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Abstract

We examine the problem of regret minimization when the learner is involved
in a continuous game with other optimizing agents: in this case, if all players
follow a no-regret algorithm, it is possible to achieve significantly lower regret
relative to fully adversarial environments. We study this problem in the context of
variationally stable games (a class of continuous games which includes all convex-
concave and monotone games), and when the players only have access to noisy
estimates of their individual payoff gradients. If the noise is additive, the game-
theoretic and purely adversarial settings enjoy similar regret guarantees; however,
if the noise is multiplicative, we show that the learners can, in fact, achieve constant
regret. We achieve this faster rate via an optimistic gradient scheme with learning
rate separation — that is, the method’s extrapolation and update steps are tuned to
different schedules, depending on the noise profile. Subsequently, to eliminate the
need for delicate hyperparameter tuning, we propose a fully adaptive method that
attains nearly the same guarantees as its non-adapted counterpart, while operating
without knowledge of either the game or of the noise profile.

1 Introduction

Owing to its simplicity and versatility, the notion of regret has been the mainstay of online learning
ever since the field’s first steps [9, 26]. Stated abstractly, it concerns processes of the following form:

1. Ateachstaget = 1,2,..., the learner selects an action z; from some d-dimensional real space.

2. The environment determines a convex loss function ¢; and the learner incurs a loss of £;(x;).

3. Based on this loss (and any other piece of information revealed), the learner updates their action
Ty < x4+1 and the process repeats.

In this general setting, the agent’s regret Reg is defined as the difference between the cumulative
loss incurred by the sequence xy, t = 1,2, ..., T, versus that of the best fixed action over the horizon
of play T'. Accordingly, the learner’s objective is to minimize the growth rate of Reg,, guaranteeing
in this way that the chosen sequence of actions becomes asymptotically efficient over time.

Without further assumptions on the learner’s environment or the type of loss functions encountered,
it is not possible to go beyond the well-known minimax regret bound of Q(\/T) [27, 56], which is
achieved by the online gradient descent (OGD) policy of Zinkevich [59]. However, this lower bound
concerns environments that are “adversarial” and loss functions that may vary arbitrarily from one
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Figure 1: The behavior of different algorithms on the game minger maxger 8¢ when the feedback is corrupted
by noise. Left: trajectories of play. Center: regret of Player 1. Right: distance to equilibrium. Adaptive OptDA+
is run with ¢ = 1/4. See Example 1 for the details of the model and Appendix C for additional figures.

stage to the next: if the environment is “smoother” — and not actively seeking to sabotage the learner’s
efforts — one could plausibly expect faster regret minimization rates.

This question is particularly relevant — and has received significant attention — in the backdrop of
multi-agent learning in games. Here, the learners’ environment is no longer arbitrary: instead, each
player interacts with other regret minimizing players, and every player’s individual loss function
is determined by the actions chosen by all players via a fixed underlying mechanism — that of a
non-cooperative game. Because of this mechanism — and the fact that players are changing their
actions incrementally from one round to the next — the learners are facing a much more “predictable”
sequence of events. As a result, there has been a number of research threads in the literature showing
that it is possible to attain near-constant regret (i.e., at most polylogarithmic) in different classes
of games, from the work of [15, 35] on finite two-player zero-sum games, to more recent works on
general-sum finite games [1, 2, 17], extensive form games [22], and even continuous games [30].

Our contributions in the context of related work. The enabling technology for this range of
near-constant regret guarantees is the optimistic gradient (OG) algorithmic template, itself a variant
of the extra-gradient (EG) algorithm of Korpelevich [38]. The salient feature of this method — first
examined by Popov [52] in a game-theoretic setting and subsequently popularized by Rakhlin and
Sridharan [53] in the context of online learning — is that players use past gradient information to take
a more informed “look-ahead” gradient step that stabilizes the method and leads to lower regret. This,
however, comes with an important caveat: all of the above works crucially rely on the players’ having
access to exact payoff gradients, an assumption which is often violated in practice. When the players’
feedback is corrupted by noise (or other uncertainty factors), the very same algorithms discussed
above may incur superlinear regret (cf. Figure 1). We are thus led to the following natural question:

Is it possible to achieve constant regret in the presence of noise and uncertainty?

Our paper seeks to address this question in a class of continuous games that satisfy a variational
stability condition in the spirit of [30, 42]. This class contains all bilinear min-max games (the
unconstrained analogue of two-player, zero-sum finite games), cocoercive and monotone games, and
it is one of the settings of choice when considering applications to generative models and robust
reinforcement learning [12, 29, 34, 41]. As for the noise contaminating the players’ gradient feedback,
we consider two standard models that build on a classical distinction by Polyak [51]: (a) additive;
and (b) multiplicative gradient noise. The first model is more common when dealing with problem-
agnostic first-order oracles [46]; the latter arises naturally in the study of randomized coordinate
descent [46], asynchronous player updating schemes [5], signal processing and control [55], etc.

In this general context, our contributions can be summarized as follows:

1. We introduce a learning rate separation mechanism that effectively disjoins the extrapolation and
update steps of the OG algorithm. The resulting method, which we call OG+, guarantees O( \/T)
regret in the presence of additive gradient noise; however, if the noise is multiplicative and the
method is tuned appropriately, it achieves constant O(1) regret.

2. On the downside, OG+ may fail to achieve sublinear regret in an adversarial environment. To
counter this, we propose a “primal-dual” variant of OG+, which we call OptDA+, and which
retains the above properties of OG+, while achieving O( VT ) regret in the adversarial case.



Adversarial All players run the same algorithm

Bounded feedback Additive noise Multiplicative noise
Regret Regret Convergence Regret Convergence
oG X X X X X
OG+ X Vtlogt v constant v
OptDA+ Vi Vit - constant e
AdaOptDA+ (¢ = 1/4) t3/4 Vit - constant v

Table 1: Summary of the results obtained in the paper. The cross X indicates a negative result (divergence of
trajectory or potentially unbounded regret with decreasing stepsize) while a dash “—” means that the behavior of
the algorithm is unknown. Our methods improve upon vanilla OG by separating the two step-size schedules.

3. Subsequently, to obviate the need for delicate hyperparameter tuning, we propose a fully adaptive
method that enjoys nearly the same regret guarantees as mentioned above, without any prior
knowledge of the game or of the uncertainties involved. Interestingly, our method features a
trade-off between achieving small regret when facing adversarial opponents and achieving small
regret when facing opponents that adopt the same prescribed strategy, which prevents us from
obtaining the optimal O(+/T') regret bound in the former situation.

4. Finally, we complement our analysis with a series of equilibrium convergence results for the
range of algorithms presented above under both additive and multiplicative noise.

To the best of our knowledge, our work is the first in the literature to point out that constant regret may
still be achievable in the presence of stochasticity (even in the simplest case where the noise profile is
known in advance). In this regard, it can be seen as a first estimation of the degree of uncertainty
that can enter the process before the aspiration of constant (or polylogarithmic) regret becomes an
impossible proposition.'

A summary of our results is presented in Table 1. In the paper’s appendix, we discuss some further
related works that are relevant but not directly related to our work. We also mention here that
our paper focuses on the unconstrained setting, as this simplifies considerably the presentation and
treatment of multiplicative noise models. We defer the constrained case (where players must project
their actions to a convex subset of Rd), to future work.

2 Problem Setup

Throughout this paper, we focus on deriving optimal regret minimization guarantees for multi-agent
game-theoretic settings with noisy feedback. Starting with the single-agent case, given a sequence of
actions r; € X = R? and a sequence of loss functions f;: X — R, we define the associated regret
induced by x; relative to a benchmark action p € X" as

T

Regr(p) = Z[ft(xt) — fi(p)]. (1

t=1

We then say that learner has no regret if Regr(p) = o(T') for all p € X. In the sequel, we extend
this basic framework to the multi-agent, game-theoretic case, and we discuss the various feedback
model available to the optimizer(s).

No-regret learning in games. The game-theoretic analogue of the above framework is defined
as follows. We consider a finite set of players indexed by i € N = {1,...,N}, each with
their individual action space X i = R% and their associated loss function ¢*: X — R, where
X = II;c A" denotes the game’s joint action space. For clarity, any ensemble of actions or functions
whose definition involves multiple players will be typeset in bold. In particular, we will write

"'We also note that under the additional assumption of cocoercivity, a constant regret bound can be derived
from [41, Th. 4.4]. That being said, extending this result to the broader family of variationally stable games that
we address here requires non-trivial modifications (to both the algorithm and the analysis).



x = (2%, x~%) € X for the action profile of all players, where ¢ and x ¢ respectively denote the
action of player ¢ and the joint action of all players other than 7. In this way, each player i € N incurs
at round ¢ a loss ¢¢(x;) which is determined not only by their individual action z¢, but also by the
actions x;_ ¢ of all other players. Thus, by drawing a direct link with (1), given a sequence of play xt,
the individual regret of each player i € N is defined as

T
Regr(p) = > U(af,x; ") — L(p', %), )
t=1
From a static viewpoint, the most widely spread solution concept in game theory is that of a Nash
equilibrium, i.e., a state from which no player has incentive to deviate unilaterally. Formally, a point
X, € X is a Nash equilibrium if for all i € A" and all z° € X, we have £*(z¢,x; %) < ¢'(2?,x;"). In
particular, if the players’ loss functions are assumed individually convex (see below), Nash equilibria
coincide precisely with the zeros of the players’ individual gradient field, denoted by V¢ = Vi £%,
That is, x, is a Nash equilibrium if and only if V(x,) = 0. We will make the following blanket
assumptions for all this:

Assumption 1 (Convexity and Smoothness). Forall i € NV, ¢*(-,x ") is convex at all x* and the
individual gradient of each player Vi ¢ is L-Lipschitz continuous.

Assumption 2 (Variational Stability). The solution set X, = {x € X' : V(x) = 0} of the game is
nonempty, and for all x € X, x, € X, we have (V(x),x — %) = > .o\ (V' (x), 2" — 2%) > 0.

The convexity requirement in Assumption 1 is crucial in the literature of online learning; otherwise,
it is not possible to transform iterative gradient bounds to bona fide regret guarantees. In a similar
vein, variational stability can be seen as a variant of the convexity assumption for multi-agent
environments, where unilateral convexity assumptions do not suffice to give rise to a learnable game
— for example, finite games are unilaterally linear, but finding a Nash equilibrium of a finite game
is a PPAD-complete problem [14]. Our work thus focuses on games that satisfy the variational
stability condition. Some important families of games that are covered by this criterion are monotone
games (i.e., V is monotone), which in their turn include convex-concave zero-sum games, zero-sum
polymatrix games, Cournot oligopolies, etc.

It is also worth noting that several recent works [1, 17, 21] have managed to bypass Assumption 2
when the players have access to perfect feedback; whether these techniques are applicable in the
stochastic setup is an open question. In any case, Assumption 2 seems crucial for the last-iterate
convergence presented in Section 6.

Oracle feedback and noise models. In terms of feedback, we will assume that players have access
to noisy estimates of their individual payoff gradients, and we will consider two noise models, additive
noise and multiplicative noise. To illustrate the difference between these two models, suppose we wish
to estimate the value of some quantity v € R. Then, an estimate of v with additive noise is a random
variable 0,qq of the form ¥,qq = v + £.qq for some zero-mean noise variable £,44; analogously, a
multiplicative noise model for v is a random variable of the form ?,,,11 = v(1 + &mue) for some zero-
mean noise variable &,,t. The two models can be compared directly via the additive representation
of the multiplicative noise model as Dyu1t = v + Emule v, Which gives Var[€.qa] = v Var[€mue].

With all this in mind, we will consider the following oracle feedback model: let gi = V¥(x;) + &}
denote the gradient feedback to player i at round ¢, where £} represents the aggregate measurement
error relative to V#(x;). Then, with (F;);cy denoting the natural filtration associated to (x; )y and
E:[-] = E[- | 7] representing the corresponding conditional expectation, we make the following
standard assumption for the measurement error vector &, = (£);en-

Assumption 3. The noise vector (£,):cn satisfies the following requirements for some o 4, 0 > 0.
(a) Zero-mean: Foralli € N andt € N, E,[¢]] = 0.
(b) Finite variance: For alli € N and t € N, E,[||£}]|?] < 02 + o2, |V (%)%

As an example of the above, the case 0 4, 0 = 0 corresponds to “perfect information”, i.e., when
players have full access to their payoff gradients. The case 04 > 0, opr = 0, is often referred to
as “absolute noise”, and it is a popular context-agnostic model for stochastic first-order methods,
cf. [33, 45] and references therein. Conversely, the case 04 = 0, op; > 0, is sometimes called
“relative noise” [51], and it is widely used as a model for randomized coordinate descent methods
[46], randomized player updates in game theory [5], physical measurements in signal processing and



control [55], etc. In the sequel, we will treat both models concurrently, and we will use the term
“noise” to tacitly refer to the presence of both additive and multiplicative components.

3 Optimistic gradient methods: Definitions, difficulties, and a test case

To illustrate some of the difficulties faced by first-order methods in a game-theoretic setting, consider
the standard bilinear problem mingeg maxgeg 09, ie., £1(0,¢) = 0p = —%(0, ¢). This simple
game has a unique Nash equilibrium at (0, 0) but, despite this uniqueness, it is well known that
standard gradient descent/ascent methods diverge on this simple problem [16, 43]. To remedy this
failure, one popular solution consists of incorporating an additional extrapolation step at each iteration
of the algorithm, leading to the optimistic gradient (OG) method

i i i i i
Ty =Ty — 200419 + M Gi—1

where 7} is player 1’s learning rate at round ¢. For posterity, it will be convenient to introduce the
auxiliary iterate X; and write X} 1= xy for the actual sequence of actions. The above update rule
2

then becomes 4 4 o _ ' _ 4
th+% = X{ — M1, Xt1+1 =X; - 77;-1-19;- (0G)

This form of the algorithm effectively decouples the learner’s extrapolation step (performed with
gi_, which acts here as an optimistic guess for the upcoming feedback), and the bona fide update
step, which exploits the received feedback g to update the player’s action state from X} to X/, ;.
This mechanism helps the players attain a) lower regret when their utilities vary slowly (from an
online learning viewpoint) [13, 53]; and b) near-constant regret when all players employ the said
algorithm in certain classes of games [1, 2, 17, 22, 30].

However, the above guarantees concern only the case of perfect gradient feedback, and may fail
completely when the feedback is contaminated by noise, as illustrated in the following example.

Example 1. Suppose that the game’s objective is an expectation over L1 (6, ¢) = 30¢ and L5(6, ¢) =
—f¢ so that /1 = —(? = (L1 + L3)/2. At each round, we randomly draw £; or L with probability
1/2 and return the gradient of the sampled function as feedback. Assumption 3 is clearly satisfied
here with 04 = 0 and o7 = 2, i.e., the noise is multiplicative; however, as shown in Figure 1,
running (OG) with either constant or decreasing learning rate leads to i) divergent trajectories of play;
and ii) regret oscillations that grow linearly or even superlinearly in magnitude over time.>

In view of the above negative results, we propose in the next section a simple fix of the algorithm that
allows us to retain its constant regret guarantees in the presence of multiplicative noise.

4 Regret minimization with noisy feedback

In this section, we introduce OG+ and OptDA+, our backbone algorithms for learning under uncer-
tainty, and we present their guarantees in different settings. All proofs are deferred to the appendix.

Learning rate separation and the role of averaging. Viewed abstractly, the failure of OG in the
face of uncertainty should be attributed to its inability of separating noise from the expected variation
of utilities. In fact, in a noisy environment, the two consecutive pieces of feedback are only close in
expectation, so a player can only exploit this similarity when the noise is mitigated appropriately.

To overcome this difficulty, we adopt a learning rate separation strategy originally proposed for the
EG algorithm by Hsieh et al. [29]. The key observation here is that by taking a larger extrapolation
step, the noise effectively becomes an order of magnitude smaller relative to the expected variation of
utilities. We refer to this generalization of OG as OG+, and we define it formally as

X =Xi—mgia, Xig=X{ — a0, (0G+)

where v§ > 7! > 0 are the player’s learning rates (assumed J;_1-measurable throughout the sequel).
Nonetheless, the design of OG+ is somehow counter-intuitive because the players’ feedback enters

“By superlinear we mean that the regret grows faster than ©(T'), and this is possible here because neither the
action set nor the feedback magnitude is bounded.



the algorithm with decreasing weights. This feature opens up the algorithm to adversarial attacks that
can drive it to a suboptimal regime in early iterations, as formally shown in [49, Thm. 3].

To circumvent this issue, we also consider a dual averaging variant of OG+ that we refer to as
OptDA+, and which treats the gradient feedback used to update the players’ chosen actions with the
same weight. Specifically, OptDA+ combines the mechanisms of optimism [16, 53], dual averaging
[30, 48, 57], and learning rate separation [29] as follows

t
Xjps = X] —7igi, Xl =Xi—ni ) gh (OptDA+)
s=1
As we shall see below, these mechanisms dovetail in an efficient manner and allow the algorithm to
achieve sublinear regret even in the adversarial regime. [Of course, OG+ and OptDA+ coincide when
the update learning rate 7; is taken constant.]

Quasi-descent inequality. Before stating our main results on the regret incurred by OG+ and
OptDA+, we present the key quasi-descent inequality that underlies our analysis, as it provides
theoretical evidence on how the separation of learning rates can lead to concrete performance benefits.

Lemma 1. Let Assumptions 1 and 3 hold and all players run either (OG+) or (OptDA+) with
non-increasing learning rate sequences vy, 1. Then, foralli € N, t > 2, and p* € X", we have

Xi | —pi|2 Xi— pil2 1 1 L
E,_; Ht"'_lzi“ <E;_4 || ¢ Zp || + ( Z — 2) ||’I,Lt —p H2 (3a)
Mi41 Tt M1 "t

—2(Vi(Xyy 1) Xy —p) (3b)

VK I+ IV IP) Go)

X = X /20 IV (K y) — VK Ga)

+ (P LIE 1 I1P + LI 3 17, 4,2 + 277§9§|2] D)

where i) [|€;_1 ||%m+%)2 = Z;\Ll(ni + 7{)2||§Z_% |2, and ii) ui = X} if player i runs (OG+) and

ul = X{ if player i runs (OptDA+).

Lemma 1 indicates how the (weighted) distance between the player’s chosen actions and a fixed
benchmark action evolves over time. In order to provide some intuition on how this inequality will be
used to derive our results, we sketch below the role that each term plays in our analysis.

1. Thanks to the convexity of the players’ loss functions, the regret of each player can be bounded
by the sum of the pairing terms in (3b). On the other hand, taking x, € X,, p* = %, and
summing from 7 = 1 to N, we obtain —2(V(X,;, 1), X, 1 — x,), which is non-positive by
Assumption 2, and can thus be dropped from the inequality.

2. The weighted squared distance to p’, i.e., || X} — p*||?/n}, telescopes when controlling the regret
(Section 4) and serves as a Lyapunov function for equilibrium convergence (Section 6).

3. The negative term in (3c) provides a consistent negative drift that partially cancels out the noise.

4. The difference in (3d) can be bounded using the smoothness assumption and leaves out terms
that are in the order of v/ (77 )2.

5. Line (3e) contains a range of positive terms of the order (yg )2 + ni. To ensure that they are
sufficiently small with respect to the decrease of (3c), both (+7) jen and 1} /~i should be small.
Applying Assumption 3 gives E[||g¢[|”] < E[(1+ o3)[[V*(Xyy.1)[| + 0], revealing that +f /n;
needs to be at least in the order of (1 + o3,).

6. Last but not least, (1/n{,; — 1/n})||u; — p*||* simply telescopes for OptDA+ (in which case
uy = X7) but is otherwise difficult to control for OG+ when 7; , ; differs from 7;. This additional
difficulty forces us to use a global learning rate common across all players when analysing OG+.

To summarize, OG+ and OptDA+ are more suitable for learning in games with noisy feedback
because the scale separation between the extrapolation and the update steps delivers a consistent
negative drift (3c) that is an order of magnitude greater relative to the deleterious effects of the noise.
We will exploit this property to derive our main results for OG+ and OptDA+ below.



Constant regret under uncertainty. We are now in a position to state our regret guarantees:

Theorem 1. Suppose that Assumptions 1-3 hold and all players run (OG+) with non-increasing
learning rate sequences v, and 1, such that

. 1 1 Y
te s (SL ON(1 1 02,) 2(4N + 1)La§4> and S 50 02
Then, for all i € N and all p* € X*, we have
(@) Iy = O(1/ (¢ VIogD)) and m, = ©(1/(VElogt)), then E [Regir(5')] = O(/T).

(b) If the noise is multiplicative and the learning rates are constant, then E [Reg’ép(pi)] =O(1).

forallt e N. (4)

The first part of Theorem 1 guarantees the standard O(+/T)) regret in the presence of additive noise,
in accordance with existing results in the literature. What is far more surprising is the second part
of Theorem 1 which shows that when the noise is multiplicative (i.e., when g4 = 0), it is still
possible to achieve constant regret. This represents a dramatic improvement in performance, which
we illustrate in Figure 1: by simply taking the extrapolation step to be 10 times larger, the player’s
regret becomes completely stabilized. In this regard, Theorem 1 provides fairly conclusive evidence
that having access to exact gradient payoffs is not an absolute requisite for achieving constant regret
in a game-theoretic context.

On the downside, the above result requires all players to use the same learning rate sequences, a
technical difficulty that we overcome below by means of the dual averaging mechanism of OptDA+.
Theorem 2. Suppose that Assumptions 1-3 hold and all players run (OptDA+) with non-increasing
learning rate sequences vy; and n; such that
: 1 . 1 1 - o
! < — min , and n < —————
RYs ( 3N(L+02,) (4N + 1)012W> =41+ 03,

forallt e N,ie N.

, . &)
Then, for any i € N and p* € X*, we have:

(a) If v} = O(1/t3) and n} = ©(1/\/1) forall j € N, then E [Regép(pi)] = OWT).
(b) If the noise is multiplicative and the learning rates are constant, then E [RegiT (p")] = 0(1).

The similarity between Theorems 1 and 2 suggests that OptDA+ enjoys nearly the same regret
guarantee as OG+ while allowing for the use of player-specific learning rates. As OptDA+ and OG+
coincide when run with constant learning rates, Theorem 1(b) is in fact a special case of Theorem 2(b).
However, when the algorithms are run with decreasing learning rates, they actually lead to different
trajectories. In particular, when the feedback is corrupted by additive noise, this difference translates
into the removal of logarithmic factors in the regret bound. More importantly, as we show below, it
also helps to achieve sublinear regret when the opponents do not follow the same learning strategy,
i.e., in the fully arbitrary, adversarial case.

Proposition 1. Suppose that Assumption 3 holds and player i runs (OptDA+) with non-increasing
learning rates 7' = ©(1/t2=9) and ni = O(1//t) for some q € [0,1/4]. Ifsup,icxi | Vi) <
+00, we have E[Regh(p')] = O(T'219) for every benchmark action p* € X'

We introduce the exponent ¢ in Proposition 1 because, as suggested by Theorem 2(a), the whole
range of ¢ € [0, 1/4] leads to the optimal O(+/T') regret bound for additive noise when all the players
adhere to the use of OptDA+. However, it turns out that taking smaller q (i.e., smaller extrapolation
step) is more favorable in the adversarial regime. This is because arbitrarily different successive
feedback may make the extrapolation step harmful rather than helpful. On the other hand, our
previous discussion also suggests that taking larger ¢ (i.e., larger extrapolation steps), should be
more beneficial when all the players use OptDA+. We will quantify this effect in Section 6; however,
before doing so, we proceed in the next section to show how the learning rates of Proposition 1 can
lead to the design of a fully adaptive, parameter-agnostic algorithm.

S Adaptive learning rates

So far, we have focused exclusively on algorithms run with predetermined learning rates, whose
tuning requires knowledge of the various parameters of the model. Nonetheless, even though a player



might be aware of their own loss function, there is little hope that the noise-related parameters are
also known by the player. Our goal in this section will be to address precisely this issue through the
design of adaptive methods enjoying the following desirable properties:

* The method should be implementable by every individual player using only local information and
without any prior knowledge of the setting’s parameters (for the noise profile and the game alike).
* The method should guarantee sublinear individual regret against any bounded feedback sequence.
» When employed by all players, the method should guarantee O(+/T') regret under additive noise
and O(1) regret under multiplicative noise.
In order to achieve the above, inspired by the learning rate requirements of Theorem 2 and Proposi-
tion 1, we fix ¢ € (0, 1/4] and consider the following Adagrad-style [19] learning rate schedule.

1 ‘ 1
, e = .
L) e (e X XEalR)
+ 2521”93” s=1 Gs s s+1

As in Adagrad, the sum of the squared norm of the feedback appears in the denominator. This
helps controlling the various positive terms appearing in Lemma 1, such as L||£t7% ||(2m 4,2 and

2n;||g;]|?. Nonetheless, this sum is not taken to the same exponent in the definition of the two learning
rates. This scale separation ensures that the contribution of the term —;[[V*(X, 1) || appearing

in (3¢) remains negative, and it is the key for deriving constant regret under multiplicative noise.
As a technical detail, the term || X? — X7, ||? is involved in the definition of 7} for controlling the

difference of (3d). Finally, we do not include the previous received feedback g, in the definition of
~; and 7;. This makes these learning rates JF;_-measurable, which in turn implies E[y/7;¢! _,] = 0.
2

%

T =

(Adapt)

From a high-level perspective, the goal with (Adapt) is to recover automatically the learning rate
schedules of Theorem 2. This in particular means that ~y; and n; should at least be in the order of
Q(1/t29) and Q(1/+/7), suggesting the following boundedness assumptions on the feedback.
Assumption 4. There exists G, 6 > 0 such that i) ||V(z?)|| < G foralli € N, 2* € X; and
i) ||&]| < o foralli € N, t € N with probability 1.

These assumptions are standard in the literature on adaptive methods, cf. [3, 8, 20, 37].

Regret. We begin with the method’s fallback guarantees, deferring all proofs to the appendix.
Proposition 2. Suppose that Assumption 4 holds and a player i € N follows (OptDA+) with learning
rates given by (Adapt). Then, for any benchmark action p* € X', we have E[Regh(p)] = O(T2+9).

Proposition 2 provides exactly the same rate as Proposition 1, illustrating in this way the benefit of
taking a smaller ¢ for achieving smaller regret against adversarial opponents. Nonetheless, as we see
below, taking smaller ¢ may incur higher regret when adaptive OptDA+ is employed by all players.
In particular, we require ¢ > 0 in order to obtain constant regret under multiplicative noise, and this
prevents us from obtaining the optimal (’)(\/T) regret in fully adversarial environments.

Theorem 3. Suppose that Assumptions 1-4 hold and all players run (OptDA+) with learning rates
given by (Adapt). Then, for any i € N and point p' € X", we have E[Regy(p')] = OWT).
Moreover, if the noise is multiplicative (6 4 = 0), we have E[Reg/(p")] = O(exp(1/(2q))).

The proof of Theorem 3 is based on Lemma 1; we also note that the O(+/T') regret guarantee can in
fact be derived for any ¢ < 1/4 (even negative ones). The main difficulty here consists in bounding
(3d), which does not directly cancel out since ~;n} might not be small enough. To overcome this
challenge, we have involved the squared difference || X: — X, ||? in the definition of 7; so that the
sum of these terms cannot be too large when 7! is not small enough. More details on this aspect can
be found in the proof of Lemma 18 in the appendix.

Importantly, the O(v/T) guarantee above does not depend on the choice of ¢. This comes in sharp
contrast to the constant regret bounds (in 7") that we obtain for multiplicative noise. In fact, a key
step for proving this is to show that for some (environment-dependent) constant C', we have

N t 3+q N t
SE (1+Z||g;||2> SO E|\| 1+ llgilP
i=1 s=1 i=1 s=1

forallt € N (6)




This inequality is derived from Lemma 1 by carefully bounding (3a), (3d), (3e) from above and
bounding (3b), (3¢c) from below. Applying Jensen’s inequality, we then further deduce that the right-
hand side of inequality (6) is bounded by some constant. This constant, however, is exponential in
1/q. This leads to an inherent trade-off in the choice of ¢: larger values of ¢ favor the situation where
all players adopt adaptive OptDA+ under multiplicative noise, while smaller values of ¢ provide
better fallback guarantees in adversarial environments.

6 Trajectory analysis

In this section, we shift our focus to the analysis of the joint trajectory of play when all players
follow the same learning strategy. We derive the convergence of the trajectory of play induced by
the algorithms (cf. Figure 1) and provide bounds on the sum of the players’ payoff gradient norms

Zthl IV(X, +1 )||?. This may be regarded as a relaxed convergence criterion, and by the design of
the algorithms, a feedback sequence of smaller magnitude also suggests a more stable trajectory.

Convergence of trajectories under multiplicative noise. When the noise is multiplicative, its
effect is in expectation absorbed by the progress brought by the extrapolation step. We thus expect
convergence results that are similar to the noiseless case. This is confirmed by the following theorem.

Theorem 4. Suppose that Assumptions 1-3 hold with o o = 0 and all players run (OG+) / (OptDA+)
with learning rates given in Theorem 2(b).> Then, X, 4 converges almost surely to a Nash equilib-

rium and enjoys the stabilization guarantee >, E[[V(Xy41) %] < 4oc.

Idea of proof. The proof of Theorem 4 follows the following steps.
1. We first show 3% E[|V(X41)II?] < 400 using Lemma 1. This implies ;% | V(X 1)|1?
is finite almost surely, and thus with probability 1, [[V/(X,, 1)|| converges to 0 and all cluster
point of (X, 1)sen is a solution.

2. Applying the Robbins—Siegmund theorem to a suitable quasi-descent inequality then gives the
almost sure convergence of E¢_1[>_, . /|| X] — 2%]|*/n'] to finite value for any x, € X,.

3. The conditioning on F;_; makes the above quantity not directly amenable to analysis. This
difficulty is specific to the optimistic algorithms that we consider here as they make use of past

feedback in each iteration. We overcome this issue by introducing a virtual iterate X; = (X7} );en
with X} = X} + 77%:7 , that serves as a F;_;-measurable surrogate for X;. We then derive the
2

almost sure convergence of 3, /|| X7 — 21 ||?/n'.

4. To conclude, along with the almost sure convergence of [ X, 1 — X, || and |V (X, +1)[l 00 we
derive the almost sure convergence of X, , 1toa Nash equilibrium. O

In case where the players run the adaptive variant of OptDA+, we expect the learning rates to behave
as constants asymptotically and thus similar reasoning can still apply. Formally, we show in the
appendix that under multiplicative noise the learning rates of the players converge almost surely to
positive constants, and prove the following results concerning the induced trajectory.

Theorem 5. Suppose that Assumptions 1-4 hold with o 4 = 0 and all players run (OptDA+) with
learning rates (Adapt). Then, i) Z:_:OfHV(XH%)HQ < oo with probability 1, and ii) X, 1
converges almost surely to a Nash equilibrium.

Compared to Theorem 4, we can now only bound »_,°, [ V(X, +1) | in an almost sure sense. This
is because in the case of adaptive learning rates, our proof relies on inequality (6), and deriving a
bound on ;2| E[||V(X, +1) ||?] from this inequality does not seem possible. Nonetheless, with the
almost sure convergence of the learning rates to positive constants, we still manage to prove almost
sure last-iterate convergence of the trajectory of play towards a Nash equilibrium.

Such last-iterate convergence results for adaptive methods are relatively rare in the literature, and
most of them assume perfect oracle feedback. To the best of our knowledge, the closest antecedents

3Recall that OG+ and OptDA+ are equivalent when run with constant learning rates.



to our result are [2, 41], but both works make the more stringent cocoercive assumptions and consider
adaptive learning rate that is the same for all the players. In particular, their learning rates are
computed with global feedback and are thus less suitable for the learning-in-game setup.

Convergence of trajectories under additive noise. To ensure small regret under additive noise,
we take vanishing learning rates. This makes the analysis much more difficult as the term
(1/mi 11 —1/n})|lui — p*||* appearing on the right-hand side of inequality (3a) is no longer summable.
Nonetheless, it is still possible to provide bound on the sum of the squared operator norms.
Theorem 6. Suppose that Assumptions 1-3 hold and either i) all players run (OG+) with learning
rates described in Theorem 1(a) and v, = Q(1/t2~9) for some q € [0,1/4); ii) all players run
(OptDA+) with learning rates described in Theorem 2(a) and ¢ = Q(1/t2~9) for all i € N for
some q € [0,1/4]; or iii) all players run (OptDA+) with learning rates (Adapt) and Assumption 4
holds. Then, Y1, E[|[V (X4 1)|?] = O(T"79).

[

Theorem 6 suggests that the convergence speed of ||V (X, +1 )||# under additive noise actually depends

on q. Therefore, though the entire range of ¢ € [0, 1/4] leads to O(\/T) regret, taking larger ¢ may
result in a more stabilized trajectory. This again goes against Propositions 1 and 2, which suggests
smaller ¢ leads to smaller regret in the face of adversarial opponents.

Finally, we also show last-iterate convergence of the trajectory of OG+ under additive noise.
Theorem 7. Suppose that Assumptions 1-3 hold and all players run (OG+) with non-increasing
learning rate sequences ~, and 1, satisfying (4) and v, = ©(1/(t2=%/logt)), n = O(1/(\/tlogt))
for some q € (0,1/4]. Then, X; converges almost surely to a Nash equilibrium. Moreover, if
sup, ey E[||€,|4] < o0, then X, 11 converges almost surely to a Nash equilibrium.

Theorem 7, in showing that the sequence X; generated by OG+ converges under suitable learning
rates, resolves an open question of [29]. By contrast, the analysis of OG+ is much more involved due
to the use of past feedback, as explained in the proof of Theorem 4. Going further, in the second part
of statement, we show that X, +1 also converges to a Nash equilibrium as long as the 4-th moment of

the noise is bounded. Compared to OptDA+, it is possible to show last-iterate convergence for OG+
under additive noise because we can use E;_1 [||X; — x,||?] (with x, € X,) as a Lyapunov function.
The same strategy does not apply to OptDA+ due to summability issues. This is a common challenge
shared by trajectory convergence analysis of the dual averaging template under additive noise.

7 Concluding remarks

In this paper, we look into the fundamental problem of no-regret learning in games under uncertainty.
We exhibited algorithms that enjoy constant regret under multiplicative noise. Building upon this
encouraging result, we further studied an adaptive variant and proved trajectory convergence of the
considered algorithms. A central element that is ubiquitous in our work is the trade-off between
robustness in the fully adversarial setting and faster convergence in the game-theoretic case, as
encoded by the exponent q. Whether this trade-off is inherent to the problem or an artifact of the
algorithm design warrants further investigation.

Moving forward, there are many important problems that remain to be addressed. On the technical
side, a first goal would be to deepen our understanding on the convergence behavior of OptDA+ under
additive noise. Extension of our results to learning in other type of games and/or under different
types of uncertainty — such as learning in finite games with sampling- or payoff-based feedback —
would likewise be a valuable contribution. Going one step further, analyzing the situation where
only a fraction of players deviate is practically relevant (the cases studied in this paper represent the
extreme of this spectrum). Taking into account other type of regret that may be more suitable for
game-theoretic settings is yet another fruitful research direction to pursue.
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A Prelude

The appendix is organized as follows. In Appendix B we complement our introduction with an
overview on other related works. In Appendix C we expand on our plots for better visibility.
We also provide some additional figures there. Subsequently, we build toward the proofs of our
main results in Appendices D-H. Appendix D introduces the notations used in the proofs. Some
technical details concerning the measurability of the noises and learning rates are discussed as well.
Appendix E contains elementary energy inequalities that are repeatedly used through out our analysis.
Appendices F and G are dedicated to the regret analysis of the non-adaptive and the adaptive variants.

Bounds on the expectation of the sum of the squared operator norms 23:1 [V(Xyy1) ||? are also
established in these two sections, as bounding this quantity often consists in an important step for
bounding the regret. Finally, proofs on the trajectory convergence are presented in Appendix H.

Importantly, in the appendix we present our results in a way that fits better the analysis. Hence, both
the organization and the ordering of the these results differ from those in the main paper. For the ease
of the reader, we summarize below how the results in the appendix correspond to those in the main

paper.

Results of main paper Results of appendix

Lemma 1 Lemma 4; Lemma 6

Theorem 1 Theorem 9; Lemma 8

Theorem 2 Theorem 11; Lemma 8

Theorem 3 Theorem 13; Theorem 14; Lemma 8
Theorem 4 Theorem 10 (b); Theorem 17
Theorem 5 Theorem 18

Theorem 6 Theorem 8 (a); Theorem 10 (a); Theorem 12
Theorem 7 Theorem 15; Theorem 16
Proposition 1 Proposition 7; Lemma 8

Proposition 2 Proposition 8; Lemma 8

Table 2: Correspondence between results presented in the appendix and results presented in the main paper.

B Further Related Work

On the algorithmic side, both OG and EG have been extensively studied over the past decades in the
contexts of, among others, variational inequalities [44, 47], online optimization [13], and learning in
games [17, 53]. While the original design of these methods considered the use of the same learning
rate for both the extrapolation and the update step, several recent works have shown the benefit of
scale separation between the two steps. Our method is directly inspired by [28], which proposed
a double step-size variant of EG for achieving last-iterate convergence in stochastic variationally
stable games. Among the other uses of learning rate separation of optimistic gradient methods, we
should mention here [23, 58] for faster convergence in bilinear games, [18, 40, 50] for performance
guarantees under weaker assumptions, and [24, 31] for robustness against delays.

Concerning the last-iterate convergence of no-regret learning dynamics in games with noisy feedback,
most existing results rely on the use of vanishing learning rates and are established under more
restrictive assumptions such as strong monotonicity [7, 28, 36] or strict variational stability [42, 43].
Our work, in contrast, studies learning with potentially non-vanishing learning rates in variationally
stable games. This is made possible thanks to a clear distinction between additive and multiplicative
noise; the latter has only been formerly explored in the game-theoretic context by [4, 41] for the class
of cocoercive games.* Relaxing the cocoercivity assumption is a nontrivial challenge, as testified by
the few number of works that establish last-iterate convergence results of stochastic algorithms for

“In the said works they use the term absolute random noise and relative random noise for additive noise and
multiplicative noise.
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monotone games. Except for [29] mentioned above, this was achieved either through mini-batching
[10, 32], Tikhonov regularization / Halpen iteration [39], or both [11].

C Additional Figures

In this section we provide the complete version of Figure 1. In additional to the algorithms already
considered in the said figure, we also present results for the case where the two players follow the
vanilla gradient descent methods, which we mark as GDA (gradient descent/ascent).

To begin, we complement the leftmost plot of Figure 1 by Figure 2, where we present individual plots
of the trajectories induced by different algorithms for better visibility. For optimistic algorithm, we
present the trajectory both of the sequence of play x; = X, 41 and of the auxiliary iterate X;. The two
algorithms GDA and OG have their iterates spiral out, indicating a divergence behavior, conformed
to our previous discussions. For OG+ run with constant learning rate and adaptive OptDA+, we
observe that the trajectory of X; is much “smoother” than that of x; = X, 41 This is because the

extrapolation step is taken with a larger learning rate. Finally, adaptive OptDA+ has its iterates go far
away from the equilibrium in the first few iterations due to the initialization with large learning rates,
but eventually finds the right learning rates itself and ends up with a convergence speed and regret
that is competitive with carefully tuned OG+.

Next, In Figure 3, we expand on the right two plots of Figure 1 with additional curves for GDA.
GDA and OG run with the same decreasing learning rate sequences 7, = 0.1/+/t + 1 turn out to
have similar performance. This suggests that without learning rate separation, the benefit of the
extrapolation step may be completely lost in the presence of noise.

+ GDA:ne=0.1/Nt+1 0G: e =0.01 = 0G:n=01/Nt+1 —— 0G+: y;=0.1,7,=0.01

-1 [} 7 1 [ 7 1 [ i -1 [} i

(a) Trajectory of x; of different learning algorithms.

0G: 1= 0.01 = 0Gin=0.1/+1 —+— 0G* y:=0.1,7,=0.01

1 [ i -1 [ 1 =1 0 7

(b) Trajectory of X, of different optimistic learning algorithms.
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(c) Trajectory of x; of adaptive OptDA+. (d) Trajectory of X of adaptive OptDA+.

Figure 2: Trajectories induced by different learning algorithms on the model described in Example 1. We recall
that for optimistic learning algorithms, the played point1 17s xt =X, 1 We take ¢ = 1/4 for adaptive OptDA+.
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Figure 3: Player 1’s regret and distance to equilibrium when both players follow a certain learning strategy in
the model described in Example 1. We take ¢ = 1/4 for adaptive OptDA+.

D Technical Details and Notations

In this section we introduce the necessary notations for our analysis and discuss some technical
details omitted in the main text.

Noise, initialization, and measurability. Throughout our proof, to emphasize that gi = V' (x1)+&}
is a stochastic estimate of V*(X} ) in our algorithms, we use the notations V', , = g; and
2 2

§Z+% = ¢&!. For the update of X§/2, we systematically take g§ = th = 0. We also write £§/2 =0.

A part of our analysis will be built on the fact that 52_; is F;-measurable. There is however no a
2

priori reason for this to be true — as (F;)sen is the natural filtration associated to (x;):cn, @ sequence
that can for example be taken constant independent of the feedback. To address this, we establish
here that £' , is indeed F;-measurable when player ¢ uses OG+ or OptDA+ with learning rates

satisfying a certain measurability assumption. To state it, we define F; as the o-algebra generated by
iyt—1
{(xs)iz1, (62)521 )

Assumption 5. For all ¢ € N, the learning rates ~; , and 7}, are F;-measurable.

The following lemma shows that whenever Assumption 5 holds, one can directly work with (F;)¢en.

Lemma 2. Let player i run (OG+) or (OptDA+) with learning rates satisfying Assumption 5. Then,
foreveryt € N, it holds Fy = Fy. In other words, & . is Fy-measurable.
2

Proof. We prove the lemma by induction. For ¢ = 1, this is true by definition. Now, fix t > 2 and

assume that we have proven the statements for all s < ¢ — 1. To show that the statement is also true

for ¢, we note that for both OG+ and OptDA+, x; = Xz L1 is a linear combination of the vectors
2

in {V(x,)}2] U{¢ 1 21 with coefficients in {n?}!_, U{~i}. All the involved quantities except
for 5;_ , is F;_1-measurable by the induction hypothesis. They are thus F;-measurable, and as X is
2 .
JFi-measurable by the definition of F; we concludes that §; , is also J¢-measurable, which along
2

with the induction hypothesis implies immediately F; = J. O

An immediate consequence of Lemma 2 is the following.

Corollary 1. Let player i run (OG+) or (OptDA+) with learning rates satisfying Assumption 5. Then
foreveryt € N, ¢, and 1y, | are Fy-measurable.

Throughout the sequel, both Lemma 2 and Corollary 1 will be used implicitly. Our adaptive learning
rates (Adapt) apparently satisfy Assumption 5. As for the non-adaptive case, for simplicity, we
assume all their learning rates are predetermined, that is, they are J;-measurable; for more details on
this point see Remark 1. F( denotes the trivial o-algebra.
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As another technical detail, in our proofs we assume deterministic X, but the entire analysis still
goes through for random X; under the following conditions

1. For non-adaptive algorithms, we require E[|| X1 ||?] < +oc.
2. For adaptive OptDA+, we require existence of R € R such that || X || < R holds almost surely.

Notations related to the learning rates. For any x = (2%);cy € X = R and o = (a?);en €

RY, we write the weighted norm as ||x|[|o = \/Zizil at||z?||2. The weights a will be taken as a

function of the learning rates. It is thus convenient to write 17, = (1});en and v, = (V})ien for
the joint learning rates. The arithmetic manipulation and the comparisons of these vectors should

be taken elementwisely. For example, the element-wise division is 1/m, = (1/n});cr. For ease of

notation, we also write ||ar|[; = I~ | o and ||a|oo = max;er o respectively for the L1 norm and

the L-infinity norm of an N-dimensional vector cx.

E Preliminary Analysis for OG+ and OptDA+
In this section, we lay out the basis for the analysis of OG+ and OptDA+.

E.1 Generalized Schemes with Arbitrary Input Sequences

As a starting point, we derive elementary energy inequalities for the following two generalized
schemes run with arbitrary vector sequences (g¢)ten and (g, 1 )een.

* Generalized OG+ Xt+% =Xi =g, Xey1 =Xy — Mt+19¢4-1

* Generalized OptDA+ Xt+% =X — "9t Xey1 = X1 — M1 Zi=1 9s+1
In fact, Generalized OG+ with g, 1= V fi(X, +%) is nothing but the unconstrained, double step-size
variant of the optimistic mirror descent method proposed in [53]. On the other hand, Generalized

OptDA+ with single learning rate was introduced in [5] under the name of generalized extra-gradient.
These two methods coincide when the learning rates are taken constant. In practice, g; 1 is almost

always an estimate of V f;(X, +%) while g; is an approximation of g, Y1 As a matter of fact, as we
show in the following propositions, the dot product (g, , 1 g:) appears with a negative sign in the
energy inequalities, which results in a negative contribution when the two vectors are close.

We start with the energy inequality for Generalized OG+.

Proposition 3 (Energy inequality for Generalized OG+). Let (X¢)ien and (X, 1+ 1)ten be generated
by Generalized OG+. It holds for any p € X and t € N that

1 Xe11 *P”z = || X; *P||2 - 277t+1<gt+%,Xt+% -p)— 2%77t+1<9t+%,9t> + (77t+1)2||gt+%”2'

Proof. We develop directly
| Xir1 — p||2 =[|X; - Me4+19¢4-1 — p||2
= [1Xe — plI* = 29,1 1, Xe = B) + (1) llgay 1 17
= 1Xe = plI* = 206119011, Xov 1 = D) = 2960041 (9o 15 96) + (1e1) (191 1%,
where in the last equality we use the fact that X; = X, +1 e [

For Generalized OptDA+ we have almost the same inequality but for squared distance weighted by
1/n, with the notation n; = 7.

Proposition 4 (Energy inequality for Generalized OptDA+). Let (Xy)ien and (X 1 )ien be gener-
ated by Generalized OptDA+. It holds for any p € X and t € N that

[Xesr =l _ [1Xe —pl® 1K — Xea|?

Tt+1 Tt Nt
1 1 1 1
n ( - ) 1%, = pl? = ( - ) 1X: = Xepa |2
Nt+1 Nt MNt+1 Nt

= 2G4 1, X1 = 0) = 29904 1, 90) + (9eq 1, Xo — Xiga).
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Proof. Using Gepr = (X — X1)/m — (X1 — X1)/Me41, we can write

X, — X X - X
(941, Xep1 —p) = < o 2 X —p>
yiz Mt+1
1 1 1
= *<Xt — Xit1, Xita —P> == <X1 = X1, Xita —P>
Tt Ne+1 Mt
1
= T(HXt —pl? = [ Xeg1 — oI = 1Xe — Xeal?)
Mt
(= L) U = Bl — 1 X — B — 11X — Xea )
277t+1 2n; “ * '

Multiplying the equality by 2 and rearranging, we get
Xep1r—pl?2 1 Xe—p*  1Xe — Xea|)? 1 1
[ Xer1 —pll | X: —pll _ [ X+ t1]] + ( > X, _pHQ

Tt+1 Nt e et e
1 1
- < - > 11 = Xea1? = 29141, Xewr — p)-
Me+1 Mt

We conclude with the equality
<9t+%7Xt+1 -p) = <gt+%ﬂXt+1 - Xy + <9t+%7Xt - Xt+%> + <9t+%a t+3 p)
= (G4 1, Xer1 — Xo) +7(9e1 1. 90) + (911 Xep 1 — D),
where we have used X; = Xt+% + VG- O

Throughout our work, we assume the learning rate sequences to be non-increasing. This is essential
for OptDA+, as it guarantees the following corollary.

Corollary 2. Let (X;)ien and (XH_%)tEN be generated by Generalized OptDA+. For anyp € X
andt € N, if ny41 <y, it holds that
2 D)
[ Xer1 —pl| < | X — pl + ( 1
Me+1 Mt

1
- ) 1X1 = pl* = 29441, Xy 1 — 1)

M+1 Tt

= 2lar 00+ Bl P i (2l P - % - Xl 0).
Proof. This is immediate from Proposition 4 by applying Young’s inequality. More precisely, we use
(/41 = 1/n0)[| X1 — Xyy1]|* > 0 and

L2+ X —77Xt+1||2 [ Xe — Xt+1||2> 0
2 t

; 277t2||gt+% 1 + o

2<gt+%,Xt+% —p) < min (Ut2||9t+

E.2 Quasi-Descent Inequalities for OG+ and OptDA+

We now turn back to (OG+) and (OptDA+) introduced in Section 4. These are special cases of
Generalized OG+ and Generalized OptDA+ with g; = g,_ 1= Vlf_ 1. The following lemma provides
2

an upper bound on the conditional expectation of (V;rl, f/;lﬁ when all the players follow one of
2 2

the two strategies, and is essential for establishing our quasi-descent inequities.

Lemma 3. Let Assumptions 1 and 3 hold and all players run either (OG+) or (OptDA+) with

learning rates satisfying Assumption 5. Then, for alli € N and t > 2, it holds

—2F; (VP ., V!

erp Vg

NS By | = [V Xy )1 = V(X )l
+ ||Vi(Xt+%) - Vi(thg)HQ

- N (] + D)€ 11
+L{AlE_ 12+ Y —2

j=1

Y2

Vt
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Proof. Thanks to Lemma 2, we can apply the law of total expectation of the expectation to get

Ee1[(VE 10 Vi 0] = B i [(Ed V],
= Et_l[aﬂ(x%) V
= E 1 [(VI(Xy3), VX)) + (VIXy40), 6 1)) (7)

We rewrite the first term as

2VI(X, ) VA, ) = VI, DI+ VI, DI~ IVIX,, ) - VK, ®

As for the second term, for all j € A, we define Xirl = thJrl + (ng + 7{)5571 and as a surrogate
. 2 2 2
for X tj 41 obtained by removing the noise of round ¢ — 1. For OG+ and OptDA+ we have respectively
2

Xj +1 7 tj—l - (7# ""Yg)vj(xt—%)

-

X[ =X - Z Loy = ] )V (X y).
With Assumption 5 we then deduce that Xt +1 is F;_1-measurable and hence

Ea[(ViKppp) &) = (ViKery) Balel ) =0.

Moreover, by definition of )~(t 1 we have

N
X =Xy 2 ZH H,—Xﬁ+%||2=Zl<ni+v§>2||sﬂ,%||2
j=
It then follows from the Lipschitz continuity of V* that
Eea[—(VI(Xpy 1), 6 0] = Bt [ (VX 1) — ViXyi1), )]
—Ei 1[<V7( t+%) %)]
S Eea[LIXoy s — X lll€E 5 1]

<Ei

%
v 1t 2
. IXy1 — Xt+1||2+%||€_%\|
29} 2

E I ’Yt”fl,;HQ N 77t +7§)2||§j,%”2
= _ —+ .
t—1 E 27

Jj=1

Putting (7), (8), and (9) together gives the desired inequality. O]

Quasi-Descent Inequalities for OG+. Below we establish respectively the individual and the
global quasi-descent inequalities for OG+. In this part, all the players use the same learning rate
sequences and we can thus drop the player index in the learning rates.

Lemma 4 (Individual quasi-descent inequality for OG+). Let Assumptions 1 and 3 hold and all
players run (OG+) with the same predetermined learning rate sequences. Then, for alli € N, t > 2,
and p* € X*, it holds

Ee1[1 X = 011" < Bea[ll X7 = 917 = 2000 (V' (X 1), X[y —9')
= e (VI (X )P+ V(X))
+ e [V (X ) = VI )1+ vinee LIIE I
+ 1 (0 +72) 2L €1 |1 + (77t+1)2||‘}?+% 7). (10)
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Proof. We apply Proposition 3 to player i’s update and p < p’. Since the inequality holds for any
realization we can take expectation with respect to F;_; to get

Eva[1Xi1 — 21%] = Bell1X] = 52 — 200 (V4 XEyy — )

- 2%77t+1<Vti+%7 Vf_% + (77t+1)2HVti+% 1%].

The learning rates 7, and 7,1 being F;-measurable and in particular F;_-measurable, we conclude
immediately with Lemma 3 and the equality

]Etfl[nt+1<‘>;i+%7 Z+% — ") = th[(Vi(XH%)’XLr% -] O

Remark 1. From the proof of Lemma 4 we see that the exact requirement concerning the measura-
bility of the learning rates here is that both ~, and 7,1 should be F;_;-measurable. For simplicity
throughout our analysis for OG+ we simply say that all the learning rates are predetermined, i.e.,
Fi-measurable. In contrast, for OptDA+ Assumption 5 is indeed sufficient. This is a technical detail
that we have omitted in the main text.

Lemma 5 (Global quasi-descent inequality for OG+). Let Assumptions 1-3 hold and all players run
(OG+) with the same predetermined learning rate sequences. Then, for allt > 2 and x,. € X,, we
have

Ee—1[1Xer1 = %ul?) < Beoa [l Xe = xl* = yeme1 (IV (X )2+ [1VX - 3)IP)

+ 3l NL2 (07 + )V 3 17 + (1)1 Vs 1)
+ (e + Nieer (0 + 70" L& 3 117 + (1) [ Vg 317

Proof. We will apply Lemma 4 to z}.. We first bound the variation || V(X 1) — V/(X,_1)|* by

IVI(Xpp) = VX )P <3V Xy y) = VX + 3 VE(Xe) = V(X112
+3VH(Xem1) = VIX )P
<BPL2IV, |2 4 BRL2IV, s |2 4+ B0 )PL2 Vs P (D)
In the second inequality, we have used the Lipschitz continuity of V% and X, 1= X — ’yt\Aft_% to
obtain
IViXsy) = VIXI? < L2IXppy = Xel® = 307 L2|V,_y |1%.
The terms [|[V*(X;) — V*(X;—1)[|* and |[V*(X¢—1) — V*(X,_1)||* were bounded in the same way.
Applying Lemma 4 with p? < z¢, plugging (11) into (10), and summing from i = 1 to N then yields
Er1[[Xe1 — %P < Bt [1Xe =3P = meea (VX1 3), Xy g — %)
= e+ (VX )P+ VX))
+ 3%t N2 + D) Vim g P+ (o)1 Ve—g 1)
+ (V41 + Ny (s + 7t)2)L”€t—% I1” + (nt+1)2||vt+% 7).

To conclude, we drop —7i41(V (X1 1), X, 1 — X,) which is non-positive by Assumption 2. [J

Quasi-Descent Inequalities for OptDA+. Similarly, we establish quasi-descent inequalities for
OptDA+ that will be used for both non-adaptive and adaptive analyses.

Lemma 6 (Individual quasi-descent inequality for OptDA+). Let Assumptions 1 and 3 hold and
all players run (OptDA+) with non-increasing learning rates satisfying Assumption 5. Then, for all
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i €N, t>2 andp' € X7, it holds

X pi 2 X — pt|? 1 1 . .
E, , ” t+1 H <E, H t ip ” + ( - _ l> ”Xi 7pz||2
M1 U M1 Tt

- 2<Vi(Xt+%),XZ+% _Pi>
UV X D)IIP + V(X
FAIV (Xyp1) = VX))

. | X} — X} 1||2
+ min (277i + t|| " I%, 0
f

+ ORPLIE_ 3 I + LIE 4 B, e + 011V 4 12

)|?)

1
2

12)

Proof. This is an immediate by combining Corollary 2 and Lemma 3. We just notice that as ~; is

JFi_1-measurable, we have E;_; [ﬁ(f/tﬂr% , VLQ] =~Ei [<Vt+ LV )] O

Lemma 7 (Global quasi-descent inequality for OptDA+). Let Assumptions 1-3 hold and all players
run (OptDA+) with non-increasing learning rates satisfying Assumption 5. Then, for all t > 2 and
Xy € Xy, if ny < 4 we have

EraXerr — %0, ] < Bt [IXe =30, + 1K1 = %2, 1/,

VX I3, ~ IV D)3,

— X - Xt+1||1/(2m) +3[IV(Xy) — V(thl)Hg,t

A3 (el Vs 1 1Bz + veea h Vs 1, )2)
+ (AN + DL€, 12 + 2 Vi ll7,] (3)

Proof. The result is proved in the same way as Lemma 5 but instead of Lemma 4 we make use of
Lemma 6 with

(XX X~ Xial? |
min (5B v 2, 0) < SRS i
Un Yo

Moreover, as there is not a simple expression for || X; — X;41]|, in the place of (11) we use

IViXKpps) = VI, )P < 3LV, 2 + L2V, 32, e +3IVI(X0) — ViK%
(14)
To obtain (13), we further use 17, < ~y, and ||v,|[1 < ||7vi_1ll1- O

Remark 2. The players can take different learning rates in OptDA+ because in the quasi-descent
inequality (12), there is no learning rate in front of (V*(X,, 1), X, , — p'). Take p* < z} and

2
summing from i = 1 to N we get directly (V/(X,, 1), X, 1 — x,) which is non-negative according
to Assumption 2. While it is also possible to put (10) in the form of Lemma 1, we are not able to
control the sum of (1/n{,, — 1/n})|| X; — p'||* as explained in Section 4.

F Regret Analysis with Predetermined Learning Rates

In this section, we tackle the regret analysis of OG+ and OptDA+ run with non-adaptive learning
rates. We prove bounds on the pseudo-regret max,,i ¢ i E[Reg?(p*)] and on the sum of the expected

magnitude of the noiseless feedback Zthl E[[V(X;1) [|I?]. In fact, in our analysis, building bounds
on Y[ E[V(X, +1) [|?] is a crucial step for deriving bounds on the pseudo-regret.

Moreover, as the loss functions are convex in their respective player’s action parameter, a player’s
regret can be bounded by its linearized counterpart, as stated in the following lemma.
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Lemma 8. Let Assumption 1 hold. Then, for all i € N, any sequence of actions (X;).en, and all
reference point p* € X', we have

T
RegT Z Vz (x¢), i>
t=1

We therefore focus exclusively on bounding the linearized regret in the sequel.

F.1 Bounds for OG+

In this part we will simply assume the learning rates to be F;-measurable, a technical detailed that
we ignored in the main text. The global quasi-descent inequality of OG+ introduced in Lemma 5
indeed allows us to bound several important quantities, as shown below.

Proposition 5 (Bound on sum of squared norms). Let Assumptions 1-3 hold and all players run
(OG+) with learning rates described in Theorem 1. Then, for all T € N and x, € X,, we have

E[[| X1 — %)) Z’Yﬁ?tﬂ E[[V(X t+1 1))
25
T
<Xy = % )? + e V(X)) )P + Z (972 m A NL? + 47 mir 1 (AN + 1)L + (141)%) No.
=1

Accordingly, 372, yine1 B[ V(X 1) %] < o0

Proof. Since V5 = 0, we have X3/, = X; and with Xo = X1 — 15V3/5 we obtain

Xz = x.|? = X0 =% = 22( Va2, Xg2 — x.) + 153 Vol

Taking expectation then gives

E[| X2 — x.)1%] = E[| X1 — x4 ]|? = 202(V(X3/2), X3/2 — X4) + 03]V 2|%]
< E[IX: — x)* 4+ n311 V32, (15)

where we have used Assumption 2 to deduce that (V(X3/5), X3/2—x%,) > 0. Taking total expectation
of the inequality of Lemma 5, summing from ¢ = 2 to 7, and further adding (15) gives

T

X1 =32+ Y e (IV (X )12+ IV, )IP)
t=2

(4)

T T
le —x* + Z D) [ Ve s 17 4D 3vmen (0 +77)NLP Vo |)?

= =2
T T

+ ZMtﬁtH(%—l)zNLQHVt% [ Z (Yeme1 + N1 (0 +7)?) L& 1] |-
=2 t=2

We use Assumption 3 to bound the noise terms. For example, we have

N
Efl€es 1171 ZE 162 171 < D (0 + o3, IVIx)I) = 03, V(Xyy )P + Nof. (16)
i=1
Subsequently,

E[(1041)* Vs 1 12 = ) BNV Xy )17+ 1643 1)
< )2 (B + o3IV (X ) 2]+ Nok )
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Along with the fact that the learning rates are non-increasing and ns < v, forall s € N, we get

T
(4) S E 1% = %2+ D (ns1)? ((1+ o3IV Xy )2 + Nod)

t=1

+ ) (69 maa NL* (1 + 03y) + 7/ m+1 (AN + 1) Laiy) [ V(X 1)

+ ) (69t NL? + 9741 (4N +1)L) No

1= 1= 1M

+ 38001 mN L2 (1 + 03[ V(X,_y)|? + No?) ] : (17)

p—o

Il
w

Re-indexing the summations and adding positive terms to the right-hand side (RHS) of the inequality,
we deduce

T
(A) <E |1 X1 —x]* + Z (9% ne 1 NL2 (1 + 03p) + ¢ mee1(AN + 1) Loiy) [V(X_s) |2
t=2

M=

+ ) er1)* (L + o3 ) IV(Xpy 1)

t

I
A

M=

+ ) ((e41)? + 9% 141 NL® 4+ 470,41 (4N + 1)L) No% |

t

I
-

On the other hand, we have

(4) = X1 = %[ = 11m2 | V(Xz/2) [
T T
+ Z Vene+1 ]E[HV(XH%)”Q} + Z Yent+1 ]E[”V(th%)”z]'

t=1 t=2

Combining the above two (in)equalities, rearranging, and using X3,, = X; leads to

_ (1+ o3 )M 2
BllXrss - 7+ 3 e (1 - EEA ) mpvex,. )

t=1
T

+ 3 e (L= ar(1+ o) = boiy) B[ V(Xe_ 1) I17]

t=2
T n
< 1= 2l VORI + 3 e (5 4+ b ) N
t=1 t

where a; = 992N L? and b; = v,(4N + 1)L. To conclude, we notice that with the learning rate
choices of Theorem 1, it always holds 1 — (14 0%,)(141/7) > 1/2, 1 — a;(1+ 03;) — bio3; > 0,

and 32, yner1 (i1 /v + ar + b)) Nok < +oo. 0

From Proposition 5 we obtain immediately the bounds on Zthl ElIV(Xiy1) ||] of OG+ as claimed
in Section 6.

Theorem 8. Let Assumptions 1-3 hold and all players run (OG+) with non-increasing learning rate
sequences (V¢ )ten and (0 )ien satisfying (4). We have
(a) If there exists q € [0,1/4] such that v, = O(1/(ti/logt)), 7 = Q(1/t279), and n; =
O(1/(v/tlogt)), then

T

D ElIV(Xey )] = 0(T79)

t=1
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(b) If the noise is multiplicative (i.e., 04 = 0) and the learning rates are constant y, =y, Ny = 1,
then

T .
2dist (X4, X, )2
STEIVX,. ) < (W> 2 VX))

In particular, if the equalities hold in (4), then the above is in O(N3L*(1 + 03,)3).

Proof. Letx, = Ilx, (X7). By the choice of our learning rates, the constant

“+o0
C=1X1 = %> + mllVEDI” + D (9901 NL? + 77 ms1 (AN + 1)L+ (m41)*) No.
t=1

is finite. In addition, from Proposition 5 we know tat

T
S et E[IV (X, ))IP] < 20
t=1

On the other hand since the learning rates are non-increasing, it holds
T

T
Y e BV X )] = yranrn Y BV Xy )]

t=1 t=1
As a consequence,
Z]E vix ts ” J= '7T+177T+1 (1)
The results are then immediate from our choice of learning rates. O
Remark 3. In the estimation of (b) we use dist(X1, X, )% = O(N)and 1/y = O(NL(1+03,)). We
can get improved dependence on N if the noises of the players are supposed to be mutually indepen-

1 1
3L\/2N(1+02,)  8Lo%y,

dent conditioned on the past. In fact, in this case we only require v < min

Bounding Linearized Regret. We proceed to bound the linearized regret. The following lemma is
a direct consequence of the individual quasi-descent inequality of Lemma 4.

Lemma 9 (Bound on linearized regret). Let Assumptions 1-3 hold and all players run (OG+) with
learning rates described in Theorem 1. Then, foralli € N, T € N, and p* € X*, we have

i]EKVz(X 1) Xi . 7pi>] H —-p ”2 +i (1 _ 1) HXz 7pi||2
t=1 e 277 2m¢ !

2 = \ 2011

T
3y a0’
+ Z (4f|V(Xt+;)|2 + IL2A) ] ;
=1

where a; = 9P LN + v2(4N + 1)L + n441.

Proof. Applying Lemma 4, dividing both sides of (10) by 741, rearranging, taking total expectation,
and using Assumption 3, we get

]E[2<Vi(xt+%)v Xf+% )]

g (1= X =P

Tt+1 Ne+1
=YV (Xep DI? + VX)) + 2V (X g1) = VX )P
+ Y Lot VX )+ (e +90)* Lofr [ V(X I+ nea (14 o3IV (X 1)l

1
2

+ v LUA + (¢ + 1) LNU% + Ut+10i
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g 1K= X - )
- Ne+1 M+1

+ 30 L2V oy P+ 3ven? L2V, P + 3y (re-1)* L2V, _g |

+ 5% Loy V(X )P + neer (L + a3 V(X )1 + 97 (4N + 1) Lo + ner10

X _ pi|2 1 1 ) , Xi _ ph|2
SE H t p ” + ( _) Hth_pz”Q_ || t+1 p H
ui Nt+1 n Nt+1

Y Y -
+§IIV(XH%)H2 tIIV( —)IP 43001’ L2V, g |2

+ 69 L2Nof + 7/ (4N + 1) Lo’ + 77t+10A]

In the last inequality we have used n? < v < 1/(18L%*(1 + 03;)), 5yt Lo3; < v1(4N +1)Lo3, <
1/2and 41 (1+0%,) < n(1+03,) < 7;/2. As for the ||Vt7% || term, we recall that V; ;» = 0 and

otherwise its expectation can again be bounded using Assumption 3. Summing the above inequality
from ¢ = 2 to T and dividing both sides by 2, we then obtain

i LY i
. Xl_ 2
+§j 3 ) X =]

+Z (%V I+ 2%l VX, )P

EE:IE [(v'(X t+3 t+1 —p)] <E

+ 187 L’ No% + 7 (8N +2)Lo% + 2nt+1ai>] :
(

9)

For t =1, since X3 , = X{ and X} = X} — 772‘7;/2, we have

1X5 = p'11° = 1X¢ = P11P = 2m0{V3 s Xi o = 0°) + 1511V o1
Taking expectation then gives
B[] —p'[1%) < EIIX] = p]1” — 20V (X 2), X = p1) +m3(1+ 030 |V (Ko o) |2+ 10%).
(20)

Combining (19) and (20) and bounding 72(1 + 0%,) [V (X3,2) [ < (7¢/2)[|V(X3,2)[|?, we get the
desired inequality. O

With Lemma 9 and Proposition 5, we are now ready to prove our result concerning the regret of OG+.
The main difficulty here consists in controlling the sum of (1/(2m:41) — 1/(2m)) E[|| X} — p*||?]
when the learning rates are not constant.

Theorem 9. Let Assumptions 1-3 hold and all players run (OG+) with non-increasing learning
rate sequences ('yt)teN and (n)ien satisfying (4). For any i € N and bounded set K C X" with
R > sup, , we have:

(a) Ifve = O(1 /( tiy/Togt)) and n; = ©(1/(Vtlogt)), then
Z<Vi<xt+§)vxti+% - ')

t=1

max E
pieki

-0 (vT).

(b) If the noise is multiplicative (i.e., 0 4 = 0) and the learning rates are constant vy =, N =0,
then

max E
pz E}CL

I . . R? 2
Z<VZ(XH-%)7XZ+% pl>] < % (dlst(Xh D7+l V(X))
t=1

In particular, if the equalities hold in (4), the above is in O(N*L(1 + o3,)?).
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Proof. Letx, = Ly, (X1) be the projection of X; onto the solution set. For any p’ € K, it holds
T

1 1 i i

> (5o 5 ) I 0P
o \4Nt+1 Ur

/1
< —— ) (IX¢ = 2L + |l — 21

;(nﬂ—l Ut)( ' )

T
< _——— Xy — %)% + |2t — X7+ Xi —pf|?

S (i 5) (el et =X 1)
<< 1 1>(2||X — 2 ||> +2R?) +§Tj(1—) X, — x.]|2. 1)
“\nr m b e

To proceed, with Proposition 5, we know that for C' defined in the proof of Theorem 8, we have for
allt e N

¢
VsTs+1
E[[Xep1 =% 7+ S5 EIVX G )P < © (22)
We can therefore write
/11 /11 c
Z( _) E[||X; — x,|%] gZ( —)Cg : (23)
t—p N\l Tl = \Mt+1 Tt NT+1
Since 41 < 141 forall ¢ < T'. From (22) we also deduce
T
1 2C
v E[||V < — Yenes1 E[||V 24)
; B[V (X )] nTHtZl e B[ V(X 1)) < o
Plugging (21), (23), and (24) into Lemma 9, we obtain
T . T
; ; i 2dist(X4, X,)2 + 2R 3C aio’
E(V' (X1 1), X!, 1 —p")] <E + + .
Z (VA XKery) Xiyy — ) N1 N1 ; 2
The result is now immediate from ~; = O(1/(t3y/Iog?)) and n; = ©(1/(v/tlogt)).
(b) Let p* € K. With 0% = 0, constant learning rates, and || X} — p’|| < R?, Lemma 9 gives
T T
i i R2 37
SCE(VI(X,y1). X)) P <E 4V<Xt+;>2] ,
t=1 t=1
We conclude immediately with the help of Theorem 8(b). O

F.2 Bounds for OptDA+

For the analysis of OptDA+, we first establish two preliminary bounds respectively for the linearized
regret and for the sum of the squared operator norms. These bounds are used later for deriving more
refined bounds in the non-adaptive and the adaptive case. We use the notation 1] = 75.

Lemma 10 (Bound on linearized regret). Let Assumptions I and 3 hold and all players run (OptDA+)
with non-increasing learning rates satisfying Assumption 5 and n, < =y, for all t € N. Then, for all
i €N, T eN, and p* € X, we have

; IXi—p* 1 2
-p)| <E +5 ) Vil
g t+1 277T+1 2; s
+ Z%LQ ( -3 l3e + 5 ||Xt - Xt_1||2>
1 T
+ 5 D (ODPLIE_ 417 +ALIE, - 1115 )] (25)
t=2



Proof. Applying Lemma 6, dropping non-positive terms on the RHS of (12), using
Xi _ Xz 2
min (” t .t—‘rl” t” 1||2 ) § O
2n;
and taking total expectation gives

Xi—p2 (1 1\,
1X; - 7] +(i —i)|X1—p||2
U

Tt Mi41
- 2<Vi(Xt+%)7Xti+% - pi> + 'YtiHVi(XH-%) - Vi(Xt—%)”Q

1 Xi, —p|?
77§+1

+ ODPLIE 4 17 + LI 11, vz + 21V I (26)

The above inequality holds for ¢ > 2. As for t = 1, we notice that with X} = X{ — n} V; /9> We have
in fact

15 — p'I1> = 1X] = p*II> — 205(Vd o, X7 — p*) + (03)? 1|V oI

As X3, = X{ = 0 and 1) = nj, the above implies

; ; ; ; i ]2
e : : X =P x5 - ') milVspel
]E{VlX’ Xi —Z}:]E P . 27
v( 3/2) 32D ) 2 2 + 2 27
Summing (26) from ¢t = 2 to T, dividing by 2, adding (27), and using 1, < -, leads to
T
i i 1 | X7 —p'|I?
D EV X)Xy — 0] < 7E L +Zmll ol
t=1 ”T+1 =1
+ Z%HV!‘(XH%) —VIX, )P
t=2
T . .
+ Y ((PLIE o I1P +ALIE 5 112:) |-
t=2
Similar to (11), we can bound the difference term by
V(X)) = VX )IIP <BL2V gl + 3%V, _slIf,, e +3L7(1Xe = X |
Combining the above two inequalities and using A\ /2 = 0 gives the desired inequality. O

Lemma 11 (Bound on sum of squared norms). Let Assumptions 1-3 hold and all players run
(OptDA+) with non-increasing learning rates satisfying Assumption 5 and n, < v, forallt € N.
Then, for all T € N and x, € Xy, we have

T
OBV, )5, VX3,
t=2

T
<E 1% =%, + D (BIVKD) = VX2, = 1% = Xesa 22, )
t=1
T T

+ D 6l L2V 2 + Z (4N +1)LIIE, 11152 + 22||Vt+1 [ ] (28)

t=2 t=1
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Proof. This is a direct consequence of Lemma 7. In fact, taking total expectation of (13) and summing
from ¢t = 2 to T' gives already

T
Y BNV )3, +IIVXe- )3,
t=2
1Xa =13, + 11X =%y —1/m,

T
+Y BIVX) = VXe)3, = 1IXe = Xes 3 2m,))
t=2

T T T

+ 3 6lv L L2 Ve g2 + Z AN+ DL[& 3122 + Y 20 Vipsls |- 29)
t=2 t=2

We have in particular used V1 /2 = 0 to bound

T
23L2(||’7t”1HVF%” + 71l HVt7§|| (Ye_1) )

t=2

T
= Z3ll’hl\ LV g2 + D el 3N L2V, _y |12

t=3
T
ZGH’stHleHVt—%”i%
To obtain (28), we further bound
T T-1 T
D UBIV(X) - VX )2, =3I VIXe) - V(X)) . Z V(X)) = V(Xe11)l2,
t=1 t=1

(30)
For t = 1, we use (27) with p < x; that is

||X _m*HQ ||X _m*HQ i i i i iYri
: =1 —2(V"(X3/2) + &5/0. X1 — 2) ‘*"71“‘@/2“2

i
Since X3/ = X1, summing the above inequality from ¢ = 1 to N leads to

Up 5
Xz =%}/, = 1K1 = xcll3 ), = 2{V(Xsy2) + €372, Xgjo = %) + [ Vapelln,. G
Assumptions 2 and 3 together ensure
E[<V(X3/2) + 53/27X3/2 - X*>] = <V(X3/2), X3/2 - X*> > 0.

Subsequently,
E[|X2 = %:[13/n,] < ElIX1 = x.]13/5,, + V- /2|| ]
< E[IX1 = %u[lT/m, + 20V ol = X0 = Xallf j2n,))- (32)
Combining (29), (30), and (32) gives exactly (28). O

F.2.1 Dedicated Analysis for Non-Adaptive OptDA +

In this part, we show how the non-adaptive learning rates suggested in Theorem 2 helps to achieve
small regret and lead to fast convergence of the norms of the payoff gradients.

Proposition 6 (Bound on sum of squared norms). Let Assumptions 1-3 hold and all players run
(OptDA+) with learning rates described in Theorem 2. Then, for all T € N and x, € X,, we have

T T

1

B D EIVX )12+ ) 2ty e N2 BJIX, — X1 %]
s=1 t=1

T
< IXKs =%l + IVEDIE, + 3 GIIENL? 4 [l (AN + 1)L+ 2, ) Nob
t=1
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Proof. We first apply Lemma 11 to obtain (28). We bound the expectations of the following three
terms separately.

A =3|[V(Xs) = VX )12, = 1Xe = XegallF j2m,)
B, = 6||’7tH1L2||Vt—%||§,g + (AN +1)L[E_1]2., Ci= 2V allm,-

To bound A;, we first use n, < 7v,/(4(1+ 03;)) < |71 ]leo/(4(1 + 0%,)) to get
2(1+40%))

71l

Moreover, with |v,]|%, < 1/(12NL?(1 + 0%,)) we indeed have

2(1+ %))
71l
On the other hand, with the Lipschitz continuity of (V%);c it holds

1Xt = Xe1llijom,) = 1X¢ = X ||*.

> UNLA(1 4 02,)?71]lco > 24N L2174 || oo-

N
BIV(Xe) = V(Xep) 2, €33 L2IXe — X[ < 391l NL? [ Xy — Xiga ||,
i=1
Combining the above inequalities we deduce that A; < —21||7v; [|eo NV L?||X¢ — X¢41]|? and accord-
ingly
E[A)] < E[=21|7[loo NL?|[X; — Xy |°] (33)

We proceed to bound E[B;]. The exploration learning rates -y, being JF;_i-measurable, using
Assumption 3 and the law of total expectation, we get

E[Bi] = E[E—1[6llve 1 L2 Vio g llz + (4N + DLIE 1 [13,]]

N
=E [Z (617l (7”22 Ba-a IV 4 IP) + ()°(4N + DLE,allgS_y 1) ]

i=1
SE 67 B NL2 (1 + o) IV )3, + el (4N + 1) Lod, [[V(X,_1) I3,
+ (67l NL? + 7ell5 (4N + 1 L)No% | (34)
Similarly, 1, , ; being deterministic and in particular F;-measurable, we have
E[Ci] = B[E:[2[ Vi 1ll7 ] <E 200+ a3 IIV(X )7, + 20l NG | (35)
Putting together (28), (33), (34), and (35), we get
T
D BV )13, 21402,m, + (1= a1+ 03) = bod) VX))
t=2
T
<SE|[1X1 = %[, 200+ 030 IVXs2)l7, = Y 2yl NI Xe = X
t=1
T
+ > (ar + by + 2lnlloc) No% |,
t=1

where a; = 6[]v,[|2, NL? and b; = ||v,||2, (4N + 1)L. We conclude by using X5/, = X; and
noticing that under our learning rate requirement it is always true that 1 — 6||v,||2, NL*(1 + 03;) —
[Velloo (4N + 1) Lo, > 0and v, — 2(1 + o3)n, > v,/2.
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Remark 4. We notice that in the analysis, we can replace the common Lipschitz constant by the
ones that are proper to each player (i.e., V" is L'-Lipschitz continuous) when bounding B;. This is
however hot the case for our bound on A, unless we bound directly v} (L?)? by a constant.

Again, from Proposition 6 we obtain immediately the bounds on ZL E[|V (X, +%)||2] of non-
adaptive OptDA+ as claimed in Section 6.

Theorem 10. Let Assumptions 1-3 hold and all players run (OptDA+) with non-increasing learning
rate sequences (7} )ien and (})ien satisfying (5). We have

(a) If there exists q € [0,1/4] such that v = O(1/t3), ] = Q(1/t279), and i} = ©(1/\/1) for
all j € N, then

Y ElIV(X, ) = 0(T7)

(b) If the noise is multiplicative (i.e., 0 4 = 0) and the learning rates are constant vy, =y, ny = 1,
then

T
DBV X,y P < e (distan (X0, 202+ VKB,

In particular, if the equalities hold in (5), then the above is in O(N3L*(1 + 03,)3).

Proof. Let us define a; = 6]|v,||2. NL? + ||v,]|2% (4N + 1)L + 2||n,||oo. From Proposition 6 we
know that for all x, € X, it holds

T T
D ENVE I, ol < 1K= xllfyp,,, + IVXDIE, + Y aNok,

s=1 t=1
Since the learning rates are decreasing, we can lower bound v, by v, > v, > min;e 4. Accord-
ingly,

T

T

2
DEIVE )Pl € ——— <||X1 =%, HIVEEDIE, + ZatNai> , (36)
s=1

min;en 7 —

The result then follows immediately from our learning rate choices. For (a), we observe that with
. 1 1_
H'rtlloo = O(1/t7) and ||n,[|oc = 0(1/\/) we have Zt yar = O(VT), while 7] = Q(1/t279),

and 7] = Q(1/+/) guarantees 1/ min;enr 77 = O(T279) and 1/ minep 77y, = O(VT). For (b),
we take x, = argmin, ¢ y || X1 — X[|1 /4. O

Bounding Linearized Regret. To bound the linearized regret, we refine Lemma 10 as follows.

Lemma 12 (Bound on linearized regret). Let Assumptions 1-3 hold and all players run (OptDA+)
with learning rates described in Theorem 2. Then, foralli € N, T € N, and p* € X*, we have

T

o X1 —»'|I” 5
Z Xi - 1) +Z IV, ),
77T+1

3|v1 1l oo
+ Z &”X - X ?
1 .
5 0 (O1Ve BN + [ 3 (AN + 1)L + i) 0
t=1
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Proof. Thanks to Lemma 10 and Assumption 3, we can bound

T
Z<VZ(Xt+%)vXZ+% -p")
t=1
<E H —p ||2 L2 1 V 2 2 2 § X 7X 2
<e|i-rL +Z% 31+ ) IVIX_ )12 + 320} + 51X = Xioa
nTH t=2
1 7 7
+5 ((m)szi,nv (X )I? +0%) + 4L VX, I + o)
t=2
1< . .
520 (L ANV Xyl + %)
t=1

In the following, we further bound the above inequality using i) n; < ~;/(4(1+03,)), i) Ye1 < Ves
i) o ||[Vi(x)]|? < [[V(x)||2 for any o € RY and x € X, and iv) [|at||oc = max;cpn o' and in
particular ||@?||; < N|a% for o € RY.

T
S ViK1 XD —p”>]

t=1

X

T
i ||2
SE| S 4 3L (L A0 IV I, + Vo)

t=2

i

T

Z (el Lo3r IV (X DIP + AUV X, y)I2) + 7,2 (AN + 1)Lo?)
=2

T .
3|1y Hoo 1 Ve 1 i
Z L |Xt_Xt—1||2+§Z ZtHV (Xt+%)||2+77t0124

=2 t=1

X3 — p)1? 5llvilloc Lok, |, 1
<E lz -~ Z BlvelZ L2(1 + o) + = 4+ o IV )IE,
741 =1

T-1
371l L
Y TR = X P
t=1

N =

T
+5 2 (Il NL2 0% + 7|3 (4N + D Lo + mm)]
t=1
To conclude, we notice that under that our learning rate requirements it holds that 3||v,||%, L*(1 +
o3r) +5lvilleo Lok /2 < 1/2. 0

Our main regret guarantees of non-adaptive OptDA+ follows from the combination of Lemma 12 and
Proposition 6.

Theorem 11. Let Assumptions 1-3 hold and all players run (OptDA+) with non-increasing learning
rate sequences (7} )ien and (n})ien satisfying (5). For any i € N and bounded set K' C X" with
R > sup,, || X} — p'||, we have:

(a) Ifv) = O(1/t3) and n! = ©(1/\/t) forall j € N, then

max E
pl eK:'L

ZT:<Vi<Xt+%)7XZ+% -p')| =0 (\/T) .

t=1

(b) If the noise is multiplicative (i.e., 04 = 0) and the learning rates are constant y, =y, 0y = 1),

then
d i i i R? 5 2 2
;};%E > (Vv (Xp1): X1 =P < 277’ (dlsh/n(Xu X)2+ VX)) -
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In particular, if the equalities hold in (5), the above is in O(N?L(1 + 03,)?).

Proof. Let p* € K" and x, = argmin,cy X1 — X1/, We define a; = 6]v,[|3, NL? +
lv: 12 (4N +1) L 421, || oo as in the proof of Theorem 10. Combining Proposition 6 and Lemma 12,
we know that

T
E Z<VZ(Xt+§),XZ+% -7
t=1
R 1 5 a
<E|g—+5 > moh+ 7 (1% =%y, +IVED)IE, + Y aNo | |
41 t=1 t=1
The claims of the theorem follow immediately. O

To close this section, we bound the regret of non-adaptive OptDA+ when played against arbitrary
opponents.

Proposition 7. Let Assumption 3 hold and player i run (OptDA+) with non-increasing learning rates
Ni = O(1/t2=9) and )} = O(1/\/) for some q € [0,1/4]. Then, if there exists G € R, such that

sup,ic i |V (2')|| < G, it holds for any bounded set K with R > sup,,i || X{ — p'|| that
T
E ViX,. 1), X, —p :(’)(RQT 14 02,)G? 2T%+Q).
max ;< (Xey1)s X[ — 1Y) VT + (14 03)G* +03)

Proof. Let p’ € KC*. From Corollary 2 and Young’s inequality we get
X =p1> I1Xia =P P I = X )P

21 2141 20
1 1 S o o
o =5 ) 1X =012 =V V) + VL |1
(277t+1 277t> ! Pthg Ty thitte
B X —plP X = X
T 2 204 2n;
(o VI = I E T P+ IV 1) + i1V P
200, 201) ! 2 s i s
As Vi, = 0 and ] = 13, summing the above from t = 1 to T gives
T i i T i i 12 T
i i i ||X1—Pz||2 X — Xyl i N
DoV Xy ) < e Y R S S i IV, P 6T)
t=1 : ? 41 t=1 Mt t=1 :

Dropping the negative term and taking expectation leads to

T T
i i i R? i i i
E Y (VI(X1): X{ s —p)| <E 5t DG+ AV (X )IIP + o)
t=1 ’ Ir+1 31
R :
<o+ (i) +03)G + o)

Ir+1 31

The claim then follows immediately from the choice of the learning rates. O

G Regret Analysis with Adaptive Learning Rates

In this section, we tackle the regret analysis of OptDA+ run with adaptive learning rates. For ease of
notation, we introduce the following quantities®

t t
At :ZHV;JF%”?» I =ZI\X§—X§+1II2~
s=1 s=1

SFort < 0, A\l = pui =0.
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Clearly, our adaptive learning rates (Adapt) correspond to v = 1/(1 + )\LQ)%_Q and n! =
1/4/14+ X5+ pi_5. As Assumption 4 assumes the noise to be bounded almost surely, when-

ever this assumption is used, the stated inequalities only hold almost surely. To avoid repetition, we
will not mention this explicitly in the following. Finally, Assumption 5 is obviously satisfied by the
learning rates given by (Adapt); therefore, Lemmas 10 and 11 can be effectively applied.

G.1 Preliminary Lemmas

We start by establishing several basic lemmas that will be used repeatedly in the analysis. We first
state the apparent fact that A} grows at most linearly under Assumption 4.

Lemma 13. Let Assumption 4 hold. Then, for alli € N and T € N, we have
N < 2(G? + 5%)T.
Proof. Using Assumption 4, we deduce that
177, 12 < 20V (XK I + 2060 | < 267 + 262,
The claimed inequality is then immediate from the definition of A% O

The next lemma is a slight generalization of the AdaGrad lemma [6, Lemma 3.5].
Lemma 14. Let T € N, ¢ > 0, and q € [0,1). For any sequence of non-negative real numbers

ai,...,ar, it holds

T 1 T 1—q

Qg

3 : qgl_q<2at> . (38)
t=1 | €+ Zs:l as t=1

Proof. The function y € R} — y' =7 is concave and has derivative y — (1 — ¢)/y?. Therefore, it
holds for every y, z > 0 that

1—
DY T

(z—y).

For ¢’ € (0,¢), we apply the above inequality toy = ¢’ + 3" _, as and z = ' + 22;11 as. This

gives
1 t—1 1—q 1 t 1—q u
- ’ < - ’ _ t
S(Se) ) ey
s=1 s=1 €+Zs:1a5

1 i e Q¢
"+ s - 39)
1‘q<€ Z> (s +50ra)

IN

Moreover, at t = 1 we have

a1 ’ 1— 1
— < ('+a 7 <L
(5+a1)‘1_( ) “1-gq

Summing (39) from ¢ = 2 to 7', adding (40), and rearranging leads to

d a 1 ) e
t /
§ : q < 1—g¢ (6 + E at) .
t=1 (€4 D oy s =1

Provided that the above inequality holds for any £’ € (0, €), we obtain (38) by takinge’ — 0. [

(e +ay)' 7. (40)

The above two lemmas together provide us with the following bound on the sum of the weighted
squared norms of feedback.

Lemma 15. Let Assumption 4 hold, s € Ny, andr € [0,1). Then, foralli € N and T € N, we have

TOAVELIP iy
2 < T 25(G* +&7%).
Laan Ly S 1y TR
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Proof. Since 1/(1+ )" < 1/(1+ Ai_,)" and ||V} H2 < 2G? + 252, we have

<( +,1\ G +1>\£)r> Ve 2 1IP < <(1+)1\ T a +1)\%-)T)2(G2+52).

Subsequently, it follows from Lemma 14 that

i 1||2 _i v, +1||2 +< 1 )ll "
Sy Zlae T\aea) w) :
<i Vi, 2 +i( | L)oot
> - — - o
o (H”) N+ M) (AT
i r 0 _
L il
- t=—s+1 (1+A)
7 \1—r
= (AITE +25(G? +5°) m

We also state a variant of the above result that takes into account the feedback of all players.

Lemma 16. Let Assumption 4 hold, s € Ny, r € [0, 1), and (o) ien be a sequence of non-negative
N-dimensional vectors such that ot < 1/(1+ Xi_,)". Then, for all T € N, we have

Z||Vt+1|\a < 2Ns(G2 + +Z 1_r

t=1

Proof. This is immediate from Lemma 15. O

Both Lemma 15 and Lemma 16 are essential for our analysis as they allow us to express the sums
appearing in our analysis as a power of \; plus a constant. We end up with a technical lemma for
bounding the inverse of 7;.

Lemma 17. Let the learning rates be defined as in (Adapt). Foranyi € N, T € N, and a,b € R,
we have
T i 7 2
ia _b I X¢ — Xf+1|| 1+ M 02.
77T+1 t=1 T)t 4b

Proof. On one hand, we have

i _a\/l+/\T L+ M 1<a\/1+)‘T 1‘*‘“\/“:1“1
N1

On the other hand, with 1! < 1, it holds
T . . T
1 — X o Z.
bz tnizt—i_ > bZHXt - Xt+1||2 > bup_q.
¢ t=1

Let us define the function f: y € R — —by? + ay. Then

2

; i a
ay/wp_y —bup_y < r;lggf(y) =0
Combining the above inequalities gives the desired result. O
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G.2 Robustness Against Adversarial Opponents

In this part, we derive regret bounds for adaptive OptDA+ when played against adversarial opponents.

Proposition 8. Let Assumption 4 hold and player i run (OptDA+) with learning rates (Adapt). Then,
for any bounded set K* with R > sup,icxci|| X1 — p'||, it holds

max E

T
piek: Z<V1(Xt+%)7XZ+% -7

t=1

=0 (((G2 +6)T)2 "+ R2(G+6)VT + R* + G + 62> .

Proof. To begin, we notice that inequality (37) that we established in the proof of Proposition 7 still
holds here for any p* € K*. Furthermore, applying Lemma 17 with a < R?/2, b + 1/2 leads to

T i i 2 g
U o . ek o1 P i W

- - < + .
2y o 2nt 2 8

On the other hand, invoking Lemma 15 with either r < 1/4 4 g or r + 1/2 guarantees that

AQG)¥ e

T
— 3—4q

AR AR
t=1

+ 24/ A5+ 8(G? + 52).
Putting the above inequalities together, we obtain

R R V- Eu v
max [ Z(Vl(Xt+§),XZ+é—pl>] <E + (A7)

pieK? 2 3—4q

+ 24/ A%
t=1
4

+ % + 8(G? + 5?).

We conclude with the help of Lemma 13. O

G.3 Smaller Regret Against Opponents with Same Learning Algorithm

We now address the more challenging part of the analysis: fast regret minimization when all players
adopt adaptive OptDA+. For this, we need to control the different terms appearing in Lemmas 10
and 11. For the latter we build the following lemma to control the sum of some differences. As
argued in Section 5, this is the reason that we include || X? — X/ || in the definition of 7.

Lemma 18. Ler Assumptions 1 and 4 hold and the learning rates be defined as in (Adapt), then for
all T € N, we have

T
S (BIVEK) = VXesn)l12, = 1K = Xes 4y, ) < 432NPL0 + 24N2G2.

=1
Proof. Foralli € N, let us define

_ - 1
b= > ———
t max{se{o, T} ntlQNL2}7

where we set j, = 1/(12N L?) to ensure that ¢* is always well-defined. By the definition of 77, the
inequality n%, > 1/(12NL?) implies yi&; _, < 144N2L?. We next define the sets

T=J{#-181n{1,..,T}

iEN
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Clearly, card(7) < 2N. With v, < 1, Assumptions 1 and 4, we obtain

T
D 3lIV(Xe) = V(Xesa)l3,
t=1

T

<D 3IVIXe) = V(X
t=1
= Z 3| V(X)) = V(Xer)[I” + Z 3|V (Xy) = V(Xeq)?
te[TI\NT teT
< Y BNLAX = Xen [P 4+ Y6 (VXD + V(X))
te[T]\T teT
< Z > BNL|X] - Xi P+ ) 12NG?
i=1te[T\T teT
T2
<Z3NL2<ZXl Xial?+ Z 1% — XZ+1||2> +24N?G?
t=1 t=ti+1

pi; <144N2L2

On the other hand, by the choice of ' we know that 1/n¢ > 12N L? for all t > #* + 1; hence

. N
ZHXt — Xt+1||§/(4nt) = Z

i
t=1 i=1 t=1 At

1X7 — Xl

o
1 — X744 P?

7
i=1 t=ti+1 4
N T
> Z Z BNL?||X{ — X{p [
i=1 t=Fi+1

Combining (41) and (42) gives the desired result.

(41)

(42)

O

With Lemma 18 and the lemmas introduced in Appendix G.1, we are in a position to provide a bound
on the expectation of the sum of the weighted squared operators norms plus the second-order path
length. The next lemma is a fundamental building block for showing faster rates of adaptive OptDA+.

Lemma 19 (Bound on sum of squared norms). Let Assumptions 1, 2 and 4 hold and all players run

OptDA+ with adaptive learning rates (Adapt). Then, for all T € N we have

T T N

1 .
DBV, )I3,]+ 3 > E[IX = Xen [P <er Yy B [\/)\4 + e2,
=1 t=1 i=1

where

= X —
p= min max|.X; |,

c1 = 12NL? + 8NL + 2L + p? + 4,

co = 432N3L° + 24N?G? + (12NL? + 8NL + 2L + 8)(NG? + N&?) + Np? + 2Np*.

Proof. As in the proof of Proposition 6, and proceed to bound in expectation the sum of the following

quantities
A =3|V(Xy) = VX)), = 1% = Xes1 13 2m,)
By = 6|7, 1 L2 Vo_g[22 + (4N + DLI&,_ 1122, Co =2 Vypalls,-
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Thanks to Lemma 18, we know that the sum of A; can be bounded directly without taking expectation
by

T T
dA=> (3||V (Xe) = VX)), = 1% = Xesa 13 am,) — 1Xe = Xt+1|ﬁ/(4m))
t=1 t=1
T
< 432NPLO + 24N?G? = Xy = Xeiallf ) am, -
t=1

To obtain the above inequality we have also used 17, < 1. To bound E[B;], we use E[||§t_% Hf/z] <

IE[HVFL ||22] 1 < N, and Lemma 16 (as (v;,,)* < 1/4/1+ Xi_,) to obtain

ZIE B <E [Z(GNL2 +AN+1)L)[V,_y ||33]

t=2

T-1
) lZ((SNLQ + (AN + DD)IViia G, e ]

t=1

< (6NL*+ (4N + 1)L) <2N (G? + ZQE [\/)\iTlD. (44)

Similarly, the sum of C'; can be bounded in expectation by

ET:E[CA < 8N(G? + 52) +§:4E {@] 45)

t=1 =1

Let us choose x, = argmin, ¢y max;en|| X — 2’|| so that p = max;en|| X} — 2. Plugging
(43), (44), and (45) into (28) of Lemma 11, we get readily

T T
S EIVX )R, + VX D)2+ D B = Xiga 13 (sm,)]
t=2 t=1
T N
E(1X1 = %y, ) = D I%Ke = Xegall?sm,) + (12NL2 + SNL+2L +4) Y E {1 /A’T}
t=1 =1

+432N3L° + 24N?G? + (12NL? + 8N L + 2L + 8)(NG? + N&?)
(46)
Using Lemma 17, we can then further bound the RHS of (46) with

T i P2
X7 — 2] X7 = Xill
||X1—X*”%/nT+l_Z”Xt_xt+1||%/(8nt) Z( ; Z o
=1

im1 M1 81t

-y (11 = @212 /1 + My + 2112 1)

=1
N
< Np? +2Np* YO}
SNp*+2Np* + > p%\ /Ny
=1
47

Finally, using 7, < 1, X3 J2 = X1, and 5 = 7y, the left-hand side (LHS) of (46) can be bounded
from below by

T T
Y BNV )3, IV )I3,]+ D ENIXe = Xeqa I sy, )]
t=2 t=1

T 1 T
2
2D ElIVXepIR] + 5 D Bl — Xeal] (48)
Combining (46), (47), and (48) gives the desired result. O

39



We also refine Lemma 10 for the case of adaptive learning rates. The next lemma suggests the terms
that need to be bounded in expectation in order to control the regret.

Lemma 20 (Bound on linearized regret). Let Assumptions 1, 2 and 4 hold and all players run OptDA+
with adaptive learmng rates (Adapt). Then, for alli € N, T € N, and bounded set K' C X with

R > supicii Xt —
T N
. . , R* L+1 /
ma]é(_IE E (V’(XH%),XZJF% —p)| <E ( 5 +;r> Ao+ (6L + 4L) g )\
p’Le k2 p .
t=1 j=1

R\ Jph_y 31272
o DX = X
t=1

2

+R7+(6NL2+4NL+L+2)(G2+&2) .

Proof. We will derive inequality (49) from Lemma 10. To begin, by Assumption 3(a) the noises are
conditionally unbiased and we can thus write

Ea IV 17 = VX DI + B [l1€E_ 3 17 = Eea (g1 17)-
Subsequently, ~, being F;_;-measurable, applying the law of total expectation gives

Y OBl s IIQ]]

i=1

Z )2 B[V 1||2]] =E[|Vi_lI3:]-

Elllé, 3112 = E

(49)

Plugging the above two inequalities into the inequality of Lemma 10 and using 4} < 1 results in

T
;}?@E ;<V (Xt—‘r%)aXH_% —D >]
Rr? P72 2 2
<E + Z%L IV sle + 5 ||xt — Xy
277T+1 t=2
1 < 1<
+ 5 ;: 'Yt LHVl 1 ||2 + 4LHV,5_1||2 ) + 5 ;%HV}%HQ
RQ\/1+A§“_1+M§“_1 T—-1 3L2T 1
<E 5 Z(3L2+2L)||Vt+1”('yt+1)2 T Z\|Xt—Xt+1H2
t=1 t=1
1T—1
+§Z 'Yt+1 LH 1||2 ZmH 1H2
t=1

Since we have both (77, ,)? <1/4/1+ Xi_; andn} < 1/4/14 Xi_,, applying Lemma 15 leads to
T—1 T
> (i) LIV 2+ DtV 12 < L (N, + 267 +52)) + /X +4(G2 + 02).
=1 =1

Similarly, using Lemma 16 we deduce

T—1
Y BLA4+20) [V il < BL* +2L) | 2N(G* +5%) + Z 2/ N,
t=1

Putting the above inequalities together and using \/ T+ b <14 A+l 1
gives the desired result.
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G.3.1 The Case of Additive Noise

From Lemma 19 and Lemma 20 we can readily derive our main results for the case of additive noise.

Theorem 12. Let Assumptions 1, 2 and 4 hold and all players run OptDA+ with adaptive learning
rates (Adapt). Then,
T

D BNV, lI?=0(T'79).

t=1

Proof. With Lemma 13, for ¢ € {1, ..., T}, we can lower bound the learning rate v} by

1 1 1
; 1 2 1 Z 1 N
14+ X_5)277 " (14 2max(t—2,0)(G%+352))279 ~ (1+2T(G?+52))27¢

)

Ve =

Lemma 19 thus guarantees

T
L BV )I7] _ iE Nl e
(1+2T(G2+o—2))% P e

We conclude by using again Lemma 13. O

Theorem 13. Let Assumptions I, 2 and 4 hold and all players run OptDA+ with adaptive learning
rates (Adapt). Then, for any i € N and bounded set K C X*, we have

z:j: t+1—pi> :O(\/T>.

max [E
pieKi

Proof. This follows from Lemma 20. To begin, with Lemma 13, we have clearly

(122+L+1) Xi + (6L2 + 4L) Z\/AJTI ( )

Next, thanks to Lemma 19 we can bound

E

E M 3L2 ZHX ~Xi1|?| <E R72+37L2 Z”X — Xyp1|?
2 t t+1 t t+1
N
< (4R* +12L7) (cl > E [,/Ag] +02> .
i=1
This is again in (’)(\/T) Plugging the above into Lemma 20 concludes the proof. O

G.3.2 The Case of Multiplicative Noise

The case of multiplicative noise is more delicate. As explained in Section 5, the main step is to
establish an inequality in the form of (6). This is achieved in Lemma 22 by using Lemma 19. Before
that, we derive a lemma to show how inequality (6) implies boundedness of the relevant quantities.

Lemma 21. Let p,r,c € R such thatp > r, ¢ € Ry, and (a*,...,a") be a collection of N
non-negative real-valued random variables. If

N ) N )
2_El@)] <e E[@)], (50)

Then Y.~ | E[(a?)?] < Nevo7 and Y1 E[(a)"] < Nev-r .
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Proof. Since p > r, the function y € Ry U{0} — y» is concave. Applying Jensen’s inequality for
the expectation gives E[(a?)"] < E[(a?)?]#. Next, we apply Jensen’s inequality for the average to
obtain

1 N ) . 1 ) P
LS () < (Nzwm) | e

Along with inequality (50) we then get

ZE[(ai)”] < CZE[(ai)T] <cN'TH (ZM(@?”]) : (52)

In other words

Taking both sides of the inequality to the power of p/(p — ), we obtain effectively

N ; p
> El(@)’] < Ne#*

=1

The second inequality combines the above with second part of (52). O

In the next lemma we build inequality (6), and combined with Lemma 21 we obtain the boundedness
of various quantities. This is also where the factor 1/¢ shows up.

Lemma 22. Let Assumptions 1, 2 and 4 hold and all players run OptDA+ with adaptive learning
rates (Adapt). Assume additionally Assumption 3 with o 4 = 0. Then, for any T' € N, we have

N

. 1402, 1\ *=

STE[(+ X)) <N ((1 +o2)en + (‘L"%)C?‘L> , (53)
=1

- 1- o), (Lo +1)"

STE |1+ A | SN (L of)e + L) (54)

=1

= i 2 (1+of)e +1 %

ZE[MT] <8Ncy | (1 +oyy)c1 + N + 8cs. (€]

i=1

Proof. From Lemma 19 we know that

T

STE(VXe )] < iﬂa [\/ﬂ ‘o

t=1

Since =, is F;-measurable (it is even JF;_;-measurable), using the relative noise assumption and the
law of total expectation we get

N

N
EVXey)2] = ST ER EV X )12 = SOE |E,
=1 =1

Ao R
||‘/tz+%H . HVtJr%H?yt

1+03, 1403,
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The learning rates -, being non-increasing, we can then bound from below the sum of
E[IV(X;;1)I3,] by

T T

1 .
> ]E[IIV(XH%)I@]Zl > E[[V;1l2,]
t=1

v

T
1 .
e YRV,

T i
1 i\f:]E Zt:1||vt+%||2
S ltoy & (14 )z

(14 Ni)z—4

A;+11]

N
1 o
> ]E{l AL aﬂ.
= 1+a§4+1+a§4; (1+A7)

As a consequence, we have shown that

N N

Y E [(1 + x’T)%ﬂ <(1+oi)a Y E [\/E} + (1 +03)e2 + 1,

i=1 =1

Subsequently,

g:E [(1 +A;)%+Q] < ((1 +o3)e + MJ%{Z)CQH) ﬁ;E [\/1 +Ai4 .

i=1

We deduce (53) and (54) with the help of Lemma 21 taking p < 3/4 — ¢, 7 < 1/2, ¢ + (1 +
o2)er + (1 +03,)ca +1)/N, and a® « 1 + A% Plugging (54) into Lemma 19 gives (55). O

Now, as an immediate consequence of all our previous results, we obtain the constant regret bound of
adaptive OptDA+ under multiplicative noise.

Theorem 14. Let Assumptions 1, 2 and 4 hold and all players run OptDA+ with adaptive learning
rates (Adapt). Assume additionally Assumption 3 with o 4 = 0. Then, for any i € N and bounded
set IC*, we have

T
i i i 1
E prpea’é(i t=1<v (Xt+%)aXt+% -p")| =0 <exp <2q>> .
Proof. Combining Lemma 20 and Lemma 22 gives the desired result. O

H Last-iterate Convergence

We close our appendix with proofs on almost-sure last-iterate convergence of the trajectories. The
global proof schema was sketched in Section 6 for the particular case of Theorem 4 (which corre-
sponds to the upcoming Theorem 17). To prove last-iterate convergence we make heavy use of the
different results that we derived in previous sections.

H.1 Lemmas on Stochastic Sequences

To begin, we state several basic lemmas concerning stochastic sequences. The first one translates a
bound of expectation into almost sure boundedness and convergence. It is a special case of Doob’s
martingale convergence theorem [25], but we also provide another elementary proof below. For
simplicity, throughout the sequel, we use the term finite random variable to refer to those random
variables which are finite almost surely.
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Lemma 23. Let (U;)ien be a sequence of non-decreasing and non-negative real-valued random
variables. If there exists constant C' € R such that

VteN, E[U]<C.
Then (Uy)ien converges almost surely to a finite random variable. In particular, for any sequence

of non-negative real-valued random variables (x+)ien, the fact that ZLOT E[x:] < 400 implies
Zj:f Xt < 400 almost surely, and accordingly lim;_, o, x+ = 0 almost surely.

Proof. Let Uy, be the pointwise limit of (Uy):en. Applying Beppo Levi’s lemma we deduce that Us,
is also measurable and lim;_, , o E[U;] = E[Us]. Accordingly, E[U] < C. The random variable
U being non-negative, E[U,,] < C' < 400 implies that Uy, is finite almost surely, which concludes
the first statement of the lemma. The second statement is derived from the first statement by setting

U =301 Xs- O

The next lemma is essential for building almost sure last-iterate converge in the case of vanishing
learning rates, as it allows to extract a convergent subsequence.

Lemma 24. Let (U;)ien be a sequence of non-negative real-valued random variables such that
lim inf E[U;] = 0.
t—+4o0

Then, i) there exists a subsequence (U, ))ten of (Ut)ien that converges to 0 almost surely;® and
accordingly ii) it holds almost surely that liminf, , . Uy = 0.

Proof. Since liminf;_, o, E[U;] = 0, we can extract a subsequence (Uw(t))teN such that for all
t € N, E[U,y] < 2% This gives >, E[U, ;)] < 400 and invoking Lemma 23 we then
know that Z;of Uy < +oo almost surely, which in turn implies that U, ;) converges to 0
almost surely. To prove (ii), we just notice that for any realization such that lim;_, y o Uys) = 0,
we have 0 = limy o Uy = liminf; o Uy > 0 and thus the equalities must hold, i.e.,
lim i]flft*)+oo Ut =0. O

Another important building block is Robbins-Sigmunds’s theorem that allows us to show almost sure
convergence of the Lyapunov function to a finite random variable.

Lemma 25 (Robbins and Sigmund [54]). Consider a filtration (G;)ien and four non-negative
real-valued (Gy)ten-adapted processes (Up)ien, (a)ten, (Xt)ien, (Ct)ien such that E[U;] < 400,
T R[] < 0o, Y Elxe] < oo, and forall t € N,

EUs1 ]G] < (1 + a)Us + xt — Gi-
Then (Uy)ien converges almost surely to a finite random variable and Z;Of (¢ < 00 almost surely.
Finally, since the solution may not be unique, we need a to translate the result with respect to a single

point to the one that applies to the entire set. This is achieved through the following lemma.

Lemma 26. Let KK C R? be a closed set, (u;):en be a sequence of R%-valued random variable, and
(at¢)ten be a sequence of RN -valued random variable such that

(a) Foralli € N, of > 1, (al)en is non-decreasing and converges to a finite constant almost
surely.

(b) Forallx € K,

Then, with probability 1, the vector atoo = limy_, o ¢ is well-defined, finite, and ||u; — X|| ..,
converges for all x € K.

u; — X||a, converges almost surely.

Proof. As R is a separable metric space, K is also separable and we can find a countable set Z such
that /C = cl(Z). Let us define the event

& ={ax = . ligrn o is well-defined and finite; ||u; — 2|/, converges forallz € Z.}  (56)
L——+0o0

SWe remark that the choice of the subsequence does not depend on the realization but only the distribution of
the random variables.
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The set Z being countable, from (a) and (b) we then know that P(E£) = 1. In the following, we show
that ||u; — x|, converges for all x € K whenever £ happens, which concludes our proof.

Let us now consider a realization of £. We first establish the convergence of |ju; — z||o., for
any z € Z. To begin, the convergence of ||u; — z||o, implies the boundedness of this sequence,
from which we deduce immediately the boundedness of ||u; — z| as ||u; — z|| < ||u; — 2|/, by
a; > ay > 1. In other words, C' = sup,cy||u; — z|| is finite. Furthermore, we have

N N
0< fu—zl2, —llu —z]2, =) (o —ajlly — 2|* <Y (al, —ap)C% (57
i=1 i=1
Since o’ — ! converges to 0 when ¢ goes to infinity, from (57) we get immediately lim;_, o (|ju; —
z||2_ — |lu; — 2z[|2,) = 0. This shows that ||u; — z[|2_ converges to lim_, o [|u; — 2[|2,, which
exists by definition of £. We have thus shown the convergence of ||u; — z|q,_ .

To conclude, we need to show that |[u; — x||o, in fact converges for all x € K. Let x € K. As
Z is dense in K, there exists a sequence of points (zx)gen With z; € Z for all k € N such that
limg s 400 2 = x. For any ¢, k € N, the triangular inequality implies

—llzn = xllawe < lw =Xl = l0r = 2 lla < [128 = Xlovec -

Since zj, € Z, we have shown that lim;_, o ||us — 2g]| exists. Subsequently, we get

—llzr = Xllas, <limmfluy —xla. — lm [Ju - 2z]a.
< 1i 3 _ — 1i —
< limsupf[uy = xfla, = Tim [la = 24 o

< lzr = xlae -

Taking the limit as k — 400, we deduce that limy_, 4 o lim;—, 4 oo |1y — 2k ||, €xists and

lim infllu; - xla, = lm  lim [ju; —zilla., = lgfgopllut = Xlaee -
This shows the convergence of ||u; — X||o.. - O

Corollary 3. Let K C Rd be a closed set, (0;):en be a sequence of R%-valued random variable,
and o € RY such that o > 1foralli € N, and for all x € K, ||u; — x||o converges almost surely.
Then, with probability 1, ||u; — x||o converges for all x € K.

H.2 Trajectory Convergence of OG+ under Additive Noise

We start by proving the almost sure last-iterate convergence of OG+ under additive noise. This proof
is, in a sense, the most technical once the results of the previous sections are established. This is
because with vanishing learning rates, we cannot show that every cluster point of (X, +1 Jten is a
Nash equilibrium with probability 1. Instead we need to work with subsequences.

We will prove the convergence of X; and X, . 1 separately, and under relaxed learning rate require-

ments. For the convergence of X, a learning rate condition introduced in [29] for double step-size
EG is considered.

Theorem 15. Let Assumptions 1-3 hold and all players run (OG+) with non-increasing learning
rate sequences (V) ten and (n:)ien satisfying (4) and

+oo —+o0 “+oo
vam = 00, Z%QTHH < 00, ZU? < 0o. (58)
t=1 t=1 t=1

Then, X, converges almost surely to a Nash equilibrium.

Proof. Our proof is divided into four steps. To begin, let us define X; = X; and for all ¢t > 2,
Xo =X+ mi€yoz = Xe1 — 0 V(X_1)

Notice that X, is F,_;-measurable. This surrogate of X plays an important role in the subsequent
analysis.
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(1) With probability 1, ||Xt — X, || converges for all x, € X,. Letx, € X,. We would like to apply
Robbins-Siegmund’s theorem (Lemma 25) to the inequality of Lemma 5 with

G+ Fio1, U+ Ei ]| X — x|, a <0,
G e Bt [V (X )2+ IV (X)),
Xt ¢ Eeo1 Byenest NL2 (00 +A2) IV, P+ (e-1)* V-2 )
+ (Ve + N (1 + 7)) L€ 1 I” + (77t+1)2||vt+% I1%]-

As Lemma 5 only applies to ¢ > 2, for ¢ = 1 we use inequality (15). We thus choose {; = 0 and
x1 =13 Vs2l®
We claim that 3,7 E[x;] < -+o0. In fact, following the proof of Proposition 5, we can deduce

+00 +00 too
> E <> vemesa(ad(l + o%y) + beosy) E[[V(Xyy1)%] + > nerr(ae + b)) Nog,
t=1 t=1 t=1

(A) (B)

for a; = ney1/ve + 992 NL? and by = 74 (4N + 1) L. With our learning rate requirements it is true
that a;(1 + o%;) + b:o3; < 3/2, so Proposition 5 implies (A) is finite. On the other hand, from

thof Y2041 < 400 and Zj:of n? < +oo we deduce that (B) is also finite. We then conclude that
it is effectively true that 3", E[y;] < +o0.

As a consequence, applying Robbins-Siegmund theorem gives the almost sure convergence of
E;—1[||X: — x4||?] to a finite random variable U,,. To proceed, we use the equality

Er1[IXe = xulP] = Bt [1Xe = mei_y — %] = 11Xe = %1% + 7 Beoa [1€— 5 11°].

Accordingly,
+oo _ too
D EE 1K = %l = 11X = xul*] = D B[ Beoa (16— 17]]
t=2 t=2
—+o00
<Y ni Bl IV(X_y)|* + Noi]
t=2
400
< Z(%ntHUJQW E[[V(Xyy1)[%] + (41)?NoR)
t=1
< +00.
(59
To obtain the last inequality we have applied i) Proposition 5; and ii) the summability of (1?);en.
Invoking Lemma 23, we deduce that E;_1 [||X; — x4||?] — [|X; — x,||? converges to 0 almost surely.

This together with the almost sure convergence of E;_1[||X; — x.||*] to U we obtain the almost
sure convergence of || X; — x,[|? to Uw..

To summarize, we have shown that for all x, € X, the distance ||Xt — X, || almost surely converges.

Applying Corollary 3, we conclude that the event {||X; — x, || converges for all x, € X, } happens
with probability 1.

(2) There exists and increasing function w: N — N such that ||V(Xw(t)+% N2+ ||Xw(t)+§ —Xw(t) |2
converges to 0 almost surely. From Lemma 24, we know it is sufficient to show that

giin_&rolofE[|\V(Xt+%)|\2 + HXt+% - Xt||2] =0.

Since E:;Of Y¢Me+1 = +oo in all the cases, the above is implied by

+oo

S et B[V X )IP + X,y — Kol < +oo. (60)
t=2
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Using Assumption 3 and 7; < <y, we have

B[l Xy 1 — Xy|1°] = E[[[7V(Xe—z) + (e + 7)€ -1 [1%]
=7 B[V )IP] + (e + ) E[l|€,_ 1 |I°]
<7 (14403 E[ V(X)) + 497 No.

Subsequently, with Proposition 5, the summability of (727, 1):en and the fact that the learning rates
are non-increasing, we obtain

+oo +oo

D ovmenlXeps = X1 <D e EDF(1+ 403 [IV(X_ 1) I* + 497 Nod]
t=2 t=2
—+oo —+oo

<D At (L4403 )[IV(X ey )IIP + D dnnims No
=1 =1

< +o00.

Invoking Proposition 5 again gives 37 11 E[[| V (X, +1) 2] < 400 and thus we have effec-
tively (60). This concludes the proof of this step.

3) (Xt)teN converges to a point in X, almost surely. Let us define the event
& = {||X;—x,|| converges for all x, € X,; |\V(Xw(t)+%)|| X412 —Xw(t |* converges to 0}

Combining the aforementioned two points we know that P(£) = 1. It is thus sufficient to show that
(Xt)teN converges to a point in X for any realization €.

Let us consider a realization of €. The set X, being non-empty, the convergence of || X; — x,|| for a
x, € X, implies the boundedness of (Xt)teN Therefore, we can extract a subsequence of (Xw(t))t,
which we denote by (Xw(w(t)))t that converges to a point Xoo € X. As limy—, oo || X (1)) 11 —
Xw(w(t))HQ = 0, we deduce that (X, ;)4 1)): also converges to Xo € X. Moreover, we also
have limt_H_oo||V(Xw(w(t))+%)||2 = 0. By cont1nu1ty of V we then know that V(x) = 0, i.e.,
Xoo € Xy. By definition of &, this implies the convergence of ||Xt — Xoo || The limit lim;_, | o ||Xt
Xool| is thus well defined and limy_, 4o ||X; — Xoo|| = hthJrooHXw(w(t)) — Xso||. However,
limg 1 o0 ||Xw(¢(t)) — Xeo|| = 0 by the choice of x.,. We have therefore lim;_, 4 o ||Xt — Xoo|| = 0.
Recalling that x, € X, we have indeed shown that (X +)teN converges to a point in X.

(4) Conclude: (X)ien converges to a point in X, almost surely . We claim that || X; — XfH
converges to 0. In fact, similar to (59), it holds that

+oo
> ENX: = X7 Zm [1€:— 1 11%] < +oo.
t=1

Invoking Lemma 23 we get almost sure convergence of ||X; — X|| to 0. Moreover, we have shown

in the previous point that (Xt)teN converges to a point in X, almost surely. Combining the above
two arguments we obtain the almost sure convergence of (X;);cn to a point in X,. O

Provided that the players use larger extrapolation steps, the convergence of X; does not necessarily
imply the convergence of X, 41 The next theorem derives sufficient condition for the latter to hold.

Theorem 16. Let Assumptions 1-3 hold and all players run (OG+) with non-increasing learning
rate sequences (V¢ )ten and (n:)ren satisfying (4) and (58). Assume further that v} = O(n;) and

there exists r € (2,4] and o > 0 such that E[||&,]|"] < o” for all t and Z 17" < oo. Then, the
actual point of play X, +1 converges almost surely to a Nash equilibrium.

Proof. Since we already know that (X;):en converges to a point in X, almost surely, it is sufficient
to show that lim¢, 1o [|X¢ — X, 1 || = 0 almost surely. By the update rule of OG+, we have, for
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t>2,X; - X, 41 = %V(XF%) + ’)’tﬁtf%- We will deal with the two terms separately. For the
noise term, we notice that under the additional assumptions we have

+o0 400
ZE[H%EF%HT] < Z%’ar < +o00.
t=2 t=2

Therefore, applying Lemma 23 gives the almost sure convergence of [;&,_1|| to 0. As for the
operator term, for ¢ > 3 we bound

eV X, )l < HIVX,_y) = VX)) |+ 2 VX))

On one hand, as (X;):cn converges to a point in X, almost surely, the term ;|| V (X;_1)|| converges
to 0 almost surely by continuity of V. On the other hand, by Lipschitz continuity of V we have

—+o0 —+oo
D B[ IIV(Xir1) = VXD P < (3u41)* i NLE[[[ V1 [?)
t=2 t=2
+o0 too
<Y WUNLPE[IVX,_)IP]+ Y % NLE[[1€,_1 1%
t=2 t=2

(61)
Since 7§ = O(n;), there exists C' € R such that 7 < C, for all t € N. Along with Proposition 5
we get

+o00 too
S NEPEIV,_ ) < S v ONPE[VX,_ )P < too. (62)
t=2 t=2

Since r > 2, by Jensen’s inequality E[||£,]|"] < o” implies E[||€, %] < o2. Along with r < 4 and
S 47 < oo we deduce

&) 400
D VNLPE[[g,_1]P] <D i TNLP0® < +oc. (63)
t=2 t=2

Combining (61), (62), and (63) we obtain ;%5 E[(y+1)?V(Xyr 1) — V(X)|?] < 400, which
implies limy—, o0 Ye4+1[| V(X4 1) = V(X¢)| = O using Lemma 23. In summary, we have shown the

three sequences (7€, 1 |)eex. (vellV(Xe—1) [ )een and (3 [V(X,_y ) = V(X,_1)[})sen converge
almost surely to 0. As we have

1K ~Xp L= VK )16 2l < %l VK, )= VK ) [+l Ve ) 1, s,

we can indeed conclude that limy 4 o[|X¢ — X, 1 || = 0 almost surely. O

H.3 Trajectory Convergence of Non-Adaptive OptDA+ under Multiplicative Noise

We now turn to the case of multiplicative noise and prove almost sure last-iterate convergence with
constant learning rates.

Theorem 17. Let Assumptions 1-3 hold with 0 4 = 0 and all players run (OG+) / (OptDA+) with
learning rates given in Theorem 2(b). Then, both X; and X, . 1 converge almost surely to a Nash

equilibrium.

Proof. As in the proof Theorem 15, we define Xl =X, andforalli € N, ¢t > 2,
Xi=X{+n'¢_, =~ Z VX y)

Xt serves a surrogate for X, and is JF;_1-measurable. Our first step is to show that

— Xy ||/ converges for all x, € X,.
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For this, we fix x, € X, and apply Robbins-Siegmund’s theorem (Lemma 25) to inequality (13) of
Lemma 7 with

G Fro1, Up e Ea[[Xe =%l ))s a0, G Eena[[[VX ) 3]+ VX - )3,
Xe e Ei1 3] V(Xe) = V(X112 + (4N + DLJIE, 5 |2
+ 3L (Ve 22 + V1 Ve—slB32) + 21 Ver o7

For t = 1 we use (31); thus (; = 0 and x; = ||V3/2||%. To see that Robbins-Siegmund’s theorem is
effectively applicable, we use Assumptions 1 and 3 with o4 = 0 to establish’

Elx:] < EBJYlleo L[ X¢ — X¢—1 |
+ ([[¥llos (AN + 1) Loy, + 3|72 NL*(1 + 0-]2\/[)>||V(Xt7%)”'2y]
F3IVIENLA (1 + o3 [ V(X_a)[3 + 201+ o) V(X g ) [17]-

With 2(1+402,)n < «, it follows immediately from Proposition 6 that Z;Of E[x¢] < 400. Robbins-
Siegmund’s theorem thus ensures the almost sure convergence of E;_1 [||X; —x,||?] to a finite random
variable. By definition of X}, we have

Ec 1 [I1X] = 23 )%) = B [1X7 = 0'¢f_y — 23IP) = |1X] — 23012 + () Eeea [l 1 |17
Subsequently ~
Eeo1[I1Xe = %13 /n) = 1Xe =%l + B[l 3 17].
Therefore, by Assumption 3 with 04 = 0 and Proposition 6 we get

+o00o +o00 +oo

D EE X x| 1K=l ) = DBl 5] < D oR BV (X, 1)) < +oo.
t=2 t=2 t=2

Following the proof of Theorem 15, we deduce with the help of Lemma 23 and Corollary 3 that
the claimed argument is effectively true, i.e., with probability 1, || X; — x,||1/,, converges for all
X, € X,.

Since [|X; — Xo|* = [1,_ 1112 and | X,y 1 — X||* = ZLHW@Z% + 0y || (for t > 2),

applying the multiplicative noise assumption, Proposition 6, and Lemma 23 we deduce that both
[X; — X;|| and Xy 41— X, || converge to 0 almost surely. Moreover, Proposition 6 along with
Lemma 23 also implies the almost sure convergence of ||V (X, 1) to 0. In summary, we have
shown that the event

X, — X415 converges for all x, € X,
lim X, - X =0, lim [X,py ~ X =0, Tim [V(X,; )] =0

t——+o0

&=

happens almost surely. To conclude, we just need to show that X; and X, +1 converge to a point in
X, whenever £ happens. The convergence of || X; — x,/|1/, for a point x, in particular implies the
boundedness of (X;):en. Therefore, (X¢)ten has at least a cluster point, which we denote by X .
Provided that limy, 4 oc [ X1 — X¢[| = 0, the point X is clearly also a cluster point of (X, 1)¢en.
By lim¢, oo [|[ V(X4 1 )| = 0 and the continuity of V' we then have V(x) = 0, i.e., Xo0 € X,
This in turn implies that || X; —X |1/, converges, so this limit can only be 0. In other words, (X;)sen
converges to Xoo; we conclude by lim;_, 1 || X; — X¢|| = 0 and lim;, 1 o ||Xt+% —Xy|=0. O

H.4 Trajectory Convergence of Adaptive OptDA+ under Multiplicative Noise

In closing, we prove the almost sure last-iterate convergence of adaptive OptDA+ under multiplicative
noise. As claimed in Section 6, we first show that the learning rates almost surely converge to positive
constant. This intuitively means that the analysis of the last section should apply as well.

"Fort = 1 and ¢t = 2, we remove the terms that involve either X /2> Xo, or X_y /5.
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Lemma 27. Let Assumptions 1-4 hold with 0 4 = 0 and all players run OptDA+ with adaptive
learning rates (Adapt). Then,

(a) With probability 1, for all i € N, (\})en and (ut)ien converge to finite constant.

(b) With probability 1, for all i € N, the learning rates (V})ien and (n})ien converge to positive
constants.

Proof. We notice that (b) is a direct consequence of (a) so we will only show (a) below. For this,
we make use of Lemma 22 and Lemma 23. In fact, (1/\});en is clearly non-decreasing and by
Lemma 22, sup,cy E[1/A!] < +00. Therefore, Lemma 23 ensures the almost sure convergence of

(v/A})¢en to a finite random variable, which in turn implies that (A\¢);cn converges to a finite constant
almost surely. Similarly, (u}):en is non-decreasing and sup, oy E[pi] < 400 by Lemma 22. We thus
deduce by Lemma 23 that (p!);cn converges to finite constant almost surely. O

We now adapt the proof of Theorem 17 to the case of adaptive learning rates. Note that the fact that
the learning rates are not constant also causes some additional challenges.

Theorem 18. Let Assumptions 1—4 hold with o 4 = 0 and all players run (OptDA+) with adaptive
learning rates (Adapt). Then,

(a) It holds almost surely that ;> ||V(Xt+% )I? < +oc.

(b) Both (Xy)ten and (X, 1)ien converge to a Nash equilibrium almost surely.
Proof. In the following, we define v, = lim; , { o 7v; and i, = lim; ., { oo 7, as the limits of the
learning rate sequences. Since for each i € N, (7}):en and (7} ):en are non-negative non-increasing

sequences, both v, and 1, are well-defined. Moreover, by Lemma 27 we know that v and 7,
are positive almost surely.

(a) Combining Lemma 19 and Lemma 22 we get immediately >,-° E[||V(X, +1 NE ] < +oo.

Therefore, using Lemma 23 we deduce that 37| V (X, )||2 < +o0 almost surely By definition
of v, we have

+o0 “+oo +o0
SV I2, = IV IE = mingk SV )
t=1 t=1 t=1

As a consequence, whenever i) C' := >F | V(X, )”'Qn is finite; and if) min;e s 2, > 0, we have

V(X 2 < .
ZH )l < S o N%o<+oo

As both i) and ii) hold almost surely, we have indeed shown that 3,27 ||V (X, +1) | < +o0 almost
surely.

(b) To prove this point, we follow closely the proof of Theorem 17. To begin, we fix x, € A,
and show that we can always apply Robbins-Siegmund’s theorem (Lemma 25) to inequality (13) of
Lemma 7 (or inequality (31) for ¢ = 1). This gives, for ¢t > 2,

Gi=Fi—1, Up=E[|Xs — X*H%/m]» ap =0, = Etfl[”V(XtJr%)H?yt] + ||V(Xt7%)||ita
Xt =B BIVXy) = VXl + 11X = xulliym, , 1/m, + 4N + DLIE 4[5 + 3L
(vl lVioy 13z + lveoalillVe_g Iy, )2) + 20V l17,)-

As for t = 1, we replace the above with (; = 0 and x; = HVB/QH%I. Using Assumption 1, (44), and
(45), we can bound the sum of the expectation of x; by

SR £ 3 SN~ X ] +Z(||X1—m*||2 (/1 Ny + a4
t=1

t=1
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+ (6NL? 4 (4N +1)L) <2N (G*+5%) + Z 2B [\/;D
N

+8N(G*+5%) + Y 4E [\/;}

i=1

It then follows immediately from Lemma 22 that 3_,-% E[y;] < +oco. With Robbins-Siegmund’s
theorem we deduce that B, [[|X; — x| /m,| converges almost surely to a finite random variable.

As in the proof of Theorems 15 and 17, we next define 5(1 =X; andforalli € N, t > 2,
Xi=X{+mg 1= mz — V(X 1)
Then,

Eea[lXe = %l /] = 1Ko = %ull3 5y, + B (1€, 3 117, ]-

Using E;_q[||€7 ,]]?] < Et—l[HVZ_; %], the law of total expectation, the fact that n, is F;_1-
2

measurable, Lemma 16, and Lemma 22 we then get

—+oo
D OEE X = %l ]~ 1K =%}, ] = ZEH&"IIW
t=2
C 2
< ZE[th_% 12,
<2N(G? +5°%) +su 2E[ Ai]
< e
< +00. (64)
Invoking Lemma 23 we deduce that E,_; [[| X; — x,||? /m} X, —x, 2 /m, almost surely converges

to 0. Since we have shown E;_1 [[|X; — x,|? /m,) @lmost surely converges to a finite random variable,
t

we now know that || X; — x,|? /n, almost surely converges to this finite random variable as well.

To summarize, we have shown that for any x, € &, Xt — X1 /n, converges almost surely.
Moreover, we also know that (1/7,,), the limit of (1/7;):en is finite almost surely. Therefore,
applying Lemma 26 with IC <—~X*, u; + Xy, and ey < 1/m,, we deduce that with probability 1,
the vector 1/m is finite and ||X; — x,||1/y,_ converges for all x, € X,.

Next, with X, — X, |2 = 1€, 125 and [X,. y ~Xoll2 = T2 [0V, + i€l |12 Gort > 2)
following the reasoning of (64), we get both 3% E[[| X, — X4||?] < +ocand > Bl X1 —
X,||?] < +o00. By Lemma 23 we then know that ||X; — X,|| and X1 — X, || converge to 0 almost

surely. Finally, from point (a) we know that || V(X 1 )|| converges to 0 almost surely. To conclude,
let us define the event

1/m, is finite and ||X; — X4l|1/n_ converges for all x, € X,

Jim X=Xl =0, i X,y — X =0, lim [V(X,yy)] =0

We have shown that P(£) = 1. Moreover, with the arguments of Theorem 17 we deduce that
whenever £ happens both (X;)en and (X, 1):en converge to a point in X,, and this ends the

proof. O

51



	1 Introduction
	2 Problem Setup
	3 optimistic gradient methods: Definitions, difficulties, and a test case
	4 Regret minimization with noisy feedback
	5 Adaptive learning rates
	6 Trajectory analysis
	7 Concluding remarks
	A Prelude
	B Further Related Work
	C Additional Figures
	D Technical Details and Notations
	E Preliminary Analysis for OG+ and OptDA+
	E.1 Generalized Schemes with Arbitrary Input Sequences
	E.2 Quasi-Descent Inequalities for OG+ and OptDA+

	F Regret Analysis with Predetermined Learning Rates
	F.1 Bounds for OG+
	F.2 Bounds for OptDA+

	G Regret Analysis with Adaptive Learning Rates
	G.1 Preliminary Lemmas
	G.2 Robustness Against Adversarial Opponents
	G.3 Smaller Regret Against Opponents with Same Learning Algorithm

	H Last-iterate Convergence
	H.1 Lemmas on Stochastic Sequences
	H.2 Trajectory Convergence of OG+ under Additive Noise
	H.3 Trajectory Convergence of Non-Adaptive OptDA+ under Multiplicative Noise
	H.4 Trajectory Convergence of Adaptive OptDA+ under Multiplicative Noise


