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(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [N/A]

(d) Did you include the total amount of compute and the type of resources used (e.g., type
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A Proofs from Section[2]

Lemma 2.1. For all distributions D supported on [0, 1] with mean p and variance o> 02 <p(l-p).

Further, E[D(k)] = p and Var(D(k)) = +p(1 —p) + (1 — 1) o2 "

Proof of Lemma Firstly, note that,
05 = Epnp[2®] — p* < Eypuplz] — p? = p(1 - p),

where the inequality follows from the fact that D is supported on [0, 1].

Next,
1

1
E[z;] = / Pr(p; = ) Pr(Ber(z) = 1)dx = / Pr(p; = x)zdz = p,
=0 =0
which by linearity of expectation implies that E[D(k)] = p.

By the Law of Total Variation, the variance of pj is:

Var(pi) = By, [Varg, (pilp:)] + Varp, (Eq, [pilpi])

1
= Ep.[i-pi(1 — pi)] + Vary, (pi)

Pi[ki

1 2 2 2
:E(p_o’ _p>+0p

1 1

E(P pP)+(1— ;)2
— Lvar(s 1- Lo
~ ar(Ber(p)) + ( E) o

B Proofs from Section

Theorem 4.1. Forany ¢ > 0, § € [0, 1], Algorithm|2]is (e, §)-DP. If,

nltlal‘

o mean, s is such that given n/10 samples from D, with probability 1 — § |p —
f’D (nvapvﬁ) and ﬁmtlal(l ﬁlﬁmtlal) [2]9(]- _ )7 2p(1 _ )]’

e variance.s is such that given logn samples from D(k), with probability 1 — 3, 2 €
[Var(D(k)), 8Var(D(k))],

o the k;s are such that kﬂ < M
n/2 ogn

>

then with probability 1 — 23, Var(prealistic) < C . Var(pid°d!) for some absolute constant C.

First, let us show that the conditions of Theoremimply that the variance and truncation parameter
estimates of each individual data subject are correct up to constant factors.

Lemma 4.2. Given p*%!, 52, and k;, define G;° = - ]’5‘6’““31(1 — pimitial) 4 22152 Under the
£

conditions ofTheorem 1| for all i > logn, we have 022 [ 02,9.50? } and \/51 —a;| < 4)b; — a4l

2%

Proof of Lemma[4.2] Note that > is actually an estimate of the variance of D(kiogn) since
it has access to samples from this distribution rather than D itself. Therefore, 5> ¢

P
[Var(D(kiog n)), 8 - Var(D(kiog n))] implies 52 € [ag, 8 (klolg -p(1 —p) + ag)]. Then for every
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1 > logn (i.e., with k; < Kiogn),

2 ~initial ~initial
‘= 1-—

i k7 € ( € ) +
11 ki—1

> - - _
= 2p(1 p) +

1 2
370

where the first inequality follows from the accuracy conditions on mean. s and variance. s in
Theorem and the last equality follows from the definition of o2 in Lemma Also,
~2 1 /\initial(l _ /\initial) +

— ki —1
0; = Ezpe Pe Tiap

3 k; —1 1
p(1—p)+8= p(1—p)+o;
ki klogn P

3 ki —1\ 1 ki —1
_ (2 i Z(1 — 7 2
(2—1—8 )kip( p)+8 m o,
9

where again, the first inequality follows from the accuracy conditions on mean, s and variance, ¢ in

Theorem and the last equality follows from the definition of 7 in Lemma The intermediate
steps are simply algebraic manipulations. These two facts give us the desired bounds on 7.

Next we turn to the truncation parameters a; and l;; Using the definition of a; in Algorithm we
have,

@ = p™ — a — ff (n,03, 8/2)
<p— ff(n.03.5/2))
<p—f5 (0}, 0)
= aj,
where the two inequalities respectively follow from the accuracy conditions on mean. s and
variance. ;s in Theorem A symmetric result that b: > b; follows similarly.

Finally,
b — @] = 20 + 2% (n,02, B)
< 2f5i(n, 02, B) +2f5 (n,02, B)
=4f5 (n,02,B)

The inequalities again follows from the accuracy conditions on mean, s and variance, s in Theorem
O

Proof of Theorem To see that Algorithmis differentially private, consider the three cohorts
into which users are placed. The first cohort, containing the n/10 users with the smallest k; will
have their data used in mean, 5, which is (¢, §)-DP. Similarly, the second cohort containing the log n
users with the largest k; will have their data used in variance, s, which is also (¢, d)-DP. The
intermediate estimators of 52, 1™, d;, b;, and sensitivity A are all computed as post-processing on the
private outputs of these initial estimation subroutines and on the public k;s, and thus do not incur
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any additional privacy cost. The third cohort contains the middle users i € [logn + 1,9n/10]. These
users’ data are only used in the final estimate, which is an (e, 0)-DP instantiation of the Laplace
Mechanism [12].

Since these cohorts are disjoint and private algorithms are applied to each cohort’s data separately,
parallel composition applies, and the overall privacy parameters are the maximum of those experienced
by any cohort, so the overall algorithm is (¢, §)-DP.

For accuracy of the prealistic estimator produced by Algorithm first notice that under the assumption
that b < ZIOER £ 02— Var(y) and of,, = Var(p,2) then

med —  logm

1 1 n/2—logn 1 1 n/2 —logn
Uimed:p(l_p)+<l_k >%2>< / p(l—p)+(1—k >o—§< / o7

med 10g n kmax max

Therefore, for any truncation parameter 7',

I (1T
3 mm{ 270}§me{02701}
=1 g i=1 ¢
logn n/2
. 1 T . 1 T
:me{a‘wai}—i—‘ Z mm{a?’oi}
i=1 g i=log n+1 g
n/2
1 T 1 T
<logn - min{ ——, + Z min{Q,}
Uk'“ax Okemax i=logn+1 g; i
n/2
1 T 1 T
< (n/2 —logn) - min{ ——, + Z min{Q,}
Okmed T kmea i=log n+1 g; Oi
n/2
1 T
<2 i —, —
<2 ) mm{oz,ai}
i=log n+1 z
9n/10
1 T
<2 in< —,— 10
< .Z mln{gg,ai}, (10)
i=log n+1 4

where the first, second, and fourth inequalities follow from our assumed ordering on the k;s. The
third inequality comes from our assumption on kp,.x and kp,eq, and the final inequality follows from
the fact that the summands min{%7 -} are positive so adding more terms only increases the sum.
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Therefore,

9n/10 P2 min{ L7, 3 }|b; — @

1 1 T : )
Var(praistic) = = Z min{ —;, — }o? 4+ max i O
9In /10 . ~2 * ~47 ~2 i ¢ )
(Zjiiog n+1 mln{l/gj ’ %})2 i=logn+1 gi Ti ' €
1 9n /10 ' 1 f*Q . min{ 4, AQ}‘b d\l|2
= 9n/10 ) o 7 Z min{—;, — }26;" + max 5
(le:log n+1 mln{l/gj ’ UT,-})Q i=logn+1 Gi Ti ' €
9n/10 1 TR 9
1 1 min{ e, 2|5, - @
< 2 5710 — Z min{A—2, T*2} + max &1 o'l; 7 i
(Zji{ognJr] mln{l/&} ) ?;i })2 i=logn+1 i ! €
977,/10 . 1 T*2 - ~ 12
1 | min{ 2, 27} b —
< 2 9710 S Z min{A—z,T*2} +H1&X R o'l; 7 i
(ijLlog n+1 mln{l/é'\] ’ %})2 i=log n+1 i ! €
9n/10 o4 T*2 by — a;|?
1 2 min{ %, <75 }6[b; — a;
<2 min{— T*2} + max i
(Z?Ziigm-i min{1/1007 ; \[T}) i:l%;wrl o7’ d 62
9n/10 2
1 1 mln{ o r- }\b ail
< 4805755 T Z min{—5,T"*} + max = 2
(Zj:log n+1 mln{]‘/0—37 o }) i=log n+1 oi ! €
. 1 T*Z 2
1 min{ ¢, “ > }b; — a4
< 480 - min{—, T*?} + max L
- 16(2” ,min{1/0%, = -1)? ; { o?’ } 2

= 7680 - Var(p'd°)

The first equality simply follows from the definition of the estimator and basic properties of the
variance, as well as the fact that Var([p;]%) < ;. The first inequality follows from the fact that

o2 < 26,2, which was shown in Lemma The second inequality is simply pulling out the constant
to the front. The third inequality follows from the definition of 1" as the optimiser of the variance using

the approximations 6}-2, b; and d;. The fourth inequality follows from the fact that @2 € [2 02,100; ]

and |b; — @;| < 4|b; — a;|, as shown in Lemma and will hold with probability 1 — 243, by taking
a union bound over the 3 failure probabilities from each of the mean, s and variance. s subroutines.
The fifth inequality simply pulls out the constants (480=2*10%4%*6). The final inequality follows
from Equation {10) above. The final equality follows from definition of p!4°*! and the assumption
that 202 < Var([p;]%).

O

C Special Case: The constant p; case.

In the previous section, we considered the setting where there was heterogeneity in both the users’
distributions (i.e., the p;s were not constant), as well as the number of data points that they each held
(i.e., the k;s were not constant). In the absence of variation in the p;, each user is sampling from the
same distribution Ber(p). When privacy is not a concern, this setting reduces to the single-data-point-
per-user setting where the sample size is increased to Z 1 ki. However, under the constraint of
user-level differential privacy, this setting is distinct from the smgle -data-point-per-user setting, since
we need to protect the entirety of each users data set. In fact, much of the complexity of Algorithm
is required even in this simpler case. In particular the truncated inverse variance weighting is still
required in this case when there is variation in the k;. In fact, the only step of Algorlthmlthat is
not required is Step ??, since already know that 0’ = 0. Since there is no variance in D, the high

probability bound fr (n, 02, B) is just due to the randomness in the binomial distribution Bin(k;, p),
which comes from averaging k; samples drawn from Ber(p).
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When crf) = 0, o; has the simple formula o; = pgci_p) and we can directly translate from the

truncation threshold 7" on o; to a truncation threshold k£ on k;, T = 7”1)(;_17). Further, if we
assume that all the k; are large enough (min k; > 21In(1/6)/p) then we also have the simple formula
fg‘ (n, ;g, B) =/ %@/ﬁ) We can plug these into Equation @ (recall that T is defined as the
truncation threshold that minimizes the variance of pi4°2!) to obtain the following formula for the
/*iedcal’ and hence ﬁrecalistic:

variance of p
. p(1-p) > min{k;, k} + 6p ln(2/ﬁ)§
min (7, min{ky;, ki R})2 : (11

Even in the private setting, one can reduce to the single-data-point-per-user setting by reducing the
sample size by a factor of 2, and forcing the n/2 users with the most data points to produce their
estimate p; using only k,eq (the median k;) data points. Then each estimate p; is a sample from the
same distribution and we can compute their mean. To the best of our knowledge, all the prior work
in the private literature that handles variations in k; follows this formula. However, not only does
this algorithm reduce the sample size by a factor of 2, it also unnecessarily hinders the contribution
of users with many data points. As a simple example, suppose that all the users have a single data
point, except for v/n users, which have n data points. Then the algorithm which forces n/2 of the
users to use the median number of data points has an error rate of @(% + n2162 ) assuming that p is
bounded away from O or 1. Letting kK = n in Equation implies that that the truncated inverse
variance weighted algorithm in the previous section is better able to utilise the data of the users with

high k;s, resulting in an error rate of O(# + ).

D Extension: private-size user-level differential privacy setting

When defining user-level DP where users have heterogeneous quantities of data, we also need
to distinguish between settings where the number of data points held by each user is protected
information, and settings where it is publicly known. We’ll refer to the former as private-size user-
level differential privacy, where the entry that differs between neighboring databases can have
arbitrarily different number of data points, and the latter as public-size user-level differential privacy,
where the amount of data held by each user is the same in neighboring databases. Formally, let
D; = {z},--- 2%} be the data of user i for each i € [n]. For private-size user-level differential
privacy, we say D and D’ are neighbours if there exists an index ¢ such that for all j € [n]\{i},
D; = D;. For public-size user-level differential privacy, we say D and D’ are neighbours if they
are neighbours under private-size user-level differential privacy and additionally | D;| = |Dj| for all
i€ [n].

Let us now turn to our problem in the private-size user-level differential privacy setting, where the k;s
are private information and require formal privacy protections. We will need to make several changes
to Algorithm to make it private under this stronger notion of privacy. Under public-size user-
level privacy, the quantities T* (the weight truncation parameter) and A (the sensitivity of the final
estimate) in Algorithm do not pose privacy concerns since they only depend on the data points
p; through the pi*i*ial and 52, which are both produced differentially privately. However, both
these quantities depend on the k; directly, and hence care needs to be taken when using them under
private-size user-level DP.

In Algorithm we outline the extension of Algorithm to satisfy private-size user-level differential
privacy. The core component of the final estimate is described in Algorithm The function M as
described in Algorithm [4|incorporates the truncation in a slightly different (but equivalent) manner to
Algorithm but is otherwise the same, without the addition of noise.

The first key difference is how the weights are truncated. Observe that choosing a truncation parameter
T is equivalent to choosing an integer k such that 7" = 1/Var(D(k)). So kiogr plays the role in

Algorithmthat T* plays in Algorithm The statistic kiog 1, 1S a private estimate of the log n-th
order statistic of the set {k1,- - - , k, }. Since the only users that participate in the final estimate (and
hence have their data truncated) all have k; < Kiog,, this algorithm attempts to find the smallest
truncation parameter such that no data is actually truncated. We will show that provided e is not too
small, this level of truncation is sufficient.
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Algorithm 3 Private Heterogeneous Mean Estimation prea/istic, unknown size

Input: (¢, §)-DP mean estimator mean. s, (¢, §)-DP variance estimator variance, 5, e-DP estima-
tor of the /th order statistic EM,(-; ¢), number of users n, number of samples held by each user
(k1,...,kpn s.t. k; > k;11), an upper bound on the total number of data points held by a single user
Emax, user-level estimates (p1, - - - , Pp,), a constant C' > 0, error guarantee on mean, s & > 0, and
desired high probability bound S € [0, 1].

1: Initial Estimates

2: p™itial — mean, (x5 Jo410 " Xn) Initial mean estimate
3: 3% = variance. (D1, -, Diogn) Initial variance estimate
4: Compute Sensitivity Proposal
50 kp = EM(kq, -+, kn; 210%, Kmax) Compute weight truncation
6: for i € [logn + 1,n/2] do
7: k‘; = min{ki, kT}
~2 L L .
8: 0.; — k%;(’“lenltlal _ (ﬁenltlal)2) + (1 _ ’%;)UPQ.
9: v; = A}Q Compute truncated, unnormalised weights
9
. =2 _ 1 (~initial initial |2 1\ —2
10: Omin. = E("161111;1& _ (ﬁlﬁmtn) )_|_ (1 _ ﬁ)U.p .
11: N = Z?Z{;gnﬂ v; + Lap (w%?) - w,}_\ > In(29) Compute noisy normalisation term
2: 7 = log(1/6) + In(1/6) In(1/7)
€ € Fmax () - 2
13: A=38 (x/’I" + 1logn + 105%)) Ip Gﬁfj% ) Compute local sensitivity proposal

14: Propose-Test-Release on M (- ; kiog n, 1, p2, 52, 1)

15: Dy = {(ﬁi;ki)}ie[lognJrl:Qn/lO]

16: k* = argmax{x € N | VD’ s.t. D’ is a k-neighbor of Dy, A(M(:; lg;, n,ﬁ“itial,ﬁg,a); D) <
A} Compute distance to high sensitivity dataset

17: & = r* 4 Lap(1/e)

18: if & < °21/%) then

19: return predlistic, unknownsize _ ginitial Retyrn initial estimate if proposed local sens. too small
20: else

21: Sample Y 'N‘Lap (%) ' - o Sample noise added for privacy
22: return preistic uknownsize — Af(Dp: kp,on, pititiel 52 o) +Y Final estimate

The second significant change in Algorithmis how the sensitivity parameter A is chosen. The final
statistic is more sensitive under the view of private-size user level privacy; the weight of every user
can change as a result of a single user changing the amount of data they hold (due to the normalisation
constant changing). Thus, the formula for the scale of the noise given in Algorithm is higher than
the noise added in Algorithm Further, A as defined in Algorithmis not an upper bound on the
local sensitivity for all databases, although with high probability it is an upper bound on the local
sensitivity of all databases that lie in a neighbourhood of D. So, we use a standard framework from
the differential privacy literature called propose-test-release (PTR) to privately verify that A is indeed
an upper bound on the local sensitivity of all databases in a neighbourhood of D, which allows us to
safely add noise proportional to A to privatise the final statistic.

There are several existing algorithms in the literature that can be used to privately estimate the lo%-th
order statistic k7. A simple algorithm [10}|32}[19!|3}/4] that estimates the order statistic using the
common differential privacy framework called the exponential mechanism [28] is sufficient up to a
constant factor. For a full description of this algorithm, as well as its accuracy guarantees see [4].
In order for this algorithm to produce accurate results, we need an upper bound on the maximum
number of data points a single user can have; we will call this number Ky, ..
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Algorithm 4 Truncated weighted mean, M(+; kpax, 7, D, opz, a)

Input: number of users n, number of samples held by each user (k1, ..., k,), user-level estimates

(P1," "+, Pn), upper bound Ky, lower bound kpy,i,, mean estimate p, variance estimate o2, accuracy
on mean estimate «

1: fori € [n] do
2 @ =p—a-—fFnd>p)
3
4 bi=p+a+fynd>p)
5:
6: ki = min{k;, kmax |
Bt = k(- () + (- B
8 V; = %
Sy il
9: Return ==& = "a

Zie[n] Vi

A k-neighbour of D is a database D’ of size n that differs from D on the data of at most x data
subjects. Given a function f from the set of databases to R, and a database D, the local sensitivity of
f at D is defined by A(f; D) = max prneighbour oD | f (D) — f(D’)|.

Theorem D.1. For any e > 0 and 6 € [0,1], Algorlthml is (3€,20)-DP. If the conditions of
Theorem|4_1]hold and

o c> 2logn

n

o knax <v/nand < 1/\/n,

i

o if Emed is the median ki value then L,é“a:‘ <
(1 1 S(n/2-logn—1)  (n/d—1)e n/2—1ozn
mln{ﬁ(n S ]‘)7 ’7Il‘+17 lognlog(1/8)log(1/B)’ 31n(2/5) ’ @ ’
£ 2
o max{a, oy, } <[5 (n, 5, , B), and
o for any set 1 C {l,m} then with probability 1 — )2161 ;pl *p’ <
161 v

2Var ( o= U’p’) log(1/8),

] il ~realistic, unknown size A ~realistic Var(ﬁiea“s“c)
then with probability 1 — 43, Var(p" g ) <O (Var(p )+ ke )

Theoreimplies that when e is sufficiently large (¢ > lof ") then the variance of prealistic: unknown size

is within a constant of pre@stic except that the final noise added for privacy is O(1/ \f ) larger. While
the conditions of this theorem may seem intimidating, note that none of them are particularly stringent.
The first condition € > 2logn/n is a reasonable assumption on € (we note that essentially no learning
is possible with € < 1/n). The second condition on k. is a reasonable assumption if the number of
users n is large, as may be the case in practice. The third condition, up to logarithmic factors, can
be viewed as kmax/kmea < e3n. This is a stronger assumption than was required for Theorem
but provided reasonable values of es, it is not prohibitive in practice. The final condition is simply a
concentration bound on the weighted sums; this condition holds for Gaussians.

The proof that Algorithmis (3¢, 26)-DP is fairly routine so we will present it first. The population
is broken into three cohorts. Let us consider each cohort individually. First, consider the logn
individuals with the most data. They participate in private releases in lines (3) ((¢, §)-DP), and (5)
(e-DP). Using the simple composition rule of differential privacy [12], Algorithmﬁls 2¢, 9)-DP with
respect to these users.
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Next, consider the 1/10th of users with the least data. These users participate in lines (2) ((e, 4)-DP)
and (5) (e-DP). Again using the simple composition rule of differential privacy, AlgorithmE] is
(2¢, 6)-DP with respect to these users.

Finally, let us consider the the group consisting of users i € [logn + 1,9n/10]. These users first
participate in line (5) (e-DP). The post-processing inequality of differential privacy states that we
can now use these statistics in the subsequent computations without paying additionally for their
privacy. Lines - @]) are pre-processing for the computation of N. The algorithm releasing
N is a simple application of the Laplace mechanism since each v; € |0, %], and hence is e-

differentially private. The computation of A in line (13) does not additionall}lfntrouch the users data.
The final estimate p*°*"*° is an application of the propose-test-release framework on the function

M(-; /2;, n, pinitial, 8;) with proposed sensitivity A. This is a generic application of the propose-
test-release framework, so we refer the reader to [10] for a proof that this final step of the algorithm
is (¢, d)-differentially private. Therefore, again using the composition theorem, Algorithm is

(3€,25)-DP with respect to this final set of users.

For the remainder of this section, we will focus on outlining the proof of the utility claims. Let us
focus first on the impact of the use of propose-test-release (PTR). The two relevant components
for the how the PTR component of Algorithm [3|affects the utility are the scale of A/e and the
probability that the proposed sensitivity is too small resulting in the algorithm ending in line (I9),
rather than line (22). The impact of the former is easy to analyse since the noise added is simply
output perturbation. In order to show that the PTR ends in line with high probability, we need
to show that with high probability (over the randomness in the samples), x* as defined in line
is large enough. Since this claim is really about M (-; kmax, 7, D, (fpz), we will state and prove this
claim in the notation of Algorithm

Lemma D.2. Given kyin < kmax, 7 € N, p € [0,1], 6,> € [0,1, Y € N, and a database
D = {(pi, ki) Y-, such that p; ~ D(k;). If the conditions of Theorem|D.I|hold then with probability
1 — B, D is such that for any k-neighbour of D, D' where 0 < < Y then

Emax - 2
A<M<';kmax,m,ﬁ,dp2’a);D/) S 8kamax D ) (naO'p ’5)7

D i1 Vi

where B =+/T + 1logn + %.

Up to the factor B, the local sensitivity is exactly what we expect from the Algorithm In order
for our application of propose-test-release in Algorithmto end in the desired result, we need to
set YT = log(el/ %) 4 W/ 5)6“1(1/ ) This means that up to logarithmic terms, the additional factor B
is O(1/+/¢€). If € is constant then this factor is also constant, although it may be a notable factor
when ¢ is small. This inclusion of this extra factor is actually a result of a union bound in the proof
of Lemma and we leave as an open question whether this factor can be improved or perhaps
removed entirely.

Proof of Lemma[D.2] Let 07, = 2~(b — (5)*) + (1 = 15-)02, 0pin = 5o (P — (0)*) + (1 =
k,:ax )02, Umax = 1/02%;, and vpin = 1/07,,,, and A = %”}1;1 Note that as in Equation (7), the
condition that kyayx/kmin < A implies that 02, < Ao?,  and, equivalently, Vmax < AVmin.

min

Let D = {(pi, ki)}™_, be a dataset of size n where each p; ~ D(k;) where D has mean p and
variance orf). It suffices to show that for any database D’, which is a x-neighbour of D where
0<k<TYT+1,and any j € [n], if D’_j is D’ where the data of the jth data subject has been
removed, then,
| M(D'; ka1, 0%, @) = M(DL 5 ka0, B, 6, @) |
108(1/B) \ Vkwax 5™ (1, 5%, B)
<4(VY +1logn+ maxD 0 P (12)
( VT +1 Zizl Ch

The final result is then a simple application of the triangle inequality.

Our proof that Equation holds with high probability for all k-neighbours of D relies on the fact
that the data points in D are samples from D(k;). In particular, it will rely on the fact that with
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probability 1 — 3, D is such that all subsets S of D of size at least n — T — 1, M(S; kmax, 7, D, a}f)
is concentrated around p. Let I be a subset of [n] of size n — k where k < T + 1. Then

Var(M(S; kmax, 1, D, a}f,a)) = Var (M>
Dier Vi

12
Dicr 5229
2
3 L
i€l 57

< min
“T+1

where the first inequality follows from o2 < 2572 (by Lemma , the second from the fact that
02 < A2, foralli € [n] and the final from the definition of A. Let ' = ZTH (R) be the number

min
of subsets of D of size greater than n — v — 1. Therefore, by the concentration on the assumption of

M(S; kmmax, 1, P, Gp°), With probability 1 — £,

20 min log %

VvT+1

Applying a union bound, with probability 1 — 3, eqn holds simultaneously for all subsets of D
of sufficiently large size. For the remainder of the proof, let us assume that this holds.

| M(S; kamax, n, B, 67, ) — p| < (13)

Let D’ be a x-neighbour of D where 0 < k < T + 1. Without loss of generality, assume that
D' = {(p}, kl)}, where (p}, ki) = (p;, k;) for i € [n — k]. In order to use this simplification,
we w111 not assume that the k; are in descending order. Let the v; be the un-normalised weights
corresponding to D', as deﬁned in line (8) of Algorlthml 4] Note that the v; depends only on the data
of user ¢, not the data of any other individual in the data set. Then

n -~

A Vi D} Z-:L- j ViDi
M(D/;kmaxanap70-p27a)7M(D/J kmaxan paap , (o ’* Z’L 1 =t 7477, el ‘
D Vi Zi:l,i;ﬁj Ui

_ Y 57— Zi:l,i;ﬁj 0D

Siavi |7 i jitg Vi
< Uy ﬁl . Z:L 1H Uzﬁz
X\ X

We will bound the two terms separately. For the first term in Equation (14), we will use the fact that
n—k k
217117:;171 is concentrated around p, and p pJ is truncated to within o + f/ (n, Ops 2 B) of p. So
i=1 Vi
~ Z?:_f 'Uil/?\i
pj — n—k
Dli1 Vi

Z =1 Uzpz _ Z?:l,i;éj viD;
j 2o i Vi

) |

(14)

20 min log % log %

K’ 2
————" < 4fy
m }_ fD(nvgpaﬂ) T+17

< max {2(a + fik); (H,Uz’/@))»

. . . K
where the second inequality follows since max{c, omin} < f (1,03, ).
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Next, let us handle the second term in Equation (T4):

Zn 11 ’Ulpz Z” 1M ’Ulpl

Z?:f Ui E:L: | Vi

n—1 ) n—1 = n—~k
D icn—r+1Yi (Zi=n—n+1vlpi  Xia Uﬂ%)
n—1 n—1 n—k
D1 Vi Zi:n—n-l—l Ui D1 Vi
~ Z? 1'i vﬂ’l

i |P; ST,

i=1

-1

Zzl:nl_,@.:,.l Uz’) Z?zn—n+1 v

—1 —
Zn ' Z?:n—m—&-l Ui
- -1 K,
Z:l nl k+1 Ui) Z?:nflwrl Vi max{(Qa + ZfDl (na 01217 ))a 2Umin log %}
Z? ‘ Z?:nfkﬂrl Vg
Vi

n—1 anl '1)4fk: (’I’L 82 ) log%
(Zi—n K1 > i=n—r+1 D\ Yy P) AT

7

—1 —1
Z:l:l Uy Z?:nfnjtl U4

log &
421 n— n+1vifD (n 02 )\/Ti-il

n—1
i=1 Vi

K, A
" log L 5 [ max;vifp (n, Uﬁ,ﬁ)
= /7,r + Zz;—ll v;

: ki ks Fmax
Since v; = Ué/ and fp(n,072,3) < 20,3( log n, max; v; fp (1,02, 8) < ko [ (0,02, B).
k'’

Also, 07, < Aaz so we have > 1 v; > Loy, Therefore,

max

S vl S |, 108 vk S (1,030
Z?:f vy Sl | T VT HL L,Zlvkmx

4\/T+ Alog Bfk"”x(n o'pvﬁ)

n—1
log L
e B 2
<2——_ frme<(n, 02, B)
T+ 1 p

where the second inequality follows from x < T +1 and the third inequality follows from A < 2(T +1)
by assumption. Therefore,

M(D/7 kmaxa n7ﬁ7 0¢p27 a) - M(DL]a kmaxan7ﬁ7 O¢p27a)

Vj 10g% k/ 2
-4 max r
_Zz 17Jz m(f‘D(no-p7 )+f (nUp7 ))

IOg/j vk

T fp (n,6,°,

»'r_’_ ZZ 1 v; D( p )
lo . ’

gg v fk (TL O'p ,B)

VT+ Zl 1/U'L
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. : . K
Note that I' < nY+!. Taking the max over j, we again have that max; v fr (1, O'p ,0) <
Vkpan fRmox (, 6,2, ) so0 for all ,

M(D's Fanas 1,1 G @) = M(DL i a1, 6%, )|

—j
log B VkmaxJD e (n> (fp27 B)

<4 —
T VYT +1 Zi:l Vi

10g(1/5)> Uk k“‘"‘"(n,ff 2,5)
74 ’I‘+110 n+ mcxx'Dn p
(V EARIRVG == S v

O

Proof of Theorem- ID.1] The main component remaining to prove is that truncating at =z rather
than the optimal truncation does not affect the utility by more than a constant factor, xf;‘rlz)wded €
is not too small. Recall k& > ky > --- > k,,. Firstly, we need to show that l;; is a sufficiently
good estimate of k216~ . A careful instantiation of the exponential mechanism provides us with

a e-DP estimator of the -th order statistic that has the guarantee that with probability 1 — 3,

2logn
€
k‘zlign+%(lnkmax+1n(1/m) < kr < kzmegn_%(lnkmaxﬂn(l/ﬁ)). Since by assumption k£ < y/n and

B < 1/+/n, this implies that with probability 1 — 3, kziegn < I;; < kiozn . That is, only k’f” more
data points than desired will be truncated. ' '

Next, we need to show that truncating at any point within this range provides an estimator with
accuracy competltlve with the optlmal truncation. The variance of prealistic. unknown size cap he written as
two terms, the variance that exists in the non-private setting, and the additional noise due to privacy;

n i~ log(1/8) fk/;(na ,B)
o min {25, }Var@v-]az]) ( (VI Tlogn + ) 7095 )

Omin N

+
9n/10 r 11\? €2 ’
Ez log n+1 min 50 A?

private term

Var(/\redhbtlc) _

non-private term

where T = log(sl/‘s) + n@/9)In(/)

. The truncation has opposite effects on each of these terms.
As T increases, the private term decreases while the non-private term increases. When we set

T =1/Var(D(kziosn | ), where K € [— log”, log"] then if K is negative, no truncation occurs

and the non-private term is optimal. If K is positive then only a small number of data points are
truncated so the non-private term is close to it’s optimal value:

Z?nl/:;nﬂ mm{TJQ ’ 54}Var([ ]AD <0 Z?nl/:gonJrK A4Var([ ]b])
(i (2] ()

S ogns1 2 Var([Bilz))
(St &)

)

<0

n/2— log‘n n/2721oegn7K

logn > 2logn_
< =LK

< n/2 then deleting K pomts has only a constant factor impact on the variance (thls argument
is identical to that made in eqn in the proof of Theorem- The second inequality follows
from the fact that adding more hlgh quality data points only improves the variance of the estimator.
Therefore, the non-private term in the variance is within a constant factor of optimal.

A

where the first inequality follows from the fact that if kpax/Kkmea < and

log n

Next, we will show under the conditions outlines in the theorem, the non-private term is dominates
the variance. The normalisation term also appears in the private term but as an approximation:

n/2
~ T 1 1 1
N = E mln{,\,d}—FLap( /\2)_ A2h1(25)
TS i 0y €0min €0 min
j=logn+1
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With probability 1 — 3,

9n/10
- T 1 1
N mln{,\,/\z}—Q A2ln(25)
j=log n+1 O3 A €0 min
n/4 n/2
T 1 1 1
> min{/\,AQ}—l— Z Inm{A,AQ}—2 5 In(20)
Oi 0; . i Oj €0min
j=logn+1 j=n/4+1
n/4
T 1 1 1
>y min{A,Az}—k(n/Zl—l)AQ -2 5 In(20)
oo 0 7 k €0 min
j=logn+1 med
n/4
T 1
> i —, —=
> Y mm{a, (?‘2}
j=logn+1 4
9n/10

v

1 . T 1
5 Z mll’l{o/'\.,/\?}

j=logn+1

where the final inequality comes from high probability bounds on the Laplacian distribution, the
second inequality is simply separating the sum into two pieces and removing the contribution of users
i € [n/2+ 1,9n/10], the third inequality comes from the fact that any user with more than ky,eq data

points has weight larger than 1/ &,% . The fourth inequality follows from —z == ‘“e" < %. Now,
let us turn to the proof that the non-prlvate noise is dominant when e is not too large. To see this note

that the non-private term satisfies

—

9n/10 . 2 ~1b; 9In/10 .
S min { & e pVar(BIR]) S mindT?, )
2 2
9In/10 T 1 9n/10 s T 1
(Zznlog n+1 min {O'T 8712}) (Ziilog n+1 mln{?i’ ?12}>

where the inequality comes from Var([p;]%]) >
of . Further, the private term satisfies

“‘l\.’)

2 and 57 is within a constant multiplicative factor

Fomin (10gn10g(1/5) log(1/8))*
2 N2¢e3

mln

€

Ep 2 2
(8((T+ 1)logn + log(1/8)) W) ( >
(0]
)

(lognlog(1/6)log(1/8

)’
In/10 .
033 (g nas min{ 2, 15 )?

Now, comparing these two terms we can see that the non-private term dominates when:

9n /10 .
2 itognt1 min{T, %} _Q (log n log(1/8) log(1/))>
2 9n/10
(Z?Zl/olg()rH& mln{o’ 702 ) J%Eg(zi:{ogn—kl mln{ ’%})2
That is, when:
9n /10 9
1 1 log(1/6)log(1
3 min{RQ} . ( ognlog(1/ )1.50g( /ﬁ))
i=logn+1 9; Omin€
Noting that,
9n/10 )
1 1 log nlog(1/6) log(1
3 mm{T* } > (02— logn — 1) - > <ogn 08(1/3) log /m)
i=logn+1 i med Omin€™’
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where the first inequality is simply because more than (n/2 — logn) of the user have weight
larger than the median weight, and the second inequality follows from the assumption that kk—ad" <

e3(n/2—logn—1) o
logn log(l/é) log(1/8
1/c2 . rather than the optimal truncation 7' does not affect the variance of the estimator by more
than a constant factor.

3 Therefore, with high probability (based on the accuracy of /4/;;), truncating at

Now that we have established that the noise added for privacy is not too large, the only remaining
potential point of failure for the algorithm is that the PTR component fails and the algorithm outputs
pinitial rather than the more accurate weighted estimate. The fact that this does not happen with high
probability is a direct corollary of Lemma[D.2]

E Proofs from Section [5]

Lemma 5.2. Given p; ~ D. (kl) with variance o? for all i € [n] and w € [0,1]" such that

Yo w=1letp=>7_ 1 w;P; 4 Lap(®**L%i%4)  The variance of p is minimized by the following
min{l/c2,T/o;}

= i min{1/02.T/0;}

weights: w;* for some T.

Proof of Lemmal[3.2] Let

. . . | axk wio?
w* =arg min Var(p) =arg min E w? + —F"
welo,1]™ weo,1]™ 7 €
2o wi=1 Sy wi=1 =

be an optimal weight vector that minimizes variance of p. We start with a few observations on
structural properties of the optimal weights. Let M = {arg maxy, wjoy} be the set of all users with
maximum weighted-variance contribution to the estimate p.

First, notice that for all 7, j € [ |, if wi > w} then o7 < 0. This follows since if 07 > o7 then

J
wy 0’ + wja < wio? + wjo; 2 and max{w} a , W 02} < wjo; which implies that swapping the
welghts of 7 and j Would result in an estimator w1th lower variance. This is a contradiction given the

definition of w*.

Next, we show that if i, j ¢ M then w; o} = w}o?. Suppose towards a contradiction that w; o} <

wio?—wio? maxy, wlor—wio;
1 J7J i k Wik — . )
wio?. Leta = min{ e —1= wi}. Thena > 0, and (w; —a)o;, (Wi +a)o; €

[0, maxy, wjo%]. Also,
(W} — )07 + (wf + a)’0] = w*202 +wi20? 1 a?(0? + o2) — 20(w’o?

J
= w;‘202 +w?o? + ala(o? + 0]2-) - 2(w;02 —wio?))

- w;o})

*2 2

2
< wj oj + w} 02

This implies that shifting a weight from w; to w} would reduce the variance of the estimator p
without changing the maximum weighted-variance, which is a contradiction of the optimality of w*.

Define H = maxj, w} oy and note that there exists R > 0 such that w} = R/o? for all i ¢ M . From
these observations, there must exist some threshold 7" such that if o; > 1/7, then w} = R/o?2, and if
0; <1/T,thenw} = H/o;. By contlnulty, H = RT, and we can write the optimal Welghts as: w;

min{1/0? T/O'Z}R Since the weights w; must sum to 1, we know that R = =7, mln{l/o’ To T

Thus the optimal weights are:

*

Wt — min{1/0? T /o;}
C S ST in{1/0% Ty}

for some appropriate threshold 7'
O

Let us recall some notation. Let P be a parameterized family of distributions p — D, so E[D,].
Given an estimator M, vector g € [0,1]" and set I C [n], let

p (T 15 @) = EVieI,a:iNin(ki),]LI[M(xly )]
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be the expectation taken only over the randomness of I and M. Note that in this notation, user ¢
is sampling from a meta-distribution with mean ¢;, which may be different for each user. We will
abuse notation slightly and for p € [0, 1], we will let prs (213 2) = pas (15 (P55 p))- Let
wnr(q) = par(0; g). When the estimator M is clear from context, we will simply use the notation
(@ 1; p). Recall that for p € [0,1] and k € N, ¢, . is the probability density function of D, (k).
Lemma 5.3. Let P be a parameterized family of distributions p + D, and suppose that M :
[0,1]™ — [0,1] is an e-DP estimator such that for all p € [1/3,2/3], (1) M is unbiased, jip1(p) = p,
and (2) the Fisher information of ¢ 1, is inversely proportional to the variance Var(Dp(k;)),
j};(a% 108 Gp 1, (7)) 2 Pp ke, () d; = O(m)7 then there exists an estimator My, € NLE such
that

maxXpe(1/3,2/3][Varviein] e, ~D(k:), My (Miz)] < O(max,e(1/3,2/31 [Varvie(n),z;~D (k)1 (M)]).

Before we formally prove Lemma let us start with some intuition for the proof. Given an
estimator My; € NLE, the variance of My; can be written as

Var(My.) < 31 wiVar(D(k;)) + O(Raxtios)2, (15)

That is, it can be decomposed as the variance contribution of each individual coordinate, and the
variance contribution of the additional noise due to privacy. Lemma(proved in Appendix
shows that the variance of any estimator M can be lower bounded by a similar decomposition.
Since this involves considering the impact of each coordinate individually, the following notation
will be useful. Given an estimator M, vector ¢ € [0,1]" and set I C [n], let upr(z(upn159) =
Evier,u;~p,, k), MM (x1,- -, x,)] be the expectation over only randomness in I and M. Note that
in this notation, user ¢ is sampling from a meta-distribution with mean ¢;, which may be different for
each user. We will abuse notation slightly to let s (q) = pas(0; q), and for p € [0, 1], we will let
pnr (215 P) = par ()15 (P, - -+ ). When the estimator M is clear from context, we will omit
it

The following lemma is proved later, outside the proof of Lemmal[5.3]

Lemma E.1. For any randomised mechanism M : [0,1]™ — [0, 1],

Varyien],z;~D, (k)0 (M) (16)
= Bvicnl,oinp, (k)M [(M (@1, .o ) — p(p))?]

>3 By, o) [(1(2450) — 16(0))?] + Evicin),ainpy (k) M [(M (@1, oy ) — p(21, o0y T3 p))?]

In Equation , the first term is the sum of contributions to the variance of the individual terms
x;, and the second term is the contribution to the variance of the noise added for privacy. Now we
want to define a weight vector w such that the terms in Equation are lower bounded by the
corresponding terms in Equation . The key component of the proof is the observation that if we
let

wi(p) = g0 1(@) | 4= ) (17)

then we can show that there exists a constant ¢ such that

Eg, o, (k) [(1(25;0) — 1(p))?] > ¢ - wi(p)?*Var(Dy (ki)). (18)

This controls the contribution of each individual coordinate to the variance of M. It remains only
to control the contribution of the noise due to privacy. We show that there exists x;, 2, such that

l(zi;p) — w(xl; p)| > Q(w;i(p) - 1/ Var(D,(k;))),which we show implies that,

; (p)2Var(D, (k;
Evicn],oindy (o) m (M (21, 2n) — (@, -+ @05 p))%] > Q(M) (19)

Intuitively, the worst-case |u(xz;; p) — u(x}; p)| plays an analogous role to the sensitivity, since it
captures the impact of changing one user’s data. Since M is an ¢-DP mechanism and |u(x;;p) —

p(zl; p)| is at least Q(w;(p) - v/ Var(Dp(k;))), we show that it must include noise with standard
deviation of at least this magnitude over €. This is consistent with, e.g., the Laplace Mechanism that
adds noise with standard deviation ©(A f/e).

Combining Lemma with Equations and gives that the variance of M is at least,
Varyie ey (k. (M) 2 S0, ¢ wi(p)2Var(Dp (k;)) + Q2P
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Finally, we must create a corresponding My, € NLE for comparison, using the same weights. Since
Z;;l w;(p) as defined in Equation need not equal 1, these weights will need to be normalized
to sum to 1 to create an estimator in NLE. We need to show this normalisation does not substantially
increase the variance of the resulting estimator. In order to show this, we show that there exists
a p* € [1/3,2/3] such that Y w;(p*) > 1, since normalizing the estimator by a factor of
m will affect the variance by a factor of m, and thus if 7", w;(p*) > 1, then

this will decrease variance. This desired fact follows from the definition of w;, and the fact that M is
unbiased. Now, if we define

Z?Zl w; (p*)$z + Lap(max'i w;(p™) v Var(DP(ki)))
ZZT'LZI w; (p*) 9

then My, € NLE and VarViE[n],ziNDp(k‘i),MmL (MNL) =0 (VarWE[n],aciN’Dp(ki),J\l(M))-

MNL (X) =

Proof of Lemma3.3] We first apply Lemma[E.T|to decompose the variance of the estimate computed
by M as:

Varyie(n],z;~D, (k; ), 0 (M)
- . 2 . 2
> ZEJ:Z'NDP(IC@) [(,U,(I’Z,p) - ,Lt(p)) ] + EViE[n],wiNDP(ki),M[(M(Ih to axn) - ,LL(1171, to 7xn7p)) }
=1

The first term is the sum of contributions to the variance of the individual terms x;, and the second
term is the contribution to the variance of the noise added for privacy. We will proceed by bounding
these terms separately, starting with the first term.

First note that by definition,

/(u(xi; q) — 1(q)bg ki (xi)dw; = By op, (5 (233 @)] — p(q) = 0.

Therefore, by taking the partial derivative with respect to ¢; we have

/ [(aiz (u($i§ Q) - M(Q))> ¢qi,ki (Z‘z) + (M(l‘i; q) — M(q))aiqi(bqi’ki (l-z) dl‘i =0.

Note that u(x;;q) is constant in ¢; so rearranging, and noting that a%i%i,ki (x;) =

Du b (21) (5 108 Gy, v, (1) ) we have,

/ <8zl- “(q)> by b: (1)

= / (s @) — 1(@)) by, 1, (24) (aaqi log ¢, 1, (xi)> da; (20)
<\ ([ toisa) - ul@)2oy 0. ) ) ( /(5 logasqi,k,,(zi))Q¢q,,,ki<xi>dzi).
2D
Let
wit) = [ (5en@ ) oo - ) o

and note that by assumption there exists a constant ¢ such that for all i € [n] and ¢; € [1/3,2/3],

) ? 1
/ <aqz log ¢Qz N (‘rl)> ¢Qz ki (‘rl)d‘rl ~c. Var(in (kz)

Then evaluating both sides of Equation at the constant vector ¢ = (p, - -+ ,p), we have

( [(utais) = nw)on (xi)dxi) > wilp)” > cwn(p)Var(D, (k).
J (agplOgd’pyki(wi)) Gp ke, () dw;
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Now we have controlled the contribution of each individual coordinate to the variance of M, and it
remains to control the contribution of the noise due to privacy.

We will show that for two independent samples x;, «; drawn from D, (k;),
Bl(u(eisp) — plwisp))?) = @(wilp)? - Var(Dy(ky)) ). @2

Letting

o = \JE{(u(:p) — (i p))?),

we can write

0,
¢ =(p,+,p)
_ O(ulg) — m(xi;9)
B 0q;
q=(p,-,p)
1o}
= | (w(xi;q) — p(2}; @) by, 1, (i) da;
9as /‘r a=(p,",p)
0y, i
= [ o)~ utalsp) ¢?W”| da,
o & =(p.p)
01 (T
:/ (u(zi;p) — p(xisp)) %f”(z) Gp,k; (i) d;
i ¢ q=(p,-,p)
2
01 s
< (j/ u(zi:p) — (e )y, () ) JE b1 (2)d21
i ! q=(p,,p)
2
S \l/ alog(bpz‘ ( ) ¢p1 7($1)d$1
pi p=(p, - ,p)
<«

c- Var(Dp(ki))

The first equality is by definition. The second equality follows from the fact that u(z}; q) is constant
with respect to g;, so its derivative is 0. The third inequality simply expands out the definition of
1(q). The fourth equality follows from the linearity of derivatives, the fact that u(z;; q) — u(x}, q) is
constant with respect to ¢;, and the fact that (u(mi; q) — u(z}, 9))|q=(p, p) = (s p) — p(z], p)).

2
The fifth equality follows from the formula -2 5= In f(z) = 8; (fx(; ) , which holds for any differentiable

function f. The first inequality is a result of the Cauchy-Schwarz inequality. The second inequality
follows from the definition of v, and the final inequality follows from Assumption 2 of Lemmal5.3]

Therefore,
a > w;(p) - 1/c- Var(Dy(k;)).

We now argue that any (e,€2/100)-differentially private mechanism should have variance
Q(a? log /10€2). Suppose that we had a mechanism that violated this property. Then by run-

ning this mechamsm ? times and averaging, the advanced composition theorem implies that this

average is (1,1/100)-DP. This averaged output however has variance O(«?/10). Thus given samples
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x;, and x} such that |p(zi5p) — pu(zl; p)| > /2, if the noise had variance O(a?/10) on (z;, ;) as
well as on (2}, z_;) (when z_; is drawn randomly), then these two inputs would be distinguishable
with probablllty at least 9/10. This however violates the (1,1/100)-DP of the averaged algorlthm.
This implies that for random z;, the noise added by the DP algorlthm is at least Q(a? log /20€?)

Thus the variance of M is,

2y,
Varyic n) e, (k.11 (M >Zc w; (p)? Var(D (k:))+Q( wi(p) ig( ())) 23)

Finally, since the weights w;(p) that we defined need not sum to 1, they will need to be normalized to
sum to 1 to satisfy the conditions of NLE. We need to show this normalisation does not substantially
increase the variance of the estimator in NLE defined by these weights. This is equivalent to showing
that the normalisation term, -, w;(p) is large for some p. Forp € [1/3,2/3], let~ : [1/3,2/3] —
[0,1]™, defined by v(p) = (p,- -+ ,p), be a path in [0, 1]™ then by the fundamental theorem of line

integrals,
2/3 n 2/3 n P
/ lZwl p)dp = 3/ > (8%#((1))

/3 \i=1

dp

q=(p,--,p)

=3/W(q)-1dq
3( (2/37 ’2/3)_H(1/3"" 71/3))

This implies that there exists p* € [1/3,2/3] such that Y-, w;(p*) > 1. Define
(") max; an# Var (D, (k;))

B n w; 1w(p)
Malen o) =0 Gy T e

= 2221% (Z w;(p*)z; + Lap (max7 wip”) EVar( (ki )>>> )

where the second equality follows from properties of the Laplace distribution. Now,

max; w; (p*)*Var(D, (k;
Varp, (M) < W (Zwi )2Var (D, (k;)) +O( (p )62 (Dy( ))))

< Zwl Var (kz)) L0 (maxz* w@(p*)QVar('Dp(k'z))) ’

€2

where the second inequality comes from the fact that Z _;w;i(p*) > 1. Comparing this with
Equation[23] we see that specifically, at p = p*,

VarDP* (MNL) <0 (Varpp* (M)) .

Now, if p,p* € [1/3,2/3] then Var(D,(k;)) = © (Var(Dp-(ki))) so Varp, (Mw) =
O(Var D (Myy)). Therefore, the worst case variance of My, is less than the worst case variance of
M overall p € [1/3,2/3], as required. O

Lemma E.1. For any randomised mechanism M : [0,1]" — [0, 1],

Varyic(n],z;~D, (k)0 (M) (16)
= Evicn],ai~D, (k)M [(M (21, . 20) — p(p))?]

2 Z?:l ]Ewpr(ki)[(H(l‘i;p) - M(p))Q] + EVie[n],xiwDP(ki),M[(M(xla oy ) = (T, s 33n§p))2]

Proof of Lemma[E.1| Let M : [0,1]" — [0,1] be a randomised mechanism and suppose that
each x; ~ D(p;, k;) where p; ~ D. Now, our goal is to decompose the variance of M into
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the variance conditioned on each coordinate, and the variance inherent in the mechanism itself.
Let = Eq oD(hy), o swn~D k)M [M (21, ,2,)] be the expectation and for any I C [n], let
w@mpg) = Bvier,a,~p(k:),0[M ()] be the expectation conditioned only on the randomness in 1.
So,

Var(M) = Eq, opky), - son~D )M (M (21, -+ 2n) — )%
= EoinDk) B D(ka), o wnmD (k) [(M (21, 20) — pa (1) + p1 (1) — 1)
= Eo, oD (k1) EaonD(ka) e oD () i [(M (@1, -+ ) — pa (1))
+2(M (21, 20) — m(xl))(m(xl) ) + (1) = p)?]
= By (i) [(11 (1) = 1] + Eoy o (e0) Bay e D(ka) - saonmD (o) M (M (21, -+ ) — pa(21))?].

Now, by induction we obtain the following decomposition of the variance of M,

’]

Var(M ZEw1~D (k) D (k) (1(T5<i) = p(25<0))]

i=1
+ By on (k) oDy (M (21, wn) = @y, -+ 20))7]

Z Z]Exz""p(kz)[(p“(xl) - :u’)2] + E$1ND(1€1),"- ,an’D(kn),M[(M(xl, e axn) - ,LL(I'l, e 7xn))2]

where the second inequality follows from Jensen’s inequality:

Eoy D kr), e aimD(e) (125 <i) = 1(25<0))%] = Baynd () [(Bay o D) s oD (i) (T <i) — p1(25<0)])]
= By, o) [((1(23) — )%
O

Lemma 5.4. For any distribution D, n > 0 and 8 € [0,1], if for all k;, flk;' (n,02,8) =
O(Var(D(k;)) then for any w € [0,1]" such that 31" w; = 1, we have Var(Mpy(- ;w)) =
O(Var(My,(- ; w))). Further, the bias of My is at most (3.

Proof of Lemma The wvariance claim follows immediately from noting that
R o2 ~
Var ([xz}“;flin ZZ;) < Var(z;), and the assumption that fp; (n, 02, 8) = O(Var(D(k;)). The
p=Jp (N,05,
Pz (n.0}.5)
p=fp' (n,02.5)
My, is within § in total variation distance to an unbiased estimator. Since Mry;, takes values in
[0, 1], this implies the mean is in [p — 8, p + 3] O

bias claim follows from noting that with probability 1 — 3, [x;] = x;. This implies that

Corollary 5.5. Given ky,--- ,ky, € N, and oy, there exists a family of distributions Dy, such that

. Ko e o2
. - > . 2 +>°7 min{k; k™ } » .
Mﬂbldsedpe[rf}gg/g] Varyicin) z;~D, (k) [M (21, 7)) > Q(min{ e v e 1

Proof of Corollaryﬂ Firstly, suppose that o, = 0, so the meta-distribution is constant, and
2

Dp(k) Bin(k;, p). Then the Fisher information of ¢, 1, is f( log ¢p i (i) ) Pp ok, (x)dz; =

and Var(D,(k;)) = £ (1 ) 50 D, (k;) satisfies Condmonof Theorem Additionally,

p(l p)

min max _Varp, [M] = ( max Varp, A‘deal}> (under conditions of Thm[4.1)
M, unbiased pe[1/3,2/3] p€E(1/3,2/3]

We can view the truncation as simply choosing a maximum k* so that T' = ,/ p(l p) Now, the

un-normalised weights of pideal

i 1 T - { ki Vkik* }
Var(Dy (ki) /Var(D, (k) | p(L=p) p(l—p)J"
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Further, Var([p;]%) < Var(D(k;)) and we assume thoughout this paper that Var([p;]%) >

a;

[(1/2)Var(D(k;)). So, Var([pi]5) = ©(Var(D(k;))) = ©(2U=2)). Finally, since binomials

are highly concentrated, |b; — a;| = Q(o;), which implies that w as defined in eqn (3) is
achieved at k; = k£*. Thus,

2
E* n : k; VEik* 1p(1—p)
min max Varp [M]= max e (p(l_p)52> iz (mm {P(l_p)’ p(1—p) }) 2 ki

p(1—p)’ p(1—p)

a (1-p) g + >, min{k;, k*}
= max —
pettjsas P min{ks, VEk})?

5 B S min{ks, k)
-\ OO min{ki, VERT})? )

where the first equality comes from Theorem the second equality pulls out common factors, and
the third equality is because p is bounded away from 0 and 1.

M, unbiased pe[1/3,2/3] P pel1/3,2/3] (Zn min{ k; \/W})Q
i=1

For the other component of the bound we will let D,, be a truncated Gaussian distribution. Let ¢ and

& respectively be the probability density function and cumulative density function of the standard
Gaussian A/(0,1). Let W be such that y := ®(W) — ®(—W) > 9/10 and X := #&V—)W} <
1/2. Define the truncated Gaussian D,, with mean p on [p — \/%VV, p+ —=2=W] by the probability

) ) Vi—x
density function:

¢p<q>={i¢(<q‘p>“i7) aelp— FWp+ 725W]

0 otherwise.

Now, the variance of D,, is 0127 and the Fisher information of D), is given by [29]

1 , T1 1
S e | . 2
O'g( ) E|:4O’%,O'§:| (24)

Since any sample from D can be post-processed into a sampling from D(k) for any k € N, we have

max  Varyie(n,z;~D, (k) [M (1, ,2,)] > min max Vary, .., ~p,[M(p1,- -

min
M, unbiased pe[1/3,2/3] M, unbiased p€[1/3,2/3]

o2
> max O|-2
p€e[1/3,2/3] n

2
g
=0(-2),
)
where the second inequality follows from the Cramer-Rao bound [30] and Equation (24). O

F Example Initial Estimators

In this section we give example initial mean and variance estimation procedures that can be used in
the framework described in Section For both estimators, we show that they satisfy the conditions of
Theorem and thus can be used as initial estimators in Algorithm assuming all other technical
conditions are satisfied. This also immediately implies that the set of initial mean and variance
estimators which satisfy the conditions of Theoremis non-empty.

We note again that the estimators described in this section are examples of estimators that achieve
the conditions of Theorem and that any private mean and variance estimators that satisfy these
conditions could be used instead. As discussed in Section one may choose to use different
estimators of these initial quantities in different settings (for example, if local differential privacy is
required or if different distributional assumptions are known).
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F.1 Initial Mean Estimation

We will begin with the initial mean estimate p'"i*i8!, We consider the simplest mean estimation
subroutine, where the analyst collects a single data point from the n/10 users with the smallest
k;, then privately computes the empirical mean of these points using the Laplace Mechanism. The
following lemma shows that this process is differentially private and satisfies the accuracy conditions
of Theorem[4.1] i.e., that with high probability, 52! is close to p and pinitial(1 — pinitial) js close
to p(1 —p).

Lemma F.1. Fix any € > 0 and let ﬂ“lt‘al(xégn/lo)ﬂ-, = yxl) = ﬁ > i (9n/10y41 i +
Lap (12).  Then p™tiel is e-differentially private, E[ﬂmtlal(x%gn/lo)ﬂ, cxl)] = poand if

ENn

p> w, then for n sufficiently large,

initia Sinitial 1054 o2 o o .
Pr“ﬁle t l_p| < CY} < Bfora = 2max{\/12p‘ ”/mg( /B) + 3(3;2%/1(810/[3)_i_(ilng/(;léﬁ)7 15,5?1/(?)} < fg (n70.12)’ﬁ).

Further, if min{p,1 — p} > 12max {%, %} then with probability 1 — 3, pitial ¢
[%p, %p] andﬁiﬁnitial(l _ﬁienitial) c [p(lgp)’ 317(12717)]'

The concentration bound follows from noticing that D = Ber(p) and using the concentration of
binomial random variables.

Note that the expression of a depends only on quantities known to the analyst — including pi"itial,
which will be observed as output — so that o can be computed directly for use in Algorithm
Although our presentation of Algorithmrequires « to be specified up front as input to the algorithm,
it could equivalently be computed internally by the algorithm as a function of pi™i*a! and other input
parameters.

€

Proof. Firstly, the privacy guarantees follows immediately from the Laplace Mechanism in differen-
tial privacy [12] noting that 32 >=i" o, /10y, @] has sensitivity 1.

Now, let us turn to the two accuracy guarantees. We will start with the guarantee that pi"i*12! is
close to p with high-probability. Note that D is simply a Bernoulli random variable with mean p so

since each sample is independent, 12 ?:(9n/10)+1 z! = Bin(n/10, p). Thus, if n > 2 10@;}(1/5) .a
Chernoff bound gives

10 = L 3min{p, 1 — p}log(4/3)
Pr n Y #-p Z\/ /10 < B/2.
i=(9n/10)+1
Therefore, combining with a high probability bound on the Laplace distribution,

. l PRI \/ 3min{p, 1 - p}log(4/5) , log(Z/B)] s

n/10 en/10

We will condition on the following event for the remainder of the proof, which will occur with
probability 1 — 3:

~initial Smin{pa 1- p} 10g(4/6) 10g(2/6)
‘pe ¢ _p‘SQmaX{\/ TL/lO ’ GTL/].O }

Now if [piitial — p| < 2\/3min{p’1n71%10g(4/5) . Since we need « in terms of piMitial rather than p
(since pi"itial is known to the algorithm), we need to rework this formula. Squaring both sides and
bringing all the terms to the same side, we obtain

2 ~initial ~initial\2
-2 +——" ) p+ <0.
p (pe /10 p+ (P )7 <
Completing the square we obtain

- log(4/8)\? ... - log(4/8)\ >
<p _I/)\mltlal _ 6 Og( /ﬁ)) + (ﬁnltlaI)Q _ (Z/)\mltlal T 6 Og( /ﬁ)) S 0.

€ n/10 € N n/10
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Now, rearranging and taking the square root, we obtain

it 6log(4/8) oo 6log(4/8)\°

_ pinitial _ ZFSVH/ P < pinitial —TONTI P _ (pinitial)2

p— D w0 | S\ P 0 (penitiad)

then by squaring both sides, using the fact that min{p, 1 — p} < p, and rearranging we have

pinitiel _ pl < 12pinitial log(4/B)  36log®(4/8)  6log(4/B)
€ - n/10 n?/100 n/10

which implies that,

s Hinitial 2
ﬁlemtlal —p S 2 max 12p€ 1Og(4/6) + 36 10g (4/ﬁ) + 6 10g(4/6) , 10g(2//8)
n/10 n?/100 n/10 en/10

We need to show that this expression is less than or equal to fXi (n, 02, 3) because a = O(1/y/n).
To see this, note that & = O(1/y/n) and fEi (n, 02, 3) is increasing towards 1 as n grows large. Thus
for n sufficiently large, o < f;;i (n, 0127, B) will be satisfied.

Next we turn to proving the second accuracy claim, that pi"iti2!(1 — pinitial) j5 concentrated around
p(1—p). Let & = pinitial 50

€

pinitial(q _ pinitialy — () L £)(1 —p — &) = p(1 — p) + (1 — 2p)& — &2

Now, if min{p,1 — p} > K max {W, %} for some constant K, then

3min{p,1 — p}log(4/8) = log(2/5)
€] < \/ n/10 * en/10

min{p, 1~ pjwin{p, (1 —p)}  minfp, (1~ p))
- K K
< 2min{p,1 — p}.
- K
Thus, combining this with the fact that 1 — 2p < max{p,1 — p} forp € [0, 1],
2min{p, 1 — p} n 2min{p,1 — p} 2
K K

(1 - 2p)€ — €%| < max{p,1 - p}

< 6p(1 —p)
- K
Finally, choosing K = 12 gives,

~initial ~initial p(1—p) 3p(1 —p)
1-— .
port (1 —=pit) € { 55

F.2 Initial Variance Estimation

We now turn to estimating 012,. Let us first provide some background on privately estimating

the standard deviation of well-behaved distributions. Lemma guarantees the existence of a
differentially private algorithm for estimating standard deviation within a small constant factor with
high probability, as long as the sample size is sufficiently large. The following is a slight generalisation
of the estimation of the standard deviation of a Gaussian given in [21] due to [26].

Lemma F.2 (DP standard deviation estimation). For all n € N, 0pin < Omas € [0,00],€ >
0,6 € (0,1],8 € (0,1/2),¢ > 0, there exists an (e, §)-differentially private algorithm M that
satisfies: if x1,...,xy are i.i.d. draws from a distribution P which has standard deviation o €
[Omin, Omaz] and absolute central third moment p = El|lx — u(P)|*] such that %5 < (, then if
n > ¢¢>min{1 ln(%), i ln(ﬁ)}, (where ¢ is a universal constant), then M produces an
estimate G of the standard deviation such that Pry, . ~pm(0® <52 <80?) >1— 6.
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In order to estimate 012), we will use the estimator promised by Lemmaon the data of the logn
users with the largest k;. Let k = klog n» SO the top log n individuals all'have at least k data points.
We will have these individuals report p¥ := % Z j—1 %5, which is the empirical mean of their first
k data points. Thus, we are running the estimator promised in Lemman on D(k) with log n data
points. In order to utilise Lemma | we first need to ensure that D(k) satisfies the moment condition
that p/o? is bounded, which is shown in Lemma

Lemma F3. Fork € N, suppose p € [1,1 — £], 0, > 1. k > 2, and there exists vy > 0 such that
2% <y where pp denotes the absolute central third moment of D. Then W < 8(3v3+7).

Proof. Note that E[D(k)] = p. Then we can bound the absolute third central moment as follows,
1
EI~D(I€)[‘$ - p| | = EpzNDEy~Bm(k,p1)H(Ey —pi)—(p— pi)|3]

1
<4 (EwaEwBin(k,m)Hky —pil’l + Ep,~pllp — Pi|3]>

1
=1 <k3EPi“D [/ Esmintepo 19 = - Pil? Eypingep Iy — pil*]] + 7"3)
(by Cauchy-Schwarz inequality)
1
<4 (5B VI p (L 3001 = )| + 703
1 1
<4 (B b(i(1 = p)] + 5Bl B~ 2T + 103
1 V3 ,
<4 (lcgp(l -p)+ WEmND[ (pi(1 —pi))?] + 7%‘3)

(by Jensen’s inequality)

<4 (kslm (p(1 = p))* + kT\/iEwa[ (pi(1 —pi))®] + 703) )

where the first inequality follows from the following inequality that holds for all real valued a and
b: |a — b]* < 4(|a|]® + |b|?). The second to last inequality follows from Jensen’s inequality since

h(x) = x(1—=x) is concave, and the last inequality follows since ﬁ < +/p(1 — p). Now, we will use
a generalised form of Jensen’s inequality to bound E,,, .p[v/(pi(1 — p;))3]. Let h(z) = (x(1—z))>/?

and
h(z) = h(p)  N'(p)
(z —p)? r—p

< Z

nfi-t)E  sk/@E-1) 2

1 ) _ 38(55)% —8(5) +1)  3(8—16k+4k%) 3

Ifz ¢ [5:,1— 5%] then |z — p| > 5= and h(z) < h(p), so

=

1 1 1 1

% 311 -2 1-p 3vx1—%) 3¢/x1—%)
o) < L _SLZ 2RO ) S VPUD) \/kl s <aVE— 1 <3Vh.

lz—p| 2|p — x| 2 |pf:v| 2 [T—a '2]1-1—qf

Therefore, by the generalised Jensen’s inequality,

Epo o[V (0:(1 = pi)?] < V(01 = p))* + 05 - 3VE < /(p(1 = p))? + 0}, - 3VE.
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Continuing to bound the absolute central third moment as above,

Eonp(iylle —pl’] < 4 <k3/2 \/—+ k3/2 Ep~p[vV (pi(1 —pi))?] + ’Y%?)
<4 <k3/2\/—+k3/2‘/ JF+3V322 +’yo>
<

4(1{3231/2\/(p(1—p))3+k3/2\/ —4—3\[0 + o )
<46V3+9) (VBT pr + af;)

3/2
A(3V3+7) (,ip(l -p)+ 05)

1 k-1 ,\%?
s(3v3+) (1= + S tat)

where the first and second inequalities follow from above, the third inequality follows because k > 1,
the fourth is simply rearranging the terms, the fifth follows from the fact that for all positive, real
numbers a and b: a®/? + b3/? < (a + b)?/2, and the last inequality follows since if k& > 2 then
(k—=1)/k>1/2. O

With this result, we can apply Lemma to our setting to privately achieve an estimate 812) 5 thatis

close to the true population-level variance 012), as shown in Lemma|F.4| Note that as k& grows large,

the allowable range for p approaches the full support [0, 1] and the allowable standard deviation o,
approaches any non-negative number.

Lemma combines these two results to show that Lemmacan be applied to the individual
reports p; from the top logn users, and the resulting variance estimate will satisfy the accuracy
conditions of Theorem[4.1]

Lemma F4. Given 0,,in, < 0pmaz € [0,00],¢ > 0,8 € (0,2],8 € (0, 1/2) and ¢ > 0, let./\/l be
the (e, )-differentially private mechanism given by Lemma and let ¢ ap,k = M, - ,plog )

where p¥ - - - ,ﬁﬁ)gn ~ D(k). If there exists ( > 0 such that 25 < ( where pp = E,pllz —
%], \/%p(l —p)+ %02 € [Omin, Omaz) Op > % p € [1, 1— %], and logn > c(8(3v/3 +

¢))? min{L In(“xay Lin( L)), then with probability 1 — 8, 52, € [Var(D(k)), 8Var(D(k))].

Proof. Note that the conditions are sufficient to ensure from Lemma.that % < 8(3\/§ +
7). Then Lemma Eand Lemma-lmply that

Var(D(k)) = %p(l —p)+ 0 < 0’ r <8 (llc (I—-p)+ O’i) = 8Var(D(k)).

G Interpretation and Estimation of Concentration Functions

Recall that ff)" (n, 012), () describes the concentration of p; ~ D(k;) and is defined as fg (n, O’Z, B) =
arginf{a | Prp, ... 5, ~D(k;) (max; [p; — p| > a) < B}. In the main body of the paper, we assumed
that this function was known to the analyst, even if the input value 03 was unknown and had to be
estimated. In this appendix, we interpret the structure of this concentration function and show that
even when this informational assumption is relaxed, our Algorithm can still be implemented with
some minor modifications.
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We start by introducing two additional functions: fp(n, 012)7 B), which describes the concentration

of p; ~ D, and fgin(k;, pi, B), which describes the high probability tail bound on the binomial
Bin(k;, pi):

fo(n,0%,6) = arginf{a | Pr __(max|p—p| > a) < B}
P10 sPn 1

(i, B) = argint{a | Pr (oo —pil 2 ) <}

z~Bin(ki,p:;)  K;

In this appendix, we will assume that only the function fp(n, -, 3) is known to the analyst, but the
input variance parameter 012, of the distribution are not known. For example, the analyst may know
that D is Gaussian with unknown mean and variance, and thus she can express the concentration
of p; as a function of the variance. Also note that for any values k;, p; and 3, we can empirically
compute fgin(ki, pi, 8)-

The following lemma shows how we can translate high probability bounds on D to high probability
bounds on D(k), using this binomial tail bound of Bin(k;, p;). Specifically, it shows that our quantity
of interest f;;" (n, 0127, B) of the p;s can be upper and lower bounded by concentration of the p;s (as
described by fp(n, 07, 3)) plus a binomial tail bound.

Lemma G.1. Suppose that D is supported on [0,1/2]. Given k;,n € N, 0'12,, and (8 € [0, 1], define
B =2+/1— /1T — 3 =0(\/5/n) and assume that for all p; in the support of D,

~ 1 N 1
(pi—pi > foin(ki,pi, B)) > 5/6/ and _ Pr (pi—pi > foin(ki,pi, 7)) > =
pi~Bin(k;,p;) 4

g

Pr
Pi~Bin(ki,p;)
Then for all B € [0,1], forall i € [n],
f?lgl (’I’L, 012)’ ﬂ) < fD(n7 Ufw 6/2) + fBin(kiapmaxa ﬁ/n)a
where pmax = min{1/2,p + fp(n,o,, 8/2)}. Further, for all i € [n),

f2k)7(n70'276) > fD(]-vJZQNﬂ/) +fBin(ki7pmaX’Bl)'

We note that the conditions on D and Bin(k;, p;) are mild. The condition on the tails of Bin(k;, p;)
is intuitively claiming that Bin(k;, p;) is symmetric. This occurs whenever k; is large enough, and p;
is bounded away from 0 or 1. We conjecture that the condition that D is supported on [0, 1/2] can be
relaxed but leave the relaxation to future work.

Proof of Lemma|G.1] Notice that if p < ¢ < 1/2 then fgin(ki,p, ) < fBin(ki, q, 8). Let us first
consider the upper bound first. With probability 1 — g,
pfpi|§fD(naO—paﬂ/2)' (25)

Further if Equation holds then we have that with probability 1 — %,

for all 7,

. B B
i — il < fBin(Kis Dis =—) < fBin(ki; Pmax, 7—)-
1pi = il < foin(ki, pis 5-) < foin(Kis P, o)
Thus, for all 7,
B
|p_pi‘ S fD(na 0;076/2) + fBin(kiapmaxy %)

Now, for the lower bound, let 3’ = /8y/1 — /T — Band o = fp(1, 012), B). Note that either
g

N =

B or pILrD (p—pi > fo(1,0.,8)) >

DN | =

p»lir’D (pi —p> fD(150-1237/8/)> >

Assume without loss of generality that Pr,, p (pi —p > fp(1,02,')) > 3'. Then by assump-
tion,

ﬂ/

| =

Pr /\Z_lz inkiv i7/ Z
@NBin(ki,pi)(p pi 2 fBin(ki, pi, 5'))
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Then
Pr (max i — pl = fo(1,0%, 8) + fam(kip + o, 5)
>Pr(Jist.p—p> fD(l,Uz,ﬁ/) and p; — p; > fein(ki, pi, 8'))
=1-Pr (Viapi -p < f’D(lya'f)vﬂ/) OrpL Di < fBln z,p+04,/8 )
=1- (PI‘ (pl —-p < fD(]-vo—?nB,) Orﬁi —Di < fBin( 17p+avﬁ )))n :

Now,

Pr (pi —-p< fD(l,Uz,ﬂ/) or p; — pi < fBin(ki,p+ a,ﬂ/))

=1-Pr(p;—p> fo(1,00,8) and p; — p; > fein(ki,p+ ., 3'))

=1- PI'( i — P Z f'D(170-p75 )) Pr (ﬁz — Di Z fBin(khp"‘O‘aB/) |p2 - P Z f'D(170-12)751))
<1-Pr(pi—p> fD(:l’O-p?ﬂ ) Pr (Bi — pi > fBin(kispi, B) | pi—p > fD(LUZaﬂ'))
<1-Pr(pi—p=> fo(1,0,,.8)) Pr(D; — pi > foin(ki,pis 8))

<1- 28

where the first inequality comes from p; > p+«, so fin(ki, p+, 5') < fBin(ki, pi, 5) So, finally,
Pr (max i — pl = fo(1,0%, 8) + fam(kip+ 0, 8)) = 1= (1= (8//v8)2)" =

which implies the result. O

G.1 Extending Our Results to Unknown f;;i (n, Uz, B) settings

Lemma|G.1|gives both upper bound and lower bounds on fD' (n, Up, B), which can be used to modify
Algorlthm and extend Theoremto apply in the setting where fD (n, crp7 B) is unknown, but
fp(n, (Tp, 3) is known instead.

Recall that the concentration bound fgi (n, 012,, B) is used in Algorithmto define the truncation

parameters a; and E, and that we would like to define a truncation window [a;;, b; ;] that both contains

[ai, b;] (so that with high probability none of the p; are truncated), and is not too wide, so |b —a;| <
6]b; — a;| (in order to invoke Lemma[4.2).

The following lemma proposes new values for @; and b; for the setting where only f,(n, af), B) is
known, but not legi (n, 012,, B). It combines the bounds on fg" (n, af,, B) from Lemma , with the
bounds on p"##! from Lemmato show that |b; — @;| < 6|b; — ], as desired.

Lemma G.2. For o > 0, let

é\i = maX{O,}/')\— o — f'D(naggaﬁ/Q) - fBln(k7,7ﬁ+a+fD(n7@7ﬁ/2)7ﬂ/n)}

and

~

bi == mln{17ﬁ+a+fD(na;12\;7ﬂ/2) +fB1n(kzaﬁ+a+fD(na;gaﬁ/2)7ﬂ/n)} .

If;g > o2, and |p — p| < a, then for all i € [n),

~

lai, bs] C [ag, b].

Further, if o < fgi(n,ag,ﬁ) and fgi(n,ag,ﬁ) > QUfp(n,02,8) + fBin(ki min{1/2,p +
fo(n,o,,8/2)},3/n)) then

|bi — ai| < 6[b; — ay.
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Proof of Lemma[G.2] Let us first show that [ai@] C lay, b;]. Using our modified definition of a;
given above, we have,

@ = p — a — fp(n,02,8/2) = fum(ki, D + a + fp(n,02,8/2), 8/n)

< p—= fD(n7 0—12)7 5/2) - fBin(kivp + fD(nvo—gv 5/2)7ﬁ/n)

S p— f'D(n7 O'Z, 5/2) - fBin(ki7p + f'D(nv Op, 5/2)7 B/n)

< p— f%(n,aﬁ,ﬁ)

= Q;.
The first two inequalities respectively follow from the accuracy conditions on mean.s and
variance. s in Theorem 4.1} the third inequality comes from Lemma and the final equal-
ity is by the definition of a;. A symmetric result that b; > b; follows similarly.

The second statement of this lemma ensures that the width of the truncation parameter is not more
than a constant factor larger than the ideal. Specifically,

b — @l < 20+ 2 (fp(n, 03, 8/2) + foin (ki B+ + fo(n, a3, 8/2),8/))
S 2f£1 (n70;2)76) + O(fD(17 0-12)a /6/) - fBin(ki7p + aaﬁ/))
<2ff (0% 8) +2 (215 (n. 02, 5))

< 6f5 (n, o0, B)
= 6[b; — ai
O

We note that Lemma|4.2| as stated requires |l§; — a;| < 4|b; — a;|, rather than 6|b; — a;/, this difference
of constants will only affect the constant C' in Theorem [4.1| and the main claim of a constant

approximation in variance will still hold with these new a; and b; values.

We will, however, have to add an additional assumption to Theorem in this setting. We
will need to assume that D is s.t. f{? (n,ag,,@) > Q(fp(n,af),ﬁ) + fBin(k;, min{1/2,p +
fo(n,o,,6/2)},8/n)), to satisfy the condition of Lemma This condition is related to the
high probability bound on D(k). The right hand side of this condition is the high probability bound
on D(k) that is inherited directly from the high probability bounds on D and Bin(k, p). Without

further assumptions on D, this is the best upper bound on f%' (n, UZ, () that we can obtain, and
hence is the bound used in the truncation in preasti. The condition states that this upper bound is
within a constant multiplicative factor of the true value ff)" (n, 02, 3). We note that this condition is

guaranteed by the lower bound on £ (n, 02, B)in Lemma for D with support on [0, 1/2], and
we conjecture that it holds more broadly.
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