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ABSTRACT

It has been shown that deep neural networks of a large enough width are univer-
sal approximators but they are not if the width is too small. There were several
attempts to characterize the minimum width wyy,;,, enabling the universal approxi-
mation property; however, only a few of them found the exact values. In this work,
we show that the minimum width for LP approximation of LP functions from
[0,1]% to R% is exactly max{dy, d,, 2} if an activation function is RELU-LIKE
(e.g., RELU, GELU, SOFTPLUS). Compared to the known result for RELU net-
works, Wmin = max{d, + 1,d, } when the domain is R, our result first shows
that approximation on a compact domain requires smaller width than on R%. We
next prove a lower bound on wy,;, for uniform approximation using general acti-
vation functions including RELU: wyi, > dy + 1if dp < dy < 2d,. Together
with our first result, this shows a dichotomy between L? and uniform approxima-
tions for general activation functions and input/output dimensions.

1 INTRODUCTION

Understanding what neural networks can or cannot do is a fundamental problem in the expressive
power of neural networks. Initial approaches for this problem mostly focus on depth-bounded net-
works. For example, a line of research studies the size of the two-layer neural network to memorize
(i.e., perfectly fit) an arbitrary training dataset and shows that the number of parameters proportional
to the dataset size is necessary and sufficient for various activation functions (Baum, 1988; Huang
and Babri, 1998). Another important line of work investigates a class of functions that two-layer
networks can approximate. Classical results in this field represented by the universal approximation
theorem show that two-layer networks using a non-polynomial activation function are dense in the
space of continuous functions on compact domains (Hornik et al., 1989; Cybenko, 1989; Leshno
et al., 1993; Pinkus, 1999).

With the success of deep learning, the expressive power of deep neural networks has been studied.
As in the classical depth-bounded network results, several works have shown that width-bounded
networks can memorize arbitrary training dataset (Yun et al., 2019; Vershynin, 2020) and can ap-
proximate any continuous function (Lu et al., 2017; Hanin and Sellke, 2017). Intriguingly, it has also
been shown that deeper networks can be more expressive compared to shallow ones. For example,
Telgarsky (2016); Eldan and Shamir (2016); Daniely (2017) show that there is a class of functions
that can be approximated by deep width-bounded networks with a small number of parameters but
cannot be approximated by shallow networks without extremely large widths. Furthermore, width-
bounded networks require a smaller number of parameters for universal approximation (Yarotsky,
2018) and memorization (Park et al., 2021a; Vardi et al., 2022) compared to depth-bounded ones.

Recently, researchers started to identify the minimum width that enables universal approximation of
width-bounded networks as a dual problem of the classical results: the minimum depth of neural
networks for universal approximation is exactly two if their activation function is non-polynomial.
Unlike the minimum depth independent of the input dimension d, and the output dimension d,
of target functions, the minimum width is known to lie between d, and d, + d, + « for various
activation functions where « is some non-negative number depending on the activation function (Lu
et al., 2017; Hanin and Sellke, 2017; Johnson, 2019; Kidger and Lyons, 2020; Park et al., 2021b;
Cai, 2023). However, most existing results only provide bounds on the minimum width, and the
exact minimum width is known for a few activation functions and problem setups so far.
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Table 1: A summary of known bounds on the minimum width for universal approximation. In this
table, p € [1, 00) and all results with the domain [0, 1]%= extends to an arbitrary compact set in R%.

| Reference \ Function class Activation o Upper/lower bounds
LT(R% R RELU dy +1 < Wmin < dg +4
Lu et al. (2017) Ll([g, 1], I%R) RELU i > do
Hanin and Sellke (2017) | C(]0,1]%,R%) RELU dy +1 < wyin < dy +d,
Johnson (2019) C([0,1]% ,R%)  uniformly conti.t Winin > dp + 1
C([0,1]%,R%)  conti. nonpoly.? Wmin < dy +dy +1
Kidger and Lyons (2020) | C([0, 1]%=,Rd) nonaffine poly. Wmin < dg +dy + 2
LP(R% Rv) RELU Wmin < dg +dy + 1
LP(R%= R) RELU Wiin = max{d, + 1,d,}
Park et al. (2021b) C([0,1],R?) RELU Winin > max{d, + 1,d,}
Lr([0,1]% ,R%)  conti. nonpoly.} | wy, < max{d, +2,d, + 1}
LP([0,1]% R%)  Leaky-RELU Winin = max{dy, dy, 2}
Cai (2023) LP([0,1]% Rdv) arbitrary Winin > max{dy, dy}
C([0, 1]4=  R) arbitrary Wipin > max{d,,d,}
Ours (Theorem 1) LP([0,1]%  R%) RELU Wmin = Max{dy, dy, 2}
Ours (Theorem 2) Lr([0,1)% ,R%)  RELU-LIKE® Wnin = max{d,, dy, 2}
Ours (Theorem 3) C(]0, 1), Rdv) conti.t Winin > dy + 14, <d, <24,

T requires that o is uniformly approximated by a sequence of continuous one-to-one functions.

1 requires that o is continuously differentiable at least one point z, with ¢’(z) # 0.

§ includes SOFTPLUS, Leaky-RELU, ELU, CELU, SELU, GELU, SILU, and MISH where
GELU, S1LU, and MISH require d, + d, > 3.

1.1 RELATED WORKS

Before summarizing prior works, we first define function spaces often considered in universal ap-
proximation literature. We use C'(X,)) to denote the space of all continuous functions from
X C R% toY C R%, endowed with the uniform norm: || f||cc £ sup,c ||f(2)] 0. We also define
LP(X,Y) for denoting the LP space, i.e., the class of all functions with finite LP-norm, endowed
with the LP-norm: || f|l, £ ([, [If|[Edpa, )*/? where jiq, denotes the d,-dimensional Lebesgue
measure. We denote the minimum width for universal approximation by wy,i,. See Section 2 for
more detailed problem setup. Under these notations, Table 1 summarizes the known upper and lower
bounds on the minimum width for universal approximation under various problem setups.

Initial approaches. Lu et al. (2017) provide the first upper bound wy,;, < d, + 4 for universal
approximation of L!(R%  R) using (fully-connected) RELU networks. They explicitly construct a
network of width d, 44 which approximates a target L' function by using d,, neurons to store the d,.-
dimensional input, one neuron to transfer intermediate constructions of the one-dimensional output,
and the remaining three neurons to compute iterative updates of the output. For multi-dimensional
output cases, similar constructions storing the d,-dimensional input and d,-dimensional (interme-
diate) outputs are used to prove upper bounds on wy,;, under various problem setups. For example,
Hanin and Sellke (2017) show that RELU networks of width d, + d,, are dense in C([0, 1]%=, R%).
Kidger and Lyons (2020) also prove upper bounds on the minimum width for general activation func-
tions using similar constructions. They prove wyin < dy+d,+1 for C([0, 1]%=, R%) if an activation
function o is non-polynomial and o’(z) # 0 for some z, Wyin < dy + dy, + 2 for C([0, 1]4=, R)
if o is non-affine polynomial, and wyin < d; + dy, + 1 for LP(R% R%) if ¢ = RELU.

Lower bounds on the minimum width have also been studied. For RELU networks, Lu et al. (2017)
show that the minimum width is at least d,, + 1 and d,, to universally approximate L?(R%  R%) and
LP([0,1]%s ,R9v), respectively. Johnson (2019) considers general activation functions and shows
that the minimum width is at least d,. + 1 to universally approximate C([0, 1]%=, R%v) if an activation
function is uniformly continuous and can be uniformly approximated by a sequence of continuous
and one-to-one functions. However, since these upper and lower bounds have a large gap of at least
d, — 1, they could not achieve the tight minimum width.
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Recent progress. Recently, Park et al. (2021b) characterize the exact minimum width of RELU
networks for universal approximation of LP(R% R%): wy,;, = max{d, +1,d,}. To bypass width
dy + d, in the previous constructions and to prove the tight upper bound wmin < max{d, +1,d,},
they proposed the coding scheme which first encodes a d,-dimensional input x to a scalar-valued
codeword ¢ and decodes that codeword to a d,-dimensional vector approximating f(z). They ap-
proximate each of these functions using RELU networks of width d, + 1, and max{d,, 2} as in
previous constructions, which results in the tight upper bound. Using a similar construction, they
also prove that networks of width max{d, + 2,d, + 1} are dense in L?([0,1]% R9) if an ac-
tivation function o is continuous, non-polynomial, and ¢’(z) # 0 for some z € R. For uni-
versal approximation of L ([0, 1]%,R%) using Leaky-RELU networks, Cai (2023) characterizes
Wmin = max{d,, d,, 2} using the results that continuous L? functions can be approximated by
neural ordinary differential equations (ODEs) (Li et al., 2022) and narrow Leaky-RELU networks
can approximate neural ODEs (Duan et al., 2022). However, except for these two cases, the exact
minimum width for universal approximation is still unknown.

One interesting observation made by Park et al. (2021b) is that RELU networks of width 2 are dense
in L?(R, R?) but not dense in C([0, 1], R?). This shows a gap between minimum widths for L? and
uniform approximations. Cai (2023) also suggests a similar dichotomy for leaky-RELU networks
when d, = 1 and d, = 2. Nevertheless, whether such a dichotomy exists for general activation
functions and input/output dimensions is unknown.

1.2 SUMMARY OF RESULTS

In this work, we primarily focus on characterizing the minimum width of fully-connected RELU
networks for universal approximation on a compact domain. However, our results are not restricted
to RELU; they extend to general activation functions as summarized below.

* Theorem 1 states that width max{d,, d, 2} is necessary and sufficient for RELU networks to be
dense in LP([0, 1], R%). Compared to the existing result that the minimum width is max{d, +
1,d,} when the domain is R% (Park et al., 2021b), our result shows a gap between minimum
widths for LP approximation on the compact and unbounded domains. To our knowledge, this
is the first result showing such a dichotomy.

¢ Given the exact minimum width in Theorem 1, our next result shows that the same w,y;, holds for
the networks using any of RELU-LIKE activation functions. Specifically, Theorem 2 states that
width max{d,, d,, 2} is necessary and sufficient for o networks to be dense in L?([0, 1]%=, R )
if o is in {SOFTPLUS, Leaky-RELU, ELU, CELU, SELU}, or o is in {GELU, SILU, MISH}
and d + d,, > 3, which generalizes the previous result for Leaky-RELU networks (Cai, 2023).

* Our last result improves the previous lower bound on the minimum width for uniform approx-
imation: Wmyin > dy + 1 for RELU networks if d, = 1,d, = 2. Theorem 3 states that o
networks of width d,, is not dense in C ([0, 1]4=,R%) if d, < d,, < 2d, and o can be uniformly
approximated by a sequence of continuous injections, e.g., monotone functions such as RELU.

* For uniform approximation using Leaky-RELU networks, the lower bound in Theorem 3 is tight
if d, = 2d,: there is a matching upper bound max{2d, + 1,d,} (Hwang, 2023). Further-
more, together with Theorems 1 and 2, Theorem 3 extends the prior observations showing the
dichotomy between LP and uniform approximations (Park et al., 2021b; Cai, 2023) to general
activation functions and input/output dimensions.

* Our proof techniques also generalize to L? approximation of sequence-to-sequence functions via
recurrent neural networks (RNNs). Theorems 24 and 25 in Appendix F show that the same wyyi,
in Theorems 1 and 2 holds for RNNs. In addition, Theorem 26 in Appendix F shows that w,;, <
max{d,, d,, 2} for bidirectional RNNs using RELU or RELU-LIKE activation functions.

1.3 ORGANIZATION

We first introduce notations and our problem setup in Section 2. In Section 3, we formally present
our main results and discuss them. In Section 4, we present the proof of the tight upper bound on
the minimum width in Theorem 1. In Section 5, we prove Theorem 3 by providing a continuous
function f* : R% — R% with d, < d, < 2d, that cannot be uniformly approximated by a
width-d,, network using general activation functions. Lastly, we conclude the paper in Section 6.
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2 PROBLEM SETUP AND NOTATION

We mainly consider fully-connected neural networks that consist of affine transformations and an
activation function. Given an activation function o : R — R, we define an L-layer neural network f
of input and output dimensions d, d, € N, and hidden layer dimensions dy, ..., dr_1 as follows:

fEtropr_10---0ty0¢;oty, (D

where t;, : R%-1 — R% is an affine transformation and ¢, is defined as ¢;(z1,... Td,) =
(o(z1),...,0(xq,)) for all £ € [L]. We denote a neural network f with an activation function
o by a “o network.” We define the width of f as the maximum over dy,...,dr_1.

We say “o networks of width w are dense in C'(X,))” if for any f* € C(X,)) and € > 0, there
exists a o network f of width w such that || f* — f||o < €. Likewise, we say o networks of width w
are dense in LP(X, ) if for any f* € LP(X,)) and € > 0, there exists a o network f of width w
such that || f* — f||, < e. We say “wmin = w for o networks to be dense in C'(X, Y) (or LP(X, )))”
if o networks of width w are dense in C'(X,)) (or LP(X,))) but o networks of width w — 1 are
not. In other words, w,;, denotes the width of neural networks necessary and sufficient for universal
approximation in C'(X,)) (or LP(X,))).

We lastly introduce frequently used notations. For n € N, we use ji,, to denote the n-dimensional
Lebesgue measure and [n] £ {1,...,n}. Forn € Nand S C R, we use diam(S) £ sup,, , ¢ [|lz—
yll2- A set HY C R™ is a half-space if HT = {x € R" : a'z + b > 0} for some a € R" \
{(0,...,0)}and b € R. A set P C R™ is a (convex) polytope if P is bounded and can be represented
as an intersection of finite half-spaces. For f : R" — R™, f(x); denotes the i-th coordinate of
f(x). We define RELU-LIKE activation functions (RELU, Leaky-RELU, GELU, SILU, MISH,
SorTPLUS, ELU, CELU, SELU) in Appendix A. For an activation function with parameters (e.g.,
Leaky-RELU and SOFTPLUS), we assume that a single parameter configuration is shared across all
activation functions and it is fixed, i.e., we do not tune them when approximating a target function.

3 MAIN RESULTS

We are now ready to introduce our main results on the minimum width for universal approximation.

LP approximation with RELU-LIKE activation functions. Our first result exactly characterizes
the minimum width for universal approximation of LP ([0, 1]%=  R%) using RELU networks.

Theorem 1. Wy, = max{d,, d,, 2} for RELU networks to be dense in L ([0, 1]%= , R%).

Theorem 1 states that for RELU networks, width max{d,, d,,2} is necessary and sufficient for
universal approximation of LP([0, 1]%, R%). Compared to the existing result that RELU networks
of width max{d.,d,,2} are not dense in LP(R% R%) if d, + 1 > d, > 2 (Park et al., 2021b),
Theorem 1 shows a discrepancy between approximating LP functions on a compact domain (i.e.,
[0, 1]dw) and on the whole Euclidean space (i.e., R%). Namely, a smaller width is sufficient for
approximating L? functions on a compact domain if d, + 1 > d,,. We note that a similar result was
already known for the minimum depth analysis of RELU networks: two-layer RELU networks are
dense in LP([0, 1]%, R%) but not dense in LP(R%, R% ) (Lu, 2021; Wang and Qu, 2022).

Although Theorem 1 extends the result of (Cai, 2023) from Leaky-RELU networks to RELU ones,
we use a completely different approach for proving the upper bound. Cai (2023) approximates a
target function via a Leaky-RELU network of width max{d,, d,,2} using two steps: approximate
the target function by a neural ODE first (Li et al., 2022), then approximate the neural ODE by a
Leaky-RELU network (Duan et al., 2022). Here, the latter step requires the strict monotonicity of
Leaky-RELU and does not generalize to non-strictly monotone activation functions (e.g., RELU).

To bypass this issue, we carefully analyze the properties of RELU networks and propose a different
construction. In particular, our construction of a RELU network of width max{d,, d,, 2} that ap-
proximates a target function is based on the coding scheme consisting of two functions: an encoder
and a decoder. First, an encoder encodes each input to a scalar-valued codeword, and a decoder
maps each codeword to an approximate target value. Park et al. (2021b) approximate the encoder
with the domain R% using a RELU network of width d,, + 1 and implemented the decoder using a
RELU network of width max{d,, 2} to obtain a universal approximator of width max{d, + 1,d,}
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for LP(R% R ). By exploiting the compactness of the domain and based on the functionality
of RELU networks, we successfully approximate the encoder using a RELU network of width
max{d,, 2} and show that RELU networks of width max{d,, d,,, 2} is dense in L?([0, 1], R).

The lower bound wy;, > max{d,, dy, 2} in Theorem 1 follows from an existing lower bound
Wpin > max{d,,d,} (Cai, 2023) and a lower bound wy,;, > 2. Here, the intuition behind each
lower bound d, d,, and 2 is rather straightforward. If a network has width d, — 1, then it must have
the form g(Mz) for some continuous function g : R%~1 — R% and M € R(%=~1)*d= which can-
not universally approximate, e.g., consider approximating ||z||3. Likewise, if a network has width
d, — 1, then it must have the form Nh(z) for some continuous function h : R% — R%~1 and
N € R%>*(d=1) which cannot universally approximate. Lastly, a RELU network of width 1 is
monotone and hence, cannot approximate non-monotone functions. Combining these three argu-
ments leads us to the lower bound max{d, d,, 2} in Theorem 1. We note that our proof techniques
are not restricted to RELU; they can be extended to various RELU-like activation functions.
Theorem 2. wyi, = max{d,,d,,2} for ¢ networks to be dense in LP ([0, 1]%= , R) if p € {ELU,
Leaky-RELU, SorTPLUS, CELU, SELU}, or ¢ € {GELU, SILU, MisH} and d, + d,, > 3.

Theorem 2 provides that for ELU, Leaky-RELU, SoFTPLUS, CELU, and SELU networks,
width max{d.,d,, 2} is necessary and sufficient for universal approximation of L ([0, 1]%=, R%).
On the other hand, the minimum width of GELU, SILU, and MISH networks to be dense in
Lr([0,1)% ,R) is max{d,, d, 2} if d,, + d,, > 3. In particular, Theorem 2 can be further gener-
alized to any continuous function p such that RELU can be uniformly approximated by a p network
of width one on any compact domain, within an arbitrary uniform error. We present the proof for the
upper bound Wi, < max{d,, dy, 2} in Theorem 1 in Section 4 while the proof for the matching
lower bound in Theorem 1 and the proof of Theorem 2 are deferred to Appendix C and Appendix D.

We note that our proof techniques easily extend to RNNs and bidirectional RNNs: Theorems 24
and 25 in Appendix F shows that the same result in Theorems 1 and 2 also holds for RNNs. Further-
more, Theorem 26 in Appendix F shows that Wi, < max{d,, dy, 2} for bidirectional RNNs using
any of RELU or RELU-LIKE activation functions to be dense in LP([0, 1]4s  R4v).

Uniform approximation with general activation functions. For RELU networks, it is known that
Wmin for C(]0, 1]%, R%) is greater than that for LP([0, 1] R%v) in general. This is shown by the
observation in (Park et al., 2021b): if d, = 1 and d, = 2, then width 2 is sufficient for RELU
networks to be dense in LP ([0, 1]%, R%), but insufficient to be dense in C([0, 1]4=, R% ). However,
whether this observation extends has been unknown. Our next theorem shows that a similar result
holds for a wide class of activation functions and d, d,.

Theorem 3. For any continuous ¢ : R — R that can be uniformly approximated by a sequence
of continuous injections, if d, < d, < 2d, then wyin > dy + 1 for ¢ networks to be dense in
C([0,1]4=  R).

Theorem 3 states that Wi, > d, + 1 for C([0,1]% ,R%) if d,, € (d,,2d,] and the activation
function can be uniformly approximated by a sequence of continuous injections (e.g., any monotone
continuous function such as RELU). This bound is tight for Leaky-RELU networks if 2d, = d,
together with the matching upper bound max{2d, + 1,d,} on wp, (Hwang, 2023). Combined
with Theorem 1, this result implies that wy,;, for RELU networks to be dense in C/([0, 1]9=, R%)
is strictly larger than that for LP([0,1]% ,R%) if d, < d,, < 2d,. With Theorem 2 and monotone
RELU-LIKE activation functions, a similar observation can also be made.

We prove Theorem 3 by explicitly constructing a continuous target function that cannot be approx-
imated by a ¢ network of width d,, in a small uniform distance where ¢ is an activation function
that can be uniformly approximated by a sequence of continuous one-to-one functions. In particular,
based on topological arguments, we prove that any continuous function that uniformly approximates
our target function within a small error has an intersection, i.e., it cannot be uniformly approximated
by injective functions, which leads us to the statement of Theorem 3. We present a detailed proof of
Theorem 3 including the formulation of our target function in Section 5.

We lastly note that all results with the domain [0, 1]%+ also hold for arbitrary compact domain K C
R%: if the target function f* is continuous, then one can always find K > 0 such that K C
[~ K, K]% and continuously extend f* to [~ K, K]% by the Tietze extension lemma (Munkres,
2000). If f* is LP, then approximate f* by some continuous function and perform the extension.
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Figure 1: Illustration of our encoder and decoder when d, = 2, d, = 1 and k = 4. Our encoder g
first maps each element of {77,. .., 74} to distinct scalar codewords wy, . .., us. Then, the decoder
h maps each codeword u; to h(u;) = f*(z;) for some z; € T;.

4 TIGHT UPPER BOUND ON MINIMUM WIDTH FOR LP-APPROXIMATION

In this section, we prove the upper bound in Theorem 1 by explicitly constructing a RELU network
of width max{d,, d,,2} approximating a target function in LP([0,1]%= R%). Since continuous
functions on [0, 1]% are dense in LP([0, 1]%, R%) (Rudin, 1987), it suffices to prove the following
lemma to show the upper bound. Here, we restrict the codomain to [0, 1}dy; however, this result can
be easily extended to the codomain R% since the range of f* € C([0, 1]%=, R%) is compact.

Lemmad. Letc > 0, p > 1, and f* € C([0,1]%,[0,1]%). Then, there exists a RELU network
f:10,1]% — R% of width max{d,, d, 2} such that || f — f*||, < e.

4.1 CODING SCHEME AND RELU NETWORK IMPLEMENTATION (PROOF OF LEMMA 4)

Our proof of Lemma 4 is based on the coding scheme that consists of two functions (Park et al.,
2021b): the encoder and decoder. The encoder first transforms each input vector z € [0, 1]% to a
scalar-valued codeword containing the information of x; then the decoder maps each codeword to a
target vector in [0, 1]% which approximates f*(z). Namely, the composition of these two functions
approximates the target function. The precise operations of our encoder and decoder are as follows.

Suppose that a partition {Si, ..., Sk} of the domain [0, 1]% is given. Then, the encoder maps each
input vector in S; to some scalar-valued codeword ¢;. Here, if the diameter of the set S; is small
enough, then it is reasonable to map vectors in S; to the same codeword, say ¢; € R, since the target
function f* is uniformly continuous on [0, 1]%, i.e., f*(x) ~ f*(2') for all z,2’ € S;. However,
since such an encoder is discontinuous in general, we approximate it using a RELU network via
the following lemma. We present the main proof idea of Lemma 5 in Section 4.2 and defer the full
proof to Appendix B.3.

Lemma 5. For any «, 3 > 0, there exist disjoint measurable sets T, . .., Tp C [0,1]% and a RELU
network f : R% — R of width max{d,, 2} such that

o diam(7;) < aforalli € [k],

* de(Ule 7;) >1—p3,and
o f(T;) = {ci} forall i € [k], for some distinct ¢y, ... ,c,, €R.

Lemma 5 states that there is an (approximate) encoder given by a RELU network g of width
max{d,, 2} that can assign distinct codewords to 77, . .., 7. Here, T1, . .., Tj, can be considered as
an approximate partition since they are disjoint and cover at least 1 — (3 fraction of the domain for
any /3 > 0. By choosing a small enough «, we can have a small information loss of the input vectors
inT1,..., Tk, incurred by encoding them via Lemma 5. We note that such an approximate encoder
may map inputs that are not contained in 77 U - - - U T, to arbitrary values.

Once the encoder transforms all input vectors in 7; to a single codeword ¢; € R, the decoder maps
the codeword to a d,,-dimensional vector that approximates f*(7;). We implement the decoder using
a RELU network using the following lemma, which is a corollary of Lemma 9 and Lemma 10 in
Park et al. (2021b). See Appendix B.4 for its formal derivation.

Lemma 6. For anyp > 1, v > 0, distinct ¢y, ...,c;, € R, and vq,...,v, € R%, there exists a
RELU network f : R — [0, 1]% of width max{d,,, 2} such that || f(c;) — vi||, < v foralli € [k].
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Figure 2: Construction of f in Lemma 7. (a) f preserves points in the half-space H ™ represented by
the gray area and projects points outside of H* to the boundary of . (b) Illustrations of mapping
T to a single point disjoint to P NH; when d,, = 2: f; maps T onto the boundary of 7] and then

f2 maps f1(T) to the point fo(f1(7)) while preserving points in P N H .

Lemma 4 follows from an (approximate) encoder and decoder in Lemmas 5 and 6. Let 71, ..., Tk
be an approximate partition and g be a RELU network of width max{d,, 2} in Lemma 5 with some
a, 3 > 0. Likewise, let  be a RELU network of width max{d,,2} in Lemma 6 with codewords
1,...,cr generated by g, v; = f*(z;) for some z; € T for all i € [k], and some v > 0. Then,
f = hog can be implemented by a RELU network of width max{d,, d, 2} and can approximate the
target function f* in ¢ error if we choose small enough «, 3, . Since the codomain of our decoder
is [0, 1], one can observe that f(z) € [0, 1] for any x that is not contained in any of 71, ..., Ty, i.e.,
they only incur a small L? error if 3 is small enough. Figure 1 illustrates our encoder and decoder
construction. See Appendix B.2 for our choices of «, 3,y achieving the statement of Lemma 4.

4.2 APPROXIMATING ENCODER USING RELU NETWORK (PROOF SKETCH OF LEMMA 5)

In this section, we sketch the proof of Lemma 5 where the full proof is in Appendix B.3. To this end,
we first introduce the following key lemma. The proof of Lemma 7 is deferred to Appendix B.5

Lemma 7. For any d, € N, a compact set K C R%, a,c € R% such that a"c > 0, and b € R,
there exists a two-layer RELU network f : K — R™ of width d,, such that

fz) = {x ifa'z+b>0

Trab T .
m—%xc ifa'z+b<0

Lemma 7 states that there exists a two-layer RELU network of width d, on a compact domain that
preserves the points in the half-space ™ = {x € R% : a"x 4+ b > 0} and projects points not in
H* to the boundary of #T along the direction determined by a vector c as illustrated in Figure 2a.

This lemma has two important applications. First, for any bounded set, Lemma 7 enables us to
project it onto a hyperplane (the boundary of ™), along a vector c. In other words, we can use
Lemma 7 for decreasing a dimension of a bounded set or moving a point as illustrated in Figure 2a.
Furthermore, given a polytope P C R and a half-space H* such that both P N % and P \ H+
are non-empty, we can construct a RELU network of width d that preserves points in P N H™T
and maps some 7 C P\ H* with puq, (T) &~ pa, (P \ HT) to a single point disjoint to P N H ™.
As illustrated in Figure 2b, this can be done by mapping P \ H™ onto the boundary of H™ first,
and then, iteratively projecting a subset of the image of P \ H™* (i.e., the image of 7) to a single
point using Lemma 7. We note that the measure of 7 can be arbitrarily close to that of P \ H* by
choosing a proper ¢ in Lemma 7 when projecting P \ H ™ onto the boundary of H ™.

We now describe our construction of f in Lemma 5. First, suppose that there is a partition
{S1,...,8k} of the domain [0, 1]9s where each S; can be represented as

Si =10,1]% n (ﬁ?—[j) N (H;)e

for some half-spaces H] , ..., 'H,:'; see the first image in Figure 3 for example. Suppose further that
diam(S;) < « for all ¢ € [k]. We note that such a partition always exists as stated in Lemma 10
in Appendix B.3. As in the second image of Figure 3, the most part of S; (77 in Figure 3) can be
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.
Uy

Figure 3: Illustration of the encoder when d,, = 2 and k = 4. For each partition S;, the encoder
maps 7; C S; to some point u; ¢ {u1,...,u;—1}US;+1 U---US. After that, the encoder maps
u1, ..., U to some distinct scalar values by projecting them.

mapped into a single point (u; in Figure 3) disjoint to So U - - - U Sj, using Lemma 7. Likewise,
we map the most part of Sy (73 in Figure 3) to a single point disjoint to {u;} US3U -+ U Sp.
Here, if u; ¢ H5, we first move it so that u; € H, using Lemma 7 while preserving points in
Sz U -+ - U Sy By repeating this procedure, we can consequently map the most parts (71, . .., 7x) of
S1, ..., Sk to k distinct points via a RELU network of width d,, (the second last image in Figure 3).
We finally project these points to distinct scalar values as illustrated in the last image in Figure 3.
See Lemmas 11 and 12 in Appendix B.3 and its proof for the formal statements.

We note that our construction of a RELU network satisfies the three conditions in Lemma 5. The
first condition is naturally satisfied since 7; C S; and diam(S;) < «. The second condition can also
be satisfied since the measure of 7; can be arbitrarily close to that of S; for all i € [k]. Lastly, our
construction maps each 7; to a distinct scalar value; this provides the third condition.

5 LOWER BOUND ON MINIMUM WIDTH FOR UNIFORM APPROXIMATION

In this section, we prove Theorem 3 by explicitly showing the existence of a continuous function
f* :[0,1]% — R that cannot be approximated by any  network of width d,, within 1/3 error
in the uniform norm when d, < d, < 2d,. Based on the following lemma, we assume that the
activation function ¢ is a continuous injection throughout the proof without loss of generality. The
proof of Lemma 8 is presented in Appendix E.

Lemma 8. Let 0 : R — R be a continuous function that can be uniformly approximated by a
sequence of continuous injections. Then, for any o network f : [0,1]% — R% of width w and
for any € > 0, there exists a @ network g : [0,1]% — R% of width w such that ¢ : R — Ris a
continuous injection and || f — gl < €.

Our choice of f*. We consider f* of the following form: for r = d, — dy, = (z1,...,%a,) €
[0,1]%, Dy = [0,1/3]%, and Dy = [2/3,1]" x {1}4=—",

(1—6.1'171—6.1}2,...,1—6.’17dw,0,...,0) ifx € Dy
f (z)=<¢(0,...,0,621 — 5,622 — 5,...,6x, —5) ifx €Dy,
g*(x) otherwise

where ¢g* is some continuous function that makes f* continuous; such g* always exists by the
Tietze extension lemma and the pasting lemma (Munkres, 2000). We note that f*|p, and f*|p,
are injections whose images are [—1, 1]% x {0}" and {0}9= x [—1, 1], respectively, i.e., f*(D1) N
f*(D2) ={(0,...,0)}. See Figures 4a and 4b for illustrations of Dy, D, f*(D1), and f*(Ds).

Assumptions on ¢ network approximating f*. Suppose for a contradiction that there are a con-
tinuous injection ¢ : R — R and a ¢ network f : [0, 1]% — R% such that || f* — f|lec < 1/3 and
f=trogo---otyopot; wheret; : R — R% t, ... t; : R% — R% are some affine
transformations and ¢ : R% — R% is a pointwise application of ¢. Without loss of generality, we

assume that ¢, ..., ¢y are invertible, as invertible affine transformations are dense in the space of
affine transformations on bounded support, endowed with || - ||.. Likewise, we assume that ¢; is
injective. Since ¢ is an injection, f is also an injection, i.e.,

f(D1) N f(D2) = 0. 2

However, one can expect that such f cannot be injective as illustrated in Figure 4c. Based on this
intuition, we now formally show a contradiction.
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T2 Y3 Y3
. D; 7 (1,1) ©.0,)pf (P2
f(5.0)
(53 .
2/3 {100
Y2 (0,-1,0) Y2
(0.1,0)
1/3 d
. < (0,0
D, 0.1 £+(0,0) (1_0.0)> f(D1)
n £(21) n (0,0,-1)
0 1/3 2/3 T
(2) (b) ©

Figure 4: D1, D, and their corresponding images of f* when d, = 2 and d,, = 3 are illustrated by
the grey squares and red lines in (a) and (b). One of the possible images of f(D;) and f(Ds) are
represented by the grey surface and red curve in (c).

Proof by contradiction. Define h; : [~1,1]% — R, hy : [-1,1]" — R%, and ¢ : [-1,1]% —
[~1,1]% as follows: for a € [~1,1]%, 8 € [-1,1]",and v = (a, B) € [-1,1]%,
h —h
) = f((a+ 1/6), ha(B) = F((8+5)/6.1,0-..1), w(r) = St
From the definitions of h;, ho and Eq. (2), one can observe that
ha ([=1,1)%) O ho([=1,1]7) = F(D1) N (D2) =,

i.e., ¥ is well-defined (and continuous) as ||h1(a) — h2(8)|s > 0 for all (o, 8) € [—1,1]%. From
the definitions of ¢/ and the infinity norm, it holds that

(i) w([_la 1]dy) - [_la ]-]dy and
(ii) for eachy € [—1,1]%, there exists i € [d,] such that ¥(7y); € {—1,1}.

By (i), continuity of v, and the Brouwer’s fixed point theorem (Lemma 9), there exists v* =
(o, B*) € [—1,1]% such that ¢)(v*) = ~*. Furthermore, by (ii), there should be i* € [d,] such
that v/ € {—1,1}. However, we now show that such ¢* does not exist.

Suppose that there is i* € [d,] satisfying v/ = ¢(7*);» = 1. Then, by the definitions of f, hy, ho
and the assumption || f* — f|lo < 1/3, the following holds for all z = (z,y) € [—1,1]% with
ziw = 1t hl(x)z* S [—4/3, —2/3} and hg(y)z* S [—1/3, 1/3] This 1mphes that hl(‘r)z* — hg(y)l*
is negative for all (z,y) € [~1,1]%, and therefore, ¥)(7*);~ < 0 which contradicts ¥(7*);= = 1.
Using similar arguments, one can also show the contradiction for the two remaining cases: i* € [d,]
and 7). = —1;and ¢* € [d,] \ [d;] and ;. € {—1,1}. In other words, v} cannot be any of {—1,1}
for all i € [d,]. This contradicts (ii) and proves Theorem 3.

Lemma 9 (Brouwer’s fixed-point theorem (Florenzano, 2003)). For any non-empty compact convex
set I C R™ and continuous function f : KK — K, there exists x* € K such that f(z*) = z*.

6 CONCLUSION

Identifying the universal approximation property of deep neural networks is a fundamental problem
in the theory of deep learning. Several works have tried to characterize the minimum width enabling
universal approximation; however, only a few of them succeed in finding the exact minimum width.
In this work, we first prove that the minimum width of networks using RELU or RELU-LIKE ac-
tivation functions is max{d,, dy, 2} for universal approximation in L? ([0, 1]4=, R% ). Compared to
the existing result that width max{d, + 1, d,,} is necessary and sufficient for RELU networks to be
dense in L?(R% R9), our result shows a dichotomy between universal approximation on a com-
pact domain and the whole Euclidean space. Furthermore, using a topological argument, we improve
the lower bound on the minimum width for uniform approximation when the activation function can
be uniformly approximated by a sequence of continuous one-to-one functions: the minimum width
is at least d, + 1 if d, < dy, < 2d,, which is shown to be tight for Leaky-RELU networks if
2d, = dy. This generalizes prior results showing a gap between L? and uniform approximations
to general activation functions and input/output dimensions. We believe that our results and proof
techniques can help better understand the expressive power of deep neural networks.
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A DEFINITION OF ACTIVATION FUNCTIONS

In this section, we introduce the definitions of activation functions that we mainly focus on.

* ReLU (RELU):

z ifzx>0

RELU(z) = {0 ifr<0

* Softplus (SOFTPLUS): for a > 0,
1
SOFTPLUS (z; ) = — log(1 + exp(ax)).
«

* LeakyReLU (Leaky-RELU): for o € (0, 1),

x ifx >0
Leaky-RELU(z; o) = .
cary (3 0) {am ifx <0
» Exponential Linear Unit (ELU): for a > 0,

T ifx >0
ELU(x; ) = .
(w3 0) {a (exp(x) —1) ifz <0
* Continuously differentiable Exponential Linear Unit (CELU): for o > 0,

T ifx >0
CELU(z; ) = .
(2 0) {a (exp(z/a) —1) ifz <0
* Scaled Exponential Linear Unit (SELU): for A > 1 and o > 0,

x ifz >0
SELU(w; A, ) = A x {a(exp(z) 1 it z .
* Gaussian Error Linear Unit (GELU):
GELU(z) = = x ®(x)
where ®(z) is the cumulative distribution function of the standard normal distribution.
* Sigmoid Linear Unit (SILU):
SILU(z) = x x SIGMOID(x)

where SIGMOID(z) = 1/ (1 4 exp(—x)) is the sigmoid activation function.
e Mish (MISH):
MIsH(z) = x x TANH(SOFTPLUS(z; 1))

where TANH(z) = (exp(x) — exp(—x))/(exp(x) + exp(—zx)).

12
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B PROOF OF UPPER BOUND IN THEOREM 1

B.1 ADDITIONAL NOTATIONS

Prior to delving into the proof of Theorem 1, we first introduce some notations that will be frequently
employed in the subsequent sections. Given a set S C R", int(S) denotes the interior of S, and

bd(S) denotes the boundary of S. For (a,b) € R" xR, H(a,b) = {x € R" : a' z+b = 0} denotes
the hyperplane parameterized by a and b. Likewise, we use H* (a,b) = {x € R" : 'z + b > 0}
and H~ (a,b) £ {x € R" : "2 + b < 0} for denoting corresponding upper half-space and lower
half-space, respectively.

B.2 OUR CHOICES OF «, 3,7y

We use a small enough a > 0 so that wy s f-(a) < /217V/P 3 = ¢P/(2d,), and v =
g/2'F1/P. Here, wy o s+ denotes the modulus of continuity of f* in the p-norm and 2-norm:
Il f*(z) — (@), < wpap(|lz — 2'|2) for all z,2" € [0,1]%. We note that such w2 s+ is
well-defined on [0, 1]%= since f* is uniformly continuous on [0, 1]%+ (continuous function on a com-
pact set). Namely, such o always exists for all € > 0. Then, we have

I =1 = [~ @,

-/ 17— e, + [ @)~ S g,
[0,1)d=\Uf_, T Uk, T

i=1

k k
< dy X pa, ([o, 1%\ 72) +30 [ 5@ = r @y,

(2

k.
<dy x5+ 3 U5 @)= £ Gl + 1) = £ )P du,

k
Sdyx B+ /T(wpz,f*(a) + ) dpa,
i=1 i

< dy X B+ (wp2,p+(a) +7)P <€
where z; € 7; for all .

This leads us to the statement of Lemma 4.

B.3 PROOF OF LEMMA 5

We prove Lemma 5 in this section. To this end, we introduce the following lemma. The proof of
Lemma 10 is presented in Appendix B.6. Here, H ™ (a, b) is defined in Appendix B.1

Lemma 10. Let Ko = [0,1]". For any 6 > 0, there exist m € N and (a1,b1),...,(am,bm) €
R™ x R such that for IKC; = Ko N H; where H} = Nj=1 H*(aj,b;) foralli € [m],

diam(Ko \ K1), diam(Ky1 \ Ka), ..., diam(K,—1 \ Kin) <6 and K, = 0.

Lemma 10 ensures the existence of the partition {Sy, ..., S} of the domain [0, 1]%= such that the
diameter of each S; is upper bounded by given o > 0 where each S; can be represented as

87,' = [07 1]d£ M (h H+(aj,bj)> M ('H+(ai7bi))c
j=1

for some (a1,b1), ..., (a;,b;) € R" x R.
To show the existence of an approximation of a partition {77,..., 7} and a RELU network of
width max{d,, 2} that maps 77, ..., Tj to some distinct points, we introduce the following lemma.

The proof of Lemma 11 is presented in Appendix B.7.

13
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Lemma 11. Letn € N, P C R"™ be a convex polytope and u, . .. ,uy, € R™ \ P be distinct points.
Let H™ C R" be a closed half-space such that P NHT # 0 and P\ H* # 0. Let m = max{n, 2}.
Then for any § € (0,1), there exists a RELU network f : R™ — R™ of width m satisfying the
following properties:

o f(x)==xforallz e PNHT,
e there exist distinct vy, . .., vy, € R™\ (P NH") such that f(u;) = v; for all i € [k], and

o there exist S C P\ HT and vi.o1 € R™\ (PNHT) U{v1,...,vx}) such that j1,(S) >
0 pn(P\HY) and f(S) = {vps1}.

Lemma 11 indicates that for each S;, there is a RELU network g; of width max{d,,, 2} such that g;

(i) preserves the points in ;11 U - - - U S, (ii) transfers the u, . .., u;—; (containing “information”
that we want to preserve) to some distinct points vy, ...,v;_1 not contained in ;41 U --- U Sk,
and (iii) embeds the most part of S; (i.e. 7;) to the point v; distinct to existing points vy, ..., v;_1

and also not contained in S;41 U --- U S;. Hence, by repeatedly applying Lemma 11, we can
find {71,...,7;} and a RELU network g of width max{d,,2} such that p,,(7;) > pn(S;) — B/k
for all i € [k] and the network maps each 7; to u; € R™ for some distinct uy, ..., u; where
m = max{dy, 2} .

Lastly, we introduce the following lemma, which demonstrates the existence of a projection map
that maps finite distinct points to some distinct scalar values. The proof of Lemma 12 is presented
in Appendix B.8.

Lemma 12. For any n > 2 and distinct v1,...,v € R", there exists a € R" such that
aTvl, ...,a vy, are also distinct.
By Lemma 12, there exists an affine map & that maps uy, ..., uy to distinct scalar values. Then,

choosing f = h o g completes the proof of Lemma 5.

B.4 PROOF OF LEMMA 6

In this section, we prove Lemma 6 by explicitly constructing the target f. As aforementioned, the
proof of Lemma 6 is a corollary of Lemma 9 and Lemma 10 in (Park et al., 2021b).

Before describing our proof details, we first introduce some functions introduced in (Park et al.,
2021b). A quantization function ¢, : [0,1] — C, forn € Nand C,, £ {0,27",2 x 27,3 x
27" ..., 1 —27"}is defined as

gn(z) = max{c € C,, : ¢ < x},

an encoder encodeg : R% — Ca, ik for some K € N is defined as

dy
encodeg (x) = Z

and a decoder decodeys : Cq,nr — CZ}; is defined as

g () x 27 G7DE

i=1

decodeps(c) =& where {&} = encodey; () N Ci}.

Namely, encodey quantizes every coordinate of input up to K -bits and then concatenates whole co-
ordinates into a one-dimensional scalar value. And, decode,; decodes one-dimensional codewords
to d,-dimensional codewords.

Now, we introduce the following lemmas presented in (Park et al., 2021b).

Lemma 13 (Lemma 9 in (Park et al., 2021b)). Foranym € N, 0 < a1 < ag < -+ < @ < 1,
and 1, ..., Pm € R, there exists a RELU network f : [0,1] — R of width 2 such that

flay) = B; foralli € [m].
Lemma 14 (Lemma 10 in (Park et al., 2021b)). For any d,, M € N, there exists a RELU network
f: R — R% of width d,, such that for any ¢ € Ca, M,

£(¢) = (b1, ..., ba,)

14
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where by, ... ,bg, € Cpr satisfying c = Z?il b; x 2-0=DM " Eyrthermore, it holds that f(R) C
[0, 1],

Using Lemma 13, we first exactly construct a RELU network ¢ of width 2 which maps each code-
word ¢; to the corresponding encoded target vector encode s (v;) € Cdy  for some M € N; we will
assign an explicit value to M later. Next, by Lemma 14, we explicitly construct a RELU network h

of width d,, which maps each encodej(v;) to being the d,-dimensional quantized target vector v:-(
where v} = (vg’l, . 71);(11/) and v;r,j = qum(vs,5) for each j € [d,].

Let f be the composition of RELU networks g and h. That is, f is a RELU network of width
max{d,, 2}. From the construction of g and A, the error between f(c;) = vz and v; is only incurred
from the quantization process. Hence, choosing sufficiently large M € N such that dg/ Po=M < o
completes the proof of Lemma 6.

For the sake of completeness, we provide proofs of Lemma 13 and Lemma 14, which are from (Park
et al., 2021b).

Proof of Lemma 13. Consider the following piecewise linear function f* : [0,1] — R with m + 1
pieces which satisfies the statement of Lemma 13:

B ifx €0,a1)
B Bi+1 — Bi . .
flx)=XBi+ ————(x — ;) ifz € [a;,a;41)forsomei € [m—1].
Qi1 — 0y
ﬁnL ifx e [Oém, 1]

From Lemma 15, we can construct a RELU network f : [0,1] — R of width 2 satisfying f*(z) =
f(z) for all z € [0, 1]. This completes the proof of Lemma 13. O

Lemma 15 (Lemma 14 in (Park et al., 2021b)). For any compact interval Z C R, for any continuous
piecewise linear function f* : T C R with P linear pieces, there exists a RELU network f of width
2 such that f(x) = f*(x) forall x € T.

Proof of Lemma 15. Suppose that f* is linear on P pieces [minZ, 1), [z1,22), ..., [xp_1, maxZ]
and defined as

ap xx+b ifzxeminZ, )
ag X x+by ifx € [r1,22)

f(z) =
ap Xz +bp ifz€rp_1,max7]

for some a;,b; € R satisfying a; X x; + b; = a;41 X x; + b;41. Without loss of generality, we
assume that minZ = 0.

Now, we prove that for any P > 1, there exists a RELU network f : 7 — R? of width 2 such that
f(z)1 = RELU(xz — zp_1) and f(z)2 = f*(z). Then, the RELU network f(x)2 completes the
proof. We use the mathematical induction for P to prove the existence of corresponding f. When
P =1, choosing f(z); = RELU(z) and f(z)2 = a1 x RELU(z) +b; satisfies the desired property.
Here, consider P > 1. Then, from the induction hypothesis, there exists a RELU network g of width
2 such that

g(z)1 = RELU(z — zp_2)

a1 X x + by ifr € minZ, )
as X T+ by ifz € [z1,22)
g(z)2 =

ap_1 Xx+bp_y ifz € [zp_o, max7Z|

15
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Then, the following construction of f completes the proof of the mathematical induction:
f(x) =hyodohiog(x)
hi(x,2) = (x —xp_1 +xp_2,2 — K)
¢(z,z) = (RELU(z),RELU(z2))
(x,2) =(x, K+ z+ (ap —ap_1) X x)

8

ho(x, 2z

where K = min; mingez{a; X x + b; }. Hence, this completes the proof of Lemma 15. O

Proof of Lemma 14. We first introduce the following lemma.

Lemma 16 (Lemma 15 in (Park et al., 2021b)). Forany M € N, for any § > 0, there exists a RELU
network of f : R — R? of width 2 such that for all x € [0,1] \ Das.s,

f@) = (ni(2),y2(2)), where yi(2) = qu(@), ya(x) =2 x (z —qu(2)), O
and Dy 5 = U?fl_l(i x 27M 5,3 x 2=M). Furthermore, it holds that

f(R) C[0,1—2"M] x[0,1]. 4)

Fix some § < 2-%M_ Then, Lemma 16 indicates that there exists a RELU network ¢ of width
2 satisfying (3) on Cq, a7 and (4) since Cyq,ns C [0,1] \ Dass5. Such g enables us to extract the
first M bits of the binary representation of ¢ € Cq,as: g(c); is the first coordinate of decodeyy(c)
while g(c)2 € Cg,_,m contains remaining information about other coordinates of decodexs(c).
Therefore, if we iteratively apply g to the second output of the previous composition of g and pass
through all first outputs of the previous compositions of g, then we finally recover whole coordinates
of decodeys(c) within d,, — 1 compositions of g. Our construction of f is such iterative d,, — 1
compositions of g which can be implemented by a RELU network of width d,. Moreover, (4) in
Lemma 16 allows us to achieve f(R) C [0, 1]4v. This completes the proof of Lemma 14. O

Proof of Lemma 16. First of all, we clip the input to be in [0, 1] using the following RELU network
of width 1.

min{max{xz,0},1} =1 — RELU(1 — RELU(z))

Then, we apply g¢ : [0,1] — [0, 1]? defined as

9@(37)1 =x
0 if v €[0,27M — ]
67127 M (. —27M 4 §) ifz e (27M —§,27M)
2—M ifze[27M,2x2"M ]

9e(2)2 =4 619°M x (3 —2x 2°M 4 §) +27M  ifze (2x2°M —§52x 2 M)

(6—1)x2M itz el —1)x2-M 1]

From the definition of g, one can observe that gom ()2 = qar(x) for € [0, 1] \ Day,5. Therefore,
once we implement g, () using a RELU network ¢ of width 2, and then constructing f as

F@) = (9(2)2,2M x (9(2)1 = g(2)2))
z = min{max{z,0},1} =1 — RELU(1 — RELU(z))

completes the proof of Lemma 16. Now, we construct a RELU network g of width 2 which imple-
ments g» . One can observe that g1 (x)2 = 0 and

ger1(z)2 =min {£ x 27M max{67127M x (z — € x 27M +6) + (£ — 1) x 27M  go(2)}}

for all x € [0, 1]. To this end, we introduce the following definition and lemma.
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Definition 1 (Definition 1 in (Hanin and Sellke, 2017)). f : R% — R% is a max-min string of
length L > 1 if there exist affine transformations hy, ..., hy, such that

h(.’li) = 7'[1,1(hL(.%'>7 TL72(h,L71(fL'), ey Tg(h;g(l'), Tl(hg(.%'), hl(.%'))) N )7
where each T is either a coordinate-wise max{-, -} or min{-,-}.

Lemma 17 (Proposition 2 in (Hanin and Sellke, 2017)). For any max-min string f : R — R%
of length L, for any compact K C R%, there exists a RELU network g : R% — R% x R% of L
layers and width d, + d,, such that for all x € K,

g(x) = (y1(x),y2(x)), where yi(x)=2 and y(x)= f(x).

Notably, gonm () is a max-min string so that there exists a RELU network ¢ of width 2 satisfying
g(x)2 = gom (z) = qps(x) forall z € [0, 1] \ Dy 5. This completes the proof of Lemma 16. O

B.5 PROOF OF LEMMA 7

Let a; = a, {as,...,a,} be a basis of the hyperplane {x € R" : ¢z = 0}, and let A =
[a1,..., an]—r € R™ " Since a'c # 0, A is invertible. Choose

K=-1x min infa/x
i€{2,...,n} ze

andv = (b, K, ..., K) € R™. Then we claim that choosing
f(z) = A7Y(RELU(Az + v) — )

completes the proof. Here, we use RELU for multi-dimensional input by applying RELU element-
wise. From our choice of A,v, and K, if a{ x + b > 0, then f(z) = z. Suppose that a] = + b < 0.
In this case, from our choice of K, the second to the last coordinates of RELU( Az + v) are identical
to that of Ax + v. Namely, we have

fl@)=A"((Az +v—(aj z + b)er) —v) =2 — (af .+ b) A" 'ey 3)

where e; = (1,0,...,0) € R Since a ¢ > 0and a; ¢ = 0 forall i € {2,...,n}, the first column
of A=1 (i.e., A"ley) must be ¢/a ¢ = c¢/a ' c. Therefore, by Eq. (5), it holds that

a'z+b
alc

X C.

flx) = —

This completes the proof of Lemma 7.

B.6 PROOF OF LEMMA 10

The statement of Lemma 10 directly follows from repeatedly applying Claim 18. Specifically,
we iteratively construct (aq,b1),... and corresponding Ky, ... using Claim 18 so that diam(Kg \
K1), - < 6 until diam(KC,.) < ¢ for some r € N. Then, we choose (a,+1, b,1) such that

ICrJrl = ,Cr N H+(ar+17 br+1) = (Z)

Setting m = r + 1 completes the proof.

Claim 18. For any 6 > 0 and bounded set Ry C R™ with diam(R) < D for some D > 0, there
exist k € Nand (¢1,d1), ..., (ck, dg) C R™ X R such that

o diam(Rg \ R1),...,diam(Ry_1 \ Ri) < 6 and
e diam(Ry) < max{D — §2/(4D),0}

where R; = Ro N (ﬂj‘:l HT(c;,d;)) foralli € [k].

17
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Proof. Without loss of generality, we assume that Ry C By where By denotes the n-dimensional
closed ¢5-ball of radius D/2, centered at the origin. In addition, we assume that D > §; otherwise,

the statement of Claim 18 trivially follows. Let r = \/(D? — §2)/4,y = D/2 —r, u, = —x/||z|2
for each x € bd(By), and S = H T (uy,r). Then, we have

diam(By \ 8F) < 6. (6)

Let B; be an n-dimensional closed ¢5-balls of radius D/2 — /2 > r, centered at the origin, i.e.,
By C Byp. Since By \ int(B;) is compact and {R™ \ S} : = € bd(By)} is an open cover of
Bo \ int(B1), there exists a finite set Z C bd(By) such that

By \ int(By) C | J(R™\ ). (7)

z€T

Letk =|Z|,Z = {z1,...,2k}, ¢; = Ug,, and d; =« for all ¢ € [k]. Then by Eq. (6), it holds that
for all ¢ € [k]. Furthermore, by Eq. (7) and Ry C By, we have

R =Ro\ ( U®" \3;)) C Bo\ (Bo\ int(By)) C By.

z€T

This implies that

D D?-42 52
diam(Ry) < diam(By) =D — v = - +— 5 <D- iD

where the last inequality follows from the concavity of the square root: va —b < y/a — b/ (2[ )
for a > b > 0. This completes the proof of Lemma 10.

B.7 PROOF OF LEMMA 11

We first introduce the following lemmas.

Lemma 19. Lern > 2, P C R" be a convex polytope, z1, ...,z € R™ \ P be distinct points, and
H* C R™ be a closed half-space. Suppose that z1,...,z_1 € HT and z, ..., 2z, ¢ HT for some
l € [k]. Then, there exists a RELU network f : R™ — R™ of width n satisfying the following:

e f(x)=aforallz € P,

* f(z1),..., f(zx) are distinct, f(z;) ¢ P foralli € [k], and f(z1),..., f(z1) € HT.
Lemma 20. Letn > 2, P C R™ be a convex polytope, Ht C R™ be a closed half-space such that

POAHT #Dand P\HT # 0, and vy, ... ,vi, € HT \ P be distinct points. Then for any § € (0,1),
there exists a RELU network f : R™ — R"™ of width n satisfying the following:

s f(x)=aforallz € (PNHT)U{vi,..., v},

o there exist S C P\ H' and vy € R*\ (PNHT) U {v1,...,vx}) such that i, (S) >
5 (P \ M) and £(8) = fusr)

Consider the case n > 2. By repeatedly applying Lemma 19, one can construct a RELU network g;
of width n such that g (z) = z forallz € P, g1(u1),...,91(ux) € HT\P,and g1 (u1), ..., g1 (ux)
are distinct. Let v; = gy (u;) for all i € [k]. Next, we apply Lemma 20 to P, vy, ..., vk, and HT.
Then, one can construct a RELU network gs such that g2 (z) = z forallz € (PNHT)U{v1, ..., vk}
and go(S) = {vg41} forsome vi1 ¢ (PNHT)U{vy,..., v} and S C P\ H with p1, (S) >
d - ptn (P \ HT). Choosing f = g3 o g; completes the proof.

For the case n = 1, we can not directly apply Lemma 19 and Lemma 20. Nonetheless, by exploiting
the inclusion map ¢ : « — (x,0) for z € R, we can also yield the RELU network f = g2 0 g1 o ¢ of
width 2, which satisfies the statement of Lemma 11.

18



Published as a conference paper at ICLR 2024

Proof of Lemma 19. Let a; € R™\ {0} and b; € R such that Ht = {z € R" : a] z + b; > 0}.
Since P and {z;} are disjoint closed convex sets, by the hyperplane separation theorem (Boyd and
Vandenberghe, 2004), there exist az € R™ \ {0} and b3 € R such that

a;x+b2>0 for all z € P and a2Tz1+b2<O. 8)

Without loss of generality, we assume that as is not in the span of a;. Otherwise, we can consider
a slightly perturbed version of ay that is not in the span of a; and achieves (8); such perturbation
always exists since P and {z; } are bounded.

Now, for ¢ € R™ \ {0} such that a5 ¢ > 0, we apply Lemma 7 to construct a RELU network f.. of
width n of the following form:

.
z+b: . .
L2 e ifaja+by <0

2

{x ifaQTerszO

Then, from our choice of ag, bs, and f., (i) f.(x) = « for all x € P. Furthermore, consider ¢ € S

where
T T
a1 z1+b1 _ajx T T
S2zeR"\{0}: 22 2 <L gl >0,a2>00%.
{ \ {0} a;zl—i—bg_a;x ! 2

Then, we have

;
ar 2z +b
a fe(z) + b1 =aj z — QTC%M b, >0
2

where the inequality is from the definition of S and ag z; + by < 0. In addition, for any x €
R™, it holds that a| f.(x) > a{x. These inequalities imply that (ii) f.(21),..., f.(z1) € HT.
Furthermore, we have (iii) fo(21),..., fo(zx) & P: if ag z; + by > 0, then f.(z;) = 2z; ¢ P =
fo(P); otherwise, then ag f.(2;) + ba = 0 < ag x + by = ag f.(z) + by for all z € P. Here, one
can observe that p,,(S) > 0 (i.e., S is non-empty) since a; and a9 are linearly independent.

Lastly, we show that there exists ¢ € S such that f.(z1), ..., fc(2x) are distinct. From the definition
of f. and since z; # z; for all i # j, fo(2;) = fc(z;) only if z; — z; and c are linearly dependent.
However, the set of vectors that is in the span of z; — z; has zero measure with respect to fi,;
however, 1, (S) > 0. This implies that there exists ¢ € S such that f.(z1),. .., f.(zx) are distinct.
By (i)—(iii), choosing such ¢ € S and f = f. completes the proof. O

Proof of Lemma 20. Without loss of generality, we assume that the normal vector of the boundary
of H* is (1,0,...,0), i.., we consider

H+:H+:{(.’E1,...,1’n)€RnZ.’El-l-blZO}
for some by € R. Let 7 = (PNH) U {v1,..., 0},
by=1—-1x min _x; and H = {(z1,...,2,) ER™ 12y + b; > 0}

(T14ee0sn) €

forall i € [n]\ {1}. We note that b; is well-defined since 7T is compact. Furthermore, from the
definition of #;", it holds that 7 C (;_, H;".

For v > 0, let Ky = Pn{(z1,...,2,) € R" : 21 + b1 +7v < 0}, ie, Ky C P\ H;. Due
to the continuity of Lebesgue measure, there exists a small enough v* > 0 such that p, (K,~) >
§ - pun(P \ Hi). Here, we choose S = K~ In detail, let 7, = 1/n and consider corresponding
K, and an indicator function 1y . Then, our choice 1y is monotonically increasing on P\ HY
and converges almost everywhere on P \ H{ to 1x, = 173'\%1*' Then, by Lebesgue’s Monotone
Convergence Theorem (Rudin, 1987), 11,,( K., ) converges to i, (P \ H{"). Namely, we can choose
N € Nsuch that 1, (K ) >0 - i (P \ HT).

Let B; = SUP(a, ... 2.)ek,. i for all @ € [n] \ {1}; each f; is finite since ) is bounded.
Now, using Lemma 7, we construct a RELU network f; of width n of the following form: for
x=(x1,...,2,) ER"and ¢; = (1, —max{bs+ o +1,1}/7*, ..., — max{b, + 5B, +1, 1}/7*),

f1($)={

$—($1+b1)61 if$1+b1<0.
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From the definition of fi, we have fi(z) = =
the definition of K-, we have z; + b; + v* <
fl (I)l = 71)1 and

N, H; for all z € 7. In addition, from

€
0 for all (z1,...,2,) € K. This implies that

—(!El + bl) max{bi + Bz + ].7 1}

fl(x)l = 'Y*
S Ty — max{bl- —+ ﬂl —+ ]., 1}
< Bi —max{b; + #; + 1,1}
<—b—1

forall i € [n] \ {1} and for all € IC,+. Here, the first inequality is from —(z1 + b1) > 7* > 0
and max{b; + ; + 1,1} > 0. We use 3; > x; for the second inequality. This implies that
F(y) (Ui M) = 0.

Now, we construct RELU networks fo, ..., f,, of width n using Lemma 7 as follows: for z =
(x1,...,2n) € R"and i € [n] \ {1},

(mh...,xi,l,—bi,xi+1,...,xn) lf$1+bz<0

filz) = {

Here, one can observe that f;(z) = x € (;_, H; forallz € T and i € [n] \ {1}. Furthermore,
since f1(x); = —by forall z € K« and f1(K,+) N (Uj—y H;) = 0, we have

fn O---0 f2 fe) fl(’c’)’*) = (_bla —bg, ey —bn)
Since (—b1,...,—by) ¢ T (e.g, Min(y, . o )e7 T2 = 1 — by > —by), choosing f = f,, 0---0 f1
and vgy; = (—b1,...,—by,) completes the proof. O

B.8 PROOF OF LEMMA 12

LetH;j = {x € R" : 2" (v; —v;) = 0} forall i < j. Then, a'vy,...,a" vy are distinct if and
only if a ¢ {J,_; Hij. However, since p1,(H;;) = 0, we have i, (U;; Hi;) = 0, i.e., there exists
a € R™ \ (U;~; Hij). This completes the proof.

i<j
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C PROOF OF LOWER BOUNDS IN THEOREM 1 AND THEOREM 2

We first introduce the following lemmas.

Lemma 21 (Lemma 1 in (Cai, 2023)). For any activation function, networks of width max{dy, d, }
are not dense in both LP(IC, R%) and C(IC, R%).

Lemma 22. For any continuous monotone 1, 1 networks of width 1 are not dense in L? ([0, 1], R).

From Lemma 21 and Lemma 22, the proof of the lower bounds in Theorem 1 and Theorem 2 directly
follow.

Proof of Lemma 22. In this proof, we show that for any continuous monotone v, there exists a L”
measurable function f* : [0, 1] — R that cannot be approximated by any ) network of width 1, say
f, within 1/6 error measured by L? norm. Here, by the Holder’s inequality, it suffices to show that

If = f*ll = 1/6.

Since any compositions of continuous monotone functions are continuous monotone, without loss
of generality, we assume that a ¢ network f is a continuous and monotonically increasing function.

Consider f* : [0,1] — R defined as

. [0 ifze[0,1/3]U[2/3.1]
f(x)_{1 ifz € (1/3,2/3) ’

and let f(2/3) = ¢ for some ¢ € R. Then if ¢ < 0,

. i i 1
[o-piwz [ e [ el g
[0.1] [1/3,2/3] [1/3,2/3]

Likewise, if ¢ > 1,

. X L1
[or-pez [z [ ey
[0,1] [2/3,1] (2/3,1]

Furthermore, if ¢ € (0, 1),

/ If—f*ld:cZ/ If—f*ldchr/ |f — f*|dx
[0,1] [1/3,2/3] [2/3,1]
1

1 1
2/ IC—f*Id:c+/ le— f*ldr=2(1—¢)+ zc==.
[1/3,2/3] [2/3,1] 3 3 3

Hence, for any continuous monotone ¢ network can not approximate f* within 1/6 error, which
completes the proof. O
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D PROOF OF UPPER BOUND IN THEOREM 2

D.1 ADDITIONAL NOTATIONS

Throughout this section, we use RELU-LIKE for the set of RELU-like activation functions of our
interest, defined as

RELU-LIKE £ {SOFTPLUS, Leaky-RELU, ELU, CELU, SELU, GELU, SILU, MISH}.

Forn € Nand f : R — R, we denote f"(z) £ f o ---o f the n-th iterate of the function f. For
any continuous function f on a compact domain X C R", w,, y denotes the modulus of continuity
of f in the p-norm: || f(z) — f(z")|lp < wp f(||z — 2'||p) for all z, 2" € K. We note that such w,, s
is well-defined on a compact domain since f is uniformly continuous on a compact domain.

D.2 PROOF OF UPPER BOUND IN THEOREM 2

In this proof, we show that for any ¢ > 0, ¢ € RELU-LIKE, and RELU network f of width w,
there exists a ¢ network g with the same width w such that

If = gll, <e.

Then, combining the above bound and the upper bound wy,i, < {d., dy, 2} in Theorem 1 completes
the proof of the upper bound in Theorem 2.

To this end, we first introduce the following lemma. The proof of Lemma 23 is presented in Ap-
pendix D.3.

Lemma 23. For any given compact set K C R and activation function ¢ € RELU-LIKE, there
exists a sequence {hy} of p networks of width 1 such that it uniformly converges to RELU on K.

Lemma 23 states that for any given compact K C R, for each RELU-like activation function ¢,
and some fixed 6 > 0, there exist a sequence {h,, } of ¢ networks of width 1 and N € N such that
IRELU(x) — hny(z)|loc < donalln > N and x € K; we will assign an explicit value to § later.
We note that it suffices to show uniform convergence on an arbitrary compact set X since functions
of our interests are defined on compact domains.

Here, we denote a RELU network f as below, recalling (1):
f:tLO¢L_10-'-Ot20¢10t1

where L € N is the number of layers, ¢, : Ré-1 — R% js an affine transformation, and
¢e(z1,...,24,) = (RELU(21),...,RELU(zy4,)) for all £ € [L]. And, for each RELU-like ac-
tivation function ¢, we choose a ¢ network g via applying the same affine maps ¢4, ...,tr, and h,,,
which is satisfying Lemma 23, such that

g=tropr_10---0tgopioty

where pg(z1,...,2q,) = (hn(x1),..., hn(xq,)) for all £ € [L]. We further denote f; and g, by the
first £ — 1 layers of f and g with the subsequent affine layer ¢, respectively:

fe=tiogp10---opyoty and go=tyops_10---0pjoty
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Then, for each £ € [L] \ {1}, we have

fe — gellp = |lte © pe—1 0 fo1 —te o pe—1 0 ge—1llp
< wiyp (|10 fom1 —pe—10ge-1llp)
Swipp (lpe—10fo1 —de10geallp +1Pe—1090-1 — pe—10ge—1llp)

< Wiy p <||¢z1 o fr—1 — de—10gi-1p

1/p
+ (/[ y |pe—10ge-1(z) = pe—1 092—1(33)”507#%) >
0,1]d=

= Wi,,p <||¢e1 o fr—1—de—10gi-1llp

de—1

! </[0,1]dw 2

1/p
(RELU(ge-1(2):) - h<m1<>0cmd> )
i=1
We note that wy, ,, is well-defined on [0, 1]%= since ¢, is uniformly continuous on [0, 1]
For each i € [dy_1], by Lemma 23, there exists N; € N such that
IRELU(gr—1()i) — hn(ge—1(2)i)|loc <6
for all n > N; and = € [0, 1]%. Moreover, from the definition of ¢,_;, we have

[pe—10 fr1 = Pe—10ge-1llp S we,_ p([fe—1 = ge-1llp) < | fo—1 — ge—1llp-
Therefore, for n > max{N1,..., Ng,_, }, we have

1 fe — gellp < Wiy p <||¢e—1 o fo—1 — de—10ge—1llp

de—1 1/p
(/[ Z RELU(gr—1(7):) — hn(gz—l(l")i))pdﬂdx) )
0,1]4 i=1
< wip (Ife1 = geallp +6 x 4%, ©

with [| /1 = g1ll, = l[ta = tallp = 0.
Consequently, by iteratively applying (9), we get

1 = gllp < @i (111 = grllp +6 x d%,)

< Wipop (th_l,p <||fL72 —gr-2llp + 0 % dlL/fz) + 6 % d},/inl)

< Wi p (WtL_l,p ( T Wiap <||f1 —gillp+0x di/p> X di/fz) +0 x dlL/fl)
=y (w001 (o (S x A7) o 8 x d)?) + 0 x /). (10)

Thus, we can bound the right-hand side (10) of the above inequality within any € > 0, by choosing
sufficiently small § > 0. Hence, it completes the proof of the upper bound in Theorem 2.

D.3 PROOF OF LEMMA 23

In this section, we explicitly construct a sequence of ¢ network {h,, } satisfying Lemma 23. Namely,
we show that for any € > 0, for any compact set L C R, there exists N € N such that |h,(z) —
RELU(z)| < eforalln > N and z € K. Without loss of generality, we assume that K = [—m, M|
for some m, M > 0.
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1. ¢ = SOFTPLUS:

In this case, we claim that h,(z) = (t3 o ¢ o t1)(z) completes the proof for SOFTPLUS, where
t1(x) = nx and t2(z) = z/n. If x > 0, by the Mean Value Theorem, we have

|hn () — RELU(2)| = ﬂin log(1 + exp(Bnz)) — Bin log(exp(fnx))
<L
= 5n

Otherwise, if x < 0,
1 1
— REL = —log(1 — log(2
(@) = RELU()] = - 1og(1 + exp(Bn)) < 5 log(2

since SOFTPLUS is strictly increasing. Hence, choosing sufficiently large N € N such that 1/8N <
€, which completes the proof for SOFTPLUS.

2. ¢ = Leaky-RELU:
In this case, we claim that h, () = ¢™(z) completes the proof for Leaky-RELU. Here, from the
definition of Leaky-RELU, we only consider for z < 0. Then,

|hn(xz) — RELU(z)| = a™|z| < " xm
We note that o € (0, 1). Hence, choosing sufficiently large N € N such that o™ x m < &, which
completes the proof for Leaky-RELU.
3. = ELU:

Similar to the case ¢ = leaky-RELU, we claim that h, (z) = ¢™(z) completes the proof for ELU
and only consider for z < 0 from the definition of ELU. Since ELU is bounded below by —a,
strictly increasing, and ELU(0) = 0, we have

[hi(2)] < = |ha(z)| < a(l —exp(—a)) < «
= |h3(z)| < a(l — exp(—a (1 — exp(—a)))) < a (1 — exp(—a))
We note that the upper bound of the sequence {|h,,|} is strictly decreasing and its infimum is equal to

0. Thus, by the monotone convergence theorem, there exists NV € N such that |h,,(x) —RELU(x)| =
|hn(x)] < e forall n > N. Hence, this completes the proof for ELU.

4. ¢ = CELU:
Since CELU is a smooth variant of ELU, the proof technique for CELU is the same as ELU.
Consider hy,(z) = ¢"(x). Then, for z < 0, we have
|hi(z)] < a=lha(z)] < a(l —1/e) < «
= |hs(z)| < a(l —exp(l/e—1)) < a(l —1/e)

Likewise, we note that the upper bound of the sequence {|h,, |} is strictly decreasing and its infimum
is equal to 0. Thus, by the monotone convergence theorem, there exists N € N such that |k, (x) —
RELU(z)| = |hy(z)| < € for all n > N. Hence, this completes the proof for CELU.

5. ¢ = SELU:

From the definition of ELU and SELU, we can represent SELU as A\ x ELU. Hence, from the
proof for ELU, h,,(x) = (tx o ¢)™(x) completes the proof for SELU, where ¢ (z) = /.

6. ¢ = GELU:
In this case, we claim that h,, (z) = (tz20¢p0t1) () completes the proof for GELU, where t1 (z) = nz
and t2(z) = z/n. If x > 0, we have
1
ny/e

since P(Z > t) < exp(—t?/2) forall t > 0 where Z ~ N(0, 1). We note that the last inequality is
derived from its derivative. Otherwise, if z < 0,

lon(z) — RELU(z)| = 2(1 — ®(nz)) < zexp(—nz?/2) <

lon(z) — RELU(z)| = 2®(nz) < xzexp(—n?z?/2) < !

B

n
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since P(Z < t) < exp(—t?/2) for all t < 0 where Z ~ N(0,1). Hence, choosing sufficiently
large N € N such that 1/N < ¢, which completes the proof for GELU.

7. ¢ = SILU:

In this case, we claim that h,, () = (t20pot;)(x) completes the proof for SILU, where ¢1 (z) = nz
and to(x) = x/n. If £ > 0, we have

lon(2) — RELU(z)| = z <1 1 ) _ zexp(—nz)

" 1+exp(—nz) ) 1+ exp(—nz)

1
< zexp(—nzx) < —.
en

Note that the last inequality is derived from its derivative. Otherwise, if x < 0,
-z 1
n(z) — RELU = —< —.
on(2) @)= Tre(mm) < n
since 1 —x < exp(—x) for all z € R. Hence, choosing sufficiently large N € Nsuch that 1/N < e,
which completes the proof for SILU.
8. ¢ = MISH:

In this case, we claim that h,,(x) = (t20¢potq)(x) completes the proof for MISH, where t1(x) = nx
and t2(z) = z/n. If x > 0, we have

exp(nx))? —
|80n(17)RELU(g:)I<1(1+ p(nz)) 1)

(14 exp(nz))?+1
2z < T
(1+exp(nz))?+1 ~ 1+ exp(nz)

1
< -,
n
since 1 + x < exp(x) for all z € R. Otherwise, if x < 0,
(1+ exp(nz))? — 1
(1 +exp(nz))? +1
(1 + exp(nz))? — 1
2 4 exp(nx)

[ou (@) — RELU(2)| = —a x

=-—xe < —.
zexp(nz) < o

Note that the last inequality is derived from its derivative. Hence, choosing sufficiently large N € N
such that 1/N < ¢, which completes the proof for MISH.
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E PROOF OF LEMMA 8

In this proof, we show that for any € > 0, o that can be uniformly approximated by some sequence
of continuous injection, say ¢,,, and o network f of width w, there exists ,, network g of the same
width w such that

Hf_g”oo <e.

From the assumption, there exists a sequence of continuous injection {¢;, } that uniformly converges
to o on R. Namely, for any 6 > 0, there exists N € N such that ||p,(z) — 0(2)|lcc < ¢ for all
n > N and x € R; we will assign an explicit value to ¢ later.

Now, we denote a o network f as below, recalling (1):
f=trogr_10---otaopioty

where L € N is the number of layers, ¢, : R%-1 — R% is an affine transformation, and
¢e(z1,...,2q,) = (0(21),...,0(xq,)) forall £ € [L]. And, we choose a ¢, network such that

g=tropr_10---otagopioty
where py(z1,...,24,) = (on(x1),...,0n(xq,)) for all £ € [L]. We further denote f, and g, by the
first £ — 1 layers of f and g with the subsequent affine layer ¢,, respectively:

Je=tiogpq10---oproty and gp=tpopy_10---0proty
Then, for each ¢ € [L] \ {1}, we have
Ife = gelloe = [Ite 0 de—10 fro1 —teopriogeilloo
< Wiy,00 (lde—1 0 fo—1 — pe—1 0 ge—1]lo0)
< Wiy,00 ([@e—1 0 fo—1 — de—1 0 go—1lloo + ||Pe—1 0 ge—1 — pe—1 © gr—1|l00)

< Wte,oo<||¢€—1 o fo—1 — ¢e—1 0 go—1]loo

+ sup ée 0 fer(®) = pror o g (@)
z€[0,1]dz

= wtg,oo(”(lsffl o fom1—e—10 glleoo

+ sup max {O'(gé—l(ﬂf)i)—@n(gz_1($)i)}).
2€[0,1]do 1€[de—1]

We note that wy, ~ is well-defined on [0, 1]% since ¢, is uniformly continuous on [0, 1]%=.
Since o is uniformly approximated by ¢,,, for each i € [d;_1], there exists N; € N such that

lo(ge-1(2)i) = enlge-1(x)i)|loc <6
for all n > N; and € [0, 1]%. Therefore, for n > max{Ny, ..., Ng,_, }, we have

1o = gelloe < wrpe (6010 fem1 = Ge-1 0 ge-alloe

+ sup  max {0(9271(33)1')—son(gg,l(x)i)})
z€([0,1]4x i€[de—1]

< Wiy 00 (Wm_l,oo(Hffﬂ _gf71||00)+6) ) (11
with || f1 — g1ll, = |[t1 — t1]l, = 0. Again, note that wy, , ~ is well-defined on [0, 1]% since pp_;
is uniformly continuous on [0, 1]%-.

Consequently, by iteratively applying (11), we get
1f = glloo < wep00 (Wors.00 (If2-1 = gr—1ll) +9)
< Wty ,00 (wfi)L—l,OO (th—LOO (w¢L—2700 (”fL—Z - gL—QHOO) + 5)) + 6)

< Wip 00 (%L_l,oo (- (Wig,00 (W00 (I f2 = g2lloc) +6)) -+ ) + 5)
< Wip,,00 (w¢L717OO ( o (wt3,<>0 (w¢2,00 (th,oo (6)) + 6)) o ) + 5) (12)

Therefore, we can bound the right-hand side (12) of the above inequality within arbitrary € > 0, by
choosing sufficiently small § > 0. Hence, it completes the proof of Lemma 8.
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F MINIMUM WIDTH FOR L” APPROXIMATION OF RNNS

In Theorems 1 and 2, we prove the exact minimum width for L? approximation via networks using
RELU or RELU-LIKE activation functions. Using similar proof techniques, we investigate the
minimum width for LP approximation for other network architectures: recurrent neural networks
(RNN5s) and bidirectional RNNs (BRNNS5) in this section.

F.1 ADDITIONAL NOTATIONS

We first introduce additional notations that will be used throughout this section. Given a length T’
sequence of d-dimensional vectors x € RaxT (i.e., x is a matrix of d rows and T' columns), we
denote a token at index ¢ € [T] by x[t] € R? (i.e., the ¢-th column of z) and tokens from index
t; € [T) to ty € [T] by x[t] : ta] € R*E2=1+1D) for t; < 5 (i.e., the submatrix of 2 consisting
of its ¢1-th,...,to-th columns). We define recurrent cells used in RNN and BRNN architectures as
follows.

* RNN cell. A recurrent cell ITBE of the layer ¢ with hidden dimension d, maps an input sequence
x = (z[1],...,2z[T]) € R¥*T to an output sequence y = (y[1],...,y[T]) € R%*T such that

y[t + 1] = Re(2)[t + 1] 2 ¢o(Wo 1 Be()[t] + W[t + 1] + be),
where ¢¢(x1,...,24,) = (0(x1),...,0(xq,)) is a coordinate-wise activation function, and
VT/M, VT/g,g € Rxde and b, € R are the weight parameters. The initial hidden state fz[(a;)[o]
is set to be 0 € R%,
e BRNN cell. A bidirectional recurrent cell ﬁg of the layer ¢ with hidden dimension d, con-

sists of a pair of recurrent cells fig, f{g with the same hidden dimension, and additional weight
parameters Ay, B, € R%*% such that

éf(x)[t + 1] = ¢E(W€,1RE(I)[t] + ng:l)[t + 1] +Bg)7

P

Ro(2)[t — 1] £ ¢o(Wy 1 Re(2)[t] + Weaz[t — 1] + by),
ylt +1] = Re(x)[t] & AcRe(x)[t] + BeRo(x)[t],
where the initial hidden states R,(z)[0] and Ry(z)[T + 1] are set to be 0 € Ré.

* Network architecture. Given an activation function ¢ : R — R, token-wise linear maps
P :R%&XT 5 RIXT and Q : R™*T — R%*T (i.e., there are some linear maps ¢ : R% — R?
and ¢ : RY — R such that P(z)[t] = ¢(x[t]) and Q(z)[t] = (x[t])), and L recurrent cells

R1 RL with hidden dimensions d, . .., dy,, we define an RNN f as follows:
féQo]_%Lo--~ofiloP.

We denote a neural network f with an activation function o by a “o RNN”. If we replace RNN cells

él, ... ,]_%L to BRNN cells ]%1, ... ,]%L, then we denote a function f by a “o BRNN”. We define
the width of RNN (or BRNN) f as the maximum over dy, . ..,dy.

We now introduce function spaces to universally approximate via RNNs and BRNNs. GivenT' € N,
we define the target function class LP(XT, YT, which consists of all LP sequence-to-sequence
functions with length 7 from X C R% to )) C R%, endowed with the entry-wise LP-norm:
[flpp & ([yr 1 f(2)|E dz)'/? where || - ||, is the L), norm, i.e., an entry-wise matrix norm.
Unlike BRNNG, output tokens of RNN at index ¢ € [T'] only depend on z[1 : t] € R%*t. We refer
to such functions that only depend on past information as the past-dependent functions. Namely, a
function f : R®*T — R%XT ig past-dependent if

Ff(@)[t] = ge(z]1 : ¢])

for some g; R%*t — R4 for all t € [T]. For a target function class for universal approxi-
mation using RNNs, we consider past-dependent LP ([0, 1]4=*T R4>T") which is a space of all
past-dependent functions f such that f € LP([0,1]%=*T R‘W 72 For a target function class for
universal approximation using BRNNs, we consider L ( O 1]4 ,RdvxT)
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Table 2: A known bounds on the minimum width for LP approximation via RNNs and BRNNs using
RELU or RELU-LIKE activation functions. In this table, p € [1, 00) and all results with the domain
[0, 1]9=%T extends to KT where K denotes an arbitrary compact set in R%.

[ Reference [ Network | Function class Activations | Upper/lower bounds |
oo on | B0 [ DEm b o]
Theoremas | RN | 2200117 R o 5 | e e
Theorem26 | BRNN | L7([0,1)% %7 R%*T) RELIEE_ILIIJKE” - i EZigz ZZ: 3%

9§ requires the class to consist of past-dependent functions.

§ includes SOFTPLUS, Leaky-RELU, ELU, CELU, SELU, GELU, SILU, and MisSH where GELU, SILU,
and MISH requires d + d,, > 3.

|| do not require ds + d,, > 3 for GELU, SILU, and MISH.

Before describing our results, we introduce a recent work for universal approximation of RNNs
(Song et al., 2023). Song et al. (2023) show that the upper bound on the minimum width for universal
approximation is independent of the length of the input sequences. In particular, they consider
unbounded domain and prove that width max{d, + 1,d,} is necessary and sufficient for RELU
RNNs to be dense in the past-dependent LP(R% <7 R4 *T) and the same width max{d,, + 1,d,}
is sufficient for RELU BRNNS to universally approximate LP (R *T RdvxT),

F.2 OUR RESULTS

We are now ready to introduce our results on a compact domain. The first result characterizes the
exact minimum width of RNNs to be dense in past-dependent LP ([0, 1]%*T R *T). The proof of
Theorems 24 and 25 are presented in Appendix F.3 and Appendix F.4, respectively.

Theorem 24. Forany T € N, wyin = {d,, dy, 2} for RELU RNNs to be dense in past-dependent
LP([O, 1]dm ><T7 Rdy ><T).

Theorem 25. For any T € N, wnin = {d;,dy,2} for ¢ RNNs to be dense in past-
dependent LP([0,1]9:*T R%*T) if o € {ELU,Leaky-RELU, SOFTPLUS, CELU, SELU}, or
¢ € {GELU, SILU, MisH} and d, + d,, > 3.

Theorems 24 and 25 characterize the minimum width of RNNs using RELU or RELU-LIKE ac-
tivation functions to be dense in past-dependent L ([0, 1]%=*T R4 *T) is exactly max{d,, dy, 2},
which coincides with the fully-connected network case (Theorems 1 and 2). Further, Theorem 24
shows a dichotomy between the minimum width of RELU RNNs for LP approximation on the
compact domain and the whole Euclidean space. A similar observation also holds for RNNs using
RELU-LIKE activation functions using Theorem 25.

In order to prove the upper bound Wiy < {d, dy, 2} in Theorems 24 and 25, we use coding-based
proof techniques as in (Song et al., 2023) but with different coding schemes (e.g., as in Lemma 5).
The lower bound Wi, > {d, dy, 2} in Theorem 24 directly follows from the facts that for any
¢ € {RELU} U RELU-LIKE and ¢ RNN f, f(z)[1] = Qo Ry 0---0 Ry o P(x)[1] is a ¢
network and Wiy > max{d,,d,,2} is necessary for ¢ networks to be dense in L?([0, 1]%, R%)

(Theorems 1 and 2).

Our next result shows that the same upper bound in Theorem 24 also holds for RELU BRNNs and
BRNNSs using RELU or RELU-LIKE activation functions. The proof of Theorem 26 is presented in
Appendix F.5.

Theorem 26. For any T € N and ¢ € {RELU} U RELU-LIKE, Wiin < {d,, dy, 2} for ¢ BRNNs
to be dense in LP([0, 1]%*T Rav*T),
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F.3 PROOF OF THEOREM 24

F.3.1 PROOF OUTLINE FOR RELU RNNS

In this section, we show that for any past-dependent f* € LP([0,1]%*T R4*T) and ¢ > 0, there
exists a RELU RNN f : [0, 1]%*T — R4*T of width max{d,, d,, 2} such that

1f = Fllpp <e

Without loss of generality, we restrict the codomain to [0, 1]% <7, Then, since continuous functions
in C([0, 1)%=*T R4*T) are dense in LP([0, 1]4=*T R4 *T) (Rudin, 1987), it suffices to prove the
following statement: for any ¢ > 0, f/ € C([0,1]9=>T[0,1]%*T), there exists a RELU RNN
f:00,1]%*T — [0, 1]%*T of width max{d,, d,, 2} satisfying

If = fllpp < e

We explicitly construct such RELU RNN f using the coding scheme. To describe this, we present
the following lemmas where the proofs of Lemmas 27-29 are presented in Appendices F.6-F.8,
respectively.

Lemma 27. Given T € N and o, 8 > 0, there exist disjoint measurable sets Ty, ..., T;. C [0,1]%
and a RELU RNN gt : [0,1]%*T — RT of width max{d,, 2} such that

o diam(7;) < aforalli € [k],
. ,udz(Ule T:) >1— B, and

o ifz € [0,1]%*T satisfies x[t] € T;, for all t € [T, then g'(z)[t] = ¢;, for all t € [T, for some
distinct c1,...,c, € R,

Lemma 27 states that for any «, 8 > 0, there exist 7y, . . ., T, satisfying properties in Lemma 27 and
a RELU RNN g' of width max{d,, 2} that assigns distinct codewords to each token z[t] € T;, for
t € [T]. However, unlike the fully-connected network case, the ¢-th token of the RNN output must
be a function of z[1 : t]. To encode information of x[1 : t], we introduce the following lemma.

Lemma 28. Given T' € N and distinct c1, . .., c, € R, there exist
* distinct a; € R forall j € [k]*, and

» a RELU RNN gt : RYT — RY™T of width 2 such that for any (c;,, - - . , ¢, ) with iy, ... ir €

(]
g @)t = aj,
forallt € [T) where ji = (i1,...,1t).
Lemma 28 states that for any set of codewords {cy,...,cx}, there exists an RNN encoder imple-

mented by a RELU RNN g* of width 2 that maps any vector of codewords (c;, , ... , i, ) of length
t € [T7] into a single scalar codeword a;, ... ;,) With the following property: different vectors are
mapped to distinct scalar codewords.

By Lemmas 27 and 28, one can observe that for any o, 3 > 0, there exist 71,..., 7 C [0, 1]%=,
a RELU RNN ¢’ of width max{d,,2}, and a; € Rforall j € Uthl [k] satisfying the following

properties:
e diam(7;) < aforalli € [k],
o« pa, (U, T) =1 -5,
® aj 7’5 Qg lf] #j/, and
e if o € [0,1]%*7T satisfies z[t] € T;, forall t € [T}, then ¢’ (2)[t] = a,,..i,)-
Namely, if v € T, x - x Tj,, then ¢'(2)[t] = a, ..

i)

We next construct a RELU RNN that maps each (a(il), e a(ihm,iT)) to some y € R%*T such
that y[t] approximates f'(7;, x --- x T;,.)[t] forall ¢t € [T)].
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Lemma 29. Given T € N, p > 1, v > 0, distinct ay,...,a;, € R, and v1,...,0,, € Rdv,
there exists a RELU RNN h : RYXT — [0,1]%*T of width max{d,, 2} such that for any v =
(@jys- - ajp) with ja,..., jr € [m],

[P (2)[t] = vsllp <~
forallt € [T)].

By combining Lemmas 27-29, one can observe that for any «, 3,7~ > 0, there exist T1,...,Tx C
[0,1]%, a RELU RNN f of width max{d,, d, 2}, and v; € R% forall j € Uthl [k]* satisfying the
following properties:

o diam(7;) < aforall i € [k],

* ,U/dL(Uleﬂ) >1 _ﬁ»

if z € [0, 1]%*T satisfies z[t] € T;, for all ¢ € [T, then

5G]~ £ @l < e (0T + (6, T28)7 + TV
forall t € [T],' and
o if z € [0, 1]9 %7 satisfies z[t] ¢ T;, for some t € [T, then f(z) € [0, 1]%*T.

We will show that such RNN f of width max{d,,d,, 2} satisfies || f — f’||,, < € under proper
choices of v, 3,y > 0.

F.3.2 OUR CHOICES OF «, 3,7 FOR RELU RNNS

We choose sufficiently small @ > 0 so that wy,, ) s (aVT) < e/2'1/P, 8 = ¢P/(2d,T?), and

~ = ¢/(21+1/PT1/P). For convenience, we use T 2 (Ji_, T;. Under this setup, we bound the error
using the following inequality:

15 = 5= [ 1) = @) yduaar
[0,1)d2 %7

<Tx sup / 1F @) — F@) AP g + / 1£(@) — F@) |2 dpar. (13)
[071]dw><T\TT TT

1<t<T

We first bound the first term in RHS of Eq. (13). Note that both f and f” have codomain is [0, 1]%.

T x sup / 1 (x) = f(@)II} pdrazr
[0,1]da X T\ TT

1<t<T
T
=T x dypa,r | |J0, 1% T x ([0,1)% \ T) x [0, 1]4%*E~1)
j=1
T
<Tdy Y (1= pa,(T)) < dy T8 < &7/2, (14)
j=1

'W(p,p),F,- denotes the modulus of continuity of f’ in the L, ,-norm and Frobenius-norm: |[|f’(z) —
F@)low < wpprg (o —a'||r) forall z,2” € [0,1]% 7.
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We next bound the second term in RHS of Eq. (13) using Minkowski’s inequality as follows:
|18 = 1@ s
TT
- X [ 1@ = P @I i

covirelk] Y sz Tis

S Z /T Hf ZJT)_fl($)||p=p+||f($)_f/(ZjT)”P,P)pd:udzT
ZTE[k =1 ‘é
1/p
< X ( /. |f’<ij>—f’(w)Hﬁ,pduM)
Tl genny i €[k] s=1 Tis
1/p]P
+ ( [ - <zJT>ppdﬂm>
a=1 Tis
1/p
I [, WG - r@
il,...,iTE[k:] Hs:lﬁs
1/p]?
X [ 1@ - el e
i1,...,07 E[K] Hs:17—is
1/p
<l X [.  (@onrrz—ale) duar
Tl genny ir €[k] Hs:17-is
1/p] P
+ Z / Z I f(@)[t] — vy, Ipdptazr
i, oizelk] Y o=t Tis {eqm
1/p
p
< Z /T (W(p,p),F,f’ (aﬁ)) dptdar
Q1,07 €[K] Hs:ltns
1/p] P
+ > / . DyPdpasr
iryeirelk] Y o=t Tis
p
= (w<p,p>,F,f' (@\/T) +T1/”7> <eb/2 (15)

where z;, € Hfil T, for all i; € [k]. The second term in the above bound used our construction
of v;, and f = h o g* o g'. By combining Egs. (13)—(15), we have

* 5
— <S4if<¢
||f f ||P»p — 2 2

This completes the proof of Theorem 24.

F.4 PROOF OF THEOREM 25

In this section, we prove that any RELU RNN (or BRNN) f can be approximated by an RNN (or
BRNN) g of the same width using any of RELU-LIKE activation functions, within any uniform

error. Note that a RELU RNN f of width w does not imply f is a RELU network with width w.
Hence, we need the following extended definition for analysis of RELU RNN.
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Given an activation function o : R — R, we define a o token-network as follows:

f(x1,22,...,27) Eppothr_1 0+ 0y 0y, (16)

where 1, is one of the following operations.

* applying affine transformation ¢(-) on k-th token:

A
Uiy kT, 22, .. o) = (21,22, .., H(2g), ... 27)
where W; € R%x4 b, € R%, ;, € R? and t(z) = Wyx + by for some d, d; € N.
* element-wise o activation on k-th token:
A
¢o,k($17$27 B Z‘T) = ($173327 s a¢o($k)a cee a‘rT)
where ¢, is an element-wise activation function.
* copying the k-th token 1. to a new token:
A
wc,k(xlaw% v axT) == (xlmea s, Xy, xk)
* adding two tokens with the same dimension into a new token:
A
Vs k1 (T1, 2,5 .., 1) = (T1, T2,y - - o, TT, Th + T1)
* deleting k-th token:
A
Yar(®1, T2, ..., 27) = (1, T2y - 1, Tht 1y - - -, TT)

The width w of a o token-network f is defined as the maximum of input/output dimensions of affine
transformations ¢ that are applied in f. Remark that o RNN (or BRNN) of width w is a o token-
network with width w. If we define ||(z1,...,27)|lc0 = supe(r) ||7¢]/oc, We can apply the same
method as in the proof of Lemma 8 in Appendix E. When 1 is either copying or deleting, then

[P(X) = (Y)lloo < IX =Yoo
and when 1 is adding tokens, then
[9(X) = (V)0 < 21X =Yoo
above error bound holds.
So for a given RELU token-network f, the following inequality holds for every ¢ in f:
[9(X) = (V) l[oo < max{2, M}H|X — Yo

where M is maximum value of norm of affine transformation ||W}|| in f. Therefore, using the
identical method as in Appendix E, we are able to construct RELU-LIKE token-network ¢ such that

1F(X) = 9(X)]leo <&

Since uniform convergence of functions in compact domain implies p-norm convergence, we are
able to extend the result of RELU RNNs to RNNs using RELU-LIKE activation functions, hence
the proof of Theorem 25 is completed.

F.5 PROOF OF THEOREM 26

In this proof, we follow the discussion in Appendix F.3. We use Lemmas 27 and 29 and a modified
version of Lemma 28 to construct encoder and decoder BRNNSs. The modified lemma is as follows:

Lemma 30. Given T' € N and distinct c1, . .., c, € R, there exist

* distinct a;, 5, € R forall t € [T, j; € [k]', and j; € [K]" ", and

» a RELU RNN ¢ : R™T — RYT of width 2 such that for any x = (c;,,...,Ci) With
il,...,iT S [ki]

32



Published as a conference paper at ICLR 2024

gH(@)[t] = aj, 7,
forallt € [T) where j; = (i1,...,i;) and j; = (iy,...,iT).

Note that aj, in Lemma 28 only depends on the past whereas a;, ;. in Lemma 30 depends both on

the past and future. The proof of Lemma 30 is provided in Appendix F.9.

Now, we are ready to construct our BRNN model f. First, Lemma 27 ensures that there exist
Ti,...,Tw C [0,1]% and a RELU RNN g of width max{d,,2}. Also from Lemma 30, there

exista;; € Rforall j,j € U [k]" x [k]T~*1,j[t] = j[0], and a RELU RNN ¢! satisfying the
following properties:
e diam(7;) < aforalli € [k],
k
* Mdz(Uizlﬂ) 2 1 76,
* aj.j # aj/,f’ if (]75) # (j/7j/)’ and
o if x € [0,1]%*7T satisfies z[t] € T;, forall t € [T, then g* o g'(2)[t] = a(;

1yeesit ), (Bt yennsir )

Namely, if 2 € T;, x -+ x Tj, then g* o g™(@)[t] = ag,....ir),(ir,....iv)- Now, for a given target
function f* € LP([0,1]%*T R%*T), we choose z;, € [J._, T;. as in Appendix E.3. Then, we
define:

Yjige = f/(ZjT)[t]'
By Lemma 29, one can construct decoder . with respect to v;, 3, such that

[ (a <7

jtJt) - vjtJt ||p

Note that h is a token-wise function that can be constructed by a RELU BRNN. Then, the error
bound in Appendix F.3 indicates that for any € > 0, we have

1% = fllpp <€
where f = ho gt o g.

Hence, using the extension of RELU token-network to RELU-LIKE token-network as in Ap-
pendix F.4 completes the statement of Theorem 26.

F.6 PROOF OF LEMMA 27

To this end, we recall the statement of Lemma 5: For any «, 5 > 0, there exist disjoint measurable
sets 71, ..., Tr C [0,1]% and a RELU network g : R% — R of width max{d,,, 2} such that

o diam(7;) < aforall i € [k],

* pa, (Ui, 70) = 1 - B,and
» g(T;) = {c;} for all i € [k], for some distinct ¢y, . ..,cx € R.

Therefore, the statement of Lemma 27 directly follows from token-wise implementing a RELU
network g, that is, g'(z) = (g(z[1]),. .., g(z[T])) for any = € [0, 1]4=*T.

F.7 PROOF OF LEMMA 28

In this section, we explicitly construct a RELU RNN f : RYT — R!XT satisfying the statement of
Lemma 28. Without loss of generality, we assume that the distinct points cy, . . . , ¢ are contained in
[0, 1]. Then, we quantize each distinct point in the binary representation using a token-wise RELU
network g : R — R of width 2 such that forany K € N, § > 0, and all z € [0,1] \ Dk s,

9(x) = g (z)

K
where Dk 5 = Ule_l(i x 27K —§, i x 27K). The existence of such g is ensured from Lemma 16.
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Here, we recall the definition of the quantization function. A quantization function g : [0,1] = Cx
for K € Nand Cx = {0,27K 2 x 275 3 x 27K ... 127K} is defined as

qi () = max{c € Cx : c < z}.

One can observe that g preserves the first K-bits in the binary representation and discards the
rest bits. Nonetheless, we can ignore the information loss, which is the duplication of points,
incurred from the quantization by choosing sufficiently large K and small § so that 2~ (K+1D <
infi7gj€[k] ‘Ci - Cj| and § < 2~ (K+2),

Subsequently, we implement a RNN cell R : RYXT — RYT of width 1 defined as follows:
R(z)[t + 1] = RELU(2™% x R(z)[t] + [t + 1]).

Then, such R successfully accumulates (d, x t)-bits of the binary representation of z[1 : ¢] € R *?
foreach ¢t € [T] since g({c1,...,cx}) C [0,1].

Lastly, let G : R1™*T — R'*7 be a RELU RNN of width 2 such that G(z) = (g(z[1]), ..., g(z[T]))
forall z € R% <7 Then, the RELU RNN f = R o G of width 2 completes the proof of Lemma 28.

F.8 PROOF OF LEMMA 29

From Lemma 6, there exits a RELU network g : R — [0, 1]%% of width max{d,,, 2} such that for
any p > 1,v > 0, m € N, distinct a, ..., a, € R,and vy, ..., v, € R%,

lg(ai) —villp < v
for all ¢ € [m]. Therefore, the statement of Lemma 29 directly follows by token-wise implementing
such RELU network g, that is, h(x) = (g9(aj,),- - ., g(a;,)) forany ji,...,jr € [m].

F.9 PROOF OF LEMMA 30

In this section, we follow the similar arguments as in Appendix F.7 to construct RELU BRNN
f i RYXT 5 RIXT gatisfying the statement of Lemma 30. Again, we assume that the distinct points
¢1,...,cx are contained in [0,1]. Then, there exists a token-wise RELU network g : R — R of
width 2 such that for any K € N, § > 0, and all z € [0, 1] \ Dg s,

9(x) = qx (z)

where D s and quantization function ¢k (x) is defined in Appendix F.7. Next, choose the same
precision K and small enough § that satisfies 2~ K+ < inf, (4 |¢; — ¢;] and 6 < 27 (K+2),

We now implement a BRNN cell £ : R7*7 — R1XT of width 1 defined as follows:
R(z)[t + 1] = RELU(2™ % x R(z)[t] + [t + 1)),
(@)[t — 1] = RELU2™K x R(x)[t] + 2752t —1]),
R(@)lt] = R)lt] + R()[t)

=9t

Then, & successfully accumulates (d,, x t)-bits for z[1 : ] and (d, x (T — t + 1))-bits for z[t : T).

Note that 2~ 5T z[t — 1] in R enables us to prevent overlapping of information from R by storing
data bits in different positions.

Lastly, let G : RY>T — RYXT be a RELU BRNN of width 2 such that G(r) =

(9(z[1]),...,g(z[T))) forall 2 € R%*T_ Then, the RELU BRNN f = Ro G of width 2 completes
the proof of Lemma 30.
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