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Abstract

RL with verifiable rewards can substantially im-
prove LLM reasoning, yet standard GRPO-style
training often uses uniform sampling and near-
uniform weighting, leading to inefficient compu-
tation allocation. We study GRPO by tracking
token log-probabilities, group-normalized advan-
tages, and induced token-level update weights.
This reveals three recurring dynamics: proba-
bility inflation, advantage contraction as accu-
racy rises, and hierarchical convergence, where
easy questions quickly saturate while hard ques-
tions remain discovery-limited due to rare correct
rollouts. These findings imply that the benefit
of each update depends strongly on both ques-
tion difficulty and the model’s current compe-
tence. Motivated by this, we propose Confidence
and Difficulty-adaptive Policy Optimization (Co-
DaPO), which assigns each question a bounded
value from rollout confidence and empirical diffi-
culty, then uses it to reweight policy updates and
resample high-value questions within minibatches
to increase discovery under a fixed compute bud-
get. Across seven benchmarks, CoDaPO consis-
tently improves accuracy over other RL methods.

1. Introduction

Reinforcement learning (RL) is increasingly used to im-
prove large language models (LLMs) on verifiable reason-
ing tasks such as mathematics and code generation, where
model-generated trajectories can be automatically evaluated.
PPO (Schulman et al., 2017) is a standard RL approach,
but its reliance on a learned value function introduces addi-
tional optimization overhead, motivating a growing family
of critic-free alternatives. Among them, GRPO (Shao et al.,
2024) removes the value model and estimates advantages
by standardizing rewards within groups of sampled trajecto-
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Figure 1. Illustration of GRPO and CoDaPO. (a) GRPO updates
the policy from trajectories sampled on a mini-batch with uniform
weighting. (b) CoDaPO computes per-question CoDa values (from
confidence and difficulty), uses them to weight updates, and resam-
ples high-value questions for an extra rollout-and-update step.

ries while retaining a PPO-style clipped surrogate objective.
GRPO is prevailing and has prompted several follow-up
works on objective design and stability mechanisms (Yu
et al., 2025; Hu, 2025; Lin et al., 2025b; Chu et al., 2025b).

Despite GRPO’s strong empirical performance, its learning
dynamics in sparse-reward, long-horizon reasoning remain
poorly understood. GRPO relies on group-normalized ad-
vantages computed from a small number of sampled trajec-
tories and updates the policy through a clipped surrogate
objective; for difficult questions, progress may hinge on the
rare event of sampling even a single correct trajectory. This
raises a central question: how do group normalization, clip-
ping, and finite-sample discovery jointly determine which
questions improve quickly, which ones saturate, and which
ones remain bottlenecked as computation increases?

To answer this question, we analyze GRPO by monitoring
training-time statistics, including token probabilities, group-
normalized advantages, and the resulting token-level update
weights. This analysis reveals three consistent patterns:

1. Probability inflation: Confidence concentrates near one
for correct/incorrect trajectories, indicating entropy col-
lapse and worsening accuracy-confidence calibration.

2. Advantage contraction: As groups become more accu-
rate, positive advantages collapse toward zero, while rare
failures carry increasingly large negative advantages.

3. Hierarchical convergence: Easy questions saturate
quickly and yield vanishing gradients, whereas hard ques-
tions remain discovery-limited and improve slowly.
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We attribute these patterns to two structural features of
GRPO: (i) asymmetric clipping, which preserves upward
probability drift while truncating sufficiently negative up-
dates, and (ii) group normalization with binary rewards,
which weakens the positive learning signal as accuracy ap-
proaches one. Consequently, the utility of an update is
highly non-uniform and depends strongly on both question
difficulty and the model’s current competence.

These findings highlight a concrete inefficiency in standard
GRPO-style training: uniform sampling and near-uniform
weighting can misallocate computation. Once a question
is effectively solved, additional updates largely sharpen the
model’
tle improvement in correctness. In contrast, genuinely hard
questions are often discovery-limited: with a small rollout
group, the probability of observing even a single correct tra-
jectory can be vanishingly small, so positive reinforcement
rarely occurs. Under a fixed computation budget, improving
hard-case performance therefore requires not only better
per-sample objectives but also a better strategy for allocat-
ing computation, deciding which questions deserve more
trials and which updates should receive more emphasis.

Motivated by this diagnosis, we propose Confidence and
Difficulty-adaptive Policy Optimization (CoDaPQ), a sim-
ple, data-centric framework that integrates seamlessly with
RL objectives by reweighting updates and targeting sam-
pling toward more informative questions (Fig. 1). CoDaPO
first applies CoDaWeighting to assign each question a
bounded value using two signals readily available from
sampled trajectories: confidence (mean token likelihood)
and difficulty (group error rate). This value is then used in
two complementary ways: CoDaLearning rescales policy-
gradient updates via a value-weighted objective, concen-
trating gradient mass on questions with higher learning
potential, while CoDaSampling resamples the top- K ques-
tions in each minibatch by their values, repeating high-value
questions to allocate more trials and increase the chance of
discovering correct trajectories when successes are rare.

Conceptually, CoDaPO concentrates more computation on a
“learnable band”: it down-weights already-solved questions
that provide little additional signal and avoids over-investing
in extremely hard questions where learning is dominated
by the absence of successful trajectories. Instead, it priori-
tizes questions that are challenging enough to drive progress
yet sufficiently tractable to yield reliable reinforcement.
CoDaPO further improves efficiency by using token-level
micro-averaging to eliminate implicit length penalties and
by removing KL-to-reference regularization to reduce over-
head and encourage exploration, while preserving stability
through bounded confidence- and difficulty-based weights.

Experimentally, CoDaPO is proven effective on seven rea-
soning benchmarks, consistently improving reasoning ac-

curacy and generalization relative to existing methods. For
example, compared to the base model Qwen2.5-Math-1.5B,
CoDaPO increases accuracy from 30.63% to 71.54% on
the in-domain MATH500 benchmark and from 18.78% to
36.16% on the out-of-domain Olympiad Bench.

The main contributions of this work are:

* We provide both empirical evidence and mathematical
analysis of GRPO’s training dynamics, explaining proba-
bility inflation, advantage contraction, and hierarchical
convergence in verifiable reasoning post-training (Sec. 3).

* We propose CoDaPO, a data-centric RL framework that
reweights GRPO-style updates using per-question confi-
dence and difficulty, prioritizing informative trajectories
and improving computation allocation (Sec. 4).

* We evaluate CoDaPO on seven widely used reasoning
benchmarks and show that it consistently improves accu-
racy and generalization over GRPO and other RL base-
lines under comparable training budgets (Sec. 5).

2. Preliminaries

Notation. The training set D consists of question—answer
pairs (q,a). Given g, the policy fg samples a trajectory
o ~ fo(- | q) containing intermediate reasoning and a final
answer. As in GRPO (Shao et al., 2024), we maintain three
policies: the current policy fg (updated every step), a frozen
behavior policy fo4 (recent snapshot for sampling), and a
reference policy fiet (older snapshot for divergence control).

Group Relative Policy Optimization (GRPO) (Shao
et al., 2024) removes PPO’s value model (Schulman et al.,
2017) and estimates advantages by standardizing rewards
within a sampled group. For each ¢, sample G rollouts
{ol}z 1 ~ foia(+ | ) and compute rewards {r;}$ ,, yield-
ing A; & ri—mean({r;} 1)/std({r:3&,). With the token-
level importance ratio p; ; = fo(0i.t14:9i,<t)/ fu4(0s,¢|,05, <),
GRPO maximizes a clipped objective with a KL penalty:

P

min(pi,tAi7Chp<Pi,tv —€,1+4¢) ) BDkL f@”fref]]

Joreo(fo) =

E(q,0)~D,{0:}~foa(-l0)

Related work. Recent studies have further improved
GRPO and related objectives, including DAPO (Yu et al.,
2025), Dr. GRPO (Liu et al., 2025a), REINFORCE++ (Hu,
2025), CPPO (Lin et al., 2025b), GPG (Chu et al., 2025b),
etc. Beyond text-only settings, several works extend these
methods to multimodal reasoning (Zhou et al., 2025; Huang
et al., 2025) and logical reasoning (Xie et al., 2025). A de-
tailed discussion of these works is deferred to Appendix A.
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3. Training Dynamics of GRPO

In this section, we characterize GRPO training dynamics by
(i) deriving the evolution of key sample statistics (Sec. 3.1)
and (ii) validating them empirically (Sec. 3.2). We then ana-
lyze the mechanisms underlying these behaviors (Sec. 3.3).

These findings suggest that uniform weighting and sampling
may squander compute on already-saturated easy questions,
while truly hard questions are bottlenecked by the rarity of
correct rollouts (i.e., exploration and discovery), motivating
CoDaPO to reallocate updates and sampling accordingly.

3.1. Statistics of Training Samples

For each (¢, a) € D, we sample a group of G trajectories

{01}1 17 fold | q) where 0y = (Oi,17 s 70i,\oi|)9 and
compute the following statistics on these samples.

Probability (token-level). Define (g (0; ;) = log fo(0; ; |

A
q,0i,<t) and £o1a(0it) = log foa(0it | ¢, 0i,<¢), then the
importance ratio p; ¢ is computed as

p A fG(Oi,t | q70i,<t)
o2
’ fold(Oi,t | Q70i,<t)

= exp(lo(0i,) — Lowa(0i 1))

When needed, pg(0;.+) = exp(£g(0i.+)). Note that all prob-
abilities are post-softmax (log-probabilities, not logits). We
work in log-probability space for numerical stability.

Reward (trajectory-level). We use a binary accuracy re-
ward based on the final answer in o; and ground truth a:

r; = CorrectAnswer(o;,a) € {0,1},
where r; = 1 if the predicted answer matches a.

Advantage (trajectory-level). GRPO estimates advan-
tages by group-normalizing rewards:

N Inean({rj}le)
Std({T’j szl) +(5 ’

i =

with a small § > 0 for numerical stability. We treat A; as
a constant w.r.t. @ (stop-gradient), i.e., no backpropagation
through the group statistics.

Gradient (token-level). GRPO maximizes a clipped sur-
rogate objective with a per-token KL penalty:

o]

GZMZ

min(pi,tAi7 clip(pi i, 1—€,14€)A ) BDkL|fo Hfref}

clipped surrogate

Joreo(fo)

KL penalty

Using u; ;= Jet(0i.119,05.<1) =exp(lret(04,¢) —Lo(0it))

fe(OL t\q701 <t)

Vo Dk foll fretl; ; = (1 — wit) Volo(0it).

The surrogate term contributes only when the unclipped
branch is active (and is zero otherwise):

v@ mll’l() = ]-unclipped Az Pit Voée (Oi,t)7

Gradient (batch-level). Averaging over trajectories and
tokens gives the batch-level gradient Vg Jorpro(fe):

G [oi]

1 1 N
5 Z m Z []-unclipped Az Pit — B(l_ui,t)} Vefe (Oi,t)a
i=1 "t =1
where the unclipped indicator 1unclipped 1S

]I|:(AAZZO A pi’t§1+E)V(Ai<0 A pi’tZ].—E)}.

3.2. Empirical Findings

To characterize GRPO training dynamics, we post-train
Qwen2.5-Math-1.5B (Yang et al., 2024b) with GRPO
on MATH (Hendrycks et al., 2021) and evaluate on
MATHS500 (Lightman et al., 2024). We define trajectory
confidence as the mean token log-probability and question
difficulty as the group error rate:

[oi]

Confidence(fg,q,0;) £ |Zlogfe 01t | 4,05,<1),

P
_1**27“1

We stratify trajectories into five difficulty bins:
[0,0.2),]0.2,0.4),[0.4,0.6),[0.6,0.8),[0.8,1]. Then,
we report the corresponding training dynamics across these
bins in Figures 2-3, leading to the following observations. !

Difficulty(fe,q,a)

* Probability inflation. During training, confidences con-
centrate near 1 for both correct and incorrect outputs, con-
sistent with entropy collapse and worsening calibration
between confidence and accuracy (Yu et al., 2025).

* Advantage contraction. As accuracy increases, group-
normalized advantages collapse toward 0: most samples
have small nonnegative advantages, while incorrect sam-
ples become rarer but carry large negative values.

» Hierarchical convergence. Easy questions begin with
high confidence and large gradients and quickly saturate
as advantages/gradients vanish. Hard questions improve
from low-confidence, low-gradient regimes, yet gradients
decay rapidly, and a nontrivial error mass persists.

'Please see Appendix B for more results and analysis.
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Figure 2. The confidence-advantage distribution of correct/incorrect trajectories in GRPO training. Rows 1 and 2 present the model
checkpoints captured at training steps 0 (base model) and 240 (post-trained). Columns 1 to 5 correspond to difficulty levels of questions.
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Figure 3. The gradient distribution of correct/incorrect trajectories (the same trajectories as in Fig. 2).

3.3. Mechanism Analysis

We give a compact mathematical account of the three obser-
vations. Full derivations can be found in Appendix B.

Why probability increases (and entropy collapses)? A
first-order ascent step on {g(0;,;) has weight
Alg(05.4) < Wi s 2 Lunctipped A pie — B (1 — uig).
Clipping yields a one-sided drift:
A; >0 Lynclippea = 1 while p;; < 1+¢,
/Ali < 0: Lunclipped = 0 once p;; <1 —¢,

so upward pushes persist until the upper cap, whereas down-
ward pushes shut off after crossing the lower cap. Mean-
while, the KL term is restorative,

—B(1 =) = —,6(1 _ fref(o””) 7

foloir ] )

acting mainly as a floor toward fer when probabilities drop.
Applying the same A; to all tokens in a rollout then concen-
trates mass on sampled tokens, reducing entropy.

Why advantage contracts? Let7 = é ZiG:1 r;, then

~ ri—T

P =

Ignoring 4, within a group A; € {A(H)| A(5)} where
A 7

A (7) =
AT 1—7

ey

As 7 1 1, AB)(F) | 0 while A7) (7) — —oo. Pooling
across groups gives the two-atom mixture

A | FN FéA(Jr)(F) + (1 —F)(;A(,)(F),

so mass concentrates near 0 (since ¥ — 1 and A - 0)
with a vanishing-weight negative tail.

Why training converges hierarchically? For question g,
let 7(q) £ Py (-|q) [7(0) = 1] be the per-sample success
rate (w(q) < 1). With G samples, the probability of at least
one correct trajectory is
PEi:ri=1]q)=1-(1-7(q)" = Gr(q). ()
Easy questions have large 7(q), hence frequent discovery
and rapid reinforcementuptop =~ 1 +¢;as7 1T 1, Eq. 1
gives A J 0, annealing gradients to zero. Hard questions
have small 7(q), so learning is discovery-limited by Eq. 2,
and each discovered success is only capped-amplified by
clipping, yielding slow improvement and persistent error.
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4. Confidence and Difficulty-adaptive Policy
Optimization (CoDaPQO)

Existing RL post-training methods typically optimize sam-
pled trajectories with (approximately) uniform weighting,
even though a sample’s training utility depends on both its
difficulty and the model’s current competence. As shown
in Sec. 3, this can overemphasize easy questions in early
training and lead to inefficient compute allocation.

Motivated by these findings, we propose CoDaPO, a data-
centric and model-adaptive framework that plugs into stan-
dard RL objectives by reweighting policy updates and bias-
ing sampling toward more informative questions. CoDaPO
does not aim to resolve overconfidence or raise the theoreti-
cal ceiling of RL post-training; instead, it provides a stable
and computationally efficient procedure that improves rea-
soning accuracy under a fixed training budget.

Concretely, CoDaPO estimates a per-question value from
confidence and difficulty (CoDaWeighting), resamples ques-
tions according to these values (CoDaSampling), and opti-
mizes policy with a value-weighted objective (CoDal.earn-
ing). The training framework is introduced as follows.

4.1. Training Framework

At each training step, we sample a mini-batch B =
{(¢9,a)}B., ~ D. For each question ¢\/), we use
the behavior policy fyq to draw a group of G rollouts

Op £ {{OZ(-J) ’G:l}]:l’ {023)}?:1 ~ fold(' | q(])).

CoDaWeighting (per-question value estimation). Given

rollouts { ogj ) }& |, we assign each question a scalar value

o) & CoDaWeighting(q(j), al?), {ogj)}iczl) )

The value v%) reflects how informative the question is for
further optimization (e.g., due to high difficulty or under-
training). We collect the values as Vg £ {v(@} 5.

CoDaSampling (value-guided subset selection). Using
V3, we form a value-biased resampled batch S C B with
|S| = |B| = B (sample top-K questions with replacement):

S £ cobaSampling(B,Vs, K).

We then resample G trajectories for the selected questions
to obtain fresh rollouts for learning:

0s = {{o"1%}, )~ foal: [ 4)

@ ,aes’

The corresponding values Vs 2 {v0) : (¢U),a9)) € S}.

CoDalLearning (two-stage policy update). Finally, we
update the current policy with a batch-wide step followed
by a focused step on S:

fo + CoDaLearning(fe,B,08,Vg),
fo + CoDaLearning(fe,S,0s,Vs) .

The first update preserves broad coverage over the batch,
while the second reallocates computation toward high-value
questions. 2 The full pipeline is summarized in Algorithm 1.

Algorithm 1 The training pipeline of CoDaPO

Input: Initial policy model fy, training set D, batch size B,
group size G, sample size K
1: forstep=1,---, M do
Sample a mini-batch B = {(¢\", D)} 2| ~ D
Update the behavior policy: foa < fo

2

3

4: /I CoDaWeighting: rollout collection and value estimation
5:  foreach (¢“),a"%) € Bdo

6: Sample {o"}Z, ~ faa(- | ¢

7 Set v') - CoDaWeighting (q(j>,ct(j)7 {ogj)}iG:l)
8

:  end for _ )
9:  Set Vg + {vW}E and Op « {{o}E}E,
10: // CoDaSampling: value-guided resampling
11:  Sample S < CoDaSampling(B, Vg, K)
12: /I Fresh rollouts for the resampled batch
13: foreach (¢,a9)) € S do
14 sample {0 }Z, ~ fou(- | )
15: Set v) +— CobDaWeighting (q(j),a(j), {ogj)}iczl)
16:  end for

17: SetVs + {v) : (¢,a9) € S}

18:  SetOs + {{05])}«&1}((10),@(1))63

19:  // CoDalearning: two-stage policy update

20:  Update fg « CoDaLearning(fe, B, Os, Vi)
21: Update fo + CoDaLearning(fe,S,Os,Vs)
22: end for

Output: fy

4.2. Implementation
In this part, we detail the implementation of CoDaPO, orga-

nized into the following three components.

CoDaWeighting. Given a question ¢ and its rollout group
{0;}%.,, we estimate the group confidence ¢q and difficulty
dq as (by construction, ¢, € (0,1] and d, € [0, 1])

o]

G
1 1
Cq = a ZGXP m Zlog fo(ois | g,0i<t)|, (3)
i=1 =1
1 &
dqél—a;ri. )

2CoDaPO reallocates compute within a fixed computation bud-
get rather than increasing the budget. We use 50% budget to
generate/learn on mini-batch 3, and 50% on resampled-batch S.
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Table 1. De51gn choices for V,(-) and V4(-). Each cell visualizes
the value function V (¢, d) = Ve(c)Va(d) over (c,d) € [0,1]2.

_—

We then map (cq, dq) to a scalar value v, via two separable
weighting functions, i.e., vy = V(¢q, dg) = Ve(cq) Va(dy).
The design choices for V,(-)/Vy(-) are shown in Table 1.
Empirically, we choose a linear V.(z) = x to encourage
larger updates on questions the model is already confident
about, and a U-shape Vy(x) = 1 —4(z —1/2)? to emphasize
the “learnable” mid-difficulty regime while down-weighting
nearly-solved and discovery-limited questions, yielding

vy = Vieqdy) = ¢ (1-4(dy = 2)%). )

CoDaSampling. Given the per-sample values Vs =
{0l )} 5 |, we rank the batch B by v%) and retain the top-K
question-answer pairs. We then form a resampled batch
S by sampling with replacement from these top-K pairs,
repeating each selected pair B/ K times so that |S| =

CoDalLearning. Given (fg,B,05,V5), CoDaPO up-
dates the policy by maximizing a value-weighted GRPO
objective; the same objective is applied to (fg, S, Os, Vs).

B G 1o

jCoDaPO(anBa OB’aVB) Z Z Z

j= 122 1| (7)|z 1 t=1
[mln(p(J)A( 7 clip(pl(-’jt)7 1—¢1+ e)Al(-j)) v(j)} 6)

() & Jo(o)la 017,
(0109 00L)
ratio), and the group-normalized advantage is computed
() g5 A0 & ) —mean({rf},)
@ std({r$1¢ )
Beyond value reweighting, we make two changes to GRPO:

where p;; (the token-level importance

from binary rewards r;

» Token-level micro-averaging. We normalize the objec-
tive by the total number of tokens, ﬁ >2i.4("), instead

of averaging per trajectory, é > \Tl| >.(+). This makes
each token contribute equally and removes the implicit
length penalty that down-weights longer rollouts.

* No KL regularization. We drop the KL-to-reference
term to encourage exploration and avoid an additional fi.f
forward pass, as in Yu et al. (2025); Chu et al. (2025b).

4.3. Mechanism Analysis

Here, we show that CoDaPO modifies GRPO by reshap-
ing effective token weights and reallocating compute across
questions. Full analysis is provided in Appendix C.

CoDaPO optimizes a value-scaled token-level policy gra-
dient. With stop-gradient through AEQ ) and v ), the up-
date takes the token-micro-averaged form

Vo Jcopapo < Z Zw(]) Velo(o )

]12‘0

where w(J ) — () Lunclipped pgjt) AEJ ). Thus, CoDaPO acts

(]).

through w,” : it rescales GRPO’s per-token ascent direc-

tion by a bounded, question-level factor v, while micro-
averaging removes length as an implicit reweighting signal.

CoDaWeighting concentrates gradients on ‘“learnable”
questions and suppresses uninformative updates. From
the rollout group of question ¢, we compute (¢4, dg) and as-
sign v, = ¢4(1—4(d;—1/2)?). This implements a learnable-
band prior: vy ~ 0 when d,; ~ 0 (already solved, where
updates mainly inflate confidence) or d, ~ 1 (discovery-
limited, where gradients are dominated by clipped nega-
tives), and v, peaks near d, ~ % where correct trajectories
occur often enough to yield actionable signal.

CoDaSampling boosts hard-case progress by increasing
discovery probability via repeated trials. Let 7(q) =
Py fa(1q) [7(0) = 1] denote the per-rollout success proba-
bility. With group size G, the probability of observing at
least one correct rollout is pgisc(q) = 1 — (1 — 7(q))“.
If CoDaSampling repeats the same question m times and
draws fresh groups, the probability of ever seeing a correct

rollout becomes 1 — (1 — paisc(q))™ =1— (1 — ﬂ'(q))Gm.

Here, the repetition by CoDaSampling alleviates the discov-
ery bottleneck that drives hierarchical convergence: when
m(q) is small, correct rollouts are rarely observed, so learn-
ing stalls. By increasing the probability of observing at least
one correct trajectory, CoDaSampling more reliably triggers
the subsequent amplification phase, where correct rollouts
obtain positive advantages and are reinforced.

Overall effect: fewer saturated updates, faster discovery,
and implicit annealing on easy items. CoDaPO does not
alter clipping asymmetry (Sec. 3), but it reduces the volume
of uninformative saturated updates by deallocating solved
questions (d, | 0 = v, | 0) and by concentrating repeated
trials where discovery is plausible. Meanwhile, advantage
contraction becomes a feature rather than a bottleneck: as
7, A(Jr)(?’) 1 0andd, | 0, so both A and vg shrink,
annealing gradients on easy items and preserving capacity
for harder questions within the same compute budget.
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Datasets
Base Model Algorithm MATH AIME AIME AMC  Olympiad Vinerva GSMSK Average
500 2024 2025 2023 Bench

Base 13.18 0.69 0.00 6.71 3.92 1.64 2.02 4.02

GRPO 23.76 2.31 0.00 11.61 6.40 4.06 46.23 13.48

DAPO 25.45 2.84 0.10 10.80 6.00 4.94 50.69 14.40

Llama3.2-1B-Instruct ~ Dr. GRPO 24.61 2.01 0.00 9.76 4.98 4.69 51.52 13.94
GPG 23.03 1.16 0.00 11.86 491 4.62 45.42 13.00

CoDaPO (ours) 27.39 3.18 0.39 11.97 6.36 4.86 51.20 15.05

Base 30.63 5.71 2.50 23.40 18.78 5.29 29.57 16.55

GRPO 70.31 13.02 8.00 50.84 32.18 16.37 82.86 39.08

DAPO 70.02 13.15 12.20  50.35 32.87 17.85 80.00 39.49

Qwen2.5-Math-1.5B  Dr. GRPO 68.35 12.70 8.15 50.61 31.39 16.69 82.56 38.64
GPG 69.89 14.63 8.03 51.62 32.72 17.98 83.51 39.77

CoDaPO (ours) 71.54 14.47 12.35  52.68 36.16 18.04 83.86 41.30

Base 54.00 16.37 6.75 51.07 27.53 13.28 61.56 32.94

GRPO 72.18 27.40 11.07  62.19 37.35 18.55 83.35 44.58

DAPO 73.13 29.77 10.06  59.16 36.18 20.00 86.94 45.03

Qwen2.5-Math-7B Dr. GRPO 72.37 25.04 10.11 62.06 36.00 21.09 85.93 44.66
GPG 72.57 27.23 1298 61.99 36.26 21.06 81.24 44.76

CoDaPO (ours) 74.39 30.49 1146  63.50 37.98 21.63 87.21 46.67

Table 2. The main results of the post-training experiments (accuracy, in %) . Note that the boldface numbers mean the best results, while

the underlined numbers indicate the second-best results.

5. Experiments
5.1. Setup

Training setup. We post-train Llama3.2-1B-Instruct,
Qwen2.5-Math-1.5B, and Qwen2.5-Math-7B  on
MATH (Lightman et al., 2024; Hendrycks et al., 2021; Yang
et al., 2024a;b), with verl (Sheng et al., 2025) and 4x A100
GPUs. We set the batch size to 16 and sample 8 rollouts per
group for each question. To ensure a fair comparison, we
count the additional training steps introduced by CoDaPO
toward the total number of training steps. All experiments
are conducted under the same total training step budget.

Evaluation setup. We adopt the Qwen2.5-Math evaluation
codebase for consistent measurement. For each question,
we sample 32 responses at temperature 0.6 and report the
mean accuracy. Evaluations span seven reasoning bench-
marks: MATHS500 (Lightman et al., 2024; Hendrycks et al.,
2021), AIME 2024, AIME 2025, AMC 2023, Olympiad-
Bench (Huang et al., 2024), Minerva (Lewkowycz et al.,
2022), and GSMS8K (Cobbe et al., 2021).

Baselines. We compare CoDaPO against representative RL
baselines, including GRPO (Shao et al., 2024) and several
recent concurrent methods: DAPO (Yu et al., 2025), Dr.
GRPO (Liu et al., 2025a), and GPG (Chu et al., 2025b).
All baselines are implemented under the same training and
evaluation settings for fair comparison.

5.2. Main results

Mathematical reasoning performance. CoDaPO consis-
tently improves mathematical reasoning performance across
all evaluated models and benchmarks. As shown in Tab. 2,
on Qwen2.5-Math-1.5B, CoDaPO raises the average ac-
curacy over seven benchmarks from 16.55% to 41.30%

Model MMLU GPQA HumanEval Average
Qwen2.5-Math-1.5B  11.53  9.85 29.27 16.88
GRPO 4346  19.69 34.76 32.64
CoDaPO 44.81 2445 50.61 39.96

Table 3. Evaluation results on cross-domain benchmarks.

and achieves the best results on most datasets. CoDaPO
also scales effectively to larger models: when applied to
Qwen2.5-Math-7B under the same settings, it achieves the
best average accuracy of 46.67%, demonstrating its robust-
ness and consistent effectiveness across model sizes. More-
over, CoDaPO consistently outperforms all RL baselines,
achieving relative accuracy gains of 5.68% over GRPO and
surpassing other strong baselines on Qwen2.5-Math-1.5B.

Importantly, these gains are not limited to a specific back-
bone. When applied to Llama-3.2-1B-Instruct, CoDaPO
again achieves the best overall performance among all meth-
ods, demonstrating that its effectiveness generalizes beyond
the Qwen2.5-Math family and does not rely on a particular
model backbone. Notably, although post-trained only on
MATH, CoDaPO generalizes well to diverse mathematical
benchmarks, with substantial gains on challenging out-of-
domain sets such as OlympiadBench and Minerva, indicat-
ing enhanced transferable reasoning ability.

Cross-domain generalization. We evaluate CoDaPO on
science and coding benchmarks to assess its generalization
beyond mathematics. As shown in Tab. 3, CoDaPO consis-
tently surpasses GRPO across all evaluated tasks, achieving
higher performance on MMLU, GPQA, and HumanEval.
These results suggest that CoDaPO improves general rea-
soning behaviors that transfer beyond the math domain.

Test-time scaling. As shown in Tab. 4, CoDaPO consis-
tently outperforms GRPO across all values of K, demon-
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Pass@K 1 2 4 8 16 32 64 128

Qwen2.5-Math-1.5B 3.33 3.33 6.67 13.33 16.67 16.67 26.67 46.67
GRPO 6.67 13.33 20.00 20.00 26.67 36.67 43.33 46.67
CoDaPO 13.33 20.00 23.33 30.00 36.67 40.00 46.67 53.33

Table 4. Pass@K result of different methods on AIME25.

Model MATHS00 AIME2024 AIME2025 Average
Qwen2.5-Math-1.5B  30.63 5.71 2.94 13.09
+GRPO 70.31 13.02 8.00 30.44
+CoDaWeighting 71.09 13.90 9.59 31.53
+CoDaSampling 71.54 14.47 12.35 32.79

Table 5. Ablation of individual components in CoDaPO.

strating superior sample efficiency and more effective uti-
lization of additional compute. In particular, under small-
sample regimes, CoDaPO gains improvements of up to
10.00% over GRPO. As K increases, CoDaPO continues to
perform well and reaches a Pass@ 128 of 53.33%.

5.3. Ablation studies

Individual components. We first ablate the three compo-
nents in CoDaPO by progressively adding them on top of
the same base model and training budget. Table 5 com-
pares (i) GRPO, (ii) GRPO with only CoDaWeighting, and
(iii) the full method with CoDaSampling enabled. Adding
CoDaWeighting consistently improves over vanilla GRPO
(Average: 30.44% — 31.53%), indicating that value-aware
reweighting effectively suppresses uninformative updates
and reallocates gradient mass toward more learnable ques-
tions. Further enabling CoDaSampling yields an additional
gain (Average: 30.44% — 32.79%), suggesting that repeat-
edly sampling high-value questions increases the discovery
probability of correct rollouts and accelerates hard-case
progress. Overall, each component contributes non-trivially,
and the best performance is achieved only when both Co-
DaWeighting and CoDaSampling are used together.

CoDaWeighting. We then study different designs of the
separable value function V(c,d) = V.(c) V4(d) in Co-
DaWeighting. Table 6 enumerates representative choices
of V() and Vy(+), covering monotonic and symmetric/U-
shaped forms. We observe clear performance differences
among weighting strategies: designs that tend to over-
emphasize either very hard or very easy items can increase
the fraction of saturated or discovery-limited updates and
thus hurt overall efficiency. In contrast, the combination
Ve(c) = cand Vg(d) = 1 — 4(d — 3)? consistently per-
forms best (Average: 31.98%), consistent with our design
goal of suppressing both very easy (d ~ 0) and extremely
hard (d~1) items, and emphasizing questions of intermedi-
ate difficulty that provide more informative gradients. We
therefore adopt this design as the default in all experiments.

CoDaSampling. Next, we vary the Top-K hyperpa-
rameter in CoDaSampling, which controls how many
high-value question-answer pairs are retained for resam-
pling within each batch. As shown in Table 7, different

VC(C) Vd(d)
d 1—d 4(d-3)*1-4(d—1)?
c 31.14  31.74 30.17 31.98
1—c 30.15  30.34 29.99 31.16
4(c—1)? 29.67 3159 29.85 31.37
1—4(c—3)%> 3023 3148 29.74 31.59

Table 6. Ablation on CoDaWeighting designs (V. and Vg).

Top-K MATHS500 AIME2024 AIME2025 Average

1 69.82 13.04 8.33 30.40
2 70.19 16.41 10.83 32.48
4 71.54 14.47 12.35 32.79
8 71.10 15.71 11.04 32.62

Table 7. Ablation on the Top-K choice in CoDaSampling.

MATH AIME AIME AMC Olympiad Minerva GSM8K Avg

Algorithm “50," 574" 2025 2023 Bench

DAPO  70.02 13.15 1220 50.35 32.87 17.85 80.00 39.49
+CoDaPO 7074 17.00 1027 53.00 3411 17.84 84.25 41.03
GPG  69.89 14.63 803 51.62 3272 1798 83.51 39.78
+CoDaPO 70.15 1436 8.66 5238 3231 1812 83.66 39.95
GRPO 7031 13.02 8.00 50.84 32.18 1637 82.86 39.08
+CoDaPO 7154 14.47 12.35 5268 3616 18.04 83.86 4130

Table 8. CoDaLearning applied to different RL objectives.

K € {2,4,8} lead to broadly similar results (Average:
32.48%/32.79%/32.62%), indicating that CoDaSampling
is not overly sensitive to this choice. Extremely small K
(e.g., K = 1) can be slightly less stable due to insuffi-
cient sample diversity, as the model focuses too heavily on
a single question, while larger K provides more diversity
but weakens the guidance of CoDaWeighting. We choose
K = 4 as a simple default that balances focused compute
allocation with within-batch diversity, and it achieves the
best (or near-best) average performance.

CoDaLearning. Finally, we evaluate the generality of Co-
Dalearning by applying the same value-weighted learning
rule to different RL objectives. Table 8 compares DAPO,
GPG, and GRPO with and without CoDaLearning under
the same training setting. Across all three baselines, Co-
Dalearning brings consistent gains on most benchmarks
(Avg: DAPO 39.49% — 41.03%; GPG 39.78% — 39.95%;
GRPO 39.08% — 41.30%), indicating that the same value
weighting can consistently improve multiple RL objectives.

6. Conclusion

In this work, we analyzed GRPQO’s training dynamics for
verifiable long-horizon reasoning and identified three re-
curring behaviors—probability inflation, advantage contrac-
tion, and hierarchical convergence—that expose inefficient
compute allocation under uniform sampling and weight-
ing. Motivated by these insights, we proposed CoDaPOQ, an
RL framework that reweights policy updates and resamples
high-value questions to increase discovery under a fixed bud-
get. Experiments on seven reasoning benchmarks show that
CoDaPO consistently outperforms RL baseline methods.
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Impact Statements

This work aims to advance the field of machine learning
and large language models, especially the capabilities of
machine reasoning. There are many potential societal con-
sequences of our work, none of which we feel must be
specifically highlighted here. The study also does not in-
volve human subjects, data set releases, potentially harm-
ful insights, applications, conflicts of interest, sponsorship,
discrimination, bias, fairness concerns, privacy or security
issues, legal compliance issues, or research integrity issues.
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Appendix

A. Related Work

Supervised Fine-tuning (SFT) finetunes the policy model to predict the next token on data that is more relevant to the
downstream task. The objective of SFT is to maximize the token-wise log probability of dataset-collected outputs O, which
are treated as the ground truth for training. Namely,

lo|

Tsrr(fo) £ E(g.a)~p,0~0(q) ol Z log fo(0¢lq,0<t)
t=1

Although simple in optimization, SFT has several significant drawbacks. SFT focuses on exploiting (memorizing, to
some extent) the dataset-collected outputs, resulting in limited generalization power, especially in the out-of-distribution
scenarios (Chu et al., 2025a). Besides, collecting and annotating the output data can be expensive and often requires
domain-specific knowledge in solving particular questions.

Proximal Policy Optimization (PPO) (Schulman et al., 2017) is an actor-critic RL algorithm that is widely used in the
RL fine-tuning stage of LLMs. Simplifying the TRPO (Schulman et al., 2015a), PPO maximizes the advantage A; of the
model-generated output o without the need to collect ground truth outputs. Here, the advantage A; is computed by the
Generalized Advantage Estimation (GAE) (Schulman et al., 2015b), taking 1) the output value estimated by a trainable
value model and 2) the KL penalty between fg and fi.r. PPO maximizes the objective:

Jo(ot|q,0<1) . Jo(ot|lg,0<¢)
E(y.a)~D.o~ E 7/1, 1 <7,1— ,1 )A )
jPPO(fG) (@ @)oo~ foulla) | | |:f01d 0t|Qa0<t) e fold(Ot\q70<t) G Lte)

Although widely used in alignment tasks, PPO has several limitations. Its learning process is unstable, computationally
expensive, and requires extensive hyperparameter tuning. The clipped objective can slow convergence and yield suboptimal
policies (Engstrom et al., 2020). Notably, training the value model is challenging due to high variance and poor generaliza-
tion (Andrychowicz et al., 2020). Besides, PPO is also prone to reward hacking, struggles with long-term credit assignment,
and suffers from the issue of sample inefficiency (Henderson et al., 2018).

Group Relative Policy Optimization (GRPO) (Shao et al., 2024) simplifies PPO via removing the learnable value model.
Instead, GRPO uses the average reward of multiple sampled outputs for the same question. Specifically, given a question g,
GRPO requires to sample G outputs from the old policy as {0;}%; ~ foua(:|¢). Then, it computes the reward r; for each
output o; (through deterministic reward functions) and obtains a group of rewards {r;}$ ,. The advantage A; of GRPO is
estimated as:
+_ ri—mean({r;}< )
ST s

The objective of GRPO, shown below, is to maximize the advantage (the first term) while ensuring that the policy model
remains close to the reference policy (the second term of KL divergence):

G [oi]
1
A
Jareo(fo) = E(ga)np (0}, ~ fuulla) & Z o] - Z

. f@(oit 0; <t) n . ( Ot
min | S—————~" A, cli
[ <f01d<oi,t p(

0i,<t>
Here, the clip(-, 1 — €, 1 + €) ensures that updates do not deviate excessively from the old policy by bounding the policy
ratio between 1 — € and 1 + €. Besides, the KL divergence is estimated as:

01<t)1_61+6) > BDku [foll frer]
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Training Curves of Accuracy for Questions of Different Difficulty Levels
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Figure 4. The GRPO training accuracy curves for questions of different difficulty levels on
Qwen2.5-Math-1.5B.

Nonetheless, GRPO can be challenging to implement because it sometimes produces outputs with unintended token
distributions or incoherent language patterns (Guo et al., 2025). It also demands careful reward function design to balance
fairness constraints and meaningful group-based advantage estimation (Stiennon et al., 2020). The RL training process in
GRPO can be unstable due to its reliance on group-based relative advantages, and it remains computationally expensive,
especially for large-scale implementations (Schulman et al., 2017; Ouyang et al., 2022). Furthermore, while GRPO
introduces optimizations to post-training, it does not consistently outperform simpler methods like SFT, particularly in small-
scale training or with smaller models. This highlights the trade-offs between complexity, computational cost, interpretability,
and practical effectiveness (Ouyang et al., 2022).

In addition, several RL algorithms have been developed primarily for alignment tasks. Therein, DPO (Rafailov et al.,
2023), CPO (Xu et al., 2024), and their variants (Li et al., 2024; Guo et al., 2024; Munos et al., 2024; Hong et al., 2024;
Xie et al., 2024) rely on pairs of outputs labeled by human preference. In contrast, KTO (Ethayarajh et al., 2024) and
BCO (Jung et al., 2024) require only a single binary label (like or dislike) for each output. Besides, the PRM (Uesato et al.,
2022; Lightman et al., 2024) and Step-KTO (Lin et al., 2025a) offer step-by-step guidance by incorporating feedback at
each reasoning step rather than focusing solely on the final outputs. Recently, the follow-up work of GRPO improves the
optimization objective, e.g., DAPO (Yu et al., 2025), Dr. GRPO (Liu et al., 2025a), REINFOECE++ (Hu, 2025), CPPO (Lin
et al., 2025b), and GPG (Chu et al., 2025b). Another line of research generalizes GRPO to broader applications such as
multimodal reasoning (Zhou et al., 2025; Huang et al., 2025; Chu et al., 2025b; Liu et al., 2025b; Zhang et al., 2025) and
logical reasoning (Xie et al., 2025).

B. Full Results and Analysis of the Training Dynamics

In this section, we provide the full results and analysis of the training dynamics in Sec. 3.

B.1. Difficulty Estimation.

Accurate estimation of question difficulty plays a crucial role in our proposed algorithm, CoDaPO, as it directly influences the
computation of difficulty-adaptive weights in the optimization objective. However, relying solely on pre-existing difficulty
annotations presents significant limitations. First, not all datasets contain ground-truth difficulty labels. Second, since the
model’s performance evolves during training, the perceived difficulty of a question may vary over time. Consequently, fixed
difficulty labels may fail to reflect the dynamic nature of the model’s learning process.

To explore a more adaptive and robust difficulty estimation approach, we conduct preliminary experiments on the MATH
dataset, which includes human-annotated difficulty levels. Using GRPO on Qwen2.5-Math-1.5B, we analyze the accuracy
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Step 0 Step 60 Step 240
Level 1 Level3 Level5 Levell Level3 Level 5 Levell Level 3 Level 5

Minimum 0.00 0.00 0.00 0.01 0.00 0.00 0.32 0.54 0.36
Maximum 0.99 0.99 0.99 0.99 0.98 0.99 0.98 0.97 0.98
Mean 0.78 0.75 0.69 0.82 0.81 0.76 0.86 0.87 0.86
Std 0.15 0.18 0.21 0.10 0.14 0.17 0.06 0.05 0.06
Median 0.83 0.81 0.75 0.84 0.84 0.81 0.87 0.88 0.87
Kurtosis 6.69 2.53 0.60 16.10 8.41 3.32 10.02 2.67 5.47

Table 9. Confidence statistics at different steps and difficulty levels.

Confidence

Gradient Step 0 Step 60 Step 240
Level1 Level3 Level 5 Levell Level3 Level 5 Levell Level3 Level 5

Minimum 0.49 0.75 0.56 0.66 0.63 0.49 0.65 0.74 0.48
Maximum 1723.08 954.45 213.61 193.70 42539 875.58 21.10 19.25 11.85
Mean 5.26 5.30 5.60 2.84 342 5.06 2.26 1.95 2.19
Standard deviation  42.90 26.05 11.51 6.78 12.75 25.66 1.14 0.89 0.90
Median 2.40 2.57 2.95 2.08 2.03 2.57 2.01 1.81 2.08
Kurtosis 1325.53 988.33 95.16 43423 66690 79530 46.17 102.37 17.61

Table 10. Gradient statistics at different steps and difficulty levels.

trajectories for different difficulty levels throughout training. As shown in Fig. 4, model accuracy aligns well with the
ground-truth difficulty labels: easier questions correspond to higher accuracy, and harder questions to lower accuracy.
Moreover, the accuracy gap between different difficulty levels increases and stabilizes as training progresses, indicating a
consistent difficulty signal.

These observations motivate us to estimate question difficulty based on the model’s own accuracy. This approach is naturally
integrated into the online RL process without requiring any additional evaluation model, as multiple samples per question are
generated during training. It generalizes well to datasets without difficulty annotations and provides a dynamic estimation
mechanism that adapts to the model’s evolving capabilities over time, overcoming the limitations of static difficulty labels.

B.2. Quantitative Results of Training Dynamics

We show the quantitative results of Fig. 2 and Fig. 3 in Tab. 9 and Tab. 10, respectively. For each difficulty level, we fix
a set of 100 validation questions and sample 20 trajectories per question from the model at each checkpoint. This yields
exactly 2000 points per subplot. We repeat this procedure for the base model, for step 60, and for step 240 using the same
questions and sampling protocol. Thus every subplot at every checkpoint is based on the full (and identical) validation
subset, with 2000 points each. During GRPO training, model confidence progressively saturates toward 1, with both correct
and incorrect responses clustering near high-confidence values, leading to miscalibration. Confidence differences across
difficulty levels diminish over time, while tail behavior (kurtosis) reveals structural changes in the distribution. Gradients
initially exhibit heavy-tailed bursts for easy questions, but training rapidly suppresses magnitudes and contracts distributions
across all difficulty levels. By the end of training, gradient contraction becomes more uniform, though hard questions
retain residual difficulty. Overall, GRPO induces saturation in confidence and global contraction in gradients, progressively
reducing differences across difficulty levels.

The full training dynamics. In Figs. 5 and 6, we present the full confidence-advantage distribution and gradient distribution
of different checkpoints during GRPO training on MATH dataset.
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Figure 5. The confidence-advantage distribution of the Qwen2.5-Math-1.5B model, post-training on the MATH dataset with the GRPO
algorithm. We present the distribution of model checkpoints captured at every 60 training steps. Columns 1 through 5 correspond to
difficulty levels 1 through 5. Additionally, the marginal distributions (i.e., the density distributions) of advantage and confidence across all
samples are shown above and to the right of each confidence-advantage distribution.
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Figure 6. The gradient distribution of the Qwen2.5-Math-1.5B model, post-training on the MATH dataset with GRPO. We present the

distribution of model checkpoints captured at every 60 training steps. Columns 1 through 5 correspond to difficulty levels 1 through 5.

(consistent with Fig. 5).
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B.3. Why Probability Increases (and Entropy Collapses)

This subsection explains why GRPO tends to concentrate probability mass (lower entropy), often accompanied by overconfi-
dence and miscalibration.

Empirical observation. Figure 2 shows that during GRPO training, the model becomes increasingly confident on sampled
trajectories: when mapped back to probability space (e.g., via exp(Confidence), the geometric mean token probability),
the distribution shifts toward near-certain predictions. Accuracy improves, but calibration degrades—the model also becomes
more confident on incorrect trajectories. Compared to the base model (whose confidence in wrong answers is highly
variable), the post-trained model concentrates probability mass for both correct and incorrect outputs, consistent with entropy
collapse reported by Yu et al. (2025).

Setup: per-token update direction. A first-order ascent step on the token log-probability ¢g(0; ) = log fo(0i+ | ¢, 0i,<t)
induced by GRPO can be written as

Alg(0it) < Lunclipped Ai pic — B(1— i),

policy push reference-KL pull

where p; = exp(€g(0i+) — Lola(0i+)) and

s fret(0it | q,0i <t)
s 2 : <t — exp(Lie(05.e) — Lo(0it)).
Ut fe(oi’t q,oi,<t) XP( re’r(oz,t) G(Oz,t))

We next unpack how clipping creates an asymmetric drift, why the KL penalty mostly acts as a “floor” toward the reference,
and how trajectory-level credit spreads these effects across tokens.

1) Clipping creates an asymmetric drift toward higher probabilities. For the PPO-style surrogate

min(p; . A;, clip(p;¢)A;), the gradient is nonzero only when the unclipped branch is selected. This yields a key asymmetry:

* Positive advantage (A; > 0). The surrogate applies an upward update to g (0; ;) as long as p; ; < 1 + € (unclipped).
Once p; + > 1 + ¢, the clipped branch is selected and the surrogate gradient becomes zero. Since p; ; = exp(£g — Cowd),
increasing {g increases p; ;, which in turn strengthens the push while it remains unclipped (a positive feedback loop) until
it hits the cap 1 + .

* Negative advantage (A; < 0). The surrogate applies a downward update only while p; ; > 1 — € (unclipped). If
pit <1 — ¢, the clipped branch is selected, the surrogate gradient becomes zero, so further decreases are not encouraged.

Therefore, increases in £g can accumulate up to the upper ratio bound, whereas decreases are self-limiting once p; ; falls
below 1 — e. This induces a systematic upward bias in sampled-token probabilities and thus lowers entropy.

2) The reference KL is bounded and mainly restores probabilities toward f..;. The KL term contributes

—B(1 —uiy) = _5<1 - fo(ois | q,0i<t)

Its sign matches a restoring force toward the reference:

o If fo(0ir | -) > fret(0i | -), then u; 4 < 1 and the KL term is negative, pulling {9 downward.

o If fG(Oi,t | ) < fref(oi,t

-), then w; + > 1 and the KL term is positive, pushing £g upward.

Two details matter in practice. First, the KL pull is bounded in magnitude (it approaches +-oo only if u; ; — oo, but for
typical updates it is much smaller than the policy push unless 3 is large). Second, when A; <0and pi,t < 1 — ¢, the policy
term is inactive while the KL term still pushes probabilities back toward the reference, preventing them from drifting too
low. Net effect: KL often acts as a floor near f,.¢, while positive-advantage updates repeatedly push probabilities upward
until clipping.
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3) Trajectory-level credit assignment amplifies many tokens at once. GRPO applies the same scalar advantage A; to
every token in a rollout. For high-reward trajectories, this means many tokens (including non-causal or stylistic ones) receive
positive updates whenever they are unclipped. Consequently, probability mass concentrates broadly along the sampled
trajectory, accelerating entropy reduction and sharpening confidence, even when the reward provides weak guidance about
which tokens should change.

Summary. Entropy collapse in GRPO can be traced to (i) clipping-induced asymmetry that favors probability increases,
(i1) a KL penalty that predominantly restores probabilities toward the reference (especially when the surrogate is clipped
for negative advantages), and (iii) trajectory-level credit that spreads positive updates across many tokens. Together, these
effects drive sampled-token probabilities toward near-deterministic values, including on trajectories that remain incorrect,
yielding the observed overconfidence and miscalibration (Fig. 2).

B.4. Why Advantage Contracts

Empirical observation. Figure 2 shows that as GRPO improves accuracy, the empirical distribution of group-normalized
advantages collapses toward 0: most samples end up with small (near-zero) advantages, while a shrinking fraction of failures
carries increasingly large negative advantages. This appears as a growing spike near O and a thinner (rarer) negative tail.

Mechanism: binary rewards plus group normalization. For a fixed question g, each rollout o; receives a binary reward
r; € {0,1}. Let

denote the group correctness rate. GRPO computes the (approximately) standardized advantage

~ Tiff

L Sk S N

4= i nae

treating 7 and the denominator as a constant (stop-gradient). Since 7; is binary, A; takes only two values within a group.
Ignoring § for clarity, these values are

A (7)

1—7 1—7 - —F 7
= = — ADF) = — = |/ —. ™)
Vi —1) T ") NGO L—r
Equation 7 directly explains the observed trend as 7 increases during training:

* Correct samples shrink to zero. If r 1 1, then A (7) J 0, so correct rollouts receive vanishing positive advantage.

* Remaining errors become more negative. If 7 1 1, then A (7) — —o0, so the few remaining incorrect rollouts
receive increasingly large negative advantage.

Why pooling across groups produces a spike at 0. Within each group, standardization enforces (approximately) zero
mean and unit variance. The key point is that the pooled distribution across many questions and training steps is a mixture
whose atom locations and weights depend on 7. Conditioned on a given 7,

A | T~ 7:614(+)(7’-) + (1-7) 6A(—)(F)' ®)

As training progresses, most groups shift toward 7 ~ 1. Then (i) the dominant mass 7 concentrates near A(H(F) ~ 0,
creating the spike at zero; and (ii) the negative atom moves left (more negative), but its weight (1 — 7) vanishes, making the
tail rare. This resolves the apparent paradox: advantages are normalized within each group, yet their aggregated histogram
still contracts because most groups become “almost always correct.”

Practical implication. As A(H(F) shrinks, the effective policy-gradient signal on the majority of tokens diminishes,
slowing further learning. Meanwhile, the few remaining errors carry large negative advantages but occur infrequently,

yielding sparse and potentially unstable corrective updates, especially on hard questions.
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B.5. Why Training Converges Hierarchically

Empirical observation. Figures 2 and 3 show a consistent “easy-to-hard” learning pattern. Easy questions quickly reach
high confidence and high correctness; their advantages and gradient norms then decay rapidly toward zero. Hard questions
start with low confidence and low correctness; training shifts them upward, but gradient norms still decay quickly and a
substantial error mass remains for long.

Mechanism: learning signal is gated by success frequency and capped by clipping. For token (4, ¢), define the scalar
ascent weight (the coefficient of Vglg(0; 1))

wi,t é 1unclipped 1211 pi,t - B (1 - ui,t)7 (9)

so that w; ; > 0 increases ¢g(0; ) and w;; < 0 decreases it. Let 7(q) £ é Zfil r; be the group correctness rate for

question g. Using the two-point form of GRPO advantages (Eq. 7), the per-question expected update can be decomposed as
Efwis | g % 7(g) E[15 ) yppea AP (F()) i

+ (1 - ’F(q» E |:151;21ipped A(i)(F(q)) Pist

Ty = 17Q:|

ri=0,0] = BE[ —uis|d).

This expression highlights the core driver of hierarchical convergence: useful positive updates require correct rollouts,
whose frequency is controlled by 7(q), and all updates are bounded by clipping.

Easy questions: frequent success = rapid saturation and vanishing gradients. For easy questions, 7(q) becomes

large early. Then correct rollouts dominate, and their advantage At)(7(q)) = 1%;()‘1) is small and decreases further as
7(g) T 1. Consequently:

 Fast amplification. Because correct rollouts are common, many tokens repeatedly receive positive updates until the ratio
reaches the upper cap p; , ~ 1 + €.

« Implicit annealing. As 7(q) 1 1, ACH(7(¢)) | 0 (advantage contraction), so the policy-gradient magnitude on these
questions shrinks even if the model remains correct.

« Limited correction from rare failures. Occasional incorrect rollouts have large negative A=) (7(q)), but they are
down-weighted by (1 — 7(g¢)) and their surrogate gradient shuts off once p; ; < 1 — ¢; afterward, the KL term mainly
restores probabilities toward fiet.

These effects explain why easy questions quickly move into a regime with near-saturated probabilities and rapidly vanishing
gradient norms (Fig. 3).

Hard questions: rare success = slow discovery followed by capped reinforcement. For hard questions, 7(q) is small
initially, so correct rollouts are rare. Within a group of G samples, the probability of observing at least one correct rollout is

P3i:r;=1]¢)=1-(1—-n(q)¢ ~ Gnr(q) forsmall n(q),

where 7(q) £ P, 1.1 [r(0) = 1] is the per-sample success probability under the behavior policy. If no correct rollout is
discovered, the learning signal is dominated by incorrect rollouts and the KL term; because negative updates are clipped
once p;; < 1 — ¢, these forces tend to keep the policy near the behavior/reference rather than substantially increasing

success. When a correct rollout is discovered, its advantage A (7(q)) can be large (since 7(g) is small), producing a strong
positive update—but only until clipping caps it at p; ; = 1 + €. Thus progress on hard questions naturally takes two phases:

* Discovery: rare appearance of a correct trajectory (probability = G 7(q)),

+ Amplification: reinforcing the discovered trajectory up to the clipping cap, which gradually increases 7(g) over time.

This yields slow improvement and a persistent error mass, even as confidence gradually increases.
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Why the overall training looks hierarchical. Because easy questions generate dense correct samples early, they are
reinforced quickly and then enter a vanishing-signal regime due to advantage contraction and clipping. Hard questions, in
contrast, rely on sparse discovery events and capped amplification. As more easy questions saturate, a growing fraction
of samples contribute little gradient (Fig. 3), leaving hard questions with limited effective updates. This mismatch in
learning-signal density (easy: frequent and quickly annealed; hard: rare and capped) produces the observed hierarchical
convergence under GRPO.

C. Full Analysis of CoDaPO

This section provides a mechanism analysis of CoDaPO and explicitly links each component to the training dynamics
diagnosed in Sec. 3 and Appendix B. Throughout, we emphasize how CoDaPO reallocates learning signal across tokens
(micro-averaging), questions (value weighting), and compute (value-guided resampling), thereby addressing three phenomena
observed for GRPO-style training: probability inflation (entropy collapse), advantage contraction, and hierarchical (easy-to-
hard) convergence.

Preliminaries and conventions. Fix a mini-batch B = {(¢\/),aU ))} and, for each question ¢¥), a rollout group
{ogj )}ZG ~ foa(- | ¢9)). For token position # in rollout oz(-J ), define

fo(o! (j) ‘ q(j) O(j) )

fold( \ q(j)?ogjit)

€ {0, 1}, and we compute the group-normalized advantage

rf —mean({ri}¢,)

(1>

to(0%)) £ log fo(0?) | ¢D,010) ), p)

Each rollout receives a binary accuracy reward r(] )

AW & e
std({r; v }ee)
As in Appendix B, let 7/) £ ZZ 1 1 Ignormg the numerical stabilizer for clarity, binary rewards imply the two-point
values
. 1-7 x =
A () = AN (F) = — )
(7) = () -

We adopt the standard implementation convention used in our experiments: stop gradient through (i) Afj ) (including the
group mean and standard deviation) and (ii) the CoDaWeighting value v(@) (including ¢4, dg). This isolates the effect of
CoDaPO on the policy-gradient weights.

C.1. CoDaLearning: gradient structure and effective token weights

Clipped coefficient and micro-averaging. Define the clipped coefficient
g(p, /1) £ min (pfl, clip(p,1 —€,1+ e)/l) (10)
The CoDaPO objective in 6 is a token micro-average of v?) g(pl(-yjt), AZ(-j )) across all tokens in all rollouts in the batch.

) _

Subgradient form. Because Vg Pidi = pl ngg( ( )) a (sub)gradient of 6 can be written as

B G o]

VoJcomiro = SN w Vete (o), (1)

jlztwmlm

with the effective token weight _ _ _ _

(J) 290 1unclipped(Pz(',]t)v AE])) : Pg,jt) : Az(])- (12)
Here 1nclippea = 1 when the mimmum in 10 is attained by the unclipped branch, and 0 otherwise (subgradient 0 on the
clipped region). Equation 12 makes explicit that CoDaPO modifies GRPO through (i) micro-averaging (length-invariant

aggregation) and (ii) a per-question multiplicative scaling v(/); CoDaSampling and the two-stage update then modify the
distribution of questions and rollouts to which 12 is applied.
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Link to the dynamics in Sec. 3. Appendix B shows that probability inflation and hierarchical convergence are governed
by repeated sign-consistent updates to £, which are controlled by the magnitude and sign of w; ;. Thus, analyzing CoDaPO

reduces to analyzing how its components reshape the distribution of (v(j ), 79, pl(»,jt)), and therefore the distribution of
effective token weights 12.

C.2. CoDaWeighting: question-level allocation via confidence and difficulty

Confidence/difficulty statistics. For a question ¢ and its rollout group {o;}%_;, CoDaWeighting computes

o]

G
£ exp GZ o Zlogfe 0it | 4,0i,<t) |, (=1 Z:

so ¢q € (0,1] and dg € [0, 1]. The statistic ¢, corresponds to the geometric mean token probability and directly tracks the
confidence inflation phenomenon in Sec. 3, while d,, is the empirical group error rate, consistent with the model-based
difficulty used throughout Sec. 3.

C} \

Value function and its regularity. CoDaPO assigns
vg 2 V(g dg) = Veleg) Valdy),  Velz) =z, Va(x) =1—4(z — )%

This choice satisfies v, € [0,1] and is smooth on [0, 1]?; moreover V; is maximized at d = 3 and vanishes at d € {0,1}.
Consequently, CoDaWeighting induces a bounded, “learnability”-oriented allocation: it prioritizes questions that are neither
solved nor hopeless under the current behavior policy.

Effect on expected update magnitude across questions. Summing 11 over tokens and taking conditional expectation
given q yields

Z w(J) q @ = U(J Z ]-unchpped PZ t A(] q(j)

i.e., vU) is an explicit question-level multiplier on the expected magnitude of policy updates for ¢7).

Connection to advantage contraction. Appendix B shows that as 7 T 1 (easy questions), A (7) 4 0, so the learning
signal on correct trajectories vanishes. CoDaWeighting reinforces this implicit annealing: when d, = 1 — 7 is small,
Va(dg) = 0, thereby further reducing compute allocated to already-solved questions. This mitigates the tendency of uniform
training to keep spending updates on easy items even when their advantages have contracted.

Connection to hierarchical convergence. Hierarchical convergence arises because hard questions are discovery-limited:
correct rollouts occur rarely and optimization is dominated by weak or clipped negative updates (Appendix B). For
extremely hard questions, d, ~ 1 and thus Vy(d,) =~ 0, which intentionally deprioritizes regimes where discovery is
negligible and gradients prov1de little progress. Instead, CoDaWeighting emphasizes intermediate difficulty (d, ~ 2) where
correct trajectories appear often enough to provide a usable positive signal, but errors remain common enough that further
improvement is possible. In this sense, CoDaWeighting operationalizes the “learnable band” implicit in the hierarchical
convergence analysis.

Connection to probability inflation (entropy collapse). Appendix B attributes probability inflation to frequent positive
updates on already-correct trajectories (especially for easy questions) and clipping asymmetry. Since CoDaWeighting
suppresses d, =~ 0 questions via V;(d,) = 0, it reduces the fraction of updates spent on saturated, already-solved items that
chiefly contribute to further confidence inflation. We emphasize that CoDaPO does not eliminate the underlying asymmetry;
rather, it reallocates compute away from the regime where the inflation is least informative.

C.3. CoDaSampling: value-guided compute reallocation and discovery amplification

Induced sampling distribution. Given values {v() B >, on a batch B, let Zx (B) denote the indices of the top-K items.
CoDaSampling forms S by sampling with replacement from {(¢"),a")) : j € Zx(B)}. Conditionally on B, each draw
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selects item j with probability
. 1.
P(J=j[B)= I 1j € Ik (B)].

When K divides B, each top-K item appears exactly m = B/K times in S.

Effect on discovery probability. Let w(q) £ P, [r(0) = 1] be the per-rollout success probability under the
behavior policy. Appendix B shows that within one group of size G,

Paise(q) 2PPi: ri=1]q) =1—(1—7(q))°.

If a question is repeated m times in S and we resample fresh groups each time (as in Algorithm 1), the probability of
observing at least one correct rollout in any of the m groups is

1-— (1 _pdisc(Q))m =1- ((1 — W(q))Cv‘)m -1 (1 _ W(Q))Gm‘ (13)

Therefore, value-guided repetition increases the discovery probability as if the group size were effectively scaled from G to
Gm. This provides a formal bridge to hierarchical convergence: CoDaSampling increases the rate of “discovery events” that
unlock positive-advantage updates on questions that are currently learnable (high v,).

Interaction with advantage contraction. As training progresses, questions with d, ~ 0 tend to have small v, and thus
are unlikely to remain in the top-K set. Hence CoDaSampling automatically shifts compute away from questions whose
gradients have already annealed due to advantage contraction, reducing wasted rollouts and updates.

C.4. Two-stage CoDaLearning: coverage and concentration

Decomposition of one-step update. Let V73 and VJs denote the stochastic gradients produced by applying
CoDaLearningto (B,0g,Vs) and (S, Os, Vs), respectively. One training step follows the combined direction

AO xVoJIs+ VeJs.

The batch-wide term preserves coverage over B (reducing sensitivity to noise in v and preventing selection collapse),
while the focused term concentrates computation on high-value questions (increasing effective sample size and amplifying
discovery as in 13).

Why resampling fresh rollouts improves stability. The value v") is estimated from O, whereas the focused update
uses fresh rollouts Og. This separation reduces coupling between selection noise and optimization noise: the focused
gradient is not conditioned on the particular rollouts used to compute the values, which empirically improves stability and
reduces overfitting to a fixed set of sampled trajectories.

C.5. Micro-averaging: length-invariant credit assignment

Eliminating length-induced scaling. In standard per-trajectory averaging, each rollout contributes a factor 1/|o;|, which
implicitly down-weights longer outputs and can create incentives to shorten generations (Sec. 3). CoDaPO instead micro-
averages over tokens by normalizing with ). |o;| (within each question group), so each token has equal weight in 11.

This preserves the per-token update directions (controlled by wl(]t)) while removing output length as a confounder in the
magnitude of the stochastic gradient.

C.6. Summary: CoDaPO as a data-centric correction to GRPO dynamics

Mechanistic correspondence to Sec. 3. CoDaPO modifies GRPO through a minimal set of operations with explicit
mathematical effects:

* Probability inflation (entropy collapse). CoDaPO does not alter the clipping asymmetry analyzed in Appendix B, but it
reduces uninformative updates that exacerbate saturation by down-weighting and resampling away from d, ~ 0 questions.
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* Advantage contraction. Since A(+)(F) J 0as7 1 1, CoDaPO further deallocates compute from such groups via
Vi(dq) ~ 0 and top-K selection, making contraction an explicit annealing mechanism rather than a source of wasted
updates.

 Hierarchical convergence. For questions in the learnable regime, value-guided repetition increases discovery probability
from1 — (1 —7)% to 1 — (1 — m)¢™ by 13, accelerating the discovery—amplification cycle described in Appendix B.

Overall, CoDaPO implements a bounded, model-adaptive compute allocation strategy while retaining the stability properties
of clipped policy optimization.

D. Implementation Details

Benchmarks. We evaluate our proposed method and other baselines on the following diverse benchmarks.

1. MATH 500 (Hendrycks et al., 2021). A curated set of 500 challenging problems from the MATH dataset, focusing on
high school-level mathematics across algebra, geometry, number theory, and combinatorics.

2. AIME 2024 3. A benchmark based on the 2024 American Invitational Mathematics Examination, testing advanced
problem-solving skills with 15 short-answer math problems designed for top high school students.

3. AIME 2025 *. The 2025 version of the AIME benchmark is similarly structured, providing a fresh set of high-difficulty
pre-Olympiad level math problems.

4. AMC 2023 3. Based on the 2023 American Mathematics Competitions (AMC 10/12), this benchmark assesses middle-
to-advanced high school math across a range of topics in a multiple-choice format.

5. Olympiad Benchmark (Huang et al., 2024). A collection of problems from various math olympiads (e.g., USAMO,
IMO), aimed at evaluating models on deep mathematical reasoning and multi-step proofs.

6. Minerva (Lewkowycz et al., 2022). A benchmark and model suite by Google DeepMind that tackles math and science
questions (from grade school to graduate level) using CoT reasoning and LLMs.

7. GSMS8K (Cobbe et al., 2021). A dataset of 8,500 grade-school level math word problems designed to test models’ ability
to perform multi-step numerical reasoning in natural language.

Experiment framework. In this work, we utilize verl as the training backbone, specifically version 0.3.1.. Building upon
this implementation, we develop several baseline methods evaluated in this work, including DAPO, Dr.GRPO, GPG, and
our proposed approach, CoDaPO. The evaluation adapts Qwen2.5-Math’s evaluation codebase®, ensuring consistent and
reliable measurement across all experiments.

General hyperparameters. To ensure fair comparisons, we train all algorithms using the same set of hyperparameters.

« Sampling setting. For each question, we sample 8 responses to form a response group. The sampling temperature is set
to 1.0, and we use a top-p value of 1.0 to consider the full token distribution.

* Learning rate. We use a learning rate of 1.0e — 6 and apply no warm-up over the global training steps.
* Batch size. We set the batch size to 16 to evenly distribute the generated responses across training devices.

* Randomness control. To ensure reproducibility, we set the random seed to 42 and enable full determinism.

Prompt template. We use the prompt template shown in Fig. 7 for both training and evaluation. Furthermore, we apply
chat template shown in Fig. 8 when processing the raw data.

*https://huggingface.co/datasets/HuggingFaceH4/aime_2024
‘nttps://huggingface.co/datasets/opencompass/AIME2025
‘https://huggingface.co/datasets/math-ai/amc23

6https ://github.com/QwenLM/Qwen2.5-Math/tree/main/evaluation
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Prompt Template

Please reason step by step, and put your final answer within \boxed{}.

Figure 7. Prompt template used during training and evaluation.

Chat Template

<|im_start|>system

Please reason step by step, and put your final answer within \boxed{}.
<|im_end|>

<|lim_start|>user

Find the sum of all integer bases $b>9$ for which $17Db$ is a divisor of $97 DbS$S.
<|im_end|>

<|lim_start|>assistant

Figure 8. Example of a prompt used after applying the chat template.

Reward setting. We observe that although using a format reward can improve the readability of LLM outputs to some
extent, it may lead to reward hacking in the later stages of training, potentially resulting in irreversible training collapse.
This observation is consistent with the findings of (Zeng et al., 2025). Therefore, in all experiments conducted in this work,
we rely solely on the accuracy reward, defined as follows:

. 1, is_equivalent(y;,9)

ri(yi,y) = .

(v, 9) 0, otherwise

Here, y; denotes the answer produced for the i-th output and ¢ represents the corresponding ground truth. To accurately
determine whether y; and ¢ are equivalent, we employ Math-Verify’ as our reward evaluation system, where all LaTeX
expressions are parsed and compared for mathematical equivalence.

E. Case Studies

In-domain case. We analyze the performance gap between CoDaPO and GRPO through a symbolic reasoning task that
requires algebraic manipulation, base conversion, and number-theoretic reasoning in Fig. 9. While both methods adopt
similar initial steps, only CoDaPO successfully arrives at the correct and complete solution. This discrepancy reveals a
broader insight: CoDaPO demonstrates a stronger capacity for maintaining symbolic consistency and handling algebraic
constraints, whereas GRPO is more susceptible to local errors and brittle logic execution.

A key distinction lies in how the two models approach intermediate decision points. CoDaPO tends to preserve the symbolic
structure of the problem throughout the reasoning process, producing interpretable and logically coherent derivations. In
contrast, GRPO is more prone to heuristic or trial-based reasoning patterns, which may yield superficially plausible but
ultimately incorrect results—especially in cases requiring discrete enumeration or careful constraint satisfaction.

This case exemplifies a common challenge in reinforcement learning for language models: small reasoning errors in early
steps often cascade into incorrect final answers, and methods lacking robust symbolic understanding struggle to recover.
CoDaPO mitigates this through more structured reasoning and better alignment between confidence and difficulty signals,
which enhances its robustness in solving multi-step, discrete, and mathematically grounded problems.

These findings suggest that CoDaPO is not only effective in improving accuracy but also in enhancing reasoning fidelity and
interpretability, especially in domains like mathematics, programming, and logic that require precise, symbolic manipulation.

Out-of-domain case. In tasks that require translating natural language descriptions into symbolic formulations grounded
in domain knowledge—such as those involving physical systems or scientific laws (Fig. 10)—we observe a consistent
performance gap between the two methods. CoDaPO demonstrates stronger semantic alignment between the problem

"https://github.com/huggingface/Math-Verify
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description and the constructed solution model. Its responses tend to follow a coherent chain of physical and mathematical
reasoning, with clear transitions from qualitative understanding to quantitative execution.

In contrast, GRPO is more prone to semantic drift: it often introduces irrelevant concepts, misapplies formulas, or incorrectly
anchors symbolic steps to the problem’s actual objective. This can lead to answers that are numerically plausible but
logically invalid, due to disconnects between intermediate computations and the final question. Such behavior suggests
difficulties in maintaining global consistency across multi-step derivations—particularly when domain-specific reasoning is
required.

More generally, these observations highlight the importance of model capabilities in selective abstraction and structured
model-building. An effective llm solver must not only recall relevant formulas or operations, but also identify the appropriate
scope of reasoning, exclude irrelevant detail, and maintain logical consistency through multi-step symbolic transformations.
CoDaPO exhibits greater stability along these dimensions, making it more reliable on tasks that blend symbolic reasoning
with physical interpretation.
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AIME25 Question

Find the sum of all integer bases b > 9 for which 17, is a divisor of 97,

Ground Truth:

CoDaPO Response GRPO Response

To solve this problem, we need to convert the numbers 173 and 97 from
base b to base 10 and then find the values of b for which 17; divides
97y

1. Convert 174 to base 10:

17, =1-b4+7=b+T.
2. Convert 973, to base 10:
97, =9-b+7=9b+17.
We need 17, to be a divisor of 974, so:
9b+7=0 (modbd+ 7).

This means:
9b+T=k(b+T7)

for some integer k. Simplifying this, we get:

9b+T7=kb+ 7k
9 —kb=Tk -7
b(9—k)=T7(k—-1)
So:
b— 7(k—1)
9—k

Let’s find the valid values of k£ and corresponding b.
We check the values of & for which the right-hand side is an integer and
b>9:

e Fork=2:b= % = % = 1, not greater than 9.

e Fork=3:b= % = %4 = g,notaninteger.

e Fork=4:b= % = %,not an integer.

e Fork =5:b= % = % = 7, not greater than 9.

e Fork =6:b= % = %,not an integer.

s Fork=T:b= 2020 — 42 — 91 valid.

« Fork=8b= 781 — 19 _ 49 valid.

e Fork=9:b= 7(99:1> is undefined.

e Fork =10: b = % = E—C’i = —63, not greater than 9.

So the valid values for b are 21 and 49. The sum of these values is:
21 449 = 70.

Thus, the final answer is:

Since b > 9, k must be chosen such that b is an integer greater than 9.

To solve the problem, we need to translate the numbers 17; and 973
from base b to base 10.
The number 17 in base 10 is:
1-b4+7=0b+7
The number 97, in base 10 is:

9:-b4+7T=9+47

We need to find the values of b such that 17, (which is b+ 7) is a divisor
of 97 (which is 9b + 7). This means that:

b+7|9+7
or equivalently:
9b+7=0 (modb+7)
We can express this congruence as an equation:
9+T7T=k(b+T7)

for some integer k. Rearranging the equation:

9b+ 7 = kbt Tk
9b — kb =Tk — 7

b9 — k) = 7(k — 1)
7(k — 1)
9—k

For b to be an integer greater than 9, the right-hand side must be an
integer. This means 7(k — 1) must be divisible by 9 — k. We can
iterate through possible integer values of k to find valid solutions for b:

# Python code to find valid bases
valid_bases = []
for k in range(10): # Try k from 0 to 9
if (9-k) !=0:
b=7*(k-1)/(9-k)
if b.is_integer() and b ¢ 9:
valid_bases.append(int(b))

sum_of_bases = sum(valid_bases)
print((valid_bases, sum_of_bases))

Running this code yields:

valid bases: [16,21] = sum = 16 + 21 =

Therefore, the final answer is:

Figure 9. Case study of CoDaPO and GRPO Responses to an AIME25 Question.
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Minerva Question

An eclipsing binary consists of two stars of different radii and effective temperatures. Star 1 has radius R; and 77, and
Star 2 has R2 = 0.5R; and T5 = 277 . Find the change in bolometric magnitude of the binary, Amy, , when the smaller
star is behind the larger star. (Consider only bolometric magnitudes so you don’t have to worry about color differences.)

Ground Truth:

CoDaPO Response GRPO Response

To solve this problem, we need to calculate the change in bolometric
magnitude of the binary system when the smaller star (Star 2) is behind
the larger star (Star 1). The bolometric magnitude of a star is given by:

Mol = —2.510g o (Lbol)
where Ly, is the bolometric luminosity of the star. The bolometric

luminosity of a star is proportional to its surface area and its effective
temperature:

Lo < R°T*
So, the bolometric luminosities of Star 1 and Star 2 are:
Lo, < RIT}
Loz o< R3Ty = (0.5R1)*(2T1)"
= 0.25R - 16T} = 4R>T}
The total bolometric luminosity of the binary system when both stars are
visible is:
Lootsoul = Lbol1 + Lvoi2 = kRIT} + k - 4RI T}
= 5kRIT}
When Star 2 is behind Star 1, the total bolometric luminosity is just the
luminosity of Star 1:
Loltotat = Lot1 = kaTf

The change in bolometric magnitude is given by:

AmMpol = Miolafter — Mbol before

— 9o 510g ( Lbol.&olal.aﬂer )
- 4 10
Lbol,lolal,before

kRIT}
= —2.5log;o W

1
—2.5log; (g)

= —2.5log,o(57 ")
= —2.5(—log;(5))
2.51og(5)

Using the value log;(5) &= 0.6990, we get:
Ampe = 2.5 X 0.6990 = 1.7475 ~ 1.75

Thus, the change in bolometric magnitude is:

To find the change in bolometric magnitude of the binary when the
smaller star (Star 2) is behind the larger star (Star 1), we need to consider
the effect of the limb darkening and the phase angle of the eclipsing
binary.

The bolometric magnitude of a star can be approximated using the Stefan-
Boltzmann law, which states that the luminosity of a star is proportional
to the fourth power of its temperature and the square of its radius. The
bolometric magnitude m p of a star is related to its luminosity by:

mp = —2.5log,o(L) + C

where L is the luminosity of the star and C'is a constant. For a binary
system, the change in bolometric magnitude when one star passes in
front of the other can be approximated by considering the change in the
effective area of the star that is visible during the eclipse.

The effective area of a star that is visible during an eclipse is given by:

A=R? (1 = <§>2 sin2(0)>

where R is the radius of the star, d is the distance to the star, and 6 is the
phase angle. The change in the effective area when Star 2 is behind Star
1 is given by the difference in the areas of the two stars:

> 2 R2\? 5
AA=7R}{ —mR5 (1 — = I sin 0)

Since we are considering only the bolometric magnitude, we can simplify
the problem by considering the ratio of the luminosities of the two stars.
The change in bolometric magnitude is given by:

Ly
Amype = —2.5log =
1

where L1 and Lo are the luminosities of Star 1 and Star 2, respectively.
Using the Stefan-Boltzmann law, we have:

o-(w) (&) -(F) (%)
L1 - T1 Rl N T1 Rl

=2%.052=16-0.25 =4

Thus, the change in bolometric magnitude is:

Ampg = —2.5logo(4) = —2.5 - 0.60206
= —1.50515 ~ —1.51

Therefore, the change in bolometric magnitude of the binary when the
smaller star is behind the larger star is:

Figure 10. Case study of CoDaPO and GRPO Responses to a Minerva Question.
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