Supplementary Material to Linear Convergence of Gradient
Methods for Estimating Structured Transition Matrices in
High-dimensional Vector Autoregressive Models

We use C, C’, C”, C" and ¢ to denote positive constants which might change from line to line
throughout this part.

A Proof of main theorems

A.1 Proof of Theorem[T]

First we provide several expression used in our analysis.

1
fa(T) = o-[Y = XTg, (33)
J0) = {0 -T2 T + 1}, G4
Vfu(T) = %XTX (T-T,) - %XTE, (35)
Vf(T) = 2.(I - T.). (36)

Lemma 2. Suppose & = Px(y), where K = {x | R(x) < R(x*)} and R(-) is a convex function.
Then we could bound | — x*||, as

|z —z*|, < sup (v,y—x¥), (37)
vECNS2

where C = cone(D) is the decent cone, D = KC — {x*} is the descent set and S, is the sphere with
unit Euclidean norm.

In this way, we could bound the difference between I'y, 1 and I’ as

|F7€+1 - F*“F
= [[Pc(Tk — uV fu(Tr)) — Tullp

< sup <V,I‘k -I, - van(rk)>
VelCnSr

1 1
sup (V,I'y - T, —pu—XT'X(T, -T,)+p—X"'E)
VeCNSr n n

1 1
= sup (V,Typ —Tu = pX (T = To) + (T = =X X)(Tx = T4) + p—-X"E)
VeCnSg n n

< sup (V,(I—pE)(Te—T))+ sup (V,u(Z, — %XTX)(I‘,C -1,

VeCnSg VeCnSr
I I1
1 T
+ sup <VMU/7X E>7 (38)
VeCnSr n
II7

where the first inequality refers to Lemma and C = cone(K — {T', }) is the descent cone generated
from £ = {T' | R(T") < R(T',)}.

The first term I of (38)) only relates to the population loss function f(T';), which could be bounded
according to the following lemma.

Lemma 3. Under Assumption[z] the term T — T, — uV f(T) about the gradient of the population
loss function (B4) with the step size ;1 = 1/Kmax satisfies

Rmin
IT =T = pVf (D) < (1= —==)|F = T . (39)

max
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Then we could bound the first term I of (38) as

sup  (V, (I — pX5)(Tk —Ty)) < (I — pX)(Tk — TW)llp
VeCnSk
= |Ts = Tu — uV(Th)llp
Rmin
< (1= My, ), (0)

max

where the first inequality is from the Cauchy-Schwarz inequality and the last inequality is based on
Lemmal[3l

The second part II of is about the deviation inequality of the sample Gram matrix X © X /n. The
following lemma would help us deal with the supremum of the quadratic form.
Lemma 4. Suppose vec(X 1) follows the distribution N'(0,Y,.) where Aax(Yy) < Kmax and the
rows of X follow the distribution N'(0, X,.). Under the condition of n > (w(C1 NSg) + w(Ca N
Sr) + u)?, we havd]

XX ns ns
P( s (vo(z - X0 > ox,,,, AG NN TGOS H

UECiNSr n vn
VeCNSk

) < 2exp(—u?),

41
where C' is a constant, C1 and Co are two convex cones.

The condition Apax(Y) < Kmax is satisfied according to Assumptionand Lemma By setting
C1 = C2 = C, we could bound the second part II of with Lemma [4] under the condition of
n > (2w(CNSk) + u)? as

1 1
sw (Vo u(Fe— - XTX)Tp—T) £ s (V,p(Z — - XTX)U)T; ~ T

VEeCNSk U,VelnSy
2w(CNSp)+u
< MCKmaXTHFk - F*”F
cnsS
< C/w”['k _ F*HW (42)

n

with probability at least 1 — 2 exp(—u?), where the first inequality is from the fact R(T'x) < R(T%),
which indicates (T, — T',)/|Tx — L[|y € C N Sp, the second inequality uses Lemma 4] and the
third inequality holds by noting pt = 1/Kmax-

The third part III of (38) is the summation of a martingale difference sequence. The difficulty to
bound the summation is the coupling between {e;} and {x;}. Our analysis to decouple these two
sequences is based on the following lemma, which is inspired by [41]].

Lemma 5. Under the condition of Theorem ifn > (w(CNSk) +u)? we could deriv%

1 1w(CNS

P( sup | —(V,XTE)| > C/Fmax || Ze|? w) < 2exp(—u?). 43)
vecnsy T vn

Then we could bound the third part III of (38) with Lemmaunder the condition of n > (w(C N

Sr) +u)? as

1 1w(CNSr) +u
Sup [pt(V, XTE)| < pCfim 2 FLEOED) T 1
VecnsSg n \/ﬁ

1 Lw(CNSp)+u

< OB

- \Y4 Kmax

with probability at least 1 — 2 exp(—u?), where we use 1 = 1/Kmax-

(44)

"Note this lemma does not only adapt to the random process indexed by two matrices. In fact, from the proof
it is explicit that we could derive the deviation bound of the process indexed by any number of matrices if we
could handle the increment reformulated by the index matrices. This is why our analysis framework could also
be utilized to estimate the regression matrix and the precision matrix simultaneously in [28]].

Note this lemma also adapts to the process indexed by more matrices.
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Substituting @0), (@2) and @4) into (38) yields

P41 = Tl

Kmin w(CNSF)+u , 1 1w(CNSF)+u
<(1- Pminyp o, RdCARL PR sCYT N RSP E el s
L A A N

Kmin W(C N SF) +u , 1 1 LU(C n SF) +u
=(1- T, T, 3, p A E) T

( Kmax + C \/ﬁ ) H F HF * O Rmax ” ” \/ﬁ
P 13
= p|Tk — Tullp + ¢, (45)

with probability at least 1 — 4 exp(—u?), under the condition of n > (2w(C N SF) + u)?.

To guarantee the convergence, that is, p < 1, we require the number of measurements satisfying

Vi > OB 5,0 ASE) + ). (46)

Rmin
In this way, we could get the event

[Tt = Dol < T~ Tulle +€ < 90 = Dol + 15 @

holds with probability at least 1 — cexp(—u?), where the second inequality is due to taking union
bound and the fact p < 1.

Further, if the number of measurements satisfies

Vi > 2050 (4,0 N SE) + ), 48)

Kmin

we could derive a simpler expression

Kmin w(lCNSp)+u Kmin
=1- 1-— . 4
p Kmax o NG < 2K max 49)
A.2 Proof of Theorem[2]
First we provide several expression used in our analysis.
1
fa(8,L) = o ||Y = X(S + L), (50)
F(S,L) = %tr [(S+L-8, ~L)'S,(S+L-8 —L)+1I}, 51)
Vsfu(S,L) = lXTX(S - 8,)+ lXTX(L ~L,)— lXTE, (52)
n n n
1
Vifa(S,L) = lXTX(S - 8,)+ lXTX(L ~-L)--X"E, (53)
n n n
vSf(SaL) :Zw(S_S*)+2m(L_L*)a (54)
V5if(S,L)=X,(S—-S,)+ X.(L—L,). (55)
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In this way, we could bound the difference between Sy 1 and S, as

HSk+1 - S*”F
= |[Ps(Sk — uV s fa(Sk, Lk)) — Sillp
< sup (V,Sp—8,—uVsfn(Sk, L))

VelCsNSkr
1 1 1
= sup (V.S -8, —pu—X'X(S,-8,)—pu—X"X(Ly—-L,)+p—X"E)
VeCsnSk n n n
= sup (V,(I—pX,)(Sk—Ss) — pXy(Li — L)
VelCsnSrk

1 1 1
+ (B = ~XTX)(Sk = S0) + p(To — —XTX)(Lx — L) + p- X" E)

< sup <V7 (I - sz)(sk - S*) - ,UJZ‘;L'(Lk - L*))
VeCsNSy

1

1 1
+ sup (V,u(Z, — =XTX)(Sk—S.) +u(Z — —X"X)(Lip — L))
VeCsNSk n n

17

1
+ sup (V,u—XTE), (56)
VeCsnSk n

111

where the first inequality refers to Lemmal[2jand Cs = cone(Ks —{S,}) is the descent cone generated
from s = {S | Rs(S) < Rs(S,)}.

The first term I of (36) only relates to the population loss function f (.S, L) and could be further
rearranged as

sup (V,(I —pX.)(Sy —S.) — pXy(Ly — L))

VelsnSrk
< sup (V,(I—upuX)(Sr—S)+ sup (V,—uX.(Li— L,)). (57)
VeCsNSk VeCsNSy

The first term of could be bounded as

sup  (V, (I — pX;)(Sk — S4)) < (I — pX5)(Sk — 84)llp
VeCsnSk

< /\max(I - ,U,Ex)”Sk - S*”F
Kmin
<(1- K—)HS;C = Sullp, (58)

max

where the first inequality is due to the Cauchy-Schwartz inequality, the second inequality is from the
fact |[AB| < |Al|||B| for two matrices A and B, and the third inequality holds by noting the
matrix I — p 3, is positive semi-definite with the largest eigenvalue no more than 1 — :“—a under

Assumptionand the choice of the step size p = 1/Kmax-
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The second term of (57) could be bounded as
sup  (V,—pX:(Ly, — L))

VelCsnSk
< sup (V, =u3,U)| Ly, — L|p
VeCsNSp,UECLNSE
= s (P (V) P (V), —uEs (Prg, (U) + Pz (U)) |k — Ll

VeCsnSr,UECLNSF
< 1(Fmax (Pr, Pz, ) IPxa, (Ve Psg, (U)
+ Gmax (Prts Do P I Psg (Ve Pry (U)
+ Omax (Prag o P, N Prae (Vs Pg, (O)le

+ G (Pt ZePras ) Prs (VI Pcis (0)] ) 1 Zi — Ll
<ng (”%JWIIFII%L(U)HF + 1Pgz, (VeI Pz (0
+ Pxis (V)llplPr, @)l + HPW(V)HFHPW(U)HF) ILy, — L.
- u”‘;““ (P, (Ve + 1Pz (V1) (P, (Ol + [Pz U ) I1Bi — Ll

fimm
2 1Pt (VI + 1Pxas (V) 1P, (@)1 + 1Py (@)1 B = Ll

1 K‘/mll’l
< - 4k ||Lk *HF7 (59)
where the first inequality is from the facts Ry, (Lx) < R (L) and (Ly—L,)/|Lx—L.|¢ € CLNSF,
the second inequality holds by noting the definition of &y, () and the properties P2 = P, PT = P
for an orthogonal projection operator P, the third inequality is due to Assumption 3] the second
equality is based on ac+ad+bc+bd = (a+b)(c+d) for constant a, b, ¢, d, and the last two inequalities

follow from the facts a + b < /2v/a® + b2 for constants a, b, ”PMS(V)”I%“ + ||Pﬂé(V)||% =
2 2 2 2

IVIlg = 1and [[Pgg, (U)[lg + [Pris (U)]p = Ul = 1.

Substituting (38) and (39) into (57, we could bound the first term I of (36)) as

sup  (V,(I — pX,)(Sk — Ss) — pX.(Ly — L))
VeCsNSy

(
<

Kmin 1/$min
< (1- 221, - S, +

- max 4 max

I3 = Lulg- (60)

The second part IT of (36) contains two terms about the deviation inequality of the sample Gram
matrix X X /n

1 1
sup  (V,u(E, — —XTX)(S, —8,) + (X, — —XTX)(Ly, — L,))
VeCsnSr n n

< s (VoS- SXTX)(S - 8))+ swp (Vou(S — - XTX)(L - L)),

VelCsnNSkr VeCsNSg
(61)

By setting C; = Ca = CS, we could bound the first term of (61) with Lemma[4]under the condition of
n> (2w(Cs NSk) +u)? a

1
sup  (V,pu(X, — EXTX)(Sk —-SN < sup  (V,u(Z, - EXTX)UH‘Sk - S, e

VeCsNSy U,VeCsNSg
20(Cs NSE) +u
S MC/{max(\/ﬁF)”Sk - S*HF
2w(Cs NSp) +u
<(————— — Sxllps 2
< 2T s, - s, (62
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with probability at least 1 —2 exp(—u?), where the first inequality is from the fact R5(Sx) < Rs(Sx),
which indicates (S — S.)/[Sk — S|y € Cs NSk, the second inequality uses Lemma]and the
third inequality holds by noting 1 = 1/Kmax-

By setting C; = Cr, and C; = Cg, we could bound the second term of (61) with Lemma @ under the
condition of n > (w(Cs NSF) +w(Cr NSE) + u)? as

swp (V. (%~ - XTX)(Li L))

VeCsNSy
1
< sup  (V,u(Z, — X" X)U)||Lg — L
VeCsNSy n
UecCrNSr
CsNS CLNS
< UC K E5 N5F) +jﬁ( LOSE) Py L,
w(Cs N SF) + w(CL N SF) +u

<C
< n
with probability at least 1 — 2exp(—u?), where the first inequality is from the fact R, (L)

<
R (L), which indicates (Ly — L,)/| Ly, — L.|y € C1, N Sp, the second inequality uses Lemma 4]
and the third inequality holds by noting pt = 1/Kpax.

Substituting (62)) and (63)) into (61)), we could bound the second term II of (56)) as

[Lk — Lu|g, (63)

1 1

sup  (V,u(Zp — = X" X) (8 — S,) + (T — = X" X)(Ly, — L))

VelsnSk n n

2w(CsNSF) +u w(CsNSp) +w(Cr NSE) +
S, - Sl +C N

with probability at least 1 — 4 exp(—u?), under the condition of /n > C"(w(Cs N SF) +w(Cr N

SF) + u)

The third part III of (56) is the summation of a martingale difference sequence, which could be
bounded by Lemma [5|under the condition of n > (w(Cs N'SF) + u)?

u
<C ILk — Lillp,  (64)

1 1w(CsNSE) +u
sup LV, XTE)| < uC' g B} 2Cs 08r) U

Vecsnsy N Vn
1 1w(CsNSF)+u
<’ || —————, (65)
Vv Fmax ” ” \/ﬁ
with probability at least 1 — 2 exp(—u?), where we use zt = 1/Kmax-
Substituting (60), (64) and (63) into (36) yields
ISk+1 = Sillg
Kmin 1 Kmin 2w(Cs NSF) +u
<(1- mnyiS — S, |+ — L.—L, s 2F) TG, 8,
< (1= )8, — S, + 1 2L - L+ 02X s, s,
w(CsﬂSF)+w(CL QSF)-i-U , 1 ;w(CsﬂSp)—i—u
C L,—-L C X , (66
+ n I3 = Luflg + m” I NG (66)

with probability at least 1 — 6 exp(—u?), under the condition of \/n > C"(w(Cs NSF) + w(Cr, N
Sr) + u).

Following the same procedure, we could derive the bound of ||Ly41 — L]/

1Lk = Lullg

Rmin 1 Rmin 2(.0(CL N SF) +u
< - — — — - - —
<(1 Kmax)”Lk L.|lp + i ISk — Sillp + C 7 |Ly — Ly| g
w(Cr NSF) +w(CsNSF) +u , 1 1w(C, NSF) +u
C S — 8, |p+C .| . (67
+ NG IS = Sullp + €' | B =25 (67)
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with probability at least 1 — 6 exp(—u?), under the condition of v/n > C"'(w(Cs N SF) + w(Cr, N
SF) + u)

Considering (66) and (67) as a whole leads to
1Sk+1 — Sullg + [ L1 — Lullp
<(1- 3 Kmin I C//W(CL NSr) +w(Cs NSF) +u
4 Kmax \/ﬁ

P
w(Cs N SF) + w(CL N SF) +u

NG

JUSk = Sullg + [Lx — Lillg)

, 1
\Y4 K;max

+C PAE

3
= p(ISk = Sillp + [ Lk — Li|lp) + ¢, (68)

with probability at least 1 — 12 exp(—wu?), under the condition of v/n > C"'(w(Cs NSg) +w(Cr N
S F) + u)
To guarantee the convergence, that is, p < 1, we require the number of measurements satisfying

\/ﬁ> o

4M(W(CSQSF)+UJ(CLQSF)+U). (69)

3 Rmin

In this way, we could get the event
ISk+1 = Sullp + [ Lrta = Ll < p([1Sk = Sillp + 1Lk — Lullp) + ¢
§

< P80 = Sullp + Lo — Lullp) + -, (70)

holds with probability at least 1 — c exp(—u?), where the second inequality is due to taking union
bound and the fact p < 1.

Further, if the number of measurements satisfies

\/ﬁ>4C”'€L‘j”‘(w(CSmSF)+w(CLmSF)+u), (71)

min

we could derive a simpler format

p:17§ﬁmin +C,,W(CL QSF)+W(CSQSF)+U 1 Kmin ' (72)

4 Kmax \/ﬁ 2K max

B Proof of corollaries

B.1 Proof of Corollary/]

As the proof of Theorem |1} the difference between I'.4; and I', could be bounded by three parts

[Trr1r — Tullp

= ”P’C(Fk - Nvfn(rk)) - r*”p

< sup (V,Tp—T, - uVin(Te)
VeCnSk

< s (VI pZ)(Te~T)+ swp (V, (S~ - XTX)(Ty - T,))

VeCnSr VeCnSg
I II
1
+ sup (V,u—XTE). (73)
VeclnSr n
IIT

The first term I of about the population loss function could be bounded by the same procedure as
the proof of Theorem I}
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When the rows of X are independent with the distribution N (0, X,.), the spectral density func-
tion becomes f,(0) = X, /(2x) for any 6§ € [—m, 7] and M(f;) = Amax(X2)/(27), m(f,) =
Amin(X2)/(27). Under this setting, Assumption naturally guarantees
Rmin S )\min(rx) S Arnax(r;t:) S Rmax (74)
Kmin S )\min(zx) S >\1nax(23:) S Rmax (75)
where Y, = I,, ® X,,.
In this way, the conditions of Lemma ] are satisfied and the second term II of could be bounded
following the same procedure as Theorem [T}

With the facts that X and E are independent and their rows are independent Gaussian vectors, we
could avoid the decoupling step in the proof of Lemma [5]and derive a similar result except for the
absolute constant by following the remained part of the proof for Lemma 5]

Taking the three terms of (73] into consideration, we could derive the result with the same form as
Theorem[1l

B.2  Proof of Corollary2|
In this setting, the objective function is

1
F(8.L) =Y — 8~ L. (76)

We could bound the difference between Sy41 and S, as
ISk+1 = Sillp
= HP’CS (Sk - ;U’VSf(Sk; Lk)) - S*”F
< sup  (V, Sk — Si — Vs f(Sk, L))
VeCsnSg
= sup (V,Sp,—S,—(Sx—Ss)— (L —L,)+ E)
VeCsnSk
= sup (V,—(Lp—L,)+E)
VeCsNSg

< sup <Vﬂ 7(Lk - L*)> + sup <V7 E>a (77)
VeCsNSr VelCsNSk

I 11

Based on Assumption[3]and the derivation of (59), we could bound the first term I of as
sup (V, =(Ly — L))

VelCsnSr
< sup (V. ~U)|Li — Ly
VEeCsNSy,UECLNSE
= sup (Pais (V) + Pz (V), =(Prg,, (U) + Pra (U))) [ Lie — Lyl

VeCsnSp,UECLNSF

IN

(G Pty Pt Pz, (V) 1Pt () + G (P, P ) Pty (V) e Py (0
+ Fmax (Pray Pra Pz (Ve Pt (Ol
+ Fmax(Prg Pra Pz (V) Pzs )l ) 1Li = Ll

< 2 (P52, Vel P, @)l + [Pz, (V) Pz () e
+ P52 (VelPrz, @)l + Pxg (V) el Preg @)l ) 1Lk = Ll

£ (1P5. V)l + 1P52 Dl ) (1P, (@)l + 1Pz )l )1 — Ll

< VP VR + 1P (V) 1P, (D)1 + [Pz () [21Le — Ll

1
21Tk = Ll (78)

IN
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Under the robust PCA setting, the noise matrix E could be interpreted as
1o 1
FE = ﬁ ;zl'ziT - (S* + L*) = ﬁZTZ - (S* + L*)v (79)

where {z;} is a sequence of independent Gaussian vectors with the distribution A'(0, S, + L),
Z =z, - 7zn]T 18 a matrix whose rows are i.i.d. Gaussian vectors and ]E[%ZTZ} =S,+L,.

In this way, the second term II of (77) could be bounded as the second term II of (73).

Taking the two parts of into consideration, we could derive

w(CsNSp) +u
vn ’

with probability at least 1 — 2 exp(—u?), under the condition v/n > w(Cs NSf) + u.

1
||Sk+1 - S*HF < ZHLk - L*”F + C”S* + L*H (80)

The difference between Ly 1 and L, could be derived with the same way.

From [42], Corollary 10.3.4 and Exercise 10.4.4], we could derive w(Cs N Sg) < C’v/s4 log d and
w(CL n SF) S C”m.

C Proof of auxiliary lemmas

C.1 Proof of Lemmal[2]

From the definition of projection, & is the optimal solution of the following optimization problem
. 1
& = argmin () + 5“33 - y||§» (81)
x

where ¢x(+) is the indicator function defined as

LK(m):{ 0 ifeek, 82)

oo otherwise.

According to the fact that & is the optimal solution, we could derive
0cok(@)+x—y=0(x)+xT—a*+x*—y, (83)
where Ouic (&) is the subdifferential of ¢ (-) at .
After reformulation, we could derive
—(—x"+x* —y) € dic(®) = N(x; K), (84)

where N (Z; K) is the normal cone of K at &. Here we adopt the fact that duxc(€) = N(&; K) from
[43] Example 2.32] and the normal cone at & € K is defined in [43] Definition 9] as

N(&;K) ={v| {(v,x—x) <0, Vo € K}. (85)

Combining with the definition of normal cone (83), we could get
(—(x—x"+x" —y),x" —&) <0, (86)
where we use the fact x* € K.

Then it is easy to verify that

|z —2"; < (@ —a"y—2) < sup (v,y— )|z -, (87)
vECNS2

where the second inequality is from (Z — «*)/|| — *|, € C N S,.
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C.2 Proof of Lemma[3
First, we write I' — I', — uV f(T") as

-T,—uVfT)=I - puX,)(T -T,). (88)
Under Assumption [2[and the choice of step size i = 1/Kmax, it is easy to verify that the matrix

I — X, is positive semi-definite and its largest eigenvalue is no more than 1 — “=i> Then we could
derive

Rmin
IT =Ty = pV D)l < Amax(I = pZ)|F = Tullp < (1= )T = Tul,  (89)

max

where we use the fact that || AB| . < ||A|||B|| for two matrices A and B.

C.3 Proof of Lemmald]

To bound the supremum of the random process X¢r,v = (V, (X, — XZX YU), where U € C1 NSpg
and V' € Cy N Sp, we first illustrate the random process X¢7,y has a mixed tail and then apply
Lemma 6

Lemma 6. [44, Theorem 3.5] Suppose the random process (X )ier has a mixed tail

2

P(X: — Xy| > u) < 2exp(—min(ﬁ,ﬁ)), (90)

then we could derive

P(sujg | X — Xeo| > C’(’yg(T, da) + 71 (T, dy) + ulo(T) + uQAl(T))) < 2exp(—u?), 91)
te

where Ao(T') (A1(T)) is the diameter of T with respect to the semi-metric dg (d1).

Here v, -functional is defined as [45, Section 2.3]

Yo(T,d) = ir%f igg g?”/ad(t,Tn),
for0 < a < o0.
First we could rearrange the increment as
Xuv —Xw,z
~ vz - X X iz - X N w
= tr {(X, — XTX)(UVT -wz")}

_ E[%Vec(XT)TUn ® UV =WZT))vee(XT)]

- %vec(XT)T(In ® (UVT —=WZ"))vec(XT). (92)

We could further rearrange UV — W Z7 as
vl —-wz? =uvT -wvT twv? —wz” = U -w)VT -+ W(V - 2)T. (93)

Its Frobenius norm could be bounded as

2 2 2 2
[UVT —WZ" |z <2|U - W +2|V = Zl|p <2(7) = (F)ll5- (94)

The following lemma illustrates the quadratic form (U”, X7 X') has a mixed tail.
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Lemma 7. Suppose vec(XT) follows the distribution N'(0,Y,,). We have the tail bound

U2 u

| TP U 11Ul

P(lr(XUXT) ~Etr(XUXT)| > u) < 2exp ( — cmin( ) 05

where c is a constant.

For the VAR model (T)), we could verify vec(X7T) ~ N(0,7,) and EXT X = nX,. In this way,
the conditions of Lemma[7] are satisfied. Then we could derive

XTXx XTx

PV (B = ==200) = (2,(5, - ==)W)| > u)
u2 u
< 2ex — cmin
; p( (%IITIIIQII(E)—( Yl LT |IIY) - (VZV)”F))
2 ex — c¢min u? v
<20 S O - (DB Bl (U)— (W >|F)>
'LL2 u

< 2exp ( - min( (96)

n maxC2H(U) ( )”F T’imaxC”( )_ (VZV)|F)>7

where the second inequality is from the condition Ayax(Y:) < Kmax and the last inequality holds for
two positive constants ¢ < 1 and C' > 1.

From (96), the increment Xy v — X z has a mixed tail with dz = v2Ckuyax| - |p/v/7 and
dl - \/icmmaxH : ”F/n

Combined with Lemma[6] we could derive the event

XTx

sup [V, (X, —
U€eCiNSk
VeCaNSk

)| > ¢’ (WQ(T, do) + 71 (T, dy) + ulo(T) + u2A1(T)) 97)

holds with probability at most 2 exp(—u?). Here T' = C; NSg x Co N Sp.

We adopt the following lemma to transfer the ~;-functional to the ~,-functional and deal with the
coefficients of metrics.

Lemma 8. /21| Lemma 2.7, Equation 46] For ~,-functional, we have

’71(57 H : ”2) < ’75(5, ” : H2)ﬂ (98)
Yo (S, ed) = ¢y, (S, d), (99)

where o > 0, ¢ > 0.

Combining with the Talagrand’s majorizing measure theorem [46, Theorem 2.1.1], we could bound
the ~»-functional by the Gaussian width

Yo (T, - |Ip) < C"w(T) < C"(w(C1 NSk) + w(C2 N SF)), (100)
where the Frobenius norm for a matrix is equivalent to the [, norm for a vector.
Then we could rearrange further with Lemma 8]and (I00)
XTXx

sup - [(V, (X — )U)|
UecCinNSk n
VeCNSkp
o <ﬁOC”n w(C1 NSF) +w(C2NSk) V2O (w(C1 NSE) +w(CaNSE))?
max \/ﬁ max n
U2
+ \/iCmmax—\;%AF(T) + \/écnmaanF(T)> (101)

holds with probability at most 2 exp(—u?), where we use the facts Ao (T) = vV2Ckmax Ar(T)/+/10
and A1 (T) = V20 kmax Ar(T) /n.
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From the facts (w(C1NSp)+w(C2NSk))? +u? < (w(CiNSF)+w(CaNSk) +u)? and Ap(T) < 4,
we could rearrange when the item (w(C; NSp) + w(C2 N Sp) + u)/+/n is dominant and derive

XTX w(C1NSE) +w(C2NSk) +u
P su V, (X, — U > C" Kpax < 2exp(—u?),
(,2m, (Vo (2 == =0 . NG ) < 2exp(—u?)
VelNSkg

(102)
when n > (w(C1 NSk) + w(Ca NSk) + u)?.

C.4 Proof of Lemmal7|

This lemma is a direct corollary of the Hanson-Wright inequality.

Lemma 9 (Hanson-Wright inequality [47]). Suppose x is a random vector with independent sub-
Gaussian components x; satisfying Elx;] = 0 and ||z;|,, < K. A € R"*" is a fixed matrix. For
u > 0, we could get

2

u u
P(|lz" Az — Exz” Az| > u) < 2exp ( — cmin(— ) )), (103)
( KiA|2 K2 A )

where ¢ > 0 is a constant.

First, we could rearrange
11 11
tr(XUXT) = vec(XT)T(I,, @ U)vec(XT) = vec( X )T, 202 (I, o U)Y2 Ty 2vec(XT).
(104)
In this way, 7> *>vec(X ') becomes an isotropic Gaussian vector. Combining the rotation invariance
of Gaussian vectors, we could derive

P<| tr(XUXT) — Ete(XUXT)| > u)

T 1 1 T 1 1
= P(1g" Y (I, @ U)X g — Eg" T (I, © U)X g| > u)
2
SQexp(—cmin( T 4 T 1 - T ))
172 (1, @ U)X [ |17 (1, @ U)X |

2

< 2exp ( cmin( u U ))
<2exp| — ’ ,
n| U 1T

where g is a vector with independent standard Gaussian entries. Here we use [|AB||p < || A]/|B| .
|AB| < |A||B]| and |A|| < ||A| for two matrices A and B.

C.5 Proof of Lemmal3
The analysis is inspired by [41, Theorem 1], which is based on the decoupling theory in [48]]. First
we introduce two related definitions.

Definition 2 ({F;}-tangent sequence). [48l Definition 2.1] Let {d;} be a sequence of random
variables adapted to an increasing sequence of o-fields {F;} and assume Fy is the trivial o-field.
Then a sequence {e;} adapted to {F;} is {F; }-tangent to {d;} if for all i

p(di|Fi—1) = plei| Fi—1). (105)

Definition 3 (Decoupled sequence). [48 Definition 2.2] A sequence {e;} of random variables
adapted to an increasing sequence of o-fields {F;} contained in F is said to satisfy condition CI if
there exists a o-algebra G contained in F such that {e;} is a sequence of conditionally independent
random variables given G and

p(di| Fi—1) = p(ei|Fi-1) = p(eilG)
for all i. Then the sequence {e;} is said to be decoupled.

The following lemma guarantees the existence of the decoupled sequence.
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Lemma 10. /48] For any sequence {d;} adapted to an increasing sequence of o-fields { F;}, there
alway exists a sequence {e;}, which is {F; }-tangent to {d;} and satisfies the CI condition.

The following lemma is an important tool to analyze the exponential inequalities for martingales.

Lemma 11. (48] Corollary 3.1] Let {d;}, {e;} be {F;}-tangent. Suppose {e;} is decoupled. Let
g > 0 be any random variable measurable respect to o({d;}2,). Then for any finite t,

n

Elg exp(tZdi)] <.,|E[g? exp(QtZei)]. (106)
i=1 i=1

The core of the proof is to illustrate the increment (V' — Z, X T E) has a mixed tail.
First, we could rearrange (V — Z, XTE) as

n n
(V-2 X"E)=) e/ (V-2)"z,1=>Y m, (107)
t=1 t=1

where the term of the martingale difference sequence {m;} is defined as m; = el (V — Z)Tx,_;.

Further m; could be viewed as a zero-mean Gaussian variable with the variance || X2 (V —Z) @, |
conditioned on F;_1 = o({eg,- - ,e:_1}), where we set ey = x( for we consider the stationary
data {z;}7_,. We could rewrite the moment generating function (MGF) of (V — Z, XTE) as

n

Elexp(A Z el (V- 2)'z, 1))

t=1

= Elexp(A Z my)]
t=1

IN

Eexp(2A Z my)

t=1

Elexp(232 Y| 22 (V = 2)Ta, 4 |2)]

t=1

IN

_ \/E[exp (2)\2vec(XT)T(In @ (V - Z)Z.(V - Z)T)Vec(XT)>]

- \/E[exp (2A2gTr§ (I, @ (V — Z)5.(V — Z)T)Tjg)}, (108)

where the first inequality followleemma by noting {m;} is the decoupled sequence tangent to

{my} satisfying m}, ~ N(0, |22 (V — Z)Ta,_,|3) conditioned on F;_; = o({eq, - ,er_1}).
The second inequality is from the fact that {m/} } is conditionally independent given G whose existence
is guaranteed by Lemma [I0] and the property of sub-Gaussian variables [49, Definition 2.2]. The
last equality uses the rotation invariance of Gaussian vectors for vec(X7T) ~ N(0,7,) where
Y, = E[vec(XT)vec(X7T)T] and g is a standard Gaussian vector.

We could rearrange the component of (T08) further

Elexp(2X°g" Q" Qg)]
Elexp(2X?g” Vo X3 V4 9)]
E[exp(Zx\QzTZ‘éz)]

E|exp (2A2gTT§ (L@ (V= 2)2.(V - ZV)TEQ)}

nd
= Elexp(2A* Y s727)],  (109)
=1
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1 1

where Ug Xg Vg is the singular value decomposition of Q = (I,, ® X2 (V — Z)T)Y.2, {s;} are
the singular values of @ and {z;} are the entries of z = VQT g. Here z is a standard Gaussian vector
from the rotation variance of Gaussian vectors and the fact Vi is an unitary matrix.

From the fact that {z;} are independent standard Gaussian variables, we could bound (I09) as

nd

E[exp(2\? Zs ] < exp(C?\? Z s2) < e)<p(C’2)\2|\Q||%)7 (110)
i=1

for A < m where C is a positive constant. Here the first inequality uses the property of sub-
Gaussian variables [42, Proposition 2.5.2] and the second inequality is from the definition of ||Q||.

Combining (T08), (T09) and (TT0), we could bound the MGF of (V — Z, XTE) as

n

E[exp ()\Z el (V — Z)th—l):| < EGXP(Q/\zn:m%)

t=1 t=1

< | Elexp(2)3? ) s222)]

1
< exp(aCQ/\2||QH%), (111)

for A < zygy-

After bounding the MGF, we could derive the tail bound
P(<v ~Z,X"E) > u)

E[eXp (A(V _ Z,XTE>)}

- exp(Au)
U2 u
_ .
< exp min o 2CIIQII))
2
< exp ( — min( Y Y )), (112)

2020 | LSV — ZI3 20|02 |52 |V - Z],

where the second inequality is from (TTI]) and the choice of A to minimize the quadratic function. The

third inequality holds by noting | Q|2 < w7 | Z. IV — Z | and Q] < [, |Z|V - Z]l.
where we use the facts || AB||; < ||A||| Bz, |AB| < |A|||B] and || A|| < ||A]|r for two matrices
A and B.

By considering the coefficient 1/n, we could rearrange (I12) as
1
P(—(V ~Z,XTE) > u)
n
2

U U
Sexp(—min , )
(202%\\TxI\IIEeIIHV = Z|lg 20T 2 |27 |V - ZHF)

; u? u
< exp ((— min(>— ), A
202 L bina | Ze |V - 2|7 201%&,(“2 12V = Z|p

where the second inequality is due to Assumption [2]

The other direction of the tail bound follows the same procedure.

In this way, we illustrate the increment +(V — Z,XTE) has a mixed tail with da(-) =
V2O frmaxl| B2 ]| - lp/v/m and di(-) = 2C\/Fomax| Zell 2| - |p/n. Following the procedure
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in the proof of Lemma [ to deal with ~-functional and ~;-functional, we could rearrange the
following formula under the condition of n > (w(C NSg) + u)?

Yo (T, do) + 71 (T, dy) + ula(T) + u? Ay (T)

2CC"\/Frmas | e 2C(C")? Fomax| Ze |
gf Eman|Zel? ¢ 15y o+ 2AC Va2l 0 502
Vn "
V2OV Fnad| Zel® L AC Frna Ze®
u + u
Vn n

1.w(lCNS CNSp)* +u?
O e

1. w(lCNS cns 2
< O B (] \/§)+“+(“’( r) )

n

)

n

< 20" /_/imax”Ee”% W(CL\/;)H" (114)

where the last inequality is from the condition of n > (w(C N'Sg) + u)2.

Combining with Lemma 6] we could derive
1w(CNSp)+u

1 1
P( sup | —(V,XTE)| > C" \/Foax|| Ze| 2
s [V XTB) > O 5 0

under the condition of n > (w(C NSF) + u)?.

) <2exp(—u?),  (119)

D Additional numerical results

D.1 Background modeling

We evaluate the result in Corollary [2] through the background modeling problem in [50]. The
background modeling problem aims to reconstruct the static background through a sequence of video
frames with moving objects in the foreground. By vectoring and stacking the frames as columns
of the observed matrix Y, the static background is modeled as a low-rank component L, and the
foreground is viewed as a dynamic and sparse perturbation .S,. In this way, the background modeling
problem could be viewed as the robust PCA problem considered in Corollary [2] without noise. We
use the first 1600 frames of the Highway dataset in [50] at a resolution of 320 x 240. By dividing the
video into parts with 200 frames, we select the constraint parameters in (29) through cross validation
and then solve the problem by AItPGD (Algorithm [2). Figure [5(a)|and [5(b)|show one original frame
and its extracted background from the video frames.

(a) Original input frame (b) Low-rank frame

Figure 5: Background modeling in the Highway video.
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