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A Additional notations

In this work, matrices are written in bold uppercase letters. Vectors are written in bold lowercase
letters only if they indicate network parameters (such as bias). For a matrix A € R"™*", we use
Ali,:] € R (resp. A[:,i] € R™*!) to denote the row (resp. column) vector corresponding the
ith row (resp. column) of A. To ease the notation, we write A[i,:]v to denote the scalar product
between A[i, :] and the vector v € R™. This notation will be used regularly when we decompose the
functions of one-hidden-neural networks into sum of functions corresponding to hidden neurons.

For a vector v € R?, v[I] € Rl is the vector v restricted to coefficients in I C [d]. If I = {i} a
singleton, v[i] € R is the ith coefficient of v. We also use 1,, and 0,, to denote an all-one (resp.
all-zero) vector of size m.

For a dense (fully connected) feedforward architecture, we denote N = (N, ..., Ny) the dimensions
of the input layer Ny = d, hidden layers (N_1, ..., N1) and output layer (N ), respectively. The
parameters space of the dense architecture N is denoted by N: it is the set of all coefficients of the
weight matrices W; € RYixNi-1 and bias vectors b; € RY: = 1,..., L. Itis easy to verify that

N is isomorphic to RY where N = Zle Ni_1N; + Zle N; is the total number of parameters
of the architecture.
Clearly, N1 C Ny since:

N = {0=((Wi,b;)),_, p:supp(W;) CI;,Vi=1,...,L.}. 3)
A special subset of A7 is the set of network parameters with zero biases,

N :={0=((W,0x,));—y. 1 :supp(W;) C I;,Vi=1,...,L.}. (6)

i=1,..

Given an activation function v, the realization Ry of a neural network 6 € Ny is the function
RY:x e RY s RY(2) := Wrv(...v(Wiz 4+ by)...+br_1) + by e RNz (7)

We denote R” : § — R} the functional mapping from a set of parameters 6 to its realization. The
function space associated to a sparse architecture I and activation function v is the image of A; under
RY:
Fy = RY(N). ®)
When v = o the ReLLU activation function, we recover the definition of realization in Equation (]I).
We use the shorthands
Rg = Rg
F 1= F fa

as in the main text. This allows us to define Ly (cf. Equation i%[)) as L1 := RY(ANY) where v = Id is
the identity map, which is a subset of linear maps R0 +— RNz,

9

B Proofs for results in Section[3]

B.1 Proof of Proposition (3.1

Proof. First, we remind the problem of the training of a sparse neural network on a finite data set

D = {(zi,yi)} 1
P
Miel?gi?l/,ize L(0) := ;E(Rg(xi)wi), (10)

which shares the same optimal value as the following optimization problem:

P
Minimi L(D) := L(Dl:, 1], y; 11
Vlinimize (D) ;( 1,4, yi) (11)

where Q = {z;},. This is simply a change of variables: from Ry(z;) to the ith column of
D = Ry (£2). We prove two implications as follows:
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1. Assume the closedness of F1(2) for every finite ). Then an optimal solution of the optimization
problem exists for every finite data set {(x;,y;)}1_,. Consider a training set {(x;,v;)}Z;
and Q== {z;}£,. Since D := 0pyn, € F1(f2) (by setting all parameters in 6 equal to zero),
the set F1(€2) is non-empty. The optimal value of is thus upper bounded by £(0). Since the
function £(-, y;) is coercive for every y; in the training set, there exists a constant C' (dependent
on the training set and the loss) such that minimizing on Fr(2) or on F1(Q2) N B(0,C)
(with B(0, C) the L? ball of radius C centered at zero) yields the same infimum. The function
L is continuous, since each £(-, y;) is continuous by assumption, and the set F1(2) N B(0, C) is
compact, since it is closed (as an intersection of two closed sets) and bounded (since B(0, C) is
bounded). As a result there exists a matrix D € F1(2) N B(0, C) yielding the optimal value for
(T1). Thus, the parameters 6 such that Ry(Q) = D is an optimal solution of (10).

2. Assume that an optimal solution ofproblemexistsfor every finite data set {(x;,y;)}1_,. Then
F1(Q) is closed for every ) finite. We prove the contraposition of this claim. Assume there exists
a finite set Q = {x;}2 | such that 71(€2) is not closed. Then, there exists a matrix D € RNz

such that D € F(Q) \ F1(Q2). Consider the dataset {(z;,v;)}Z., where y; € RVZ is the ith
column of D. We prove that the infimum value of isV = Zil £(yi,y;). Indeed, since

D € F1(9), there exists a sequence {0 }ren such that limy_,o Ry, (€2) = D. Therefore, by
continuity of £(-, y;), we have:

P P
Jim £(05) =3 lim (R, (2:),9:) = ) _ Ly i) = V-
=1 =1
Moreover, the infimum cannot be smaller than V because the ith summand is at least £(y;, y;)
(due to the assumption on ¢ in Proposition[3.1). Therefore, the infimum value is indeed V. Since
we assume that y is the only minimizer of ¢y’ — £(y’, y), this value can be achieved only if there
exists a parameter 6 € I such that Ry(2) = D. This is impossible due to our choice of D which

does not belong to F1(£2). We conclude that with our constructed data set D, an optimal solution
does not exist for (10). O

B.2 Proof of Lemma[3.2]

The proof of Lemma [3.2](and thus, as discussed in the main text, of Theorem [3.T) use four technical
lemmas. Lemma [B.T]is proved in Appendix [C.1]since it involves Theorem[4.T. The other lemmas are
proved right after the proof of Lemma[3.2]

Lemma B.1. If A € L1\L1 C RNLXNo then the function f : x v+ f(x) := Az satisfies f €
F1(Q) \ Fi(Q) for every subset  of RN° that is bounded with non-empty interior.

Lemma B.2. Consider Q = {x;}L | afinite subset of R%and Q) = [~ B, B]? such that Q C Q. If

[ € F1(SY) (under the topology induced by || - ||oc), then D := [ f(x1) ... f(zp)] € F1(Q).

Lemma B.3. Consider Ry, the realization of a ReLU neural network with parameter 6 € 1. This
function is continuous and piecewise linear. On the interior of each piece, its Jacobian matrix is
constant and satisfies J € L.

Lemma B.4. For p, N € N, consider the following set of points (a discretized grid for [0, 1]V ):

Q:Qﬁ:{(?,...,?j) |0§ij§p,z'jeN,v1§jgN}.

If H € N satisfies p > 3N H, then for any collection of H hyperplanes, there exists x € QZ],V such
that the elementary hypercube whose vertices are of the form

{:c—|— <“ZN> | 6{0,1}v1§j§N} coy
p p
lies entirely inside a polytope delimited by these hyperplanes.

We are now ready to prove Lemma[3.2]

15



565

566

567

568
569

570
571

572

573
574
575

577

578
579
580

581

583

584
585

Proof of Lemma Since Ly is not closed, there exists a matrix A € L \ L1, and we consider
f(x) == Ax. Setting p == 3NdXi5" Vi we construct € as the grid:

Q:{(“,’ZNU> |OS7,]§p7ZJEN, VISJSNO}v
p p

so that the cardinality of Q = {x;}1_, is P := (p + 1)™°. Similar to the sketch proof, consider
D := [f(z1), f(z2),..., f(zp)]. Our goal is to prove that D € Fy(Q) \ Fy(€2).

First, notice that D € F1(€2) as an immediate consequence of Lemma|[B.2 and Lemma I]i

It remains to show that D ¢ F1(€2). We proceed by contradiction, assuming that there exists 6 € N
such that Ry(2) = D.

To show the contradiction, we start by showing that, as a consequence of Lemma [B.4] there exists
x € Q such that the hypercube whose vertices are the 2™V points

{x+<2,...,zg°>|ij€{0,1},V1§j§N0}gQ, (12)

lies entirely inside a linear region P of the continuous piecewise linear function Rg [1]. Denote

K = 22X Vi a bound on the number of such linear regions, see e.g. [24]]. Each frontier between a
pair of linear regions can be completed into a hyperplane, leading to at most H = K? hyperplanes.
Since p = 3NgK? > 3NoH, by Lemmathere exists ¢ € €) such that the claimed hypercube lies
entirely inside a polytope delimited by these hyperplanes. As this polytope is itself included in some
linear region P of Ry, this establishes our intermediate claim.

Now, define v := x and v; = = + (1/p)e;, i € [No] where e; is the ith canonical vector. Denote
P ¢ RVt *No the matrix such that the restriction of Ry to the piece P is fp(x) = Px + b. Since P
is the Jacobian matrix of Rg in the linear region P, we deduce from Lemma@] that P € Ly. Since
the points v; belong to the hypercube which is both included in P and in {2 we have for each i:

P(vg — v;) = fr(vo) — fr(vi)
= Re(vo) - RO(Ui)
= f(vo) — f(vi)

= A(Uo — ’Ui).
where the third equality follows from the definition of D and the fact that we assume Ry (2) = D.
Since vg — v; = e;/p,i = 1,...,n are linearly independent, we conclude that P = A. This implies
A € L1, hence the contradiction. This concludes the proof. O

We now prove the intermediate technical lemmas.

Proof of Lemma(B.2] Since f € Fi(€), there exists a sequence {6}, } en such that:

lim sup || f(z) — Re,(x)]| =0
k—o0 peqy

Denoting Dy, := [Ry, (z1) ... Ry, (z,)], since z; € Q C @, i = 1,..., P, it follows that D;,

converges to D. Since Dy, € F1(Q2) by construction, we get that D € Fr(9). O

Proof of Lemma(B.3| For any 6 € I, Ry is a continuous piecewise linear function since it is the
realization of a ReLU neural network [1]. Consider P a linear region of Ry with non-empty interior.
The Jacobian matrix of P has the following form [28, Lemma 9]:

J= WLDL—le—lDL—2 e D1W1
where D; is a binary diagonal matrix (diagonal matrix whose coefficients are either one or zero).

Since supp(D; W;) C supp(W;) C I;, we have: J = W, Hf:_ll(D,-Wi) €Ly O

16



586
587
588
589
590
591
592
593
594
595

596

597

598

599
600
601

«©

Proof of Lemma Every edge of an elementary hypercube can be written as:

1
<x,x—|—ei> ,eréV
p

where e; is the ith canonical vector, 1 < ¢ < N. The points « and = + (1/p)e; are two endpoints.
Note that in this proof we use the notation (a, b) to denote the line segment whose endpoints are
a and b. By construction, Qé\’ contains p¥ such elementary hypercubes. Given a collection of H
hyperplanes, we say that an elementary hypercube is an intersecting hypercube if it does not lie
entirely inside a polytope generated by the hyperplanes, meaning that there exists a hyperplane that
intersects at least one of its edges. More specifically, an edge and a hyperplane intersect if they have
exactly one common point. We exclude the case where there are more than two common points since
that implies that the edge lies completely in the hyperplane. The edges that are intersected by at least
one hyperplane are called intersecting edges. Note that a hypercube can have intersecting edges, but
it may not be an intersecting one. A visual illustration of this idea is presented in Figure 3]

____  non-intersecting edge

— intersecting edge

\ hyperplane

Figure 3: Illustration of definitions in R?: a) an intersecting hypercube with two intersecting edges;
b) not an intersecting hypercube, but it has two intersecting edges; c) not an intersecting hypercube
and it only has two intersecting edges (not three according to our definitions: the bottom edge is not
intersecting).

Formally, a hyperplane {w "2 + b = 0} for w € R" and b € R intersects an edge (z, z + %ei) if:
(wTz +b) [wT(:L“ +e) +b <0
and (13)
wTa:—l—b;éOoer(m—i—%ei)—f—b;éO

We further illustrate these notions in Figure 4} We emphasize that according to Equation (13)), /5 in
Figure 4] does not intersect any edge along its direction.

[ N 7j77‘
| I | | I J
g =T 1~ ‘.*T*J [ . .
2 o [ J‘ | : intersecting hypercube
e T T -
J | | | J
- /R R 1= =

o |, non-intersecting hypercube

intersecting edge

- e
R J \ hyperplane

Figure 4: Illustration of intersecting hypercubes and hyperplanes in R2.

Clearly, the number of intersecting hypercubes is upper bounded by the number of intersecting edges.
The rest of the proof is devoted to showing that this number is strictly smaller than p~ if p > 3N H,
as this will imply the existence of at least one non-intersecting hypercube.
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To estimate the maximum number of intersecting edges, we analyze the maximum number of edges
that a given hyperplane can intersect. For a fixed index 1 < ¢ < N, we count the number of edges of
the form (z, z + %ei) intersected by a single hyperplane. The key observation is: if we fix all the

coordinates of = except the ith one, then the edges (z,z + %ei) form a line in the ambient space.
Among those edges, there are at most two intersecting edges with respect to the given hyperplane.
This happens only when the hyperplane intersects an edge at one of its endpoints (e.g., the hyperplane
{5 and the second vertical line in Figure 4). In total, for each 1 < i < N and each given hyperplane,
there are at most 2(p + 1)V ~! intersecting edges of the form (z, z + %ei). For a given hyperplane,

there are thus at most 2N (p + 1)V ! intersecting edges in total (since i € [N]). Since the number
of hyperplanes is at most H, there are at most 2N H (p + 1)V ~! intersecting edges, and this quantity
also bounds the number of intersecting cubes as we have seen. With the assumption p > 3N H, we
conclude by proving that p > 2N H (p + 1)V ~1. Indeed, we have:

ONH(p+1)N-1  oNH N\Y"' onNH N\ onH 1\ V¥
e =) 2B <5R ()

pY p p P P P p
LH (G ] T2 e
=~ 3NH 3NH - A
where we used that (1 + 1/n)" < e & 2.71828, the Euler number. O
B.3 Proof of Theorem 3.4
Proof. We denote X = [z1,...,zp| € RNo*P the matrix representation of €2. Our proof has three

main steps:

Step 1: We show that we can reduce the study of the closedness of F1({2) to that of the closedness
of a union of subsets of RY, associated to the vectors W. To do this, we prove that for any element
f € F1(2), there exists a set of parameters 6 € A7 such that the matrix of the second layer Wy
belongs to {—1,0, 1}1XN1 (since we assume No = 1). This idea is reused from the proof of [1,
Theorem 4.1].

For § := {(W;,b;)?_,} € M, the function R(6) has the form:
N1
Re(l’) = WgO’(Wlfﬂ + bl) + b2 = ZWZiJ(Wl,ix + bl,i) + b2
i=1

where w1 ; = W[i,:] € RN wy; = Wy[i] € R, by ; = bli] € R. Moreover, if wy ; is different
from zero, we have:
W2 i

W 0(W1,z +by) = o(|wailwi iz + [wa i[b1 ;).

[wa i
In that case, one can assume that wy,; can be equal to either —1 or 1. Thus, we can assume
wa,; € {£1,0}. Fora vector v € {—1,0,1}*N1 we define:

FVZ{[Rg(fvl),...,Ro(l'p)] |9€./\/‘1’v} (14)

where N1,y C A is the setof § = {(W;, b;)?_; } with Wy = v € {0, 1}1*M ., in words, Fy is
the image of € through the function Ry, 6 € N y.

Define V := {v | supp(v) C Iy} N {0, £1}*N1. Clearly, for v € V, F,, C F7(Q2). Therefore,

U Fv - -FI(Q)
vev

Moreover, by our previous argument, we also have:

A C | A
vev
Therefore,
AQ) = A
vev
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Step 2: Using the first step, to prove that Fp(2) is closed, it is sufficient to prove that Fy, is closed,
Vv € V. This can be accomplished by further decomposing F\, into smaller closed sets. We denote
0’ the set of parameters W1, by and bs. In the following, only the parameters of 6 are varied since
‘W, is now fixed to v.

Due to the activation function o, for a given data point x; € €2, we have:
oc(Wz,; +bq) =D;(Wz; + by) (15)

where D; € D, the set of binary diagonal matrices, and its diagonal coefficients D[i, 4] are
determined by:

D, i1 = {0 if Wi, :Jz; + by i]

<0 16)
1 iEWIi, ey +bafi] >0 (

Note that D¢, 4] can take both values 0 or 1 if Wi, :|z; 4+ by [i] = 0. We call the matrix D the
activation matrix of x;. Therefore, for to hold, the N7 constraints of the form must hold
simultaneously. It is important to notice that all these constraints are linear w.r.t. . We denote z a
vectorized version of 6’ (i.e., we concatenate all coefficients whose indices are in I; of W and by, bo
into a long vector), and we write all the constraints in in a compact form:

ADj,z;)z < Opn,
where A(Dj, z;) is a constant matrix that depend on D; and ;.
Set § = (v, z). Given that holds, we deduce that:
Ro(z;) =vo(Wzj+b1) +by=vD;(Wz; +b1) +by =V(Dj,x;,v)z
where V(D,,z;, V) is a constant matrix that depends on D, v, z;. In particular, Ry (z;) is also

a linear function w.r.t the parameters z . Assume that the activation matrices of (z1,...,zp) are
(Dy,...,Dp), then we have:

Ro(Q) = V(Dy,21,V)z,...,V(Dp,rp,v)z) € RI*F.

To emphasize that R¢(€2) depends linearly on z, for the rest of the proof, we will write Ry (2) as a
vector of size P (instead of a row matrix 1 x P) as follows:

V(Dl, Zq, V)
Ro(Q) =V(Dy,...,Dp)z  where V(Dy,...,Dp)=
V(DPa p, V)
Moreover, to have (D1, ..., Dp) activation matrices, the parameters z need to satisfy:
.A(Dl, o 7]:)p)Z S OQ
where () = PN, and
.A(Dl, Il)
A(Dla"'aDP):
ADp,zp)
Thus, the set of Ry (€2) given the activation matrices (D1, ..., D p) has the following compact form:

FP1-DPr).— (Y(Dy,...,Dp)z | A(D1,...,Dp)z < 0}.

Clearly, F{PPr) ¢ [ since each element is equal to Ry () with § = (v, z) for some z. On the

other hand, each element of F,, is an element of F‘EDl ~Dr) for some (Dy,...,Dp) € D¥ since
the set of activation matrices corresponding to any @ is in D" Therefore,

F, = U F(P1Dr),
(D1,...,Dp)eD?
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Step 3: Using the previous step, it is sufficient to prove that F\ED“”’DP)

v,(Dy,...,Dp) € D . To do so, we write F‘SDI""’DP) in a more general form:
{Az | Cz <y}. 17

Therefore, it is sufficient to prove that a set as in Equation (I7) is closed. These sets are linear
transformations of an intersection of a finite number of half-spaces. Since the intersection of a
finite number of halfspaces is stable under linear transformations (cf. Lemma[B.5]below), and the
intersection of a finite number of half-spaces is a closed set itself, the proof can be concluded. [

is closed, for any

Lemma B.5 (Closure of intersection of half-spaces under linear transformations). For any A €
R™*" C € R*" y € RY, there exists C' € RF*™ b’ € R such that:

{Ax|Cx <y} ={C'z<Db'}.

Proof. The proof uses Fourier—-Motzkin elimination [} This method is a quantifier elimination
algorithm for linear functions P} In fact, the LHS can be written as: {t | t = Ax, Cx <y}, or more

generally,
{t|3xeR"s.t.B<f> gv}ng

where (’t‘ ) is the concatenation of two vectors (x, t) and the linear constraints imposed by B ( ¥ ) <v
replace the two linear constraints Cx < y and t = Ax. The idea is to show that:

/
{t | Ix e R"s.t. B (f) < v} = {t | Ix e R" ! sit. B (T_}) < v’} (18)

for some matrix B’ and vector v’. By doing so, we reduce the dimension of the quantified parameter
x by one. By repeating this procedure until there is no more quantifier, we prove the lemma. The
rest of this proof is thus devoted to show that B’, v’ as in (18)) do exist.

We will show how to eliminate the first coordinate of x[1]. First, we partition the set of linear
constraints of LHS of (18) into three groups:

1. So := {j | B[j, 1] = 0}: In this case, x[1] does not appear in this constraint, there is nothing
to do.

2. Sy :={j| B[j,1] > 0}, for j € S, we can rewrite the constraints B[j,:](¥) < v[j] as:
x[1] < Al) + Y alixli] + ) Bliltli] = B} (x',t)
i=2 i=1

for some suitable v[j], «[i], 3[¢] where x’ is the last (n — 1) coordinate of the vector x.

3. S_:={j | B[j,1] < 0}: for j € S_, we can rewrite the constraints B[j,:](¥) < v; as:

x[1] = i) + Y alifxli] + Y Bl = B; (x.0)

For the existence of such x[1], it is necessary and sufficient that:
Bif(x',t) > By (x,t),  VkeSi,jeS_. (19)

Thus, we form the matrix B’ and the vector v’ such that the linear constraints written in the following

form:
!
B/ ()1(; ) S V/

represent all the linear constraints in the set Sy and those in the form of (19). Using this procedure
recursively, one can eliminate all quantifiers and prove the lemma. O

“More detail about this method can be found in this link
3In fact, the algorithm determining the closedness of Ly is also a quantifier elimination one, but it can be
used in a more general setting: polynomials
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B.4 Proofs for Lemma[3.3

Since we use tools of real algebraic geometry, this section provides basic notions of real algebraic
geometry for readers who are not familiar with this domain. It is organized and presented as in the
textbook [2]] (with slight modifications to better suit our needs). For a more complete presentation,
we refer readers to [2, Chapter 2].

Definition B.1 (Semi-algebraic sets). A semi-algebraic set of R™ has the form:

k £
U{z ER™ | Py(z) =0A \ Qij(z) >0}

j=1

where P;, Q; j : R™ — R are polynomials and A is the “and” logic.

The following theorem is known as the projection theorem of semi-algebraic sets. In words, the
theorem states that: The projection of a semi-algebraic set to a lower dimension is still a semi-algebraic
set (of lower dimension).

Theorem B.6 (Projection theorem of semi-algebraic sets [2, Theorem 2.92]). Let A be a semi-
algebraic set of R" and define:

B = {(mla s 7xn—1) | dz,,, (ZZ?l, s axn—lazn) S A}

then B is a semi-algebraic set of R" 1.

Theorem@is a powerful result. Its proof [2, Section 2.4] (which is constructive) shows a way to
express B (in Theorem @) by using only the first n — 1 variables (z1,...,Z,—1).

Next, we introduce the language of an ordered field and sentence. Readers which are not familiar
to the notion of ordered field can simply think of it as R and its subring as Q. Example for fields
that is not ordered is C (we cannot compare two arbitrary complex number). Therefore, the notion
of semi-algebraic set in Definition E (which contains Q; j(x) > 0) does not make sense when the
underlying field is not ordered.

The central definition of the language of R is formula, an abstraction of semi-algebraic sets. In
particular, the definition of formula is recursive: formula is built from atoms - equalities and
inequalities of polynomials whose coefficients are in a subring Q of R. It can be also formed by
combining with logical connectives “and”, “or”, and “negation” (A, V, —) and existential/universal
quantifiers (3, V). Formula has variables, which are those of atoms in the formula itself. Free variables
of a formula are those which are not preceded by a quantifier (3, V). The definitions of a formula and
its free variables are given recursively as follow:

Definition B.2 (Language of the ordered field with coefficients in a ring). Consider R an ordered
field and Q C R a subring, a formula ® and its set of free variables Free(X) are defined recursively
as:

1. An atom: if P € Q[X]| (where Q[X] is the set of polynomials with coefficients in Q)
then ® := (P = 0) (resp. ® := (P > 0)) is a formula and its set of free variables is
Free(®) := {Xy,..., X, } where n is the number of variables.

2. If ®1 and ®4 are formulas, then so are ®1V @y, &1 A Oy and ~P1. The set of free variables
is defined as:

(a) Free(®; V ®y) := Free(P;) UFree(Ps).
(b) Free(®; A ®3) := Free(P;) UFree(Ps).
(c) Free(—®1) = Free(®,).
3. If ®isaformulaand X € Free(®), then &' = (3X)® and D" = (VX)P are also formulas
and Free(®') := Free(®) \ {X}, and Free(®") := Free(®) \ {X}.
Definition B.3 (Sentence). A sentence is a formula of an ordered field with no free variable.
Example B.1. Consider two formulas:
®; = {3X1, X7 + X5 =0}
®y = {3X1,3X,, X7 4+ X3 =0}

21



680
681
682

683
684
685

686

687
688
689

690
691
692
693
694
695
696
697

698

699

701

702

704

711

712

713

While ®1 is a normal formula, ®5 is a sentence and given an underlying field (R, for instance), ®5 is
either correct or not. Here, ®5 is correct (since X3 + X2 = 0 has a root (0,0)). Nevertheless, if one
consider ®, = {3X1,3Xo, X? + X3 = —1}, then @, is not correct.

An algorithm deciding whether a sentence is correct or not is very tempting since formula and
sentence can be used to express many theorems in the language of an ordered field. The proof or
disproof will be then given by an algorithm. Such an algorithm does exist, as follow:

Theorem B.7 (Decision problem [2, Algorithm 11.36]). There exists an algorithm to decide whether
a given sentence is correct is not with complexity O(sol)o(l)kf1 where s is the bound on the number

of polynomials in ®, d is the bound on the degrees of the polynomials in ® and k is the number of
variables.

A full description of [2, Algorithm 11.36] (quantifier elimination algorithm) is totally out of the
scope of this paper. Nevertheless, we will try to explain it in a concise way. The key observation is
Theorem[B.6] the central result of real algebraic geometry. As discussed right after Theorem [B.6] its
proof implies that one can replace a sentence by another whose number of quantifiers is reduced by
one such that both sentences agree (both are true or false). Applying this procedure iteratively will
result into a sentence without any variable (and the remain are only coefficients in the subring). We
check the correctness of this final sentence by trivially verifying all the equalities/inequalities and
obtain the answer for the original one.

Proof of Lemma To decide whether Ly is closed or not, it is equivalent to decide if the following
sentence (see Definition [B.3) is true or false:

3A7(VXL,...,Xl,P(A,XL7...,X1) > 0)/\
(Ve >0,3X},..., X}, P(A,X),....X}) —e<0)
where P(A,Xl,...,XL) = Z(z,g)(A[ ] PI (XL,...,Xl))Q.

This sentence basically asks whether there exists a matrix A € Fy \ Fy or not. It can be proved that
this sentence can be decided to be true or false using real algebraic geometry tools (see Theorem[B.7),

with a complexity O ((sd)ckf1

) where C' is a universal constant and s, d, k are the number of
polynomials, the maximum degree of the polynomials and the number of variables in the sentence,

respectively. Applylng this to our case, we have s = 2,d = 2L,k = Ny Ng + 1+ 225 1 \Ig|
(remind that || is the total number of unmasked coefﬁc1ents of Xz)

B.5 Polynomial algorithm to detect support constraints I = (7, J) with non-closed Lj.

The following sufficient condition for non-closedness is based on the existence in the support
constraint of 2 x 2 blocks sharing the essential properties of a 2 x 2 LU support constraint.

Lemma B.8. Consider a pair1 = (I,J) € {0,1}™*" x {0,1}"*" of support constraints for the
weight matrices of one-hidden-layer neural network. If there exists four indices 1 < 11,19 < m,1 <
71,72 < mand two indices k # 1,1 < k,l < r such that:

1. For each pair (i,7) € {(i1,j1), (i1, j2), (i2, 41)} we have:
(i,4) € supp(I[:, k] J [k, :]) and (i, j) & supp(I[:, (] J[(;:]), VE # k.
2. The pair (i2, j2) belongs to supp(I[:, k| J [k, :]) and to supp(I[:,1]J[L,:]).

then Ly is non-closed.

Proof. First, it is easy to see that the assumptions of this lemma are equivalent to those of [18|
Theorem 4.20] since supp(![:, k] J[k,:]) is precisely the kth rank-one support of the pair (I,.J)
[L8, Definition 3.1]. Without loss of generality, one can assume that i1,j; = 1,i2,752 = 2 and
k = 1,1 = 2. We will prove that A € Ly \ L1 where

— A/ 0 mxn . . 0 1 2%2
A.<0 0>€R 7W1thA.<1 0>€R .

This can be shown in two steps:
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1. Proof that A € Ly: For any € > 0, consider two factors:

X! 0 A AN
= (5 o) x=(% o)

where X, Y’ € R?*2 respect the support constraints corresponding to the LU architecture. It is
not hard to see that such a construction of (X, Y) satisfies the support constraints (I, J) (due to
the assumption of the lemma and the value of indices). Moreover, we also have:

1A = XY e|lp = [|A" = XYl r
Thus, to have ||[A — X Y ||r < ¢, it is sufficient to choose a pair of factors (X.,Y’) respecting
the LU architecture of size 2 x 2 such that ||A’ — X.Y’||» < e. Such a pair exists, since the set
of matrices admitting the exact LU decomposition is dense in R?*2. This holds for any ¢ > 0.
Therefore, A € L.

2. Proof that A ¢ Ly: Assume there exist a pair of factors (X,Y) whose product XY = A and
supports are included in (I, J). Due to the assumptions on the pairs (i1, j1), (i1, J2), (i2, j1), we
must have:

X[1,1]Y[1,1] =A[l,1]=0
X[2,1]Y[1,1] =A[2,1]=1
X[1,1]Y[1,2] =A[L,2] =
It is easy to see that it is impossible. Therefore, A ¢ L. O

Given a pair of support constraints I, it is possible to check in time polynomial in m, r, n whether the
conditions of Lemma@hold A brute force algorithm has complexity O(m?n r) A more clever
implementation with careful book-marking can reduce this complexity to O(min(m, n)mnr).

C Proofs for results in Section 4]

C.1 Proof of Theorem 4.1]

In fact, Theorem[.1]is a corollary of Lemma|[B.T, Thus, we will give a proof for Lemma[B.T in the
following.

Proof of Lemma[B.1] Since A € L1\L1 C RV2XNo we have:

1. A ¢ Ly

2. There exists a sequence {(X¥)L | }1en such that limy, o || X% ... X¥ — A|| = 0 for any
norm defined on R™o.

We will prove that the linear function: f(z) := Az satisfies f € Fy \ F1 (where 7 is the closure of
Frin (CO(2), || - |00 ), that is to say f is not the realization of any neural network but it is the uniform
limit of the realizations of a sequence of neural networks) Firstly, we prove that f ¢ Fi. For the
sake of contradiction, assume there exists § = (W, b; ) © | € Nt such that Ry = f. Since Ry is the
realization of a ReLU neural network, it is a continuous piecewise linear function. Therefore, since 2
has non-empty interior, there exist a non-empty open subset Q" of R? such that ' C Q and Ry is
linear on ', i.e., there are A’ € RVN:XNo b ¢ RVt such that Ry(z) = A’z + b’, Vo € Q. Since
f = Rep, we have: A’ = A and also equal to the Jacobian matrix of Ry on ’. Using Lemma
and the fact that A ¢ Ly, we conclude that f ¢ F.

There remains to construct a sequence {Gk}keN, 0F = (WFE bF)E | € Nfsuchthat limy,_, o [|[Rgx —
flloo = 0. We will rely on the sequence {(X¥)L 1,y for our construction. Given k € N we simply
define the weight matrices as W¥ = X% 1 < i < L. The biases are built recursively. Starting from

b 1= sup,cq |[Whz| s and bf := c}1y,, we iteratively define for2 < i < L — 1:

Y (@) = Wigw + by
¥ i=sup |y 0. 0 (@)]o
z€eQ

k._ k
bi = C; 1NL
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The boundedness of (2 ensures that c¥ is well-defined with a finite supremum. For i = L we define:

L—-1 L
bi ==Y ([ Wbt
i=1 j=it+1

We will prove that Ry« () = (X’i e X’f) x,Vx € (). As a consequence, it is immediate that:
lim Ry — flloo = lim sup [[Rgx () — f(2)]2
k—o0 k—o0 zcQ
< lim ||Xlz . Xllc — AH2_>2 sup ||33||2 =0
k— o0 z€Q
where we used that all matrix norms are equivalent and denoted || - ||2—2 the operator norm associated

to Euclidean vector norms. Back to the proof that Ryx (z) = (XE . X’f) x, VYV € €, due to our
choice of ¥, we have for2 <i < L — 1:

VE Lo ogk(z) >0,VreQ
where > is taken in coordinate-wise manner. Therefore, an easy induction yields:
k k k
Ror(x) =~ oocoryi_j0...000(x)

=7 o101 (%)
= WK . (WE(WFz+b}) +Db5)...)+bl

L-1 L L-1 L
= XE . XDz + Y (J] Wbl = > ([] Wbt
i=1 j=i+1 i=1 j=i+1

=Xk . XMz

C.2 Proof of Theorem 4.2]

Given the involvement of Theorem[4.2, we decompose its proof and present it in two subsections: the
first one establishes general results that do not use the assumption of Theorem[d.2] The second one
combines the established results with the assumption of Theorem [.2]to provide a full proof.

C.2.1 Properties of the limit function of fixed support one-hidden-layer NNs

The main results of this parts are summarized in Lemma and Lemma[C.3] It is important to
emphasize that all results in this section do not make any assumption on I.

We first introduce the following technical results.

Lemma C.1 (Normalization of the rows of the first layer [26]). Consider Q2 a bounded subset of RMNo,
Given any 0 = {(W;,b;)2_,} € Ny and any norm || - || on R0, there exists 0 := {(W;,b;)%_,} €
Nt such that the matrix W1 has unit norm rows, ||bi||ee < C' = sup,cq SUp)|y <1 (U, ) and

Ro(x) = R(x), Vo € Q.

Proof. We report this proof for self-completeness of this work. It is not a contribution, as it merely
combines ideas from the proof of [26, Lemma D.2] and [26 Theorem 3.8, Steps 1-2].

We first show that for each set of weights 6 € Aj we can find another set of weights ' =
{(WLbl)2_|} € Ni such that Ry = Ry on RM and W/ has unit norm rows. Note that
|Ibi|lcc can be larger than C. Indeed, given 6 € N, the function Ry can be written as:

Ry :x € RNo s Z;\lel hj(z) + bg where hj(z) = Wy, jlo(W1]j,:]z + b1[j]) denotes the
contribution of the jth hidden neuron. For hidden neurons corresponding to nonzero rows of W%,
we can rescale the rows of W¥, the columns of W4 and b} such that the realization of h; is invari-
ant. This is due to the fact that woo (W] = + b) = ||wy ||wao((w1/||w1|]) Tz + (b/||w1]|)) for any

wi # 0 € R0, w, € RM2 b € R. Neurons corresponding to null rows of W# are handled similarly,
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in an iterative manner, by setting them to an arbitrary normalized row, setting the corresponding
column of W¥ to zero, and changing the bias b’ to keep the function Ry unchanged on R0, using
that woo (0T 2 4+ b) + by = 00(v' 2 + b) + (ba + wa0o(b)) for any normalized vector v € R,
Thus, we obtain §” whose matrix of the first layer, W/, has normalized rows and Ry = R¢/ on RMNo,

To construct 6 with ||by||oc < C we see that, by definition of C, if |wy|| = 1 and b > C then
wiz+b>-C+b>0,  VreQ. (20)
Thus, the function woo (W] x + b) = wo(W, = + b) is linear on  and
Woo (Wi x +b) + by = wa(w, 2+ C) + ((b — C)wy + by)
=wyo(w, z+C)+ ((b— C)wy + by)
Thus, for any hidden neuron with a bias exceeding C, the bias can be saturated to C' by changing

accordingly the output bias bo, keeping the function Ry unchanged on the bounded domain 2 (but
not on the whole space R™Mo). Hidden neurons with a bias b < —C can be similarly modified.

Sequentially saturating each hidden neuron yields 6 which satisfies all conditions of Lemma [

Lemma C.2. Consider §) a bounded subset of R™0, for any I = (I, I1), given a continuous function
f € F1(Q), there exists a sequence {0*} en, 0% = (WE, bF)2_| € Ny such that:

1. The sequence Rgr admits f as its uniform limit, i.e., limg_ o0 [[Rer — f|loo = 0.

2. The sequence {(W¥ b¥)}ren has a finite limit (W, b%) where W has unit norm rows and
supp(W7) € I1.

Proof. Given a function f € F1(f), by definition, there exists a sequence {#*}rcn, 0F € N7
Vk € N such that limy,_ o |Rgr — f|leo = 0. We can assume that W# has normalized rows and b¥
1s bounded using Lemma[C.T. We can also assume WLOG that the parameters of the first layer (i.e

% b¥) have finite limits W7 and b?. Indeed, since both W* and b¥ are bounded (by construction
from Lemma , there ex1sts a subsequence {¢k }ken such that W"o’” and b‘f’c have finite limits and
Roer — f as ng — f. Replacing the sequence {0*},.cny by {0°* } ren yields the desired sequence.
Finally, since W} = limy_,o. W¥, W} obviously has normalized rows and supp(W?) C I;. [

Definition C.1. Consider 2 bounded subset of R?, a function f € Fi(Q) and a sequence {6} en
as given by Lemma|C.2! We define (a;,b;) = (Wx[i,:], bi[i]) the limit parameters of the first layer
corresponding to the ith neuron. We partition the set of neurons into two subsets (one of them may be
empty):

1. Set of active neurons: J .= {i | (v € Q,a;2 +b; > 0) A (Tz € Q,a;,2 + b; < 0)}.

2. Set of non-active neurons: J = [N1] \ J.

Fori,j € J, we write i ~ j if (W7lj,:],b7lj]) = £(W7li,:],b1[i]). The relation ~ is an
equivalence relation.

We define (Jg)i=1,... r the equivalence classes induced by ~ and we use (o, B¢) := (a;, b;) for some
i € Jy as the representative limit of the (th equivalence class. For i € Jy, we have: (a;,b;) =
€i(aw, Br), €; € {£1}. Wedefine J; ={i€ Jy | e, =1} #0Vand J; = J;\ J;.

For each equivalence class Jy, define Hy := {x € Q | ayx + B¢ = 0} the boundary generated
by neurons in J; and the positive (resp. negative) half-space partitioned by Hy, H j ={z e Q|
agr + B > 0} (resp. H; = {z € Q| apx + B¢ < 0}). For any e > 0 we also define the open
halfspacesH(eJr {J:G]Rd|a£x+ﬁg>e}andH(e’ ={reR?| o)+ B < —¢}.
Definition[C.T|groups neurons sharing the same “linear boundary” (or “singular hyperplane” as in

[26]). This concept is related to “twin neurons” [28]], which also groups neurons with the same active
zone. This partition somehow allows us to treat classes independently. Observe also that

supp(ay) ﬂ L[, ,V1<e<r. (21)
i€Jy
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Definition C.2 (Contribution of an equivalence class). In the setting of Definition|C.1| we define the
contribution of the ith neuron 1 < i < Ny (resp. of the lth (1 < £ < r) equivalence class) of 0 as:

RY RN RN2 2 g s WEL i)o (Wi, ]z + BY[i])
géf RN RY2 gy Z hf(x) .
i€Jy

Lemma C.3. Consider Q) = [—-B, B]?, f € F1(Q) and a sequence {6 }1.cn as given by Lemma
and ay, By, 1 < £ < re;,i € J as given by Deﬁnition There exist some v¢,b € RN2 A€
RN2XNo sych that:

f(z) = Z’V@U(aew +B)+Ax+b Ve (22)
i=1
lim > WAL i]WH[i, ] = yeap, VI<L<r 23)
k—o0
i€Jp
lim > bW, i] = v, VI<l<r (24)
k— oo <7
supp(v¢) C | J Lofs,il, Vi<e<r (25)
ic€Jy

Proof. The proof is divided into three parts: We first show that there exist v,,b € R™ and
A € RN2xNo guch that Equation @) holds. The last two parts will be devoted to prove that

equations - hold.

1. Proof of Equation (22): Our proof is based on a result of [26]], which deals with the case of a
scalar output (i.e, N2 = 1). It is proved in [26 Theorem 3.8, Steps 3, 6, 7] and states the following:

Lemma C.4 (Analytical form of a limit function with scalar output [26]]). In case Ny = 1 (i.e., output
dimension equal to one), consider Q) = [~ B, B¢, a scalar-valued function f : Q — R, f € F1(Q)
and a sequence as given by Lemma@ there exist 1 € RN0 ~, v € R such that:

flz) = Z’Yw(aex +B8)+pu'z+v, VYreQ (26)
=1
Back to our proof, one can write f = (fi,..., fn,) where f; : Q@ C RN s R is the function f

restricted to the jth coordinate. Clearly, f; is also a uniform limit on © of {R . } rew for a sequence
{0%} en which shares the same W¥ with {6%},cn but W4 is the jth row of WX. Therefore,
{0%} ren also satisfies the assumptions of Lemma @, which gives us:

filz) = Z’)%j(f(@giﬂ + Be) + ,u;rx +v;, Ve
=1

for some p; € R0 ~; ; v; € R. Note that ay, 3, and r are not dependent on the index j since
they are defined directly from the considered sequence. Therefore, the function f (which is the
concatenation of f; coordinate by coordinate) is:

f(x) = Zwa(aeiﬂvLﬂe) +Axz+b, Ve
=1

Vi, 1 HI Vi
withwz( : ),A: : ,b:< )
Yi,No /‘1—\22 VNgy

2. Proof for Equations (23)-(24): With the construction of ~, we will prove Equation (23) and
Equation (24). We consider an arbitrary 1 < ¢ < r. Denoting Q° the interior of Q and H, :=
{z € Q| ayx + B¢ = 0} the hyperplane defined by the input weights and bias of the ¢-th class of
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neurons, we take a point 2’ € (2° N Hy) \ U,, Hp and a fixed scalar 7 > 0 such that the open ball
B(z',r) € Q°\ U, Hp- Notice that 2" is well-defined due to the definition of J (Definition E).
In addition, r also exists because Q° \ Up ¢ Hp 1s an open set. Thus, there exists two constants
0 < 6 < B and € > 0 such that:

(@) B(z',r) C [-(B-9),B - ™

(b) For each p # ¢, the ball B(z/,r) is either included in the half-space H}f’ﬂ = {z € R? |
o & + B, > €} or in the half-space H,(f’_) ={zeR| o) x4+ B, < —€}.

(c) The intersection of B(z’, ) with H'™) and H{“™ are not empty.

For the remaining of the proof, we will use Lemma [C.3] another result taken from [26]]. We only state
the lemma. Its formal proof can be found in the proof of [26, Theorem 3.8, Steps 4-5].

Lemma C.5 (Affine linear area [26]]). Given a sequence {0*} e satisfying the second condition of
LemmalC.2, we have:

(a) For any 0 < 0 < B, there exists a constant ks such that ¥i € J, hf are affine linear on
[—(B —6), B — 8N forall k > k.

(b) For any € > 0, there exists a constant k. such that for each 1 < { < r and each i € J; the
function h¥ is affine linear on Hés’ﬂ U Hée’_) forall k > k..

The lemma implies the existence of K = max(ks, ¢) such that for all £ > K, we have:
Zgﬁ(m):Bkm—f—l/k, vz € B(2',r),
p#L
for some B¥ € RN2xNo b ¢ RN2 Therefore, for k > K, we have:
Ror () = BFz + v + Y WHLL i (Wi, 1]z + bf[i]), Vo € B(a', ) 0 H
i€t
Ror(x) = BFz + % + 3 WELL il (Wi, 2]z + bE[i)), Vo € B(a',r) 0 H .
i€
Since we proved that f has the form Equation (22)), there exist C € RN2*No_;, ¢ RN2 such that
f(x) = (C+~ypap)r + (pn+ veBe), Vx € B(z',r)n nge’ﬂ
f(x) =Cx +p, Vo € B(x',r)N Héﬁ’_)

As both B(z',r) N He(e’+) and B(z',r) N Hée’_) are open sets, and given our hypothesis of uniform
convergence of Ryx — f, we obtain,

lim B + Y WAL WH[i, ] = C + yeon

k—o0
i€
lim B* kLW, =
kggo + ZWQ[)Z}Wl[Z’] C
ieJ, @7
; k KWk 5 —
klggo’/ + Z by[i]W5[:, i = p+ e
i€
lim v* bYW, i] = p.
Jim v +2J: VWS i =
i€,

Proof for Equation can be found in Appendix [C.4] Equations (23) and (24) follow directly from
Equation 7).

3. Proof of Equation : Since ap # 0 (remember that ||ay|| = 1), this is an immediate conse-
quence of Equation as each vector W5[:, j], j € Jy is supported in Iy[:, j] C Usey, Io[:,d]. O
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We state an immediate corollary of Lemma which characterizes the limit of the sequence of
contributions {g5 } yen of the /th equivalence class with |.J,| = 1.

Corollary C.1. Consider f € Fi(|—B, B]?) that admits the analytical form in Equation @, a
sequence {0%} en as given by Lemma and Deﬁnition For all singleton equivalence classes
Jo={i},1 <€ < r, we have limy,_, oo W5, 1] = v and limy,_, Hh’eC — wo(a;x + Be)|leo = 0.

Proof. We first prove that W5[:, 7] has a finite limit. In fact, applying the second point of Lemma
for J, = {i}, we have:

lim WAL i) WH[i, 2] = vy

k—o0
where ¢, oy are defined in Lemma@. Because limy_, o, W¥[i,:] = oy and ||a||2 = 1, it follows
that 7, = limy_.oo W5[:,i]. To conclude, since we also have 3, = limy_,, b¥[i], we obtain
RE(:) = WEL,:lo(WE[E,:] - +b¥[0]) — veo(cux + Be) as claimed. O

The nice thing about Corollary [C.1|is that the contribution gf = h% admits a (uniform) limit
if Jo = {i}. Moreover, this limit is even implementable by using only the ith neuron because
supp(ay) C I1[¢,:] and supp(y¢) C Io:, 4]

It would be tempting to believe that, for each P € {J} U{J, | £ = 1,...,r} the sequence of
functions )., g% () must admit a limit (when & tends to oc) and that this limit is implementable
using only neurons in P. This would obviously imply that F1(£2) is closed. This intuition is however
wrong. For non-singleton equivalence class (i.e., for cases not covered by Corollary[C.T), the limit
function does not necessarily exist as we show in the following example.

Example C.1. Consider the case where N = (1,3, 1) and no support constraint, Q) = [—1, 1], take
the sequence {0} ,cn which satisfies:

1 0
Wk = (—11> bl = ((1)> WE=(k -k —k),bl=k

Then for x € ), it is easy to verify that Rgr = 0. Indeed,

3
R (z) = ZW’;[:, iJo(WH[i,:] + bf[i]) + bh

=ko(z) — ko(—x) —ko(x+ 1)+ k
=k(o(z) —o(—x)) —k(x+1)+k (sincex+1>0,VreQ)
=kx—k(z+1)+k=0

Thus, this sequence converges (uniformly) to f = 0. Moreover, this sequence also satisfies the
assumptions of Lemma|C.2| Using the classification in Definition[C.1| we have one class equivalence
J1 = {1,2} and J = {3}. The function g% (x) = ko(x) — ko(—x) = kx, however, does not have
any limit.

C.2.2 Actual proof of Theorem 4.2

Therefore, our analysis cannot treat each equivalence class entirely separately. The last result in
this section is about a property of the matrix A in Equation (22). This is one of our key technical
contributions in this work.

Lemma C.6. Consider 0 = [—B,B|% f € Fi(Q) that admits the analytical form in Equa-
tion (12), a sequence {9k}7keN as given by Lemma m then the matrix A € Ly where
I' = (125, ], [1[S,:]), S = J U (Ui<e<rd; ), I, JL,i are defined as in Deﬁnition@).

Combining Lemma|C.6)and the assumptions of Theorem .2} we can prove Theorem .2 immediately
as follow:

Proof of Theorem[:2] Consider f € Fi(Q), we deduce that there exists a sequence of {6*}4en
that satisfies the properties of Lemma [C.2. This allows us to define J and equivalence classes

28



864
865
866

868

869
870
871

872
873
874

875
876

877

879

880
881

882
883
884
885
886
887

Jo, 1 < 0 < raswell as (ay, B¢) as in Definition Using Lemma|C.3] we can also deduce an
analytical formula for f as in Equation (22):

x) = Zwa(aﬂ +Be)+Ax+b, Vre.

i=1

Finally, Lemma @ states that matrix A in Equation (IZ) satisfies: A € Lp with I' =
(I2[:, 8], IS, :]]), where S = J U (U;_,J, ). To prove that f € Fi, we construct the parame-
ters = {(W;,b;)?_, } of the limit network as follows:

1. Foreach 1 < ¢ < r, choose one index j € J[ (which is possible since J[ is non-empty). We set:

(Wi, Wl ], bai]) = {(‘”’Wf) ifi=J (8)

(g, 0,8¢) otherwise

This satisfies the support constraint because supp(ay) C I1[j,:] (by 1)) ap = limy_, oo W¥[3,:])
and Is = 1y, n,. This is where we use the first assumption of Theorem. 4.2| Without it, supp(~,)
might not be a subset of I»[:, j].

2. Fori € S: Since A € LZI/ (cf Lemma and Ly is closed (second assumptlons of Theorem|:)
there exist two matrices W1, W such that supp(W,) C I1[;, S], supp(W3) C I,[S,:], and
A= W2W1. We set:

(W1li,:], Wal:, ], bi[i]) = (Wi, :], Wa[:, ], C) (29)

where C' = sup, ¢ |[W1||oo. This satisfies the support constraints T due to our choice of W, W,
The choice of C ensures that the function h;(x) := Wa[i, :]o(W1[i, :]z + by [i]) is linear on §2.

3. Forbg: Letby =b —C (ZieS Wol:, z]) (b is the bias in Equation ).

Verifying Ry = f on (Q is thus trivial since:

ZWQ [,}.’I}‘i‘bl[lb—f—bg
_ZWQ [ .’E+b1 ZWQ [,]$+b1[2])+b2
1€S i€S
_waa az(L’+ﬁg +ZW2 Wl[ ]m+C)+bC<ZW2[,z]>
JES €S

= Zwa(am + Be) + WoWiz +b = Zwa(agx +B)+Az+b=f O
=1 =1

Proof of Lemma|C.6, 1In this proof, we define 2 = (—B + &, B — §)N°,0 < § < B. The choice of
d is not important in this proof (any 0 < 6 < B will do).

The proof of this lemma revolves around the following idea: We will construct a sequence of functions
{f*}ren such that, for k large enough, f* has the following analytical form:

FHa) =Y vo(ar + Be) + AFz + bF v € Q3 (30)
=1

and limy_,o0 f¥(x) = f(z) Vo € Q\ (Uj_, Hy) (or equivalently f* converges pointwise to f on
Q\ (Uj_, Hy)) and A* admits a factorlzatlon into two factors A¥ = X*Y* satisfying supp(X*) C
L[:, S, supp(Y*) C I[S, 1], so that A*¥ € Ly,. Comparing Equation @) and Equation @), we
deduce that the sequence of affine functions A*z + b* converges pointwise to the affine function

Az + b on the open set Q5 \ (Uj_, H¢). Therefore, limj_, o AF = A by Lemma hence the
conclusion.
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The rest of this proof is devoted to the construction of ¥ = R where 0% e Ny are parameters
of a neural network of the same dimension as those in N but only partially satisfying the support

constraint I. To guarantee that f* converges pointwise to f, we construct 6% based on 0% and harness
their relation.

Choice of parameters. We set 0¥ = {(WF b¥)?2_ |} € Nx where W§ € RN XN Wk ¢
RN1xNo are defined as follows, where we use C* = sup, ¢, || Wiz ||

« For inactive neurons i € .J, we simply set (W [:, i), W5[i, :], b¥[i]) = (W¥[:, 4], WE[i, :], b5[i]).
* For each equivalence class of active neurons 1 < ¢ < r, we choose some j, € er (note that Jj is
non-empty due to Definition E) and set the parameters (W5[:, 4], W¥[i :] by [i]),i € Jy as:
i N i (Wi[i,:], W5[:,4),C*),  VjeJd,
(Wili, ], W5, i], bi[i]) = { (WF[i,:],0,C%), Vi€ J\ L} G
(ces e, Be), i =Je
Fori € Jy \ {je}, we clearly have: supp(W¥[i,:]) C I[i,:] and supp(W5[:,i]) C Io[:,i]. The

je-th column of W¥ is the only one that does not necessarily satisfy the support constraint, as
supp(v¢) € L[, je] in general.

» Finally, the output bias b¥ is set as:

%:ﬂﬁ+§i§:ﬂﬁmfoﬁ“@hﬂ (32)

=14eg;

Proof that f* := R, converges pointwise to f on 2\ (U;_, H,). We introduce notations analog
to Definition[C.2: for every = € RN we define:

hi(x) = WELL ilo (Wi, e+ BE), i=1,...,Ny;  gie) =Y h¥(x), £=1,...r
1€Jy
By construction
hF =hnF, Vield, Vk, (33)
and we further explicit the form of Bf,z € J, for x € Q (but not on RM°) as:
WAL (WEi, ]z + CF), Vie
hi(z) = {0, vie JS\ (i}, (34)
Yea (aez + Be), = Je

We justify our formula in Equation (34) as follow:

1. Fori € J; : since C% = sup,cq ||[W4z||w by construction, W¥[i, ]z + bi[i] = WE[i, ]z +
b¥[i] > 0. The activation o acts simply as an identity function.

2. Fori € J;/: Because we choose W5[:,i] = 0.

3. For i = j,: Obvious due to the construction in Equation (31).

Given z € Q \ (Uj_, Hy), we now prove that this construction ensures that for each ¢ € {1,...,r}
Jim (g7 (x) — g7 () + €F) = 0. (39)
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This will imply the claimed poinwise convergence since

lim f*(z) = hm Rak = hm th Z z) + bk

k—oco
ieJ
e . " ~ " ek
Jim _Eejhl(x)JreEilge(x) e§71§e+ 2

k k I T _
klggo ;h ; g; (x) + bj —kILH;ORek(x)—f(x)~

906 To establish (35), observe that as = €  \ (Uj_, H,) we have x ¢ H,. We thus distinguish two cases:
97 Casex € H, .

908 Using we show below that for k large enough and x € H, , we have

- k_bri)) Wk, ieJ,
hf(x)—hf(w)—{((f brli)Wal: i) Zijg (36)
and thus
G @) —gb @) + &8 = (W) — b))+ = 30 (€ — LWL + & =0.
1€Jy i€J,

909 We indeed obtain (36) as follows. Since x € H, , ayx + B¢ < 0, i.e., —ayx — B¢ > 0. Therefore,
910 given the definitions of .J Zi (cf Definition @) we have:

e Fori € J; : limy_,oo (WF[i,:], b[i]) = —(cw, Be), hence for k large enough, we have Wi, ]z +
b¥[i] > 0 so that o(W¥[i, ]z + b¥[i]) = W¥[i,:]x + b¥[i] and, as expressed in (36):

B () — b () & WAL i) (W, + CF) — WL i) (Wi, + BE[) = (€ — bYW, 1]

o11 « Fori € J; : similarly, we have W¥[i, ]z + b¥[i] < 0 for k large enough. Therefore, h¥(z) = 0
o1z for k large enough. The fact that we also have h¥(z) = 0 is immediate from Equation if ¢ # jo,
913 and for i = j, we also get from Equation (34) that 2* (z) = o (aex + B) = 0 since apx + B4 < 0.

o14 Case z € H, . An analog to Equation (36) for x € H,' is

WL, i (WHi, Ja + CF), ield;
hy(x) — by (x) = § =W, i) (WH[i, Ja + bF[i)), ieJS\{j}. @3
’W(Otg:ﬂ+ﬂz) 7W}2€[31](W’f[za]x+b]ﬂl])a { :.7

915 We establish it before concluding for this case.

* Fori € J, : by areasoning analog to the case x € H, , we deduce that for £ large enough

it (2) — i (x) & WL i (W, e+ C").

ot6 * Fori € J,: a similar reasoning yields h¥ (z) = WE[:, i](W¥[i,:]x + b [i]) for k large enough,
917 while Equation yields hfe (z) = yeo(apz+ Be) = ve(apz+ Be) (since apx+ 5 > 0asz € H;)
ot18  and hF(x) = 0if i # j,.
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Using we obtain for k large enough
G (@) = k@) + &k = Y (k) - hm) +¢b

i€Jy
= Z WL (W, Jo + CF) = > WAL iJ(WHi, ]z + bE[i]) + ye(owx + Be) + &
ied, 16J+
! ( Z VV]C : Z W2 ]Jr’}/pa/)
i€d, ]GJJr
+ (f? + Y WiLiCh - > W, +wﬁz)
i€, ieJ;t

Siesy WL lbLL]

where in the last line we used the expression of £ from (32). Due to Equations and it
follows that limy, 0 G (z) — g5 (z) + &F =0,V € H.

Thus combining both cases, we conclude that limy,_, o0 §5 (z) — gF (z) + 5 = 0,Vz ¢ Hy, as desired.

Proof of the expression (30) with A* ¢ Ly, for large enough k. From (34), we first deduce that

th +bk—2’)/g0' (g + Bo) +th +b vz e RNe,
€S

where we recall that S == J U (U1<¢<,J , ). There only remains to show that, for & large enough,
we have Y, o h¥(x) = A*z + b* for every z in the restricted domain Qf, where A* € Ly and
b* € RM2. Note that for i € .Jy, our construction assures that hf is affine on ). Moreover, in

the restricted domain 23, for k& > ks large enough, ﬁf,i € J also behave like affine functions (cf
Lemmal|C.5). Therefore,

S RE@) = (deVV’;[:J]VV’f[i, :]);v ek, Ve Q% k> kg

ies i€s
for some vector c* and binary scalars d;'. In fact, 6f = 0ifi € J~ := {j € J | Wi[j,:Jx +bj[j] <
0,Vx € Q} and 6, = 1 otherwise. Thus, one chooses A* = 3. _o SFW[: ijW¥[i,:], b* = c* and

€S Vi
the construction is complete. This construction allows us to write A = W’2C WF with:

WE = Wk[g ]

W} = WAL, Sldiag{v} [i = 1,...,Ni})
where diag({vF | i = 1,...,N1}) € RN *M 5 a diagonal matrix, v¥ = §¥ fori € S and 0
otherwise. It is also evident that supp(W5[:, S]) C Iy[:, S], supp(W¥[S,:]) € 11[S, :]. (since the
multiplication with a diagonal matrix does not increase the support of a matn ). This concludes the
proof. O

C.3 Proof for Corollary

Proof. The proof is inductive on the number of hidden neurons /Vy:

1. Basic case N = 1: Consider 6 := {(W;,b;)%_,} € M, the function Ry has the form:
Rg(l’) = WQO—(WII + bl) + b2
where w; = W[1,:] € RNo wy = W[1, 1] € R. There are two possibilities:

(a) Iz = (): then wo = 0, F7 is simply a set of constant functions on 2, which is closed.
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(b) I ={(1,1)}: We have I = 1; y,, which makes the first assumption of Theorem@ satisfied.
To check that the second assumption of Theorem [{.2]also holds, we consider all the possible
non-empty subsets S of [1]: there is only one non-empty subset of I, which is S = [1]. In
that case, L1, = {We RN | supp(W) C I}, which is closed (since L, is isomorphic to
RI711). The result thus follows using Theorem

2. Assume the conclusion of the theorem holds for all 1 < N; < k (and any Ny > 1). We need to
prove the result for Ny = k + 1. Define H = {7 | I2[1,{] = 1} the set of hidden neurons that are
allowed to be connected to the output via a nonzero weight. Consider two cases:

(a) If |H| < k, we have F1 = Fi,,, which is closed due to the induction hypothesis.

(b) If H = [k + 1], we can apply Theorem Indeed, since Iz = 1;xn,, the first condition of
Theoremis satisfied. In addition, for any non-empty S C [N;], define H := U;csI[i,:] C
[No] the union of row supports of I;[S, :]. It is easy to verify that Ly, is isomorphic to R/,
which is closed. As such, Theorem[.2]can be applied. O

C.4 Other technical lemmas

Lemma C.7 (Convergence of affine function). Let €2 be a non-empty interior subset R™. If the
sequence {f*}ren, & : R s R™ : 2 +— AFz + b* where A¥ € R™*" bF € R™ converges
pointwise to a function f on S, then f is affine (i.e., f = Ax + b for some A € R™*™ b € R™).
Moreover, limy_,oo AF = A and limj,_, oo by, = b.

Proof. Consider o € ', an open subset of € (€’ exists since {2 is a non-empty interior subset of
R™). Define g*(z) = f*(z) — f*(z0) and g(x) = f(z) — g(xo). The function g* is linear and g*
converges pointwise to g on  (and thus, on ). We first prove that g is linear. Indeed, for any
xz,y € Q,a, B € Rsuch that ax + Sy € €2, we have:

glaw+By) = lim g"(ax + By)
= lim ag*(z) + Bg*(y)
= o lim g*(x) + B lim_g"(y)
= ag(z) + Bg(y)

Therefore, there must exist A € R™*™ such that g(x) = Axz. Choosing b := g(z¢), we have
f(x) = g(x) + g(x0) = Az +Db.

Moreover, since ' is open, there exists a positive r such that the ball B(z,r) C Q’. Choosing
x; = xo + (r/2)e; with e; the ith canonical vector, we have:

lim ¢"(x;) = lim (r/2)A%e; = (1/2)Ae;,
k—o00 k—o00

or, equivalently, the ith column of A is the limit of the sequence generated by the ith column of

AF. Repeating this argument for all 1 < i < n, we have limj_,., A¥ = A. This also implies
limy_, 0 b¥ = b immediately. O

D Closedness does not imply the best approximation property

Since we couldn’t find any source discussing the fact that closedness does not imply the BAP, we
provide an example to show this fact.

Consider C°([—1, 1]) the set of continuous functions on the interval [—1, 1], equipped with the norm
sup || oo = maxge(_1,17|f ()|, and define S, the subset of all functions f € C°([—1,1]) such that:

/Olfdx—/_olfdle

It is easy to verify that S is closed. We show that the constant function f = 0 does not have a
projection in S (i.e., a function g € S such that || f — ¢l|cc = infres || f — hlloo)-
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First we observe that since f = 0, we have || f — hl|oc = [|h[|o for each h € S, and we show that
infres ||f — hlloo > 1/2. Indeed, for h € S we have:

1 0 1 0
1=/ hdm—/ hdr < / hdx —1—‘/ hdx
0 -1 0 -1

Secondly, we show a sequence of {h,, }ren such that h,, € S and lim,, o ||n||cc = 1/2. Consider
the odd function h,, (i.e. h,,(z) = —h,(—x)) such that:

< 2hlle =2If = hllo- (38)

cn,  x€[1/n,1]
nepr x € [0,1/n)

ho(z) = {

where ¢, = n/(2n — 1). It is evident that h,, € S because:

1 0 1 1/n 1
/ hnd:cf/ hndx:2/ hy, dr =2 / hndx+/ h,, dx
0 1 0 0 1/n

7 :2(%+cn(n—1)>:cn(2n—1):1

2n n n

Moreover, we also have limy, oo || ||oo = limy 00 ¢ = 1/2.

Finally, we show that 1/2 cannot be attained. By contradiction, assume that there exists g € .S such
that || f — g|lc = 1/2, i.e., as we have seen, ||g||oc = 1/2. Using Equation (38), the equality will
only hold if g(z) = 1/2in [0,1] and g(x) = —1/2 in [-1,0]. However, g is not continuous, a
contradiction.
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