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Abstract

Enforcing exact symmetry in machine learning models often yields significant gains
in scientific applications, serving as a powerful inductive bias. However, recent
work suggests that relying on approximate symmetry can offer greater flexibility
and robustness. Despite promising empirical evidence, there has been little the-
oretical understanding, and in particular, a direct comparison between exact and
approximate symmetry is missing from the literature. In this paper, we initiate this
study by asking: What is the cost of enforcing exact versus approximate symmetry?
To address this question, we introduce averaging complexity, a framework for
quantifying the cost of enforcing symmetry via averaging. Our main result is an
exponential separation: under standard conditions, achieving exact symmetry re-
quires linear averaging complexity, whereas approximate symmetry can be attained
with only logarithmic averaging complexity. To the best of our knowledge, this
provides the first theoretical separation of these two cases, formally justifying why
approximate symmetry may be preferable in practice. Beyond this, our tools and
techniques may be of independent interest for the broader study of symmetries in
machine learning.

1 Introduction

The field of geometric machine learning aims to incorporate structures observed in scientific data into
abstract machine learning models, with the goal of leveraging these strong inductive biases to make
learning more robust, efficient, and interpretable [4, 47]. Prominent examples include permutation
symmetries in point clouds, sign-flip symmetries in spectral graph methods, rotational symmetry in
robotics, and structures in molecular and atomistic data [3, 42, 25, 19].

A natural approach to handling symmetries is to encode them exactly into the model. The literature
offers a variety of such methods, including model-agnostic approaches such as group averaging, data
augmentation, canonicalization, and frame averaging [29, 21, 2, 15, 22, 38, 39, 10, 34], as well as
model-dependent approaches such as convolutional neural networks and networks with equivariant
weights [6, 7, 18, 32, 23, 20, 52].

However, exact symmetries come with caveats: in many applications, invariance is only partial and
targets respect symmetry only approximately [12, 30, 40, 17, 26, 44]. Another case arises when only
partial knowledge of the underlying symmetries is available and symmetry discovery is performed
[50, 41,9, 8, 33, 51, 14]. In this setting, enforcing exact invariance limits universality and expressive
power; allowing the model to violate symmetry up to a degree can improve performance while still
exploiting strong inductive biases. Motivated by these considerations, researchers have proposed
using approximate symmetry instead of exact symmetry.

Despite these practical successes, theoretical gaps remain. Since approximate symmetry is a relaxed
form of invariance, one might expect it to be easier to achieve in data; lower enforcement complexity
can yield better sample or computational efficiency and robustness to noise and distributional shifts.
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Motivated by these considerations, we study the question: Is it easier; from a complexity perspective,
to enforce approximate symmetry compared to exact symmetry? We introduce a natural measure for
comparing the two regimes: averaging complexity.

In averaging complexity, we assume access to a black-box model, and the learner is only allowed to
post-process this model linearly through a number of action queries (AQ); the number required by an
averaging scheme is its averaging complexity, interpreted as the learner’s budget.

Main result (informal; under mild conditions). The averaging complexity of achieving
exact symmetry scales linearly with the group size, while approximate symmetry requires
only logarithmic complexity in the group size.

This result explains why approximate symmetry is often preferred in practice: in an abstract model, it
is exponentially easier to achieve. The central message is the exponential separation, indicating that
for a given budget, approximate symmetry can achieve stronger results (e.g., in symmetry discovery).
Beyond this, our abstract framework and complexity notion, together with the representation-theoretic
tools developed here, apply more broadly to geometric machine learning.

2 Related Work

Symmetries appear in many scientific datasets, and equivariant machine learning has proven powerful
across applications in particle physics [3], robotics [42], and quantum physics, in both exact [25] and
approximate forms [19]. Incorporating symmetry has been shown to improve sample complexity
and generalization [43, 36, 11], estimation [5, 37], and learning complexity [16, 35]. Generalization
benefits have been observed even when only approximate symmetry holds [28].

Many architectures have been proposed for incorporating symmetries in neural networks, including
group-equivariant CNNs [6] and steerable CNNs [7], both built on top of standard convolutional
networks [18]. Equivariant graph neural networks [32, 23] and transformers [20] have also been
proposed and used in practice. A canonical example for permutation symmetry is Deep Sets [52].

Beyond exact methods, many approaches for introducing relaxed invariance have been proposed in
the literature, including modified filters [40], soft equivariance [17, 12], partial equivariance [30], and
Lie-algebraic parameterizations [24]. Approximate symmetry has proved effective in reinforcement
learning [26] via approximately equivariant Markov decision processes (MDPs). Other examples
include the use of structured matrices [31] and relaxed constraints [27]; see also [44, 48]. For neural
processes, Ashman et al. [1] propose approximately equivariant schemes with promising benefits.
This line of work extends to approximately equivariant graph networks [13] and symmetry breaking
for relaxed equivariance [46, 45]. The role and benefits of approximate equivariance in the neural-
network optimization landscape have also been studied [49]. In the context of symmetry discovery,
many results use semi-supervised methods to learn the underlying symmetry [50, 41, 9, 8, 33, 51, 14].

For model-agnostic methods for equivariant learning, see frame averaging [29, 21, 2] and canonical-
ization [15, 22, 38, 39, 10, 34] as two widely applicable paradigms.

3 Conclusion and Future Directions

We presented a theoretical study of learning with symmetries, focusing on why approximate symmetry
is both more convenient in practice and more reasonable for natural data. We introduced an abstract
framework that defines the averaging complexity of enforcing exact or approximate symmetry as the
minimum number of interactions with an oracle via action queries (AQs). Our main result shows an
exponential separation: enforcing symmetry exactly can require linear complexity in |G|, whereas
relaxing to approximate symmetry reduces the complexity to logarithmic in |G|, providing theoretical
evidence for a sharp gap between the two regimes.

Several directions remain open. First, while this work focuses on finite groups, extending the
framework and bounds to infinite groups is both natural and challenging, likely requiring ideas
beyond those used here. Second, it would be valuable to leverage our abstract formulation, together
with representation-theoretic methods, to analyze other theoretical problems in machine learning
under symmetry, such as data augmentation. We leave these questions to future work.



4 Problem Statement

Preliminaries, Notation, and Background. Given n € N, we write [n] :== {1,2,...,n}. Let X be
a complete topological space (the data domain), and let G be a finite group. Let L?(X') denote the
space of square-integrable functions on X, assuming X" is equipped with a canonical Borel measure
.

A (left) group action of G on X isamap 0 : G x X — X such that §(gh,x) = H(g, 0(h, x)) for all
g,h € G and x € X, and the identity element of G acts trivially (via the identity map = — ) on X
We write gx := 6(g, x); for each g, the map x — gz is a homeomorphism of X. Indeed, without loss
of generality, we assume that the canonical measure p on X is invariant under the action of G.

Let F C L?(X) be a finite-dimensional real vector space of functions on X', and let G L(F) denote
the group of invertible linear mappings from F to itself (under composition). Assume that for every
g € G and f € F, the function  — f(gz) also belongs to F. Define p : G — GL(F) as the
canonical group action on F by leveraging the action on the domain:

(PQfN)(x) = f(97x), VfeF VrelX.

Indeed, p is a (linear) group representation of G on F, meaning that p(gh) = p(g)p(h) under the
composition of linear maps.

Averaging Schemes. Consider an abstract setting where a learner aims to post-process the function
class F to enforce a condition (e.g., symmetry). The learner is informed that an arbitrary function
f € F has been chosen by an oracle and that it remains unchanged throughout post-processing. The
learner then issues functional queries to the oracle as follows. Given f € F and a group element
g € G, the oracle returns the transformed function x — f(gx) € F. Because each query evaluates f
on gz € X, we call it an action query (AQ).

After issuing a number of action queries, the learner forms a linear combination of the oracle responses
to obtain a post-processed function. The learner has a limited budget and seeks to minimize the
number of action queries. This motivates the following definition.

Definition 1 (Averaging Scheme). An averaging scheme is a function w : G — R on the finite
group G such that ||w||,, (@) = dec w(g) = 1. For a function class F, the averaging operator

induced by w, denoted E., : F — F, is defined by (E,,[f])(z) = >  cqw(g) f (97 '), for all
f € F,x € X. The size of an averaging scheme is the number of nonzero weights: size(w) =

#{ge G w(g) #0}.

Intuitively, an averaging scheme specifies weights used to linearly combine the transformed functions
xz— f (g’la:) to produce the final output. Crucially, averaging schemes do not depend on the
domain point x € X’; otherwise, they become instances of (weighted) frame averaging, and the notion
of averaging complexity becomes ill-defined. We therefore focus on universal linear combinations as
outputs of averaging operators.

Averaging Complexity. In this paper, we consider the abstract setting where the learner aims to
obtain either an exactly symmetric function or an approximately symmetric one. To define averaging
complexity, we first introduce a few definitions, starting with exact symmetry.

Definition 2 (Exact Symmetry). A function f € F is exactly symmetric if, for all g € G and all
x € X, one has f(gx) = f(x).

To define approximate symmetry, one must fix a notion of distance from symmetry and allow a
relaxation within a prescribed precision. A natural choice is to shrink the “non-symmetry” components
of functions (in L? (X)) by a small factor € > 0. When ¢ = 0, the definition reduces to exact symmetry.
This formulation also aligns with practice. In this paper, we use two types of approximate symmetry:
weak and strong.

Definition 3 (Weak Approximate Symmetry Enforcement). An averaging scheme w : G — R
enforces weak approximate symmetry with respect to a parameter € > 0 if and only if, for every
function f € F, we have

E, [ / I(Ew[f])(x)—(Ew[f])(gx)Qdu(aﬁ)] < ¢E, [ [ 1#@) = g duta)|

where g € G is chosen uniformly at random and p is the canonical Borel measure on X.



Definition 4 (Strong Approximate Symmetry Enforcement). An averaging scheme w : G — R
enforces strong approximate symmetry with respect to a parameter € > 0 if and only if, for every
function f € F, we have

/X\(Ew [MN(@) = (Bo[f)(g2)|* du(z) < €E, [/le(a?) — flg)]* dp(x)|,  VgeG,
where g € G is chosen uniformly at random and i is the canonical Borel measure on X.

In the weak notion, E,,[f] is multiplicatively e-closer (in L? (X)) to being symmetric on average over
group elements g € G. In the strong notion, the same closeness must hold for every g € G.
We are now ready to define the concept of averaging complexity.

Definition 5 (Averaging Complexity). The averaging complexity of enforcing exact, weak approxi-
mate, or strong approximate symmetry, denoted AC®™ (F), ACk (F,¢e), and AC*(F,¢), respectively,
is the minimal size of an averaging scheme that a learner can construct such that the resulting
post-processed function is exactly, weakly approximately, or strongly approximately symmetric,
respectively. Formally,

AC™(F) = min { size(w) : (Bu[f])(92) = (Bulf])(z) Vf € F, g€ G,z € X},

AC™(F, ) 1= min { size(w) : B[l Bulf])(@) — (Eu[])(92) 7))
< B[l f(2) = f(g2) e ). VS € F s
AC (F2) = min { size(w) : [|(Bu[f)(x) — (Bulf))(92) 32 x)

< <B[|lf(@) = f(g2) ). VI € Fo¥g € G-

5 Main Results

The main purpose of this paper is to study how various notions of averaging complexity relate to
properties of the group action and the function class, and whether there is a fundamental separation
between exact and approximate symmetry. Such a separation would show that approximate symmetry
is, in an abstract setting, fundamentally easier to achieve.

Assumptions and Definitions. We note that any form of averaging complexity can always be upper
bounded linearly by the group size via the trivial averaging scheme that queries all group elements
g € G. This motivates the question of when sublinear averaging complexity is achievable.

To this end, the role of the function class is crucial: trivial classes, such as the set of constant functions,
always have trivial averaging complexity. To avoid pathological cases, we assume the following
conditions for the domain, group action, and function class:

Assumption 6 (Faithful Group Action). For every nontrivial group element g € G, the map = +— gx
is not the identity on the domain.

Assumption 7 (Orbit Separability). For any domain element = € X and any nontrivial group element
g € G, there exists a function f € F such that f(gx) # f(z).

These assumptions exclude degenerate examples while remaining sufficiently general. We next define
tensor powers of a function class, which we use later in our results.

Definition 8 (Tensor Powers of Function Spaces). Let F be a finite-dimensional vector space of
functions on a domain X and let k € N. Define F&F = span{ Hle filx) : fie Fforie [lc]},

where F®k = @];:0 FO and F®° is the one-dimensional space of constant functions on X.

The construction above uses the base function class F to form the enlarged class F®*, which consists
of linear combinations of pointwise products of up to k functions from . In particular, F&! = F,
and higher orders k£ € N include progressively higher-order polynomial features.



A canonical example is X = R? with F the set of linear functions on R<. In this case, F®F is exactly
the space of polynomials in z of total degree at most k. Another example arises in kernel methods:
starting from a base kernel (and its feature map), one may form polynomial feature expansions, which
correspond to tensor powers of the base feature space and yield increased expressivity. In this paper,
tensor powers serve as a tool for proving lower bounds on the averaging complexity of enforcing
exact symmetry. Our goal is to exhibit relatively low degrees k (i.e., low-order polynomial features)
for which the required averaging complexity is linear in |G]|.

Theorem 9 (Averaging Complexity of Exact Symmetry Enforcement). Under the above assumptions,
for any function class F there exists an integer K such that the averaging complexity of exact

symmetry enforcement is AC**(F®*) = |G| for all k > K.

Theorem 9 asserts that exact symmetry requires /inear averaging complexity once polynomial features
of degree k = K are included. Even though the bound K < |G| holds trivially, one can often obtain
much sharper bounds.

Theorem 10 (Averaging Complexity of Approximate Symmetry Enforcement). For any function
class F and any € > 0, the averaging complexities of weak and strong approximate symmetry

enforcement satisfy AC* (F, &) = O(logeﬁ) L ACYR(Fe) = O(M%GU .

These bounds hold uniformly for all function classes, without Assumptions 6 and 7, whether or not
tensor powers are used. Thus, the upper bounds for approximate symmetry enforcement are universal.
In particular, they apply to the classes considered in Theorem 9, for which exact symmetry requires
linear averaging complexity. Therefore, approximate symmetry enforcement needs only logarithmic
averaging complexity (in |G|), yielding an exponential separation between the approximate and exact
regimes.

For proofs, please refer to the full version of this paper.
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