bounded) and invertible in infinite-dimension [21]. Recalling the isometry prop-
erty (10), the case § = —1 always holds in (A2) because V* € L2(p) (which we prove in the
next subsection). The case § = 0 is equivalent to V* € H. For # > 0, it must be interpreted as:
27072V |2 o= inf{|| V||, | V s.t. V* = S92V}, with | S92V |5 = +oo if V* ¢ B9/2(H).
Using a universal approximation removes the need for a projection operator on J{, as typically used
for finite-dimensional function approximation, and hence there will be no projection error [66].

2.3 Non-expansiveness of the Bellman operator
It is known that the value function V* of the MRP is a fixed point of the Bellman operator 7'. We
define two operators P and T' : L?(p) — L?(p) by, for V € L?(p), PV (z) = Ey/(z,)V (2) and

)

TV (z) = r(x) + vPV (z). Both operators can be expressed in terms of X and X;. For V € L?(p):

{EPV=&@wGWWM=&@@W@%=&V an
YTV =3¥r +~43,V.

Lemma 2. Forany V € L*(p): |PV||r2(p) < V| L2(p)-



This is a direct reformulation of [66, Lemma 1], the proof of which is given in App. A.1. As stressed
by [66], this strongly relies on the fact that p is a stationary distribution of the Markov chain. It
implies that 7 is a y-contraction mapping on L?(p) and has as unique fixed point V*. One can
check that if ¥ is non-singular, Lemma 2 is exactly equivalent to || S ~/2%, %71/2||,, < 1, that is,
Lemma 1. Moreover, using Lemma 2, we obtain [|V*|| 12,y < [|7[ £2¢p) /(1 — ) and V* € L?(p).

3 Analysis of a continuous-time version of the population TD algorithm

Before considering regularized TD with stochastic samples, we look at simplified versions of the
algorithm that momentarily remove the difficulties related to stochastic approximation. Specifically,
we consider the population version of TD to capture a “mean” behavior, and a continuous-time
algorithm to avoid choosing step sizes. Instead, we focus on the role of the regularization parameter.

3.1 Existence of a fixed-point for regularized TD

For A > 0, let us consider the regularized population recursion:

Vi =Voaor + pn(EBr+ (751 =2 = AD)V,—q). (12)
If the TD iterations converge, their limit will be a solution of the regularized fixed-point equation:
Sr4+ (¥ —X - M)V =0. (13)

Proposition 1. If A > 0, vX1 — ¥ — A is non-singular on 3 and equation (13) admits a unique
solution Vi in L*(p), defined by V' = (vX1 — X — XI)~'Sr. Furthermore, V' € H and:

[Zrllsc o VMaclirllzz)
X - ) '

[VXllac < (14)

The proof is in App. A.2. Hence, for A > 0, the J{-norm of V" is always bounded, unlike || V*||.

3.2 Convergence of the regularized fixed point to the optimal value function

Recalling that V* € Lz(p), it satisfies the relation TV* = V*, implying that XTV* = XV*, i.e,
Yr 4 (v3; — X)V* = 0. This unregularized fixed point equation possibly has other solutions, but
if K is a universal kernel, as assumed by (A2), then X is injective [61] and V'* is the unique solution.
Let us recall that (A2) does not imply that V* has a bounded J{-norm. However, we can control the
L?(p)-norm of V¥ — V* when A is small using the source condition (A2).

Proposition 2. Assume that \ > 0 and assumption (A2). Then:

2 Ao 0/27,%/|2
VX = V¥lIz2 ) < a _W)QIIE V¥ l5¢- (15)
The proof in App. A.2 is inspired by similar results [19, 24] in the context of ridge regression

(recovered for v = 0). Note that only ||V¥ — V|| 2(p) is controlled, not ||V¥ — V*||3¢. Consequently,
we obtain the convergence of V;* to V* in L?(p)-norm when A — 0: the higher 0 is, the faster the rate
of convergence. For universal Mercer kernels [23], if we drop the source condition (A2), using only
the fact that V* € L?(p) — corresponding to § = —1 in (A2) — we can still prove that V' converges
to V* in L?(p)-norm when A — 0, but without an explicit rate (see App. A.2, Cor. 1).

3.3 Convergence of continuous-time population TD

Following the ordinary differential equation (ODE) method [13], we study the continuous-time
counterpart of the population iteration (12). At least formally, this consists in defining IZ:Vn(t) fort
and n(t) satisfying t = Z;L:(tl) pi» and letting p; tend to O for any i > 1, where V;,(;) is defined by
recursion using (12). With a slight abuse of notation, we use the notation V; instead of IN/t We then
obtain the following ODE in J(: V, = 0 and for ¢ > 0:

%: (A= AV, +0. (16)



We can exhibit a Lyapunov function for this dynamical system, see [59]. This implies that V;
converges to V' when ¢ tends to infinity, where V¥ is defined in Prop. 1. More precisely, for

B € {—1,0}, we define W#, the Lyapunov function, by W#(t) := |2 %/2(V;, — Vi) |12, (please
note that 3’s role in W7 is an index, not a power). W°(t) strictly decreases with ¢ as follows:
Lemma 3 (Descent Lemma). For A > 0, for all t > 0, the following holds:

The proof (see App. A.2) mainly relies on the contraction property of the Bellman operator as
expressed in Lemma 2. We can then deduce the convergence of the ODE (16) to V.

Proposition 3. Under assumption (A1), the solution V; of the ODE (16) with A = 0 is such that:
1 [IV*3

For T>0, |Vr-— V*”LZ ) = m T (18)
where V r is the Polyak-Ruppert average [55] of V;, defined by Vp = T fo V. dt.
Under assumption (A2), the solution V; of the ODE (16) with \ > 0 is such that:
For T >0, ||[Vp — V|2 < IV |2ce™ 2. (19)

Under (A1), we recover the same O(1/T') convergence rate as [10]. We focus on (A2), where we
get a fast convergence to V5* in H-norm (stronger than L?(p)). However, we are rather interested in
convergence to V*. Prop. 2 quantifies how far V" is from V'*. Indeed, the error decomposes as:

1V = V" Iy < 2Msc[Vi = VR[5 + 20V = V2. <0

Combining Propositions 1, 2, 3 shows a trade-off on X: ||V — V*[[72(,y = O (e7*T /X + A?*1).
Taking A = (3 + 0)logT/(2T) balances the terms up to logarithmic factors: |V — V* H2L2(p)
O (T~79) (where O(g(n)) := O(g(n)log(n)"), for some ¢ € R). In particular, for 6 = 0,

i.e., V* € H, we recover a convergence rate O (1/T): up to logarithmic factors, it is the same as the
unregularized case with averaging, assuming (A1). In this case, regularization brings no benefits.

4 Stochastic TD with i.i.d. sampling

We now consider stochastic TD iterations (4), where the couples (., z},),>1 are sampled i.i.d. from
the distribution ¢(dx, dx’) = p(dx)k(z,dz’). Such i.i.d. samples can be obtained by running the
Markov chain until it has mixed so that z,, ~ p, collectmg a couple (z,, ), and restartmg With
Ay = 70(z,) @ O(2)) — D(x,) ® ®(x,) and by, := r(x,)P(x,), we study the recursion:

Voo = Vo1 + pn (A — A Vg + by). (21)

In particular, E,[A4,,] = A, E,[b,] = b, and A,, and b,, are independent of the past (Vi)r<n.
For 3 € {0,1}, let W2 := || 2=P/2(V,, — V}¥)||2,. Adapting the proof of Lemma 3, we exhibit a
similar decreasing behavior of W in expectation, hence showing that E[||V,, — V||3,] — 0 for
well-chosen step sizes pj,. Finally, A is chosen to balance E[||V;, — V¥ ”%2@)] and |V} —V* |\%2(p).

We define V(¢ and V[V as the exponentially-weighted and the tail-averaged n-th iterates respectively:

Zk 1(1_p>\)n ka 1 (z)
= o a1 22
S (1= Ak and ViV = — n/2j+ k Lz:m Vie_1. (22)

Theorem 1. Let n > 9. Under assumption (A2) with —1 < 0 < 1, there exist a positive real
number )\, independent of n such that, for \g > A,

V( e .

ogn

, then:

1
(a) Using A = \on™ 3+2 and a constant step size p =

E[|Vis = V*[2)] = O((togmn=557).



1
(b) Using A = \on~ 2+9 and a constant step size p = Og" , then:

e * 7i9
E[HVA) -V ||%2(p):| = O((logn)n™2+e).

1
(c) Using A = A\on~ 2+% and a constant step size p = Qlog" for the first |n/2] — 1 iterates and
then a decreasing step size p, = le then:

146

E[|V = V*|[12()] = O((log n)n™>57).

A similar exponentially-weighted averaging scheme as in (b) has been used to study constant step
size SGD in [28]. When v = 0, the rates can be compared to existing results for SGD. For example,
for € [0,1], [65] proves almost sure convergence for regularized least-mean-squares without

averaging at rate O(n_%). The dependence in 6 is similar to what we obtain. Moreover, under
assumption (A1), we recover the same O(1/+/n) convergence rate as [10] (see Prop. 4 stated in
App. A.3). Finally, our bounds have a polynomial dependence in the horizon 1/(1 — ) of the MRP.

Remark. Because the Bellman operator is also a contraction mapping in L°°-norm, this analysis in
L?-norm might be adapted to the L°°-norm, using a modified Lyapunov function to study the ODE,
e.g., following [14]. The stochastic case could be handled using the smoothing technique recently
developed by [20].

S Stochastic TD with Markovian sampling

We now consider the truly online TD algorithm, where the samples are produced by a Markov
chain. In particular, there is now a correlation between the current samples (z,,, z},) and the previous
iterate V,,_1. To control it, we assume that the Markov chain mixes at uniform geometric rate:

(A3) Im >0, p € (0,1) st sup dry (P(a, € o = 2),p) < mp, (23)
zeX

where dry denotes the total variation distance. This is always verified for irreducible, aperiodic
finite Markov chains [46]. Note that the uniform mixing assumption might be relaxed by a weaker
drift condition using the technique developed by [34] for linear TD, although its extension to the
infinite-dimensional setting is not straightforward, and out of our scope. We give an example of
continuous-state Markov chain with geometric mixing in Sec. 6. Furthermore, following [10], in our
analysis we need to control the magnitude of the iterates almost surely. To do so, we add a projection
step at each TD iteration:

where II is the projection on the JH ball of radius B > 0. If ||Vy¥||3c < B, the convergence of
the method is preserved. In the following theorem, we consider two regimes with different rates of
convergence. In the first one, we assume like [10] that we are given an oracle B upper-bounding
[IV¥]]9¢, with B independent of A. In the second one, we use the bound of Prop. 1, but this will affect
the convergence rate since in this case B = O(1/)).

Theorem 2. Assuming (A2) and that the samples are produced by a Markov chain with uniform
geometric mixing (A3), the projected TD iterations (24) are such that:

log n

, and using a projection radius B

|Villac < B, then:

(i) Using A = n~ 2+9, a constant step size p =
independent of \ provided by an oracle and such that

(e) _ 1/*||2 (logn)Qn_m
E IV - V' 32| SO<7log(1/u) ). (25)

1

(ii) Using \ =n~ 79, p = lgfs, (»)/ N\ then:

146
logn)*n~ 1+e
() _ y*||2, < (log
£ (11— Vi | < o ety

with V(¢ =30 (1 —2pA\)"FV_ 1/2] (T =2pX\)=i.
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When an oracle is given for B (i.e., setting (i)), we recover the same rate as i.i.d. sampling, up to
a multiplicative factor log(n)/log(1/u) which represents the mixing time of the Markov chain. If
no oracle is provided (i.e., setting (ii)), the convergence will be slower because the bound B is of
order 1/)\. Note that the slight changes in the definitions of p, A, V() and the absence of constraint
on )\, as compared to Thm. 1, are implied by the boundedness of the iterates. Following a similar
study for SGD [50], we might compare these rates to those of a naive algorithm which we call
“r-Skip-TD”, for some 7 > 1, where only one every 7 samples from the Markov chain is used to
make TD updates:

an = HB[‘/n—l + pn((AnT - AI)an—l + bnr)]; (27)
For 7 large enough, of the order of the mixing time of the Markov chain, the new sample (z,,,, z/,)

is almost independent from the past ones (x, xﬁw)k<n. Of course, since we need to generate 7
times more samples to make a step, we must look at the distance of V,, /, to the optimum. Such
convergence rates for 7-Skip-TD are derived in App. A.4, Cor. 2. In setting (i), they are similar to
Theorem 2 up to a log(n) factor. This suggests that making updates at each sample of the Markov
chain is not more efficient than 7-Skip-TD for large 7, at least in our theoretical analysis. In practice,
using all samples seems slightly better, especially for a slowly mixing Markov chain (see App.B.3).
In setting (ii), we obtain a rate for Skip-TD whose leading term does not depend on log(1/x) — which
only appears in higher order terms — suggesting that the rate and parameters of Thm. 2, setting (ii)
might be suboptimal.

Remark. The analysis of TD with linear function approximation by [60] does not require a projec-
tion step. Hence the necessity of the projection step might only be an artifact of our proof technique
inspired by [10]. In the above experiments, we simply omit the projection step.

6 Experiment on artificial data

Building a value function. We build a toy model for which the main parameters can be computed
in closed form. We consider the dynamics on the circle X = [0, 1] defined by: with probability ¢,
Zp41 ~ U([0, 1]), and with probability 1 — &, 2,11 = . Because the Markov kernel is symmetric,
the invariant distribution is p = U([0, 1]). In particular, the mixing parameter can be bounded
explicitly withm = 1 and 4 = 1 — € (see App. B.1). Also, simple computations show that V* is
an affine transform of 7: V*(x) = ar(z) + b, witha = (1 —y(1 —¢))"tand b = —a fol r(u)du.
Hence we can build a V* with a given regularity by choosing an appropriate reward with the same
regularity. We consider two rewards: rps(2) := 2|z — 1/2] and r¢os(z) := (1 4 cos(27z))/2.

Kernels on the torus. We consider the RKHS of splines on the circle [67] of regularity s € N*,
denoted by H3,.. It is a Sobolev space equipped with the following norm:

per*
1 2 1 1 )
2 s 2
s = d : dx. 28
11, = ([ £@ae) + G [ 1O @Pas e8)
Its corresponding reproducing kernel K is a translation-invariant kernel defined by:

-1 (27")28
(29)!
where {z} := 2 — |«] and B; is the j-th Bernoulli polynomial [52]. Let us recall that the Fourier

Ks(x,y) =1+ (_1)S BQS({x - y})7 (29)

series expansion on the torus of a 1-periodic function f € L2(p) is: f(z) = > oy e2iwne f
with f, := fol f(x)e= 2" dxy, for w € Z. The kernel K, has an embedding in the space of

Fourier coefficients ®(z) = (yewerm ) ., with ¢, == |w|7% if w # 0and ¢p := 1. Using

Parseval’s theorem in Eqn. (28), one can compute the norm of f from its Fourier coefficients

1 f13: = > ez |fwl?/co. The operators ¥ and X1 can be represented as countably infinite-
per

dimensional matrices . = diag(c) and ©; = (1 — €)X + £/c(v/¢) . Hence the source condition
states that |f0\2+zw¢0 |w|?(1+9)| f,,|2 < oo. In particular, it holds if f € Hse/r, forany s’ > s(1+86).

In our example, we consider two Sobolev spaces H;er and ngr, and our two example functions have

Fourier coefficients (7abs)w = 1;(2;12)w for w # 0, and (Fcos ) = O for |w| > 1. The largest 6 € [0, 1]
such that the source condition holds are indicated in the first row of Tab. 1.




Results. We run TD on functions 7, and 75, with kernels K and K. We use parameters A and p
and exponential averaging as prescribed in Thm. 1 (b). Each experiment is repeated 10 times and
we record the mean + one standard deviation. The implementation is based on a finite dimensional
representation of the iterates (Vj)r<n in R” (see further details in App. B.2). This implies computing
the kernel matrix in O(n?) operations. To accelerate this computation when the eigenvalues decrease
fast, we approximate it with the incomplete Cholesky decomposition [3]. In Tab. 1, we set € = 0.8,
~ = 0.5 and report the observed convergence rates v.s. the ones expected by Thm. 2, which are fairly
consistent. In Fig. 1, we show the respective effects of varying € and . Larger values of € or v make
the problem more difficult and slow down convergence, presumably in the constants without affecting
the rates, as predicted by Thm. 2. Additional experiments are provided in App. B.3.

Table 1: Predicted and observed convergence rates with different reward functions and kernels.

Sobolev kernel s = 1 Sobolev kernel s = 2
T = Tabs T = Tcos T = Tabs T = Tcos
Maximal 6 1/2 1 —1/4 1
Predicted rate —0.6 —0.67 —0.43 —0.67
Observed rate  —0.72 —0.64 —0.58 —0.64
r=raps, K=K r=rab51K=K2
10° 4 T o 10° e

S N
5 -1 ] 999, 'S -1 ] ESERN
S 10 ®f S o0l L oo
| — e - | -0 0%0e%
O - Lc Ttee ., \
> > 1072 ®oagte . © .

etge e y=0 "\
‘.w\ e y=05_® o “"\n
=] @ y=0.7 T ® 000e
1073 1072 4 y=0.9 "‘“ﬁ\
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Figure 1: Respective effects of varying ¢ (for v = 0.5 fixed) and v (for ¢ = 0.8 fixed).

7 Conclusion

We have provided convergence rates for the regularized non-parametric TD algorithm in the i.i.d. and
Markovian sampling settings. The rates depend on a source condition that quantifies the relative
regularity of the optimal value function to the RKHS. They are compatible with our empirical
observations on a one-dimensional MRP, but we have not proved optimality of such rates. Interesting
directions include the extension to the TD()) algorithm, which we believe can be achieved with
similar tools, as well as more challenging extensions to control counterparts of TD (Q-learning,
SARSA,...) for which the policy is optimized.
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Appendix

A Proofs and intermediate results

A.1 Problem formulation and generic results

Proof of Lemma 2. Let V € L?(p). Then:
IPVIE ) = [ (Baren)V@)opd)

<AEMWMWWWMW)

:/x</xwx')%(x,dx’)) p(de)
:/XV(I'V </xn(x,dx')p(dx)>

— [ vy )
X
= V22
The second line is an application of Jensen’s inequality, with equality if Va, V' (2')|x is constant

almost surely (a.s.). The fourth line is an application of Fubini-Tonelli’s theorem. The fifth line
results from the stationarity of p with respect to , and (-, dz’) being A-measurable. O

A.2 Analysis of a continuous-time version of the population TD algorithm

Proposition 1 is a consequence of the following Lemma 4:

Lemma 4. For \ > 0, the operator X + A\ — vX1 : H — JH is bijective, and the operator norm of
its inverse is bounded as follows:

1054+ AT =451 op < .
Proof of Lemma 4. From Lemma 1, there exists ¥; with || ]|op < 1 such that ¥; = %1/2%,%31/2,
For A > 0, ¥ + AI > 0, hence we have the following decomposition,
S+ M =A% = (S 4 M)V [I — (S AT SV (S 4 M) T2 (S 4 MDY,
(30)

Since the operator norm is an induced norm, we deduce:

[(Z+ AN TV2EV2E V(2 + A1) 72 o

< E+ADTV2EY2op - [Sallop - IZV2(E 4+ AD) ™ op
Furthermore, from 21/2(2 + /\1')*1/2 =< I, we obtain:
(2 + AN ~Y28 28 w22 4 XD 7Y, < v < 1.

We can then apply Theorem 5.11 from [68], showing that the term inside the brackets in Eqn. (30) is
invertible, with inverse equal to:

+oo
D> S+ AN T2 B (S 4 AT (31)
k=0
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Hence, ¥ + A — v3; is invertible, with inverse equal to:

- -1
(2 + AI)~1/2 [I —( + AD)TV2R2E N2 (8 4 AI)*W] (2 + A)~V2,
We will now upper-bound the operator norm of (yX; — ¥ — M) ™!, Let us take f, g € H such that
g= A +X—~%)fand ||g|]|5c = 1, we get
1= [|(M +3 = %) fl3

= N £ 13 + 20, B3¢ — Mf, (1 + 2D Fac + 1(E = vZ0) 1l
> N2|[£112c + 2MF 2 )9 — M (fy (S + 25) Fae.

Moreover, we have:

(£, Z1f)ac = Eg[f (@) f ()]
2

_E,., f(=@) +Eun, f&)
=<f,2f{>9c72 } { : ] (32)

because p is an invariant distribution. Similarly,

(1) = Euf, flac = (fiZ1)ac <, B)ac.

Consequently, since v < 1, we get 1 > A?[|f[|? = A?[|[(A] + & — vE1) " tgl|3;. We conclude by
using the definition of the operator norm, i.e.,

AT+ 2 = 7%1) Hlop = H S”up AT+ % —4%1) Hgllae < 1/A
gllac=1

Proof of Proposition 1. Consider the fixed point equation (13). Since A > 0, it is equivalent to:
1
V= X [(Er++5,V - ZV].

As a consequence, any solution of this equation is in H{. Using Lemma 4, it is unique and such that:

V=>nS - \)"'Zr

O

Proof of Proposition 2. The fixed point equations verified by V' and V* are respectively:
Yr+ (vE =X - AD)VY =0. (33)
Sr+(vE =X - AV = AV (34)

Let V* := RY2V* Vi = SY2Vy, and 7 := XY/2r. Then V*, V¥ and 7 are all in 3. Using
Lemma 1, there exists ¥; : 3 — I with ||X1]|op < 1 such that ¥; = $1/2%;%1/2, Because of
assumption (A2), this equality holds on 3 = L?(p). In particular, ¥1/2%, V* = ¥3, V*,

Left multiplying Eqns. (33) and (34) by X/2, we get:

SF 4+ (758 — X = ANV = 0. (35)
SF 4 (Y] — X = X)V* = - \V* (36)

Subtracting Eqns. (35) and (36), we get:
(S 4+ M =4S (V= V*) = AV~ (37
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Since X + AI = 0, then:
(I =S+ AD)TIES)) (V= V) = XS 4+ M)V~

Let ¥ ) := (X + A)~'E%,. Since (X + M) ~'E < I, we know that ||[y2; x|lop <7 < 1. Hence
(I —~X4,)) is invertible and:

Vi =V = XI =21 0) L+ )

+oo
= =AY AFENA(E A TIS Y
k=0

Taking the 3{-norm on both sides, and using the isometry property (10), valid on 3 = L2(p) since
we are using a universal kernel:

“+oo
ISV = V) llse S A AFIEE A (S 4+ AD) TSPV g (38)
k=0

“+oo
IV = VL2 S A AP IE 4+ AD T EY2V 5 (39)
k=0

(- _7||(2+A1)*121/2v*||g{. (40)

Assuming that V* verifies the source condition with constant 6, the norm on the right-hand side can
be bounded as follows:

(2 + M) TISY2V%|g¢ = ||(Z 4 AT ~Eu(H0/25=0/2y% |4
_ ”(2 + )\I)<071)/2(E + )\I)f(lJrE')/22(1+0)/2270/2Vv*Hg_f
< )\(071)/2”(2 + /\])7(1+9)/22(1+9)/2279/2V*||}C’

because 0 < (X + A)(@=D/2 < \0=D/2[ since (§ — 1)/2 < 0. Also, since (1 +6)/2 > 0, we
have: (X + A1)~ (1+0)/25,(+0)/2 < T hence:

(2 + M) TISY2V% g < AOD/2)|m=0727% |4 41)

Combining Eqns. (40) and (41), we can then conclude that
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VX =V llL2p) < ﬁ”z 2V 3¢.

We recall that a Mercer kernel is a continuous kernel over a compact set [31].

Corollary 1. Assume that K is a universal Mercer kernel, and that V* € L?(p) (which holds as
soon as r € L?(p), see Sec. 2.3), then:

VX = V¥L2p) o 0.

Proof of Corollary 1. We can reproduce the beginning of the proof of Prop. 2, until Eqn. (40):

* * )\ — *
VX =Vl < EH(EH‘M) P2V g¢

Using the isometry property (10) because K is a universal kernel:

* * )\ — *
VY =Vl < ﬁ”(z"')\—’) "W L2 ()
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Because K is a Mercer kernel, there exists a sequence (t,,),>1 in L?(p) which is an orthonormal

eigenbasis of 7 = L?(p) (because K is universal) for the L?(p) inner product, with strictly positive
eigenvalues (A, ),>1, ordered in decreasing order, such that [31]:

Then, since V* =3 o (V™ %n) L2(p)¥n
2

* * A
IV = V¥ |22 < W”(

3+ )\I)71V*|‘2Lz(p)

1 A2
= ) (V" ¥n)L2p)-
=77 2 B AP g

For A > 0, the series on the right-hand side is dominated by
D AV ) = [VIIZ2g) < oo,
n>1

and for eachn > 1:

0,

>‘2 * 2
m<v 7wn>L2

because each \,, is strictly positive. Then by Lebesgue’s dominated convergence theorem [57]:

—
®) Ao+

* *12
VX =V lIT20 o 0.
O

Remark. This proof can be repeated to prove the same convergence rate as Prop. 2 in the case of

Mercer kernels with assumption (A2). Moreover, we can also obtain convergence rates in 6/2 (H)-
norm (instead of the norm L?(p) = ¥~ /2(H)), for 6 € (—1,6).

Proof of Lemma 3. For B = 0,and A > 0, V; — Vy¥ € X92(H) = I is always true as proved in
Prop. 1, hence WO(t) is finite for all t > 0. Similarly, W~ (#) is finite for all t > 0 because V; and
Vi e L2(p).
dWO(t)
dt

dvy
Vi — Vg,
Vi At

2

2(Vi — V5, (A = AI)V; + b

2V, — Vi, (751 — £ — ADV;) + Sr)ac.
Recalling that V" is a solution of Eqn. (13), we obtain:

dw?
dt

)3¢

=2V, =V, (7E1 — 2= AD)(Ve = V)¢

=29(Ve = V3, 51 (Ve = Vi D)ae — 20 (Ve = V5, Vi = ViT)ae — 2(Ve = VI, B(Ve — VYY) ac
= 29(Vs = Vi, SP(Vs — Vy))ae — 2AW°(t) — 2W 1 (2)

= 2y(SV2(V, = V), SY2P(V, — V*))ge — 200 (8) — 2W 1 (8),

where the third line results from Eqn. (11). Using Cauchy-Schwarz inequality for (-, -)4¢, the first
term is bounded by:

2y (SV2(V, — VE), SYV2P(V; — V*))ge < 29||ISY2(V, — Vi) |lac - |ZY2P(Vi — Vi) |lac
=2yyW=L(t) - |P(V; = V)l 2(p)
<2y WE(E) - Ve = Vi 2y
= 2’7W_1(t),

where we have used successively Eqn. (10) (on an element of () and Lemma 2. Note that the same
result could have been obtained directly from applying (32) to (V; — V¥, 1(V, — Vi) .
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Finally, we get:

dWO(t)
dt
where all of the above quantities are finite.

< 29W () — 220 () — 2W L (1),

O

Proof of Proposition 3. Let us split the proof in two parts, each one corresponding to a different
assumption.

e Under assumption (A1), we define the sequence of Polyak-Ruppert averaged iterates:

_ 1 [t
V= 2/ V(s)ds, fort > 0.
0
If ¥ > 0and V* € I, Lemma 3 holds for A = 0 and the proof is similar, i.e.,

dl|V, — VI3 *
T}C <20 — Ve =V ”%2(17)'

Let " > 0, we integrate between 0 and 7" and divide by 7', noting that all quantities are finite
because ||V*||¢ is finite:

WO(r) — () LT e
P o) [ = Vg

1 T 1/2 0 o OT 1/2 0
L [T v g < L2 POWD) 12 W0,

This and Jensen’s inequality imply:

I/ * 1 r *
Vo=Vl < 7 |1V =Vt

and then:

7 L v
|2 < - H
||VT 14 HL2(p) = 2(1 _'7) T

e Under assumption (A2), Lemma 3 gives:

_ * |12

- L= DIV = V5 3y — 20V = V3

< —20|[Ve = VXI5
Using Gronwall’s lemma, we directly get the linear convergence of V; to V' in H norm:

IV = VXI5 < VX [5ce ™.

A.3 Stochastic TD with i.i.d. sampling

First, we need to state a technical lemma which will be used several times:
Lemma 5. For any fixed V € L%(p), and n > 1, the following inequality holds:
EqllAnV [13e < 2M3c(1 +7)[SY2V |3,
Proof of Lemma 5. Let us recall that since (z,,, x},) ~ ¢, the marginals of z,, and z/, are the same,
i.e., T, ~ pand x), ~ p. In addition, for a fixed realization of (z,,x],), the operator A,, must be

interpreted as the extended operator acting on L?(p), in a similar way as in Eqn. (9). In particular, for
V € L%(p), A,V =4V (2},)®(zn) — V(2,)®(2,,) € H. Therefore we get:

Eqll AnVI[5e = Eqll(7V (a7,) = V(@)@ () 13¢
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= E, WV (x}) = V(@)@ (@) ]3]
< 2Mc (Y'E, [V (27,)%] + Ep[V (20)°])
= 2M3c(1+ )|V 122

which concludes the proof. O

We now derive the stochastic equivalent of the Descent Lemma 3.

Lemma 6. Let 0> := 10Msc|lr|32,) + (8(31_*])? +16(1 +72)) Mycl|[V*|22 - The following
inequality holds for n > 1:

EW < (1—2p, A+ 205 A)EW)_; — (200 (1 — ) — 8pp (1 + ) Ma) EW,, !, + 4p20
In particular, for p, < min {%, W =: ,5}, we obtain:

EW, < (1= pu NEW._ = po(1 = VEW, 2 + 4pj0

Proof of Lemma 6. Almost surely, the following decomposition holds:
Wg =(Va _VA*»VH_V;>H
= <Vn71 + pn((An - )\I)anl + bn) - V)Ta Vi1 + pn((An - )‘I)anl + bn) - V;>ﬂ'f
= (Vact = V3 Vot = Vi) + 200 (Vaot — V3, (An = AD Vit + bi)ac
+ o0 [[ (A = A Vi1 + ba[3.

Let z; := (x;,x}), for i > 1. The z; are i.i.d. with probablhty distribution ¢. Taking the expectation
in the latter equahty with respect to the filtration &, := o(z1, ..., 2, ), the resulting quantity may be
decomposed into three parts as follows:

EW. = EW._, +2pE (Va1 = Vi, (An — AD)Vo1 + b))
+ P2E [[[(An = AD)Viy +b,[3] -

e The second term — the inner product — may be treated as follows:
E[(Vier = VX, (An = A)Vio1 4 bn)ac] = E[E (Va1 — Vi (A — A Vo1 + bi) 3| Fr-]]
=E[(Vio1 — VI, (A= AD)Vioq + b))
< —(1-7)EW, 2 — XEW,_,
where the last line is obtained using a similar argument as in the proof of Lemma 3, i.e.,
(V= V3 (A= AV +b)ge < =1 =)V = V|22 = MV = VX3

e The third term — the variance term — can be upper-bounded as follows:
E [[I(An = A)Vao1 + ball3] < 2E [IIXVa-1 = V3] + 2E [[|[4nVio1 + b = AVY 3]

<2NEW)y +4E [|An (Va1 = VI3 ]

+HA4E [[|[(An = AV + bnl[3]
<2NPEWL_, + 4E [E [[|4n (Va1 — Vi) [3c|F 1]

+4E [[[(An — ANV + bull3]
<2NEWY | 4+ 8Mye(1 +~+HEW,

+ 4B [ (An = ADVZ +ball3]

where the last inequality comes from applying Lemma 5 to V,,_y — VY, since V,,_; is F,,_1-
measurable.

Let us now consider the remaining term E [[|(A,, — AI)V¥ + b, [|3;], and prove that it is bounded
by o2. This is the variance of the updates at the optimum. Using Prop. 1, we get:

E [[[(An = ADVY +ball3c] < 20%(IVX[I5c + 2E [l An VX + ball3]
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< 2Mac|lrll72 ) + 2E [| AV +ball3]
where:
2 [ AnV5 + ball3] < 4B [ An(VS = V)] + 4B [ A2V + bo3]
< 8Myc(L+?)[ZV2(VR = V)l +4E [l 4.V + ball3] |
applying Lemma 5 to V¥ — V*. Then, using Prop. 2 with § = —1 (which always holds):
8Msc(1+72) V7|
(1=9)?
_ 8Msc(1+~2)([V||
- (1—7)?
8Msc(1+9)[IV|7
- (1—7)?

2
2R [[| An Vi + bnl|2] < L) | AR [||A,V* + bal 2]

2
L2(p) +8E [HAnV*Hg’C] +8E [Ilbn||3c]

@) | 16Mac(1 + YV 7200

+ 8Mg—f||T‘H2L2(p),
where we have used again Lemma 5 applied to V'*, and the fact that:

E[|[bn 3] = Elr(zn)*1@(2n)l3c] < MocEp[r(z)?] = Mac|lrl1Z2p)-

Hence the variance E [||(A, — M)V + by ||3] is finally bounded by:

8(1++%)

0-2 = ]_OM}CHTH%?(?) + ( (1 - 7)2

F16(149%)) MoV .
Back to the main term, we get:
E [[(An = AD)Vio1 + ball3c] < 2VEW)_) + 8Myc(1+v)EW, | + 40°.
Then, we get the result:
EW, <EW, 1 —2p,(1 — ”Y)EWn_—l1 — 20, NEW,_,
+ 202 NPEWYO_ | + 8p2 Myc(1 +~+HEW, | +4p2_ 02
O

Proposition 4. Under assumption (A1), there exists an ng > 0 such that, for any n > ng, using a
constant step size p = 1/+v/n and \ = 0, leads to:

E[Vn = V*[72) < O1/v/n).

Proof of Proposition 4. From Lemma 6 with A = 0 and a constant step size p < p, we obtain:

Summing the latter inequality over k between 1 and n, and dividing by n, we get a telescoping sum:

n 0_ 0 2 0 2
1 ZEWIC_—l1 < EWy —EW,;  4po < EW; 4po
n np(l—v)  1—=v " np(l—7) 1-9
Then we use Jensen’s inequality:
VI3 4po?
(I—=vpn  1-v

E|[Vn = V320 <

Finally, we choose a constant step size p = 1/y/n and n > ng := 1/p%. For n > ny, this leads to

the desired bound: o
B[V = VT2 < O1/vn).

22



Proof of Theorem 1. The three non-asymptotic upper-bounds will be proved one after another. In
each case, we consider a couple (), p,, ) that might be explicitly defined later, such that the assumptions
of Lemma 6 hold. Then we pick particular choices of A and p,, which balance the terms of the
upper-bound, and check that the assumptions are indeed satisfied.

(a) Let A > 0 and p a constant step size such that p < g and p < 1/(2)). In this case, Lemma 6
reads, foreach k € {1,...,n}:

EWY < (1= pAEWY_, — p(1 = 1EW, | +4p°0?,
in particular:

EWY < (1 —pNEW?_, +4p%c?. (42)

Subtracting the quantity ¢ = £ ®, which is such that £ = (1 — pA)E + 4p%a?, from both sides of the
inequality (42), we get:

4pc? 4po?
EWp - 2 < (1- o) (EW£1 - p;) - (43)
Since pA < 1/2, the left-hand side is a geometrically contracting sequence and, applying (43)
recursively, we get:

4pc? n 4pc?
EW? — 3 < (1—-pA) (IEW(?)\

< (1= pA)"EWY.
Finally, the latter inequality and Prop. 1 imply:

o Mocllrlz )

4po?
0
EW,; < 2

A

+ (1= pA) (44

Let us take (A, p) defined by A = Xon” 57 and p= I&gn", for some Ag. The conditions of Lemma 6
read:

* p <1/(2X)if and only if 10% < 1/2, which is true for all n > 1.
* p < pif and only if (logn)nﬁfl/)\o < p. Since 6 > —1, ﬁ —1 < —1/2, hence
(log n)nsﬁ_1 /p — 0. In particular it is bounded for all n > 1. Hence if we define:
A = max{(log m)n¥ "1 /5 | n > 1},
then for \y > Aéo), p < pis satisfied. Note that A((,O) is independent of n.
For this choice of A and p, we get:
402 logn N (1 B logn)n MZ}CHT”QH@).

)%nlfsie n )\%n* 3o

]EWO <

n —

For n > 1, we recall that log (1 — k’%) < —1"%, hence (1 — 10%) < 1/n and:

402 (logn)n~ 55 MﬂerHQm(p)
2 + 2 n
Ao Ao

_1+6
3+0

EW,) <

From Prop. 2, we finally obtain the following inequalities:

El[Vy = V¥ T2) < 2M3E[|Va = Vi[5 + 2 VX = V¥ [[72(y)

2 2M2||r||?
< SM}QCJ (logn)n’% + 7HH 2”L2(p) n= 50
Ao Ao
S VIBA 1
(1—7)? "
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(b) Let A > 0 and p a constant step size such that p < p and p < 1/(2)). In this case, Lemma 6
reads, for each k € {1,...,n}:

EWY < (1 — pAEWY_, — p(1 — 1)EW; ) +4p°0. (45)

Using (45) recursively, we obtain:

n

EW, < (1= p\)"EWG — (1 =7)p > (1= pA)" *EW, ! +40%p> > (1 —pA)"*

k=1
Re-arranging the terms, we get:
S k-1 (L= pA)" 1 0
1—pA)" FEW, Y < — L EWY — ———EW0 + pA)™
,;( ) LT p(l—y) Y p(l—7y) —
= _ _ 1—pA)” MS}CHTH%Z(,) 40%p _
_ n—k 1 < ( P o n—k

k=1
using Prop. 1 on the last line.

Since Y p_ (1 — pA)"F = 1_(1/);/\”\)”, we get:

Sonor (1= pA)"FEW, Y < _(d=pN" Myc||rl[ 32y | 40%p
Yot —pnh T =1 =pA)m Ml-9)  1-v

Using Jensen’s inequality, we get:

(1= pA)" M?C||7"||2L2(p) 402p
=T —p ) A=) 1-7

E(V — VyllZz (46)

with V(¢ .= % the exponentially weighted average iterate.

log n

Let A = \gn™ e , for some \y > 0, and p = . The conditions of Lemma 6 are:

* p <1/(2\) if and only if 10% < 1/2, which is true for all n > 1.
e p < pif and only if (logn)nﬁlefl/)\o < p. Since § > —1, 2%‘_9 — 1 < 0, hence
(log n)nﬁ_l/ﬁ — 0. In particular it is bounded for all n > 1. Hence defining:
A= = max{(logn)n= ' /p|n > 1},
then for \g > X;’ , p < pis satisfied. Again, X;) is independent of n.

For this choice of parameters, for n > 2, we recall that:

1 " 1 1 1 1
(1—p\)" = (1— ogn) = exp (nlog (1— ()gn)) < exp (n (— ogn>> < - <o,
n n n n- 2

which implies:

”mMﬂer”%?(p) 402(logn)n_%

B[V = VXIlEa) < 21— pA)" Mol —7) Ao(1—7)
2 n"’%"MﬂcHTHQp(p) 402 (logn)n~ =0
~n Ao(1—7) Ao(1—7)
B 2n*§$§Mt}c||7‘||%2(p) 40 (log n)n” %
= Xo(1—7) Ao(L—7)

From Prop. 2, we finally obtain the following inequalities:

E|VE =V lZ2q) < BNV = VXL +20VE = V712,

24



4M9€||r||%2 146 802 146
B[V —V*|2 <7(p)n7m+7lo n)n~ 20
| l20) < =) No(l— ) 18"
2102V 3N 1k
n

(1—7)?

(c)Let n > 1 and A > 0. We will consider a different step size schedule: first constant, then
decreasing. For k € {1,...,|n/2| — 1}, set p;, = 21;\’% =: p. Then for k € {[n/2],...,n}, set
Pk = ﬁ

o We first look at the first /2] — 1 iterates.

Assume that ) is chosen such that p < min{1/(2X), p}. Under this condition, from (44) which holds
here, we obtain:

4po? n/2|— M%||TH%2()
EW(, /a1 < : + (1= pA)ln/2l 1Tp. (47)
e For the other iterates, we consider pr = )\l—k We also assume that A\ is chosen such that

pr < min{l1/(2X), p}, Vk € {|n/2], ...,n}. Under this condition, for k € {|n/2],...,n}, Lemma 6
reads:

EW < (1= pk EWR_; — pr(1 = MEW, Y + dpjo’.

Re-arranging the terms, we get:

P- (48)
-7

The step size is such that:
1/pk —A=Xk— A= )\(k — 1) = 1/[)]@,1,
where the very last equality only holds for k < |n/2] 4+ 1 (because of overlapping notations).

Summing the above inequalities (48) for k € {|n/2], ...,n}, we obtain a telescoping sum:

- 1 - EW? , EW? 402 &
> oEwhs s > (SR AT S,

h=(n/2] T hZlnfzy N PREL PR k=[n/2]
1 0 402 1
< 77A(Ln/2] ~ DEW( o)1+ 7 - > Ve
k=|n/2|
An 402 1+logn
<" EW? — - o
T 2(1-9) Wizt g S

For n > 3, so that 1 4 log(n) < 2logn, from (47) and the latter inequality, we obtain:

" _ An 4po? _ MJ{HTHQH(p) 802 logn
> OEW < [ + (1 —pA)ln/2i=t +
2(1 — A A2 L—v A
k=[n/2] 1=7) Y
An 8(logn)o? (1o 2logn\ /A1 MJ—(HTH%z(p)
~2(1-7) A2n n )2

802 logn
1—v A

Let us look at the central term:
1_210gn Ln/%*l_ 1_2logn n/2 1_210gn ln/2]=1-n/2
n o n n '
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Since 2logn/n € [0,1] forany n > 1, and |n/2] —n/2 — 1 > —2, we have:

[n/2]—1-n/2 -2 9
(1_2logn> S<1_210g;n> < max l(l_Qlogu> ] < 16.
n n u>1 u

This implies:
|ln/2]—1 n/2
(1210gn> §16<1210gn>
n n

21
< 16exp (n/Qlog (1 - ogn))
n

21
< 16exp (—n/2 X ogn) < 16/n.
n

Coming back to the telescoping sum, we get:

n 2
Z EW-L < An 8(logn)o? EMGC”THLZ@) L 802 logn.
b 2] k=1 =21 — %) A2n n A2 1—7v A

Then we divide by n — [n/2] +1 > n/2:

2
Z EWk L < 8(logn)a2 N EM}CHTHLZ(M N 1602 logn7
k [n/2] ( 77) An n A 1*'}/ .

n— Ln/2

where all the terms are of order O( log ),

Let us consider the n-th tail averaged iterate defined by:

1 n
V= ———— > Vi1
" —[n/2] +1
n—|n/2]+1, o

Using Jensen’s inequality, we have a bound on its distance to Vy':

16 Mi}f” ||L2(p) 2402 logn
A1 —7) 1—v An

E[VY = Villiag) <

Now we need to choose A such that p;, < min{1/(2)), p}, forall k. Let A\ = Xon” 747,
o For the first half of the iterates, we take p = 21;\’%, and p < 1/(2)) if and only if logn/n < 4,
which is true for n > 9.

210gn

Now p < p is equivalent to = (logn)nﬂ%_l/ko < p. Since § > —1 —1 < 0and

1

> 240

(logn)nz+e 45~ /5 —0.In partlcular it is bounded for all n > 1. Hence using again:

X! = max{(logn)n= " /5| n > 1},
then for \g > X;) , p < pis satisfied.
e For the second half of the iterates, py, is decreasing with k, hence a sufficient condition is that:
1

Aln/2]

Forn >4, |[n/2] > 2and p|, /2] < 1/(2)) and this condition holds. On the other hand, the second
condition reads:

= Plny2) < min{1/(2)\), p}.

1 1
1 nz+e 4nz+o

N2l 2] S h P
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for n > 2. Since 6 > —1, TJlre — 1 < 0 and we get 4nﬁ_1/ﬁ — 0. In particular, the latter term is
bounded for all n > 1. Hence using:

Ay = max{max{4n2$€*1/ﬁ |n > 1}, A0,
then for Ay > Xe’) , pr < pis satisfied for all k.
For this specific choice of A, we have the final bound:
B[V = V|32 < 2BV = Vi[5 + 20V = VF[I72
32 MHHTH%z(p) 4802 logn 2|22V |2 AT

-5
2F
—n AMl-7) 1—7v An (1 —7)2 "

32M}(||7’||%2(p) 146 4802 1+6

—————n 20 + ————(logn)n~ 2+

Ao(1 =) /\0(1*7)( )
—0/27/%||2 \1+0
S VHBNT iy
(1—7)?

Finally, we define Ay := max{géo) , A(ee) , Aét)} which is used in the theorem as lower bound on .

O

A.4 Stochastic TD with Markovian sampling

We begin by reproducing Lemma 9 from [10]:
Lemma 7 (Control of couplings). Consider two random variables X andY such that:
X =z, >z =Y

forms a Markov chain, for some fixed n > 1 with 7 > 0. Assume the Markov chain mixes at uniform
geometric rate, as defined in (23). Let X' and Y’ denote independent copies drawn from the marginal
distributions of X and'Y, so that

PX' =Y =)=PX=)0PY =).
Then for any bounded function h:

[E[R(X,Y)] = E[R(X", Y)]| < 2[|Aflccmp’.
Note that, here, ® does not refer to the outer product in the RKHS J{ but to the independent product
of probability distributions.

Then we can state a descent lemma, similar to Lemma 6:

Lemma 8. Assume that |V||3c < B and that the Markov chain mixes geometrically (23). Let:
G? :=4M2.B? + \*B% + My R?/2
L:=12MsB + 2/ MxR

C := 2MyB + AB + /My R
C' = 8M}(B2 + 4\/M'}(BR.

Then for n > 1 and T > 1, the following inequality holds:
n—1
EW? < (1 —2p, NEW? | —2p,(1 —1)EW. Y + 2p, <2C’m;f +LC Y pk> +4G?p2.
k=n—1
(49)

Proof of Lemma 8. Because of correlations between samples, the proof of Lemma 6 breaks here:

]E[<Vn—1 - V/\*, (An - AI)Vn—l + bnﬁd 3& EKVH—I - V;v (A - AI)Vn—l + b>?f]~
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A similar thing occurs in the variance term, where we cannot apply Lemma 5. An easy fix is to
assume that what is inside the variance remains bounded a.s. This is allowed by our projection step.
We can now assume that a.s., Vn, ||V, ||5c < B, implying that a.s.:

[AnVa-1llsc < [|AnllopB < 2M3 B,
where || A, |lop < 2My is induced by the following computation, for f € H:

[An fllze < 1@(zn) @ (20,) fllac + 12(20) @ B(2n) flac
< (IKFs (7)) scl + [(F, @(@a))acl) [ @ () 3¢

< 2|| fllae v/ Mac/ Mac = 2Mac|| f|¢-

Also, since the reward function is uniformly bounded by R, we get:
b ll3c = 7 () @(2n) 5 < R* M.
Finally, the projection step does not impact the proof since I : J{ — H is 1-Lipschitz continuous

(in H-norm).

Decomposition of errors. Let us now reproduce the beginning of the proof of Lemma 6. We have
this decomposition a.s.:

W) = [V = VilI5¢
= |Tp Va1 + pn((An = AD) Vi1 + by)] = TpVY|l5
<WVoet + pn((An = A Vs + b)) = Vi|I5
= [Voo1 — V;H:QH 4+ 200 (Vo1 = VX, (A = M Vi—1 + b)) ac
+ piH(An - )‘I)anl + bn||127-6
<WE L+ 20, (Viy = Vi (A = XD Vi1 +by)ac
+ 207 [ (An = AD) Vi1 |12 + 207 |||
<WO L+ 20 (Vioy — Vi (Ap — A Vi1 + by
+ 4p2 (AM3 B* + N\*B?) + 2p2 R* M.

Taking the expectation with respect to F,, = o (21, ..., z,) (Where z; = (2;, z})), we get three terms:

EW? <EWC | +2p,E[(Vi_1 — Vi, (A — A Vi1 + by o]
+ p5 (16M3B* + 4X*B* + 2M3R?) .

:=4G?

We then deal with the central expectation.

E [<Vn—1 - V)Tv (An - )‘I)Vn—l + bn>3f] =E [<VTL—1 - V/\*’ (A - )‘I)Vn—l + b>9{]
FE[(Vaor = Vi, (An = AV + (b — b)) ad] -

The first term has already been treated in Lemma 3:

E (Va1 — Vi (A= ADVit + B)ad] < —(1 = YEW, ", — AEWY_,.

To control the remaining expectation (the bias), we must use a coupling argument. We use the
notation:

C(Vn—la Zn) = <Vn—1 - V,\*a (An - A)Vn—l + (bn - b)>i}{
Note that in general:
E((anlv Zn) = E[E[C(anla Zn)‘gjnfl]] 7& 07

where F, = o (21, ..., 2;) = 0(21, Vi, ..., 2k, Vi ). The dependence between the random variables is
summarized in the following diagram.
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— 09006

TD iterates : @@@— .

Using the mixing assumption, we can control the deviation between the expectations of a bounded
function of two iterates separated by 7 steps, in the coupled v.s. the decoupled case. In other words,
if 7 is large, we can almost consider the iterates as being independent. This is achieved using
Lemma 7.

Bounding the bias. Our goal here is to find an upper-bound of E[¢(V,,_1, z,)]. Let 7 € N, 7 > 1.
This can be done in two steps:

(1) Relate E[¢(V;—1, 2n)] t0 E[C(V,—1—+, 2n)], because ( is Lipschitz in the first variable, as a
quadratic function over a bounded domain. This is true almost surely, hence in expectation.

(2) Relate E[¢(Vy—1—7,2n)] O E[C(V,)_1_ ., 2},)] = 0, where V| and z], are independent
copies of V,,_1_, and z,, that are decoupled.

—1—7

(1) First we prove that ¢ is L-Lipschitz in the first variable on the I ball of radius B: for fixed
V, V'’ € H with norm bounded by B, and z,,:

6V 20) = GV 20)| = [((An = AV + by = b,V = Vo
~{(An = AV + by = b,V = Vi)se|
_ ’((An — AWV +by — bV = Vg

+((An = AV = V'), V' = Vs

where we have used the equality:
(a,by — {c,d) = {a,b—d) + (a — ¢, d).

This implies that
IC(V,zn) = (V' 2| < (A — AV + b = bllae - [V = V]la¢
+ [(An = AV = V)lac - [V = VY lac
< (AM3cB + 2/ MycR)||V — V'[|sc + 8Mac B[V = V' 5¢
= LIV = V'|lac,
for L := 4MycB + 2/MscR + 8 My B.
Then almost surely, since all the V}, are such that || V|5 < B:

C(Vn lazn)<C( n—1— T)Z’n)+|<< n— 1,Zn)*C(Vn_1_T,Zn)|
<<( n—1— Tazn)+L||Vn 1= anlf'erH

n—1

<CVacr-mz) + LY (Vi = Vieallac
k=n—T
n—1
=C(Vac1-m20) + L D prllAkVier = AViox + billoc
k=n—1
n—1
<CVami—rzn) +L > pr (2My B+ AB +\/MyR) .
k=n—1

=:C
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Taking the expectation w.r.t. P(z1, ..., 2, ), we get:

n—1
EC(V;L—la Zn) § EC(Vn—l—‘ra Zn) + LC Z Pk
k=n—r
(2) Then we use a coupling argument with Lemma 7. First, we need to bound ||¢|| -

For fixed V, z,, with ||V ||3¢ < B, almost surely, one may notice that:
[C(Vozn)[ = [{(An = A)V + b = b,V = V)|
<V = V3 lloe (I(An = AV loc + 11bn = bllsc)
< 2B(4My¢B + 2¢/MyR) =: C"

In Lemma 7, set X = (21, ..., 2n—1—-) and Y = z,. Since:
X—>zp r—x,—>Y

forms a Markov chain, then let X’ and Y’ denote independent copies drawn from the marginal
distributions of X and Y, so that P(X' = .Y’ =) = P(X = ) @ P(Y = -). Then applying
Lemma 7 to the function h : (X,Y) — ((V,,—1-+, 2,) (recalling that V,,_; _, is fully determined by
the values of X):
[E[R(X,Y)] = E[R(X",Y")]| < 2[|hllccmpT,
which, here, reads:
IEC(Vi—1-7,2n) = EC(V_1_rs 25)| < 2C"my".

By definition of the random variables X', Y.
EC(VA717T7 Z;z) = E[E[g(vl 1—7> n)|V/ 1— ‘r]] =0.

Putting everything together, we get:
n—1
E¢(Va1,2n) SBC(Vio1—ry20) + LC Y i
k=n—71
n—1
<2C'mu™ + LC Z Pk-

k=n—T1

Using this upper-bound is interesting if mu™ is of .the order.of 22;711—7 pk.- Else (for small n), one
can always choose 7 = n — 1, so that, because V) is deterministic,

n—1
EC(VTL—17 zn) < EC(%, Zn) +LC Z Pk-
N——— b1

=0

Proof of Theorem 2. We use a constant step size p. From Lemma 8:

EW? < (1 —2p )EW?_, —2p(1 — y)EW, Y, + 2p (2C"mu™ + LCTp) + 4G?p>.

1 gp log(1/p)

In particular, we choose 7 such that ™ = p, thatis 7 = g = Tog(1/1)°

, and get:

EW? < (1 - 2p\)EWC_, — 2p(1 — 7)EW, Y —|-2p< C”mp—l—LCplOgél;p;) +4G2p?

< (1 =2p )EW?_| —2p(1 — L+t 40 m + 2LC Elj ; + 4G?
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This expression is similar to (45). Adapting the proof of Thm. 1 (b), we obtain:

(1 QPA) AL =7) 1—vy’

the exponentially weighted average iterate.

BNV = Ve < 7=

(0) — X1 (1=2p0)" *Viy
with V| S -2 F

Finally, we get:

2(1 —2pA)" MHHTH%z(p) 4P‘7,\p 2|~ G/QV*HS}{/\1+9
(=207 Mi-7) < 1-7 T -9y

B[V = V[T < 1

Note that 0/2\7 o depends on A, p, and B. We look at two cases:

(i) we are given an oracle on B that does not depend on .
(ii) we use the bound of order O(1/\) given by Prop. 1:

B = YMaclirll2w
e,

Case (i): with oracle. For a fixed A (later chosen to be the optimal one), assume that we know
a bound B on ||Vy¥||l5c. Then B = O(1), and assuming A = O(1), we only keep track of the
dependence in 1 and put all the other constants in O(1):

log(l/p)>

2

oy, =0 —=—=|+0().
o <log(1/u) M
Let us look for A of the form A = n~¢ with « € (0, 1), then:

—2p\)" lo 1
”W””W§w<OQ9@?¥Wﬁ)+OQQ£ZD+O@+OO+W

Taking p = 15%’ the latter inequality leads to:
1 logn log(1/p)
E|VI =V |32, <O — ) +O — L)+ 0 O (A'17).
Recalling that A = n™%, we get:
logn)?n®~

1
(e) _ Y72 a—1 ( a—1 —a(1+0)
E|V/ — V*[22,) <O (n )+O(log(1/u) )+O((logn)n )+0 (n ).

The first and third terms are smaller than the second one. We can choose « such that: o« — 1 =
—a(l+0),ie,a= then we get the following inequality:

© 5 (logn)?n~ 556
e) _ \r* < e P ).
E [V =Vl <O S

Case (ii): without oracle. Now B = O(1/A). Let us unroll all the constants to see the full
dependencies:

1
246>

log(1/p)

=C'm+ fLC +G?
og(1/p )

= 8mMsq:B? + 4m\/M:HRB

+ (12M}cB + 2%3) <2M}CB FAB+ MR> log(1/p)

2log(1/p)
+4MZ. B + \2B? + My R?/2
> log(1/p) log(1/p)
= B? (SmMg{ +4M3 + N+ 12M3 + 6A Mg ——~
o "log(1/p) log(1/p)
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(1 1
B<4m\/Mg{R+8M93Lf/2 log( /p + A/ Rog )>

+ (MﬂR2/2 + M%R2m> .

We focus on the case A = O(1), so this simplifies a bit to:
log(1/p) log(1/p) log(1/p)
o3 = O0(B? +O( +0(B)+0 73 +O0)+0 | —=—= ).
2 = OO og(iym ) OB O log(iyn ) OO g1/
On the other hand, we recall that B = O(1/X), hence:

o3, =0(1/X*) +0 <m> +0 (/1\) +0 (%) +0(1)+0 <$§8/5§) -

Let us look for A of the form A = n=% with a € (0, 1).

In this case, we get 03 , = O(1/A?) + O (1125(}?5) 1/)\2) and:

1-2p0)" 1 log(1/p)
© vy, <o L2V L r P log(1/p) 140
BV =Villieg) < © (1 — (1 —2pA)" A) O ()\2) O log(1/p) O

logn we obtain:

2An

1 logn logn log(1/p)
© _ V|2, . < 146)
E|V¥ - V*|3 (P)—O<n)\>+0</\3n>+0</\3n o (/1) +0 (A1)

Let us now set p =

Recalling that A = n~“, we obtain:
1 2,301
EHV#’) — V*”%Q(p) <0 (na—l) +0 ((logn)nB(x—l) +0 <(Ognzl/ﬂ)) +0 (n—oz(1+9)> )

The first and second term are smaller than the third one. We can choose « such that: 3o — 1 =

—a(l+0),ie,a= 4+9 , hence we get the convergence rate:

© 5 (log n)an}lig
E ¢ —V*|52 < —_— .

O

Corollary 2. Assuming (A2) and that the samples are produced by a Markov chain with uniform
geometric mixing (A3), the projected T-Skip-TD iterations (27) are such that:

(i) Using A = nfﬁ, a constant step size p = 1;%, = [11258;3 + 1}, and a projection radius B
which is provided by an oracle and such that ||V¥||sc < B, then the following inequality holds:
_ 140
(e) )12 (logn)n™ >+
E IV, - V' I3 <O <log(1/u) . (50)
(ii) Using \ = %’ p= 1;5:, T = Hggg;ﬂ; + 11, and the projection radius B of Prop. 1, then
we obtain:
e * — 149
E[IV{, = V*lag| <O (togn)n= ), (51)

assuming that n is a multiple of 7, with Vi = Y70 (1= 2p\)" " F V31 /370 (1 = 2pN)" 7

Proof of Corollary 2. We consider the iterates (27), for some positive integer 7 to be chosen later.
The beginning of the proof of Lemma 8 can be reproduced:

EWO < EWn 1+ 200 E (Vi1 — VA*a (Anr = M) Vi1 + bnr)oc] + 4P3LG2
< (1 =20, NEW?_ | —2p,(1 — VEW, Y, +4G?p% 4+ 20, E (Vi1 2nr)-

The only difference is that we now consider EC(V},_1, z,,,) instead of EC(V,,_1, z,,). To bound it,
we do not need the step (1) (which exploits the fact that ¢ is Lipschitz), and directly go to step (2).
The dependencies between the random variables are now:

32



Markov process : ‘, .
Skip-TD iterates : Vi1 > V.

Applying again Lemma 7, we get the upper-bound:
|EC(Vi—1, 2nr) — EC(Vé—lv Z;rr)' < ZC/mMT_lv
where V) _,, and z],. are independent copies such that EC(V,)_;, 2/, ) = 0.

n—1“nt
Now, using a constant step size p, we set T := [% + 17, such that "~ < p, which implies:

EW? < (1 —2pNEW?_| —2p(1 — ) EW, Y, +4G?p? + 4p*C'm.
Now we can do the same proof as for Theorem 2 with O’i} p = C’m + G2, now independent of p:

2(1 —2pA)" M}CHTH%Z(p) 4PU§,p 2||279/2V*||§c AL+
= (1 =2p0)" A1 —7) 1—v (1—7)?

B[V = V|12 < I

Case (i): with oracle. Now 0/2\7/3 = O(1). We look for A of the form A = n~%, a € (0,1):

1-200)" 1

BV — V2., <O (=2 1 O O (A1) .
logn .

Let us now set p = S5t

e * 1
E[V = V*(|72(,) <O (m) +0(p) + O (A1)

Of course, to compute the n-th iteration, one needs to generate 7n samples from the Markov chain.
So for a fair comparison, we must look at the convergence of V,, /. (assuming n is a multiple of 7 for
simplicity):

mmﬁ-vwgwgo(%)+mm+o@H%.

Expressing everything with n only, we obtain:

7 is such that:

logn _ _ _

(e) _ yr*|2 a—1 a—1 a(1+9)
B[V, VHmmSOQ%mmn >+om%mn ymmn ).
Choosing « such that: o« — 1 = —a(1 + 0), ie., « = ﬁ, we get:

146
logn)n™ 2+e
E (e) . * 22 < ( .
|:||Vn/‘r Vilz (p)} = O( log(1/ 1)
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Case (ii): without oracle. Using B = O(1/)\), one may notice that:

03, =0(1/X)+0 </1\> +0(1).

Let us look for A of the form A = n~® with a € (0,1). We also set p = 1;5;77:. In this case

O'i,p = O(1/\?) and:

1— 200" 1
(€ _ 2, < ( P = P 146
E[[V( = V7|32, < O (1 T A) ) (AQ) +0 (A1)

s P 140
SO(M) 0 () +0 ().
If n is a multiple of 7:

BV

n/T

~ Vil <0(55) +0(5) +0 ().

=0 axiin) = (i)

Expressing everything with n only, we get:

7 is such that:

E|[V,

n/T

logn _ S _
12 < a—1 3a—1 a(140)
VA 720 <O <log(1/u)n > + O ((logn)n**~') + O (n ) .

Choosing « such that: 3o — 1 = —a(1 4 0) ie., a = ﬁ, we get:

E IV, = V*I3a)] < O ((ognn=35).

B Experimental design

B.1 Geometric mixing of the Markov chain

Lemma 9. Consider the Markov chain defined on the torus [0, 1] by:

* with probability €, x,+1 ~ U([0, 1]);
* with probability 1 — €, xp 11 = Ty,

This Markov chain mixes to the uniform distribution at uniform geometric rate (1 — ¢):

sup drv (Ple € fro = ), U(0.1)) < (1= o)"

Proof. Letz € [0,1], p = U([0, 1]) the uniform distribution, and p,, := P(z,, € ‘|z¢ = ).

We will show that:
dry (pnvp) < (1 - E)n'

For n = 1, we have:

pr =Pz €-|lzg=2)=ep+ (1 —¢€)d,.
Then, for n = 2, we obtain:

P(xg € “lxg =z,21) =ep+ (1 — €)0y,.
Taking the marginal with respect to x1 |z, we get:

p2 =P(xy € -|zg = x)
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py = / (ep+ (1= £)6a, dps (1)

==t (1-0) [ B, (eplon) + (1= )3, (1)) oy
=epte(l—e)p+(1—¢)?,.

A simple recursion on n shows that, for n > 1:

pn=(c+(1—ge+.+1—e)"te)p+(1—e)d,
=(1-01=2)")p+1—-¢)",

which implies:

drv (Pn,p) = Sup pn(A) — p(A)‘
= (1-&)" sup [3.(4) - p(4)
AcA
<(1-eg)m™

B.2 Implementation details

The “kernel trick” enables an implementation of the non-parametric TD algorithm up to iteration n,
which only uses the kernel matrix with entries K, ; := K (z;,x;), for1 <, <n+1.

Each value function Vi, for 1 < k < n belongs to the span of the basis of functions (®(z;))1< <k:

k
Vk = Z ak,jfb(xj).
j=1

Hence Vj, is represented in memory by the vector (o ;)1<j<k-

The TD iterations are equivalent to filling the lower-triangular matrix «:

arn = pir(r)
ar; = (I—ppA)ag-1,; forl1<j<k<n
arr = prr(ak) + ok 25;11 ap—1,; (VEjp+1 — Kj) forl <k <n.

At inference time, for x € X, Vi (x) can be computed from « and the vector (K (z;, z))1< <k:

E ak] x]v

Finally, averaging can be performed by 51mp1e operations on «, which correspond to exchanging the
indices of a triangular sum. Indeed, if:

n
Ve = Z Wh,n V-1,
=1

for instance with wy, , := (1 — pA)" =%/ 37 (1 — pA)"~*, then, using that V; = 0:

Vn(,e):zwmzak 1, 2(25)
= Z Wk nak—1,;P(z;)

1<]<k<n

E (I)z] § W nOk—1,5

k=j+1
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— Z a(e)@

(6)
with o, s == > i1 WhnQk—1,5-

This implementation requires the storage of O(n?) values and O(n?) computations to compute V/,.
In our Python implementation, the limiting factor is the computation time of the kernel matrix. When
n > 1500 and K> is used (empirically, the eigenvalues of the kernel matrix have a fast decrease), we
use an incomplete Cholesky decomposition [3] with maximal rank 100 to approximate the kernel
matrix. It is computed online with a fast Cython implementation, and does not require the compute
the whole kernel matrix. Overall, the CPU time for computing V,, for n = 2000 is approximately
20 seconds on a standard laptop. Running all the experiments of this paper took a few hours. The
Python code to run a minimal experiment is provided in the supplementary material.

B.3 Additional experiments

We test the robustness of TD to inexact estimations of §, hence resulting in too large or too small A.
If 6 is under-estimated, our theorems still guarantee convergence for § > —1, but not if it is over-
estimated. In Fig. 2, we plot the convergence of the averaged iterates for different values of 6, smaller
or larger than the optimal § = —1/4 (standard deviations have been removed for readability). Fig. 2
shows that the convergence is quite robust and gives similar results for 6 = 0 or § = —1/2. A
strongly overestimated § = 1 shows a slow convergence (not covered by our theorems). However, as
expected, with # = —1, the algorithm does not converge.

r'="raps, K=K

°
10° 4
L 107! v B e Y °©
> 7 el 2 o-eeg ()
I e "'UO’W
‘‘‘‘‘‘‘ e
T L SQog.. -
E 10-2 e 6=-1 9""'.0_:_9‘%
= o=-172 S
® 0=0ma=—1/4 =
6=0
10739 o 6=1
v v
102 10°
n

Figure 2: Convergence of the averaged TD iterates as in Thm. 1(b)
with over and underestimated values of 6.

Finally, we compare TD and 7-Skip-TD, with 7 prescribed by Cor. 2. Computing this 7 requires

the access to an oracle on the mixing parameter u (x = 1 — ¢ in our example). We then use

[11228 ;5 % 1]. We compare the results of TD and 7-Skip-TD for two different values of . We

expect similar convergence rates, but with different constants. The results are plotted in Figure 3. For
the fast mixing chain (¢ = 0.8), we get comparable results. For the slowly mixing chain (¢ = 0.2),
plain TD seems faster, although maybe the asymptotic regime has not been reached yet for n = 2000.
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r=raps, K=K;

plain TD, € =0.8
10° skip TD, €=0.8
- ° e plainTD, £=0.2
------ L] i , €=0.
PO et o ©® N skip TD, € =0.2
= {5 K Tl °
%4,
*
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> S T AT
| e
O
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> 1072
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102 103
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Figure 3: TD vs 7-Skip-TD with fast (¢ = 0.8) and slowly (¢ = 0.2) mixing Markov chains
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