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A GENERAL LENGTH GENERALIZATION

In this section we introduce a general algorithm which we will use to prove length generalization for both Algorithm 1
and Algorithm 2.

Algorithm 3 General Spectral Filtering
1: Input: k > 0, L > 0, r > 0, functions pt(·), vectors v1:k. Initialize Mi = 0 for i 2 [k].
2: for t = 1, 2, ..., T do
3: Compute and predict

ŷt = pt(yt�1:1) +
kX

i=1

Miut�1:t�Lvi.

4: Observe yt, denote `t(M t, L) = kŷt � ytk2 and update and project update and project onto the low Frobenius
norm ball

M̂ t+1  M t � ⌘trM `t(M
t)

Mt+1 = ProjK
⇣
M̂t+1

⌘
,

where Kr = {M s.t. kMik  r}.
5: end for

Our workhorse theorem is presented below. We will use this theorem to prove length generalization for our special
cases in the following sections.

Theorem 7. Suppose y1:t evolves as a noiseless (A,B,C, I)-LDS and the input u(t�1):0 is such that
PT�1

t=0 (T �
t)utu>

t ⌫ (2kCkkBk/
p
T )I . Let k, L, r, {vi}ki=1, pt(·), and `t(·) all be as defined in Algorithm 3. Suppose {vi}ki=1

is orthonormal with kvik1  logp(T ). Suppose that pt(·) is such that there exists some function h(·), constant ` > 0,
and some M true 2 Kr such that

yt � pt(yt�1:1) =
TX

i=1

M true
i ut�1:0vi =

`1X

i=1

M true
i ut�i +

t�`1X

i=1

CAih(A)But�`1�i,

where

k
TX

i=k+1

M true
i ut�1:t�Lvik  kCkkBk/T,

and
max
↵(A)

�
h(↵)↵L�`1�1(1� ↵T�L+1)(1� ↵)�1

 
 1

T 1/4
.

Then if M t are the iterates of Algorithm 3 and T � (4k logp(T )/kCkkBk)4,

TX

t=1

`t(M
t, L)� min

M⇤2Kr

TX

t=1

`t(M
⇤, T ) 

⇣
12k3/2r2 logp(T ) + 8kCk2kBk2

⌘p
T .

The proof of this theorem requires several technical lemmas which we present and prove in the subsequent subsec-
tions. In Lemma 8 we essentially prove the standard result showing that Online Gradient Descent implemented in
Algorithm 3 achieves O(

p
T ) regret. In Lemma 9 we prove the more nuanced result which shows that the optimal M

which minimizes the loss on the full T -length context achieves length generalization in the sense that it achieves small
loss even when only allowed to use context length L. Combining these two lemmas gives the proof of Theorem 7.

Proof of Theorem 7. Let

M⇤
T

def
= min

M⇤2Kr

TX

t=1

`t(M
⇤, T )
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and observe that

min
M⇤2Kr

TX

t=1

`t(M
⇤, L) 

TX

t=1

`t(M
⇤
T , L). (8)

Combining this with Lemma 8 and Lemma 9, we conclude
TX

t=1

`t(Mt, L)  min
M⇤2Kr

TX

t=1

`t(M
⇤, L) + 12k3/2r2 logp(T )

p
T OGD Regret Lemma 8


TX

t=1

`t(M
⇤
T , L) + 12k3/2r2 logp(T )

p
T Eq. 8


TX

t=1

`t(M
⇤
T , T ) + (12k3/2r2 logp(T ) + 8kCk2kBk2)

p
T Length Generalization Lemma 9

= min
M⇤2Kr

TX

t=1

`t(M,T ) + (12k3/2r2 logp(T ) + 8kCk2kBk2)
p
T . Definition of M⇤

T

A.1 OGD REGRET FOR GENERALIZED SPECTRAL FILTERING

Lemma 8. Suppose the input u1:t satisfies kutk2  1. Suppose the true output yt evolves such that for some
polynomial pt(yt�1:1) there exists some M true 2 Kr

yt = pt(yt�1:1) +
TX

i=1

M true
i ut�1:0vi,

and for

Em,T
def
=

TX

i=k+1

M true
i ut�1:0vi,

we have kEm,T k  1. Further suppose v1, . . . , vk satisfy kvik1  ci log
p(T ). Let

`t(M,L)
def
= kyt � pt(yt�1:1)�

kX

i=1

Miut�1:t�Lvik2,

Then if M t are the iterates of Algorithm 3
TX

t=1

`t(M
t, L)� min

M⇤2Kr

TX

t=1

`t(M
⇤, L)  12k3/2r2 logp(T )

p
T .

Proof of Lemma 8. This proof is a near copy of the proof in Hazan et al. (2017b), the difference is that we derive
several equations that we will use later and we handle the varying context length.

Let G = maxt2[T ] krM `t(Mt, L)k and let D = maxM1,M22Kr kM1 �M2k. By Theorem A.1 from Hazan & Singh
(2022),

TX

t=1

`t(M
t, L)� min

M⇤2Kr

TX

t=1

`t(M
⇤, L)  3

2
GD
p
T .

Therefore it remains to bound G and D.

First we bound D. By definition of Kr, we have that for any M 2 Kr,

kMik  r.
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Therefore, we also have that
kMk 

p
kr.

Therefore
D

def
= max

M,M 02Kr

kM �M 0k  2
p
kr.

Next we bound the gradient norm G. Using the definition of Kr,

max
M2Kr

max
i2[k]
kMik  r.

We bound the gradient norm as follows,

krMj `t(M,L)k = k2
 

kX

i=1

M true
i ut�1:0vi + Em,T �

kX

i=1

Miut�1:t�Lvi

!
(ut�1:t�Lvj)

> k

 2

 
kX

i=1

kM true
i kkut�1:0k1kvik1 + kEm,T k+

kX

i=1

kMikkut�1:t�Lk1kvik1

!
kut:t�Lk1kvjk1

 2 (1 + kEm,T k)
kX

i=1

max
M2Kr

kMik · kut�1:0k21 · kvik21

 4kr logp(T ).

Putting everything together we have

TX

t=1

`t(Mt, L)� min
M⇤2Kr

TX

t=1

`t(M
⇤, L)  3

2
(4kr logp(T ))

⇣
2
p
kr
⌘p

T

= 12k3/2r2 logp(T )
p
T .

A.2 LENGTH GENERALIZATION ON THE BEST OPTIMIZER IN HINDSIGHT

Lemma 9. Let input u(t�1):0, {vi}ki=1, pt(·), and `t(M,L) all be as defined in Algorithm 3. Suppose the input u(t�1):0

is such that
PT�1

t=0 (T � t)utu>
t ⌫ (2kCkkBk/

p
T )I , {vi}ki=1 is orthonormal with kvik1  logp(T ), and that there

exists some M true such that

yt � pt(yt�1:1) =
TX

i=1

M true
i ut�1:0vi =

`1X

i=1

M true
i ut�i +

t�`1�1X

i=1

CAih(A)But�`1�i,

where

k
TX

i=k+1

M true
i ut�1:t�Lvik  kCkkBk/T,

and
max
↵(A)

�
h(↵)↵L�`1�1(1� ↵T�L+1)(1� ↵)�1

 
 1

T 1/4
.

Let

M⇤
T

def
= argmin

M2Kr

TX

t=1

`t(M,T ).

Then for T � (4k logp(T )/kCkkBk)4, the loss with context L well approximates the loss with context T on M⇤
T ,

|
TX

t=1

`t(M
⇤
T , L)� `t(M

⇤
T , T )|  8kCk2kBk2

p
T .
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The proof of Lemma 9 requires two key helper lemmas which we develop in the following subsections. The first
is Lemma 10 which establishes that when y1:t evolves as a noiseless LDS and if the input u1:t is sufficiently well-
conditioned, then the minimizer for

PT
t=1 `t(M,T ) approximately recovers a collection of matrices (we denote as

M true) which is generated by the true linear dynamical system. The second key helper Lemma is Lemma 11 which
establishes that an algorithm which uses the collection of matrices that are generated by the true linear dynamical
system, i.e. M true, is able to achieve small loss even when restricted to a small context-length L << T . The proof
of Lemma 9 combines these two insights to establish that this implies that the minimizer for

PT
t=1 `t(M,T ) also

achieves small loss even when restricted to small context-length L.

Proof of Lemma 9. First we show that M true is a (kCk2kBk2/T )-approximate minimizer to
PT

t=1 `t(M,T ). Indeed,
TX

t=1

`t(M
true, T ) =

TX

t=1

kyt � pt(yt�1:1)�
kX

i=1

M true
i ut�1:0vik2

=
TX

t=1

k
TX

i=k+1

M true
i ut�1:0vik2

 kCk2kBk2/T.

By assumption
PT�1

t=0 (T � t)utu>
t ⌫ (2kCkkBk/

p
T )I . Therefore, by Lemma 10 with ✏ = kCkkBk/

p
T we have

M⇤
T 2 BkCkkBk/

p
T

�
M true� .

Since we assumed T � (4k logp(T )/kCkkBk)4 we have

kCkkBk/
p
T  kCk2kBk2/(4kT 1/4 logp(T )).

Therefore by Lemma 11 we have
TX

t=1

`t(M
⇤
T , L)  4kCk2kBk2

p
T .

Moreover note that
0  `t(M

⇤
T , T )  `t(M

true, T )  kCk2kBk2/T 2.

Combining these we conclude,

|
TX

t=1

`t(M
⇤
T , L)�

TX

t=1

`t(M
⇤
T , T )|  4kCk2kBk2

p
T + kCk2kBk2/T  8kCk2kBk2

p
T .

A.2.1 MINIMIZATION IS RECOVERY

Lemma 10. Suppose
PT�1

t=0 (T � t)utu>
t ⌫ 2✏I and {vi}ki=1 is orthonormal. Then there is a unique point M⇤ which

minimizes the function
PT

t=1 `t(M,T ) from Algorithm 3. Moreover, suppose some k satisfies
TX

t=1

`t(M,T )  ✏2.

Then there is a matrix EM such that kEMk  ✏ and

M⇤ = M + EM .

Proof. For convenience, let Xt be the kdin-dimensional vector which stacks the filters,

Xt =

2

664

ut�1:t�T v1
ut�1:t�T v2

...
ut�1:t�T vk

3

775 =

2

664

ut�1:0v1
ut�1:0v2

...
ut�1:0vk

3

775 ,

18



936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987

where the second inequality holds since we only consider t  T . Assume k is written as M =
[M1 M2 . . . Mk] 2 Rdout⇥kdin and let Yt = yt � pt(yt�1:1). Let Y = [Y1 Y2 . . . YT ] and X =
[X1 X2 . . . XT ]. Then we can express the loss as

f(M)
def
=

TX

t=1

`t(M,T ) = kY �MXk2.

Note that this function is twice differentiable and

r2
Mf(M) = XX>.

Therefore, if �min
�
XX>� � µ we have that f(M) is µ-strongly convex. Then if M⇤ is the optimum of f(M) we

have
f(M) � f(M⇤) +

µ

2
kM �M⇤k2, or equivalently, kM �M⇤k  2

µ
(f(M)� f(M⇤)) .

Now suppose k is such that f(M)  ✏2. Then since f(·) � 0 we have

kM �M⇤k  2✏2/µ.

Therefore we can write
M⇤ = M + EM⇤ where kEM⇤k  2✏2/µ. (9)

Next we must understand the eigenvalues of XX> and how they relate to the input uT :1. For notational convenience,
let U = uT :1 and let Dt denote the block-diagonal T ⇥ T matrix

Dt
def
=


0T�t⇥T�t

It

�
.

Finally, let

V =

2

664

v1
v2
...
vk

3

775 2 RTm⇥1

Then we have Xt = (Ik ⌦ UDt)V and we observe

XX> =
TX

t=1

XtX
>
t =

TX

t=1

((Ik ⌦ UDt)V ) ((Ik ⌦ UDt)V )>

=
TX

t=1

(Ik ⌦ UDtU
>)

= Ik ⌦ U

 
TX

t=1

Dt

!
U>.

Observe that
TX

t=1

Dt = diag ([1 2 . . . T ]) .

Using this we can further refine

U

 
TX

t=1

Dt

!
U> =

T�1X

t=0

(T � t)utu
>
t .

By assumption, this matrix has minimum eigenvalue bounded below by 2✏. Therefore �min(XX>) � 2✏. Plugging
this value in for µ in Eq. 9 concludes the proof.
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A.2.2 UNIFORM LENGTH GENERALIZATION AROUND LDS GENERATED SOLUTIONS

The following lemma shows that any k in an (appropriately defined) ✏-ball around M true obtains length generalization
in the sense that it achieves O(

p
T ) L-context-length-limited loss

PT
t=1 `t(·, L).

Lemma 11. Suppose yt evolves as a noiseless (A,B,C, I)-LDS with input ut. Suppose pt(·) and M true is such that

yt � pt(yt�1:1) =
TX

i=1

M true
i ut�1:0vi =

`1X

i=1

M true
i ut�i +

t�`1�1X

i=1

CAih(A)But�`1�i.

Suppose for a given k > 0,

k
TX

i=k+1

M true
i ut�1:t�Lvik 

kCkkBk
T

.

Suppose

max
↵(A)

�
h(↵)↵L�`1�1(1� ↵T�L+1)(1� ↵)�1

 
 1

T 1/4
.

If

�  1

4m

kCk2kBk2

T 1/4 logp(T )
,

then we have for any M 2 B�(M true)

TX

t=1

`t(M,L)  4kCk2kBk2
p
T .

Proof of Lemma 11. Let M = M true + EM , where kEMk  �. By definition,

`t(M
true + EM , L) = kyt � pt(yt�1:1)�

kX

i=1

�
M true + EM

�
i
ut�1:t�Lvik2

= kyt � pt(yt�1:1)�
kX

i=1

M true
i ut�1:t�Lvi �

kX

i=1

EMiut�1:t�Lvik2

 kyt � pt(yt�1:1)�
kX

i=1

M true
i ut�1:t�Lvik2

+ 2kyt � pt(yt�1:1)�
kX

i=1

M true
i ut�1:t�Lvikk

kX

i=1

EMiut�1:t�Lvik

+ k
kX

i=1

EMiut�1:t�Lvik2.

Observe that

k
kX

i=1

EMiut�1:t�Lvik 
kX

i=1

kEMikkut�1:t�Lk1kvik1  k� logp(T ).

For the remainder of the proof we work towards bounding kyt � pt(yt�1:1) �
Pk

i=1 M
true
i ut�1:t�Lvik. We re-

place yt� pt(yt�1:1) with
PT

i=1 M
true
i ut�1:0vi and we replace

Pk
i=1 M

true
i ut�1:t�Lvi with

PT
i=1 M

true
i ut�1:t�Lvi�

20



1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091

PT
i=k+1 M

true
i ut�1:t�Lvi to get

kyt � pt(yt�1:1)�
kX

i=1

M true
i ut�1:t�Lvik2 = k

 
TX

i=1

M true
i ut�1:0vi

!
�
 

TX

i=1

M true
i ut�1:t�Lvi �

TX

i=k+1

M true
i ut�1:t�Lvi

!
k2

 k
TX

i=1

M true
i (ut�1:0 � ut�1:t�L)vik2

+ 2k
TX

i=1

M true
i (ut�1:0 � ut�1:t�L)vikk

TX

i=k+1

M true
i ut�1:t�Lvik

+ k
TX

i=k+1

M true
i ut�1:t�Lvik2.

Next we note that k
PT

i=k+1 M
true
i ut�1:t�Lvik is assumed to be at most kCkkBk/T and so we now focus on bounding

the norm:

k
TX

i=1

M true
i (ut�1:0 � ut�1:t�L)vik. (10)

Towards bounding Eq. 10, assume L > `1 so that

TX

i=1

M true
i (ut�1:0 � ut�1:t�L)vi =

t�`1�1X

i=L�`1+1

CAih(A)But�`1�i

=
t�`1�1X

i=L�`1+1

dAX

j=1

↵i
jh(↵j)CjB

>
j ut�`1�i.

Then

k
t�`1�1X

i=L�`1+1

CAih(A)But�`1�ik  max
j2[dA]

↵i
jh(↵j)

t�`1�1X

i=L�`1+1

kCjB
>
j ut�`1�ik

 max
↵(A)

t�`1�1X

i=L�`1+1

↵ih(↵)kCkkBk.

Next we have
 
max
↵(A)

t�`1�1X

i=L�`1+1

↵ih(↵)

!
 h(↵)↵L�`1�1

T�LX

i=0

↵i

= h(↵)↵L�`1�1 1� ↵T�L+1

1� ↵

 T�1/4,

where the last inequality holds by assumption. Therefore Eq. 10 is at most

k
TX

i=1

M true
i (ut�1:0 � ut�1:t�L)vik  kCkkBkT�1/4.

Then we have

kyt � pt(yt�1:1)�
kX

i=1

M true
i ut�1:t�Lvik2 

kCk2kBk2

T 1/2
+ 2
kCk2kBk2

T 3/4
+
kCk2kBk2

T 2
 2
kCk2kBk2

T 1/2
.
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Finally we conclude

`t(M
true + EM , L)  2

kCk2kBk2

T 1/2
+ 2

✓
2
kCk2kBk2

T 1/2

◆1/2

(k� logp(T )) + (k� logp(T ))2

 4
kCk2kBk2

T 1/2
,

where the last inequality holds since we assumed

�  1

4m

kCk2kBk2

T 1/4 logp(T )
.

B LENGTH GENERALIZATION FOR VANILLA SPECTRAL FILTERING

The proof of Theorem 5 ultimately comes from Theorem 7 and its proof in Appendix A. Theorem 7 abstracts the
necessary assumptions needed to obtain a length generalization guarantee. In Lemma 12 we prove that Algorithm 1
satisfies these assumptions.

Proof of Theorem 5. By Lemma 12 and the assumptions made in the statement of Theorem 5, we may apply Theo-
rem 7 to Algorithm 1 to get that

TX

t=1

`t(M
t, L)� min

M⇤2KkCkkBk

TX

t=1

`t(M
⇤, T ) 

⇣
12k3/2kCk2kBk2 log(T ) + 8kCk2kBk2

⌘p
T .

Lemma 12 (Length Generalization for Vanilla Spectral Filtering). Recall that in Algorithm 1 we define

µ↵
def
= (↵� 1)

⇥
1 ↵ . . . ↵T�1

⇤> 2 RT�1

and HT�1 =
R
↵2[0,1] µ↵µ>

↵d↵ and we let �1, . . . ,�T�1 be the orthonormal eigenvectors of HT�1 with eigenvalues
�1, . . . ,�T�1. Algorithm 1 is equivalent to Algorithm 3 with the following:

(a) pt(yt�1:1) = yt�1

(b) v1 = e1

(c) vi = (0,�1/4
i�1�i�1) for i = 2, . . . , T

Define M true as follows:
M true

1
def
= CB,

and for i � 2

M true
i

def
=

dAX

n=1

��1/4
i�1 �>

i�iµ↵n(CnB
>
n ).

Then the following properties hold

1. For h(A) = A� I and `1 = 1

yt � pt(yt�1:1) =
`1X

i=1

M true
i ut�i +

t�`1X

i=1

CAih(A)But�`1�i.

2. yt � pt(yt�1:1) =
PT

i=1 M
true
i ut�1:1vi.
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3. For k = ⌦(log(TdAkCkkBk/✏)),

k
TX

i=k+1

M true
i ut�1:1vik  ✏/T.

4. For any i 2 [T ]
kM true

i k  kCkkBk.

5. For any i 2 [T ], kvik1  log(T ) and {vi}i2[T ] are orthonormal.

6. Finally if the spectrum of A lies in the interval
0, 1� log(T )

2(L� 2)

�
[

1� 1

2T 5/4
, 1

�
,

then
max
↵(A)

�
|h(↵)↵L�`1�1(1� ↵T�L+1)(1� ↵)�1|

 
 1

T 1/4
.

Proof. Points (a) � (c) are evident by definition of Algorithm 1. Now suppose yt evolves as an LDS. By definition,
there exist matrices (A,B,C,D) such that

yt =
tX

i=1

CAi�1But�i,

where we assume D = I and A is diagonal without loss of generality. Let ↵1, . . . ,↵dA denote the eigenvalues of A.
and let ut:0 be the din ⇥ T (padded) matrix ut:0 = [ut ut�1 . . . u0 0]. Then we have

yt � yt�1 =
tX

i=1

CAi�1But�i �
t�1X

i=1

CAi�1But�1�i

= CBut�1 +
t�1X

i=1

C
�
Ai �Ai�1

�
But�1�i.

We pause here to note this proves (1). We continue rearranging the equation to finish the derivation of (2).

yt � yt�1 = CBut�1 +
t�1X

i=1

C
�
Ai �Ai�1

�
But�1�i

= CBut�1 +
dAX

n=1

Cene
>
nB

t�1X

i=1

�
↵i
n � ↵i�1

n

�
ut�1�i

= CBut�1 +
dAX

n=1

(CnB
>
n )u(t�2):0µ↵j .

Observe that
T�1X

i=1

�i�
>
i = I.

Using this we have,

yt � yt�1 = CBut�1 +
dAX

n=1

(CnB
>
n )u(t�2):0µ↵n

= CBut�1 +
dAX

n=1

(CnB
>
n )u(t�2):0

 
TX

i=1

�i�
>
i

!
µ↵n

= CBut�1 +
TX

i=1

dAX

n=1

�>
i µ↵n(CnB

>
n )u(t�2):0�i.
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Recalling the definition of M true and vi = �1/4
i�1�i�1 we therefore have established (2):

yt � yt�1 = M true
1 u(t�1):0e1 +

T�1X

i=2

M true
i u(t�1):0vi.

Next we aim to prove (3). We consider

k
TX

i=k+1

M true
i u(t�2):0vik.

By Lemma 13.4 in Hazan & Singh (2022) there is some universal constant c0 such that,

max
↵2[0,1]

|�>
i µ↵|  c0T 2 exp(�i/ log(T )).

So,

kM true
i u(t�2):0vik = k

dAX

n=1

��1/4
i�1 �>

i�iµ↵n(CnB
>
n )u(t�2):0

⇣
�1/4
i�1�i�1

⌘
k

= k
dAX

n=1

�>
i�iµ↵n(CnB

>
n )u(t�2):0�i�1k

 dA(c
0T 2 exp(�(i� 1)/ log(T )))kCnB

>
n kk�i�1k1

 c0dAT
3/2 exp(�(i� 1)/ log(T )))kCkkBk.

Therefore,

k
TX

i=k+1

M true
i u(t�1):0�ik  c0dAT

5/2 exp(�k/ log(T )))kCkkBk

Therefore as long as

k � log(T ) log

✓
T 5/2c0dAkCkkBk

✏

◆
,

then

k
TX

i=k+1

M true
i u(t�1):0�ik 

✏

T
.

Next we note that the proof of (4) that kM true
i k  kCkkBk is proven in Lemma D.1 of Hazan et al. (2017b).

Similarly, the proof of (5) that kvik1  log(T ) is proven by Lemma 13 from Hazan et al. (2017b). Finally we prove
(6). Since h(↵) = ↵� 1 and `1 = 1, we have

max
↵(A)

�
|h(↵)↵L�`1�1(1� ↵T�L+1)(1� ↵)�1|

 
= max

↵(A)
↵L�2(1� ↵T�L+1). (11)

To bound Eq. 11, consider the case where ↵ is bounded away from 1. Suppose ↵ = 1� �, then

(1� �)L�2  1

T p
() log

✓
1

1� �

◆
� p log(T )

L� 2
.

Observe that for � 2 [0, 1], log(1/(1� �)) � �/2. Therefore, if

� � 2p log(T )

L� 2
,

we are guaranteed that ↵L�2  1/T p. Next consider when ↵ is very close to 1; suppose ↵ � 1� 1
TpT for p < 1/2.

Then using that (1� x)q � 1� 2qx for x 2 [0, 1] we have

↵T�L+1 �
✓
1� 1

T pT

◆T�L+1

� 1� 2
T � L+ 1

T pT
=) 1� ↵T�L+1  2

T � L+ 1

T pT
 2

T p
.
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Plugging in p = 1/4 we conclude that

↵L�2(1� ↵T�L+1)  T�1/4 for any ↵ 2

0, 1� log(T )

2(L� 2)

�
[

1� 1

2T 5/4
, 1

�
.

The following lemma comes from Hazan et al. (2017b).
Lemma 13 (Hazan, Singh, Zhang). Let (�j ,�j) be the j-th largest eigenvalue-eigenvector pair of the T ⇥ T Hankel
matrix. Then,

k�jk1  O

 
log(T )

�1/4
j

!
.

C LENGTH GENERALIZATION FOR SPECTRAL FILTERING USING TWO AUTOREGRESSIVE
COMPONENTS

The proof of Theorem 6 ultimately comes from Theorem 7 and its proof in Appendix A. Theorem 7 abstracts the
necessary assumptions needed to obtain a length generalization guarantee. In Lemma 14 we prove that Algorithm 2
satisfies these assumptions.

Proof of Theorem 6. By Lemma 14 and the assumptions made in the statement of Theorem 6, we may apply Theo-
rem 7 to Algorithm 2 to get that

TX

t=1

`t(M
t, L)� min

M⇤2KkCkkBk

TX

t=1

`t(M
⇤, T ) 

⇣
12k3/2kCk2kBk2 log2(T ) + 8kCk2kBk2

⌘p
T .

Lemma 14 (Length Generalization Using Two Autoregressive Components). Recall that in Algorithm 2 we define

µ̃↵,T
def
= (↵� 1)2

⇥
1 ↵ . . . ↵T

⇤> 2 RT

and and NT =
R
↵2[0,1] µ̃↵,T µ̃>

↵,T d↵ and we let �̃1, . . . , �̃T�2 be the orthonormal eigenvectors of NT�2 with eigen-
values �̃1, . . . , �̃T�2. Algorithm 2 is equivalent to Algorithm 3 with the following:

(a) pt(yt�1:1) = 2yt�1 � yt�2

(b) v1 = e1, v2 = e2 and for i � 3, vi = (0, 0,�1/4
i�2�̃i�2)

Define M true as follows:
M true

1
def
= CB,

M true
2

def
= C(A� 2I)B,

and for i � 3,

M true
i

def
=

dAX

n=1

⇣
��1/4
i �̃>

i µ̃↵n

⌘
(CnB

>
n ).

Then the following properties hold

1. For h(A) = (A� I)2 and `1 = 2

yt � pt(yt�1:1) =
`1X

i=1

M true
i ut�i +

t�`1X

i=1

CAih(A)But�`1�i.
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2. yt � pt(yt�1:1) =
PT

i=1 M
true
i ut�1:1vi.

3. For k = ⌦(log(TdAkCkkBk/✏)),

k
TX

i=k+1

M true
i ut�1:1vik  ✏/T.

4. For any i 2 [T ]
kM true

i k  kCkkBk.

5. For any i 2 [T ], kvik1  log(T ) and {vi}i2[T ] are orthonormal.

6. Finally if the spectrum of A lies in the interval
0, 1� log(T )

2(L� 2)

�
[

1� 1

2T 1/4
, 1

�
,

then
max
↵(A)

�
|h(↵)↵L�`1�1(1� ↵T�L+1)(1� ↵)�1|

 
 1

T 1/4
.

Proof. Suppose yt evolves as an LDS. By definition, there exist matrices (A,B,C,D) such that

yt =
tX

i=1

CAi�1But�i,

where we assume D = I and A is diagonal without loss of generality. Let ↵1, . . . ,↵dA denote the eigenvalues of A.
and let ut:0 be the din ⇥ T (padded) matrix ut:0 = [ut ut�1 . . . u0 0]. Then we have (1):

yt � 2yt�1 + yt�2 = CBut�1 + C(A� 2I)But�2 +
t�3X

i=0

CAi(A2 � 2A+ I)But�3�i.

Let ↵1, . . . ,↵dA denote the eigenvalues of A. We observe the following equality:
t�3X

i=0

CAi(A2 � 2A+ I)But�3�i =
t�3X

i=0

C
dAX

n=1

↵i
n(↵n � 1)2ene

>
nBut�3�i

=
dAX

n=1

�
Cene

>
nB
� t�3X

i=0

↵i
n(↵n � 1)2ut�3�i

=
dAX

n=1

�
CnB

>
n

�
u(t�3):0µ̃↵n .

Observe that
T�2X

i=1

�̃i�̃
>
i = I.

Using this we have,
t�3X

i=0

CAi(A2 � 2A+ I)But�3�i =
dAX

n=1

�
CnB

>
n

�
u(t�3):0µ̃↵n

=
dAX

n=1

�
CnB

>
n

�
u(t�3):0

 
T�2X

i=1

�̃i�̃
>
i

!
µ̃↵n

=
T�2X

i=1

 
dAX

n=1

�̃>
i µ̃↵n

�
CnB

>
n

�
!
u(t�3):0�̃i

=
TX

`=3

M true
` u(t�1):0v`.
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Therefore we have established (2). Next we aim to prove (3). We consider

k
TX

i=k+1

M true
i u(t�1):0vik.

Combining Lemma 15 and Lemma 16 gives us that there is some constant c0 such that,

max
↵2[0,1]

|�̃>
i µ̃↵|  c0 exp(�i/4 log(T )).

So,

kM true
i u(t�1):0vik = k

dAX

n=1

��1/4
i�1 �̃>

i�iµ̃↵n(CnB
>
n )u(t�1):0

⇣
�1/4
i�1�̃i�1

⌘
k

= k
dAX

n=1

�̃>
i�iµ̃↵n(CnB

>
n )u(t�2):0�̃i�1k

 dA exp(�(i� 1)/4 log(T ))kCnB
>
n kk�i�1k1

 c0dA
p
T exp(�(i� 1)/4 log(T ))kCkkBk.

Therefore,

k
TX

i=k+1

M true
i u(t�1):0vik  c0dAT

3/2 exp(�i/4 log(T ))kCkkBk.

Therefore as long as

k � 4 log(T ) log

✓
T 3/2c0dAkCkkBk

✏

◆
,

then

k
TX

i=k+1

M true
i u(t�1):0vik 

✏

T
.

To prove (4) we note that the statement is obvious for i  2. For i � 3 the proof from Lemma D.1 of Hazan
et al. (2017b) directly applies due to Lemma 15. Next, Lemma 17 proves (5). Finally we prove (6). Next, Lemma 17
proves (5). Finally we prove (6). Since we have h(↵) = (↵� 1)2 and ` = 2,

max
↵(A)

�
|h(↵)↵L�3(1� ↵T�L+1)(1� ↵)�1|

 
= max

↵(A)

�
(1� ↵)↵L�3(1� ↵T�L+1)

 
. (12)

To bound Eq. 12, consider the case where ↵ is bounded away from 1. Suppose ↵ = 1� �, then

(1� �)L�3  1

T p
() log

✓
1

1� �

◆
� p log(T )

L� 3
.

Observe that for � 2 [0, 1], log(1/(1� �)) � �/2. Therefore, if

� � 2p log(T )

L� 3
,

we are guaranteed that ↵L�3  1/T p. Next consider when ↵ is very close to 1. To ensure that Eq. ?? is bounded by
1/T p we only require

↵ � 1� 1

T p
.

Plugging in p = 1/4, we conclude that Eq. ?? is bounded by T�1/4 if

↵n 2

0, 1� log(T )

2(L� 3)

�
[

1� 1

T 1/4
, 1

�
for all n 2 [dA].
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C.1 PROPERTIES OF THE HANKEL MATRIX FOR TWO AUTOREGRESSIVE TERMS

In Algorithm 2 we define
µ̃↵

def
= (↵� 1)2

⇥
1 ↵ . . . ↵T

⇤> 2 RT

and
NT =

Z

↵2[0,1]
µ̃↵µ̃

>
↵d↵.

In what follows we present and prove several lemmas needed for the proof of Theorem 6.
Lemma 15 (Properties of NT ). For any ↵ 2 [0, 1] and 1  i  T ,

max
↵2[0,1]

|�>
i µ̃↵|  61/4�1/4

i .

Proof. We have
Z

↵2[0,1]

�
�>
i µ̃↵

�2
d↵ = �>

i

 Z

↵2[0,1]
µ̃↵µ̃

>
↵d↵

!
�i

= �>
i NT�i = �i.

Next we observe that for fw(↵)
def
=
�
w>µ̃↵

�2, where w is any unit-norm vector, we have that fw is 6-Lipschitz on
[0, 1]. Indeed,

f 0
w(↵) =

d

d↵
(↵� 1)4

 
TX

i=1

wi↵
i�1

!2

= 2(↵� 1)4
 

TX

i=1

wi↵
i�1

! 
TX

i=2

(i� 1)wi↵
i�2

!
+ 4

 
TX

i=1

wi↵
i�1

!2

(↵� 1)3

 2(↵� 1)4
✓
1� ↵T

1� ↵

◆ T�1X

i=1

i↵i�1

!
+ 4

✓
1� ↵T

1� ↵

◆2

(↵� 1)3

= 2(↵� 1)4
✓
1� ↵T

1� ↵

◆✓
1� T↵T�1 + (T � 1)↵T

(1� ↵)2

◆
+ 4

✓
1� ↵T

1� ↵

◆2

(↵� 1)3

= 2
�
1� ↵T

� �
1� T↵T�1 + (T � 1)↵T

�
+ 4

�
1� ↵T

�2
(↵� 1)

 2 + 4 = 6.

Consider any non-negative L-Lipschitz function f that reaches some maximum value gmax over [0, 1]. The function f

which satisfies L-Lipschitzness, attains gmax(f) and also has minimum possible area A(f)
def
=
R
↵2[0,1] f(↵)d↵ is

f⇤(↵) =

⇢
L↵, for ↵ 2 [0,↵⇤]
max {gmax � L(↵� ↵⇤), 0} , for ↵ 2 [↵⇤, 1]

=

8
<

:

L↵, for ↵ 2 [0,↵⇤]
gmax � L(↵� ↵⇤), for ↵ 2 [↵⇤,↵⇤ + gmax

L ]
0, for ↵ 2 [↵⇤ + gmax

L , 1]

.

Indeed, any oscillation away from this piecewise linear function would either increase the total area or violate the
Lipschitz constraint. For this to be a valid construction we must have L↵⇤ = gmax and therefore the minimum
corresponding area is

A(f⇤) =

Z

↵2[0,1]
f⇤(↵)d↵ =

1

2
(↵⇤)(L↵⇤) +

1

2
(gmax/L)gmax =

g2max

L
.
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And therefore for any function f we have gmax(f) 
p

LA(f). Using this for f�i(↵) we have

max
↵2[0,1]

f�i(↵) = max
↵2[0,1]

(�>
i µ̃↵)

2 
s
6

Z

↵2[0,1]

�
�>
i µ̃↵

�2
d↵ =

p
6�i.

We conclude by noting

max
↵2[0,1]

|�>
i µ̃↵| =

r
max
↵2[0,1]

(�>
i µ̃↵)2  61/4�1/4

i .

Lemma 16 (Adapted from Lemma E.2 from Hazan et al. (2017b)). Let �j be the j-th top singular value of NT . Then
for all T � 10 we have

�j  min

✓
3

2
,K · c�j/ log(T )

◆
,

where c = e⇡
2/4 ⇡ 11.79 and K  106 is an absolute constant.

Proof. The proof provided in Hazan et al. (2017b) applies directly to NT with only one necessary modification to
bound the trace. Observe that we have

(NT )ij =

Z

↵2[0,1]
(↵� 1)4↵i+j�2d↵

=

Z

↵2[0,1]
↵i+j � 2↵i+j�1 + ↵i+j�2d↵

=
24

(i+ j � 1)(i+ j)(i+ j + 1)(i+ j + 2)(i+ j + 3)
.

Therefore,

�j  tr(NT ) =
TX

i=1

24

(2i� 1)(2i)(2i+ 1)(2i+ 2)(2i+ 3)


TX

i=1

24

(2i)5
=

3

4

TX

i=1

1

i5
<

3

2
.

The remainder of the proof is an exact copy of the proof of Lemma E.2 with 3/4 replaced by 3/2.

Lemma 17 (Controlling the `1 norm of the filters). Let (�j ,�j) be the j-th largest eigenvalue-eigenvector pair of NT .
Then for T � 4,

k�jk1  O

 
log T

�1/4
j

!
.

Proof. This proof is a copy from the proof of Lemma E.5 in Hazan et al. (2017b) with only one noted modification.
We note that E as defined in their proof is entrywise bounded (for T � 4) by 24/T 5  2/T 3 (which is the stated
bound they use for their matrix of interest). We also must show the base case is true for T0 = 4 instead of T0 = 2. We
have

kN1/4
4 k2!1 = sup

x:kxk2  1
kN1/4

4 xk1 
4X

i,j=1

|
⇣
N1/4

4

⌘

ij
| < 2.

We note that a tighter result is actually true for NT in that k�jk1  O

✓
log T

�1/8
j

◆
. However, we omit this statement and

proof because we don’t leverage it for a tighter result overall.
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In Algorithm 2 we define
µ̃↵

def
= (↵� 1)2

⇥
1 ↵ . . . ↵T

⇤> 2 RT

and
NT =

Z

↵2[0,1]
µ̃↵µ̃

>
↵d↵.

We have

(NT )ij =

Z

↵2[0,1]
(↵� 1)4↵i+j�2d↵

=

Z

↵2[0,1]
↵i+j � 2↵i+j�1 + ↵i+j�2d↵

=
24

(i+ j � 1)(i+ j)(i+ j + 1)(i+ j + 2)(i+ j + 3)
.
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