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A Proofs for lower bound

A.1 Proof of Theorem 1

In this section, we prove the lower bound on the minimax rate of separation §*. Our general strategy
is to lower bound the minimax risk of testing with the Bayes risk defined with respect to a well-chosen
prior over the parameter space. We then invoke the Neyman-Pearson lemma and carefully control the
second moment of the resulting likelihood ratio statistic.

Letn € (0, 1) be given. Recall that the minimax risk is defined as

R*(k/‘l, k/’g,nl,ng,é) = erlfR(A, 5)

= inf {IP’O(A =1)+ sup Pp(A = 0)}
A PcO(ky,k2,n1,n2,1)

Preprint. Under review.



Define the reduced parameter space O (ky, k2, n1,n2,0) as
O(k1, k2,n1,n2,0) = {P € O(k1,ka,n1,n2,8) : P #0 = Pij =po + 6}

We let m denote the uniform distribution over O(ky, ko, n1,n2,0), meaning that for any
M € ©O(ky,ka,n1,n9,9) it holds Pp(P = M) = W Using 7 as our prior on
k1

O(kq, k2, n1,n2,9), we define the mixture distribution P, on R™*"2 ag

P.(B) = Pp(B)n(dP),

~/P€®(k1,k27n1,n276)

where B is a measurable set. With this infrastructure in hand, we can lower bound the minimax risk
as follows:

R*(khk‘g,nl,ng,é) :inf{Po(AZI)-i- sup PP(AZO)}
A PeO(k1,k2,n1,n2,0)

> inf {]P’O(A 1)+ sup Pp(A = 0)}
A P€6(k1,k2,n1,n2,;¢)

> inf {]P’U(A = 1)+ Py(A = 0)}.

The final expression above is the minimax risk of a simple versus simple hypothesis testing problem,
and we can characterize it precisely using the Neyman-Pearson lemma ([3], Lemma 4.3). Combining
this result with standard equivalent formulations of the total variation distance ([3], Proposition 4.4),
we have

irAlf{]P’o(A = 1)+ Py(A = 0)} =1-TV(Py,P,)

1
1! / dPo(A) — dP, (A)|
2 AERTZ1X7Z2

! / dP(A)
2 Jacrnixna 1dPo(A)

where dPPy and dP; denote the Radon-Nikodym derivatives with respect to the counting measure of
Py and P, respectively. Letting L, = ‘;%g denote the likelihood ratio, we apply the Cauchy-Schwarz
inequality to obtain

A€R7ll Xng

- 1‘d]P’U(A

dP,(A) /
fl‘d]P’ A) =
dPy(A) o(A) AcRm X2

< \//AER (L,r(A) - 1>2dIP’0(A)

Eo[L2(A)] -1,

L.(A) - 1‘d]P’0(A

where we arrive at the final expression by expanding the square and using Eq[L,(A)] = 1. This
chain of calculations reveals

R (k13k27n17n2) > 1_ ~ EO[LQ(A.)} 1
Therefore, to prove that R x (k1, ka2, n1,n9) > 7, it suffices to show
Bal12) < 1+4(1 - )
=1 + £,

where we define € := 4(1 — 7)?. By direct calculation, we have

2 _ [ (dPx(A)°
=02 = | SEa
fde(A dP)fd]P)p/(A)ﬂ'(dP/)
/ dPy(A)




/ / / / dPPd]Pic(li})”(A)} (dP)m(dP’),

where P and P’ are two mean matrices drawn independently from 7. Recalling that the entries of A
are Bernoulli random variables, we have

ny N2

drp(A) = [T 27 (1 — Py) .

i=17=1

Using this, as well as the definition of our prior 7, we can compute the above triple integral as follows.
Here, we let A = {0, 1}"1*"2 denote the set of all possible values of the adjacency matrix A.

L L1 G s ™ nap )
mon2 plii(]_ p;

MZZZHH S

Eo[L2]

)y

(Zi) W) PP Aeaisiici o (1 — po)L—Au
1] P'A”(l—P")I_A”P»'»A”(l—P/,.)l‘Aw)
= ij ij ij
(Zi) (Zj)zggilljr[lAe,élZAJ()( P (1 — po)LAis

e ST (7« =),

(Zi) kz P P i=1j=1

Now, fix two mean matrices P and P’ with elevated entries on K; x K, and K| x K} respectively.
Letting (¢, j) € [n1] X [n2], suppose that (7, j) ¢ (K1 N K1) x (K2N K}). Without loss of generality,
say (i,7) ¢ K1 x Ky. Then it holds that P;; = p, and we have

PP (1-Py)-(1-F)
+
Do 1—po
On the other hand, if (¢, ) € (K1 N K1) x (K2 N K}%), it holds
Pij - P N (1= Py)-(1-P)) _ (po + 6)? i (1—po—9)?

=P+ (1-P))=1

Do 1 —po Do 1—po
52 52
:p0—25—|—*—|—1—p0—2(5+
Po 1—po
52
=14+ —-.
po(l—Po)

With these calculations in hand, we have

niy no z (1 _ p”) . (1 _ Pi/j)
Eo[LZ] = )2 (n2) 2ZZHH ( 1—po )

(kl) k2 P P i=1j=1

(ﬂ1) nz QZZHH<1+ )1{(i,j)€(KlﬂK{)X(KgﬁKé)})

k1 2 P P’ i=1j=1

W QZZHHexp( TG € (KK % (N KDY )

s 2 P P oi=1j=1

) ————5 D> ex p< )KmK1|KmK2|>

(ZI) 2 F

62
= Ey~nypc 1k {exp <UV>}
V~H§/§G§g$8i;k;k;g po(1 —po)

62
< v
EXNBm(kl kl) |:eXp (po(]. pO)XY>:| 7
YNBm(kzan;%kQ)

I /\




where the final inequality follows from Lemma 3 of [1].Therefore, it suffices to show that

E[exp(u?X V)] <1+e, (1)

where X' ~ Bin(ki, -21-), Y ~ Bin(ks, -2
is structured as follows

The remainder of the proof

_ 52
7 ) and p® = oo

1. In the general sparsity setting, meaning that ky < cyn; and ke < cony for sufficiently small
constants ¢y, c2 > 0, we show that there exists a constant ¢, > 0 such that if u? < ¢, R,
then (1) holds. The proof of this claim constitutes the primary technical difficulty of the
derivation of our lower bound, and relies on a precise analysis of the moment generating
function in the left hand side of (1). The details are given in Section A.2, with the key
lemmas collected in Section A.4.

2. Otherwise, we place ourselves in the very dense setting and assume without loss of generality
that k1 > cny for a constant ¢ € (0,1). In this case, the problem roughly reduces to the
sparse signal detection problem in a standard Gaussian sequence model. In Section A.3,
we prove that there exists a constant ¢, > 0 such that if % < ¢, ké log (1 + 3 ) then (1)

holds. We then show that Z—% log (1 + 175) = R in this setting, which completes the proof.

A.2 Proof of lower bound in the general sparsity setting

Throughout this proof, we assume that there exist sufficiently small constants ¢y, 02 € (0,1) which
depend on 7 such that k; < c;ny and ke < cons. In this case, o ky A < kl and e k2 = @ , and it
suffices to control E[exp(u2XY')] for X ~ Bin(ky, £t L) and Y ~ Bm(kg, 2). We will also assume
that "i > elog( "; ). In fact, this assumption may be made without loss of generahty due to Lemma

27. Recall that we aim to show that there exists a constant ¢, > 0 such that if u2 < ¢, R, then
Elexp(u2XY)] < 1+ e. We divide our analysis into two cases.

Case 1: Suppose that k% > (26)’4n1k2. Let C, > 1 and c¢; , > 0 be the constants obtained from
applying Lemma 8 with o = /2. We can write

2 2
Blexp(i*XY )] = Blexp(2XY)1(X < C.20)] + Blexp(2 XY)L(X > C. o)

By Lemma 8, if u? < ¢; , R, then ]E[exp( 2XY)1(X > C’*:—%)] < g/2. Now we turn our attention
to the first term. Suppose that C’ - < 1. Then

Elexp(u?XY)1(X < C, f: )] =P(X =0)

and it holds that Efexp(y2XY)] < 1+ ¢/2 and the proof is complete. Otherwise, suppose that
C. nl > 1. Then by Lemma 1, there exists a constant ¢z, > 0 such that if 4* < ¢y, R, it holds
Elexp(12XY)1(X < C*n—l)] < 1+4¢/2. Letting ¢, = min(cy,,, c2,,,), it follows that if u? < ¢, R,
then

Elexp(12XY)] <1 +e¢.

The proof in this case is complete.

Case 2: Suppose that there exists a constant ¢ € (0, (2¢)~*) such that k? < énjke. We split our
analysis into two sub-cases. Assume first that ko < k; log ("1k2) For a constant C,, > 1 whose
value will be determined later, we form the partition

2

Blexp( XY )] = Blexp(2XY)1(X < C.0L)



k? k
+ Efexp(p?XY)1(C. =1 < X < ky ' log (T57))]
1 1

2 ki 1y ke
+ Elexp(p“XY)1(X > C’*n—1 V ky ' log ( )]

_1(C.) +TI(C,) + TH(C.).
By Lemma 12, there exist constants C'y , > 1 and ¢y, > 0 such that if pu? < c1,, R, then II(Ch,4) <
2
£/3. Suppose that [Cl *k—ﬂ > |ky'log (”1k2 )J. In this case, we take C,, = C},, which gives us

I(C,) =0. If C’ < 1, it immediately follows that I(C,) < 1 from an elementary calculation
in the proof of Case 1, and thus E[exp(u2XY)] < 1+ &/3 which completes the proof. Otherwise,
if C*% > 1, then by Lemma 1 there exists a constant co , > 0 such that if ,u2 < ¢, R, then
I(C,) < 1+ 2e. In this case, we take ¢, = min(cy,,, c2,,) and for p? < ¢, R it holds that
Elexp(1#2XY)] < 1 + ¢. This completes the proof in the case (017*%] > |ky ' log ("ﬂc2 ).

Now suppose that [C, *}ﬁ] < |ky tlog ("l—h)j From here, we consider two further subcases.

First, suppose that 2e . Then, by Lemma 9, there exist constants C , > 1 and 02 . such

that if u? < ¢y, R, then II(CQ)*) < ¢/3. Now we take C, = maX(C'lj*,Cg*) If O Moot
immediately follows that I(C,) < 1, and thus Efexp(u?XY)] < 1+ 2e which completes the proof.

Otherwise, if C’ > 1, then by Lemma 1 there exists a constant ¢z, > 0 such that if u? < ¢z, R,
then I[(C,) < 1 + 5/3 We then take ¢, = mm(cl s 2.5 C3,,) and for p? < ¢, R it holds that
Elexp(u?XY)] < 1+ e. Next, suppose that 26 <k

_TL

. In this case, we partition II(C\,) as follows:

2

nc,) = E[exp(,uQXY)l(C'*% <X < ky'log (nle
1

i} C.k3
=E |exp (,uQXY)l(l\/C*l <X< ﬂ /\k‘1>

n1 lg(nlk )
2
—|—E[exp(u2XY)1<1\/C i V %/:2 <X< kjk>:|
ny log(n1 ) log ( 12)

=1 (C,) +1®(c,).
By Lemmas 10 and 11, there exist constants Co ,,C3 . > 1 and cp ,, c3,, > 0 such that if w? <
min(cy,, ¢3,.) R, then 19 (Cy ) + M (C5,) < £/3. We take O, = max(Cy., Ca., Cs.).
2
If C, k—l <1, then I(C,) < 1 and thus Efexp(u?XY)] < 1+ Z& which completes the proof.

Otherw1se if C > 1, then by Lemma 1 there exists a constant ¢4 ,, > 0 such that if 4% < ¢4 , R,
then [(C,) < 1+ 6/3 We then take ¢, = min(cy ,, €2, C3,1, €4,,,) and for p? < ¢, R it holds that
Elexp(#2XY)] < 1 + . This completes the proof in the case ky < k; log (”1k2 ).

ﬂ1k2

We now turn our attention to the case ko > kj log ( ) In this case, we perform the partition

Elexp(u*XY)] = Elexp(p* XY)1(X < C. kl)]
+ E[exp(MQXY)l(C’*:f <X <ki))]
=1(C,) +1(Cy)

The remainder of the proof follows exactly as in the k3 < k1 log ( ”1’“2) setting. If 2e.-L it 2 =2 we
1

control II(C,) using Lemma 9; otherwise, we use Lemmas 10 and 11. We then control I(C’ ) usmg
Lemma 1 if needed. We omit the details for brevity. The proof of the lower bound in the general
sparsity setting is complete.



A.3 Proof of lower bound in the very dense setting

Now suppose that there exists a constant ¢ > 0 such that k; > cny and that ko < ¢no for a constant
¢ < 1. This allows us to consider Y ~ Bin(kz, Z—i) rather than Y ~ Bin(ko, n2k—2k2 ). If, on the
other hand, kg > cna, the steps of the proof follow identically by plugging in Y < ks and noticing
3 = log(1 + ) We omit the details for brevity. Suppose that p* < c7% log (14 ”2) for

2
¢ =log(l+ 5). By the definition of ¢, it immediately holds that

w2 <Ck:2 log(1+cﬁ)<—log(1+cﬁ)

By direct calculation, we have
E[exp(u?XY)] < Elexp(u?k1Y)]  (since X < k; almost surely)

SE{exp(log (1—l—c k2)Y)l (since p? < 710g (1+C k2))

k1
(1 n ,I{IQ( log (1+c':—§) B 1))/€2
2

It just remains to show that 74 log (1 +c’”2) =< R. Let C' = L. First, note that 74 < & C <, s0
hence if R is defined with C' 2 C’,itholds R < 73 log (1+¢ "2) by definition. It remains to show
that 7% log (1+¢ "2) < R. Since - < C7, we have

O Nno
Log (1 < —log(l4+d—
k2 og ( +Ck2)_k1 og ( +Ck§)
c’ no ny
< =1 1+cd—=1
< frtos (1+eggos (o))
= 12
< P12 + 1o

Furthermore, using the inequality log(1 4+ ) < x for any 2 > 0, we have

n2 ning
k2 log(l—l—c’k2)§ /k2k2
< i
cC k1k2

1
< C”— log ( —) (since z < log(1 4+ ) forz < 1)
2 ky

<2 (1 E)
=z og(1l+ K2
< C"or.

Clearly, 7 log (1+¢ "2) < ¢12. Therefore we have 4 log (1+¢ "2) < R, and the proof is
complete.

A.4 Lemmas for proof of lower bound

Lemma 1. Let C > 0 be a constant such that that kf > ny/C. Then for any a > 0, there exists a
constant ¢, > 0 such that if p? < Clt%% log (1 + %), then

2
E[exp(u?XY)1(X < C%)l <l+a
1



Proof. By direct calculation, we have
2 ki 2 kT
E|exp(p’XY)1(X < C’n—)} < E[eXp(u Cn—Y)]
1 1

(1 ] ko (e 2O (k2 /1) _ 1))k2
ng

2
< exp (ﬁ(e“zc(kf/"l) - 1))
2

Now since 1i® < ¢, 7% + log (1+ ”2) we have

2
exp (k ( p2C (k3 /ny) )) < exp

E(BC;L% log (H':ig)c(kf/"l) _ 1))
n2

n2

where the second inequality holds for ¢,, < C~1, by the inequality (1+2)¥ < 1+ yz which holds for
any x > 0 and y € [0, 1]. This final expression is at most 1 + « for c,, taken sufficiently small. [

For any C' > 1, we define the set of indices

ACUijL“’kl} )

The results in this section will depend largely on the following lemma.

Lemma 2. Suppose that k1 < %nl. Then for any o > 0, there exist constants C,, > 1 and ¢, > 0
such that for any A C Ac., if

1 o c.k knq
2 < —1 14 = LAy | -1
Ho=hedk Og( +k2<eXp[k2 Og(2ek%)} ))

E[exp(,tﬁXY)l(X € A)} e

then

Proof. We have

E exp(;fXY)l(X c A)} = E{exp(,quY)} Pr(X = k)

ke A
B SU(RE- () AP
ke A
k‘g " ko k‘22€ k —k2/n
5 (1 B -0) ()

where the inequality follows from Lemma 28. Since we have assumed that

1 n c.k kn
2<min-—log 1+ -2 2 og ()| — 1
Ho=heak Og( H eXp{kQ Og(?ek%)} ’

we can substitute this into the above calculation to obtain

S (1 e )" ()

ke A



o k 5 k

<x (Gm)7) ()
k

-z ()

ke A

Since A C Ag,, for every k € A we have
2
ki L
kn, — C.
Therefore, by taking C, sufficiently large, we can control the above sum with a geometric series
k
Z ( k% 2e ) 1—c,
k:n1

ke A

(@)

~1-¢

where ¢ = (2e/C.)' ~¢». This quantity can be made arbitrarily small by taking c,, sufficiently small
and C., sufficiently large. This completes the proof. O

Lemma 3. Suppose that there exists a constant ¢ € (0, (2¢)™4) such that k? < ényks, and k1 < %nl.
Furthermore, suppose that ko < k1 log ("1k2) Then for any o > 0, there exist constants ¢, > 0 and

Cy. > 1 such that if
1 kom n
2 < ey Ltog (B2 105 (72
o=l Og(zek% \%) )

ko C*k%)
log ("11€2 ) ny

then

E

eXp(uQXY)l(X > <o

If we further assume that "3 > 2(1 — e=)~1 and that k1 < kolog(na/ks), then if u? <
2 log (52-) + & log (1 — e~%#)%2) it holds

E

CHERVICAES|

\Y
log (”1]“2 ) m

exp(u?XY)1 (X >

Proof of Lemma 3. Note that the set 4 = {1V {WW \Y [C*Z—ﬁ , ..., k1} is a subset of
og \(ni1k2 1

Ac., and to prove the claim it suffices to show

1 n c, k kn
2 < min — n2 H 1 _
po= gg}«} k log (1 + ko (eXp { ko log (Zek‘%)} 1>>

and invoke Lemma 2. To this end, for £ € A we define

_1 ]{7 km
g(k)—Elog <1+k2< p[k2 1og(2€k%)} —1)). 3)

Notice that for k£ € A, we have

cuk knq Cu kong

—1 1

b 08 (5e7) 2 log (F) <zek‘f‘ 1og(’€;;;1)>
1




log (2e log("1 2

))
:clt(l— lOg("lkZ) )

Recall that there exists a constant ¢ € (0, (2¢)~*) such that k? < én;ks. In particular, this implies
that n1ko/k? > 16e*. Using this, as well as the bound log(z)/z < 1/2 for x > 1, we have

log (2610g(”1k2))  log(2e) log (1og("1k2))

log (7L1k‘2) - log ('rllk‘g) 10g (7L1k?2)
log(2e) |1
~ 4log(2e) 2
_3

Combining this with our calculation above, we have that, for any k € A,

cuk kny Cu
i Ly >
ko Og(?ek%) =

> 0.

Thus, exp ( log (

)) is bounded away from 1, and hence for c = 1 — e~“ we have

1 N9 ki knq
f(k) =: Z log (Ck exp {? log (26k%)}> < g(k)
for each k € A. So the prove the claim, it suffices to show that 2 is at most the minimum value of
f(k) over A. We can write f(k) as

cp knq

f(k):%log( 5 )+k—21 g(?k%)

By direct calculation, we have
df( k) = log (c%) LG
dk 2 kok
from which we deduce that f is minimized at k* = c;le log (C’Z—j) and decreasing for k < k*.
Then if yi> < ¢, 7.~ log (%W), it follows that

1 k2n1 1og(n2/kj2)
2
—1 227001 PeNTR2/ 2]
W< enplog (T )
1 k2n1 log(ng/kzg)
<o 2270l PN/ 2
= On ko (log( Qecﬂk% ) + 1)
= f(k")
<
min f(k)
<
min g(k)

and we may apply Lemma 2 to complete the proof. Now if 72 > 2 and k; < k3 log(na/k2), then,
for some sufficiently small c,,, we have

kl < kg log(ng/kg)
k?g 10g(2) N9
2 OV oo (22
cu log(2) + log (%) ¢ (kz)
k2 log (CM) N2
< = 2 kg —
= cu log(Qeng) Og(/ﬂg)



where the third inequality uses the fact that x

is increasing in x. Therefore since k1 < k¥,
lOg (2€k1 ) +

’I'+(‘
the minimum value of f(k) over the set A is attained at k = k;. Thus for u? <

C}L

1 log( ) we have

Applying Lemma 2 completes the proof. O

Lemma 4. Suppose that k? < enyks for some ¢ € (0, (2e)™*) and ky < %nl. Furthermore, suppose
that 2 2 < 26 . For any small constant c > 0, we define the quantity

k%log (1+ engf tom) il < imy
M(c) = i

2ek? log(™l52 "le )

log (mk2) log (1 + “ log”(?%) log (— Lk )) otherwise.

Then for any o > 0, there exist constants ¢, > 0 and C, > 1 such that if < M(c,) and
1\/0 f<k'1/\w then
1

k
B[ exp(uXV)1(1v e x<mn — )] <e
™ log (")
Moreover, it holds that

k
nllz)

log (
ko

noky nq
2M (c,) > ™ log (H'Cu K2 log(2€k1))—|—

%) n1k2
lo (1+c lo )
& " ko log (",16’;2) & (2ek:f log(”llc—gl??))
1 1

Proof of Lemma 4. Define A = {1V [C, m] kA }. Clearly A C Ac,, and hence

it suffices to show that y? < minge 4 g(k) where g(k) is deﬁned as in (3). Using the inequality

e’ > 1+ x, we have
1 k‘ k’l’Ll
-1 1+ —= log -1
k0g<+k2(eXp[k~2 (Qek%)} ))

I{an
- L og (1 +cuk2k10 ¢ (505 kQ))

= fO(k).

g(k)

| \/

We define A = {1V (C’*%L ... } and we will now show that f(1) (k) is decreasing in k over the set

Ji/. To do so, it suffices to consider the function f(k) = 1 log (Cu 51 2klog (2 "

29. Direct calculation reveals

af o los(euid) logk) 1 loslog (3%) 1

dk( 2 - L2 k2 L2 12 log (ka;clz) .

)) and apply Lemma

10



The right-hand side is less than zero if

1 7’L2k km
e L g (o g (B
on () < g % o)

For k € A, it holds
’I’LQk kznl ’I’Lzl{if O*
log (C“?%k)g (ﬁ)) Z log( C k2 lo (2@))
cuCy

EIOg( 2e log(%))
>2

2 2
where the second inequality uses the assumption % < Qeﬁ—l1 and the third holds as long as C, is

taken sufficiently large. Furthermore, for k € A we have

1 1
1+ <1+

log (26k2> B log (%)
< 2.

Therefore, f(k) is decreasing over A, and by Lemma 29, f()(k) is decreasing over A as well. We
also observe that

FO (k1) itk < s
— K7
M = X .
FAO( W ) otherwise,

thatis, M = f &) (kl N —"2— |, Moreover, since f M) s decreasing over .Z, we also have

n1k2)

;)
M = max <f(1)(k1)a A (knlkz)>

log )

; lfu)(kl) N f(1)<1g(krmc2)ﬂ

I \/

nika

log (

1 le ny k2 %) 7’L1k2
=5 | tog (14 cu"25 o )+ o log (1+4¢ log
lkzl & "ok2 e 2ek; ) ks 8 " kg log ("}C—éw) (2ek2 log("lkz
1
as claimed. Using our assumed upper bound on 12, we have
k
<0 = 10 ()
S ey
< min f (k)
< k
min g (k).
We conclude the proof by invoking Lemma 2. O
Lemma 5. Suppose that k¥ < ¢niks for some ¢ € (0, (2¢)™*) and ky < %nl. Furthermore, suppose
2 2
that k—2 26% . Then for any o > 0, there exist constants ¢, > 0 and C. > 0 such that if
1v [C*nj] < [ Ckalna | Ay and
log (k%Tz)
C ny

M <c”k2 log( 26/€2)

11

)



then

2 2
E eXp(uQXY)l(l\/C*kng<Ck2/kn22/\k1) <a.
n1 log("1 )

Proof of Lemma'5. Let g(k) be defined as in (3). For A = {1V [C. 517, [MJ Ak}, it

2
nik
log ( 2)
&) k¥ng

suffices to show that ;2 < minge 4 g(k). Using e* > x + 1, Va € R, we have

_! na b Jog (K]
g(k) = klog (1-1— ks (exp[l€2 log(zek%)} 1))

knl
k: log (1 +C”k2k10 (2 k2)>

For k € A, we can control the term within the logarithm as

log ( Cinik )
N2 k1l knq < 2ek?ns log (nlkg/(kan))
c“l?% (261(3%) = Cn

log (fe2)
< ¢,Ci (log(C

) +1)
< 2¢,Cy log(Cy)
)

where the second inequality follows from log(x/log(x))/log(z) < 1 for z > 2e, and the final
inequality holds for C, > e. Therefore, there exists a constant ¢ € (0, 1) which depends on ¢, and

C, such that
1 no kn,
Zog [ 14 ¢, 2k1 (—)
k °g< Tz oe g2 )

1 N9 k:nl
ccuC*Eﬁkzlog (Zek%)

g(k)

v

Y

kn1 )

g 71 (2(21@%

K2

=: f(k)

for ¢}, = cc,C.. The function f(k) is clearly increasing in &, and hence is minimized at the smallest

value of & in .A. Now for ;2 < c;%g log (= v o ), we have
2 ;M2 Ci n1
2 oe (22
o= k3 8 ( 2e 261{:%)
< min f(k
min f(k)

< min g(k

< min g (k)
We apply Lemma 2 to complete the proof. O

Lemma 6. Suppose that k:2 < ¢nikg for some ¢ € (0, (2€>_4) and k1 < 216 n1. Furthermore,

suppose that 2 > 26 . Then for any o > 0, there exist constants ¢, > 0 and C,, > 1 such that if

1v C’*f L/"? <k A—F2  and
ny log(:%:f) log( igz)
) 1( log (14+¢, 288 1og (1) 5 CH) e (1 "2 log (— 2
<=(21o ( te o >+ o ( +c, 0
ws g g los o & ek ko & "y log (",27?2) g 2¢k} log(n;igz

K, Cek3 k
E{exp(uQXY)l(va i/]7:22<X<k1/\ank2>} <o
n 1o g( 1 2) log( )

2
k}l’nz

12
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Proof of Lemma 6. The structure of this proof is similar to that of Lemma 4. Define A = {1V
2
[c, n1] [%W k1A LWJ} With g(k) defined as in (3), we have
k7

2
log ( k%nz

_! n Gl g (F1Y]
g(k) = kl g <1+ " (exp [ s log(Qek%)} 1))

1 N9 knq
> - -2
z log (1 +cp k%kzlog (261@%))

=: fW(k).

As in the proof of Lemma 4, will now show that () (k) is decreasing in k over the set .A. It suffices to

consider the function f(k) =:  log (Cu W hlog (on )) and apply Lemma 29. By direct calculation,

we have

df log (Cu%) _ log(k) N 1 loglog (26k2) N 1
a k> k2 k? k? k2 log (£

26712% ) '

The right hand side is less than zero if

1+

]f kn1
S — I
log (22) ~ (e i Og(wﬁ))

For k € A, it holds

nok knq cuCy C, kgnl
log (cuk—%log(ﬁ)) > log <log("1k§) log( an))>

2¢k2ns log (X

k‘%nz
c,C
>log (257)
= log 9
> 9
where the second inequality uses that % < & for x > 1 to conclude
C.k2n
1Og ( 2677,2]6%1) log log (n k2> > 1
nik2 -9’

and the final inequality holds as long as C, is taken sufficiently large such that C,, > 2¢%/c,,.
Furthermore, for &k € A we have

1 1
1+ <1+

log (2ek2) a log (%)
<2

Therefore, f (k) is decreasing over A, and by Lemma 29, f(!) (k) is decreasing over A as well. Using
our assumed upper bound on 12, we have

2<1 71 (1+ 2k11 ( ni ))+10g(mf2)1 (1+ T2 1 ( niks ))
1 ey 8 k2 % ek, ko o8 s log ("132) % 2¢k} log (™42
1 ko
=~ (fD (k) + fV (W)
2( log(*4z*) )
k
< (1) k (1) 72
< max (f ( 1)7f (log(”,lf??)))

13



< MW (k
min f1 (k)

< k
min g(k).

We conclude the proof by invoking Lemma 2. O
Lemma 7. Suppose that k? > (2e)~"*n1ko and that ky < c'ny for some small enough constant
¢ > 0. Then for any o > 0, there exist constants c,, > 0 and C, > 1 such that the following claims
hold. In what follows, we define c = 1 — exp ( —¢,C(2¢) "t log (%))

1. Suppose that C;lkg log (c%) < C*ﬁ—%l. Then if

w2 <C; 1—lo (%)+%log(%)7

it holds
2

E[exp(,ﬁxy) (X > [C. fl

])} < a.

2. Suppose that C <c, ko log( 172) < k1. Then if

2

€ | . (k'gnl log(c'kl—;)>

< ky c,2ek?
it holds
k‘2
E{exp(uQXY) (X > [C. - ])} <o
1

3. Suppose that ky < ¢, ~1kylog ( ) Then if

= 2y, G 3
7 <kllog(ck2)+k21og( ),

it holds
2

]E{exp(pﬂXY) (X > [C. i ])} <o

ni

Proof. Define A = {[C, m] ..,k1} and g as in (3). For k € A, it holds

%log ( kn, ) > e, Cuk? o (CL)

kz 26](3% k}z ny %

C
> ¢,04(2e) %1 (—*)
> cuCy(2¢) " log %
>0
where the second inequality follows from the assumption k% > (2¢) ~*n; ks and the final inequality

holds for C, > 2e. This implies that exp (C" log (2]“”1 )) is bounded away from 1 for k € A.

Therefore, for c = 1 — exp ( —¢,Ci(2e ~4log ( )) it holds
_ l ng cuk knq _
g(k) = ’ log (1 + ks (exp [ T log(zek%)} 1))
1 "2 e [F 1og (K1
A log (1 +Ck2 exp [ % log (Qek%)]>
1 ny cuk knqy
;108 (CkQ P { by (2ek:f)}>

14
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=: f(k).

Therefore, it suffices to show that ;2 is at most the minimum of f over .A. We write f(k) as

$18) = 1om (c2) + 2 10w (575

By direct calculation, we have

df( B = log(c%) o
dk k2 kok

from which we deduce that f is minimized at k* = C;lkz log (c%) over R, decreasing for k < k*,
and increasing for £ > k*. We now proceed by cases.

1. Suppose that c*1k2 log ( ) < c.h F Then f is increasing over .4, and by our assumption
on 12, it holds

p? < Cot —110 ( %)+Cilog(%)

ko
< min f(}
< k
min g(k).
2. Suppose that C*f% ¢, k2 log (c32) < k1. Then by our assumption on 42, we have
kong log(ch2
w <y (42 - (2k2))
ko cu2eky
< mln f(k)
< k
min g(k).

3. Suppose that k; < ¢, kg log (¢ ) Then f is decreasing over A and is minimized at
k = k;. Therefore by our assumptlon on ;2, we have

1 n c n
2 22 ) 1
we< gyl e ) g tes (5 )
= min f(k)
< k
min g(k).
By Lemma 2, the proof is complete. O
A.4.1 Simplification of the rate
For any k1, ko, n1,n9o € N, we define the following quantities
1 k
’lﬂ(k‘l,k‘g,nl,NQ) = —log 1+ n221 log E (4)
kl kg kl
ny ny <
P(k1, k2, ny,mp) = 4 M log <1 - kg) =1 Q)
o0 otherwise.
n2
V(kluk27n17n2> k' log(k'g) 1{”1"2 10g("2)>1}. (6)

15



To alleviate the notation, we will write

$12 = ¢(

P21 = ¢(ka, k1,m2,11)
V1o = Y(k1, k2, n1,n0)
Vo1 = Y(ka, k1,n2,M1)

V2 = V(k17k27n17 N2

klu k27n17n2)

)
)-

Vo1 = V(k27k17n27n1

Below, we show that the lower bound can be rewritten as

R := R(ki,k2,n1,n2) = (11}12 + 11221) A @12 A ¢a1.

The following lemma simplifies the rate emerging from Lemma 7.

Lemma 8. Assume that k3 > ¢niky for some constant ¢ > 0 and kj < c'n;, Vj € {1,2} for some

sufficiently small constant ¢’ > 0. Assume also that kl > elog ("2)

1. Then the following two properties hold

(%2 + 1/J21) A @12 X a1 A P12
Pa1 A ¢12 X <¢21 + V12) A ¢12.

(N
®)

2. It follows that, for any o > 0, there exists a constant c,, > 0 such that, whenever /L2 <c,R,

we have

3. Moreover, it holds that R =<

Proof of Lemma 8.

(¢21 =+ V12) A

1. For any kq, ko, n1,n2, we let

We start by showing that

This is clear 1f

¢12 = oo and 1/)21 A ¢12 = 1h91. By the assumption kl > cnlkg, we obtain kg <

Therefore, we have

ni
¢12:k7

¢12 = 10% < k

Pa1 A\ P12 X a1 A 512-
< 1 by definition of ¢12. Assume now that

(1-1— k:2> > k2 log(1+c ng)

> —zlog(l—i—nz)
ki

262log( k2k210g<k2>)
> —1 I
"k Og( k2k2 Og(’fz))

= .

16

2
2

2

]E{exp(;ﬁXY) 1<X > C*%)} < a.

8)

(12 + v21) A P12 A dar.

> 1, which implies that

k71<l
- < <.

— ni¢ — €

by Lemma 31.(i)

by Lemma 31.(ii)



Therefore, it follows that
Pa1 A P12 X a1 A 512
(1/)12 + 1/)21) A p1a < (1/112 + 7/121) A 512

(¢21 + V12) A P12 < (¢21 + 1/12> A 1o

and the equations (7) and (8) become equivalent to proving
(¢12 + 1/121) A d12 < a1 A dra. )]
o1 A b2 < (¢21 + V12) A 12 (10)

In the rest of the proof, we focus on proving (9) and (10).

Assume first that ”i%“z log < ) < 1. Using the inequality log(1 + x) > x log(2) for any
z < 1, we have

1 niks o
= — P — >
21 T log (1 + w2 log (k2>) > 10g(2) w2 lo (k2>

lo
> g(2) n k;2 Lo ( kzg) if ¢’ is small enough
log(2) ~

(2)

= 2 12,

which guarantees that both (9) and (10) hold. From now on, we will therefore assume that
n1k2

log ("2> > 1. Now, assume that 73 < 1. This implies the following inequalities

7i nyks ny log(2)
1/’21fk2 <1+ 12 lg<k2)>> oo

log(2) cniks ny
ke K2 K2
ning

k3k3

clog(2 )k2 log (1 + k2>
= clog(2)¢12,

which ensures that (9) and (10) hold as well and yields the result. Thus, we will now assume
that "k” > 1, which also implies ”2’“1 log ("1) > 1.

= ¢log(2)

Y

Now, suppose for the sake of contradiction that k1 > ( e Note that the assumption

> elog (Z—Z) implies that

log(ni) > elog <k; ) > elog(y/n2) = glog(ng),
2
that is ny > n;/ 2 Therefore,
kg’ﬂ,l <Tl2> ICQTLl A/ N2 2
log| — | < —————1log(ng) < ~—— -log(nsy)log”(n
R 2 T logZ (n1) g (n2) o g(n2) log™(n1)
2 log* (m)

1-1/e
e nl /

<1,
which contradicts the assumed inequality =% kznl log ( ) > 1.

17



Therefore, it holds that &y <

log’ziill). Since "1k2 log ( ) > 1, we have

nok ni nak; ni
=1 P2 e (21 < 1y log [ =
Y12 = Og( k3 og(k‘l)> i ( k3 Og<k1>)

_ log(na/ks) + 2log(n)

provided k; < ¢'ng

< kL
1 K

< M

< {log <k2> + 210g(n1)}

<—(1/e+2)
ks
71 +2 1 k N9

< -—1log (1 log | —

= Clog(®) ha (FkZ g(b))’
el +2

- Clog( )1/}217

which ensures that (9) holds. Moreover, we verify that equation (10) holds as well. This is

clear if ”I;:k? log ( ) < 1 since we have 12 = 0. Otherwise, we have
1 ny kg 2 1 10g(2)5 ni e 10g(2)6 ») _
=—1 1 1 1 — > 1 — | > eclog(2
a1 s og( + 2 og (k2>) > log(2 )k2 T " og ) 2 eclog(2)v1a,

which ensures (10) holds and concludes the proof of the first claim.

2. Now, let o > 0 and let ¢,,, ¢ > 0 be the constants defined in Lemma 7.

Assume first that C_lk‘g log (c% ) < C L Recalling that 72 > & where ¢’ can be taken
arbitrarily small, we have

n1
< = Liog (1
R < ¢12 kg g( +k%>

< n—; lo (2) provided ¢’ is small enough
ki ko
2—2 lo ( 12 ) provided ¢’ is small enough
ki ko

<ct —log( k2) —l—%log(%),

which implies that if 42 < R, then we have by Lemma 7.1. that
k2
E[exp(MQXY)l(X > C**l)] <
ni

Now, assume C’ < ¢, ko log (¢, ) < k1. Then we have

1 n1k2 o
< = —1 1 1 —=
e k‘%< gt (i)

nyks N . niko
< k21 ( sz log (b)) since k:% >1
1 konq log(c22
< s log (W) if ¢’ is small enough.

Therefore, whenever i1 < ¢, R, we have by Lemma 7.2. that

]{32
E[exp(ﬁXYn(X >[C.

])} < a.

18



Finally, assume that k; < ¢, "k log (c% ) Then we have
N k1 1 m 1 N9
—1 > = > —>_—1 —
Cu Og( k‘g) ko 16et k; — 16e3 08 (kg) ’
so that Z—f log (Z—;) < 16€3. Therefore, we have
R <o = 1 lo Lo lo
S Yo = ks g kg 2 108 k2
1 1
< —log 1+ 16e*—
=5 0g< + 1be k1>

1
< T log (2:]; > if ¢ is small enough

<o e >,;“ <;;z>]

By Lemma 7.3, if y? < ¢, R < - 1og ( )

(2ek ) we obtain

ki

E[exp( 2XY)1(X > [C. 1)} <a,

and the proof is complete.

. We immediately deduce from (7) that R > (¢21 + v12) A (Y12 + v21) A @12 A d21. We
now prove the converse bound. Note that if "2’“1 log (”1) < 1, then we have v5; = 0

and Y12 + V91 = 12 S ¢21 by Lemma 13 and the result follows. We assume that
”2’“ log ("1) > 1 from now on.

To prove that R < (21 + 112) A (Y12 4 v21) A d12 A ¢a1, it suffices to show that
Va1 2 tPa1 + v12. We have

1 nlk‘g no
= —1 ——1lo
a1 s 0g< + Ty By <k2)>

1 n1 k‘l n
< —log(1+-———
- kQ Og( + kl En1 le)

which concludes the proof.

The Lemma below shows that R is a lower bound on the rate emerging from Lemma 4.
Lemma 9. Suppose that k? < ényky for some ¢ € (0, (2¢)™%) and ki < ¢'ny, ky < ¢'ng for some

2 2
sufficiently small ¢’ > 0. Furthermore, suppose that % < 26%. For some small enough constant c,,,
we define the quantity

M =

o (14,2 Ton( ) TS s

1

n1k2 n2 niko 7
log ( ) log (1 +cp . (%> log (26]6% 1og(";§2))) otherwise.
2 2

1. Then for some sufficiently small constant ¢ > 0 depending only on p, it holds that M > cR.

Hence, for any o > 0, there exists a constant c’ > 0 such that, whenever /ﬂ < c’#R, we
have

E[exp(;ﬁXY) (1\/0 <X< kl/\L)} <o

log (*432)

19



2. Moreover, we have

(2 +va1) Ao Ao ifky < W
1

R> Y

(o1 + 112) A d12 Ada1  otherwise.
3. Moreover, it holds that R < (121 + v12) A (V12 + v21) A d12 A dar.
Proof of Lemma 9.

1. We start by showing that M > ¢(1)91 + 112). Using Lemma 4 and Lemma 31.(i), we obtain

1 nok ni IOg ( k2 ) n2 Nk
2M > —1lo (1+ct lo )+ lo <1+c lo )
k8 v g 085 ky 8 "z log (") s (26k§ log(”}c—??))

log ( 1k2)

ko

c naky ny
>7'u'
> £ log (1+ log( )) +e,

) n1k2
log (1 + log )
k32 2eky ks log (%) (Qekf log(%) )

) log (n;ckz) Ny niky
> ¢, [Wlﬁ (1 s () g 10g(“,§§2))) |
1 1

To obtain M > ¢(1)12 + 121 ), it now remains to show

IOg (ﬂlk?) U») TleQ
cthyr < ———1 " log (1+k21 log ( ))

ko og (—"}c?? ) 2ek? log(—";ciz€2 )
Since nk—k > ¢! > 2, it follows that % log(1 + ”;ng) < log("}{?) by the inequality
V/1+ z < x that holds true for any 2 > 2. Furthermore, the inequality "iéf"‘ > 1 > 16e?
1
implies that

nik
log (2@k2 logl (2"1"2 ) ) log (26 log (”lkz ))
1
1—
log (n1k2) log (nlkz)

>

DN | =

Moreover, since ng/ke > 1/¢’ > 4 provided ¢ < 1/4, we also have that log (2"722) >
2 5 log ( ) Combining these observations yields

log ("1k2 )
ko

ng ( ’I’leg ) > %log (1 + nllci%cz) 10g (1@)

o (1+ lo
U T Tetog () 26k log (M) ks 2 T

plog (1+522) p
710g( )

> _“
4 ko ko
S Lo (14 Mk, (@) by Lemma 31.(ii)
= 4k2 o8 \k/) Y :
. 12

41/J21 (12)

It remains to invoke Lemma 4 to conclude the proof of the first claim.

2. We now prove equation (11). Assume first that k1 < 1(1€#2) Then we obtain
g\ 2

nika
m < R hence n1k2 1 il i.e i 1 log m
k1 10g(n1k2) k’% - kl kl h ki — kz k1

13)

20



by Lemma 30.(ii). Note that, since ”2’“1 > ™ > L can be made arbitrarily large by taking

kl—c

¢’ small enough, we have
1 ny 1 1 naky ni
< =1 < < =1 1 1 .
"= Og(’ﬁ)_kl_kl Og( - k3 Og<k1>) vre

R = (12 + ¥21) A d12 A P21
> P12 A P12 A P21

1
> §(¢12 +v21) A dr12 A o

Hence,

as claimed. Assume now that k1 > 1(1€+’“2) By assumption, we have that ”]16—752 >z 1>
og | 152 1

2e. Therefore,

ny k‘,Q
k2 ny

ni1ka 2nq . ni
—_— < — h 2—1 —_— .e. ko <3kl —
og <n1k2) S ence kl T ( o >, 1.e 2 S Oky log (k:1>

by Lemma 30.(i) and for ¢’ sufficiently small. This yields

1 nak; ny 1 2
= 1 1 — > —1 1 >—l > .
12 o ( + 12 Og<k1>> =% og( +k2> " og(b) > V12

Therefore, we obtain

= (Y12 +21) A 12 A P
> %(¢21 +v12) A g1a A b1
This concludes the proof of equation (11).
. Assume that k1 < %, which implies k; > k1 log (%) by (13). We aim to prove

nqks
oz ("2
k1

that vo1 + 112 2 P12 + 121. We have
1 nak; ni
P12 o og ( + k% og<k1>>
1 Ty
1 14+ —=
kl ©8 < + kg)

5 V12.

IN

Moreover,

The lemma below shows that R is a lower bound on the rate emerging from Lemma 5.

Lemma 10. Suppose that ki < eniks for some ¢ € (0,(2¢)~%) and k1 < iny. Furthermore,

k2 k2 k2
suppose that o> 2t and that [C, —nll] < {
1

%J A ky. Then for any o > 0, there exists a
8\ 2o,

constant ¢ > 0 such that if u*> < cR,

k3 C, k3
E |exp (M2XY)1(C LX< (2{:22)/\k1> < a.
ni 1 niky
k}%nz
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C*kg/ng

T k2N
) ( n1k3 )
o8 k3no

2
Proof of Lemma 10. First, observe that the assumption (C’*i—ﬂ < | A ky implies 1 <

C*kg/ng

— .
nik

log( 2)
k3no

Rearranging terms, this implies

n2k?’ ~ log(2e)’

ﬁ<01 Y

and therefore ¢o1 = Z—g log (1 + Z—%) as long as we take the C' in the definition of R to be at least

logc(i*%). Now, assume that p? < ¢, R for some ¢, > 0. Then, we have
;/f <R
Cu
< ¢21
= k2 1Og (1 + k2)
§ k2 1og (46) (this follows from Zi k2)
No C, ni
< —log (4e)log (— V — ).
~ k3 g (1c) Og(2e Qek%)
Letting c’# denote the constant from Lemma 5, we can now choose ¢, = 10;% sufficiently small so
that, whenever ;2 < ¢, R, we have w? < cL Z% log ( = \/ 2:,;2) The conclusion follows by Lemma
5, and the proof is complete. O

The lemma below ensure that R is a lower bound on the rate obtained in Lemma 6.
Lemma 11. Suppose that k? < ¢niks for some ¢ € (0, (26) 4 and k1 < c'ny, ko < 'ng for some
sufficiently small constant ¢. Furthermore, suppose that 2> 26

2
Lt
ni

1. Then for any o« > 0, there exist constants ¢, > 0 and C > 1 such that if 1 V {C*
2
[m—‘ <ki A LkikJandM < cuR,
log (nl = )
2 1

E[exp('u XY)l(C*nl V log(nlkg) SX S kl A log(n1k2)):| < .

k%nz

v

2. Moreover, we have

R> {Wm +v12) A1 A1 ifka < kylog (Z—ll)
© (Y12 +v21) Adr2 A a1 otherwise.

Consequently, we have R > (21 + v12) A (Y12 + v21) A d12 A dar.

Proof of Lemma 11.

1. By the assumption "i?z > ¢~ > 16e*, we can repeat the steps leading to equation (12) to
obtain
n 1k'2 2
) gy )= )
0 c o —
ko 5 "y log (";—?2) 5 2¢k? log(%) — 4 ko
T
= P21

22



It immediately follows that, for some small enough constant ¢, we have
,u2 <cR
< (Y2 + P21)

naky ni )) llog (nllci?z)

11 Up niks
<-—1lo (1—|—c lo lo (1—|—c lo )
2k Y w1z ey k2 & F oo log (2) (26k2 log( 2452 ))

The conclusion follows from Lemma 6.

2. Assume now that ks < kq log ( ) Then we have

k ny
V2 = og( - k3 g(h))
>i1 142
> s (14

2 V12,

which yields the desired result. Assume now that ko > k; log (%) Then

nlkg no
= —1 1 —
P21 kz og ( kg og <k2)>
N9
> k—zlog (lﬁlog (lﬁ) log (b))
> 1 il
- ]412 kjl

> Vo1.

This concludes the proof.

The lemma below ensure that R is a lower bound on the rate obtained in Lemma 3.

Lemma 12. Suppose that k? < ényko for some ¢ € (0,(2¢)™%) and k1 < ¢/ny and ky < c'no
for some small enough constant ¢’ > 0. Furthermore, suppose that ko < k1 log ((n1 ka)/ k%) and

= elog (%)
1. Then for any oy > 0, there exist constants ¢, > 0 and C, > 1 such that if p? < cy R, then

B exp(2XV)1(X > lg(k) ve )] <a

2. Moreover, it holds that

R> 1 ((Wa1 +v12) + (V12 + v21)) A2 Adar if k1 < kalog (2—2)
B %(1?21 + V12) A d12 N P21 otherwise.

Consequently, we have R > (21 + 112) A (12 + v21) A d12 A ¢a1.
Proof of Lemma 12.

1. Note that the relation ky < ki log ((n1k2)/k?) implies that

’nlkig n1k2 2’111 2n1 .
Lo < —1log | — by L 30.
k? & k1 ( ki ) Tk (’ﬁ > y Lemma 30.4)
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which yields
k‘z < 4k1 log(nl/kl). (14)

naky ny ny Ky ny 1
log (Z1) =22 By (M) > = 5
k2 og(kl) [ og(kl)_4cl_

provided ¢ < 1/4, and
n1k2 Up) 1 1
I = > =1 — | >1
s (32) > 2 (5) 2

Now, we obtain

é log (Z—i)
Assume first that k1 < ko log(na/k2). Then, we have
R < 12 + a1

1 nokq ny 1 niks 2
= —1 1 I — —1 1 I —

ky Og( * k3 Og<k1>>+k2 Og( i ki Og<k2>
<ilo QQEIO A —|—ilo 1+E4lo m lo
~— ki & ko ko S kq ko g kq & kq &

1 %) 1 2k‘1 ny 1 8 ny 2 nq
< Zlog [ 2) 4+ —log [ T 1og (2 “log [ 2 () log (2
! Og<k2>+k1 Og(’fz Og( 1>)+k2 Og<€ <k1> %\ &

1 N9 1 2k 4
<-—log|-—)+-—1o

F g( 2> P

1 N9 6 ’I’Ll)
< —log|-— |+ :+1log| —
ki g(@) oy g( !

< 6vio + 6v21.

In the second to last inequality, we used the fact that log (% log (%)) < % log (%)

due to the inequality log(x) < x that holds true for any = > 0. It follows from Lemma 3
that if /ﬂ < ¢, IR for some sufficiently small constant c,, > 0, then

E{exp(;ﬂXY)l(X > % \/C*lﬁ)] < a.

log ( 12 ) n1

Assume now that k1 > ks log (%‘) Again, we have R < 112 + 121. We aim to show that

k2n1 log(ng/kg)

o)) 05

4
P12 +1ho1 < l?log (
2

which will conclude the proof since it ensures that, if ;ﬂ < ¢, R for some small enough
¢, > 0, then

k k?
E exp(uzXY)l(X > # \/C*fl)] < a.
log (*z2) M

by Lemma 3. We observe that the assumption k? < ény ks ensures that ”]1652 log(na/ka) >
1
2, which yields
1 niko n2
=—1 1 1 —
Y21 s 0g< + 12 0g<k2

2 77,1]4}2 Up)
< =1 1 n2
<o (s ()
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and further implies that

nika o Ny ko n2
1 1 < 1 1 —= . 16
ks ( ki Og(k2>) %1_/‘?2 og( ki Og<k2>> (10

Now, by the relations ko < 4ky log(n1/k1) and k; < ¢'n; for some small enough constant

¢’ > 0, we also have ”2 L log ( ) > 2, which yields

_ 1 noky nq naki ny
W—kﬁog(” e () < e (gt oe (1))
naky ny noky ny
1 I < <—l 1 — 17
Fr (k? g(k)) viz = gl (k? g(k)) an

To obtain the desired inequality (15), it therefore suffices to show that

1 nok ni n1ko UP)
—1 I < —1 I — 1
k1 Og( k3 Og(’ﬁ)) ko ( k? Og<k2)> (18)

'ILJ

so that

: k k 1 .
under the assumptions == < 2 < m and > S forj € {1,2}, as well as

cniy
n n
—ki > elog (—kj)

To prove this, we let x = ko

i and a; = Z—J for j = 1, 2 and introduce the function
V]

£(z) = log (a1 log(as)) — z log (Wk’xg“‘“)) .

We note that the desired inequality (18) is equivalent to showing that f(z) > 0 for any x €

1

[; #} where a; > elog(as) and a1, as > % We have, for any = € Zar Toa(as)

cay’ log(az)
1
/(@) = — ~ log(azlog(a1)) + log(x) + 1
1 1
~ log(x) + * — log (azog(al)> 7
X e

1 1
1" - _ - <0

@) === = <0,
since x < log(a ) < 1. Therefore, f is concave, and to prove that f > 0 over Lal , @},
it suffice to show that f (%) > 0and f <log(a )) > 0. We have

! R NI log(az)) log(ca1) log(az) loglog(as)
Ea1 S c Ea1 60,1 (_30,1
> log <log(a2)) B 10%(&2) 1
cay

DO | =

log <log(ag)> —1>0.
c

In the last step, we used the fact that, since a; > elog(as), we also have ca; > % %

provided as is large enough, which can be enforced by choosing ¢ > 0 small enough.
Similarly, we have

f (@) = log(a1) — @log (a2 1og(a2)1og(a1))

loglog(as) B log(ay)
log(as) log(az)

=log(a;) —1—
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log(a1)

> 1 —2-
2 log() log(az)

>0,

provided aq and ao are larger than suitably large constants, which can be enforced by
choosing ¢’ small enough. This concludes the proof of the first claim.

2. Assume first that k1 < k2 log ( ) Then we have

1 naky ni niks n2
= 1 lo —1 1 —
Y12 + P21 o < + k:2 <k1>>+k2 og ( + k:f Og<k2>>
ko UP)
—log(1+-—2)+—log| =2log (-2
irion (14 35 ) + gy om (s (32))
ni
= 1 ~og [ X
4k11°g( +k2)+k2 (kl)

viz + V21)7

Y

V

v

1
which yields R > £ ((v21 + v12) + (12 + v21)) A ¢12 A ¢21, as desired.

Assume now that k1 > ko log ( ) Combining (16), (17) and (18) yields 112+ 1121 < 12;.
We now show that 91 < 1021 + v12. By assumption, we have

7’L1k2 no 1
1 > —->1,
K% <k2> ¢~

which implies that 115 = log ( ) Therefore, we obtain
1 lo no
Vig = — —
12 ey g ks
1 1 1 Hlos (,Tl> b 14
< — — — 7 ti
<% <k:2) + " og o y equation (14)
naky n .
< — l 5 log | — using log(4x) < 2log(x), Vo > 4
k1 ks k1
k
< — T 1 (nli; log <Z§>) by equation (18)
< 29y by equation (16).

Therefore, we have 112 + 21 > 91 + v12/2, hence R > %(1#21 + 1/12) A ¢12 A ¢21 and
the proof is complete.

O

Lemma 13. Assume that, for some constant ¢ > 0, we have kg < cna. If ™1 "1k2 log ( ) <1, then
we have 21 < ¢19.

Proof of Lemma 13. Note that, when ”]252 log (Z—j) < 1, we have 2} < 1, so that ¢15 =
1

k2
1 ni ks na
= —log (1 log 22
oo = g o (1 7o (7))
= Myoe (M2
=12 %\ ks
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> ¢127

which completes the proof. O
Lemma 14. It holds that R Z (le + V21) AN (wgl + Vlg) A ¢12 A\ ¢21.

Proof of Lemma 14. Assume first that, for some constant ¢ > 0, we have k1 > cnq or ks > cno, and
by symmetry, assume we have k; > cnj. Then

ni 1 N9
= —1 1 —l > —1 1+—= | =
12 = 0g< + K2 0g< <k1>>> = Og( + k%) P12,

which yields that

= (Y12 +¥21) A P12 A dpan

= 12 A P21

> (12 4 v21) A (21 + 112) A d12 A o1
From now on, assume that k; < cn; and k3 < cno, and assume without loss of generality that
w2 elog( ) by lemma 27.

If k2 > cni ko, then the result follows by Lemma 8. Now, assume that k2 < eniks. If < 26

then the result follows by Lemma 9. Else, we have k1 > ¢n ks and the result follows by Lemmas 11
and 12.

O

B Proofs for upper bound

B.1 Analysis of total degree test

Recall that the total degree test is defined as A%

deg = L(taeg > h) for a choice of threshold 7 > 0,
where

niy n2

1
o A (19)

Lemma 15. Let o € (0,1) be given and define ho, = /41log(2/ ). Suppose that nynapy > 5 h?
and po € (0, ﬂ Then there exists a constant Cs > O such that if

n
6% > Cspo(1 — po) kéki,

then the linear test with threshold h = h, satisfies
R(A],.0) < o
Proof of Lemma 15. We begin by an analysis of the Type 1 error of Adeg Under the null hypothesis,

it holds that E[ts,] = 0 and var(teee) = 1. Let 0 = po(1 — po)nine. Note that under our

assumptions njnspy > > hi and pg < i, it holds

o = v/po(l = po)ning



By direct calculation, we have
PO(Adeg 1) = Po(tdeg > h)

ni na
= PO(ZZ(Aij —po) > oh)
i=1j=1
lh2o.2
< exp ( - 0224-71%) (by Bernstein’s inequality)
3

< exp ( — 2;1'02 ) (since o > §h)
1
= (- )
<exp (—log(2/a)) (since h = /4log(2/c))
a
T2

Now we turn our attention to the Type 2 error. Under the alternative hypothesis, there exist subsets of
indices Ky C [n1] and K C [ns] of sizes |K1| = k; and | K| = k2 such that E[A;;] = po + ¢ for
(i,7) € K1 x Ky and E[A;;] = po otherwise. Since the { A;; }ic[n,],je[n,) are independent Bernoulli
random variables, we can directly compute

1
Ep[taes] = ;kl k24,

varp (taeg) = %(lﬁkﬂh(l —p1) + (n1 — k1) (n2 — k2)po(1 — po)),

where we let p; = po + 6. Now under the assumption that §2 > Cspo(1 — po) %, it holds

Ep [faeg] = %klkgé
kiko
n1n2po(1 — po)
> Cs.

Therefore, for C; taken large enough, we can ensure that Ep [tges| > 2h = 2,/41og(2/a). Therefore,
we may perform the following calculation:
Pp (Al = 0) = Pp(taeg < h)
=Pp (tdeg - IEPtdeg <h- IEPtdeg)

=Pp ((tdeg IEPtdeg > (h - EPtdeg)2)
1
< IP>P ((tdeg - IEPtdeg) > Z(]EPtdeg)z)
varp (tdeg)
(IE:Ptﬂleg)2 ’

where the final inequality uses Markov’s. From here, we apply our closed form expressions of
varp (tgeg) and Ep[tge,] derived above to compute:

varp (tdeg) _ k1kop1(1 —p1) + (n1 — k1) (na — k2)po(1 — po)
(Eptqeg)? k3k3262
kiks(po +96) + o”
- k3362
=1+ 10+ 11,

2
where we define [ = %, II= m, and IIT = k%;‘vﬁ. We control each of these terms separately.
First, we have
_ _Dbo
k1 ko2
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k1kapo . 2 n1n2po(l — po)
< (since 6 > Cs———%5——=
711”2100(1 _PO)CE ’ k%k%

)

<
— 3C5s
(0%

< YR
24
where the final inequality holds for Cs taken sufficiently large. Now we consider II. Recall that

n1MNaPy > %hz = % log(2/a). Therefore, pg > Fc;w where C' > 0 is a constant that depends on
«. We thus have

3
(since k; < n; fori € {1,2} and 1 — py > Z)

ning
d > /Cspo(1—po)
V/ kik3

n1No . 3
\/ Do kékQ (since 1 —po > Z)
> —

- k‘lk‘g

v

where C' = / %C’(;C’. Using this lower bound on §, we have

1
k1k20
1
C/
@
2
where the final inequality holds for Cj taken sufficiently large. Finally, to control III we have

II=

IN

<

0.2

EIErs
ninapo(l — po)k3 k3
= Csnanagpo(1 — po)kik3
_ 1
e
«
< —
- 24

where the final inequality holds for C5 taken large enough. Combining these bounds on I, II, and IIT
gives us

I =

n1n2po(1l — po)

(since 62 > Cj
kik3

)

varp (tgeg)
Pp(AlL, =0) <4
P( deg ) o (EPtdeg)2
<4(1 —I— IT + IIT)
< 4(3 7
o«
=5
Combining this inequality with our bound on the Type I error, we have
R(AlL,, 0) < a,
and the proof is complete. O

B.2 Analysis of the truncated degree test

The following lemma controls the risk of A -deg,1- The analysis of Agunc_deg 5 1s analogous.
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Lemma 16. Let o € (0, 1) and define h, = C* <\/n2 exp (—c’ log(1 + %)) log(2/a) + 10g(2/a)>
V2
for constants ¢',C* > 0 to be determined later. Suppose that ny > ck2 for a constant ¢ > 0. Then
there exist constants Cs,Cy, > 0 and C > % such that if% > po > %X log (1 + %) and
2

n n
62 > Cspo(1 —Po)kfélog (1 + k§> ,
1 2

then the truncated degree test with threshold h = hy and T = | C'log (1 + %) satisfies
2

R(A"

a
trunc-deg,1°

0) < a.

Proof of Lemma 16. First, we control the Type 1 error of Aggnc-deg,l' Let o = \/nipo(1 — po). By

Lemma 19, there exist constants C’, ¢, ¢/, C* > 0 such that if 7 € [C’, co], then

(6%
he) < —.
> )72

We impose that ¢’ > 1 by taking C' in the definition of 7 sufficiently large. Therefore we just need to
verify that 7 € [C”, co]. Since ny > ck3, it holds

T = 1/C’log(l—l—nf;)
k3

> +/Clog(l+c¢)

>,

Py (Al

trunc-deg,1

where the final inequality holds for C taken large enough. On the other hand, since i > po >
%‘1‘ log (1 + %), we have
V2

co = cy/nipo(l — po)

3 n9
> c\/C’a4 log <1 + k%)

C'log (1 + Z;) (for C,, large enough)
2

\%

Vv

=T
Therefore 7 € [C’, co], and the desired bound on the Type 1 error holds.

Now we aim to control the Type 2 error. Under the alternative hypothesis, there exist sets K; €
P, (n1) and Ky € Py, (n2) such that E[A] = P with entries P;; > po + d if (4,j) € K x K3 and
P;; = pgy otherwise. Let § = %. Then by Lemma 20, there exist constants ¢, ¢, C’ > 0 such that if

T € [C',col, ki(po + ) > C’,and § > C'r, then
no B ) 9
E z; (W; —vE)1(A; > 7)| > ¢koblolog <1 + o) . (20)
]:

As when we controlled the Type 1 error, we enforce 7 € [C’, co] by taking C in the definition of 7
and C,, sufficiently large, in that order. To verify ki (po + §) > C’, we calculate

k1(po +9) > k10

n
> \/711170(1 —po)Cslog (1 + k;)
3

> \/CC5 log (1 + Z;) (since o 2 1, as shown above)
2
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CCslog(1+¢)

>
>,

where the finally inequality holds for C; taken sufficiently large. Finally, to verify 6 > C’7, we have

ke
n1po(1 — po)
na
> ./Cslog 14+ —
(1+32)

> (', /Clog (1 + %) (for Cjs taken large enough)
2
=C'r.
Therefore, (20) holds by Lemma 20. Additionally, by Lemma 21, there exist constants C1, ¢, C’ > 0
such that if 7 € [C’, col],k1(po + 0) > C’, and 6 > 27, then

no
_ 0 2 3
var Z (W; — Vfl)l(Aj >7) | < Crka(0®+60)log? (1 + >+Cl(n2—k2) (UT log(1 + Z)) exp (—§T2).
o o
j=1
2D

As before, we enforce T € [C”, col,k1(po+J) > C’, and @ > 27 by taking C, C.,, and Cj sufficiently
large in that order. To control the Type 2 error with (20) and (21) and Chebyshev’s inequality, we
need to verify that the right-hand side of (20) is at least 2h,,. In what follows, we define

L oom ny
0% := Cspo(1 — po) K2 log (1 + k%)’

so that & > 4. First, we have

log (1+ g) = log (1+ %25)

> log (1—1—%25).

We now aim to show that there exists a constant C' > 0 such that % <C. By the definitions of 5
and o2, it suffices to show that

log (1 + n—g) < Co?.
k3
Recall that 72 = C'log (1 + %% ). Since we have already shown that 72 < ¢, it holds that there
exists a constant C' > 0 such that log (1 + %) < Co? as desired. Therefore, there exists a constant
— 2 —
¢ > 0 such that log (1 + g) > log (1 + %‘S) > E%‘S. Thus we have
N 0 — L
Ckobolog [ 1+ — | > ckofk16 (for c = ¢c)
o

(k10)®

> cksy

— Cskyo log (1 + ”—3)

k?

> Ciko log (1 + n—;),
k2

where the final inequality uses o 2 1, and C5 > 0 is a positive multiple of C5. Since we have
enforced ¢/ > 1 in the definition of A, it holds

he = C* <\/n2 exp (c’ log(1 + Z?) log (Z))
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2 log(2/0)
1+3

< C* (kev/log(2/a))

< %’3 (kglog (1+ Zg)) :

where the final inequality holds for Cs taken sufficiently large, and uses that 73 > ¢ > 0. Therefore,
2
we have shown that for Cj taken sufficiently large, it holds

no ~ 9
E Z (W; — yfl)l(Aj > T)| > ¢kqbolog (1 + a)

j=1
> 2hg,.
Letting U. = Z?il (W; — v¥1)1(A; > 1), we therefore can conclude
Pp (Agﬁnc—deg,l = 0) =Pp (U < ha)
=Pp (U — E[U] < ha — E[U))
=Pp ((U - E[U])2 > (ha — ]E[U])Q) (since E[U] > 2h,)
<Pp((U-E[])’ > (BL])°)
Var(U) . )
< 5 (by Markov’s inequality)
(E[U])

< Ciko(0? + 00) log? (1 + g) + Ci(ng — ka) (0’7‘ log(1 + g))2 exp ( — %7‘2)

B (ekabolog (14 £))?
=1+1I,

where we define
_ Ciky(0? 4 00)log? (1 + £)

I
(ekabolog (14 £))?

and
2
Ci(ny — ko) (orlog(1 + Z)) " exp (- 272)
(koo log (1 + 2))?
We control these terms separately. First we have
_ Chky(0® 4 60) log? (1+ g)
(ekabolog (1 4 £))
C1(0? + 00)
2kob20?

] Cy L Ci
C2k292 62k290'

Gy

II=

I

IN

Chehy flog (1+ )
2
C
+ 1
Cyehy log (1+ 22

Cl Cl
< + ==
T C4&kon/log(1+¢) Cic*halog(l+c)
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<

%\Q

where the final inequality holds for C;s taken large enough. Recall that C' > % in the definition of 7.
Then it holds

Ci(ng — ko) (o7 log(1 + 2))exp ( — 372)

= 2
(¢kabolog (14 £))
Cing . (Tlog (1—1—5))2
TR (1+3) (g (1+2))’
2
< %1 : M (since 7 < co and 7 < C0)
& (flog (1+ %))
G (Clog(1+0¢))

s (141))
C1 (Clog(l+¢))?

ER Cj (k‘glog (1 +c)>

<

%\Q

where again the final inequality holds for Cj taken sufficiently large. Therefore, we have shown
o
]PP(Atrunc -deg,1 — O) ST+ < 5
Combining this with our bound on the Type 1 error, it holds

R(A"= 0 <a,

trunc-deg,1°
and the proof is complete. O
B.3 Analysis of the max truncated degree test

The following lemma controls the risk of A -deg,1- The analysis of Al e deg,2 18 analogous.

Lemma 17. Let o € (0, 1) and define

o = O W (~ertos (14 2108 (21)) 1o (2 (2;)) g 2 (Zi)))

or constants ¢, C* > 0 to be determined later. Suppose that 1og > c for a constant ¢ > 0.
pp

Then there exist constants Cs, Co, > 0 and C > & 5 such that lf4 > po > k1k2 log ( ( )(Zj)) and

1 1 ni
5% > Cspo( p0)<k1 0g< + k2 o8 (k1>)+k2k1 o8 <k1>>’

then the truncated degree test with threshold h = h,, and ™ = \/ C'log (1 + 73 log (Zi)) satisfies
2

R(Al= 0) < a.

trunc-deg,1?

Proof of Lemma 17. Let o = \/k1po(1 — po). We begin by controlling the Type 1 error.

(Ar};ax trunc-deg,1 — ) =Py (tmax—trunc—deg,l > ha)

no
=Py | max Z (WJlt‘j — Vfl)].(tjl)j > T) Ji € Pkl(nl) > hg

j=1
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ns

n

< ()0 | 3 07 = 15 > 1) >
j=1

HEISEH))

o

=5
where the second inequality follows from Lemma 19 as long as h,, is defined with the constants C*
and ¢’ obtained from Lemma 19 and 7 € [C”, co] for some constants C’, ¢ > 0. We impose that the
constant ¢’ is made to be greater than 1 by taking the constant C' in the definition of 7 sufficiently
large. Therefore, we just need to verify that 7 € [C”, co] to finalize our control of the Type 1 error.

First, we have
n1

> /Clog (1 —|—c)

>,
Where the final inequality holds for C' taken sufficiently large. Additionally, using i > po >
k1k2 log ( ( )(ZZ)) we have

co = cv/kipo(1 — po)
Ng (M1
\/ Colog ( ko <k‘1)>
> \/C log (1 + ﬁ log (Z )) (for C,, large enough)
1

=T.

Therefore 7 € [C”, co], and the bound on the Type 1 error holds.

IA

Now we turn our attention to the Type 2 error. Under the alternative hypothesis, there exist sets
K, € Py, (n1) and K5 € Py, (n2) such that E[A] = P with entries P;; > po+ 4 if (¢, j) € K1 X K>

and P;; = po otherwise. Let 0 = k;—‘s. Then by Lemma 20, there exist constants ¢, ¢, C’ > 0 such

thatif 7 € [C’, co], k1(po + ) > C’', and § > C'r, then

n2

- 0
E Z (WKl,j - Vfl)l(ﬁKhj > 7') > ckofolog (1 + 0_) . (22)

j=1

As when we controlled the Type 1 error, we enforce 7 € [C”, co] by taking C' in the definition of 7
and C,, sufficiently large, in that order. To verify k;(pg + §) > C’, we calculate

ki(po +6) > k10

> klpo(l — p0)05 log {1+ 7 10 =
ks k1
no n2 ni
\/ Cy log ( T (k )) Cslog (1 + k—%log (k1>)

3
> \/4CQC5 log (14 ¢)
>
where the finally inequality holds for Cs taken sufficiently large. Finally, to verify 8 > C’7, we have
k10

k1po(1 — po)
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el () i)

> C'\/C log (1 + = log <k )) (for Css taken large enough)
1

k2
=C'r.

Therefore, (22) holds due to Lemma 20. Additionally, by Lemma 21, there exist constants C1, ¢, C' >
0 such thatif 7 € [C’, ca], k1(po + §) > C’, and 6 > 27, then

S k 2 2 4 7\2 3 o
var Z (Wi j —vE)L(tg, j > 7) | < Cika(o?+00)log® ( 1+ ps +C1(na—ka) (O’T log(1 + ;)) exp (—gr ).

j=1

(23)

As before, we enforce T € [C’, co],k1(po+9) > C’, and § > 27 by taking C, C.,, and Cj sufficiently
large in that order. We aim to control the Type 2 error by combining (22) and (23) in an application

of Chebyshev’s inequality. Before we can do this, we need to verify that the right-hand side of (22) is
at least 2h,,. In what follows, we define

= 1 ny 1 ny
6% = 1— “log (1+ 221 1
Cspo( p0)<k1 og( + 72 0g <k1)) + gkt og <k1)>’
sothat d > § by assumption. First, we have
0 k16
log(l—i—;) lg(l—i—f)

> log (1+%§).

We now aim to show that there exists a constant C' > 0 such that % < C. By the definitions of 5
and o2, it suffices to show that

log (1 + k:2 log (Zi)) —+ % log (k1> < Co?.

Recall that 7> = Clog (1 + 73 log (},")). Since we have already shown that 7 < co, it is clear
2
that log (1 + 23 log (}, )) < C'¢? for some C’ > 0. Furthermore, by the assumption 5 > py >

k1k2 log( ( )("2)) it holds

o = kipo(1 — po)

v () ()
4 ko k1 ko
1o ()

4 kz kl ’

and hence k, ! log (Zi) < "2 for some C” > 0. Taking C' = (C’ 4 C")/Cjs, we have that

%5 < C. Therefore, there exists a constant ¢ > 0 such that log (1 + g) > log (1+ %‘;) > E%g.
With this result in hand, we have

Y

9 _
ckobo log <1 + ) > ckobk16  (for ¢ = ¢e)
o

)2
> ok F1O)”

- ny L ny

= cCskoo (log (1+ k:2 log (k >) + " log( 1>)
!/

> O <k21og (1 t 2 Jog (k1>) + log <k1)>
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where the final inequality uses o 2 1, and C§ > 0 is a positive multiple of C5. Note that, since we
have enforced ¢’ > 1 in the definition of A, it holds

e (o o)) )
(8> ()
(k21og (1 i 2 Jog <k1>) +log (/ﬁ))

where the final inequality holds for C; taken sufficiently large, and uses that 73 log ( ) >c¢>0.To
summarize, we have shown that for C's taken large enough, it holds

n2

. 9
E Z (W, j — v 1(tk, ; > 7)| = ékebfolog <1 + a)

j=1
> 2hg.
Letting Uk, = >_}2, (Wi, — vF)1(tk, ; > 7), we therefore can conclude
Pp (tmax—trunc—deg < ha) <Pp (UK1 < ha)
=Pp (Uk, — E[Uxk,] < ha — E[Ux,])
- ]P’p((UKl —E[Uk,])° > (ho — E[UKl])2) (since E[Ux, ] > 2ha)
< P (Ui, ~ElUx))" > (EUx,])°)
< vaI(UK1 )2
(E[Ux,])
< Cika(0? + 00) log? (14 %) + Ci(ny — k) (o7 log(1 + g))2 exp (—

(by Markov’s inequality)

)

(koo log (1+ 2))°
— T+,

where we define
Cika(0? + 00) log? (1 + £2)

(6k‘290 log (1 + g))2

I=

and

2
Ci(n2 — ko) (o7 log(1 + Z))"exp (= §7°)
(ehaborlog (1 + 2))°
We control each of these terms separately. First we have

Cika(0? + 00) log? (1+ %)

II=

: (koo log (1+ 2))?
_ Ci(0* +bo)
T Phy620?
e Cy
Rk + Pkolo
Cq
<

Ok, \/log (1 + 73 log (Zi)) +1log (3})
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Cq
+céc2k2 (log (1+ 3 log (7 )) +log (Zi))

Cl C1
=< + ==
T C42koy/log(1+¢) C5ckalog(l+c)
«

< Rl

— 4
where the final inequality holds for Cs taken large enough. Now we control II. Recall that C' > % in
the definition of 7. Then it holds

C(ns — ko) (o7 log(1+ Z)) exp (- 272)

II = 5
(¢ks00log (1 + £))
Cins (tlog (1 +1))2
< : YT
k3 (1 + 2z 1og ) (Blog (1+ %))
2
< 6321 M (since 7 < co and 7 < C0)
¢ (flog (1+ %))
e (Clog(1 +0))’
@ Cj (katog (1+ 510g (1)) +1og (1))
_G (Clog(i+0)
G o (kg log (1 + c))
a
< R
— 4

where again the final inequality holds for Cj taken sufficiently large. Therefore, we have shown
]PP (tmax»trunc—deg,l < ha) < I+1I < %
Combining this with our bound on the Type 1 error, it holds

R(Ans 5) < a,

max-trunc-deg,1°

and the proof is complete. O

B.4 Proof of Theorem 2

Here, we provide the proof of Theorem 2, which gives an upper bound on the minimax rate of
separation §*. We let

R= (Y12 +v21) A (Y21 + v12) A 12 A a1

We define our optimal test as

hs .
Amalx trunc-deg,1 if ]? - 11[}12 + V21
3 : _
A* — Amclx trunc-deg,2 if {% =1po1 + V12
Alha if R = ¢12
R R 7
Ayt if R = ¢a1,
where
hy if N2 hi -
Abihz — JAV -deg,1 if %2 2 c1, and Ah’l,h; _ Au—unc_degg if = > cq,
a = ha ) b = ¥ ’
AV otherwise Al otherwise.

and, for some small enough o > 0, we let

e (o () o (G(20) - (GG)
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e (e (1 e (2))) e (2 (1)) 1 (222)

hy=C" (
hi=C" <\/n2 exp <c’ log(1 + Zg)) log(2/a) + 10g(2/a)>
W= (

\/m exp (—c’ log(1 + Z%)) log(2/a) + log(2/a)>
ho = hly = \/4log(2/a).

We recall the assumption

k%zg log (6(112) (Zj)) if R = (V12 + v21) A (Y21 + v12)

N gl’ log (1 + %) if R = ¢12 and np > k3
po = ’ _
%10g(1+%> if R = g and ny > ki
1
ncn otherwise.
1n2

By Lemma 14, we always have R > R. Assume first that R = (¢12 + 1/21) A (¢21 + 1/12), and, by

symmetry, assume that we have R = /15 + v1. In this case, we have A* = Agzx_[mnc_deg 1> and the

result follows by Lemma 17. We can proceed similarly in the case where R = 191 + 112,

Assume now that R = ¢12 and no > k:% Then the result follows by Lemma 16. Similarly, if R= P21
and ny > k% the result follows by Lemma 16. Finally, if none of the conditions above are satisfied,

then we have A* = A(ﬁfg and the result follows by Lemma 15. The proof is complete.

C Additional results

C.1 Technical results for the analysis of the truncated chi-square tests
Lemma 18. Letn € Nandp € (0,1/4). Let X ~ Bin(n, p) and, for any a > 0, define
Z = (X —np)/o, where o = \/np(1l — p)

v(z) = oxlog (1 + g) , Va>0.

For any a > 1, there exist two constants C,, C > 0 such that, for any a € [Ca, a}, we have
E [v(2)*|Z > a] < Cv(a)™

Proof of Lemma 18. We first note that the event {Z > a} is equivalent to {X > kp;,} where

kmin = [np + ao]. Let ¢* > 0 be a constant whose value will be adjusted later. Let also o > 0. We
have

E [v(2)*1(Z > a)] =E [v(2)*1(X > kmin)]

[0(2)*1 (kmin < X < kmin + c*a0)]

E [v(Z2)*1 (kmin + ¢ac < X <n —2)]

E[v(Z2)*1(X > n—1)]

=: [+ I+ IIL (24)

We control each term separately.
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Term III. We use the inequality log(ab) < 2alog(b) when a > 1 and b > 2. Indeed,

ab 1

1 1 1
> — > — —). >
log(b) > 5 log (b+1) > 5 log< +(1 a) 1) 2 5 log (ab)

a

by concavity of the logarithm. Now, noting that n(1 — p) > p, we have

I =E [u(XU"p>a1(X Zn—l)}
(P (R

o o
1 o «
< 2v(n( p)) np™ (1 - p)
o]
AN 1
=2 () log® (1 + > "
p p

a+2

— ( ’I’L(l _p)> pn—a
p

—<2exp< ; <log(( p))+1og(;)>—(n—a)log(;)>.

Now, recall that we have \/n/4 > o > a > C,. Therefore, we have 22 log(n(1 — p)) <

- - 2 —
n—2]og (1/p) and <2 log(1/p) < 252 log (1/p) provided C, is sufficiently large. Therefore,

a2
I < 2exp(—n/2) <2e” 7 <4aP(Z >a). (25)

In the last line, we used Theorem 2.1 from [5], which states that whenever p < L it holds that

(L2
P(Z > a) > 1—®(a) > 5-e~ for a > 2 where ®(a) denotes the cumulative distribution function

of the standard normal distribution.

Term I. Note that, if k € [kmin, kmin + ¢*ac], then

’U( _np> (kmln"'_c ao—np)

( np—i—aﬂ—ﬁ—c aa—np)

(1—|—c aa—l—l)

I/\
—
l\D\O.')
\/
v

provided the constant C,, > 0 is chosen to be large enough. Therefore, we obtain

1=F [U(X ;"p> 1 (kmin < X < Foin +c*a0)}

< (142 (a)*P(Z > a). (26)
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Term II. We let jo = |c*ac | +1 and k' = kpin + Jo, so that the event X > ki, + c*ao is equivalent
to X > k'. Therefore, we obtain

n—2

— k—np\* n! A -
H,;,v( o > o —? =P
n—2 o ok
k—np Co n n(1—p) npy k
< np . ,

< Co nz:zv(k—np>a n (1_ k—np )n+k<1+k—np>k
T Ve =, o (n—k)k n(1 —p) np

N—Kmin—2 . a
e IR Ce e | J—
CO\/ﬂ J=jo g (TL — Kmin — ])(kmin + ])
1 kmin + j _ np 7’n+k¢min+j 1 + kmin +j _ np *kmin*j
n(l —p) np

Jj=Jo

where C' = 2 2307 and where we used the fact that v (M)a < (M)a provided that
CO T [ea (e

o > a > C, for some large enough constant C,,. Moreover, we note that

<1 _ac+j+ 1>n+km‘“+j (1 L a0 +j)kmi“j

n(l—p) np
P .
= Xp <_(n_kmin—j)10g (I_M) _(krnin +.])10g (1+a0+]>)
n(l —p) np
i .
< exp (—(n—np—aa—j)log (1_a'o-—i_-7—~_) —(np+aa+j)1og <1+ a0+j>)

. — . .
= exp (—n(l -p) (1 - ao—i—]) log (1 - W—) —np (1 + aa—i—y) log (1 + 90+
n(1—p) n(1—p) np np
We now argue that the latter quantity is at most a constant times the quantity below:
€Xp (—n(l - p) (1 - MH) log <1 — aa—l—j) —np (1 + aa+]> log <1 + aa—i—])) .
n(1—p) n(l—p) np np

Indeed, the ratio of the two is

. 1
ao+J n(1=p)
(1 —p)(1— 22T Vg (1 —mOB)
eXp( TL( p)( n(l—p)) Og( 1_ ac+j ))’

n(l—p)

and since j < n — kpin — 2 < n(l — p) — ao — 2, it follows that

1 1
ni-p) _n(-p _1
_ ac+j — 2 2
1= wo-»

Using the inequality log(1 — ) > —2x for x € (0, 1/2), the above ratio is controlled as

exp (—n(l -p) <1 - m> log <1 - %)) < exp(2).

n(l—p)

Combining these calculations, we obtain

n—kmin—2 N
~ ao +J n
n<c
B Z U< o > \/(n_kmin_j)(kmin +J)

J=Jo
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)

—Fkmin —Jj
)



S (R R e =)

_ énikfﬂv (tm;j)a \/(n ~ Fmin —nj)<kmin )P <n(1 ~ o)k <7m> o (M”;j»

Jj=Jjo

where we have defined the Bennett function
h(z) = (14 z)log(1+2) — =z, Vo > —1.

Now, we define the sets of indices J1 = {jo,...,|20%]}and Jo = {[202%] +1,...,n — kmin — 2] }.
We have

P <Mo+j>a \/<n S T (‘”(1 o (‘M) ol (agn;j»
N () oo (- () e (57)

=11y, + 11, @7)

‘We now control these two terms separately. Suppose first that 5 € J;. Then we have
aa—l—j/\ ao +j <aa—|—202
np n(l—p) — o2

and, since j < 02 < n/4, we also have

<3

i

\/(n o — ) e ) = \/(n “p—ao — 1 —1/2) (kwm + 7)

= \/(n/4_ 1)(kmin +.7)

< 34/ 1
- kmin"’_j.

In the last line, we used the fact that, since /n/4 > o > a > C,, we have n > 402, so that
7711 < 9 for Gy large enough. Moreover, we have h(zx) > 2?/5 for any = € (—1, 3]. Therefore,

1 ao+j>a [ 1 < ( ao+j> (aa—l—j))
7,«11 < v —— €eX —N 1— h —_——— — N h
3¢ *jg;l < o Emin + J P (1=p) n(l—p) P np

Szv<aa+j>a 1 exp( 1(a0+j)2_1(a0—|—j)2>

kmin 5 n(l —p) 5 np
B ; ac + 75\ 1 o _l(aa—l—j)2
iy o Kmin *P 5 o2 '

732 . . .
Note that the function = — x“e~ s is decreasing over [\/5a/2, 00). Therefore, choosing C., large
enough again, and letting C' denote a constant whose value may change in each appearance, we obtain

1 aoc+ 3\ 1 1 (ao + j)?
3C~(IIJIZ’U< > > exp(—52

kmin

ag
JEJ
1 o <a0+x>a _ (aota)? )
< v e s dx where jo — 1 = [¢"ac]
Vv kmin Jo o
o /°° <5) V2o s\ e
< 5 v y| e zdy
Kunin J\/Z (at2 e ao]) \2 2
~ 0 2
<C ]: / v(y)e T dy by taking ¢* large enough
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g

\ kmin

2
<C a® log(1 + a)* exp <a,2) by Lemma 22

so that
I, < Cjv(a)*P(Z>a), (28)
for some constant C';, > 0, where we used the fact that 0 < kmin and Theorem 2.1 from [5].
Now, we turn to the term I1;,. Note that, when j € J,, we have
ao + j S ao + 2np(1l — p)
np np

Moreover, since j > o2, we also have

>2(1-p)>

N o

\ —1/2

n _e—j/4 — (1 _ Kmin +J> e I/4 — (1- x)*1/2 e(—nz+kmin)/4
n— kmin —J n

where © = (kmin + j)/n € [2p,1 — 2]. We now prove that the function g : =

(1 — )~ "/? e=n#thmin is bounded over the interval [2p,1 — 2] independently of n. Indeed, the
derivative of log g satisfies

1

(logg)'(x) = m

so that g is decreasing over [2p, 1 — 2]. It now suffices to evaluate g(2p)

9(2p) = (1 —2p) exp (—2np + kmin) < (1/2)71/2 exp (—2np+np+ao +1)
< (1/2) Y exp (—0%/2) < (1/2)"" % exp (~C2/2) -

Therefore, there exists a constant ¢ such that, for any n and any j € Jo, we have

—n/4,

—1/2

Le*j <ec
n— kmin _j -
By the inequality h(x) > ¥ that holds for any z > 3/2, we have
1 AN n ( ( ao’+j> <aa+j>)
=11, = vla+ = : —exp | —n(l—ph|——"=)—nph
c " Z ( a) \/(kmin+])(n_kmin_J) P (1-p) n(l—p) b np

<Zv<a+]> — n,exp(—nph(aa—i—])>
= o T\ n—kmin—J np

27\ 1 n ao +j
< E - JE— _— —
T U<U> \/5 n_kmin_jexp< 2 )
2

JjeJ:
o AN j
< (e Z v () — exp (—)
o\ V7 4
é a—1/2 a
<= x log(1l + z)%exp (—x/4) dx
" J|202]
é a—1/2 @
=— (4y) log(1 + 4y)* exp (—y) 4dy
07 J\|202]/4
é a—1/2 o
=— Y log(1 +y)* exp (—y) 4dy
07 J\|202]/4
A 2521\ /2 2521\ * 2052
§£ [207] log 1+LUJ exp 7[UJ by Lemma 23
oo 4 4 4

IA

C (202 “*1/21 - 202\ © 9202 L1
C (207 207\ o (200 L
oo \ 4 o8 1) TP U7 Ty
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v(o)® 0.2
<Cy, (U) exp (2) for some constant C'y,

<0, 9% o <2>
a 2
< Cpv(a)*P(Z > a) (29)

where the last inequality follows from Theorem 2.1 from [5].

Q

To conclude the proof of the lemma, it remains to combine equations (24), (25), (26), (27), (28) and
(29) to obtain

E[2°1(Z > a)]

E[Z%|Z > a] =

P(Z > a)
I+ o+11
- P(Z > A)
I+10; + 10, + I
- P(Z > A)
< (14 2¢*)*(a)*P(Z > v(a)) + Cjv(a)*P(Z > a) + Crv(a)*P(Z > a) + 4v(a)P(Z > a)
- P(Z = a)
< Cv(a)®
for some constant C' and where we used v(a) < a® since a,« > 1. This completes the proof.
0
We recall that the Bennett function is defined as
hp(z) = (14 x)log(l+z) — =, Vo > —1. (30)
hp(-1) =1. (31)
Now, we let Y ~ Bin(n, pg) for some n € N and define
w(z) =n(l —po) hp (x—npo> +npo hp (x — np0> Vo € [0,n] (32)
n(1—po) npo
Z=(Y —npy)fo,  where o = /npo(l — po)
W =w()
v, =E[W|Z > d (33)
Yo =E [W?|Z > d]. (34)

We deduce the following corollary.

Corollary 1. Recall the definitions of the functions v and =y from (33) and (34). There exist suﬁ‘iczently
large constants C, C such that, for any a € [C, ], it holds that v, < Coalog (1 + ) < Ca? and

Yo < C(0a)?log” (1+ 2) < Ca™.

Lemma 19. Let m,n € Nand py € (0,1/4). Let Y1,...,Y,, e Bin(n, po) and for any j €
{1,...,m} define Z; = (Y; — npg) /o, where 0 = \/npo(1 — po). Forany j € {1,...,m}, define
W; = w(Y;) where w is defined in (32) and recall the definition of v, from (33) for a > 0. Then

there exist universal constants C,C* ¢, > 0 such that for any a € [C, co] and x > 0, we have

Z i — Vo) 1yz,5qy > C” (\/me*d“?m—i—x) <e~

Proof of Lemma 19. In this proof, we will write p rather than p, to alleviate the notation. Let
Y ~ Bin(n,p) and Z = (Y — np)/o, and consider X = (W — v,) 117>} where

W/:nﬂ—pﬂm(—§;_€$>+4th(Y;;w>.
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We first derive a bound for the moment-generating function E (e*X). Since E(X) = 0, we have
E (M) =14+E (M —1-)X).
By the deterministic bound

(—z)A2? ifzx<0
e —1—xz<{a? ifo<z<1
e’ ife>1
we have
E (M —1-AX) < NE (X’Lix<0) + NE (X?1{0 < X < 1/A}) + E (M 1x51/53)

and we will bound the three terms separately. By Corollary 1, the first term is bounded as
E ((|X]|AX?*)1{x<0y) <P(X <0) Uua —w(np + ao)| A (Ve — w(np + aa))z]

a? a?. 2
<P(X <0) Uya — §| A (l/a — g) ] by Lemma 32.2

2

<P(Z > a) (ua—‘;)z

<(C—1/8)%'P (Y —np > ao) by Corollary 1

< (C —1/8)%a*exp (— a*/2

T by Lemma 24
14+ =5~

= (C —1/8)%a"exp (—3“2>

8
CL2
< exp (4>

provided the universal constant C' such that a > C'is chosen large enough depending on C. We now
bound the second term. Recalling the definition of the function ~ from (34), we have

E(X*1iocx<iny) <E(X’Lixs0y) =E {(W —1,)? 1{Z>x/ﬁ}}
<2E [W?1zs imy]| + 205P (Z > \/va)
=2 (v +V2)P(Z > vq)

_ /2
<2(Cv2+v])exp (— Ya/ ) by Lemmas 18 and 24

_. _ /2
<2 (0‘3 + 02) a* exp (”) by Lemma 18 and a < ¢

con(-3)

()
- 20

provided the universal constant C' such that a > C' is chosen large enough depending on C.

Finally we control the third term. We note that the event X > % is equivalent to W > v, + %
We let ky € N be the unique integer larger than or equal to np such that the event {W > v, + %
and Z > 0} is equivalent to {Y > kg}. This integer exists by Lemma 26 since w is increasing
over [np,n] by Lemma 26, w(np + ac) = 0, limy_, w(z) = 2nlog(1/p) > v, + § for A < &
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and v, < Ca? < Cc?o? < Cen < 2nlog(1/p) for ¢ chosen sufﬁmently small depending on C.
Moreover, we also have ko > np + ao since w(np + ac) < a? < v, + . Now, we have

E[e*¥1(X > 1/))] =E {exp AW =) L(W > vy + :)[\)]

= e HMa Z ekw(k)P(Y =k)

k=ko
< 67)\1/” )\w(n)]P;( — )+67>\V‘1 Aw(ko)]p(y _ kO)

X exp <(2)\ ~1) {n(l —p)hp (—H) +nphp (k npnp) })

(by Lemma 25)
_ef)\l/a )\w(n)]P)( +€ Ava Aw(ko) (Y kO)

—Al/,, )\—7 ”Lu(k) (35)
\/27700 IZU;2 \V (n

where we have defined I; = {ko + 1,...,|C*0?|} and I, = {|C*0?| +1,...,n — 1} for some
constant C* that will be adjusted later. We first compute the sum over the set of indices I;. Below,
we use the notation C’ to denote a constant whose value may change in each appearance. Using the
change of variables

y = w(x)

i g - (e (2 2))

Z ﬁep‘*%)w(k)

we have

Iy
[C*o|+1
< " O-hu) g,
- ko (n—x)x
|C*o]+1
<Y (=) gy
g ko
1 pw([C*o?]41) —1 . -1
- Q/ =3y (log (w (y) _nQ _1p) >) dy
0 Jw(ko) np n—wt(y)
-1
1 pw(lC*o®[+1) -1
= Q/ =3y log w”(y) 711 dy
T Juw(ko) np 1 w__ne

1 pw([C*o?|+1) -1 -1 _ -1
< Q/ LAy <log (w (v) <1 LW (y) np))) dy.
0 Jw(ko) np n(1—p)

Moreover, we have w(z) < % for any x € [np,n]. Therefore, w=t(y) > np + o/2y.
Therefore, we can further control the display above as

Z L)w(k)
(n—
/(| C 0% +1) ) —1
<C L Qe () (50 2y)))
0 Jw(ko) np n(1—p)
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1 pw(|C*o?]41) om -1
< g/ P32y <log (1 + y)) dy.
7 Jw(ko) g

Moreover, we have w(x) < w for any > 0 by Lemma 32 so that w(|C*0?] + 1) < C'0?,
which yields that, for some constant ¢’ that depends on C*, we have

log <1 + @) > c’g, vy € [w(ko), w(|C*o?] +1)] .

([C*e?]+1)
"~‘)<g/w A3y 7 4
1/ = € Y
(n—k 0 Jw(ko) \/g

<!

/°° S N U
< e ————dz
(3-Nuwlke)  VZ/1/2-X

>0 11
< C'/ e Ff—— dz
G-Nwatd)  VZVI2-A
< C’ exp (f(% — AN (Ve + %))
(3 = Mat3)

‘We obtain

)

which yields
1 1
o~ e Z L)w(k) < Cy 267)"/“ C’ exp (—(5 — AN (ve + X)) (36)
V2 CO \/ n—=k V2mcg (% — N (va + %)

We now show that, for any k € Iy \ {n — 1}, we have

\/(n Tk Dkt 1)6(/\—5)11)(k+1) < V2e~2 me(x—i)w(@.

Indeed, we have

\/(n—k—l)(k—i—l) <V2 (n—k)k’

Moreover, since the function w is increasing and convex over [np, n) by Lemma 26, we have

w(k+1) —w(k) > w'(k) > 2log (kn(l—p))

np n—=k
k 1-
> 2log <n(1)7 nr(n—ko)) since w' is increasing over [np, n]

np—|— |C*o?] n(l —p)
n—np— |C*0?]
C* 2J 1

[C*o?]
1_ n(1—p)

(!
(1 C”)(H%))
<)

e
|
o
nfir €

log

1+

I \/

I \/
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for C* larger than an absolute constant. For A < 1/4, we therefore obtain

\/(n Dkt 1) e(Afa)w(kJrl) < V2e 2 me()\ii)w(k)'

Therefore, the sum over I, can be controlled as by a geometric series, and we obtain

o Ma [ n D) < e ,\ya\/ n LA-Bw(cre?))
vV 27Tco I;IQ (n—[C*0?])[C*0?]

< Ve a le()\fé)(vaJrl/)\)
- o

provided C* is large enough.

37

To conclude, it remains to control the terms e~ eA(MP(Y = n) and e~ e (F)P(Y = k).

For k € {ko,n}, we have

e Ma ekw(k)]P’(Y =k)

C n k—n k—n
< —Avg 2 Aw(k) 0 _ _ _ p _ P
<e e =k exp | —n(l—p)hp - ] np hg p”

cA\2m (1-p
Co_xva |2 0-Duk)
< e~/ — 2w
T 3Ver k
Co_ e, [ 2 0Dt
< e Va, Vg
T V2 o2°

by definition of ky. Combining equations (35), (36), (37) and (38), we obtain

E[M1(X > 1/))] < CeWat -2 at)
< Ce= %~ 2x
< CONe™ %

Assembling these calculations, we have for A € [0, M]
EeM <1+ ' \2e—ca” < exp (C”/\Qe_c‘Lz)

where C’ > 0 is a constant that depends on C. Then, for any ¢ > 0, we have

m
P Z (W) = va) 1iz,5a) >t | < Aingw e M (Ee)‘X)m < Aingw exp (—)\t + C'mN2ec

Jj=1

Mt2ec ¢
=P\ o Maar ) (-

Setting t = C* (\/ me=ca’ g + x) for C'* sufficiently large, we obtain the desired result.

) ) by Lemma 25

(38)

O

Lemma 20. Letn, k € N such thatk < n/2, py € (0,1/4) and p1 € [0,1]. Let Y = A+ B where
A ~ Bin(k,p1) and B ~ Bin(n — k, pg) are independent and define Z = (Y —npy) /o, where o =

npo(1 — po). Let w denote the function defined in (32) and let W = w(Y). Let 0 = @

and

recall the definition of v, from (33) for a > 0. Then there exist universal constants ¢, c, C' > 0 such

that, if kpy > C, then for any a € [C, co],

=]

E{(W Wz = 7 .
{W —vo) I{Z > a}} >coflog (1+2), ifo>Ca.
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Proof of Lemma 20. The fact that E{(W — v,) 1{Z > a}} = 0 when 6 = 0 follows by definition

of v,.

Suppose now that # > C'a. Recalling that the function w is increasing over [npg, n| by Lemma 26,
we have

E[(W = va)1(Z = a)]

>Epvu >0)
[ 1( > kp1 +(n— k)po)] — Vg

> w(kpy + (n — k)po)P (Y > kpy + (n — k)po) — Ca? by Corollary 1

— Uy

[E—

9 _
=cP(Y > kp1 + (n — k)po) o0 log (1 + ) — Cad? for some ¢ > 0 by Corollary 2.
g

Moreover, the median m,, , of a binomial distribution with parameters n and p satisfies |m,, , —np| <
log(2) (see [2], Theorem 2). Therefore, we have

P(Y >np1) >P(A>kp)P(B>(n—k)po)
We show that P (A > kpq) > i provided kp; > C for some large enough constant C' > 0. We have
P(A>kp1) 2P(A>myyp,) —P(A=kp] - 1)

1
= —P(A=[kp]—1).
Moreover, letting j = |kp; | — 1, we have

pla=i)= (5)oia-m

_ k—j J
co |k .<k<1 pl)) (kpl> by Lemma 25

- (k=g)i \ k—j j
2 kp1 —j )j
<C 1+
* V1 ( J
2
<y exp (kp1 — j)
kp1
< 2Cpe? !
= G0t o
1
< —
— 4
provided kp; > C, as claimed. Similarly, we can show that P (B > (n — k)py) >  provided
(n—k)po > C for some large enough constant C' > 0. Therefore, we have proved P(Y' > np;) > &,
which yields
/ 9 _
E [(W — l/a)l(Z > a)] > f—60910g (1 + ) — Ca?.
g
Moreover, since 8 > Ca, we have
0 C
ollog (1 + ) > oCalog (1 + a)
o o
Ca .
> oCalog(2) - — provided ¢ < 1/C
g
> C?log(2)a®.
We may now choose C' large enough that C'a? <3 09 log (1 + ) which yields
0
E — 1(Z > > —of1 14—
[(W Vo) ( > a)] > 3209 og< + 0)
and concludes the proof.
O
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Lemma 21. Let n, k € Nsuch that k < n/2, py € (0,1/4) and p1 € [0,1]. LetY = A + B where
A ~ Bin(k,p1) and B ~ Bin(n — k,po) are independent and define Z = (Y — npg) /o, where o =

npo(1 — po). Let w denote the function defined in (32) and let W = w(Y). Let § = M and
recall the definition of v, from (33) for a > 0. Then there exist universal constants Cy,c,C' > 0 such
that, if kp1 > C, then for any a € [C, co],

Ch (aalog (1 + %))2exp (—%aQ) if6=0

Var{(W —v,)1{Z > a}} < {01(02 + 06) log? (1 + g) if6 > 2a.

Proof of Lemma 21. Let a > C'. In this proof, we use the notation C to denote a constant whose
value may change in each appearance. When 6 = 0, we have

Var {(W — 1,)1{Z > a}} <E {(W —w)?1{Z > a}}
=E [W*L{Z > a}] — 20,E[W1{Z > a}] + V;P(Z > a)
= ("Ya_Vg)]P)(Z > a)

_ 2 1
<C (Ua log (1 + E)) exp ( 2 7 ) by Corollary 1 and Lemma 24
v 1+ 52

For 6 # 0, we have
Var {(W — v) 1{Z > a}}
= E[Var{(W —va) {Z > a} | 1{Z > a}}]
+Var [E{(W = v) 1{Z > a} | {Z > a}}]
=P(Z > a)Var (W|Z > a)
+P(Z < a)P(Z > a) {E(W —v4|Z > a)}*. (39)
Moreover, we have

P(Z > a) Var (W|Z > a) < E{Var (W | 1{Z > a})}

< Var (W) = E[W?] — E*[W]. (40)
Now, we recall that EY = kp; + (n — k)py. We observe that, for any = € [0, n]

w(z) = (n — z)log <
= (n—z)log (

EY
=:nDgkr, (n Hp0> + (x —EY)log (

H) L 2lo (1‘)
n(1— po) &\ o

n—REY EY n—zx T

— log ( — — )1 loo (2=
n(lpo)>+xog (npo)+(n @) Og(nEY)—i_mOg(EY)

EY n(1 — po)
TPO n—EY +U)p1(flf),

where Dk . (pllg) = (1 — p) log (%) + plog (%) for any p, ¢ € (0,1). Therefore, we obtain
EY
BV) = nDicr (|10 ) + Bl (1)

— 22002 (w0 (2|} )+ 20000 (2| ) B,

Moreover, using the inequality ab < a? + b? that holds true for any a, b € R, we obtain

E[W? = (nDKL (“L:/ Hp0)>2 +V(Y)log? (f;o ’m> + E(w,, (Y)?) + 2nDkr (IEf Hpo) E(w,, (Y))
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+E [(Y —EY)log (fpyo m) wp, (Y)}

< (n0ree (2 [m) )+ 2vtyos? (EL AP o, (2 5 3 (2 o)l ()

Recalling k < n/2, we have @ < 1/2. We obtain
EY n(1 — po) 9
—_— 2E Y

mpo n—Ey ) T2En(Y))

EY n(1— po) Yy —EY\*
<2V(Y)log? [ — ———2 ) 4 2E (4 | ——— by L 32.1
< 2V(Y) log (npg n—EY + o(Y) y Lemma

_ o002 k(p1 — po) n(1 — po)
< 2(kp1 + (n — k)po) log (<1 + npo ) n(1 —po) — k(p1 —po))> e

< Cnpy <1+k(p1—p%))> log <1+M>+C sincewgl/Z
npo npo(1 — po) n(1 - po)

V(W) < 2V(Y) log? (

< 0(02 +90) log? (1 + i) .

Y —kpi—(n—k)p
o

Finally, writing Z = 6 + X where X = 9, we have by Lemma 18

EW —v,|Z > a)
:E{w(kpl—i—(n—k)po—l—aX)‘G—i-XZa}
SE[w(kler(nfk)ngraX) | X > a}

k(p1 — X
[(k(]?l —po) +0X)log (1 + W) | X > a} by Corollary 2
o

E
<C <0010g <1+9) +E {aXlog (1+X> | X > aD
(o2 (o
~ 0 a
< o6log <1+ ) + oalog (1+ ))
g g

< Coflog (1 + 9) ) 41)
(2

If || > 2a, notice that, by Bernstein’s inequality, we have

P(Z <a)=P(X < —(0 —a)) <exp <_12+(“(_9>>

0—a)/o
3

(42)

if & > C for some large enough C' > 0. The result follows by combining (39), (40), (41) and (42).
O

Lemma 22. Let Y ~ N(0,1) and let o, 3 > 1 and x > 0 such that x* > 2(« — 1). Then we have
E[Y“lyzz} < 2xle=o/2 provided x> > 2(a—1)
E[Y*log(1+ Y)B]_yzx} < 22 log(1 + JC)B6712/2 provided * > 2(a + 3 — 1).
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Proof of Lemma 22. By integration by parts, we have

> 2/2 1 2/2 > 2 2/2
/ ye YV Pdy = 22 tem " /2 4 (a—l)/ y*2e Y 2y
x x

1 (o)
< g lemo/2 4 5/ y“e_yzﬂdy using that 4% > 2(a — 1) over [z, +00),

so that E[Yalez] :/ yae’y2/2dy < 9po—1,—a%/2

x

Similarly,

/ y*log(1+y)Pe™¥" 2dy = 2 log(1 +y)Pe /2

1

+/ ((a—l)ya_Zlog(l +9)P + 5
< 2% Ulog(1 +y)Pe ™ /2
+/ (a+ B8 — 1)y 2log(1 +y) e~ 2dy

< g1 log(1 + y)Be*IQ/2

i/+ log(1 + y)ﬁ_1> e_y2/2dy

Y

1 o0
+ 5 / y“log(1l + y)ﬁe*"ﬁ/gdy using that 4> > 2(a 4 3 — 1) over [z, +00),

sothat B[u(Y)"Lys] = [y log(L+ ) 7 dy < 2% log(1+ )

Lemma 23. For any o > 0 and x > 2q, it holds that
o0
/ y e Ydy < 2x%e 7.
x
Proof of Lemma 23. By integration by parts, we have
(o] o0
/ yre Ydy < 2x% T = x% " —|—/ ar® e %dx
xr x
(o]
<a%e "+ 7/ x%e "dx since y > 2« over [z, 00),
x
from which it follows that
oo
/ y¥e Ydy < 2z%™7,
xr
as claimed. [

Lemma 24. Letn € Nandp € (0,1/2). Let X ~ Bin(n, p) and 0 = \/np(1 — p). Foranyt > 0,

we have
X — t2/2
(e ()
o 1+§

X - 2/2
(55 ) 22

Proof. The result follows by a direct application of the Bernstein inequality for binomial distributions.
O
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Lemma 25. There exist two absolute constants Cy, co such that, for any n, k € N such that k < n
and p € (0,1), we have

e e = NN
CE e (o () s ()

Proof. We recall that, by the Stirling formula, we have

m m
m! ~V2mm (—) , as m — oo.

(&

m!

Since the function m € N —

Vaem ()™ is positive and converges to 1, there exist two absolute
constants ¢g, Cy > 0 such that )
m m
coV2mm (ﬂ) <m! <Cyv2rm (@) , vYm € N. (43)
e e
The result follows. O

Lemma 26. The function w defined in (32) is convex and increasing over [npg, n).

Proof. The derivative of w is given by

w'(z) = 2log (a:n(l—po)) . Vz € [npo,n)
npg n—=c
which is positive if z > npg. The second derivative of w is given by
2 L2
n—xr
which is positive for any = € [npg,n). O

C.2  Proofs of propositions in the main text

We begin by restating and proving Proposition 1.

Proposition 1. Let ¢ > 0. There exists a constant C' > 0 such that if

—C log (e ) (e < <1
feky e\ N\ kg )\ ey ) ) SPO= 70

then it holds Py (G has an empty k1 X ko bipartite subgraph) < c.
Here, we say that a subgraph Gy of G is empty if all the vertices in G1 has degree equal to 0.

Proof.

Py (G has an empty k1 x ko bipartite subgraph)
= HDO (H(Kl,KQ) S Pkl (nl) X 'sz(ng),V(i,j) S Kl X K2 : Aij = 0)

Zi) (Zj)]? (Bin(ky ks, po) = 0)

) (1 — po)rke

on (s (1) ()

52



o (01 () (7)) e

<exp(—(C-1))

<ec

— b

where the final inequality holds for C' taken sufficiently large. O

Now we state and prove Proposition 2.
Proposition 2. Let ¢ > 0. There exists a constant C > 0 such that if

Llo el™ < <1
n2k_1 g kl = Po > 43

then it holds P, (31 € Pay(n1) : ey 07, Ay = o) <e.

Proof.
]PO (HI S Pkl (711) : ZZA” = 0)
i€l j=1

ni .

< (k: )P(Bln(k‘;ﬂlg,po) =0)
1

Ua! kin

— 1— 1M2
() a-m)

ni —kin
< 1m2po
- <k‘1)e

ni ni
< _
(i) (Cewe ()
< exp (—(C —1)log (e<21)>) (for C > 1)

1
<exp(—=(C—1))
<c
where the final inequality holds for C' taken sufficiently large. O

Finally, we state and prove Proposition 3.

Proposition 3. Suppose that kI > ¢niks for a constant ¢ > 0 and k; < c;n; for j € {1,2} where
c1, co > 0 are sufficiently small constants. Additionally, suppose that there exists a constant o« > ()
such that ny > k3™ and that ™+ > e log(%). Then it holds

k1

(5*)2 1 < n1k2 )
— 7 = —log |1+ I . 44
mli—po) ks T g s e

In particular, this reveals a phase transition at ™

}C?z log(ng) =< 1.

no

Proof. Notice that the assumption % >e log(k—z) can be made without loss of generality by Lemma

27. Theorems 1 and 2 together imply
5* 2
7( ) = R.
po(1 —po)

Therefore, we need to show

1 k
R=< —log |1+ n122 log(nz) | -
ko k?
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Note that the assumption ng > k%*o‘ implies that ¢o; = oo if c5 is large enough. Then by Lemma 8§,
it holds

R =11 A ¢12.
Furthermore, ny > k3 implies that log(1 + 7% ) = log(ng). Using the inequality log(1 +z) <z

which holds for any > 0, we have

1 nqi %)
=—1 1+ —=1
Vo ko Og( * ki o8 <e<k2>>>

k
= — log (1 + n;:QZ 1og(n2/k2)>
i

X

nk
™ log <1 + % 1og(n2)>

ny %)
= — log (1 + )
K k3

= ¢12.

This implies R < 121 A ¢12 = 121 < log (1 + ”,252 1og(n2)>. The proof is complete. O
1

C.3 Miscellaneous analytic lemmas

Lemma 27. For any two real numbers x,y > 1, at least one of the two inequalities x > elog(y) or
y > elog(x) holds.

Proof of Lemma 27. We first prove a preliminary result: For any x > 1, it holds that x >
elog(elog(x)). To see this, define the function f : (1,00) = R; x +— = — elog(elog(x)). We have
forany x > 1

__°
xlog(z)

The only value z* for which f(x*) = 0is z* = e, which implies that f is decreasing over (1, ¢) and
increasing over (e, c0). Hence, f is minimized at e and its corresponding minimum value is

f(e) = e —elog(elog(e)) = 0.

fll@)=1

This fact being established, assume now for the sake of contradiction that there exist two real numbers
x,y such that x < elog(y) and y < elog(x). Then we obtain x < elog(elog(x)) which is a
contradiction. This concludes the proof. O

Lemma 28. Let X ~ Bin(n,p) withp < % Then for any k € {1, ...,n}, we have

Pr(X =k) < (Qe]?p)kexp (—np)

Proof. Using the bound (Z) < ( %)k (Appendix A in [4]), we have



where the final inequality uses (1 — x)? < exp(—azb) for any x,b > 0. O

Lemma 29. Let f : S — (0,00) be differentiable, where S C (0, 00) is an interval. For x € S,
define g(x) = Llog (f(x)) and gV (z) = Llog (1+ f(x)). If g is decreasing on S, then g is

decreasing on S as well.

Proof. Let f'(z) = g—i(m) for any = € S. By direct calculation, we have

dg

f'(@)  log (f(x))
dz '

zf(z) z?
If g is decreasing on S, then for each x € S it holds

(z) =

f'(x) _log(f(z))
xf(z) < x2

Now calculating the derivative of g(!) at any = € S, we have

dLm(x) __ fiw)  log (1+ f(z))
dx :l:(l + f(z)) x2
__ f'w)  f(z) log (1+ f(2))
z(1+ f(z)) f(x) x?
_log(f(@)  f() log (1+ f(z))
2 (14 f(x)) x?
<0

where the final inequality uses f(z) < 1+ f(z) and log (f(z)) < log (1 + f(z)). This completes
the proof. O

Lemma 30. Let z,y > e.
(i) If v/ log(x) < y/2, then we have x < ylog(y).
(ii) If ©/log(z) > y, then we have x > ylog(y).

Proof. (i) We prove the statement by contrapositive. Suppose that 2 > ylog(y). Then since
t — =L is increasing over (e, 00), we have
g(t)
ylog(y) _ y Sy
log(a) = log(ylog(y)) 1+ aloEld ~ 2
og(y

(ii) Again, we prove the statement by contrapositive. Suppose that 2:/ log(x) < y. Then since
t — L is increasing over (e, 00), we have

log(t)
x ylog(y) y <y
log(x) ~ log(ylog(y)) 14 togleelw)

This completes the proof.
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Lemma 31. The following two properties hold.

(i) For any x > 0 and ¢ € [0, 1], we have log(1 + cz) > clog(1 + x).
(ii) For any x > 0 and C > 1, we have C'log(1 + x) > log(1 + Cx).

Proof of Lemma 31. (i) By concavity of the logarithm, we have log(l + cz) =
log((1—¢)-1+¢(l4+2)) > (1—c)log(1l)+clog(14+z) = clog(l+x) forany ¢ € [0, 1].

(ii) We have seen above that log(1 + cy) > clog(1 + y) for any y > 0 and ¢ € [0, 1]. Applying
this with y = Cz and ¢ = 1/C yields the result.

O

Lemma 32. Let n € Nand py € (0,1) and w denote the function defined in (32). For any = € [0,n],
the following properties hold.

1. We have w(z) < (7—37,2,)0)2 where 0% = npy(1 — po)

2. There exists a universal constant ¢y > 0 such that, for any © € [npg, npg + 0002}, we have
2
w(z) > Lrpel,
3. Forany x € [coo?,n], we have w(z) < o ==2E log (1 + 3P0 ) .

Proof of Lemma 32.

1. Using the inequality log(1 + z) < x that holds for any = € [—1, c0) with the convention

log(0) = —o0, we have, for any x € [0, n)
T — NPo T — Npo
=n(l—po)hp| —————= h
w0 =10 (20 ) om0

T — Nnpo T — Nnpo T — Nnpo
—n(l — 1———— 0 Joe(1—
i ”0){( n<1p0>) °g< n(lpo)>+n(1po)}
+ npo 1+x—np0 log 1+$—np0 L —"npo
npo npo npo
T — npo T — npo T — npo
<n(l-— 1— _
<l p°){( n(lpo))(n(lpo))+n(1po)}
+np0 1+.13—7’Lp0 T — Nnpo _$—ﬂp0
npo npo npo

(- npo)?  2(x — npo)?
= +
n(1—po) npPo

_ (z—npo)?
R
z—npo \, x—npo
) wpo Y n(1-po)
that log(1 4 t) > ¢t — 2 for any ¢ € [—c, c], we obtain that,

w(z) = n(1 — po) his (—M) +npoh (%)

=n(1—po) {(1 — m> log (1 - ngzl_nﬁs)) + nﬂzl_”is)}
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2. Forany x € [npg, npo + co?], we have € [0, ¢]. Choosing ¢ small enough




o (e e () )
200 {(15520) (S~ SR "o )

z — npg r—npy 3 (xr—npo)? ) :c—npo}
+n 1+ - = —
P {( npo ) ( npo A((I—po)?) o

1 (z—npo)? 1(z—npg)? 3(x—npo)?
e ] e e e e
N 1(z— npo)>
-8 o2

provided c is small enough.

3. Assume now that z € [npg + coo?,n]. We have

T — npy T — npo x — npo T — npy
n(1 = po)h (_>:n1_p {(1_>1o (1_ )+
( 0)hz n(1 —po) ( ) n(l—po) & n(1 — po) n(1—po)
€ [O, T — npo].
Moreover, using the relation hp(y) < ylog(1 4 y) that holds for any y > 0, we have
— 3
npo hp <$ npg) = (z — npo) log <x> > log <1 + CO) (z —npo).
npo npo 4
Therefore, we obtain
T —np T
w(z) <X npohp <O> = (x — npp) log ()
npo nPo
= 0737 — bo log (1 + x—;’tpo) .
o o
O

The following corollary follows by combining the properties from Lemma 32.
Corollary 2. For any x € [npg,n)], it holds that w(x) =< ozlog(1 + z/0) where z = “="% and
0% = npo(1 —po).
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