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A RELATED WORK

There have been extensive researches on recommendation (Aggarwall, 2016). Besides the basic
user-based and item-based collaborative filtering (Deshpande & Karypis, [2004), the full rank linear
autoencoder approaches include SLIM (Ning & Karypis, 2011), HOLISM (Christakopoulou &
Karypis} 2014), EASE (Steckl 2019), DLAE (Denoising linear autoencoder) Steck! (2020), whereas
low-rank approaches include (Kabbur et al., 2013 [Sedhain et al.| 2016} |Steckl 2020). All the
customized recommendation has been enforcing zero diagonal constraints for generalization purpose,
whereas we show an approximate closed-form solution for a two-term Tikhonov regularization
without the zero diagonal constraint can be as effective as these models.

Matrix factorization has been been widely studied in practice, partially due to Netflix competition Ko+
ren et al.|(2009). Methods like SVD++ |Koren|(2008)) and implicit Alternating Least Square (ALS)
method Hu et al.|(2008)) (also weighted matrix factorization) have been very influential. (Jin et al.,
2021) shows the relationship between linear autoencoders and matrix factorization, and pointed
out a potential advantage of linear autoencoders. In this work, we take a step further to reveal a
deeper relationship between Tikhonov regularized linear autoencoders and a few other regularizations
including matrix factorization, and show the potential limitation of the class of regularization. We also
utilize the linear variational autoencoders (LVAE) to study how the deep VAE based recommendation
approaches (Li & Shel 2017; Liang et al., 2018} [Shenbin et al., 2020) relate to linear autoencoders
and matrix factorization.

Outside recommendation, there have been a few recent studies on regularization landscapes of linear
(variational) autoencoders (Kunin et al.,[2019; |Bao et al., |2020; Lucas et al.,|2019a). They do not
provide the general weighted ¢ regularization and thus did not find the inherent limitation on the
regularization (for MF). Our LVAE inspired regularization is also never studied before.

Nuclear norm regularizers can recover low-rank matrices in the vector regression setting (Negahban
& Wainwright, [2011)). Its weighted generalization can be applied in the area of image processing (Gu
et al.,[2014). Because weighted nuclear-norm is usually not convex or differentiable, finding optimal
solutions is difficult except for a few special cases (Chen et al.|[2013).

B PROOFS

B.1 PROOF OF LEMMA 1

The Linear Variational AutoEncoder (LVAE) is defined in the same way as (Lucas et al., 2019b):

plx|z) =N (Wz+ p,0%I)

a(z | 2) = N(V(z — p), D) (16)

For simplification, we set ¢ = 0 in following context. And the ELBO of LVAE is known as:
Ly = —KL(q(z|2)[[p(2)) + Eq(z ) [log p(2]2)]
KL(q(z|x)||p(z)) = —log |D| + 2TVTVx 4+ tr(D) — k

1
Eq(z12) [log p(z]2)] = ) (tr(WDWT) +2TVITWIWVe — 22T WV + mTJ:) — g log 270?
o

a7)
Again, the (maximizing) ELBO can be written as:
1
L, = 3 ( —log|D| 4+ 2" VTVx +tr(D) — k) - glog 2mo?
1
— -5 (tr(WDWT) +TVIWTW Ve — 22T WV + xT:B) (18)
o

1 1
= —5Vall} = 55 (IWVDIf} + le = WVal3) + £(D.0)
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Table 3: Investigating the closed/analytic solutions of linear models. dM at(-) denotes a diagonal
matrix, diag(X) is the vector on the diagonal of X.

Model

regularization

solution

Frobenius norm

1. EASE(full rank) (Steck|2019

i [[X = XTI+ - W
st diag(W) =0

C=(X"X+A1)""
W =1-C-dMat(diag(l ® C))

2. DLAE(full rank) (Steck|2020

min X — XWI + A2 W3

A= ﬁd:\lal,(dmg(XTX))

W=(XTX+A)"'XTx

3. EDLAE(full rank) (Steck}{2020

min || X — XWI[E +[|AY2 W%
A= %dﬂ]at(dia,g(XTX))
-P

st diag(W) =0

C=(XTX+A)7"
W =1-C-dMat(diag(1® C))

4. EDLAE-ADMM (Steck/[2020;

min X — XABT|3 + ||AY? - ABT||3%
s.t. diag(W) =0

ADMM update A, B

5. LRR (Jin et al.|2021

i X — XW|[% +[|[TW]|%
’_"”{}(ﬂg‘r,ljgkl\ [l + [T

Y =xw ¥ usv

W= (XTX +T7T) ' XT X (V. V)

6. LR-DLAE(this paper)

i — XW||% 12 )12
e X = KW 4 [IAY - W

A= ﬁd}\!at(r[iag(XTX) )

W = (XTX +A)'XTX
Y =xw L usy”
W =W (V)

7. LR-EDLAE-1(this paper)

i X — XW|%+ AV W%
raniin I 1 + 11 II7

p
A=
1-p

st diag(W) =0

dMat(diag( X" X))

C=(XTX+A)!
W*=1-C-dMat(diag(1® C))
=xw ¥ yxyT
W =w*(ViVl)

8. LR-EDLAE-2(this paper)

i X — XW||% + [|AY2 . W2
mn?(]é‘?)gk‘l [IE+11 1%

A= %d}\mf(diag(XTX))
st. diag(W) =0

C=(XTX+A)7?
W* =1 - C - dMat(diag(1 @ C))
we S yyyT

W = U,V

min || X~ PQTIf + A~ (IPI} + lllF) .
9. Regularized PCA (Zheng et al.|2018 'SVD Q" =V
ST
Nuclear Norm X =UxV Q=/(0i =N+
; P e 2 2 X 5P ey T
pin [1X = QI +d=— = >[I - 1Qxll3 =
10. MF dropout (Cavazza et al.||2018 s L Y* =P QYT
i 1-p 8 ;
HgnHX*YH?v+THYH3 =U-5,5)-V"

11. LAE (Bao et al.|12020]

i (X = XWaWa 4 [WiA2 |+ A2 W,

Wi =PI - AS7?)iUT
W5 =U(I —AS™2)3PT

12. LVAE(this paper)

win|lX -~ PQIIE+ [IA2QII% + [|PAY? ||
min || X — XABI[f, + [|AB|[7 + || XAl %

i X — W% +2([W||
rnin I Il +20Wllw.«

SVD

x 2 usv’
P = Uy -diag(y/o1 = Mgy -1 /01 — A1) -
Q* :QT"ﬁ”g(\/”l *A(A-)‘---m/fh *)\(1)) . VkT

A =XTPAY B =ATEQ"

where f(D,o) = Llog|D| — 3tr(D) + & — Zlog2mo?, z € R" and z € R*.

For whole data, it is equivalent to minimize:

L

where g(D,0) = —02N (log |D| — tr(D) + k — nlog 275?).

B.2 PROOF OF PROPOSITION 1

1X = WVX|[% + NIWVD|[% + o®||VX|[3 + g(D, 0)
= [|XT = XTVIWT([} + NIIVDWT||% + | XTVT |5 + 9(D, 0)

19)

Note that when o; < A(;,_;), the new singular value shrinks to zero, and can be removed. Basically,

for any )\(1) > ...

> A(k)» we can build the corresponding Tikhonov regularized instance by setting

2 3
g; Ti = Ak—i) . / g; 2
= 5 _,)\ = - — i 20
O'iz —|—)\; o 1Eo o; — A(kfi) 7 (20)
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Discussion of Proposition 1: Further, the same observation holds true for the regularization , and
the weighted-nuclear norm regularization in when the weights are in the non-ascending order. This
observation suggests a potentially limitation of the earlier regularization as they will always try to
maintain the larger singular values: when a singular value is large, the shrinkage will be small.Such
regularization has shown to work well in the areas such as image processing |Gu et al.| (2014). But it
has not been studied or confirmed if it will work for the recommendation. In Section 5, we report our
experimental study which shows such regularization could be too restrictive for recommendation.

B.3 PROOF OF PROPOSITION[Z]

By slightly abusing the notation, we shall let O PT'1 (O PT'2) be the value of the optimal solution for
OPT1 (OPT?2). We need to show that OPT'1 = OPT2. We need two directions.

OPT2 > OPT1: Let W* be an optimal solution for OPT2. Let the SVD of W* be U*X*(V*) ™.
Recall that W* needs to satisfy the rank constraint rank(W*) < k so U* € R™*F, ©* ¢ RF*k,
and V* € R™*, Let 7 be a permutation on [k] such that Ar1) < Ara) <00 < Ar)- Letalso Q

be the corresponding permutation matrix. Specifically, Q € {0, 1}*** and there is exactly one entry

in each row of Q is 1:
Q. 1 ifj =7(4).
“J 71 0 otherwise.

For example, consider a case in which A\; > A > -+~ > Ag. Thenwe setm = (k,k —1,...,1), and
correspondingly,
0 0 1
0— 0 1 0
1 0 0

Next, let P = U*(2*)2Q and Q = QT(2*)2 (V*)T. We have W* = PQ and f(W*) = f(PQ).
In addition,

1 1 1 * L *
IA2Q% + [PA2 (|7 = 2|A2Q(S*) 2|7 =2 Ariy0i = 2/[ W [lws
i<k

where o; is the i-th largest singular value of W*. In other words, we have found a (P, Q)) pair such
that

F(PQ) +[A2Q|% + |[PAZ |2 = F(W*) + 2|W* || = OPT?2,
which shows that OPT1 < OPT2.

OPT2 < OPT1. Let P* and Q* be an optimal solution for OPT'1. Let the singular values of P*
be 01 (P*) > 03(P*) > -+ > 0, (P*) and those of Q* be 01 (Q*) > 02(Q*) > -+ > 0 (Q*). Let
also oy > --- > o} be the singular values of P*Q*.

We shall find a lower bound of ||A%Q||% + ||PA% |% expressed in terms of o s. In fact, we shall
show that
l l * *
IAZQIF + [PAZ|[F > 2 P*Q" w,x- 1)

One can see that if Eq. 2] were true, we have

OPT2 < f(P*Q*) + 2|P*Q"||lw. < F(P*Q*) + |A2Q*||% + | P*A%||% = OPT1.

Thus, it remains to prove Eq. @ Let )\(1) > )\(2) > -+ > M) be a sorted sequence of \;’s i.e.,
Ak) = An(1)s Atk—1) = An@)s - -5 A1) = An(k)-

First, we show that || PAZ |2 > S°F A_s1yxo2(P*) and A2 Q|2 > S8 Ar_ir1y xa2(Q%).
We need the following Lemma (see e.g., Theorem 2 in|Yue|(2020)):
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Lemma 3. Let A and B be two positive definite matrices in R¥*F. Then it holds that

Z A)op_i11(B) < tr(B2 AB?). (22)

i=1
Let the SVD of P* be Up-X p- V4. and that of Q* be Ug- EQ*VQ}{. We have
IP*A% (% = |Up-Sp- VA AR} = [Sp- VEAR |} = tr(Sp-VEAVR-Spe).  (23)

We now apply Lemmaby setting A = VA, AVp« and B = ¥%., and obtain that

|P*AZ |2 = tr(Sp-VEAVPp-Zpe) > > Ay1i) X 02(P). (24)

||Ma~

We may similarly prove that || A2 Q*[|2 > Y% Ah—it1) X UZ-Q(Q*). Therefore,

k
IAZQ |3 + 1P A2 % > D" Aprigy x (02(P7) +02(Q")) (25)

i=1

125) provides a lower bound of [|AZQ*[|% 4 || P* A2 |2 in terms of o;(P*) and o;(Q*). We next aim
to express the lower bound in terms of ¢;’s (singular values of P*Q*) directly.

The following program gives a lower bound for [|A2 Q*[|2 + || P*Az ||%:
min : [|A*Q”[[F + || PTA% (26)
subjectto W = P*Q*
o;(W) =0} fori<k.

Write the SVD of W be UWEWVV};. Also, let P = UVTVP* and Q = @Q*V . Noting that the
columns in P* are in the column space of W and the rows in Q* are in the row space of W, we

have (i) o;(P*) = o4(P) and 0,(Q*) = 0,(Q) for i < k, and (ii) [|[A2Q*|% + ||[P*Az|% =
1 X 5a L

A2 Q% + [[PA= /%
Therefore, (26) can be equivalently written as

min: [|AZQ[F + [|PA* |7 27

subjectto Xy = PQ
(EW)z,z = 0': for 4 S k.

Now PQ is positive definite. Using a similar technique developed in (Bao et al.,2020) (Theorem 1),
one can see that P = Q. See also Lemma This implies that P = X 2 Q for some unitary matrix

Qand 0;(P*) = 04(P) = 0:(Q*) = 04(Q) = /o] fori < k. Together W1th , we have
1 % * AL * * * )k
IAZQ*||% + || P*AZ % > 22/\(k+1—i) X 07 (P*) =2 Aha1-i) X 07 = 2[|P*Q"||us »-
i<k i<k

B.4 PROOF OF COROLLARYI]

We first find an optimal solution for (Eb Letthe SVDof X be X = UxXx V; , where Ux € R™*",
Yx € R™"™, and Vx € R™ ™. Let Ux be an arbitrary basis for the subspace that is orthogonal to
X s column space so Uy € R™*(m~") and [Ux,Ux] form a basis for R™. We have

IX = PQIE + [ PAZ % + A2 Q| %

|t )= () rovs

2

+[AZQVx 2.

2 T L
(o) e
F

T
F Ux
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T ~
Let P = ( g)T( ) P and @ = QVx. Then our objective becomes
X
. Yx
min ||| + IPA 3 + [|A2 Q3 (28)
P,Q (m—n)xn

Let W = 15Q and the singular values of W be of > 05> --- > of. Letalso = < 0, Xx )

m—n)xXn

Recall also that o, is the ¢-th largest singular value of X. We next show that

2 n
2\ _ ol _ 15 pe .
(%5 ) —pa] = 15-Pai 2 o+ 3 ot
i= i=k+

Note first that
I = WIE = I1Z1F + W7 — 25, W). (29)
Next, we have ((Zheng et al., [2018))):
(5, )] = [r(EWT)| < [tx(SEy)| = 007
i=1

Therefore, (3, W) is maximized when

- [ o ifi=j<k
Wi _{ 0  Otherwise.

When we plug in this optimized W to Eq.[29} we get
k
IS=WE =Y (0 —0))*+ > ok
i=1 -
Next, from Proposition Q], we have
k
~ 1 1 = *
IPVE(% +[[A2Q|% > Z Alk—i+1)05
i=1

Therefore, we can find a lower bound for Eq.[5]in terms of o} ’s:

ﬁ(JT,...,UZ):Z( , +2Z>‘(k i+1)0; + Z of > >0 >0). (30)

i=1 i=k+1

We next find a minimal value of £ (by treating o;’s as decision variables). This will give us a lower
bound (and is independent of o) on our optlmlzatlon problem We then show that this lower bound

can be achieved by carefully constructing W (as well as P and Q). This means such W is optimal.

Specifically, we need to find an optimal solution for the following program:

minimize,; . o:  L(o7,...,0%) (31)
subjectto: o >0
o] <oy <---<o} (Ordering constraint)

We shall first find an optimal solution for
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minimize, s o= L(07,...,0}%) (32)

subject to: o} >0

Note here, the ordering constraint is removed so the optimal value for (32) should be no more than
that for (3T)). We shall see that the optimal solution for (31)) also satisfies the ordering constraint so
indeed optimal solutions for (31) and (32)) are the same.

The problem (32)) boils down to finding

Q

k
r?iz%(ai — 02‘)2 + 2 z; /\(k,iﬂ)af.
1=

We note that o’s do not interact with each other so we can optimize each ¢ ’s independently. We get

O'Z* = (Uz — )\(k,iJrl))Jr.
We can check that of > --- > o} Therefore, the optimal value for is

k k n
Z(Ui — (05 = App—ig) T2+ 22 Ah—i+1) (05 = Ap—iz) T+ Z ;.
i=1 i=1 i=kt1

This is also a lower bound for (9). One can check that when we set P and @ as

P* = Ugdiag(y /(o1 = Ax)) "), 51/ (0k — A1) )L, (33)
Q* = QTdiag( (0’1 —)\(k))+),..., (Uk —)\(1)>+)VkT7
the lower bound is achieved so gives an optimal solution. Here, Uy, and V}, are leading left and
right singular vectors of X.
Now we move to analyze (I0). Our goal is to reduce (I0) to (9). Let
P=XAA"2 Q=A2B.
Then becomes
minimizepq || X — PQI% + [PA* (5 + A2 Q% (34)
subjectto P =X AN~ (Constraint P)
Q= AZB (Constraint Q).
Here, X and A are given, whereas P, ), A, and B are decision variables. The (Constraint P) says that
each column of P needs to be in a column space of X (it is a necessary and sufficient condition for A

to exist). The (Constraint Q) simply says  and B are linearly related and does not have tangible
impact to the optimization problem.

But we note that when we put aside the constraints, an optimal (P, Q) is specified by . The
columns of the optimal P indeed is in the column space of X. So (P, @) is also an optimal solution
for (34). We may find the corresponding A and B:

A = X"P*AT  and B* = A3Q,
B.5 SYMMETRIC LEMMA

Lemma 4. Let P, Q € R¥** be full rank, A be a diagonal matrix, and Sy be a diagonal matrix so
that (Xw )i = o}, where o} ’s are sorted in descending order. Consider the optimization problem:

min: [AZQ[} + | PA% 3 (35)
subjectto Ly = PQ
Ew)ii=o0; fori<k.

There is an optimal solution such that P=Q"

18
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Proof. Let P = PAz and Q = A~ 2Q. The program is equivalent to

min:  [|AQ[% + || PlI3 (36)
subjectto Xy = PQ
(Ew)ii =o0; fori<k.
Let the SVD of Q be UQEQVC; so Q7! = VQEZ?IU;?F. We can also see that P = Sy QL.
Therefore, the objective term becomes
IAUEoVE 15 + 1w VS5 UG IR = AU Sg 7 + 15w Vet I3

Let us consider the stationary points U, 0 and VQ when X O is fixed. We can see that they need to be
permutation matrices to minimize both terms in the objective (using the rearrangement inequality
again). Therefore, we can see @ = ¥ ZQEQ for two permutation matrices X1 and Xo. This implies

that Q = A2 Y o2, 1.e., each row (column) of Q has exactly one non-zero entry. We may similarly

show that each row (column) of P has exactly one non-zero entry. In addition, the locations of
non-zero entries of P and QT are identical because P() is a diagonal matrix. We may thus write

D 2 T T
P=Yn)ZpZe) Q=X gI0),

where (X5);; = 0i(P) and (¥5))ii = 0-(;)(Q), where 7 is a permutation on [k]. The set of

(possibly unsorted) singular values for PQ thus is Ui(P)aT(i) (Q). Thus, we can see that there exists
a permutation 7 such that

1A DA = * *
IA2QI% + IPAZ |7 = (07 (P*) Az + 021 (Q7)Az(r))
i<k
> " 204(P*) ok (@A)
i<k
> 2[[P* Q" |,

One can see that we can set P = QT to make all inequality becomes equality so there is an optimal
solution such that P = Q7. O

C EXPERIMENTAL DETAILS

C.1 ANONYMOUS CODE

https://anonymous.4open.science/r/ICLR-2022-Anonymous—Demo—-Code—BI9FF/
README, . md

C.2 DLAE HYPERPARAMETERS TUNING

This section presents the hyperparameter tuning process on the validation data over three (ML-20M,
Netflix, MSD) datasets for the full rank DLAE formula, which was introduced by |Steck| (2020) yet
not investigated:

min || X — XW|[F + [|AY2 - W[
A= lf'%deat(dmg(XTX))
W=(xXTx +A)'xTx
In practical, I5 regularization is also imposed:
W=(XTX4+A+N)"xTX

The tables []to[6] show the results of nDC'G@100 over three datasets respectively. And the optimal
parameters are highlighted.
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Table 4: ml-20m, DLAE full rank, parameter tuning on validation dataset by n DC'G@100
A

800 900 1000 1100 1200 1300

0.1 | 0.42024 | 0.42063 | 0.42073 | 0.42102 | 0.42131 | 0.4212
0.2 | 043132 | 0.43139 | 0.43154 | 0.4314 | 0.43147 | 0.43136
p | 0.3 | 043203 | 0.43211 | 0.43214 | 0.43206 | 0.43203 | 0.43196
0.4 | 0.43001 | 0.43001 | 0.42995 | 0.42996 | 0.42984 | 0.42978
0.5 | 042754 | 0.42745 | 0.42729 | 0.42718 | 0.42715 | 0.42704

Table 5: netflix, DLAE full rank, parameter tuning on validation dataset by nDC'G@100
A

800 900 1000 1100 1200 1300 1400

0.2 0.3904 0.3904 | 0.39027 | 0.39024 | 0.3902 0.3903 | 0.39018
0.25 | 0.39247 | 0.39252 | 0.39248 | 0.39249 | 0.3925 0.3925 | 0.39256
0.3 | 0.39359 | 0.39359 | 0.39366 | 0.39358 | 0.39362 | 0.39368 | 0.39369
p | 0.35 | 0.39402 | 0.39403 0.394 0.39405 | 0.39399 | 0.39403 | 0.39397
0.4 | 0.39399 | 0.39393 | 0.39395 | 0.39393 | 0.39389 | 0.39388 | 0.39387
0.45 | 0.39346 | 0.3935 | 0.39343 | 0.39344 | 0.39338 | 0.3933 | 0.39329
0.5 | 0.39249 | 0.39241 | 0.39247 | 0.39241 | 0.39242 | 0.3923 | 0.39224

C.3 MATRIX FACTORIZATION WITH DROPOUT HYPERPARAMETERS TUNING

Cavazza et al. (2018)) shows that optimization with dropout (allowing rank optimizing) is equivalent
to solving a matrix approximation problem with nuclear norm:

d
X_P T I P, 2, 2
Jin [ QHF+d]) D P[5 - 11Qwl 13

7 7

1-p
in||X —Y|%+ —=[|Y]|?
rIgnll Iz + » Y[5

and the solution is given by:

x P ysyT
=U-8,(%)-vT
S, (o) = max(o — p,0)

Tt 1— Zgl

where d denotes the largest integer such that:

UJ(X)>pJr 1_ Zoz

Hence, there is only one parameter p to tuning. We present the tuning process on the validation set
below, see tables|7] I to @ Optimal parameters as well as induced rank d are highlighted.

Table 6: msd, DLAE full rank, parameter tuning on validation dataset by nDCG@100
A

10 20 30 40 50 60

0.3 | 0.38514 | 0.38515 | 0.38517 | 0.38505 | 0.38492 | 0.38474

0.4 | 0.38596 | 0.38599 | 0.38602 0.386 0.38597 | 0.38592

P 051038556 | 0.38555 | 0.38553 | 0.38557 | 0.38553 | 0.38549

0.6 | 0.38382 | 0.3838 | 0.38381 | 0.38374 | 0.38373 | 0.38366
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Table 7: ml-20m, matrix factorization with dropout, hyper parameter tuning by nDCG@100 on
validation dataset and its induced rank .
p 0.9 0.99 0.995 0.996 0.997
induced rank d 10 200 385 467 602
nDCG@100 0.29723 | 0.39369 | 0.40045 | 0.40046 | 0.39925

Table 8: netflix, matrix factorization with dropout, hyper parameter tuning by nDCG@Q100 on

validation dataset and its induced rank .
p 0.9 0.99 0.996 0.997 0.998

induced rank d 9 209 524 653 883
nDCG@100 | 0.26026 | 0.35462 | 0.36453 | 0.36495 | 0.36406

Table 9: msd, matrix factorization with dropout, hyper parameter tuning by n DC'G@100 on validation

dataset and its induced rank .
p 0.99 0.999 0.9995 0.9999 | 0.99995

induced rank d 249 2054 3783 11380 19308
nDCG @100 0.18986 | 0.28532 | 0.307 | 0.32634 | 0.30995

C.4 RESOURCES
Our code are mainly implemented in Numpy 1.19, Pytorch 1.7.1 on CUDA 11.0. Our experiments

are performed on nodes with two sockets, each containing a 24-core Intel(R) Xeon(R) Platinum 8268
CPU @ 2.90GHz and 4 GeForce RTX 3090 24GB memory GPU.
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