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Abstract

We study whether and how can we model a joint distribution p(z, z) using two
conditional models p(x|z) and ¢(z|z) that form a cycle. This is motivated by
the observation that deep generative models, in addition to a likelihood model
p(z|z), often also use an inference model ¢(z|x) for extracting representation,
but they rely on a usually uninformative prior distribution p(z) to define a joint
distribution, which may render problems like posterior collapse and manifold
mismatch. To explore the possibility to model a joint distribution using only p(z|z)
and q(z|x), we study their compatibility and determinacy, corresponding to the
existence and uniqueness of a joint distribution whose conditional distributions
coincide with them. We develop a general theory for operable equivalence criteria
for compatibility, and sufficient conditions for determinacy. Based on the theory,
we propose a novel generative modeling framework CyGen that only uses the
two cyclic conditional models. We develop methods to achieve compatibility and
determinacy, and to use the conditional models to fit and generate data. With the
prior constraint removed, CyGen better fits data and captures more representative
features, supported by both synthetic and real-world experiments.

1 Introduction

Deep generative models have achieved a remarkable success in the past decade for generating realistic
complex data = and extracting useful representations through their latent variable z. Variational
auto-encoders (VAEs) [45] 167, 114} [15} 146} |80] follow the Bayesian framework and specify a prior
distribution p(z) and a likelihood model p(z|z), so that a joint distribution p(z, z) = p(z)p(x|z)
is defined for generative modeling (the joint induces a distribution p(x) on data). An inference
model g(z|z) is also used to approximate the posterior distribution p(z|z) (derived from the joint
p(x, 2)), which serves for extracting representations. Other frameworks like generative adversarial
nets [30, 25, 27]], flow-based models [24, |60, 44! |31]] and diffusion-based models [74. 138, [76, 49]]
follow the same structure, with different choices of the conditional models p(z|z) and ¢(z|x) and
training objectives. While for the prior p(z), there is often not much knowledge for complex data
(like images, text, audio), and these models widely adopt an uninformative prior such as a standard
Gaussian. This however, introduces some side effects:

o Posterior collapse [13] 34, 64]: The standard Gaussian prior tends to squeeze g(z|x) towards
the origin for all =, which degrades the representativeness of the inferred z for x and hurts
downstream tasks in the latent space like classification and clustering.

o Manifold mismatch [22} 28| 41]]: Typically the likelihood model is continuous (keeps topology),
so the standard Gaussian prior would restrict the modeled data distribution to a simply-connected
support, which limits the capacity for fitting data from a non-(simply) connected support.

While there are works trying to mitigate the two problems, they require either a strong domain
knowledge [48],141]], or additional cost to learn a complicated prior model [52} 21} [79]] sometimes
even at the cost of inconvenient inference [59, 187].
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One question then naturally emerges: Can we model a joint distribution p(x, z) only using the
likelihood p(x|z) and inference q(z|x) models? If we can, the limitations from specifying or learning
a prior are then removed from the root. Also, the inference model g(z|z) is then no longer a struggling
approximation to a predefined posterior but participates in defining the joint distribution (avoid “inner
approximation’). Modeling conditionals is also argued to be much easier than modeling marginal
or joint distributions directly [2} 9} [10]. In many cases, one may even have better knowledge on the
conditionals than on the prior, e.g. shift/rotation invariance of image representations (CNNs [51] /
SphereNet [20]), and rules to extract frequency/energy features for audio [65]. It is then more natural
and effective to incorporate this knowledge into the conditionals than using an uninformative prior.

In this paper, we explore such a possibility, and develop both a systematic theory and a novel
generative modeling framework CyGen (Cyclic-conditional Generative model).

(1) Theoretical analysis on the question amounts to two sub-problems: can two given cyclic condi-
tionals correspond to a common joint, and if yes, can they determine the joint uniquely. We term them
compatibility and determinacy of two conditionals, corresponding to the existence and uniqueness
of a common joint. For this, we develop novel compatibility criteria and sufficient conditions for
determinacy. Beyond existing results, ours are operable (vs. existential [[11]]) and self-contained (vs.
need a marginal [9}[10} 50} 32]), and are general enough to cover both continuous and discrete cases.
Our compatibility criteria are also equivalence (vs. unnecessary [1,14-6]) conditions. The seminal
book [6] makes extensive analysis for various parametric families. Besides the equivalence criteria,
we also extend their general analysis beyond the product support case, and also cover the Dirac case.

(2) In addition to its independent contribution, the theory also enables generative modeling using
only the two cyclic conditional models, i.e. the CyGen framework. We develop methods for
achieving compatibility and determinacy to make an eligible generative model, and for fitting and
generating data to serve as a generative model. Efficient implementation techniques are designed.
Note CyGen also determines a prior implicitly; it just does not need an explicit model for the prior
(vs. [52} 21}, 179} 59]). We show the practical utility of CyGen in both synthetic and real-world
tasks. The improved performance in downstream classification and data generation demonstrates the
advantage to mitigate the posterior collapse and manifold mismatch problems.

1.1 Related work

Dependency networks ([35]]; similarly [39]) are perhaps the first to pursue the idea of modeling a
joint by a set of conditionals. They use Gibbs sampling to determine the joint and are equivalent
to undirected graphical models. They do not allow latent variables, so compatibility is not a key
consideration as the data already specifies a joint as the common target of the conditionals. Beyond
that, we introduce latent variables to better handle sensory data like images, for which we analyze the
conditions for compatibility and determinacy and design novel methods to solve this different task.

Denoising auto-encoders (DAEs). AEs [71,[7] aim to extract data features by enforcing reconstruc-
tion through its encoder and decoder, which are deterministic hence insufficient determinacy (see
Sec. @]) DAEs [82, 19, [10]] use a probabilistic encoder and decoder for robust reconstruction against
random data corruption. Their utility as a generative model is first noted through the equivalence
to score matching (implies modeling p(x)) for a Gaussian RBM [81] or an infinitesimal Gaussian
corruption [2]]. In more general cases, the utility to modeling the joint p(x, z) is studied via the Gibbs
chain, i.e. the Markov chain with transition kernel p(z’|z")g(z’|x). Under a global [9] 50 [32] or
local [[10] shared support condition, its stationary distribution 7(x, z) exists uniquely. But this is not
really determinacy: even incompatible conditionals can have this unique existence, in which case
m(z|x) # q(z|z) [35L9]. Moreover, the Gibbs chain does not give an explicit expression of 7(x, z)
(thus intractable likelihood evaluation), and requires many iterations to converge for data generation
and even for training (Walkback [9]], GibbsNet [50]), making the algorithms costly and unstable.

As for compatibility, it is not really covered in DAEs. Existing results only consider the statistical
consistency (unbiasedness under infinite data) of the p(x|z) estimator by fitting («, z) data from
p*(x)q(z|x) [9L 10,501 [32], where p* () denotes the true data distribution. Particularly, they require
a marginal p*(z) in advance, so that the joint is already defined by p* (z)q(z|z) regardless of p(x|z),
while compatibility (as well as determinacy) is a matter only of the two conditionals.

More crucially, the DAE loss is not proper for optimizing ¢(z|z) as it promotes a mode-collapse
behavior. This hinders both compatibility and determinacy (Sec. : one may not use ¢(z|z) for
inference, and data generation may depend on initialization. In contrast, CyGen explicitly enforces
compatibility and guarantees determinacy, and enables likelihood evaluation and better generation.



Dual learning considers conversion between two modalities in both directions, e.g., machine
translation [33} 185, 184] and image style transfer [42} 90, |88} 153]. Although we also consider both
directions, the fundamental distinction is that in generative modeling there is no data of the latent
variable z (not even unpaired). Technically, they did not consider determinacy: they require a
marginal to determine a joint. We find their determinacy is actually insufficient (see Sec.[2.2.2). Their
cycle-consistency loss [42} 90l 88]] is a version of our compatibility criterion in the Dirac case (see
Sec.[2.2.1)), and we extend it to allow probabilistic conversion (see Sec.[3.T).

2 Compatibility and Determinacy Theory

To be a generative model, a system needs to determine a distribution on the data variable x. With latent
variable z, this amounts to determining a joint distribution over (z, z), which calls for compatibility
and determinacy analysis for cyclic conditionals. In this section we build a general theory on the
conditions for compatibility and determinacy. We begin with formalizing the problems.

Setup. Denote the measure spaces of the two random variables « and z as (X, 27, §) and (Z, 2, ¢ )E],
where 27, & are the respective sigma-fields, and the base measures &, ( (e.g., Lebesgue measure
on Euclidean spaces, counting measure on finite/discrete spaces) are sigma-finite. We use X € 2,

Z € Z to denote measurable sets, and use “é”, “C&” as the extensions of “=", “C” up to a set of
&-measure-zero (Def. [A.T)). Following the convention in machine learning, we call a “probability
measure” as a “distribution”. We do not require any further structures such as topology, metric,
or linearity, for the interest of the most general conclusions that unify Euclidean/manifold and
finite/discrete spaces and allow X, Z to have different dimensions or types.

Joint and conditional distributions are defined on the product measure space (XxZ, Z°® %, £®(),
where “<” is the usual Cartesian product, 2" ® % := o(Z x %) is the sigma-field generated by
measurable rectangles from 2" x 2, and {®( is the product measure [[13}, Thm. 18.2]. Define the
sliceof We @Z atzas W, :={x | (z,2) € W} € & [13|, Thm. 18.1(i)], and its projection
onto Z as W% := {z | 3z € Xs.t. (z,2) € W} € Z (Appx.[A.3). In a similar style, denote the
marginal of a joint 7 on Z as 72(Z) := m(Xx Z). To keep the same level of generality, we follow the
general definition of conditionals ([[13} p.457]; see also Appx. : the conditional 7(X’'|z) of a joint
7 is the density function (R-N derivative) of (X x -) w.r.t 7”. We highlight the key characteristic
under this generality that 7(-|2) can be arbitrary on a set of 72-measure-zero, particularly, outside
the support of 7. Appx. andprovide more background details and our technical preparations
that are also of independent interest. The goal of analysis can then be formalized below.

Definition 2.1 (compatibility and determinacy). We say two conditionals p(X|z), v(Z|x) are com-
patible, if there exists a joint distribution 7 on (XX Z, 2" ® %) such that ;(X|z) and v(Z|x) are its
conditional distributions. We say two compatible conditionals have determinacy onaset S € 2 ®Z,
if there is only one joint distribution concentrated on S that makes them compatible.

To put the concept into practical use, the analysis aims at operable conditions for compatibility and
determinacy. We consider two cases separately (still unifying continuous and discrete cases), as they
correspond to different types of generative models, and lead to qualitatively different conclusions.

2.1 Absolutely Continuous Case

We first consider the case where for any z € Z and any x € XE] the conditionals u(-|z) and
v(-|x) are either absolutely continuous (w.r.t £ and ¢, resp.) [13] p.448], or zero in the sense of a
measure. Equivalently, they have density functions p(x|z) and ¢(z|x) (non-negative by definition;
may integrate to zero). This case include “smooth” distributions on Euclidean spaces or manifolds, and
all distributions on finite/discrete spaces. Many generative modeling frameworks use density models
thus count for this case, including VAEs [45} 167,166} 46, 80] and diffusion-based models [[74} 138\ [76].

2.1.1 Compatibility criterion in the absolutely continuous case

One may expect that when absolutely continuous conditionals p(z|z) and ¢(z|z) are compatible,

their joint is also absolutely continuous (w.r.t £ ®¢) with some density p(x, z). This intuition is

verified by our Lem. [C.T]in Appx.[C.I] One could then safely apply density function formulae and
p(zlz) _ p(x,2) /p(x,2) p(z)

get Gl = 20/ e T P factorizes into a function of = and a function of z. Conversely,
if the ratio factorizes as such ggjji = a(z)b(z), one could get p(a:|z)ﬁ(z) = q(z|z) “EZ) where

3The symbol Z overwrites the symbol for the set of integers, which is not involved in this paper.
“There may be problems if absolute continuity holds only for ¢-a.e. z and £-a.e. x; see Appx. Example



A := [, a(x)€(dx), which defines a joint density and compatibility is achieved. This intuition leads
to the classical compatibility criterion [} 4, Thm. 4.1;5, Thm. 1;/6, Thm. 2.2.1].

However, the problem is more complicated than imagined. Berti et al. [11, Example 9] point out that
the classical criterion is unfortunately not necessary. The subtlety is about on which region does this
factorization have to hold. The classical criterion requires it to be the positive region of p(xz|z) which
also needs to coincide with that of ¢(z|x). But as mentioned, conditional x(:|z) can be arbitrary
outside the support of the marginal 77 (similarly for v(-|z)), which may lead to additional positive
regions that violate the requirementE] To address the problem, Berti et al. [[11] give an equivalence
criterion (Thm. 8), but it is existential thus less useful as the definition of compatibility itself is
existential. Moreover, these criteria are restricted to either Euclidean or discrete spaces.

Next we give our equivalence criterion that is operable. In addressing the subtlety with regions, we
first introduce a related concept that helps identify appropriate regions.

Definition 2.2 (£R(-complete component). Foraset W € 2%, x
we say thataset S € 2°®RZ is a £R(-complete component of W,

if St 2 S, where St := SXxZ UXxSZ is the stretch of S.

Fig.[1]illustrates the concept. Roughly, the stretch S* of S repre- Al \I'
sents the region where the conditionals are a.s. determined if Sis ° ] i s
the suppor%] of the joint. If § is a complete component of W, it Hir
is complete under stretching and intersecting with V. Such a set —— zZ
SZ

S is an a.s. subset of W (Lem. , while has a.s. the same slice
as W does for almost all z € S” and z € S* (Lem. [B.16)). This
is critical for the normalizedness of distributions in our criterion.
Appx. [B.3]shows more facts. With this concept, our compatibility
criterion is presented below.

Figure 1: Illustration of a {R(-
complete component S of W.

Theorem 2.3 (compatibility criterion, absolutely X

continuous). Let p(x|z) and q(z|x) be the density mﬂ p(x|z)
functions of two everywhere absolutely continuous
(or zero) conditional distributions, and define: P2 A Pz,

P. = {x|p(z|z) > 0}, P, := {z | p(x|2) > 0}, & <t
Q. :={xz | q(z|z) > 0}, Q, := {2 | q(z]z) > 0}. %pvq'
Then they are compatible, if and only if they have a o
complete support S, defined as a (i) £ R(-complete
component of both
Wy = U P.x{z}, Wy p:i= U {z} x Q,, Figure 2: Tllustration of our compatibility
7 SP.CEQ ’ 2:0,CCP, criterion in the absolutely continuous case
- ZX P L_Z v (Thm. 23). The conditionals are uniform on
such that: (i) S* C~ Wy, 8% C° Wy, (iii) (£®  the respective depicted slices. For condition (i),

¢)(S) > 0, and (iv) p(z|z) factorizes as a(x)b(z), P- C¢ Q. is not satisfied on the left half, e.g.

a(z[z) L
X ;g 21, s0 Wp 4 does not cover the left half; it is
£@C-ae. on S,[] where (v) a(w) is &-integrable on satisfied on the right half, e.g. 22, so W, , is

X .
™. For sufficiency, composed of slices P, on the right half, making
_ mes q(z|z)|a(2)[(€®()(dzdz) the top-right quadrant (shaded). Similarly, W, ,,

Jsxla(z)|€(dx) is the same region, and it is a { ® (-complete

. S component of itself. It also satisfies other con-
VW € Z'®Z, is a compatible joint of them. ditions thus is a complete support S.

Z . Z
z1 € Wphy Z; S W)y

W(W) : ) (1)

Fig.[2|shows an illustration of the conditions. To understand the criterion, conditions (iv) and (v) stem
from the starting inspiration, which also shows a hint for Eq. (I). Other conditions handle the subtlety
to find a region S where (iv) and (v) must hold. This is essentially the support of a compatible joint 7
as there is no need and no way to control conditionals outside the support.

>The flexibility of p(z|z) on a £&-measure-zero set for a given z (similarly for g(z|z)) is not a vital problem,
as one can adjust the conditions to hold only a.e.

SWhile the typical definition of support requires a topological structure which is absent under our generality,
Def. @in Appx. deﬁnes such a concept for absolutely continuous distributions.

"Formally, there exist functions a on S* and b on S” s.t. (€®¢){(x,2) € S | % # a(z)b(z)} = 0.



For necessity, informally, if z is in the support of 7%, then p(z|z) determines the distribution on
X x {z}; particularly, the joint 7 should be a.e. positive on P,, which in turn asks g(z|x) to be
so. This means P, C¢ Q, (unnecessary equal, since g(z|z) is “out of control” outside the joint
support), which leads to the definitions of W, , and W, ,,. The joint support should be contained
within the two sets in order to avoid support conflict (e.g., although the bottom-left quadrant in Fig. [2]
is part of the intersection of positive regions of the conditionals, a joint on it is required by p(z|z)
to also cover the top-left, on which ¢(z|z) does not agree). Condition (i) indicates S C¢®¢ W, ,
and W, ;, so S satisfies this requirement and also makes the ratio in (iv) a.e. well-defined. The
complete-component condition in (i) also makes the conditionals normalized on S: as mentioned,
such an & has a.s. the same slice as W, , does for a given z in support SZ, so the integral of p(x|z) on
S. is the same as that on (W), ). = P, which is 1 by construction; similarly for g(z|x). In contrast,
Appx. Example[C.3|shows S = W, ; N W, ,, is inappropriate. Conditions (ii) and (iii) cannot be
guaranteed by condition (i) (Appx. Example [B.13), while are needed to rule out special cases (Appx.
Lem. Example [B.15). Appx. gives a formal proof. Finally, although the criterion relies on
the existence of such a complete support, candidates are few (if any), so it is operable.

2.1.2 Determinacy in the absolutely continuous case

When compatible, absolutely continuous cyclic conditionals are very likely to have determinacy.

Theorem 2.4 (determinacy, absolutely continuous). Let p(z|z) and q(z|x) be two compatible condi-
tional densities, and S be a complete support that makes them compatible (necessarily exists due to

Thm. . Suppose that S, £ S5X for C-a.e. zonS%, or S, £ sz, for &-a.e. x on S¥. Then their
compatible joint supported on S is unique, which is given by Eq. ().

Proof is given in Appx. The condition in the theorem roughly means that the complete support S
is “rectangular”’. From the perspective of Markov chain, this corresponds to the irreducibility of the
Gibbs chain for the unique existence of a stationary distribution. When the conditionals have multiple
such complete supports, on each of which the compatible joint is unique, while globally on X x Z,
they may have multiple compatible joints. In general, determinacy in the absolutely continuous case
is sufficient, particularly we have the following strong conclusion in a common case (e.g., for VAEs).

Corollary 2.5. We call two conditional densities have a.e.-full supports, if p(z|z) > 0,q(z|z) >0
for E®C-a.e. (x,z). If they are compatible, then their compatible joint is unique, since X X Z is the
£®C-unique complete support (Prop. in Appx.[C.3), which satisfies the condition in Thm.

2.2 Dirac Case

Many other prevailing generative models, including generative adversarial networks (GANs) [30]
and flow-based models [24] [60, 44! 31]], use a deterministic function © = f(z) as the likelihood
model. In such cases, the conditional p(X[z) = d¢(.)(X) = I[f(z) € X],VA € 2  is a Dirac
measure. Note it does not have a density function when & assigns zero to all single-point sets, e.g. the
Lebesgue measure on Euclidean spaces, so we keep the measure notion. This case is not exclusive to
the absolutely continuous case: a Dirac conditional on a discrete space is also absolutely continuous.

2.2.1 Compatibility criterion in the Dirac case X

Compatibility criterion is easier to imagine in this case. As illus- x = f(2)

trated in Fig. |3} it is roughly that the other-way conditional v(-|x)
could find a way to put its mass only on the curve; otherwise
support conflict is rendered.

Theorem 2.6 (compatibility criterion, Dirac). Suppose that Z

contains all the single-point sets: {x} € 2 ,Vx € X. Con-

ditional distribution v(Z|x) is compatible with u(X|z) = Fi 3 Tlustration of

() (X) where function f : Z — Xis %/Ef-measumblﬁ jf rieure o Hiustration of our com-
. . 1 patibility criterion in the Dirac

and only if there exists o € X such that v(f ' ({zo})|zo) = 1. case (Thm. @

See Appx. for proof. Note such 2y must be in the image set f(Z), otherwise v(f ~*({zo})|xo) =
v(0|xo) = 0. For a typical GAN generator, the preimage set f~1({zo}) is discrete, so a compatible
inference model must not be absolutely continuous. What may be counter-intuitive is that (+|z) is not
required to concentrate on the curve for any z; one wg is sufficient as (., r(x)) 1 @ compatible joint.

Z

8For meaningful discussion, we require f to be 2 /% -measurable, which includes any function between
discrete sets and continuous functions when 2" and 2 are the Borel sigma-fields.



Nevertheless, in practice one often desires the compatibility to hold over a set X to make a useful
model. When v(:|x) is also chosen in the Dirac form d(,), this can be achieved by minimizing
Epz)l(z, f(g(x))), where p(z) is a distribution on X and ¢ is a metric on X. This is the cycle-
consistency loss used in dual learning [42] 90} [88],[53]]. When f is invertible, minimizing the loss
(i.e., g = f~!ae. on X)is also necessary, as f 1 (x) only has one element. Particularly, flow-based
models are naturally compatible (so are their injective variants [3| 86} [16] by Thm. [2.6).

2.2.2 Determinacy in the Dirac case

As mentioned, for any xz( satisfying the condition, two compatible conditionals have the determinacy
on this point {x} with the unique joint 64, f(z,))- But when such z is not unique, the distribution
over these x values is not determined, so the two conditionals do not have the determinacy globally on
X% Z. This is similar to the absolutely continuous case with multiple complete supports; particularly,
each {(zg, f(zo))} is a complete support for discrete X and Z. This meets one’s intuition: compatible
Dirac conditionals can only determine a curve in X X Z, but cannot determine a distribution on the
curve. One exception is when f(z) = x is constant, so this z is the only candidate. The joint then
degenerates to a distribution on Z, which is fully determined by v(+|zo).

In general, determinacy in the Dirac case is insufficient, and this type of generative models (GAN:Ss,
flow-based models) have to specify a prior to define a joint.

3 Generative Modeling using Cyclic Conditionals

The theory suggests it is possible that cyclic conditionals achieve compatibility and a sufficient
determinacy, so that they can determine a useful joint without specifying a prior. Note a certain prior
is implicitly determined by the conditionals; we find we just do not need an explicit model for it. This
inspires CyGen, a novel framework that only uses Cyclic conditionals for Generative modeling.

For the eligibility as a generative model, compatibility and a sufficient determinacy are required.
For the latter, we just shown a deterministic likelihood or inference model is not suitable, so we use
absolutely continuous conditionals as the theory suggests. The conditionals can then be modeled by
parameterized densities pp(7|2), qs(2|x). We consider the common case where X = R%, 7 = Rz,
and pg(z|2), ¢4(z|x) have a.e.-full supports and are differentiable. Determinacy is then exactly
guaranteed by Cor. [2.5] For compatibility, we develop an effective loss in Sec. [3.1]to enforce it.

For the usage as a generative model, we develop methods to fit the model-determined data distribution
Do, () to the true data distribution p*(x) in Sec. and to generate data from pg () in Sec.

3.1 Enforcing Compatibility

In this a.e.-full support case, the entire product space X x Z is the only possible complete support
(Prop. [C.4]in Appx.[C.3), so for compatibility, condition (iv) in Thm. 2.3]is the most critical one.
For this, we do not have to find functions a(z), b(z) in Thm. but only need to enforce such a
factorization. So we propose the following loss function to enforce compatibility:

(rggl) c(0,9):= Ep(x’z)HVIVZTm’(b(m, z)Hi,Where ro.4(2, z) 1= log (pg(x|z)/q¢(z|x)). 2)

Here, p is some absolutely continuous reference distribution on X x Z, which can be taken as
p*(x)ge(2|x) in practice as it gives samples to estimate the expectation. When C(6, ¢) = 0, we have
ViVires(z,2) =0, x¢-ae. [13, Thm. 15.2(ii)]. By integration, this means V,7g 4(z,2) = V(2)
hence g, (x, 2) = v(z) + u(z), {®(-a.e., for some functions V' (z), v(2), u(x) s.t. V(z) = Vo(z).
So the ratio pg(z|2)/qes(2|z) = exp{rg ¢(x, 2)} = exp{u(x)} exp{v(z)} factorizes, {®(-a.s.

In the sense of enforcing compatibility, this loss generalizes the cycle-consistency loss to probabilistic
conditionals. Also, the loss is different from the Jacobian-norm regularizers in contractive AE [[68]]
and DAE [68] 2], and explains the “tied weights” trick for AEs [63} 82} [81] 68| 2] (see Appx.[D.I).

Implication on Gaussian VAE which uses additive Gaussian conditional models, py(z|z) =
N (z|fo(2),0214,) and gy (z|z) := N (2|g4(x),0214,). It is the vanilla and the most common form
of VAE [45]]. As its ELBO objective drives g4 (z|x) to meet the joint p(z)pg(x|z), compatibility is
enforced. Under our view, this amounts to minimizing the compatibility loss Eq. (2)), which then
enforces the match of Jacobians: (V. fg (2))" = (03/02)V.g, (x). As the two sides indicate the
equation is constant of both « and z, it must be a constant, so fy(z) and g4 (x) must be affine, and the
joint is also a Gaussian [[12; 6, Thm. 3.3.1]. This conclusion coincides with the theory on additive
noise models in causality [89,62]], and explains the empirical observation that the latent space of such



VAE:s is quite linear [[73]). It is also the root of recent analyses that the latent space coordinates the data
manifold [21]], and the inference model learns an isometric embedding after a proper rescaling [58].

This finding reveals that the expectation to use deep neural networks for learning a flexible nonlinear
representation will be disappointed in Gaussian VAE. So we use a non-additive-Gaussian model, e.g.
a flow-based model [66} 146, 80, 31}, for at least one of py(z|z) and ¢, (z|z) (often the latter).

Efficient implementation.  Direct Jacobian evaluation for Eq. is of complexity O(dxdyz),
which is often prohibitively large. We thus propose a stochastic but unbiased and much cheaper
method based on Hutchinson’s trace estimator [40]: tr(A) = E,,[n" An], where n is any random
vector with zero mean and identity covariance (e.g., a standard Gaussian). As the function within

expectation is HVIVZTTH?V = HVZV;rHi = tr ((V.V,r)"V.V.r), applying the estimator
yields a formulation that reduces gradient evaluation complexity to O(dx + dz):

(rgi(bn) C(0,¢) = Eyw ) Epin) | V2 (0, Vare,e(z, 2))||,, where E[n,] = 0, Var[n,] = Ia,. (3)

As concluded from the above analysis on Gaussian VAE, we use a flow-based model for the inference
model g4 (z|z). But in common instances evaluating the inverse of the flow is intractable [66, 46| [80]
or costly [31]]. This however, disables the use of automatic differentiation tools for estimating the
gradients in the compatibility loss. Appx.[D.2]explains this problem in detail and shows our solution.

3.2 Fitting Data

After achieving compatibility, Cor.[2.5|guarantees the a.e.-fully supported conditional models uniquely
determine a joint, hence a data distribution pg 4 (). To fit pg (z) to the true data distribution p* (),
an explicit expression is required. For this, Eq. (T)) is not helpful as we do not have explicit expressions
of a(z), b(z). But when compatibility is given, we can safely use density function formulae:

Poo(®) =1/ 52y =1/ J 2B ¢(de) = 1/ f, L (d2) = 1/By, o110 [1/po(2]2)],

which is an explicit expression in terms of the two conditionals. Although other expressions are
possible, this one has a simple form, and the Monte-Carlo expectation estimation in Z has a lower
variance than in X since usually dz < dx. We can thus fit data by maximum likelihood estimation:

(rglld)n) By (2)[— 108 po.s(7)] = Ep (2)[l0g Eq, (1) [1/Po (2] 2')]]- 4)

The loss function can be estimated using the reparameterization trick [45] to reduce variance, and the
logsumexp trick is adopted for numerical stability. This expression can also serve for data likelihood
evaluation. The final training process of CyGen is the joint optimization with the compatibility loss.

Comparison with DAE. We note that the DAE loss [82, O] E,- (4)q, (/|«) [~ 10gpg(1‘|2’ )] is a
lower bound of Eq. (@) due to Jensen’s inequality, so it is not suitable for maximizing likelihood.
In fact, the DAE loss minimizes E,, .)KL(qy(z|2)||ps(|2)) for pe(x|2) to match g4(|z), where
¢4(z) and g4 (x|z) are induced from the joint p*(x)gy(2|z), but it is not a proper loss for g4 (z|x)
as a mode-collapse behavior is promoted: the optimal ¢, (z|z) only concentrates on the point(s) of
argmin,, pg(z|z’), and an additional entropy term —E,_ (.)Hl[qy(z[2)] is required to optimize the
same KL loss. This behavior hurts determinacy, as gy (z|x) tends to be a (mixture of) Dirac measure
(Sec.[2.2.2). The resulting Gibbs chain may also converge differently depending on initialization, as
ergodicity is broken. This behavior also hurts compatibility, as g, (z|z) deviates from py(z|z) (not
Dirac), and does not match the Gibbs stationary distribution [35] 9]. In contrast, CyGen follows
a more fundamental logic: enforce compatibility explicitly and follow the maximum likelihood
principle faithfully. It leads to a proper loss for both conditionals that does not hinder determinacy.

2
I+

3.3 Data Generation

Generating samples from the learned data distribution pg () is not as straightforward as typical
models that specify a prior, since ancestral sampling is not available. But it is still tractable via
Markov chain Monte Carlo methods (MCMCs). We propose using dynamics-based MCMCs, which
are often more efficient than Gibbs sampling (used in DAE [9] and GibbsNet [50]). They only require
an unnormalized density function of the target distribution, which is readily available in CyGen when

compatible: py () = ZZ Zgzgpg o(2) = Zzgzl‘;;pe o(z) x % for any z € Z. In practice, this z

can be taken as a sample from g4 (z|x) to lie in a high probability region for a confident estimate.

Stochastic gradient Langevin dynamics (SGLD) [83] is a representative instance, which has been
shown to produce complicated realistic samples in energy-based [26]], score-based [75] and diffusion-
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based [38 [76]] models. It gives the following transition:

(t) | 5 ()
2 = 30 4 £V 0 log 22T + /2 ), where 20 ~ o (2[20), 1) ~ N0, 1), (5)

and ¢ is a step size parameter. Method to draw z ~ py 4(2) can be developed symmetrically (see
Appx. Eq. (23)). Also applicable are other dynamics-based MCMCs [[19} 23] [57]], and particle-based
variational inference methods [56, 17,54} 55} [77] which are more sample-efficient.

4 Experiments

We demonstrate the power of CyGen for data generation and representation learning. Baselines
include DAE, and generative models using Gaussian prior e.g. VAE and BiGAN (Appx. [E.T). For a
fair comparison, all methods use the same architecture, which is an additive Gaussian py(x|z) and a
Sylvester flow (Householder version) [80] for ¢, (z|x) (Appx.[E.2), as required by CyGen (Sec. . It
is necessarily probabilistic for determinacy, so we exclude flow-based generative models and common
BiGAN/GibbsNet architectures, which are deterministic. We also considered GibbsNet [50]] which
also aims at the prior issue, but it does not produce reasonable results using the same architecture, due
to its unstable training process (see Appx.[E.I). Codes: https://github.com/changliu00/cygen.

4.1 Synthetic Experiments

For visual verification of the claims, we first consider a 2D toy dataset (Fig. ] top-left). Appx.[E.3|
shows more details and results, including the investigation on another similar dataset.

Data generation. The learned data distributions (as the histogram of generated data samples) are
shown in Fig. ] (row 1). We see the five clusters are blurred to overlap in VAE’s distribution
and are still connected in BiGAN’s, due to the specified prior. In contrast, our CyGen fits this
distribution much better; particularly it clearly separates the five non-connected clusters. This verifies
the advantage to overcome the manifold mismatch problem. As for DAE, it cannot capture the data
distribution due to collapsed inference model and insufficient determinacy (Sec. [3.2).

Representation. Class-wise aggregated posteriors (as the scatter plot of z samples from
¢4 (z|x)p* (z|y) for each class/cluster y) in Fig. 4] (row 2) show that CyGen mitigates the poste-


https://github.com/changliu00/cygen

rior collapse problem, as the learned inference model g, (z|x) better separates the classes with a
margin in the latent space. This more informative and representative feature would benefit down-
stream tasks like classification or clustering in the latent space. In contrast, the specified Gaussian
prior squeezes the VAE latent clusters to touch, and the BiGAN latent clusters even to mix. The
mode-collapsed inference model of DAE locates all latent clusters in the same place.

Incorporating knowledge into conditionals. CyGen alone (without pretraining) already performs
well. When knowledge is available, we can further incorporate it into the conditional models. Fig. ]
shows pretraining CyGen’s likelihood model as in a VAE (CyGen(PT)) embodies VAE’s knowledge
that the prior is centered and centrosymmetric, as the (all-class) aggregated posterior (== prior) is such.
Note its data generation quality is not sacrificed. Appx. Fig.[T4] verifies this directly via the priors.

Comparison of data generation methods. We then make more analysis on CyGen. Fig.[3](rows 1,2)
shows generated data of CyGen using SGLD and Gibbs sampling. We see SGLD better recovers the
true distribution, and is more robust to slight incompatibility.

Impact of the compatibility loss. Fig.[3](rows 1,3) also shows the comparison with training CyGen
without the compatibility loss. We see the compatibility is then indeed out of control, which
invalidates the likelihood estimation Eq. (@) for fitting data and the gradient estimation in Eq. (3) for
data generation, leading to the failure in row 3. Along the training process of the normal CyGen, we
also find a smaller compatibility loss makes better generation (esp. using Gibbs sampling).

4.2 Real-World Experiments DAE VAE CyGen(PT)

We test the performance of
CyGen on real-world image
datasets MNIST and SVHN. We
consider the VAE-pretrained ver-
sion, CyGen(PT), for more stable
training. Appx.[E-4]shows more
details. On these datasets, even
BiGAN cannot produce reason-
able results using the same archi-
tecture, similar to GibbsNet.
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Data generation. From Fig. [6]
We see that CyGen(PT) gener-
ates both sharp and diverse sam-
ples, as a sign to mitigate mani- 2l 5 6 iz KB N
fold mismatch. DAE samples are 7] ) I8 | {1 L TR T Vo ER U A
mostly imperceptible, due to the  Fjoyre 6: Generated data on the MNIST and SVHN datasets.
mode-collapsed g (z|z) and the

subsequent lack of determinacy (Sec.[3.2). Table 7: Downstream classification accuracy (%) using
VAE samples are a little blurry as a typi- learned representation by various models.

cal behavior due to the simply-connected T: Results from [50] using a different, deterministic ar-
prior. This observation is also quantita- chitecture (not suitable for CyGen).

tively supported by the FID score [36,[72] - -
on SVHN: CyGen achieves 102, while DAE  VAE BiGANGibbsNet' ‘CyGen(PT)

DAE 157 and VAE 128 (lower is better). ~ MNIST 98.0:0.1 94.5403 91.0 97.7 | 98.320.1

Representation. We then show in Table[7] SVHN 74.5+1.0 30.8402 66.7 79.6 75.840.5
that CyGen(PT)’s latent representation is

more informative for the downstream classification task, as an indicator to avoid posterior collapse.
BiGAN and GibbsNet make random guess using the same probabilistic flow architecture, and their
reported results in [50]] using a different, deterministic architecture (not suitable for CyGen due to
insufficient determinacy) are still not always better, due to the prior constraint. We conclude that
CyGen achieves both superior generation and representation learning performance.

5 Conclusions and Discussions

In this work we investigate the possibility of defining a joint distribution using two conditional
distributions, under the motivation for generative modeling without an explicit prior. We develop
a systematic theory with novel and operable equivalence criteria for compatibility and sufficient
conditions for determinacy, and propose a novel generative modeling framework CyGen that only



uses cyclic conditional models. Methods for achieving compatibility and determinacy, fitting data and
data generation are developed. Experiments show the benefits of CyGen over DAE and prevailing
generative models that specify a prior in overcoming manifold mismatch and posterior collapse.

The novel CyGen framework broadens the starting point to build a generative model, and the general
theory could also foster a deeper understanding of other machine learning paradigms, e.g., dual
learning and self-supervised learning, and inspire more efficient algorithms.

References

[1] J. Abrahams and J. B. Thomas. A note on the characterization of bivariate densities by
conditional densities. Communications in Statistics-Theory and Methods, 13(3):395-400, 1984.

[2] G. Alain and Y. Bengio. What regularized auto-encoders learn from the data-generating
distribution. The Journal of Machine Learning Research, 15(1):3563-3593, 2014.

[3] L. Ardizzone, J. Kruse, C. Rother, and U. Kothe. Analyzing inverse problems with invertible
neural networks. In Proceedings of the International Conference on Learning Representations

(ICLR 2019), 2019.

[4] B. C. Arnold and S. J. Press. Compatible conditional distributions. Journal of the American
Statistical Association, 84(405):152-156, 1989.

[5] B. C. Arnold, E. Castillo, J. M. Sarabia, et al. Conditionally specified distributions: an
introduction. Statistical Science, 16(3):249-274, 2001.

[6] B. C. Arnold, E. Castillo, and J.-M. S. Alegria. Conditionally specified distributions, volume 73.
Springer Science & Business Media, 2012.

[7] P. Baldi and K. Hornik. Neural networks and principal component analysis: Learning from
examples without local minima. Neural Networks, 2(1):53-58, 1989.

[8] J. Behrmann, W. Grathwohl, R. T. Chen, D. Duvenaud, and J.-H. Jacobsen. Invertible residual
networks. In International Conference on Machine Learning, pages 573-582. PMLR, 2019.

[9] Y. Bengio, L. Yao, G. Alain, and P. Vincent. Generalized denoising auto-encoders as generative
models. In Advances in Neural Information Processing Systems, 2013.

[10] Y. Bengio, E. Laufer, G. Alain, and J. Yosinski. Deep generative stochastic networks trainable
by backprop. In International Conference on Machine Learning, pages 226234, 2014.

[11] P. Berti, E. Dreassi, and P. Rigo. Compatibility results for conditional distributions. Journal of
Multivariate Analysis, 125:190-203, 2014.

[12] A. Bhattacharyya. On some sets of sufficient conditions leading to the normal bivariate
distribution. Sankhya: The Indian Journal of Statistics, pages 399-406, 1943.

[13] P. Billingsley. Probability and Measure. John Wiley & Sons, New Jersey, 2012. ISBN
978-1-118-12237-2.

[14] J. Bornschein, S. Shabanian, A. Fischer, and Y. Bengio. Bidirectional Helmholtz machines. In
International Conference on Machine Learning, pages 2511-2519. PMLR, 2016.

[15] S. Bowman, L. Vilnis, O. Vinyals, A. Dai, R. Jozefowicz, and S. Bengio. Generating sentences
from a continuous space. In Proceedings of The 20th SIGNLL Conference on Computational
Natural Language Learning, pages 10-21, 2016.

[16] J. Brehmer and K. Cranmer. Flows for simultaneous manifold learning and density estimation.
In Advances in Neural Information Processing Systems, volume 33, 2020.

[17] C. Chen, R. Zhang, W. Wang, B. Li, and L. Chen. A unified particle-optimization framework
for scalable Bayesian sampling. In Proceedings of the Conference on Uncertainty in Artificial
Intelligence (UAI 2018), Monterey, California USA, 2018. Association for Uncertainty in
Artificial Intelligence.

10



[18] R. T. Chen, J. Behrmann, D. Duvenaud, and J.-H. Jacobsen. Residual flows for invertible
generative modeling. In Advances in Neural Information Processing Systems, 2019.

[19] T. Chen, E. Fox, and C. Guestrin. Stochastic gradient Hamiltonian Monte Carlo. In Proceedings
of the 31st International Conference on Machine Learning (ICML 2014), pages 1683-1691,
Beijing, China, 2014. IMLS.

[20] B. Coors, A. P. Condurache, and A. Geiger. SphereNet: Learning spherical representations
for detection and classification in omnidirectional images. In Proceedings of the European
Conference on Computer Vision (ECCV), pages 518-533, 2018.

[21] B. Dai and D. Wipf. Diagnosing and enhancing VAE models. In Proceedings of the International
Conference on Learning Representations (ICLR 2019), 2019.

[22] T. R. Davidson, L. Falorsi, N. De Cao, T. Kipf, and J. M. Tomczak. Hyperspherical variational
auto-encoders. In Proceedings of the Conference on Uncertainty in Artificial Intelligence (UAI
2018), 2018.

[23] N. Ding, Y. Fang, R. Babbush, C. Chen, R. D. Skeel, and H. Neven. Bayesian sampling using
stochastic gradient thermostats. In Advances in Neural Information Processing Systems, pages
3203-3211, Montréal, Canada, 2014. NIPS Foundation.

[24] L. Dinh, D. Krueger, and Y. Bengio. NICE: Non-linear independent components estimation. In
Workshop on the International Conference on Learning Representations, 2015.

[25] J. Donahue, P. Krihenbiihl, and T. Darrell. Adversarial feature learning. In Proceedings of the
International Conference on Learning Representations (ICLR 2017), 2017.

[26] Y. Du and I. Mordatch. Implicit generation and modeling with energy based models. In
Advances in Neural Information Processing Systems, volume 32. Curran Associates, Inc., 2019.

[27] V. Dumoulin, I. Belghazi, B. Poole, O. Mastropietro, A. Lamb, M. Arjovsky, and A. Courville.
Adversarially learned inference. In Proceedings of the International Conference on Learning
Representations (ICLR 2017), 2017.

[28] L. Falorsi, P. de Haan, T. R. Davidson, N. De Cao, M. Weiler, P. Forré, and T. S. Cohen.
Explorations in homeomorphic variational auto-encoding. arXiv preprint arXiv:1807.04689,
2018.

[29] J. Galambos. Advanced probability theory, volume 10. CRC Press, 1995.

[30] I. Goodfellow, J. Pouget-Abadie, M. Mirza, B. Xu, D. Warde-Farley, S. Ozair, A. Courville, and
Y. Bengio. Generative adversarial nets. In Advances in Neural Information Processing Systems,
pages 2672-2680, Montréal, Canada, 2014. NIPS Foundation.

[31] W. Grathwohl, R. T. Chen, J. Bettencourt, I. Sutskever, and D. Duvenaud. FFJORD: Free-
form continuous dynamics for scalable reversible generative models. In Proceedings of the
International Conference on Learning Representations (ICLR 2019), 2019.

[32] A. Grover and S. Ermon. Uncertainty autoencoders: Learning compressed representations
via variational information maximization. In The 22nd International Conference on Artificial
Intelligence and Statistics, pages 2514-2524. PMLR, 2019.

[33] D. He, Y. Xia, T. Qin, L. Wang, N. Yu, T.-Y. Liu, and W.-Y. Ma. Dual learning for machine
translation. In Advances in Neural Information Processing Systems, pages 820-828, 2016.

[34] J. He, D. Spokoyny, G. Neubig, and T. Berg-Kirkpatrick. Lagging inference networks and
posterior collapse in variational autoencoders. In Proceedings of the International Conference
on Learning Representations (ICLR 2019), 2019.

[35] D. Heckerman, D. M. Chickering, C. Meek, R. Rounthwaite, and C. Kadie. Dependency
networks for inference, collaborative filtering, and data visualization. Journal of Machine
Learning Research, 1(Oct):49-75, 2000.

11



[36] M. Heusel, H. Ramsauer, T. Unterthiner, B. Nessler, and S. Hochreiter. GANs trained by a two
time-scale update rule converge to a local Nash equilibrium. In Advances in Neural Information
Processing Systems, volume 30. Curran Associates, Inc., 2017.

[37] 1. Higgins, L. Matthey, A. Pal, C. Burgess, X. Glorot, M. Botvinick, S. Mohamed, and A. Lerch-
ner. Beta-VAE: Learning basic visual concepts with a constrained variational framework. In
Proceedings of the International Conference on Learning Representations (ICLR 2017), 2017.

[38] J. Ho, A. Jain, and P. Abbeel. Denoising diffusion probabilistic models. In Advances in Neural
Information Processing Systems, 2020.

[39] R. Hofmann and V. Tresp. Nonlinear Markov networks for continuous variables. Advances in
Neural Information Processing Systems, pages 521-527, 1998.

[40] M. F. Hutchinson. A stochastic estimator of the trace of the influence matrix for laplacian
smoothing splines. Communications in Statistics-Simulation and Computation, 18(3):1059—
1076, 1989.

[41] D. Kalatzis, D. Eklund, G. Arvanitidis, and S. Hauberg. Variational autoencoders with rie-
mannian brownian motion priors. In International Conference on Machine Learning, pages
5053-5066. PMLR, 2020.

[42] T. Kim, M. Cha, H. Kim, J. K. Lee, and J. Kim. Learning to discover cross-domain relations
with generative adversarial networks. In Proceedings of the 34th International Conference on
Machine Learning-Volume 70, pages 1857-1865. JMLR.org, 2017.

[43] D. P. Kingma and J. Ba. Adam: A method for stochastic optimization. arXiv preprint
arXiv:1412.6980, 2014.

[44] D. P. Kingma and P. Dhariwal. Glow: generative flow with invertible 1x 1 convolutions. In
Advances in Neural Information Processing Systems, pages 10236-10245, 2018.

[45] D. P. Kingma and M. Welling. Auto-encoding variational Bayes. In Proceedings of the
International Conference on Learning Representations (ICLR 2014), Banff, Canada, 2014.
ICLR Committee.

[46] D.P. Kingma, T. Salimans, R. Jozefowicz, X. Chen, I. Sutskever, and M. Welling. Improved
variational inference with inverse autoregressive flow. In Advances in Neural Information
Processing Systems, pages 4743-4751, Barcelona, Spain, 2016. NIPS Foundation.

[47] A.Klenke. Probability theory: a comprehensive course. Springer Science & Business Media,
2013.

[48] M. Kocaoglu, C. Snyder, A. G. Dimakis, and S. Vishwanath. Causal GAN: Learning causal
implicit generative models with adversarial training. In Proceedings of the International
Conference on Learning Representations, 2018.

[49] Z. Kong, W. Ping, J. Huang, K. Zhao, and B. Catanzaro. DiffWave: A versatile diffusion model
for audio synthesis. arXiv preprint arXiv:2009.09761, 2020.

[50] A. M. Lamb, D. Hjelm, Y. Ganin, J. P. Cohen, A. C. Courville, and Y. Bengio. GibbsNet:
Iterative adversarial inference for deep graphical models. In Advances in Neural Information
Processing Systems, pages 5089-5098, 2017.

[51] Y. LeCun, B. Boser, J. S. Denker, D. Henderson, R. E. Howard, W. Hubbard, and L. D. Jackel.
Backpropagation applied to handwritten zip code recognition. Neural computation, 1(4):
541-551, 1989.

[52] C.Li, M. Welling, J. Zhu, and B. Zhang. Graphical generative adversarial networks. In Advances
in Neural Information Processing Systems, 2018.

[53] J. Lin, Z. Chen, Y. Xia, S. Liu, T. Qin, and J. Luo. Exploring explicit domain supervision for
latent space disentanglement in unpaired image-to-image translation. /IEEE transactions on
pattern analysis and machine intelligence, 2019.

12



[54] C. Liu, J. Zhuo, P. Cheng, R. Zhang, J. Zhu, and L. Carin. Understanding and accelerating
particle-based variational inference. In K. Chaudhuri and R. Salakhutdinov, editors, Proceedings
of the 36th International Conference on Machine Learning, volume 97, pages 4082—4092, Long
Beach, California USA, 2019. IMLS, PMLR.

[55] C. Liu, J. Zhuo, and J. Zhu. Understanding MCMC dynamics as flows on the Wasserstein
space. In K. Chaudhuri and R. Salakhutdinov, editors, Proceedings of the 36th International
Conference on Machine Learning, volume 97, pages 4093-4103, Long Beach, California USA,
2019. IMLS, PMLR.

[56] Q. Liu and D. Wang. Stein variational gradient descent: A general purpose Bayesian inference
algorithm. In Advances in Neural Information Processing Systems, pages 2370-2378, Barcelona,
Spain, 2016. NIPS Foundation.

[57] Y.-A. Ma, N. S. Chatterji, X. Cheng, N. Flammarion, P. L. Bartlett, and M. 1. Jordan. Is there an
analog of Nesterov acceleration for gradient-based MCMC? Bernoulli, 27(3):1942-1992, 2021.

[58] A. Nakagawa, K. Kato, and T. Suzuki. Quantitative understanding of VAE as a non-linearly
scaled isometric embedding. In Proceedings of the 38th International Conference on Machine
Learning, 2021.

[59] B. Pang, T. Han, E. Nijkamp, S.-C. Zhu, and Y. N. Wu. Learning latent space energy-based
prior model. In Advances in Neural Information Processing Systems, volume 33, 2020.

[60] G.Papamakarios, T. Pavlakou, and I. Murray. Masked autoregressive flow for density estimation.
In Advances in Neural Information Processing Systems, pages 2335-2344,2017.

[61] A. Paszke, S. Gross, F. Massa, A. Lerer, J. Bradbury, G. Chanan, T. Killeen, Z. Lin,
N. Gimelshein, L. Antiga, et al. PyTorch: An imperative style, high-performance deep learning
library. Advances in Neural Information Processing Systems, 32:8026-8037, 2019.

[62] J. Peters, J. M. Mooij, D. Janzing, and B. Scholkopf. Causal discovery with continuous additive
noise models. Journal of Machine Learning Research, 15(1):2009-2053, 2014.

[63] M. Ranzato, Y.-L. Boureau, and Y. LeCun. Sparse feature learning for deep belief networks.
Advances in Neural Information Processing Systems, 20:1185-1192, 2007.

[64] A.Razavi, A. v. d. Oord, B. Poole, and O. Vinyals. Preventing posterior collapse with delta-
VAEs. In Proceedings of the International Conference on Learning Representations (ICLR
2019), 2019.

[65] Y. Ren, C. Hu, X. Tan, T. Qin, S. Zhao, Z. Zhao, and T.-Y. Liu. Fastspeech 2: Fast and
high-quality end-to-end text to speech. arXiv preprint arXiv:2006.04558, 2020.

[66] D. Rezende and S. Mohamed. Variational inference with normalizing flows. In Proceedings of
the 32nd International Conference on Machine Learning (ICML 2015), pages 1530-1538, Lille,
France, 2015. IMLS.

[67] D.J. Rezende, S. Mohamed, and D. Wierstra. Stochastic backpropagation and approximate
inference in deep generative models. In International Conference on Machine Learning, pages
1278-1286, 2014.

[68] S.Rifai, P. Vincent, X. Muller, X. Glorot, and Y. Bengio. Contractive auto-encoders: Explicit
invariance during feature extraction. In Proceedings of the International Conference on Machine
Learning, 2011.

[69] S.Rifai, Y. Bengio, Y. N. Dauphin, and P. Vincent. A generative process for sampling contractive
auto-encoders. In Proceedings of the International Conference on Machine Learning, pages
1811-1818, 2012.

[70] A. Rinaldo. Advanced probability, February 2018.
[71] D.E.Rumelhart, G. E. Hinton, and R. J. Williams. Learning representations by back-propagating
errors. Nature, 323(6088):533-536, 1986.

13



[72] M. Seitzer. pytorch-fid: FID Score for PyTorch. https://github.com/mseitzer/
pytorch-fid, August 2020. Version 0.2.1.

[73] H. Shao, A. Kumar, and P. Thomas Fletcher. The Riemannian geometry of deep generative
models. In Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition
Workshops, pages 315-323, 2018.

[74] J. Sohl-Dickstein, E. Weiss, N. Maheswaranathan, and S. Ganguli. Deep unsupervised learning
using nonequilibrium thermodynamics. In International Conference on Machine Learning,
pages 2256-2265. PMLR, 2015.

[75] Y. Song and S. Ermon. Generative modeling by estimating gradients of the data distribution. In
Advances in Neural Information Processing Systems, volume 32. Curran Associates, Inc., 2019.

[76] Y. Song, J. Sohl-Dickstein, D. P. Kingma, A. Kumar, S. Ermon, and B. Poole. Score-based gen-
erative modeling through stochastic differential equations. In Proceedings of the International
Conference on Learning Representations (ICLR 2021), 2021.

[77] A. Taghvaei and P. Mehta. Accelerated flow for probability distributions. In Proceedings of the
36th International Conference on Machine Learning, pages 6076—-6085. PMLR, 2019.

[78] T. Teshima, I. Ishikawa, K. Tojo, K. Oono, M. Ikeda, and M. Sugiyama. Coupling-based
invertible neural networks are universal diffeomorphism approximators. arXiv preprint
arXiv:2006.11469, 2020.

[79] A. Vahdat and J. Kautz. NVAE: A deep hierarchical variational autoencoder. In Advances in
Neural Information Processing Systems (NeurIPS), 2020.

[80] R. Van Den Berg, L. Hasenclever, J. M. Tomczak, and M. Welling. Sylvester normalizing
flows for variational inference. In Proceedings of the Conference on Uncertainty in Artificial
Intelligence, pages 393—402. Association For Uncertainty in Artificial Intelligence (AUAI),
2018.

[81] P. Vincent. A connection between score matching and denoising autoencoders. Neural Compu-
tation, 23(7):1661-1674, 2011.

[82] P. Vincent, H. Larochelle, Y. Bengio, and P.-A. Manzagol. Extracting and composing robust
features with denoising autoencoders. In Proceedings of the International Conference on
Machine Learning, pages 1096—-1103, 2008.

[83] M. Welling and Y. W. Teh. Bayesian learning via stochastic gradient Langevin dynamics. In
Proceedings of the 28th International Conference on Machine Learning (ICML 2011), pages
681-688, Bellevue, Washington USA, 2011. IMLS.

[84] Y. Xia, J. Bian, T. Qin, N. Yu, and T.-Y. Liu. Dual inference for machine learning. In
Proceedings of the 26th International Joint Conference on Artificial Intelligence (IJCAI-17),
pages 3112-3118, 2017.

[85] Y. Xia, T. Qin, W. Chen, J. Bian, N. Yu, and T.-Y. Liu. Dual supervised learning. In Proceedings
of the 34th International Conference on Machine Learning-Volume 70, pages 3789-3798.
JMLR.org, 2017.

[86] M. Xiao, S. Zheng, C. Liu, Y. Wang, D. He, G. Ke, J. Bian, Z. Lin, and T.-Y. Liu. Invertible
image rescaling. In European Conference on Computer Vision, pages 126—144. Springer, 2020.

[87] Z. Xiao, K. Kreis, J. Kautz, and A. Vahdat. VAEBM: A symbiosis between variational autoen-
coders and energy-based models. In International Conference on Learning Representations
(ICLR 2021), 2021.

[88] Z. Yi, H. Zhang, P. Tan, and M. Gong. Dual GAN: Unsupervised dual learning for image-to-

image translation. In Proceedings of the IEEE International Conference on Computer Vision,
pages 2849-2857, 2017.

14


https://github.com/mseitzer/pytorch-fid
https://github.com/mseitzer/pytorch-fid

[89] K. Zhang and A. Hyvirinen. On the identifiability of the post-nonlinear causal model. In
Proceedings of the 25th Conference on Uncertainty in Artificial Intelligence (UAI 2009), pages
647-655. AUAI Press, 2009.

[90] J.-Y. Zhu, T. Park, P. Isola, and A. A. Efros. Unpaired image-to-image translation using
cycle-consistent adversarial networks. In Proceedings of the IEEE International Conference on
Computer Vision, pages 2223-2232, 2017.

15



Supplementary Materials
A Background in Measure Theory

A.1 The Integral

The integral of a nonnegative measurable function f on a measure space (2, %, u) is defined as:

— @y
/fdu = Supzi:u(W )_inf f(),
where the supremum is taken over all finite decompositions {W ()} of  into .%-sets [13} p.211]. For
a general measurable function, its integral is defined as the subtraction from the integral of its positive
part fT(w) := max{0, f(w)} with the integral of its negative part f~ (w) := max{0, — f(w)}. A
measurable function is said to be p-integrable [[13| p.212] if both integrals of its positive and negative
parts are finite.

(i) This is a general definition of integral. When 2 is an Euclidean space and p is the Lebesgue
measure on it, this integral reduces to the Lebesgue integral (which in turn coincides with the Riemann
integral when the latter exists). When €2 is a discrete set (i.e., a finite or countable set) and y is the
counting measure, this integral reduces to summation.

(ii) The integral satisfies common properties like linearity and monotonicity [[13, Thm. 16.1], continu-
ity under boundedness [[13, Thm. 16.4, Thm. 16.5], efc. For a nonnegative function f, f fdu=0if
and only if f = 0, p-a.e. [13} Thm. 15.2].

(iii) The integral over a set W € .7 is defined as [),, f du := [Ty f dp [13} p.226], where Iyy is the
indicator function.

(1) We thus sometimes also write fQ fdp for [ f du to highlight the integral area. By this definition,
fwfdu = 0if (W) = 0 [13] p.226].

(2) For two measurable functions f and g, if f = g, p-a.e., then fw fdu = fw gdu for any
W € . [13] Thm. 15.2]. The inverse also holds if f and g are nonnegative and 1 is sigma-finite, or
f and g are integrable [13, Thm. 16.10(,ii){’}

(3) If f is a nonnegative measurable function, then v(W) := fw fdu, YW € %, is a measure on

(Q,.7) 13, p.227ﬂ Such a measure v is finite, if and only if f is u-integrable.

A.2 Absolute Continuity and Radon-Nikodym Derivative

For two measures  and v on the same measurable space (€2, %), v is said to be absolutely continuous
w.r.t u, denoted as v < p, if u(W) = 0 indicates v(W) = 0 for W € & [13| p.448]. If p and v
are sigma-finite and v < u, the Radon-Nikodym theorem (13, Thm 32.2] asserts that there exists a
u-unique nonnegative function f on €2, such that v/( fw p(dw) for any W € Z. Such a
function f is called the Radon-Nikodym (R-N) derlvatlve of v w. rt 1, and is also denoted as d” It
represents the density function of v w.r.t base measure .

(i) Since the general definition of integral includes summation in the discrete case, this density
function also includes the probability mass function in the discrete case.

(ii) The Dirac measure 6,,, (W) := Ly (wo) (I is the indicator function) at a single point wy € 2 is
not absolutely continuous on Euclidean spaces w.r.t the Lebesgue measure, which assigns measure
0 to the set {wo}. To be strict, the Dirac delta function is not a proper density function, since its
integrals covering wy involve the indefinite oo - 0 on the component {wq } of the integral domain. Its
characteristic that such integrals equal to one, is a standalone structure from being a function. So it is
better treated as a measure of functional.

A.3 Product Measure Space
Two measure spaces (X, 2, £) and (Z, %, ¢) induce a product measure space (XXZ, Z % ,£R().

913l Thm. 16.10Gii): f = g, p-a.e., if fw fdu = fw g du for any WV from a pi-system 11 that generates
%, and € is a finite or countable union of II-sets.
17t countable additivity is guaranteed by Billingsley [13| Thm. 16.9].
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(i) The product sigma-field @ % = o(Z x %) is the smallest sigma-field on X x Z containing
2 x Z (29, Thm. 22;[70, Def. 7.1; equivalently, 47, Remark 14.10; 47, Def. 14.4). Note that the
Cartesian product 2" x 2, representing the set of measurable rectangles, is only a semiring (thus
also a pi-system). So we need to extend for a sigma-field. For any W € 2" ® %2, its slice (or section)
at z € 7, defined by:
W, ={z | (z,z) € W},

lies in 27, and similarly W, € 2 [13] Thm. 18.1(i)]. We define the projection (or restriction) of W
onto Z, as W% := {z | 3z € X s.t. (z, 2) € W}. By definition, for any z € Z\ WZ, W, = 0.

(ii) The product measure £ ® ( is characterized by (£R()(X x Z) = £(X)((Z) for measurable
rectangles X x Z € 2 x Z. Some common conclusions require £ and ¢ to be sigma-finite on 2"
and 2, respectively.

(1) In the characterization (ER()(X x Z) = £(X)((Z2), if the indefinite 0 - co is met, it is zero. To
see this, consider two sets X’ and Z that satisfy {(X) = 0 and {(Z) = 0. Since ( is sigma-finite,
there are finite or countable disjoint 2 -sets zW) 2 ... such that C( ) < ooforany: > 1
and |J;2, 2@ = Z. Redefining Z(V) as 2 N Z, we have |J;2, Z(¥) = Z while still ((2)) < cc.
So (E®CQ) (X XZ) = (€x0)(XxUi, ZD) = (£20) (U2, X x 21)). Recalling that a measure is
countably additive by definition, this is = "7 (£®¢)(X x Z20)) =377 £(X)¢(2W) = 0.

(2) In this case, such a £®( is sigma-finite on 2" x &, and the characterization on the pi-system
Z X% determines a unique sigma-finite measure on (2 x %) = 2'®% [13, Thm. 10.3]. See also
Galambos [29, Thm. 22]; Klenke [47, Thm. 14.14]; Rinaldo [[70, Thm. 7.9]. Moreover, we have [13|
Thm. 18.2]:

(EROW /f ¢(dz) /g IWe 2. ©)

Since for any z € Z \ WZ, W, = () (see (i) thus £(W,) = 0, we also have (by leveraging the
additivity of integrals over a countable partition [13L Thm. 16.9] and that an a.e. zero function gives a
zero integral [[13, Thm. 15.2(1)]):

(3191044 / 3042 = . CWV)é(dx), YW e ZZ. (7

(iii) For a function f on X xZ, if it is 2" ® £ -measurable, then f(z,-) is Z’-measurable for any
z € X, and f(-, z) is £ -measurable for any z € Z [13] Thm. 18.1(ii)]. When f is £ ®(-integrable,
Fubini’s theorem [[13, Thm. 18.3] asserts its integral on X X Z can be computed iteratedly in either
order:

/ f(z,2)(E®¢) (dadz) = /(/f“ dx) /(/fxz dz)f(dx) (8)

For any W € 2" ® %, the same equalities hold for functlon Iy f. For the first iterated integral, we
have [, Iyy(x, 2) f(z,2)6(dx) = [ Iy, () f(z, 2 = [y, f(z,2)¢(dz), and on the region
7\ W7, the integral fwz f(z,2)¢(dx) = 0 [13} p. 226] since W, = (Z) on that region (see (i)). So we
have a more general form of Fubini’s theorem:

/fa:z (€@0)(dadz) = /WL (/ Fla,2) (dx))C(dz /WX (/ (@, 2) (dz))f(dx)

9)
(iv) For a measure 7 on the product measurable space (XXZ, 2'®%), define its marginal distributions:
7X(X) == (X xZ),VX € Z,and 7%(2) := n(Xx Z),VZ € Z.
A.4 Conditional Distributions

In the most general case, a distribution (probability measure) 7 on a measurable space (2, #) gives
a condmonal distribution (conditional probability) 7(W|w) for W € .Z w.r.t a sub-sigma-field
¥ CF

(i) For any W € .Z, the function ¥ — R>?, G + (G N W) gives a measure on ¢. It is absolutely
continuous w.r.t 77 : 4 — R>% G — 7(G), the projection of 7 onto ¢, due to the monotonicity
(or (sub-)additivity) of measures. So the R-N derivative on ¢ exists, which defines the conditional
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distribution [13| p.457]:
dr(-NW)
— 7 (W),
dn¥ (-)
where w € (). Note that as defined as an R-N derivative, the conditional distribution is only
7 -unique.

TWw) =

(ii) As a function of w, m(W|w) is ¥-measurable and 7-integrable, and satisfies [[13| p.457,
Thm. 33.1]:

/ TW|w)n? (dw) = 7(GNW),VG € ¥. (10)
G

This could serve as an alternative definition of conditional probability.

(iiii) For 7“-a.e. w, 7(+|w) is a distribution (probability measure) on (©,.%) [13, Thm. 33.2].

(iv) Conditional distributions on a product measurable space (X xZ, 2" ® %). Consider the sub-
sigma-field ¥ := {X} x 2. By construction, any G € ¢ can be formed by G = X x Z for some
ZecZ Son?(G) :=7(G) = n(XxZ) = ( ) and Eq. (TO) becomes T(XxZ)NW) =
Sz Tz, 2)7? (dadz) = [ (W2, 2) = [, m(W|z, z)n*(dz). This indicates that
the conditional probability 7(W)|x, z) in this case is constant W.L.t 2. We hence denote it as T(WV|z).
Consider W € 2% in the form W = XxZforsome X € 2. Forany G = Xx Z € 4, we have
from Eq. (I0) that [, 7(W|z)7 Y (dzdz) = (G N W) = (X x Z). From the above deduction, the
Lhsis [ o 7(W2)n¥(dedz) = [, 7(X x Z|2)7%(dz). Defining 7(X|2) as m(X x Z|z) for any
X € 2, we have:

7T(X><Z):/ZW(X|z)7TZ(dz):/)(W(Z|x)7rx(da:), VXXZE XKL (11

This is the conditional distribution in the usual sense. Note again that as defined as R-N derivatives,
the conditional distributions ﬂ'(X |z) and 7r(Z |x) are only 7Z-unique and 7*-unique, respectively.

Forany W € 2'®%, define 7( = [, n( 72(dz). Ttis easy to verify that 7 is a distribution
(probability measure; thus finite and sigma- ﬁnlte) on (X X7, Z ®%) [13| p.227], since w(X|z) is a
distribution (and thus nonnegative) on (X, Z) for % —a e. z [13} Thm. 33.2]. Forany W = X x Z €
X XL, 7W) = [, n(X|z)n” = [ m(X|2)7"(dz) = (X x Z) due to Eq. (TT). So 7 and
agree on the pi-system 2~ X 33” Wthh indicates that they agree on 0(Z X %) = 2 ® % due to
Billingsley [13} Thm. 10.3, Thm. 3.3]. This means that (see the argument in (ii) (2) in Supplement
for the second line of the equation):

(W) = /ZW(WZ|Z)7TZ(dZ) :/Xw(Wx\x)WX(dm) (12)
= / T(W,|2)n%(dz) :/ T(Wy|z)n®(dz), YW € Z@Z.
we wx

Finally, we formalize some definitions in the main text below.

Deﬁnition A.1. Consider a general measure space (Q Z, ). (i) We say that two measurable sets

S,S € Z are p-a.s. the same, denoted as “S £ S, if M(SAS) = 0, where “A” denotes the
symmetric difference between two sets. (ii) We say that S is a p-a.s. subset of W, denoted as
“S CEW” I pn(S\ W) = 0.

B Lemmas

B.1 Lemmas for General Probability
Lemma B.1. Ler O be a measure-zero set, u(O) = 0, on a measure space (S, %, ). Then for any
measurable set W, we have u(O\ W) = u(W N O) =0, and pW U O) = p(W\ O) = u(W).

Proof. Due to the monotonicity of a measure [[13] Thm. 16.1], we have (O \ W) < u(0O) =0
and pu(W N O) < pu(O) = 0, so we get u(O\ W) = u(WNO) = 0. Since u(WUO) =
(WU (O \W)) and the two sets are disjoint, it equals to p(W) + u(O \ W), which is p(WV) by
the above conclusion. So we get u(W U O) = u(W). When applying this conclusion to W \ O,
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we have u(W\ O)U O) = (W \ O), while the Lh.s is u(W U O) which is u(W) by the same
conclusion. So we get (W \ O) = u(W). O

Lemma B.2. Let m be an absolutely continuous distribution (probability measure) on a measure
space (), %, 1) with a density function f, and let S € F be a measurable set. Then n(S) = 1 if
and only if t(W) = [, [ du, YW € Z.

Proof. “Only if””: Since S C Q, we have 7(Q2\ S) = 7(Q) — 7(S) = 0. For any W € %, we have
TW)=7(WNS)+7WnN(Q\S)), while0 <7(WN (Q\S)) <7m(Q2\S) = 0. So we have
W) =7(WNS) = [hns fdu

U 1 =7(Q) = [ S A= [ fdu = [srg fdu=7(S). O

Lemma B.3. Ler S and S be two measurable sets on a measure space (Q,.F, u) such that S = S.
Then 1(S\'S) = u(S\'S) =0, and u(S) = u(S) = W(SUS) = u(SNS).

Proof. Let Dt := 8§ \Sand D™ =S8\ S. By construction, we have DY NS = and D~ C S, so
we also have DT N D~ =), and S = (S\ D~)UDT = (SUDT)\ D~. By definition, S £ S
indicates 0 = u(SAS) = (Dt UD™) = u(DT) 4+ (D), so we have both (D) = 0 and
1(D~) = 0. Subsequently, u(S) = p((S\ D7) UDH) = w(S\ D) + u(D+) = u(S\ D7) =
w(S)=u(D™NS) = pu(S)—pu(D™) = u(S), and p(SUS) = u(SUDT) = u(S)+pu(D*) = p(S).
Noting also that SU S = (SN S) U (SAS) and that this is a disjoint union, we have (S US) =
wW(SNS) + u(SAS) = u(SNS). O
Lemma B.4. On a measure space (2, F, ), “ £ .7 is an equivalence relation.

Proof. Symmetry and reflexivity are obvious. For transitivity, let A, BB and C be three measurable
sets such that A £ Band B £ C. Since A\ C = ((A\C)NB) U ((A\C)\B) = (AN (B\
) U((A\B)\C) C (B\C)U (A\ B), we have i(A\ C) < pu(B\C) + pu(A\ B) = 0 due to
Lemma [B.3] Similarly, 1¢(C \ A) = 0. So u(AAC) = u(A\C) + u(C\ A) = 0. O
Lemma B.5. Let S and S be two measurable sets on a measure space (Q, F, 1) such that S £ S.
Then for any measurable set VW, we have S U W LSUW,SNWESAW, S\W £ S\ W and
WA\SEW\S.

Proof. Let DT ;=S\ Sand D~ :=S\ S. By Lemma we have u(DT) = 0and (D) = 0.
For any measurable set }V, we have (Suw)\ (Suw) = S\S\W = D\ W, and similarly
(SUW)\(SUW) =D \W. So u((SUW)ASUW)) = p(((SUW)\ (SUW)) U ((SUW)\
(SUW))) = u((D= \ W) U(D* \W)) = (D~ \ W) + u(D+ \ W) < u(D") + u(D+) =0,
thatisSUW £ SUW.

Since (SNW)\ (SNW) = (S\8)NW = D+ NW and similarly (SNW)\ (SNW) =D~ W,
we have 1 ((SNW)ASNW)) = u(((SNW)\(SNW)) U ((SNW)\(SNW))) = u((D™ N
W)U (DT NW)) = (D~ NW) + u(DFNW) < (D7) + (D) = 0,50 SNW £ SN W,

Since (S\W)\(S\W) = S\W\S = S\S\W = DF\W and similarly (S\W)\(S\W) = D-\W,
we have p1((S\W)AS\W)) = p(((S\ W)\ (S\W)) U ((S\ W)\ (S\W))) = u((D™\
W)U (DTAW)) = (D= \W) + p(DF\W) < (D7) + (D) = 0,50 S\ W =S\ W,

Since (W\S)\Q/V\S) =W\W\S)\S = WnNS)\S = (S\S)NW =D~ nW and similarly
(W\S)\ (W\S) = D NW, we have u(W\ S) AW\ S)) = p((W\S)\ W\ 8)) U (W
S\W\))) = u((DNW)U(D~NW)) = u(DF W) +u(D~NW) < p(DH)+u(D7) = 0,
SOW\SEW\S. O
Definition B.6. We say that a set satisfying a certain condition is p-unique, if for any two such sets
Sand S, it holds that S £ S.

Lemma B.7. Let 7 be an absolutely continuous distribution (probability measure) on a measure
space (Q, F, p) with a density function f. If a set S € F satisfies m(S) = 1 and that f > 0, u-a.e.
on S, then such an S is p-unique.

19



Proof. Suppose we have two such sets S and S. By Lemma we know that for any W € Z,

W) = [Lyns fdu = [, Isfdu = [}, Isf du. So by Billingsley [13, Thm. 16.10(ii)], we know

that Is f =I5 f, p-ae.

Since f > 0, py-a.e. on S, we know that [s = Ig, p-a.e. on S. This means that u{w € S | Is #
Is} = ﬂ{w €eS|wé¢S)=uS\ S) = 0. Symmetrically, since f > 0, pi-a.e. also on S, we know

that (S \ S) = 0. So we have ((SAS) = u((S\S)U(S\S)) = u(S\S) + (S \S) = 0, which

means that S £ S. O

The p-unique set S in the lemma serves as another form of the support of a distribution. The standard
definition of the support requires a topological structure and .% is the corresponding Borel sigma-
field. If given absolute continuity m < p, this lemma enables the generality that does not require a
topological structure. The condition 7(S) = 1 prevents S to be too small, while the condition that
f >0, u-a.e. on S prevents S to be too large.

Definition B.8 (support of an absolutely continuous distribution (without topology)). Define the sup-
port of an absolutely continuous distribution (probability measure) 7 on a measure space ({2,.%, i),
as the p-unique set S € .% such that 7(S) = 1 and for any density function f of 7, it holds that
f>0,pu-ae onS.

B.2 Lemmas for Product Probability

In this subsection and the following, let (XX Z, 2" ® %, £®() be the product measure space by the
two individual ones (X, 27, &) and (Z, 2, (), where & and ( are sigma-finite.

Lemma B.9. For a measure 7 on the product measure space (XxZ, Z @ %, £R(), if 1 € £,
then ™ < ¢ and 7 < (.

Proof. Forany X € 2 such that {(X) = 0, we have (§®()(X xZ) = £(X)((Z) = 0, where the
last equality is verified in (ii) (1) in Supplementwhen ¢(Z) = 0. Since T < £®(, this means
that (X xZ) = 7%(X) = 0. So 7% < . Similarly, 7% < (. O

Lemma B.10. For an assertion t(z,z) on W € ' @Z, t(x, z) holds ER(-a.e. on W, if and only if
t(x, z) holds &-a.e. on W, for C-a.e. z on WZ.

Proof. By the definition of “t(x, ) holds £ ®(-a.e. on W”, we have:
ERO{(z,2) e W | ~t(x,2)} =0 (Since ¢ and ¢ are sigma-finite, from Eq. (7),)
= / &z eW, | —t(z,2)}¢(dz) =0
WZ
(Since £(+) is nonnegative, from Billingsley [13| Thm. 15.2],)
— t{z e W, | —t(z,2)} = 0,for C-ae. zon W%,

which is “t(x, z) holds &-a.e. on W, for (-a.e. z on W2”, O
LemmaB.11. Let X, X € 2 such that X = X. Then X xZ *£° X x Z.

Proof. Since (XXZ)A(XXZ) = ((XxZ)\(XxZ))U((XXZ)\(XxZ)) = ((X\X)U (X\X))x
we can verify that (£2¢) (X X Z)A(XXZ)) = (€@¢) (X \ X) U (X \ X)) xZ) = £((X\ X)

(X X))¢(z) = E(XAX)C(Z) = 0, where the last equality is verified in (ii) (1) in Supplement |A
when ((Z) = oc.

S

B.3 Lemmas for ¢ ® (-Complete Component

Echoing Def. asetS € 2 RZ is called a EQ(-complete component of W € 2" Q@ %, if
Stnw & S, where S* := S*xZ UXxSZ. (13)

This means that S is complete under stretching and intersecting with W.

Lemma B.12. Let S be a £@(-complete component of W. Then S CE®¢ W.

Proof. By construction, we have S C S* so S\ W = S\ (SNW) = S\ (S* N W). Hence,
(RO (S\W) = (£®)(S\ (S NW)) = 0 by definition Eq. ([3) and Lemma|B.3| O
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Example B.13. Note that when S is a £ ® (-complete component X

of W, it may not hold that SX & WX and S% C¢ WEZ. Fig. N w
shows an example, where (X, 2", ¢) and (Z, 2, () are the one

dimensional Euclidean spaces with line Borel sigma-field and line - -,
Lebesgue measure, (R, #, ), and W := [0, 1]* and S := [0, 1]?U ' \.
([1,2]x{%}). We have S* = [0,2] so S* = ([O, 2]xR)U(Rx[0, 1]) \ | .,
and S* N W = W. Since SAW = [1,2] x {3} is a line segment

Fi 8: E le [B.13| show-
that has measure zero under the plane Lebesgue measure £ = A2, e xample [B.13]show

coc ing that a £ ® (-complete com-
we have S =" W so S is a {®(-complete component of W. But  ponent of VW may not have its
E(SEA\WE) = A([0,2] \ [0,1]) = A(1,2] = 1 is not zero, so projection be an a.s. subset of
S* C& WX does not hold. that of W.

Lemma B.14. Let S be a £ ® (-complete component of W, and S be a measurable set such that

SE s, SX £ 5% and SZ £ SZ. Then this S is also a ER(-complete component of V.

Proof. By Lemma , we know that SX x7 *2° §¥x 7, X XSZ $2¢ Xx SE. Repeatedly applying
Lemma we have S = & xZUXx & 2 S¥xzUXxS L KN UXxSE = S,
and Su AW *£° 8 N W, which *2° S “2° S. From the transitivity (Lemma , we have

Sawes. O
Example B.15. Note that only the S *£¢ S condition is not X
sufficient. Fig. |§| shows such an example, where (X, 2", £) and @@W

(Z, %, () are the one dimensional Euclidean spaces with line Borel
sigma-field and line Lebesgue measure, (R, %, \), and W :=
0,12U[1,2]2, 8 :=[0,1]%,and S := [0, 1]2U ([1,2]x{2}). We \
have S* = ([0,1]xR) U (Rx [0,1]) so S¥ N W = S, justifying :\ ,
that S is a £ ® (-complete component of WW. On the other hand, - - Z

since SAS = [1,2] x {3} is a line segment that has measure zero Figure 9: Example [B.15| show-
under the plane Lebesgue measure £ ¢ = A2, we have S *£¢s. ing that in Lem. Im;lnly be-

X st ing {®(-a.s. the same as a {@(-
ButS =[0,2]s0S = ([0,2] xR) U (Rx [0, 1]), which leads to complete component & of W is

ot . s ~

S'NW =W. Since SAW = ([1,2]x {5}) U ([1,2] % [17?]) has ot sufficient for S to be also a
a nonzero measure under A? (it equals to 1), we know that S is not  £®(-complete component of W.
a £ ®(-complete component of W.

Lemma B.16. Let S be a £ ® (-complete component of W, and f be an either nonnegative or
£®C(-integrable function on X x Z. Then for any measurable sets Z C S* and X C S%, we have:

[ ] feseancs = [ [ e eancas),
/X/Ww f(@,2)((dz)¢(dx) = /X /5 @208 (o)

Particularly, [g; [, f(z,2)&(d2)((dz) = [gx [y, f(2,2)C =[5 f(z,2)(€x¢) (dzdz).
Proof. Since S is a £ ® (-complete component of W, Eq. (IEI) holds. By Lemma |B.10} we know
that for ¢-a.e. z on Z, £((S* NW)AS) = £((SE N W.)AS.) = 0. Noting that ¢ = X for
any z € S7, this subsequently means that V. AS,) = 0 for (-a.e. z on SZ. By the additivity

of integrals over a countable partition [13| Thm 16 9] and that the integral over a measure-zero
set is zero [13| p.226], we have [,,, f(z,z2 = Js. f £(dx) for C-a.e. z on SZ. Since

a.e.-equal functions have the same integral [13 Thm 15. 2(V)] we have for any measurable Z C SZ,
Iz J, fz,2)€(dx)C(dz) = [7 [s f(x,2)é(dx)((dz). Similarly, for any measurable X' C S*,

S b, F(@,2)C(d2)E(d) = [ [s, f(, z)((dz)g(dx).

For Z = §%, we have [g [, f(z,2)¢(dz)¢ = [ fs. [ dz)((dz), which is
Js flz,2)(E® C)(dxdz) by the generahzed form Eq @) of Fubm1 S theorem. Similarly,
Jsx S, fl@,2)¢( = [s f(z,2)(§@()(dxdz). O
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C Proofs

Recall that (XX Z, 2" ® .2, £®() is the product measure space by the two individual ones (X, 2", £)
and (Z, Z, (), where £ and ( are sigma-finite.

C.1 The Joint-Conditional Absolute Continuity Lemma

Although this lemma is not formally presented in the main text, we highlight it here since it answers
an important question and the answer is not straightforward.

The lemma reveals the relation between the absolute continuity of a joint 7 and that of its conditionals
m(+|z), w(-|). Roughly, the former guarantees the latter on the supports of the marginals, and the
reverse also holds, allowing one to safely use density function formulae for deduction. But given two
conditionals, one does not have the knowledge on the marginals a priori. For a more useful sufficient
condition, one may consider the absolute continuity of the conditionals for (-a.e. z and £-a.e. x.
Unfortunately this is not sufficient, and an example is given after the proof. The lemma shows
it is sufficient if the absolute continuity of one of the conditionals, say 7 (+|z), holds for any z € Z.
The condition in the compatibility criterion Thm. [2.3]is also inspired from this lemma.

Lemma C.1 (joint-conditional absolute continuity). (i) For a joint distribution w on (XXZ, Z %),
it is absolutely continuous 1 < £®( if and only if 7(-|z) < € for n%-a.e. z and 7 (-|v) < C for
n%-a.e. x. (ii) As a sufficient condition, 7 < £R( if 7(+|2) < & for (-a.e. z and 7(-|x) < ( for any
x € X (or for any z € Z and £-a.e. x).

For conclusion (i):

Proof. “Only if”: Consider any X € 2" such that {(X) = 0 From the definition of conditional
distribution Eq. (TT), we have 7%(X) = 7(X xZ) = [, =( 7Z(dz) = 0, so m(X|z) = 0 for
nl-a.e. 2 since 7(X|z) is nonnegative [13, Thm. 15.2(ii)]. ThlS means that 7(+|2) < & for m2-a.e. 2.

The same arguments apply symmetrically to 7(-|x).

Note that since 7(+|2) is defined as the R-N derivative, it is allowed to take any nonnegative value on
a m”-measure-zero set. So we cannot guarantee its behavior for any z € Z.

“If”: Consider any Z € 2 such that ((Z) = 0. Since 7(-|z) < ( for m%-a.e. z, we have m(Z|z) =
0 for 7*-a.e. . So from Eq. (TT) we have 7%(2) = n(Xx 2Z) = [, n(Z|z)7*(dz) = 0 [13|
Thm. 15.2(i)]. This indicates that 7% < (.

Now consider any W € 2" ® 2 such that (5 QW ) = 0 By the definition of product measure
Eq. () [13, Thm. 18.2], we have (£®C)(W) = [,E(W.)¢(dz) = 0, so E(W.) = 0 for C-a.e. 2
since f (W,) is nonnegative [[13| Thm 15. 2(11)] Due to that 7% < (, this means that £(W,) = 0
for 72-a.e. z. Since 7(+|2) << §f0r nl-a.e. 2, this in turn means that 7(W,|2) = 0 for nZ-a.e. z.
Subsequently, we have [, 7(W.|z)n”%(dz) = 0 [13, Thm. 15.2(})], which is (W) = 0 by Eq. (T2).
So we get T < £RC. O

For conclusion (ii)

Proof. Consider any Z € % such that {(£) = 0. Since 7 (:|z) < }»H(' 1)
¢ forany z € X, we know that 7(Z|z) = 0 forany x € X So from ﬂﬂ]

Eq. (TT) we have 7%(Z) = n(Xx Z) = [, n(Z|z)n*(dz) = 0.

This indicates that 77 < (. T

Now consider any W € 2" ® % such that (£®()(W) = 0. By : []

the deﬁnition of product measure Eq. (@) [13, Thm. 18.2], we have . I I

(E2C)W) = [, EW.)¢(dz) = 0,50 E(W.) = Ofor -a.e. z since > 7

EW,) is nonnegatlve [13 Thm. 15.2(ii)]. Due to that 7(-|2) < ¢ Figure 10: Tllustration of the
for C-a.e. z, this means that 7(W,|z) = 0 for (-a.e. z. Since conditionals in Eq. in Ex-
7l < (, this in turn means that (W |z) = 0 for 72-ae. z. ample [C.2} Both conditionals
Subsequently, we have fz W, |z2) dz) = 0 [13} Thm. 15.2(1)], are absolutely continuous for ¢-
which is (W) = 0 by Eq. (T12). So we get T < £@C. The same ¢ #°F §-a.e. x, but they allow

: a compatible joint that is not ab-
arguments apply symmetrically when 7(+|z) < & forany z € Z !
and 7(-|z) < ¢ for £-ae. . 0 solutely continuous w.r.t {®(¢.
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Example C.2. To see why it is not sufficient if the two conditionals are absolutely continuous only
for (-a.e. z and £-a.e. x, we show an example below.

Consider the one-dimensional Euclidean space X = Z = R with line Borel sigma-field 2" = & =%
and line Lebesgue measure £ = ( = A. Let

Ozv2, z € Q[o,1], Unif[0,1], =« €[0,1],
p(:|2) == { Unif[0,1], 2z € Q[0,1], v(-]z) := 622, z € Q[2,3], (14)
0, otherwise, 0, otherwise,

where Q[0, 1] := [0,1] N Q and Q := [0, 1]\Q are the rational and irrational numbers on [0, 1]. The
conditionals are illustrated in Fig. Since A\(Q) = 0, the two conditionals are absolutely continuous
for C-a.e. z and &-a.e. z. Consider the joint distribution on X x Z = R?:

me= U0 x 0,1 4 5 Y o()era,
z€Ql0,1]

where o is a distribution on the rationals Q[0, 1] in [0, 1] with the sigma-field of all the subsets
of Q[0,1]. Such a distribution exists, for example, o(z) = 1/2"(*) where n : Q[0,1] — N*
bijective is a numbering function of the countable set Q[0, 1]. In this way, each rational number
z € Q[0,1] has a positive probability, meanwhile we have o(Q[0,1]) = >, 1/2" = 1. Since
T({(z+2,2) | z € Q0,1]}) =  but \*({(2+2,2) | z € Q[0,1]}) = 0 under the square Lebesgue
measure \Z, 7 is not absolutely continuous.

To verify compatibility, note that ;. and v here satisfy the corresponding measurability and integrability.
To verify Eq. (IT) reduced from Eq. (T0) for defining a conditional, we first derive the marginals:

1 1 1 1
X _ : 7 .
= iUmf[O, 1]+ 3 g 0(2)0,42, ™ = §Umf[07 1] + 3 g 0(2)0.
2€Q[0,1] 2€Q[0,1]
Forany X € 2" and Z € %, we have:

(X xZ) = %Unif[o, 1](X)Unif[0, 1](Z) + % Z o()[(z+2,2) € X x Z]
2€Q[0,1]
= %)\(X[O, 1DA(Z[0,1]) + % e%[(): , o(2)[z € (X —2)N Z],

where X[0, 1] := [0,1] N X and Z[0, 1] := [0, 1] N Z. To verify the conditional distribution 1(X|z),
we have:

/ w(X|2)nl(dz) = / Sora(X)mh(d2) + / ~ Unif[0, 1](X)n”(dz)
Z ZNQ[0,1] ZNnQJ0,1]

= / [z + 2 € X]r%(d2) +/ (X0, 1])7%(d2)
ZNQ[0,1] ZnQ[0,1]
= 77((X —2)N 2N Q[0,1]) + A(X[0, 1)) (Z N Q[0, 1))

(Since a countable set has measure zero under Unif[0, 1], i.e. A(- N[0, 1]),)
= % Z 0(2)I[z € (X —2)N ZNQ[0,1]]
z€Q|0,1]
+ %)\(X[O, 1]) <Unif[0, 1(Z0,1)+ Y e(2)I[z € Z2nQo, 1]])
z€Q[0,1]
LS seipe@-2nz)+ %)\(X[O, AE[0,1]) = 7(X x Z).
z€Q|0,1]

For the conditional distribution v(Z|x), we similarly have:

x = ni ™ (dz . ™ (dx
T = [ oo @ @+ [ 6@ )

xXNQ[2,3]
= [0, )7 (X[0,1]) + 7 (¥ N Q[2,3] N (2 +2))
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= %)\(Z[O, 1A(X[0,1]) + % > o)z +2€XNQ[2,3]N (2 +2)]

z€Q[0,1]

%)\(Z[O, 1PA(X[0,1]) + % Z o)z e (X =2)NZ]=m(XxZ).
z€Ql0,1]

So the two conditionals p(:|z) and v(-|x) are compatible and 7 is their joint distribution. This

example illustrates that the absolute continuity of 7(-|z) w.r.t £ for (-a.e. z and that of 7 (:|z) w.rt ¢

for £-a.e. x, does not indicate the absolute continuity of ™ w.r.t £R(.

This example does not contradict result (i) of the Lemma. For any z; € Q[0, 1], we have that
11(+|20) = 62442 is not absolutely continuous w.r.t € = X. But 7%({zp}) = 30(20) > 0. So it is not
that 41(+|2) < € for m%-a.e. z, which aligns with that 7 is not absolutely continuous w.r.t ¢ = 2.
This example also shows that the absolute continuity of the compatible joint may depend on the joint
itself, apart from the two conditionals. Consider another joint on (R?, %2, \?):

7= Unif ([0, 1] x [0, 1]).
It is easy to see that 7 (X) = Uni [ 1J(x) = A(X][0,1])

XeZand Z € Z, Wehavew()( Z) )\(X[O,l]) (Z]0
conditional, we have:

[ = [ @) + Unif[0, 1)(X)7%(d2)
Z ZNQ[0,1] ZnQ[0,1]

/ Iz + 2 € X]7%(d2) +/ A, 1)A%(d2)
Qp,1] 2nQ[0.1]
A((X

—2)N Z2NnQ[0,1]) + AMX[0,1)A(Z N Q[0,1])
(Since A((X —2)N 2N Q[0,1]) < A(Q) = 0and A(ZNQ[0,1]) = AM(ZNQ[0, 1]) + A(Q[0,1]) =
A(Z[0,1]).)

and 7#(Z) = A(Z][0,1]). For any
0,1]). To verify Eq. (T1) for defining a

= MX[0,1])A(Z[0,1]) = 7(X x Z).
For the conditional distribution v(Z|z), we similarly have:

7= = ni = (dx _ 7 (dx
/Xu(zmw (dz) = /XW]U £0,1)(2)7%(d )+/XOQ[273} 5y 2(2)7(dz)

= A(Z[0,1)7*(x[0,1]) + 7 (X N Q[2,3] N (Z +2))
(Since 7* (XNQ[2,3]N(Z£+2) =MXNQ[2,3]N(Z+2)N[0,1]) <A(Q) =0,

= AZ[0,1DA(X]0,1]) = (X x Z).
So 7 is also a compatible joint of x(-|z) and v(-|x). In this case, the violation set for u(:|z) < &, i.e.
QI0, 1], has measure zero under 7%, and the violation set for v(-|z) < ¢, i.e. Q[2, 3], has measure
zero under 7. So result (i) of the Lemma asserts that 7 < £®¢, which aligns with the example. This
example shows that although both 7 and 7 are the compatible joint of the same conditionals, they

have different absolute continuity. So the condition in result (i) of the Lemma requires the knowledge
of the marginals 7% and 7*.

C.2  Proof of Theorem X
Example C.3. Before presenting the proof, we m] pel

give an example showing that only being the in- P J

tersection of W, , and W, ; is not sufficient to ~* (172
make a valid support of a compatible joint. The ex-  £* ct
ample is illustrated in Fig.[TT] The conditionals are
uniform on the respective depicted slices, so condi-
tions (iv) and (v) in the theorem (2.3) are satisfied.
The sets W, 4 and W, ,, are depicted in the figure, vy par=rrand’
and their intersection W, , N W, ,, is the right half. TR e

Although on W, ; N W, ,, the conditionals do not Figure 11: Tlustration of Example The
render support conflict, the conditional g(z|z) is conditionals are uniform on the respective de-
unnormalized for a given x from the bottom half: it Picted slices. On W, ; N W, ;, the conditional
integrates to 1/2 on (W, 4 N Wy ). This means q(z|x) is not normalized.

pq
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that any compatible joint 7 would also have its conditional 7 (-|2) unnormalized for such z, which is
impossible.

One may consider trying W, ,, as the joint support. This renders a support conflict similar to the
example in the main text: a joint on W, ,, is required by p(x|z) to also cover the top-left quadrant
since z values in the left half are covered, but this contradicts with the absence of mass by ¢(z|z).
In fact, in this example, there is no { ® (-complete component of both W, , and W, ;, so the two
conditionals are not compatible.

Proof. Let ;1(X|z) and v(Z|z) be the two everywhere absolutely continuous conditional distributions
of whom p(z|z) and ¢(z|z) are the density functions. We begin with some useful conclusions.

(1) By construction, for any (x,z) € W), g, p(z|z) > 0. Forany z € W2, we have {{z € W),q)- |
q(zlz) =0} =&{z € P, | x ¢ Q.} = &(P, \ Q.) = 0, which means that ¢(z|x) > 0, {-a.e. on
(Wp.q)=- By Lemma|B.10} we have that ¢(z|z) > 0, {®(-a.e. on W, ;. Symmetrically, ¢(z|z) > 0
on W, . and p(z|z) > 0, {®(-a.e. on W, . Particularly, the ratio Z(mlz) is well-defined and is

(z]z)
positive and finite, both {&(-a.e. on W, , and {®(¢-a.e. on W, ,,. The conclusions also hold ({®¢-a.e.)
on any ({®(¢-a.s.) subset of W), , or W, ,,.

“Only if” (necessity):
Let 7 be a compatible joint distribution of such conditional distributions x(+|z) and v(-|z).

(2) Since “for any” indicates “a.e.” under any measure, the COIldlthIlS in Lemma|C.T]are satisfied,
so we have m < £®(. By Lemma L we also have 7% < ¢ and 77 < (. So there exist density
functlons (R-N derlvatlves 13 Thm 32. 2) u( ) and v(z) such that forany X € 2 and Z € &,

= [yu )and 7%(2) = [Lv . This u(x) is obviously &- integrable on any
measurable subset of X since the mtegral is no larger (smce u is nonnegative) than fx z)¢(dx) =
which is finite.
(3) By the definition of condltlonal distribution Eq. (T1), for any X X Z E 2 x Z, we have
(X x Z) = [;u(X[2)n%(dz) = [;u(X[2)v(2)¢(d2) = [5 [y p(z]2)E(dr)v(2)C(dz) =
Sz P(x]2)0(2) (€ ® ¢)(dzdz), where in the last equahty, we have applied Fubini’s theorem
Eq. @) (13} Thm. 18.3]. Similarly, 7(X x Z) = [, - q(z|z)u(z)( ®{)(drdz). Noting that

2 x Z is the pi-system that generates 2" ® %, this indicates that p(z|z)v(z) = ¢(z|z)u(x), E&¢-
a.e. on Xx Z [13| Thm. 16. 10(111)E In other words, both p(z|z)v(z) and ¢(z|x)u(z) are density
functions of 7.

(3.1) Subsequently, by leveraging Lemma[B.10] we have for (-a.e. z on Z, p(z|2)v(2) = q(z|z)u(z),
&-ae. on X.

@ LetUd := {z | u(z) >0} and V := {z | v(z) > 0}, and define:
S:=UXV)OW, 4 S:i=UXV)NW,,, (15)

Since v and v are integrable thus measurable and R>? is Lebesgue-measurable, we know thatif € 2~
and V € Z are also measurable. So S and S are measurable.

(4.1) We can verify that S is a ¢ ®(-complete component of W, ,. Since S C W, ,, we only need to
verify that:

(§®C)([(8XXZUXXSZ> NWpa] \'S)
(Since clearly S* CcU,S% C V, and measures are monotone,)
< (ER)([UXZUXXV)NW, 4]\ S) (Since (ANC)\ (BNC)=(A\B)NC,)
= )([L{XZUXXV)\(L{XV)]OWWI) (Since (AUB)\C = (A\C)U (B\C(),
= €O ([(UXZ)\ UxV) U (XxV)\ UxV)] N W)
= (20 ({(@,2) [ u(@) > 0,v(z) = 0} UW,¢] U [{(z,2) | u(z) = 0,0(2) > 0} UW,,q])

""The requirement that X x Z is a finite or countable union of 2~ x & -sets is satisfied, since from the
sigma-finiteness of £ and ¢, X and Z are a finite or countable union of ({-finite) 2 -sets and (¢-finite) Z’-sets,
respectively.
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(By Conclusion (3) and adjusting the set by a set of £®(-measure-zero according to Lemma [B.1])
= (@) ([{(z,2) | u(@) > 0,v(2) = 0,q(z]x) = 0} UW,,]

U [{(z,2) [ u(z) = 0,v(2) > 0,p(z]2) = 0} UW,,q])
< (€@¢)({(z, 2) | u(z) > 0,v(2) = 0,q(2]z) = 0} UWp,q)

+ (£®() ({(m, 2) | u(z) = 0,v(z) > 0,p(z|z) =0} U Wp_’q) (By Conclusion (1),)

= 0. Symmetrically, we can also verify that S is a £ ®(-complete component of Wyp-

(4.2) We can also show that 7(S) = 7(S) = 1. From Conclusion (3), we have:

T(XXZ) // (2]2)€(da)o(2)¢(d2)

(Since the integral on a region with an a.e. zero value is zero [13| Thm. 15.2(1)],)

= / / p(z]2)E(dx)v(z)((d2) (Since S% C V and due to Billingsley [13, Thm. 16.9],)

/SZ/ /V\SZ/ p(z|2)€(dx)v(2)¢(dz) (Since V\S* =V\(VNWZ ) =V\ W)

/s/ /V\Wz/ p(z]2)¢(dz)v(2)¢(dz).

For the second iterated integral, note that for any z on V), v(z) > 0, so from Conclusion (3.1), for
C-a.e. zon V, we have p(z|z) > 0 = ¢(z|x) > 0, -a.e. on X. This means that for ¢-a.e. zon V),
&l | pz]z) > 0,q(z|x) = 0} = £(P. \ Q:) = 0. Sothe set VAW, ={z € V| £(P: \ Q:) >
0 or P, = (0} has the same measure under € as the set {z € V | P, = 0}. This means that the second
iterated integral fV\WZ Jp. p(x|2)€(dx)u(2)¢(d2) = f{ZEV\Pz:@} Jp. p(x|2)€(dw)u(2)C(d2) =
0 [13| p.226, Thm. 15. 2(1)]

For the first iterated integral, note that by construction, P, = (W, ,). for any z on SZ, since
S C WZ Moreover, from Conclusion (4.1) that S is a { ®(-complete component of W, ,, we
can subsequently apply Lemma L 50 [z f w,..). P(@2)€(dz)v(2)¢(dz) = Jsp(x]2)v(2)(E®
¢)(dzdz), which is 7(S) by Conclusion (3). ThlS means that 7(S) = 1. The same deduction applies
symmetrically to S, so we also have 7(S) = 1.

Main procedure (“only if”’). We will verify that the set S given in Eq. (T3)) satisfies all the necessary
conditions.

Conclusion (4.2) shows that 7(S) = 1 > 0, and in Conclusion (2) we have verified that 7 < (.
So we have (£®¢)(S) > 0, which verifies Condition (iii).

To verify Conditions (iv) and (v), by Conclusions (3) and (1), we have p(z|z)v(z) = q(z|z)u(x)
and ¢(z|z) > 0, £®(-a.e. on S. By the construction of S, we also have v(z) > 0 and p(z|z) > 0

everywhere on S. So the ratio Z E:“;g is finite and positive, £ ® (-a.e. on S, and it factorizes as

2ol — (o) oy

q(z|z)

(z) := u(x) is £-integrable on S*.

To verify Condition (ii), note that by construction, S* C VNWZ, C W2 so S» C¢ WZ . Note
that S* = {z e U | VN Wy q)a #@}—{xEU|Hz€VsthPZ,73 ct QZ}C{xE
U|TzeVstozeP,}= {ac | w(x) > 0,3zs.t.v(z) > 0,p(z|z) > 0}. By Conclusion (3.1),
for £-a.e. x on 8%, we have 3z s.t. ¢(z|z)u(x) = p(z]2)v(z) > 0, so g(z|z) > 0 hence Q, # 0.
Moreover, for £-a.e. x on S and (-a.e. z on Q,, we have p(z|2)v(z) = q(z|z)u(x) > 0, so
p(x|z) > 0 hence Q, C¢ P,. These two conclusions means that for {-a.e. x on S*, we have
re{r|Q, #0,Q, C¢ P,} which is exactly WX . Hence S* C¢ W .

Now, all the left is to verify Condition (i). Conclusion (4.1) has verified that S is a £ ® (-complete
component of W, ,. To verify that S is a £ ® (-complete component also of W, ,, note that
Conclusion (4.1) has also verified that S is a £®¢-complete component of W, 5, so by Lemmam

it suffices to verify that S *2° 8, S¥ = S and % £ 5"
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By construction, for any (x,2) € S, we have v(z) > 0 and p(z|z) > 0, so from Conclusion (3)
the density function p(z|z)v(z) of 7 is positive. Similarly, the density function ¢(z|z)u(z) of 7 is
positive everywhere on S. Moreover, Conclusion (4.2) has shown that both 7(S) = 1 and w(S) = 1.
So by Lemma we know that S *£° S. Also by construction, the density function u(z) of 7%
is positive everywhere on S* and on §* Moreover, we have 7(S8%) = 7(SXxZ) > 7(S) = 1
so 7(S*) = 1 and similarly WX(SX) = 1. Again by Lemma@ we have S¥ £ §". It follows
similarly that S% < SZ.

“If” (sufficiency):

(f5) For Conditions (iv) and (v), denote a(z) := |a(z)| and b(z) := |b(z)|, and let A :=
(és 1) From the deﬁnition of integrability in Supplement- A1} Condition (v) is equivalent to that a(z)
is £-integrable on S¥. Particularly, A < co.

Due to Condition (i) and Lemma | we have S C8®¢ Whp.q- So by Condition (iv) and Conclu-
sion (1), we have EZZ; = a(z)b(z) > 0, {®(-a.e. on S. This means both (ER(){(z,2) € S |
a(z)b(z) =0} = 0and (£®(){(x,2) € S| a(zr)b(z) < 0} = 0, since their summation is zero.
(5.2) Since {(z,2) | # € S*,a(z) = 0,2 € S, } C {(z,2) € S | a(x)b(z) = 0}, the second-last
equation in Conclusion (5.1) above means that (é®(){(x,2) | z € S*,a(x) = 0,2 € S, } = 0. So
(E®O{(w,2) | 2 € $%,a(z) # 0,2 € S} = (@){(x,2) | € §*, 2 € Su} — (E@{(=,2) |
r € S&a(r) = 0,z € S} = (E®()(S) > 0 by Condition (iii). Moreover, by Eq. (7),
we have (@) {(z,2) | = € S%a(x) # 0,2 € S} = f{w€$X|a(a:)750} ¢(Sz)&(dx) > 0, so
x € 8* | a(x) # 0} > 0 [13, p.226]. Particularly, A>0 [13 Thm. 15.2(ii)].

(5.3) Since {(z,2) € S | a(z)b(z) # a(z)b(2)} = {(x,2) € S [ a(z)b(z) < 0}, the last equa-
tion in Conclusion (5.1) above means that a(z)b(z) = a(z)b(z), € ®(-ae. on S. So we have

ng‘ljg = a(z)b(2), E&C-ae. on S, following Condition (iv).

(6) Based on Conclusions (5.1) and (5.2), we can define the following finite and nonnegative functions
on X and Z:
1~ ; X ~ ; 7 B
u(z) = {Aa(x), ifz e 8 and a(x) > 0, o(2) = {AE( >’ ifz e S and b(z) > 0,
0, otherwise, 0 otherwise.

(6.1) By construction, a(z)b(z) = u(x)/v(z) on S N {(x, z) | b(z) > 0}. So from Conclusion (5.3),
we have p(z|z)v(z) = q(z|z)u(x), E@¢-ae. on S N{(x,2) | b(z) > 0}. Moreover, following
a similar deduction as in Conclusion (5.2), we know that (£ ®()(S \ {(z,2) | b(z) > 0}) =
(E®C){($ 2) |z € 8%,b(z) =0,z € S.} = 0. So we have p(z|2)v(z) = q(z|z)u(z), E&¢-ae. on

) >
b

(6 2) By construction, [y u(z){(dz) = [¢x u(x)é(dx) =

Main procedure (“if”’). We will show that the following function on 2" ® 2, which is the same as
Eq. (I) in the theorem, is a distribution on X x Z such that (X'|z) and v(Z|z) are its conditional
distributions:

T(W) = /Wms g(2le)u(@) (E@0) (dadz), YW e 20 %, (16)

Consider any measurable rectangle X x Z € 2" x Z. We have:

(X% Z) = /X _aleleula)(€90)(dad:)

(By the generalized form Eq. (9) of Fubini’s theorem,)

/ / (z]2)¢(d2)u(x)E(dx) (By Condition (i) and applying Lemma[B.16])
xns*Jzns,

/anx /zm(wqp)x q(z|2)¢(dz)u(z)€(dx)
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(Since $* €& WX by Condition (ii) and (W, ) = Qz on Wi )
xXNnSx ZmQ,

(Since by construction, u(x) = 0 outside S* and ¢(z|x) = 0 outside Q)

/ / (zlx)¢(d2)u(z)é(dx) (Recalling that ¢(z|x) is the density function of v(+|z),)

- | vz, an

Moreover, due to Conclusion (6.1), we have 7(W) = [, s p(z]2)v(2)(£2¢)(dzdz) on 2’ ©2 [13|
Thm. 15.2(v)]. Using this form of 7 and noting that the symmetrized conditions in the above
deduction also hold, we have:

(X% Z) = /Z (X]2)u(2)C(d2). (18)

Since both ¢(z|z) and u(x) are finite and nonnegative on XX Z, 7 is a measure on %@f‘f by its
definition Eq. (T6) [13| p.227]. Moreover, from Eq. (I7), we have m(X x Z) = [y u(x)é(dz) =1 by
Conclusion (6 2). So m is a distribution (probability measure) on X XZ.

From Eq. (T7), we have 7(X) := m(X xZ) = [, u( . So u(z) is a density function of
X and Eq in turn becomes T(X x Z) = [, v Z|x ) This indicates that v(Z|z) is a
cond1t10nal dlStrlbuthIl of 7 w.r.t sub- 51gma-ﬁeld X x{Z } for any Z € %, due to Eq. (T1).

Similarly, from Eq. (T8), we have 7%(Z) := 7(Xx2) = [, v ). So v(z) is a density function
of 7%, and Eq. in turn becomes 7(X x Z) = [ pu(X|z ) ( ) Th1s indicates that ;1(X|z) is a

conditional distribution of 7 w.r.t sub—sigma-ﬁeld {X}xZ forany X € 2, due to Eq. ([I). The
proof is completed. O

C.3 Complete Support Proposition under the a.e.-Full Support Condition

Proposition C.4. If p(z|z) and q(z|z) have a.e.-full supports, then W, , t&¢ Wap £ XxZ, and
XX Z is the £ R (-unique complete support of them when compatible.

Proof. By definition, p(z|z) > 0 and g(z|z) > 0, {®(-a.e. By Lemma|[B.10] this means that for
&-ae. z, p(z|z) > 0 (-ae. thus P, < Z, and for C-a.e. z, Q. £x. Similarly, we also have for £-a.e.
z, Q, < 7 thus Q. < P, by the transitivity (Lemma and subsequently Q, cé P,. Similarly,
for C-a.e. z, P. C¢ Q.. This means that for £&-a.e. z, Wep)e = Qa £ 7 thus 2 € Wap)a» C-ace.
By Lemma this means that for {®(-a.e. (z,2), we have (x,2) € Wy p, s0 Wy, £ XxZ.
Similarly, we have W, , “2° X xZ.

Let S be a complete support of p(x|z) and ¢(z|x) when they are compatible. Since (§&¢)(S) =1 >0
from Condition (iii) in Theorem [2.3] we know that £(S*) > 0 by Eq. (7) and Billingsley [13} p.226].
So there is an z € S* such that (W, ) < 7, otherwise there would be a non-measure-zero set of
violating (Wy p )« £7. Asa £ ®(-complete component of W, ,, by Condition (i) in Theorem
we have S *2° (§¥xZ N Weyp) U(ZXSENW,,p) 2 SEXZNW,, *£¢ §X X Z. This means that
(ERC)(S*XZ\ S) fsx C(ZN\ S,)¢(dz) = 0 by Eq. (7), so for é-ae. z on %, ((Z\ S,) = 0 [13]
Thm. 15.2(ii)] thus S, £7.808%%7. Moreover, we also have S D5®¢ X x SZ which 80 X 7.,

so we have S *£° Xx Z. Similarly, from that S is a £®(-complete component also of W, ,, we have
the same conclusion. O

C.4 Proof of Theorem

Proof. Let wand 7 be two compatible joints of p(x|z) and ¢(z|x), and they are supported on the same
complete support S. By Conclusions (2) and (3) in the proof (Supplement of Theorem there
exist functions u(x), v(z) and a(x), ¥(z) such that p(x|z)v(z) and ¢(z|x)u(x) are the densities of 7,
and p(z|2)0(z) and q(z|z)a(z) of 7, and p(x|2)v(z) = q(z|x)u(z) and p(z|2)v(2) = q(z|z)u(x),
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£®(-a.e. By the definition of a support in Lemma [B.7] we know that the densities of 7 and 7 are
positive {®(-a.e. on S, and [ udé = [gadé = [, vd( = [g,0d¢ = 1.

Consequently, we have pg‘\;g = ZEZ)) = Z(z) £®(-ae. onS. By Lemma | for C-a.e. z on SZ,
we have “Et)) “E:)) for {-a.e. x on S, which means that [ ““)g dz) =[5 'fg:;g(dx) Since

for C-a.e. z on SZ, S, = S¥, we have by Lemmathat fsx Tz) = fox Z(Z) £(dx), which

in turn gives ﬁfsxudg = ﬁ = ﬁfsxﬂdg = ﬁ Sow(z) = fD(z) for (-a.e. z on SZ, and

similarly u(z) = (z) for £-a.e. x on S*. Subsequently, the density p(z|2)v(2) or g(z|z)u(x) of
mis £®(-a.e. the same as the density p(z|2)0(2) or ¢(z|z)u(x) of 7. Hence, 7 and 7 are the same
distribution. O

C.5 The Dirac Compatibility Lemma

Before proving the main instructive compatibility theorem (2.6) for the Dirac case, we first present an
existential equivalent criterion for compatibility, which provides insights to the problem.

Lemma C.5 (Dirac compatibility, existential). Conditional distribution v(Z|x) is compatible with
w(X|z) == 50y (X) where function f : 7. — X is Z'/Z -measurable, if and only if there is a

distribution 8 on (Z, %) such that v(Z|x) = di(ﬁzz?if;(l)()))(z) and this B is the marginal ™ of a

compatible joint T of them.

Proof. We first show the validity of the R-N derivative. Since ( is a distribution thus a finite
measure, 3(Z N f~1(-)) and B(f~1(-)) are also finite thus sigma-finite. For any X € 2" such that

B(f~1(X)) =0, wehave B(ZN f~1(X)) < B(f~H(X)) = 0since ZN f~1(X) C f~1(X) and
measures are monotone. So S(Z N f~1(X)) = 0and 3(ZN f~1(-)) < B(f~*()). By the R-N
theorem [13, Thm. 32.2], the R-N derivative exists.

“Only if” (necessity): Let 7 be a compatible joint. Since p and v are its conditional distributions, by
Eq. (T1)), we have:

W(XXZ):/Z;L(X\z)wz(dz):/)(V(Z\x)wx(dz), VXXZEe X XZ.

The first integral is [ I[f(2) € X]n%(dz) = [;I[z € f71(X)]x%(dz) = n%(Z N f~H(X)).
Particularly, 75(X) = m(X xZ) = 7%(f~Y(X)), i.e. 7 is the transformed (pushed-forward)
distribution from 7% by measurable functlon f 1130 p. 196] On the other hand, the equality to the
second integral means that 7%(Z N f~* = [y v(Z|z)r = [y v(Z|z)r L(dz)). This

means that v(Z|x) is the R-N derlvatlve ofX = al(ZNf ( )) WIt X — (f L(X)). Taking
[ as 72, which is a distribution on (Z, &), yields the necessary condition.

“1£” (sufﬁciency): For any measurable rectangle XxZ € Z xZ, define w(X x
Jz 1(X|2)B(dz) and ﬁ(XxZ) = B(ZnN f~1X)). Since for any z € Z, f(z) €
T(XXZ) = [, n(X|z) = [, B(dz) = 1. Since f~1(X) = Z, we have 7(Xx Z) = B(Z
So both 7 and 7 are ﬁmte thus 51gma ﬁmte Moreover for any X >< Z e I xZ, we have
T(Xx 2) = [LIf(z) € XIBz) = [0z € FUXNBEA) = [onsrin Bldz) =
BEZNfHX) =7 XX2Z),ie and 7 agree on the pi-system 3&” x % . So by Billingsley
[13, Thm. 10.3], 7 and 7 extend to the same distribution (probability measure) on (X XL, X RQL).

On the other hand, we have 7%(Z) = n(Xx 2Z) = [, u(X]z) = [;B(dz) = B(Z), and
furthermore from this, p is a conditional distrlbutron of due to 1ts constructron and Eq.
Moreover, 7 (X) = #(X xZ) = B(Z N f ( ) =B(f~H(x )) and by the definition of v(Z|x)
as an R-N derrvatrve we have B(Z N f~! = [, v(Z]2)B(f~*(dz)), which is 7(X x Z) =
SV L V(Z|x)T %(dx). So again due to Eq. @) v is a conditional dlstrrbutlon of 7. Since 7 and 7 are
the same distribution on (XxZ, 2" ® %), we know that y and v are compatible. O

Z)
X, s
) =

=}

Key insights. Let 7 be a compatible joint of ju(X|2) := 0(.)(X) and v(Z|z). For any X' x Z €
X xZ, we have:

w@x2) = HEZ00) = [ Em ) = [ s ee)
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where the last equality holds due to the rule of change of variables [13, Thm. 16.13]. Let f~1(2") :=
o({f71(X) | X € 2°}) be the pulled-back sigma-field from 2" by f. It is a sub-sigma-field of 2’
as every f~1(X) € 2 since f is measurable. So the last equality means that:

7TZ .
nZfE) = T e

The expression on the left makes sense since for all values of z that yield the same value of f(z), the
R-N derivative is the same. The second equality also gives:

(2 0 J()
e 0) ‘gg

C.6 Proof of Theorem

Proof. “Only if”” (necessity): Suppose that v(Z|z) and u(X|z) := d(.)(X) are compatible but
for any x € X, v(f~1({z})|x) < 1. Consider the set S := {(f(z),2) | z € Z}. Since f is
21z -measurable, this set S is 2 ® Z -measurable. It is also easy to verify that S, = {f(z)} and

Sy =f" ({x}) Now let 7r be any of their compatible joint distribution From Eq. (12), we know
that 7(S) = [, u(S-|2) = [, 07 {f(2)}) = [, 7" = 72(z) = 1 On the
other hand also from Eq (@]) and due to the compatlblhty, we have 7(S) = [, v(S;|x)7" (dz) =
S v(f {2} |e)m®(de) < [ 7%(dz) = 7%(X) = 1, which leads to a contradlctlon So if V(Z|x)

and M(X| ) are compatible, then there is 2o € X such that v(f~1({zo})|zo) = 1.

“If” (sufficiency): Let 8(Z) := v(f~1({zo}) N Z|z0) be a set function on 2. We can verify that
this £ is a distribution (probability measure) on (Z, %) since v(-|x¢) is. Particularly, since f is 2/% -
measurable and {z} € 2  due to the assumption, we know that f =1 ({zo}) thus f~'({zo}) N Z
forany Z € 2 arein 2; B(0) = v(0|zo) = 0; B(Z) = v(f~'({z0})|z0) = 1 according to the
assumption; for any countable disjoint 2-sets Z(1)| Z(2) ... 'itholds that Z(V N f~1({z}), 2P N
F1({wo}), - are also disjoint Z-sets, so B(Ui, Z27) = v(f ({zo}) N Ui, 2W|z0) =
v(UiZy f ({zo}) N 20]zo) = Z;‘xl v(f ({zo}) N Z(l)h‘o) =221 B(2D).

Now we prove that 8(Z N f~1 = [Lv(Z]z)B(f*(dx)),VX x £ € 2 x Z which is
sufficient due to Lemma For any X x Z € 3&” x %, the Lhs is B(Z N f7HX)) =
v(f " ({zo}) N f7H(X) N 2zo) = v(f~ ({zo}) N Zlxo)I[zo € X], where the last equality
holds since z € f~*({zo}) N f~1(X) if and only if f(z) = 2o € X. The integral on the r.h.s is
S v(Zl2)v(f~ ({zo}) N f~(dx)|xo). Since the measure X — v(f~'({zo}) N f~H(X)|zo) is
zero on the set X\ {zo} (if thereisany z € f~1({zo}) N f~1(X \ {x0}), then we have f(2) = g
and f(z) € X\ {zo}, which is a contradiction), the integral can be reduced on {xo} N X [13]
Thm. 16.9]: [¢, 1y V(Z|2)v(f~H ({2 })Nf 1 (dw)|xo) = L[z € X]v(Zwo)v(f " ({z0})|xo) =
v(Z|zo)l[zg € X]. Moreover, v(Z|zg) = v(Z N f~1{xo})|z0) + v(Z2 \ f71({z0})|z0)
where v(Z \ f~ ({zo})|zo) < v(Z\ f~'({zo})lzo) = 1 — v(f'({zo})|wo) = 0, we have
v(Z\ f71{xo})|z0) = 0 and v(Z|z0) = v(Z N f~1({z0})|z0). So the integral on the r.h.s is
v(Z0 f~1({zo})|mo)l[xo € X], which is the same as the Lh.s. So the equality is verified. O

D Topics on the Methods of CyGen

D.1 Relation to other auto-encoder regularizations

There are methods that consider regularizing the standard auto-encoder (AE) [[71}7]] with deterministic
encoder g(x) and decoder f(z) for certain robustness. These regularizations are introduced in
addition to the standard AE loss, i.e. the reconstruction loss: E,-,){(z, f(g(x))), where £(z, z")
is a measure of similarity between x and z’. If ¢(z, f(z)) can be treated as a (scaled) negative
log-likelihood — log p(z|z) on X (e.g., squared 2-norm ¢ for a Gaussian p(z|z), cross entropy ¢ for a
Bernoulli/categorical p(x|z)), then we can adopt a distributional view of the decoder as p(x|z) and
the encoder as 6, (2 )h and reformulate the reconstruction loss also under the distributional view:

IEp*(ac)[ logp(x|g( )) p (z)6 g(z)(z)[ logp(x|z)].

12This is the notation of a Dirac’s delta function, which is not a function in the usual sense. We adopt this
form for the similarity to the DAE loss.
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Comparison with Jacobian norm regularizations. Contractive AE (CAE) [68, 169] regularizes

the Jacobian norm of the encoder, AE,,« () HVI g"(z) Hi (A controls the scale), in hope to encourage
the robustness of the encoded representation against local changes around training data. When it
is combined with the reconstruction loss which preserves data variation in the representation for
reconstruction, the robustness is confined to the orthogonal direction to the data manifold, which
often does not reflect semantic meanings of interest. In other words, the variation in this orthogonal
direction is contracted in the representation, hence the name. When applied to a linear encoder,
this becomes the well-known weight-decay regularizer. Note that CAE does not have a generative

modeling utility, as it uses a deterministic encoder which leads to insufficient determinacy (Sec. [2.2.2).

Denoising AE (DAE) [82, 9, [10] considers the robustness to random corruption/perturbation on
data, so its encoding process is z = g(z + €.) where €, ~ N(0,0214,) (or any other distribution
with E[e.] = 0 and Var[e.] = 021,,), which defines a probabilistic encoder ¢(z|z) (note that this is
different from an additive Gaussian encoder). The goal for training a DAE is thus to try to reconstruct
the input under the random corruption, by minimizing the DAE loss:

Epe(2)q(zlz) [~ log p(z]2)], (19)

which resembles the distributional form of the standard reconstruction loss. For infinitesimal corrup-
tion variance o2 and squared 2-norm /, the DAE loss Eq @]) is roughly equivalent to regularizing

the standard reconstruction loss with ¢2E,,« *(z) ||V T(z) || - l-e. the Jacobian norm of the
reconstruction function 68| 2]]. So DAE can be viewed to promote the robustness of reconstruction
while CAE of the representation [68]].

In contrast, for additive Gaussian decoder (i.e., squared 2-norm ¢) and encoder, our compatibility
2

L(VofT(2)" = HVagT (@) H , which is different from CAE
c F

and DAE regularizations. Ideologlcally, the compatibility loss is an intrinsic constraint to make use
of the distributional nature of the encoder and decoder, and is not motivated from the additional
requirement of robustness in some sense.

regularization Eq. @) is E,, .)

Comparison with a more accurate DAE reformulation. In fact, the analysis in [68, 2] for DAE
as a regularization of the reconstruction loss is inaccurate. Key ingredients for the analysis are the
Taylor expansions: ||z + ¢||3 = ||z||3 + 22 e + e Te, exp{z + e} = exp{z}(1 + & + 1£%) + o(¢?),
and log(1+¢) = e— 324 o0(e?). In the following, we consider {(z,2') = ||z — x’||§, corresponding
to an additive Gaussian decoder p(z|z).

First consider the additive Gaussian encoder, q(z|x) = N (z|g(x),02%14,), or z = g(z) + €c, €c ~
N(0,021,,). Consider the case for infinitesimal o.. For the DAE loss Eq. (T9), we have (omitting
the expectation over p*(x)):

oz [ 10g p(2]2)] = By(apo) [0, f <z>>1 Eq(alay [l = ()12 = o |2 = f(9(2) + o)
= Eper | | = F9()) = (V) Tee = 3l (V2 f)e ]
= Ep(eo |l = fla@)l; ~2(e ~ flg(a)) ((vm Sl (VD)e)

F el (VIS e+ o(e2)
= Uz, f9(@)) = o2 (@ = f(9(a)) Af + 2| VFT [+ olo?), (20)

where (Vf )" is the Jacobian of f, (¢] (V?f)ec)i := 3, iy g, (€c)i(€e) 02,0z, fis and (Af); :=
> i=1.a, 02,0, fi, and they are evaluated at 2 = g(z). Note that in addition to the Jacobian norm

regularization term discovered in [68| 2], there is a second regularization term —o? (z— f(g(x))) A f
that DAE imposes.

For the data-fitting loss of CyGen Eq. (@), a similar approximation can be derived (again, omitting
the expectation over p* (x)):

log Eq(212)[1/p(2]2)] = log Ey(.|s) exp{—log p(z|2)} = log Eq(.|.) exp{l(z, f(2))}
= 10g Ey(z 10y exp{l|lz — f(2)[|5} = log By, ) exp{||z — (g(x)+€e)||2}
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r— Fo(0) — (V) e — 2el (V2 )ee + ofe2)

= logE,.) exp{

= 1ogEye) exp {12~ Flo())I ~ 2(x — Flo() (95T e+ 56l (V2f)ec)
+e (VI e +oled)}

= 108y, [expllle — o@D} (1 - 200~ £9(@) (V1) e + 5l (Ve
F (VI e+ 2( (2~ fa@) () Te) + ()]

= log [exp{ll = f(g(@)) I3} (1 — o2(x — F(9(a)) " AF
+ 02|V + 202 (V1) (@ = Flal@))]l; + o(0?))]

= t(z — f(9() — o> (z — f(9(@))) "AF + 02| VST |+ 202]|(VST) (@ — Flg(@)][5 + o(o?).
This is different from the regularization interpretation of DAE Eq. (20) as a third regularization term
QJzH(VfT) (z = f(g(x))) Hi is presented.

>

2

The compatibility loss Eq. ) in CyGen becomes: E,, ) ;(vsz(z))T - %ngT(a:)‘
d e

where o2 is the Gaussian variance of the decoder p(z|z) (inverse scale for ¢(-,-)). When

p(x, z) = p*(x)q(z|x), this can be further reduced to (omitting the expectation over p* (z)):

2

2

= Ep(ee)
F

Eqlo (VST (g(x) + )~ —5g"

€

2 (V) = 5V @)

e

1
2
04 F
2

p(58)

i T\T 2 pTN\T ET 3TN\T 2 _i T
S (VT4 (V) e el (V) ek oled)) = 5997|

=E

’ ol T TV, T2 ¢T| 2 2
- + =5 (VD) (VAF ) + 5[V T + o(o?),
F 94 04

where ((V2fT)Tee)ij = > ket..a, (€e)k02, 02, fi, (eZ(VSfT)Tee)ij =
Zk,k":l..dz(Ee)k(ee)k/azkazk/82]‘ fi» and (va) : (VAfT) = Z i=1..dx, (azj-fi)(azja%a%fi)’

J,k=1..dg
||V2fT||?D = im1.dy, (02,0, fi)Q, and all terms are evaluated at z = g(x). This is different
i k=1..d

1
(VfT)T - ;VSJT

1
2
04

Jk=1..dg
from the regularization 0f7 CAE and the regularization explanation of DAE.

For the corruption encoder, z = g(x + €.), €. ~ N(0,021,,), approximations of the DAE loss
Eq. (T9) and the data-fitting loss of CyGen Eq. @) (i.e., negative data likelihood loss) are similar to
the above expansions except that derivatives of f are replaced with those of f o g. Particularly, from

Eq. (20), we find that the conclusion in [68| 2] missed the term —o2 (z — f(g(x)))TA(f o g) that is

also of order 0. For the compatibility loss, as there is no explicit expression of log ¢(z|z) (unless
g(x) is invertible), the above expression does not hold. But anyway, it is different from CAE and
DAE regularizations.

Relation to the tied weights trick. The compatibility loss also explains the “tied weights” trick
in AE, which is widely adopted and is vital for the success of AE [63} (82, 81,168 2l]. The trick is
considered when components of x and z are binary, and a one-layer, product-of-Bernoulli encoder
q(z|a) = [15%, Bern(z;|s((We);.@ + (be);)) and decoder p(z|2) = [[, Bern(w;|s((Wa)s,.z +
(ba)i)) are used, where s(l) := 1/(1 + exp{—I}) denotes the sigmoid activation function. For

exp{z " (W.az+b.)} _ T _
T2 G ton (W), oty TS loga(zlz) = 2 (Wew + b)

Z‘;il log(1 + exp{(We);.x + (be);}), s0 V.V log q(z|z) = W, . Similarly for the decoder, we
have V, V[ log p(z|2) = Wj. So the compatibility loss Eq. (2) in this case is | W — W[ |
leads to W4 = W, when it is zero. This recovers the tied weight trick.

the encoder, we have ¢(z|z) =

2 .
o which
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exp{— i 5 ax 2
In this Bernoulli case, the CAE regularizer is E,-(,) Z;lzzl p{( 2((WE)J- +(be)1)}21:1}(;’ze)ﬂ =
L+exp{—((We);,:z+(be);)

Epe (o) Y02y s(We) oz + (be);)? (1= s((We)j.x + (be);))” S20%, (We)?; and DAE does not have
the Jacobian-norm regularization explanation, so they are different from the compatibility loss.

2

D.2 Gradient estimation for flow-based models without tractable inverse

Flow-based density models.  As the insight we draw from the analysis on Gaussian VAE in
Sec. it is inappropriate to implement both conditionals pg(x|z), g4 (z|x) using additive Gaussian
models. So we need more flexible and expressive probabilistic models that also allow explicit density
evaluation (so implicit models like GANs are not suitable). Flow-based models [24} 160, 144 18| [18] are
a good choice. They also allow direct sampling with reparameterization for efficiently estimating and
optimizing the data-fitting loss Eq. (@) (for which energy-based models are costly), and have been
used as the inference model g4 (z|z) of VAEs [66| 46| [80 [31]]. For a connection to these prior works,
we use a flow-based model also for the inference model ¢,4(z|z). An additive-Gaussian likelihood
model py(z|z) is then allowed for learning nonlinear representations.

To define the distribution g, (z|z), a flow-based model uses a parameterized invertible differentiable
transformation z = Tj(e|x) to map a random seed e (of the same dimension dz) following a
simple base distribution p(e) [E-ke. g., a standard Gaussian) to Z = R?. By deliberately designed
architectures, the transformation T (-|x) is guaranteed to be invertible, yet still being expressive,
with some examples that are even universal approximators [78]]. Benefited from the invertibility, the
defined density can be explicitly given by the rule of change of variables [13, Thm. 17.2]:

as(zla) = ple = T (=|o))| V.75 T (sla)

)

where (V. T, T(2|z)| is the absolute value of the determinant of the Jacobian of T;l (z]z) (w.rt 2).
Problem for evaluating the compatibility loss. Although T (z|z) is guaranteed to be invertible,
in common instances computing its inverse is intractable [[66} 46 |80] or costly 31} 8, 18] (however,
they all guarantee an easy calculation of the Jacobian determinant ’VZT o T (z]z) ‘ for efficient density

evaluation). This means that density estimation of ¢4(z|z) is intractable for an arbitrary z value,
but is only possible for a generated z value, whose inverse e is known in advance (the generated
z is computed from this e). This however, introduces problems when computing the gradients
V. 1og qs(z|z), V; log qs(z|z) for the compatibility loss (Eq. (Z) or Eq. (3)).

To see this, it is important to distinguish the “formal arguments” and “actual arguments” of a
function. It makes a difference when taking derivatives if the actual arguments are fed to formal
arguments in an involved way. What we need is the derivatives w.r.t the formal arguments, but
automatic differentiation tools (e.g., the autograd utility in PyTorch [61]]) could only compute the
derivatives w.r.t the actual arguments. We use capital subscripts for formal arguments and lowercase

letters for actual arguments. Following this rule, we denote log qgl ¢ (z]x) for log ¢ (z|) above, so
Vzlog q?l « denotes the gradient function that differentiates the first formal argument Z of log qg‘ x>
and similarly for V x log qﬁl - Then at a generated value of z = Ty (e|z) from a random seed e, the
required gradients in the compatibility loss are w.r.t to the formal arguments V 7 log qg‘ «(Ty(e|z)|z)
and V x log qg‘ +(Ty(e|x)|x), while automatic differentiation tools could only give the gradients
w.r.t the actual arguments V. log q%X (Ty(e|x)|x) and V,, log q%X (Ty(e|x)|x), which are not the
desired gradients. Note that we do not know the exact calculation rule of log qgl ¢ (z]x) for arbitrary
z and x, but can only evaluate h? (e, z) := log qﬁ‘X(T¢(e|x)|x) from a given e and x. Automatic

differentiation could only evaluate the gradients of this h?(e, ) but not of log qﬁl +(z]x).

13 Although some flow-based models (e.g., the Sylvester flow [[80]) also incorporate the dependency on x in
the base distribution p 4 (€|x) (e.g., N'(€|pe(2), Ly (x))), we can reparameterize this distribution as transformed
from a “more basic” parameter-free base distribution p(e) (e.g., N'(0, Ia,)) by an z-dependent transformation
(e.g., € = pg(x) + Xy (x)*/?e) and concatenate this transformation to the original one as z = T} (e|z).
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Solution. An explicit deduction is thus required for an expression of the correct gradients in terms
of what automatic differentiation could evaluate. From the chain rule, we have:

Veh?(e,x) = Velogqy « (Ts(elx)lx) = (VT (e|2)) (V2 log g x (Ts(ela)|x)),
V.h?(e,x) = Vo logqy « (Ts(elz)|x) = (Vo Ty (elx)) (V2 log g (Ty(elw)|z))
+ Vx log g3 (Ty(e|z)|2).
The first equation gives one of the desired gradients: Vy logqﬁ| ~(To(elr)z) =

(VSTJ(e|x))_1 (Veh?(e,x)). The term V h?(e,x) can be evaluated using automatic differen-
tiation, as mentioned. The other term, i.e. the Jacobian VET(;)r (e]z), can also use automatic dif-
ferentiation by tracking the forward flow computation z = Ty (e|x), but it is often available in

closed-form for flow-based models, as flow-based models need to evaluate its determinant anyway so
the architecture is designed to give its closed-form expression.

The second equation gives an expression of the other desired gradient: V x log qﬁl (Ty(e|r)|z) =
Voh?(e,x) — (VT (e|x)) (Vzlog qglx(T¢(e|x)|x)). Again, the first term V,h?(e,z) can be
evaluated using automatic differentiation. The term (V7 log qgl «(Ts(e|z)|z)) can be evaluated

using the expression we just derived above. For the rest term, i.e. the Jacobian Vg,:T(;;r (e|z), it can also

be evaluated using automatic differentiation by tracking the forward flow computation z = T} (e|x).
For computation efficiency, this can be implemented by taking the gradient of z = T} (e|x) w.r.t

x with the grad_outputs argument of torch.autograd.grad fed by V; log qZ‘X(T¢(e|$)|x)

(gradients w.r.t z will not be back-propagated through this V 7 log qgl +(Ty(e|z)|x)). This reduces

computation complexity from O(dxdyz) down to O(dx + dz). In summary, the desired gradients can
be computed via the following expressions:

Vz logqﬁlx(T¢,(e|x)\m) = (VETJ(e|x))_1(Veh¢(e,x)), 21

Vx log g (Ty(ela)|z) = Vah? (e, 2) — (Vo T, (el2)) (V2 log af  (Ty(e|z)|z)).  (22)
Second-order differentiations for the compatibility loss can be done in a similar way.
A simplified compatibility loss. For the compatibility loss Eq. (3)) in the form of Hutchinson’s
trace estimator, a further simplification is possible. The loss is given by:

C0,¢) = ]EP(I’Z)]EP(UI)

with any random vector 7, satisfying E[n,] = 0, Var[n,] = I,,. The reference distribution p(z, z)
can be taken as p* (x)q,(z|x) for practical sampling for estimating the expectation. For a flow-based
¢4(z|x), sampling from (x, z) ~ p*(z)qs(z|x) is equivalent to (z, Ty (e|z)), e ~ p(e). So the loss
can be reformulated as:

2
C(0,9) = By torpte) Byt | V2 (0] Vx 1o o 2 (@1 T o)) — 0 Vx log 4 (To(ela)]) |

Note from Eq. (21), the gradient w.r.t Z is an invertible linear transformation of the gradient w.r.t e,
so its norm equals zero if and only if the gradient w.r.t e has a zero norm. So to avoid this matrix
inversion, we consider a simpler loss that achieves the same optimal solution:

~ 2
C(0:9) = Epe(arp(e Bt | Ve (1] Vx og e (T (el)) = 1] Vox log g3 (To (el o) |
(23)

For additive Gaussian pgq 4> its gradient Vx logpgq 5 1is available in closed-form.  For

2
V2 (n, Vxlogp’ (z]z) — 1, Vx log qﬁ‘X(ZIw))’

)
2

Vx log q?\x (Ty(elx)|x) in the second term, it can be estimated using Eq. (22) we just developed.
The subsequent gradient w.r.t e can be evaluated by automatic differentiation. So this loss is tractable
to estimate and optimize.
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E Experiment Details

E.1 Baseline Methods

We compare our proposed CyGen with bi-directional models (composed of both a likelihood model
and an inference model) including Denoising Auto-Encoder (DAE), Variational Auto-Encoder (VAE)
and BiGAN. Sketches of these models are introduced below.

DAE [82] first corrupts a real input data « with a local noise and then pass it through an encoder
to define ¢4 (z|z). The latent code z is then decoded to the data space by a decoder pg(z|z). The
objective is to minimize the reconstruction error (Eq. (19)): E,- (1) Eqg, (z|2) [~ 10g po(2]2)]. Compared
with VAE, it can be seen as the version with 5 = 0, i.e. it does not involve a prescribed prior p(z).
Nevertheless, optimizing the objective w.r.t ¢ may lead to undesired results. Particularly, for any
given x, it may drive g4(z|x) to only concentrate on z values that maximizes log pg(z|z). This
renders incompatibility and an insufficient determinacy (see Sec.[3.2).

VAE [45] defines a joint distribution pg(x, z) = p(2)pe(x|z) using a specified prior p(z). It learns
po(z|z) to match data distribution p*(x) with the help of an inference model ¢, (z|z), using the
Evidence Lower BOund (ELBO) objective:

Iglgl Ep*(m)Eq¢(Z\m) [_ logpg(x|z)] + BEP*(.%) [KL((]¢(Z|$)||p(Z))] (24)

When § = 1, the negative objective is a lower bound of the data likelihood (evidence)
Ep+ () [log po(2)] where pg(z) := [, p(2)ps(x|2z)dz, hence the name. Optimizing it w.r.t ¢ also
drives g, (z|z) to the true posterior pg(z|x) and also makes the bound tighter. A 3 other than 1 is
considered when there is some desideratum on the latent variable, e.g., disentanglement [37]].

BiGAN [23] 27].  In addition to learning the data distribution p*(z) using GAN [30], BiGAN
also aims to learn a representation extractor, so it introduces an inference model ¢4 (z|z) which is
often deterministic (i.e., a Dirac distribution). The likelihood model (generator) py(x|z) defines
a joint p(2)pe(x|z) with the help of a prescribed prior p(z), while the inference model also de-
fines a joint p* ()¢, (z|z). Samples from both distributions can be easily drawn, so BIGAN seeks
to match them using the GAN loss (Jensen-Shannon divergence) with the help of a discrimina-
tor D(x, z). In each training step, the discriminator D(z, z) is first updated on a mini-batch of
p*(x)qs(z|z) data zt ~ p*(x),2T ~ gu(-|zT) with positive labels y™ = 1 and a mini-batch
of p(2)pe(x|z) data 2= ~ p(z),2~ ~ pe(-|2z~) with negative labels y~ = 0. The goal of the
training the discriminator is to minimize the binary cross entropy loss BCE(D(z™,27),y™) +
BCE(D(xz~,27),y" ). The conditional models ¢4 (z|z) and pg(z|z) are then updated to maximize
the same loss BCE(D(z*,2%),y™) + BCE(D(z ™, 27 ),y ")

GibbsNet [50] is also considered, which is similar to BIGAN, except that BiGAN’s prior-driven
joint sample generation z~ ~ p(z),z~ ~ p(z|z~) is modified to run through multiple cycles:
zo ~ p(2), o ~ p(x|20), 21 ~ q(z|z0), 21 ~ p(x|21),- - , 27 ~ q(zlxk_-1), 2~ ~ p(x|z~). This
resembles a Gibbs chain, and is considered in GibbsNet for reducing the influence of a specified
prior, as the stationary distribution of the Markov chain does not rely on the initial distribution but
is determined by the two conditional models (see Sec. [I.T|(paragraph 2) for its limitation). But this
iterated application of the likelihood and inference models makes gradient back-propagation involved.
The gradient accumulates with the cycling iteration, resulting in a scale much larger than usual. This
makes gradient-based optimization unstable and even leads to numerical instability. We did not find a
reasonable result in any experiment using the same architecture so we omit the comparison.

E.2 Model Architecture

Our code is developed based on the repositories of the Sylvester ﬂovx@ [I80] and FFJORWE] [31]
for the task environment and flow architectures. VAE, DAE and CyGen share the same architecture
of pg(x|z) and of g4(z|x), which are detailed in Tab The inference model g, (z|z) adopts the
architecture of Sylvester flow [80]], illustrated in Fig.[12] It consists of a neural network (denoted as
C-QNN) that outputs ¢y, a reparameterization module, and a set of consecutive N flows. The outputs
g, and ¢, are used to parameterize the diagonal Gaussian distribution for initializing zg, the input to
the flows. For implementation simplicity, we choose the Householder version of the Sylvester flow.

“https://github.com/riannevdberg/sylvester-flows
“https://github.com/rtqichen/ffjord
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Figure 12: Flow architecture of the inference model g4 (z|z). See Tablefor detailed specification.

For each flow layer, the output z; of the flow given input z;_1 is:
7t = 21 + Ath(Bizi 1 + by),

where A; = Q. Ry, B, = f{tQt and b, are parameters of the ¢-th flow and h is the hyperbolic-
tangent activation function. Let A = QR, B = RQ, where R and R are upper triangular matrices,

and Q = [T/, (1 — 2%

&
i Vi

) is a sequence of H = 8 Householder transformations. All the flow

parameters, i.e. v1.5, b, R and f{, depend on ¢, via a flow-parameter block.
E.3 Synthetic Experiments

The synthetic datasets (“pinwheel” in the main text and “8gaussians” in this appendix) are adopted
from the above mentioned repositories of the Sylvester flow and FFJORD. The dimension of the data
space is dx = 2, and we take the latent space to be of the same dimension dz = 2.

For the inference model g, (z|x), we use a three-layer MLP for the C-QNN component, with 8 hidden
nodes in each layer. After the reparameterization block, consecutive N = 32 Householder flow layers
are concatenated. Each flow layer has H = 2 Householder transformationsEl For the likelihood
model py(x|z), it is implemented as an additive Gaussian model. Its mean function is a three-layer
MLP with 16 hidden nodes in each layer, and its variance is taken isotropic with fixed scale 0.01.

For training, we use the Adam optimizer with batch-size 1000 and weight decay parameter
1x10~° for all methods. All methods use a learning rate of 1 x 10~3 except for DAE which uses
1 x10~*. For BiGAN, the generator is updated once per 128 updates of the discriminator using
step size 1x 1074, For CyGen, conditional models pg(z|z) and g, (z|z) are trained by minimizing:
1x 1075 x compatibility loss Eq. 23) + data-fitting loss Eq. (@), where the expectation in the
data-fitting loss is estimated using 16 samples from ¢4 (z|z) with reparameterization [45]. For the
version CyGen(PT) with PreTraining, the conditional models are first pretrained as in a VAE by
minimizing the ELBO objective Eq. (24) (with 5 = 1) using the standard Gaussian prior for 1000
epochs, and are then trained as in CyGen by minimizing the above objective with a 10-times smaller
learning rate for the likelihood model pg(x|z) (same learning rate for the inference model gg4(z|z)).
DAE is also pretrained in this way.

For data generation, VAE and BiGAN use ancestral sampling: first draw a sample of z from the
standard Gaussian prior p(z), and then draw a data sample x from the likelihood model py(z|z). For
DAE and CyGen, they do not have a prior model for ancestral sampling. They use MCMC methods,
including Gibbs sampling and SGLD (see Sec.[3.3). One difference for the synthetic experiment is
that the SGLD version is done by passing through the likelihood model py(z|z) with prior samples
drawn via SGLD in the latent space Z similar to Eq. (3):

20 ()
) = 20 4 2V, log 2ETIE) 1 /32, where (0~ py(a]=), 1 ~ N(0, L), (25)

and ¢ is a step size parameter, taken as 3 x 104, Both Gibbs sampling and SGLD are run for 100
iterations (transition steps). Their comparison for CyGen is shown in Fig.[5} where SGLD is much
better. For DAE, using Gibbs sampling and using SGLD produce similar data generation results.

19To make an invertible transformation, the number of Householder transformations H needs to be no larger
than the dimension of z, which is 2 in this synthetic experiment
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iteration | iteration 1100 1200 1300 1400 | 30000

1000
CyGen(PT)
VAE
pretraining | compt. loss 7.0x10°  54x10°  7.7x10%°  6.2x10° | 4.6x10?

CyGen(PT) w/o
compt. loss

compt. loss | compt. loss  1.1x10° 1.6x10° 2.6x10° 8.6x10°
1.6x10*

DAE

‘ compt. loss 6.3x10%  2.2x10% 1.9x10> 9.7x102 ‘ 2.2x 102

Figure 13: Generated data using Z-space SGLD (Eq. (23)) along the training process after VAE
pretraining (iter. 1000) using CyGen(PT), CyGen(PT) without compatibility loss, and DAE. The last
DAE result is at iteration 9200, after which numerical overflow occurs.

We show more results next.

Impact of the compatibility loss. Fig.[I3|shows the training process of CyGen(PT), CyGen(PT)
without compatibility loss, and DAE, all after pretrained as a VAE (iter. 1000; leftmost panel), in
terms of generated data distribution. We see that the normal CyGen(PT) behaves stably to the end and
well approximates the data distribution along the training process. Its compatibility loss is indeed
decreasing. On the other hand, CyGen(PT) without the compatibility loss diverges eventually, with an
exploding compatibility loss. Although it well optimizes the data-fitting loss Eq. @), if compatibility
is not enforced, the loss is not the data likelihood that we want to optimize.

Note that CyGen(PT) without compatibility loss improves generation quality upon the VAE-pretrained
model in the first few training iterations (e.g., at iter. 1100). This is because the ELBO objective
(Eq. (Z4)) of VAE also drives g, (z|x) towards the true posterior pg(z|z) o p(z)pg(x|z) (defined
with a specified prior p(z)) so compatibility approximately holds in the first few iterations, which
makes the data-fitting loss (Eq. (@) effective.

The collapse process of DAE. Fig.[I3](rows 1,3) also shows the comparison with DAE. We see
that after pretraining, DAE quickly shrinks its data distribution, ending up with a collapsed data
distribution, and even finally comes to a numerical problem. This is due to the mode-collapse
behavior of the inference model g4 (z|x) from minimizing the DAE loss Eq. and the subsequent
insufficient determinacy, as explained in Sec.[3.2] Although its compatibility loss is also decreasing,
this comes at the cost of the insufficient determinacy which hinders capturing the data distribution

and also makes the training process unstable.

VAE CyGen CyGen(PT)

Incorporating knowledge into the conditionals. We
plot the prior distributions in Fig. of VAE, Cy-
Gen, and CyGen(PT) with VAE pretraining, in the form
of the histogram of the drawn z samples. For Cy-
Gen/CyGen(PT), samples are drawn by Z-space SGLD
(Eq. @])) using the same step size € = 3x10~*and num- . .
ber of iterations 100. Compared with VAE, the priors Figure 14: Prior distributions p(z) of
learned by CyGen and CyGen(PT) are more expressive. VAE, CyGen (without pretraining), and
For CyGen which is not subjected to any further con- CYGen(PT) (with VAE pretraining). Prior
straints, there may be multiple pg(z|2) and g,(z|z) that ~Samples of CyGen/CyGen(PT) are drawn
are compatible and well match the given data distribu- USing Z-space SGLD (Eq. @3-

tion. Using a standard Gaussian prior for pretraining successfully incorporates the knowledge of a
centered and centrosymmetric prior into the conditional model py(z|z). The arbitrariness of possible
po(x|z) and g4 (z|z) is largely mitigated in this way. This observation meets the discussion in Sec.
(paragraph 4) on the aggregated posteriors in Fig. {]
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Figure 15:  Gener- data DAE VAE BiGAN

ated data (DAE and
CyGen use Z-space
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DAE, VAE, BiGAN

CyGen CyGen(PT)
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“8gaussians” dataset. i ) s : - W
Also shows results aggregat.ed % % - - ﬁ ;ﬁ"
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(Best view in color.)

Results on another similar dataset (8gaussians). We repeat all the settings above (for the
“pinwheel” dataset) on another similar synthetic dataset “8gaussians” (Fig. [I5] top-left). Its data
distribution also has a (nearly) non-connected support, with 8 connected components. The only
difference in settings is that BIGAN uses a learning rate 1 x 10~ for updating its generator and
3x 107 for its discriminator. We see similar observations from the results in Fig.

For data generation, DAE again produces a collapsed data distribution. VAE’s data distribution is
blurred and the 8 clusters are touching, making the support connected due to using the standard
Gaussian prior. BIGAN is unstable on this dataset and does not produce a reasonable data distribution,
despite some parameter tuning. In contrast, CyGen and CyGen(PT) still recover the data distribution
faithfully, with clear 8 clusters. Again, the advantage to overcome manifold mismatch is demonstrated.

For representation learning, DAE again collapses the class-wise aggregated posteriors of all classes
and puts them in the same place. VAE identifies the latent clusters but which are compressed to the
origin and squeezed together to border each other. BIGAN’s aggregated posteriors of different classes
largely overlap each other. In contrast, CyGen and CyGen(PT) separate the latent clusters clearly.
CyGen(PT) additionally embodies the knowledge from the VAE-pretrained likelihood model that the
prior hence the (all-class) aggregated posterior is centered and centrosymmetric, without suffering
fitting the data distribution.

In all, these observations again verify that CyGen achieves both superior generation and representation
learning performances.

E.4 Real-World Experiments

Model architecture. All methods use the same architecture of the inference model (encoder) and
the likelihood model (decoder), illustrated in Fig.[I2]and detailed in Table[I6] (except for the reported
results from [50] of BIGAN and GibbsNet listed in Table[7] which are around random guess using
the same flow architecture). The Gaussian variance of the likelihood model py(z|z) is selected to be
0.01 for all dimensions. All methods use the Adam optimizer [43]] with learning rate 1 x 10~* and
batch-size 100 for 100 epochs.

Data generation. = VAE uses ancestral sampling, and DAE uses its standard Gibbs sampling
procedure initialized from zo ~ N(0, I4,). CyGen(PT) generates data by running X-space SGLD
(Eq. (B)) with step size ¢ = 1x 10~2 initialized from zo ~ py(+|20) where 29 ~ N (0, I4,).

Downstream classification.  For the downstream classification task on the latent space Z, we
sample one latent representation z for each data point = directly from the learned inference model
¢4 (#|x), and then train a 2-layer MLP classifier with 10 hidden nodes on top of the latent represen-
tation. Results of DAE, VAE and CyGen(PT) in Table [/| are averaged over 10 random trials. All
downstream classifiers are trained for 100 epochs.

Training strategy of our method. CyGen(PT) first pretrains its likelihood and inference models
as in a VAE using the ELBO objective Eq. (with 8 = 1 on MNIST and 8 = 0.01 on SVHN)
for 100 epochs, and then trains them using CyGen (1 x 10~3x compatibility loss Eq. 23) + data-
fitting loss Eq. (@) with a 10-times smaller learning rate for the likelihood model (same learning
rate for the inference model). On SVHN, we clamp the standard Gaussian random seed e in the
reparameterization step that initializes z( to be within the interval [—0.1, 0.1] (element-wise).
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Remark on the VAE pretraining. For real-world images, the optimization process of CyGen
from a cold start is unstable, possibly because the data distribution roughly concentrates on a low-
dimensional space thus is nearly not absolutely continuous, while the CyGen-defined distribution is
absolutely continuous (see Lem. [C.T]in Appx.[C.I)). Improved techniques to handle this issue are
important future work. Moreover, the VAE pretraining downweighs the effect of the prior (i.e., using
asmall 8 on SVHN), so it is approximately a DAE, which does not show a reasonable result (Fig. [6).
So CyGen is the key to the high-quality results.
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Table 16: Inference and likelihood model architectures for MNIST and SVHN

Layers | In-Out Size | Stride
Inference Model g4 (z|x) Architecture for MNIST-C-QNN
Input z 1x28x28
5x 5 GatedConv2d (32), Sigmoid 32x28x 28 1
5 x5 GatedConv2d (32), Sigmoid 32x14x14 2
5x 5 GatedConv2d (64), Sigmoid 64x14x14 1
5 x5 GatedConv2d (64), Sigmoid 64xT7x7 2
5x 5 GatedConv2d (64), Sigmoid 64x7Tx7 1
7x 7 GatedConv2d (256), Sigmoid 256 x1x1 1
Output gn,, sSqueeze 256
Inference Model g4 (z|x) Architecture for SVHN-C-QNN
Input 3%x32x32
5x5 Conv2d (32), LReLU 32x28x28 1
4x 4 Conv2d (64), LReLU 64x13x13 2
4 x4 Conv2d (128), LReLU 128 x10x 10 1
4 x4 Conv2d (256), LReLU 256 x4 x4 2
4 x4 Conv2d (512), LReLU 512x1x1 1
4 x4 Conv2d (256), Sigmoid 256 x1x1 1
Output gp,, sSqueeze 256
Reparameterization Block for ¢4 (z|x) for MNIST and SVHN
Input gny 256
Output-1 g,: Linear 256 x 64 64
Draw e ~ N(0, I4,) and output 29 = g, + € ® ¢ 64
Flow-Parameter Block for ¢, (z|x) for MNIST and SVHN
Input gy 256
Output-1 vy.5: Linear 256 x 512 512
Output-2 b: Linear 256 x 8 512
Output-3 R: Linear 256 x (64 x 64) (64%64)
Output-4 R: Linear 256 x (64 x 64) (64%64)
Likelihood Model py(z|z) Architecture for MNIST
Input 2 64x1x1
7x 7 GatedConvT2d (64), Sigmoid 64 x7Tx7 1
5 x5 GatedConvT2d (64), Sigmoid 64xT7x7 1
5 x5 GatedConvT2d (64), Sigmoid 64x14x14 2
5 x5 GatedConvT2d (32), Sigmoid 32x14x14 1
5 x5 GatedConvT2d (32), Sigmoid 32x28x 28 2
5 x5 GatedConvT2d (32), Sigmoid 32x 28 x 28 1
1x1 GatedConv2d (1), Sigmoid 1x28 %28 2
Output x 1x28x28
Likelihood Model py(z|x) Architecture for SVHN
Input 2 64x1x1
4 x4 ConvT2d (256), LReLU 256 x4 x4 1
4x 4 ConvT2d (128), LReLU 128 x10x 10 1
4 x4 ConvT2d (64), LReLU 64x13x13 1
4 x4 ConvT2d (32), LReLU 32x28x 28 2
5x5 ConvT2d (32), LReLU 32x32x32 1
1x1 ConvT2d (32), LReLU 32x32x32 1
1x1 Conv2d (32), Sigmoid 32x32x32 1
Output x 3x32x32
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