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Abstract

Large language models (LLMs) have achieved impressive results on complex
reasoning tasks, but their high inference cost remains a major barrier to real-world
deployment. A promising solution is to use cascaded inference, where small,
cheap models handle easy queries, and only the hardest examples are escalated
to more powerful models. However, existing cascade methods typically rely on
supervised training with labeled data, offer no theoretical generalization guarantees,
and provide limited control over test-time computational cost. We introduce C3PO
(Cost Controlled Cascaded Prediction Optimization), a self-supervised framework
for optimizing LLM cascades under probabilistic cost constraints. By focusing on
minimizing regret with respect to the most powerful model (MPM), C3PO avoids
the need for labeled data by constructing a cascade using only unlabeled model
outputs. It leverages conformal prediction to bound the probability that inference
cost exceeds a user-specified budget. We provide theoretical guarantees on both
cost control and generalization error, and show that our optimization procedure is
effective even with small calibration sets. Empirically, C3PO achieves state-of-the-
art performance across a diverse set of reasoning benchmarks—including GSMSK,
MATH-500, and BigBench-Hard—outperforming strong LLM cascading baselines
in both accuracy and cost-efficiency. Our results demonstrate that principled,
label-free cascade optimization can enable scalable and reliable LLM deployment.

1 Introduction

Large language models (LLMs) have demonstrated remarkable capabilities in a wide range of
reasoning tasks, from arithmetic problem solving to common sense and formal logical reasoning.
Techniques such as chain-of-thought prompting have further unlocked multi-step reasoning by
encouraging LLMs to provide explicit intermediate rationale steps before arriving at an answer [Wei
et al.,|2022a]]. However, these gains come at a steep cost as each additional token or sample incurs
inference time and monetary expenditure, imposing a barrier for real-world deployment of LLMs.

A natural remedy is to employ a cascade of models of increasing size and accuracy. This way, cheap
and small models handle easy queries, deferring only the hard cases to a powerful LLM. From early
works in classifier cascades [[Viola and Jones| 2001]] to more recent efforts in LLM cascading, it has
been conclusively shown that cascades can yield dramatic cost savings with minimal accuracy loss.
Yet existing LLM cascade approaches share two major limitations. First, they rely on large labeled
datasets for meta-model training under budget constraints, which is expensive to collect and slow to
adapt to new domains [Zhang et al.,|2024]]. Second, they offer few theoretical guarantees on either
generalization error or worst-case cost overruns, leaving practitioners to tune budgets and thresholds
by hand [Yue et al., [2024]]. While model weight tuning is not a major hindrance in general cascade
settings, the high training costs of LLMs make finetuning costly. Furthermore, the need for test time
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Figure 1: Left: Existing LLM cascading strategies include supervised learning, reinforcement learn-
ing, and learning-free heuristics. In contrast, C3PO proposes a novel, cost-constrained, self supervised
(label-free) cascade paradigm. Right: Surpassing existing cascade approaches tremendously, C3PO
offers markedly superior cost-effectiveness across 16 benchmarks, requiring less than 20% of the
cost of the most powerful model (MPM) (cost shown in purple) for an accuracy gap of at most 2, 5,
and 10% using a LLAMA cascade. In this boxplot, each dot represents a dataset and the whiskers
extend to 90% coverage.

adaptation using few examples, motivates development of specialized LLM cascade methods that do
not require ground truth labels.

In this work, we introduce Cost Controlled Cascaded Prediction Optimization (C3PO), a self-
supervised cascaded inference framework that overcomes these challenges. Rather than depending
on labels or costly meta-training, C3PO learns to exit early by exploiting consistency signals between
a cheap model and the most powerful model (MPM) in the cascade. Intuitively, when a small model’s
confidence is high, we can safely halt inference—saving MPM’s inference cost—while maintaining
its accuracy. In such cases, it is highly likely that both the cheap model and the MPM would be
correct. Additionally, when both models are wrong and we still exit early, we accept a controlled loss
in accuracy in exchange for significant cost reduction. Only ambiguous cases where the cheap model
is expected to disagree with MPM should be forwarded to the next model in the cascade. C3PO
makes three key technical contributions:

» Data-efficient cascade learning. We show that cascade decision rules can be learned using only
a small “self-supervision” pool of unlabeled prompts—fewer than 1% of the examples used by
state-of-the-art methods such as TREACLE [Zhang et al.| 2024]. This self-supervised approach
requires no ground-truth labels, enabling easy adaptation to new domains and task distributions.

* Rigorous theoretical guarantees. We derive conformal cost bounds that with arbitrary probability
control the cascade’s inference cost under a user-specified budget. In parallel, we establish PAC-
Bayesian generalization bounds certifying that the learned cascade decision rules generalize.

* State-of-the-art empirical performance. C3PO consistently outperforms across a diverse suite of
reasoning benchmarks including arithmetic (GSM8K, SVAMP), formal mathematical (MATH-500),
and logical reasoning tasks (CommonSenseQA, BIG-Bench-Hard).

2 Related Work

LLM Cascading is a structured inference paradigm in which language models are queried in a
sequential manner based on their complexity and cost. The goal is to minimize inference costs
while maintaining high answer quality. Frugal GPT [Chen et al.,[2024] first demonstrated the efficacy
of cascading in reducing LLM inference costs by predicting the likelihood that an LLM output
is correct using a BERT-like meta-model. If this prediction exceeds a user-defined threshold, the
model’s output is returned as the final answer; otherwise, the next, more capable model is invoked.
Zhang et al.|[2023]] extend this idea by incorporating LL.M-based self-verification before escalating
to a more powerful model, though this introduces additional delays due to sequential dependencies.
AutoMix [Aggarwal et al.l [2024]] leverages self-consistency sampling to decide whether to defer
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to stronger LLMs, learning thresholds over sampled predictions to optimize for quality and cost.
Similarly, Mixture-of-Thoughts (MoT) [[Yue et al.||2024] integrates external programmatic solvers
and majority voting to assess the adequacy of weak model responses before escalation. More recent
approaches such as ModelSwitch [[Chen et al.| [2025a]] employ self-consistency as a decision criterion
to escalate queries. If samples from the current LLM are inconsistent, a larger model is queried, and
a final decision is made via voting over all collected samples. Our method differs crucially from
other self consistency based approaches by learning to map self consistency scores to agreement
probabilities with the MPM rather than with the ground truth. This eliminates the need for dataset
labels and simplifies the cascade learning greatly as we do not need many samples to understand LLM
output correlations. TREACLE [Zhang et al.,[2024] and Online Cascade [Nie et al.,|2024] approach
the cascade learning problem using reinforcement and imitation learning, respectively. TREACLE
trains a deep Q-network to learn cascade decisions, while Online Cascade distills knowledge from
stronger models into weaker ones. However, both methods rely on large supervised training sets and
are less practical in label-scarce environments. Additionally, Online Cascade requires fine tuning of
model parameters, which is very costly.

LLM routing approaches are another prominent class of multi-LLM inference, but they fall outside
the scope of this work. Routers select the best LLM prior to inference, often relying on learned
or heuristic models to choose among available options based solely on input characteristics. In
contrast, cascades defer this decision until after an LLM has generated a response, leveraging internal
confidence signals to determine whether to exit or escalate. Routing methods like RouteLLM [Ong
et al.| [2025]], SelectLLM [Maurya et al.l [2024]], and Symbolic-MoE [Chen et al., 2025b|| require
task-specific training data and often struggle to generalize beyond their training distribution. Cascades,
by contrast, offer greater flexibility by basing decisions on the output behavior of models rather than
input features alone, at the price of multiple LLM calls per query.

3 Problem Statement

We consider a system comprised of m large language models (LLMs), denoted M =
{M1,Ma, ..., M,,}, each parameterized by a neural conditional generative model f; : X — A
which maps from the prompt space X" to the answer space .A. Additionally, we assume that the
j-th model also returns a confidence score s; € [0, 1] along with its answer ;. We impose a mild
correlation assumption on s; that it is stochastically increasing as the probability of correctness of
7; increases. The models are arranged in the order of increasing inference cost. That is, M is the
cheapest, while M,,, (MPM) is the most expensive, and cost(M;) < cost(M;) for i < j. For an
input « drawn i.i.d. from a distribution X', model M ; produces a prediction g;, which is evaluated
using the 0-1 regret with respect to the most powerful model’s prediction ¢,,:

0, ifg; =9
(6. 0 — ) 7 ' ms 1
(%5 9m) {1, otherwise. M
Here, we are operating in an unsupervised setting without access to the true labels, so the regret is
formulated with respect to the most powerful LLM’s answer. That is, we never have access to the
ground truth y, but only to the predictions of the mm models {7, }7 .

To reduce inference cost while maintaining high accuracy, we employ a cascade decision rule. Given
an input z, the cascade begins by querying the first model, M. After obtaining the output from M,
the system must decide whether to exit early and return g; if it is highly likely to match ¢, or to
escalate the query to M if the current output is deemed unreliable. This process continues until
an early exit occurs or the query x reaches M,,, whose answer is always used if no earlier model
qualifies. Following empirical results from Yue et al.| [2024]], we do not include outputs from model
M when prompting model M1, as it can potentially increase the error rate and prompting costs.
Each model M ; incurs an inference cost c;, satisfying ¢; < ¢y < -+ - < ¢y, The cost associated with
querying a model reflects monetary API fees, inference latency, or a combination thereof. We use a
standard cost model from the literature that mimics real-world API cost structures [Chen et al., |2024].
The costs {¢; }]’”:1 can be assumed to be fixed, known a priori, and query-independent for our analysis,
since we know the per-token costs for different LLMs, the typical prompts and response lengths, and
the latency. If the cascade stops at model M ., the total inference cost incurred is Cost = Y, _; c.

The objective is to design a cascade selection strategy that minimizes the total expected loss, measured
as the regret relative to the best model M,,, (Eq. (I)), while ensuring that the expected inference cost
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exceeds some prespecified budget C* with a probability less than or equal to a fixed, small number a.
Here . € (0, 1) denotes the maximally allowed cost-constraint violation rate.

‘We model the binary decision to exit the cascade after querying M ; by a learnable thresholding rule

applied on s;. Let T def [T1,...,Tm—1, 0] be a vector of learnable thresholds of confidence scores

s [51,-..,8m—1,1] such that each model M has its own learnable confidence score threshold

7; € [0,1]. When s; takes a value above the critical threshold 7; this leads to an exit decision at M.
Note that for the last model in the cascade, 7,,, = 0 and s,,, = 1. Thus the model always exits, as it is
impossible to defer. We define the exit point of the cascade as the first model index for which the
model confidence is greater than the threshold: z(S,7) = min;{j : s; > 7;}.

To learn the optimal thresholds, we are given N questions sampled from & for which we do not
require ground truth labels. In addition, we have access to sampled responses and their confidence
scores from each model for each of these N questions. We call these sample questions and LLM

outputs the dataset D% {zi, (51, s1), ..., (91,51, )} . At test time, the cascade output is evaluated
by the percent agreement with the ground truth labels of a held-out dataset (accuracy). Thus, the

primary learning objective is to solve the following optimization problem:
. def o o
HEH L(T)aWhere L(T) ;EX |:E(f/1751)7.“,({/77“57””)(E(YZ(S,T)7Y;n):| 5 (2)

subject to a cost constraint. This constraint is soft, in the sense that the realized cost of answering a
random query X violating the allowable budget C* can be tolerated provided that such occurrences
can only happen with a probability not exceeding a.. This constraint is formally specified as:

z(S,7)
Ex ESX[]I Y a>cCr } <a. 3)
k=1

4 Methodology

We propose a principled methodology for optimizing exit thresholds in a LLM cascade, subject to a
soft constraint on inference costs. The approach consists of three key components: (i) optimizing over
thresholds to minimize empirical regret; (ii) conformal prediction-based adjustment for probabilistic
cost control; and (iii) establishing generalization guarantees using PAC-Bayesian analysis.

To ensure our optimization and conformal guarantees are valid, we partition the dataset D into
the self-supervision data, Dgg, which are used to learn the thresholds, and calibration data,
Dcal, wWhich are used for evaluating whether a particular threshold vector satisfies the confor-

mal cost guarantee. Thus, we have two non-overlapping splits of the dataset D = Dgg U
Doa E{a, (5, 51), ..., (§,, s0,) }¥s5HNeal with N = Ngg + Nea and Dsg N Dot = 2. Fur-
thermore, we define an empirical approximation of Equation (2)) using Dgg as:
R 1 Nss
L(t) = — (Y.(si Urn,) - 4
(T) Nss ; (yz(S ,‘r)aym) 4

4.1 Discretization

The empirical 0-1 regret E(T) and cumulative cost are piecewise-constant functions of 7, with
discontinuities occurring only when a threshold 7; crosses a confidence score s; in the finite dataset
Dgg. This structure arises because, while s; may theoretically take continuous values, the dataset
Dgg contains at most Ngg distinct confidence scores per model. Sorting these scores for M yields
Ngg + 1 non-overlapping intervals, and varying 7; within each such interval, while keeping all

other thresholds fixed, does not alter the set of examples that exit at M ;. As a result, L (1) and the
cost remain constant within each interval; changes occur only at the empirical confidence values

{ s(i)}ﬁvjls. Therefore, the loss surface is flat almost everywhere (with the exception of sampled s;
values) rendering gradients zero and gradient-based optimization ineffective.

Grid Setup  For each model M ; (except for the MPM), we construct a candidate grid of thresholds
defined as: 7; = { &5 | k € {0,1,..., K — 1}} with integer K defining the grid resolution. Note
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Algorithm 1 Grid Search with Quantile Check
Require: Grids H;;l 7T;, self-supervision data Dsg, calibration set D1, budget C*, risk level o
1: bestRegret < oo, bestTau +— (0,0, ...,0)

2: forall (71,72,...,Tm—1) €ET1 X -+ X Trp—1 do
3: Assemble threshold vector 7

4: L <Evaluate eq. ll on Dgg

5: Evaluate all instances in D¢, and store the cascade costs {C} }.
6: Sort {CJ} to C(l) <. < C(N)

7: E+~[(N+1)(1-a)]

8: Jl—o & C(k)

9: if g1, < C* and L < bestRegret then

10: bestRegret <— L

11: bestTau < T

12: end if

13: end for

14: return bestTau

that this grid contains the edge points 0 and (K — 1)/(K — 2), potentially allow the cascade system
to learn to always exit at a particular model, or to always skip it. This is useful for handling edge
cases. For example, when the reasoning problems are trivial, we would wish to always exit at the first
model. Alternatively, when a collection of weaker models produce effectively useless predictions, the
cascade would perform better by discarding those models entirely.

Optimizing the cascade thresholds Due to the non-differentiable 01 loss, the optimization is
performed by an exhaustive or heuristic search over all possible combinations of thresholds 7 selected
from discrete grids. Note that this is usually not computationally unreasonable, since we are not
considering cascades of dozens of LLMs. For each candidate threshold configuration, the cascade
is evaluated on Dgg to compute both the average 0—1 loss and the average cumulative cost. The
configuration that empirically minimizes £(7), while satisfying the cost constraint, is selected as
optimal. Pseudocode is provided in Algorithm I]

4.2 Efficient Conformal Search Strategy

From a practical point of view, a brute-force search can be a viable approach in a setting with fewer
than 5 models in the cascade. For example, in our experiments, searching for the optimal threshold
using a brute-force search for a cascade of 4 LLMs with 10 discrete threshold levels for each of the
first 3 of them, takes approximately 0.01 seconds on a M3 CPU for GSM8K using 50 questions in
Dgs. Compared to the inference time of LLMs response generation, this is a small amount of time.
Cascades are unlikely to be considerably larger than this in practice.

Selecting Grid Resolution under Statistical Indistinguishability The finite calibration size Ngg
induces a statistical resolution limit. Given Ngg samples, differences in empirical regret smaller than
O(1/+/Nsg) cannot be distinguished using an appropriate statistical test (proof in Supplementary).
Thus, over-refinement of the grid does not offer any empirical benefit, yet inflates the size of
hypothesis class and degrades the theoretical generalization guarantee. We empirically observed that
using <10 grid points for each 7; works in our experiments, and using more points is not beneficial.

Grid-Search with Quantile Check To enforce the probabilistic cost constraint Pr(Ciest < C*) >
(1—a) during threshold optimization, we embed a quantile filter within the grid search. For each
candidate configuration 7, we evaluate the cascade on D¢, to compute the cumulative cost C’
foreach 7 = 1,..., Nca. We then sort the costs in the ascending order to obtain order statistics
C(l) < - K C( ~N). We accept T as a valid candidate to be considered as a cost-constrained
minimizer of the regret over Dgg, if and only if the empirical (1—«) cost-quantile g1, < C*.
Among all accepted configurations, we select the 7 with the minimal empirical regret Lon Dgs. As
shown in Theorem [I] this ensures that the probabilistic cost-constraint is satisfied for a test query.
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4.3 Theoretical Results

In this section, we provide important theoretical guarantees for our algorithm. First, in Theorem [T}
we show that our search algorithm only returns solutions that are provably under the budget —- if
any such solutions exist. Second, in Theorem 2] we examine the generalization error of our algorithm
using PAC-Bayes theory.

Theorem 1 (Conformal Cost Guarantee). Let T be the thresholds and D¢, denote a calibration set
containing Nca questions and the cascade answers, obtained using thresholds 1. Sort the costs of

the cascade on the calibration dataset and define the rank of the budget C* as k 4 min{p : C,_1) <
C* < Cp}- Ifk =2 [(Nea + 1)(1 — )] is satisfied, then the inference cost Ciesy for a new query
can be bounded under exchangeability of calibration and test data with Pr(Ciest > C*) < .

Proof. See Supplementary Material. O

Theorem [I|demonstrates that, assuming exchangeability of samples from D¢, and the test set, any
new test query can only exceed the budget constraint with probability at most a.

In Theorem 2] we provide PAC-Bayes analysis that bounds the excess test regret due to the evaluation
on the learned thresholds from Dgg in terms of the number of models, grid-size, and the number of
samples used to minimize the empirical regret.

Theorem 2 (Generalization Bound). Let H = H;n;ll T; denote the hypothesis class of all threshold

combinations with |H| = K™=V, where K denotes the grid-size and m is the number of LLMs
in the cascade. Let H. C H be the subset of thresholds for which the cost-constraint in Eq.
is satisfied and T is the learned threshold vector from C3PO using Dss and Dca). Then, for any
d € (0,1), with probability at least (1 — §), we have

. . (m—1)log K —logd
L < L .
(%) < min L(7) + \/ S Nas Q)
Proof. See Supplementary Material. O

Discussion As a concrete example, take m = 3, K = 10, Ngg = 150, and § = 0.05. Then
log |H| = 210og 10 & 4.61, and log(1/4) = 2.99, so the upper bound on excess regret evaluates to

14.61 4+ 2.99
=4/ — ~ 0.159.
€ 300 0.159 (6)

Thus, the test regret w.r.t. to the answer of the MPM in the cascade can only exceed the minimum
regret one could possibly attain while satisfying the cost criterion on the test set, by at most 0.159
with more than 95% certainty. In other words, the percentage of test questions for which C3PO’s
answer does not agree with the MPM, but an agreement with MPM can be obtained by solving the
optimization problem we propose directly on the test-set under the same budget constraint, cannot
exceed 15.9% with probability more than 0.95. Note that, solving the optimization problem directly
on the test-set is impractical, since we would need to query all LLMs for each test question to perform
the grid search, defeating the purpose of cascade learning using cost-constrained optimization.

The generalization bound degrades logarithmically with K and linearly in m—1, and improves at
the rate O(1/+/Ngs). This shows a clear tradeoff. Increasing the grid resolution K or the number
of cascade stages m improves fitting of the training data during optimization but may adversely
affect generalization guarantees if Ngg remains constant. Finally, note that the guarantee requires the
calibration set to be i.i.d. from the data distribution and assumes that the hypothesis class # is fixed
prior to observing the calibration data. Under these conditions, we obtain a remarkable result: the
empirical risk minimizer over a combinatorially large configuration space enjoys high-probability
generalization guarantees with exponential concentration.
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5 Experiments

5.1 Datasets

We evaluate our method across a diverse suite of 16 datasets spanning three distinct reasoning cate-
gories: logical reasoning, arithmetic reasoning, and mathematical reasoning. The logical reasoning
group includes tasks designed to assess abstract and commonsense inference capabilities, such as
CommonSenseQA [Talmor et al., 2019]], and BIG-Bench-Hard [Suzgun et al.||2023] tasks, including
causal judgement, date understanding, disambiguationQA, formal fallacies, geometric shapes, movie
recommendation, penguins, ruin names, snarks, sports, and temporal sequences. These benchmarks
emphasize multi-step deduction, ambiguity resolution, and contextual judgment. In contrast, the
arithmetic reasoning group contains datasets like GSMS8K [Cobbe et al. 2021]], SVAMP [Patel
et al., 2021]], and AQuA [Ling et al., 2017]], which require basic numerical and word-problem-solving
skills, often through step-by-step calculation. Finally, the mathematical reasoning category targets
advanced problem-solving ability, represented by the MATH-500 [|[Hendrycks et al.|[2021]] dataset,
which consists of high-school level and competition-style math questions that demand rigorous
algebraic and geometric manipulation. These datasets enable a nuanced assessment of reasoning
capabilities across domains. All of these benchmarks are available under open-source licensesm

5.2 Models

We conduct experiments on both open and closed source LLMs. We use the following model families:
LLAMA: The open weights Meta models comprise Llama 3.2-3B-Instruct, Llama 3.3-70B-Instruct,
and Llama-3.1-405B-Instruct. These models have been fine-tuned for instruction following and
exhibit competitive performance on reasoning tasks.

QWEN: The QWEN family includes Qwen2.5-1.5B-Instruct, Qwen2.5-32B-Instruct, and Qwen?2.5-
72B-Instruct. These open source models balance efficiency with advanced reasoning capabilities.
GPT: The OpenAl model family includes GPT 3.5 Turbo, GPT-40-mini, and 03-mini. These models
are renowned for their strong few-shot learning capabilities and robust chain-of-thought reasoning.
In our experiments, they serve as a benchmark for high-performance proprietary LLMs.

5.3 Baselines

We compare C3PO with several existing cascade LLM approaches from the literature. Frugal-
GPT |[Chen et al., 2024] learns the probability of correctness of a solution using a lightweight,
supervised training procedure from DistilBert embedding of the question and output CoT. Subse-
quently, it employs a threshold decision rule for cascading several LLMs. Mixture of Thoughts
(MoT) [Yue et al., 2024] is an unsupervised cascading framework involving a weak and a strong
LLM, which rely on an LLM’s confidence in the most frequent answer when a single prompt is
provided. MoT proposes a family of similar cascade architectures. We select the specific method
that matches our setting: CoT-1D-Vote. TREACLE [Zhang et al.| 2024] learns a reinforcement
learning (RL)-based decision rule tailored for LLM reasoning, which requires true labels for a subset
of questions for Deep Q-Network (DQN) training. The original TREACLE architecture includes a
prompt adaptation component; we remove this in our implementation to adapt to our setting where all
models are evaluated on fixed prompts. Model Switch [Chen et al.,[2025a] is an unsupervised early
exit module with the option to defer to a more elaborate model. If no model is sufficiently confident
in its prediction, the model outputs a weighted ensemble prediction.

Note that all our baselines are applicable to the cascade setting, where we assume that routing
decisions are made after generating a candidate response. This is a different setting from the routing
methods that must make routing decisions before seeing candidate outputs.

5.4 Results

Can C3PO outperform existing cascades at different budgets? We conduct experiments by
organizing the models in the three cascades listed in Section[5.2} the LLAMA cascade which consists
of four LLAMA-3 models of 1B, 3B, 70B and 405B variants, the QWEN-2.5 cascade 1.5B, 32B,
72B models and the GPT cascade consisting of GPT 3.5 Turbo, GPT-40-mini and GPT-4. All models

1Apache 2.0 [AQuA] and MIT [CommonSenseQA; SVAMP; GSM8K; MATH-500; BIG-Bench Hard].
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Figure 2: C3PO achieves the best performance for a wide range of cost budgets on the LLAMA cas-
cade. Error bars denote 90% confidence interval. GPT and QWEN cascade results in Supplementary.

are prompted with 8-shot examples and during evaluation output 5 CoT samples. For all cascades we
conduct the same experiment independently. Each time, for a given dataset, we deploy C3PO and
the baselines with a training set of 100 reasoning problems. Unsupervised methods such as C3PO,
Mixture-of-Thoughts, and ModelSwitch receive only the questions and 5 CoT outputs from each
LLM per question. Supervised methods such as Frugal GPT and TREACLE also receive the ground
truth labels to the reasoning problems. The seeds are fixed such that all methods receive the same
questions and sample identical CoTs during training and testing. Additionally, the few shot examples
in the prompts are identical for all methods. To evaluate the methods we compare them across a
range of given budgets. The range extends from trivially using the cheapest model of the cascade
with 5 CoT samples, all the way up to the cost equivalent to going through the entire cascade for all
questions with 5 CoT samples per model. We note that since TREACLE can choose to early exit with
an arbitrary number of CoT samples it sometimes chooses to exit with fewer than 5 CoTs. It can thus
choose to use even lower than the minimal budget in some easy cases.

The results for the LLAMA cascade for AQuA, GSM8K, MATH-500, SVAMP and a subset of
BigBenchHard (SNARKS, DATE) are depicted in Fig.[2] We observe that in all cases our model
outperforms for most cost configurations. Notably, for large datasets such as SVAMP and
MATH-500 we obtain the top accuracy performance at 10 times lower the cost compared to
other cascade baselines. The performance for other datasets and the QWEN and GPT cascades is
qualitatively similar and reported in the Supplementary Material.

How does C3PO compare to Self-Consistency for a comparable maximum allowable budget?
Form Fig. |Z|, we observe that in all cases, C3PO achieves an accuracy, which is either comparable to
or higher than that of self-consistency using the MPM at a fraction of the incurred cost. For example,
from Figure 2] we observe that on MATH-500, C-3PO achieves 62.5% accuracy with cost of
0.0019 USD/question, whereas SC using MPM manages to obtain 57% accuracy at a cost of
0.0053 USD/question. This comparison validates the core philosophy of employing a LLM-cascade
as an effective cost-saving alternative to performing self-consistency using a strong LLM.

Does C3PO actually satisfy the theoretical conformal guarantee for cost and the generalization
bound? To evaluate whether C3PO satisfies its theoretical guarantee on inference cost, we consider
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Figure 3: Average accuracies and dollar costs of different algorithms for five different difficulty levels
of the MATH-500 dataset using the LLAMA cascade.

a collection of 15 datasets, 2 different cascade configurations (using LLAMA and Qwen models),
5 different target budget (C*) levels for each cascade, and two different levels of « (0.05 and 0.1).
For each combination of dataset, cascade, budget level, and «, we calibrate C3PO using a held-out
calibration set and then evaluate it on a disjoint test set. The conformal guarantee implies that the
proportion of test examples for which the inference cost exceeds C* (referred to empirical violation
rate) should be at most . A violation occurs when this is not satisfied. We observe only a single
violation in 300 (15 x 2 x 5 x 2) runs of C3PO, which provides strong empirical evidence in favor
of the validity of the cost guarantee. More detailed results are provided in Supplementary Material.
In addition, in each of these runs of C3PO, the generalization bound specified in Theorem [2] is
empirically verified to be true, and in fact the train-test gap in regrets is significantly lower.

In comparison to baselines, how does C3PO perform and allocate budget for questions with
varying difficulties? Although the main results demonstrate the beneficial cost-accuracy trade-off
offered by C3PO on multiple benchmarks, they do not provide any details of the allocation of the
computational budget across different questions with different difficulties. For the MATH-500 dataset,
we have access to the ‘true’ difficulty of each question as part of the metadata, based on human
annotation. Therefore, we conduct a detailed analysis to compare the average accuracy and incurred
cost of all baselines for each difficulty level of MATH-500. For this analysis, we evaluate each
method using the hyperparameters which resulted in their maximum accuracy in Figure [2] From
Figure[3] we observe that for all algorithms, the accuracy decreases and inference cost increases, as
the questions become more difficult. C3PO incurs significantly lower cost for each difficulty level,
while having the highest overall accuracy.

6 Conclusion, Limitations & Broader Impact

In this work, we introduced C3PO, a novel cascade framework that dynamically decides whether to
accept an intermediate model’s prediction or defer to the more expensive next model in the cascade
based on learned thresholds and conformal cost calibration. Our methodology combines discrete
grid search over thresholds with rigorous conformal guarantees on expected cost and PAC-Bayes
generalization bounds, ensuring both theoretical soundness and practical reliability. Beyond these
empirical gains, C3PO’s design is highly extensible: one can incorporate richer confidence surrogates,
employ more advanced search heuristics, or integrate powerful verification models without altering
the core cascade logic. Limitations: A limitation of our approach is that the conformal cost guarantee
can lead to overly conservative cascade decisions leading the model to under-utilize the cost budget
sometimes. Broader impact: By demonstrating that principled early-exit strategies can deliver
both high accuracy and cost efficiency, our work paves the way for more sustainable and scalable
deployment of large language models in real-world reasoning applications.
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A Broader Impact, Limitations and Code

The development of C3PO (Cost Controlled Cascaded Prediction Optimization) has the potential
to significantly improve the accessibility, sustainability, and scalability of large language model
(LLM) deployments, especially in real-world reasoning tasks. As LLMs continue to expand in size
and capability, their computational and monetary costs pose a critical bottleneck that limits their
application in low-resource settings, as well as their environmental sustainability. C3PO addresses this
issue by offering a label-free, conformally-controlled framework for optimizing cascaded inference,
enabling accurate and efficient LLM use while providing formal guarantees on inference cost.

Social and Environmental Impact. By substantially reducing reliance on powerful LLMs for
every query, C3PO can lower the environmental footprint associated with LLM inference. For
institutions operating under strict compute or budget constraints such as nonprofits, schools, or
healthcare systems, C3PO offers a practical path to deploying high-quality language systems without
incurring prohibitive costs. Its ability to generalize from unlabeled data further reduces barriers to
adoption in under-resourced domains where labeled data is scarce or unavailable.

Equity and Access. C3PO’s cost-efficiency and domain adaptability can democratize access to
high-quality language technologies. For example, resource-constrained platforms (e.g., small online
businesses) could adopt C3PO to offer reliable results at minimal cost, expanding reach without
compromising performance.

Limitations, Risks and Misuse. As with any method that enables wider LLM deployment, C3PO
may inadvertently facilitate the use of language models in settings lacking oversight or appropriate
safeguards. Cost-reduction techniques might be applied indiscriminately to critical decision-making
domains (e.g., legal or healthcare) without verifying the alignment of model behavior with task
requirements. To mitigate these risks, it is important to emphasize that C3PO offers probabilistic
control over cost but does not itself guarantee correctness or fairness of model outputs. Proper
validation, human-in-the-loop design, and task-specific evaluation must accompany its use in high-
stakes applications.

Explainability and Transparency. C3PO’s reliance on interpretable thresholds and its theoretical
guarantees on both generalization and cost provide a degree of transparency that many black-box
routing or reinforcement-based systems lack. These properties support responsible use and make
C3PO amenable to audit and monitoring, especially in safety-critical deployments. Moreover, its
minimal data requirements lower the need for large-scale data collection, which may help reduce
privacy concerns associated with supervised training pipelines.

Conclusion. C3PO provides a scalable and principled framework for efficient LLM inference that
is compatible with privacy-sensitive, low-resource, and budget-constrained environments. Its broader
societal benefit lies in making LLM-powered reasoning more affordable and sustainable, while
its limitations call for responsible deployment practices that pair efficiency with rigorous domain-
specific evaluation. We make our code available at https://anonymous.4open.science/
status/C3P0-047D.
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B Extended Literature Review

B.1 Overview of Efficient LLM Test Time Compute Allocation Literature

Fig. [ presents a comprehensive taxonomy of current approaches to reducing test-time computational
cost for large language models (LLMs). At the highest level, the diagram bifurcates into two
overarching strategies: those that employ multiple models in a coordinated fashion, and those that
operate on a single model but optimize its internal inference process.

On the top branch of Fig. 4] single-model approaches achieve efficiency by modifying the inference
process of one LLM. Non-fine-tuning methods adapt the prompt or sampling strategy such as Chain-of-
Thought [Wei et al.|,2022b] at test time. Some examples include adaptive self-consistency [Aggarwal
et al.| 2023]], early-stopping tests for chain-of-thought samples [Li et al., 2024al], and dynamic path-
consistency pruning [Zhu et al.,2024] to reduce redundant reasoning steps without additional training.
Fine-tuning based approaches, by contrast, incur an offline training cost to produce a model that
internally decides when to exit or which reasoning branches to pursue. Supervised fine-tuning variants
embed early-exit logic into the model weights [Su et al., [2025]], while reinforcement learning variants
use reward signals to guide policy learning for token or chain pruning [DeepSeek-Al et al.| 2025} |Yu
et al.,2025]). DeepSeek-Al et al.[[2025]) has shown that one can prune CoT generation inside a single
LLM via an internal reward model. We note that our framework naturally subsumes such approaches
as models inside the cascade. As such, any model equipped with an internal CoT stopping rule can
participate in the cascade, using our self-supervised thresholding and conformal-cost machinery to
decide whether to exit.

On the lower branch of Fig. ] multiple-model techniques are organized into cascaded pipelines
and ensemble methods. Cascaded pipelines invoke a sequence of LLMs ordered by increasing
computational expense: an entry-level model attempts the task first, and only if its output fails
a decision criterion does the system escalate to a more powerful model. Within this category,
unsupervised cascades require no labeled data, relying instead on internal agreement or consistency
signals among model outputs. Notable instances include methods that sample multiple reasoning
chains and halt when they converge (e.g., Mixture-of-Thoughts [Wang et al.,20244]), or that compare
a weaker model’s output against a stronger model for self-supervised thresholding (as in C3PO). In
contrast, supervised and reinforcement-learning cascades use labeled examples or reward signals to
train a meta-model or policy that decides when to stop or escalate—for example, Frugal GPT [Chen
et al., 2024 uses a fine-tuned classifier to predict correctness, while TREACLE [Zhang et al., [2024]]
applies deep Q-learning to balance cost against accuracy.

Also under the multiple-model umbrella, ensemble methods combine responses from several LLMs
either during inference (by aggregating or voting on outputs from parallel queries) or before inference
(by routing each prompt to a single selected model based on input features). During-inference
ensembles such as LLM-Blender [Jiang et al.||2023]] and PackLLM [Mavromatis et al.,|2024]] query
all candidate models and merge their outputs in real time, often improving robustness at the expense
of higher instantaneous compute. Pre-inference routing methods like RouteLLM [Ong et al., [2025]
and MetaLLM [Nguyen et al., [2024] train lightweight selectors to choose the most suitable model
for each query, thereby avoiding sequential calls but requiring supervised training on a massive
training set or online adaptation to maintain accuracy across domains. We note the special case of
Automix [Aggarwal et al.| [2024]]. While Automix is a sequential method in the sense that it calls each
candidate LLM one at a time, it also uses an external verifier LLM. Thus, due to this presence of at
least 2 LLM models per output we classify it as an ensemble method.

By tracing paths from the root through these subcategories, we observe that C3PO occupies the
multiple-model, cascade, unsupervised quadrant. Unlike supervised cascades, it requires no labeled
data; unlike heuristic confidence-threshold cascades, it leverages self-supervised agreement metrics
and conformal prediction to enforce probabilistic cost bounds; and unlike pure routing or ensemble
methods, it dynamically defers per input based on realized outputs. This unified view highlights
both the diversity of existing techniques and the unique position of C3PO in providing label-free,
theoretically grounded cost control for cascaded LLM inference.
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Reinforcement Learning (RL)
R1 DeepSeek-Al et al.|[2025], IBPO |[Yu et al.

5 g [2025], O1-pruner [Luo et al.|[2025], DAST |Shen
e et al|[2025¢), MRT[Qu et al.|[2025), etc
Supervised Finetuning (SFT)
—{Single Model DualFormer |Su et al.|[2025], C30T Kang et al.|[2024], Self-|

training [Munkhbat et al.|[2025], Coconut |Hao et al.|[2024],
CODI |Shen et al.|[2025a], CCoT |Shen et al.|[2025b], etc

Non-Fine Prompting Based
Tuning Based Adaptive-Consistency |Aggarwal et al.|[2023], ESC|Li
et al.|[2024b], Path-Consistency [Zhu et al.|[2024],

DSC|Wang et al.|[2024b], DynaThink [Pan et al.|[2024],
DPTS |Ding et al.|[2025], FastMCTS |Li et al.|[2025], etc

Efficient Test-time

Compute for LLMs Before Inference (Router)

RouteLLM |Ong et al.|[2025], Hybrid-LLM |Ding et al.
— [2024], SelectLLM [Maurya et al.| 2024|, Rootoo [Mo-

—{ Ensemble | hammadshahi et al. [2024], Zooter [Lu ct al.] 2024],

MetaLLM [Nguyen et al.||2024|, Eagle [Zhao et al.| 2024

During Inference
LLM-Blender Jiang et al.|[2023], PackLLM Mavro-

Multiple matis et al.|[2024], CDS Jin et al.|[2024], Au-
Models tomix [Aggarwal et al.][2024], MCTS |Li et al.|[2025]
Supervised / Reinforcement Learning
— FrugalGPT |Chen et al.|[2024], Online Cascade |Nie

—> Cascade '* et al.|[2024], TREACLE |Zhang et al.|[2024]

Unsupervised
L Mixture-of-Thoughts [Wang et al.|[2024a],
Model Switch (Chen et al.|[2025a], C3PO (ours)

Figure 4: Taxonomy of recent research on efficient test-time compute for LLMs.

B.2 Efficient Multi-Model Inference for LLMs

Inference cost is a critical barrier to deploying large language models (LLMs) at scale. A prominent
line of research reduces average compute by cascading or routing queries through multiple LLMs
of increasing size and cost, so that cheaper models handle easy inputs and only hard cases escalate
to more expensive ones. Broadly, existing methods differ in (1) their supervision requirements; (2)
decision criteria for stopping or escalating; and (3) whether they provide formal guarantees on cost or
accuracy. Below, we review representative approaches, grouping them by supervision regime and
decision strategy, and highlight how our method, C3PO, addresses outstanding gaps.

Unsupervised and Heuristic Cascades Early cascade strategies adapted classical classifier-cascade
ideas to LLMs without requiring any labeled data. |Varshney and Baral| [2022] leverage a model’s
softmax-based confidence: if a small LLM’s maximum token probability exceeds a heuristic threshold,
decoding halts; otherwise, the next model is queried. While simple and label-free, this approach
relies on manually tuned thresholds and offers no probabilistic cost control. |Yue et al.| [2024] propose
Mixture-of-Thoughts (MoT), which samples multiple reasoning chains from a weak model and halts
when self-consistency among samples is high. MoT improves decision robustness via ensemble-style
voting, but incurs extra sampling cost and still lacks formal guarantees on budget overruns.

Neural caching techniques [Ramirez et al.,|2024] introduce online distillation of a strong model into
a weak one: when the weak model’s confidence is low, the strong model answers and its output
augments a cache that refines the weak model over time. This iterative distillation reduces repeated
expensive calls, but the cache requires streaming data and provides no worst-case cost bounds.
Another line, exemplified by |Dekoninck et al.[[2024], learns a lightweight cascade and router hybrid
model using unlabeled internal features (e.g., token entropy) to predict whether to exit or escalate.
Under mild distributional assumptions, this router can enforce a user-specified cost bound with high
probability, yet it often needs some held-out calibration and does not directly optimize for regret
relative to the oracle.

Supervised Meta-Model and Reinforcement Learning Approaches To improve predictiveness
of the exit decision, several works resort to supervised learning on labeled meta-data. |Chen et al.
[2024] train a BERT-style meta-model to estimate each LLM’s correctness probability and stop when
confidence exceeds a learned threshold. Frugal GPT delivers strong empirical speedups, but depends
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on large annotated datasets and lacks formal cost-violation guarantees. Reinforcement-based methods
such as AutoMix [Aggarwal et al.,2024] and DER [Hu et al.}| 2024 frame cascade control as a Markov
decision process, learning a policy to decide both whether to stop and which successor model to call.
These methods achieve fine-grained cost—accuracy trade-offs but incur high meta-training overhead
and offer only empirical, rather than provable, guarantees. Additionally, these approaches can be
called hybrid router-cascade approaches as they either use more than one LLM during inference
(AutoMix) or they are free to traverse the cascade in any order they choose (DER) as opposed to
fixed cheap-to-expensive route allowed in classic cascade methods. Thus by being allowed to jump
to an arbitrary model DER resembles more of a sequential router rather than a cascade.

Quantile-feature cascades [[Gupta et al., 2024 represent a middle ground. |Gupta et al.|[2024]] extract
quantile statistics from token-level confidences to select whether to exit early or to escalate to a larger
model. An issue with this formulation is that it requires access to model internals (embeddings), and
it is hence not applicable to closed source models.

Discussion and Positioning of C3PO Table|l|summarizes key attributes of these methods. Most
unsupervised cascades use confidence or consistency heuristics but lack formal cost guarantees;
supervised and RL methods offer strong empirical performance at the expense of labeled data
and black-box policies; routing methods trade multiple calls for a single, pre-selection step but
cannot adapt dynamically post-response. None combine (a) self-supervised training from unlabeled
agreement signals, (b) conformal calibration to bound the probability of exceeding a user budget, and
(c) PAC-Bayesian generalization guarantees on accuracy regret.

In contrast, C3PO is entirely label-free, using only self-supervision from off-the-shelf model outputs;
it employs conformal prediction to guarantee that inference cost exceeds a user-specified threshold
with bounded probability; and it derives PAC-Bayesian bounds on accuracy regret. This unique
combination makes C3PO the first method to blend unsupervised cascade learning with rigorous cost
and generalization guarantees, addressing key limitations of prior work.

Method Supervision Signal Cost Bounds
Self-Consistency [Wang et al., [2023] None Sample consensus None
Mixture-of-Thoughts (MoT) [[Yue et al.|[2024] None Self-consistency voting None
ESC / Adaptive SC [Li et al., 2024b|a]] None Stopping tests None
Neural Caching [Ramirez et al.| [2024] None Conf. + distill None
Cascade Routing [Dekoninck et al., [2024] Weak Entropy/router Prob. (w/o labels)
FrugalGPT [Chen et al.; [2024] Full Meta-model score Empirical
DER [Hu et al.,[2024] Full RL policy Empirical
AutoMix [[Aggarwal et al., [2024] Full RL policy Empirical
TREACLE [Zhang et al., 2024] Full RL policy Empirical
Online Cascade [Nie et al.;[2024] Full RL policy Empirical
Quantile Cascades [Gupta et al.|[2024] Full Quantile features Heuristic
ModelSwitch [[Chen et al.,|2025al] None Vote disagreement None
RouteLLM [Ong et al.,2025] Full Input features None
C3rPO None Agreement signal Conformal

Table 1: Comparison of multi-LLM inference methods: supervision level, decision signal, and cost
guarantees. Highlighted rows denote our primary baselines and proposed method. Our baselines
and proposed method are the only methods that (i) are pure cascade methods; (ii) do not fine
tune the LLMs; and (iii) can be applied to both open and closed source LL.Ms.
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7

C Upper Bound on the Minimal Detectable Change in Empirical Regret

Theorem 3 (Upper Bound on the MDC in Empirical Regret). Let E(‘r) be the empirical 01 regret

over Nsg samples at threshold T. Denote its standard error by EZ(T) = \/E(T) (1- E(T))/Nss.

Let 2(1_q)2) denote the (1 — «/2) quantile of the standard normal distribution, N'(0,1). Absolute
differences between independently estimated empirical regrets at any two thresholds T and 7' (i.e.,

\L(7) — L(7")|), which is smaller than Ay, = Z(1—a/2)4 /E%(T) + E%(T/), are statistically indistin-
guishable at the confidence level (1 — «) for any o € (0, 1). In addition, Amin < 2(1—a/2)1/ ﬁ

Proof. The empirical regret L(7) € [0, 1] is a binomial proportion with variance:
L(r)(1 - L(r))

Nss
where L(7) = E[L(7)] is the true regret. Since we do not know L(7), we cannot compute
Var(L(7)). Instead, we define the standard error of L(7) by 07 (r)» Which is the square root

Var(L(t)) = )

L(r)(1-Z()

Nos , where

of the estimated variance, therefore, o7 (r) =

the equality is attained at L(7) = i

1
. Note that, O'E(T) S INss

We define a hypothesis test for distinguishability. For thresholds 7 and 7/, define the Z-statistic
L(r) - L(')

=2
o4
+ L

7Z = (®)

=3
7L T 7Ee
Under Hy : L(T) = L(7'), and Z ~ N(0,1). Hy can be rejected at level avif [Z] > z(1_q/9).

The critical value of |L(7) — L(7')|, induced by this hypothesis test is termed Minimal Detectable
Change (MDC) in empirical regret and is denoted by A yin.

Amin = z(lfa/Z)\/a%(T) + 8%(7_,) (9)

1
As an example, for « = 0.05 and worst-case L= 0.5, Apmin < 1.38/4/Ngs.

< 2(1—a/2) (10)

D Conformal Cost Guarantee

Theorem 4 (Conformal Cost Guarantee). Let T be the thresholds and D¢, denote a calibration set
containing Nca questions and the cascade answers, obtained using thresholds 1. Sort the costs of

the cascade on the calibration dataset and define the rank of the budget C* as k 4 min{p : C,_1) <
C* <Oy} Ifk = [(Nea + 1)(1 — )] is satisfied, then the inference cost Ciest for a new query
can be bounded under exchangeability of calibration and test data with Pr(Ciest > C*) < au

Proof. Let R denote the rank of Ci.s; among {C;} f\; St U {Clest }- By exchangeability, we have,

Pr(R=r)= ——— forall 1,...,Nca + 1}. 11
r(R=r) Neg 11 lora re{l,...,Nca + 1} (11)
Therefore,
Nca+1—-k
Pr(Chest > C*) = Pr(Crest > Czy) = Pr(R > k) = Nom 128 (12)
Near +1
since k > (Nca1 + 1)(1 — «) by construction. O
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E Generalization Guarantees

Theorem 5 (Generalization Bounds). Let H = H;:ll T; denote the hypothesis class of all threshold

combinations with |H| = K™=V, where K denotes the grid-size and m is the number of LLMs
in the cascade. Let H. C H be the subset of thresholds for which the cost-constraint in Eq. (3)
is satisfied and T* is the learned threshold vector from C3PO using Dss and Dcy). Then, for any
d € (0,1), with probability at least (1 — §), we have

-~ —1)log K —logé
L) < L) 4 [ oB K 2 losd, (13)
2Nss
. i (m—1)log K —logd
< .
and, L(1*) < Jnin L(T)+ 2\/ 5 Nas (14)

Proof. For any threshold configuration T € H, we know that 0 < L(1), E(T) < 1. The empirical

regret, L(7) is an unbiased estimator of the ‘true’ regret L(7) = E[E(T)] on i.i.d. samples from
Dss. Applying Hoeffding’s inequality, we have, for any 7 and € > 0:

e~ 2N (15)

e~ 2Nsse” (16)

o
=
&~
2",
Pal
=
3
vV
=
2
+
U

Applying an union bound over all 7 € H, we obtain:

Pr(3r € H: L(1) > L(T) +€) < 3 Pr(L(7) > L(7) +¢) < [H|e 2N (17)
TEH

and, Pr(3r € H: L(1) > L() +¢) < Y_ Pr(L(r) > L(7) + ) < [H|e V= . (18)
TEH

Letting the right-hand side be equal to §, we solve for e:

_ 2 log(|H]|/8) (m —1)log K — logd
0= |Hle - e \/ 2Nss 2Nss ' (19)

Therefore, with probability at least (1 — §), we have the uniform bounds

- —1log K —1
Vr e H,L(t) < L(r) + \/(m JIog K — logd (20)
2 Nss
- —1log K —1
and, L(1) < L(1) + \/(m JIog K —logd 1)
2Nss

Since the bound in eq. @]) holds for all 7 € H, it holds for the learned threshold vector from C3PO,
7*. This proves the claim stated in eq. (I3). Essentially, it shows that the ‘true’ test regret at C3PO’s
learned threshold cannot exceed the empirical regret on Dgg by more than e with a high probability,
greater than (1 — ).

Now, let us denote by 7 the minimizer of true risk L(7) over H. C H, where H,. is the subset of
thresholds for which the cost-constraint in Eq. (3)) is satisfied.
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736 Now, w.p. at least (1 — §), we have,

-~ —1)log K —logd
L(7*) < L(7) + \/(m )2(])\% o8 , from eq. (13), since, 7 € H. (22)
ss

~ —1)log K —logd ~
< L(T) + \/(m )2(])\% o8 , since, 7" is the minimizer of L(7) over H, (23)
ss

_ - - “1logK — log§ .
< L(7) + (m = 1)log K — log + (m = 1)log o8 , using the bound in eq. 1)
(24)

—1)log K —logd ~
= min L(7)+2 (m = 1) log o8 , since, T is the minimizer of L(7) over H..,
TeH, 2Ngs
(25)

737 which proves the claim in eq (I4). This shows that the ‘true’ regret at C3PO’s learned threshold
73s cannot exceed the minimum attainable test regret by more that 2e with a high probability, greater
739 than (1 — 9).

740 O
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F Inference Cost Model

In our experiments, we used various LLAMA, QWEN, and GPT models. All three GPT models
are closed-source, but can be publicly accessed using the OpenAl APIH The LLAMA and QWEN
models are open-source, although in practice, we used a commercial API servic to query these
models due to hardware constraints. The pricing information for LLAMA and QWEN can be
found at https://nebius.com/prices-ai-studio and the GPT token cost details are available
athttps://openai.com/api/pricing/. The detailed per token costs for different LLM families
are available in Tables[2] 3] [4]

For any single query, the total cost of sampling multiple CoTs is computed by adding the dollar costs
for prompting, i.e., the cost of processing the system prompt and input prompt, and the total cost of
generating multiple CoTs. We conducted all experiments during April and May 2025 and used the
pricing information available at that time for dollar cost accounting throughout the paper.

Although token costs change over time (typically at least once a year), we argue that this does not
invalidate any conclusions from this work for the following reason. When pricing changes (usually
becoming cheaper) the API providers ensure that the ratio of token costs between different LLMs
within the same family remains consistent before and after the pricing change as the main driver of
costs is the model memory which is constant.

This guarantees that the dollar cost of a single query using a fixed prompt scales predictably, and
that cost calculations for all baseline algorithms and C3PO are uniformly affected. For example, a
20% reduction in token pricing corresponds to a 20% reduction in cost across all methods considered
in this paper. Therefore, any comparison between two LLLM cascades yields the same conclusion
regardless of pricing changes.

Table 2: Cost per million tokens for LLaMA models. Price source: https://nebius.com/
prices-ai-studio

LLaMA Model Input Cost ($/M tokens) Output Cost ($/M tokens)
LLaMA 3.2 1B-Instruct 0.005 0.01
LLaMA 3.2 3B-Instruct 0.01 0.02
LLaMA 3.3 70B-Instruct 0.13 0.40
LLaMA 3.1 405B-Instruct 1.00 3.00

Table 3: Cost per million tokens for QWEN models. Price source: https://nebius.com/
prices-ai-studio

Qwen Model Input Cost ($/M tokens) Output Cost ($/M tokens)
Qwen 2.5 1B-Instruct 0.02 0.06
Qwen 2.5 32B-Instruct 0.06 0.20
Qwen 2.5 72B-Instruct 0.13 0.40

Table 4: Cost per million tokens for GPT models. Price source: https://platform.openai.com/
docs/pricing

GPT Model Input Cost ($/M tokens) Output Cost ($/M tokens)
GPT 3.5-Turbo 0.50 1.50
GPT 40-mini 0.15 0.60
OpenAl 03-mini 1.10 4.40

“https://openai.com/api
*https://docs.nebius.com/studio/inference/api
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G Complete Experimental Results

In Figure 2] of the main paper, we compared the performance of all baselines and the proposed C3PO
on 6 datasets using the LLAMA cascade. Here, we present the complete experimental results on 16
datasets and 3 LLM cascades. Accuracy vs. cost plots using LLAMA, QWEN, and GPT cascades
on 16 datasets are shown in Figures [5] [7] and [9] respectively. In addition, for each of the 3 LLM
cascades, we include summary boxplots to compare the distributions of required inference costs to
reach near-MPM accuracy across 16 datasets, to compare C3PO with the baseline algorithms. These
boxplots for the LLAMA, QWEN and GPT cascades are shown in Figures|[6] [8] and [T0]respectively.

G.1 LLAMA Results
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Figure 5: Accuracy vs. dollar cost of different algorithms for 16 datasets using the LLAMA cascade

From Figure[5] we observe that the proposed C3PO outperforms its competitors for most datasets and
cost configurations. The accuracy improvement offered by C3PO in comparison to baselines is more
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Figure 6: Surpassing existing cascade approaches tremendously, C3PO offers markedly superior
cost-effectiveness across 16 benchmarks, requiring less than 20% of the cost of the most powerful
model (MPM) (cost shown in purple) for an accuracy gap of at most 2, 5, and 10% using a LLAMA
cascade. In this boxplot, each dot represents a dataset and the whiskers extend to 90% coverage.

pronounced for relatively lower dollar costs, demonstrating C3PO’s efficacy in resource-constrained
settings. This is further supported by Figure [6] which shows that across different datsets, C3PO
requires significantly lower costs compared to the baselines to achieve near-MPM accuracy. Similar
conclusions can be drawn for QWEN and GPT cascades from Figures|[7] 8] [0] and[10]

Note that for the GPT cascade, we use 03-mini as the MPM as it is the most expensive of the three
GPT models we use to form the cascade. However, for some datasets, e.g. sports, disambiguationQA,
movie recommendation, 03-mini’s accuracy is significantly lower than that of a much cheaper GPT-
4o-mini. As a result, accuracies of all algorithms deteriorate with increasing budgets for those

datasets.
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G.2 QWEN Results
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Figure 7: Accuracy vs. dollar cost of different algorithms for 16 datasets using the QWEN cascade
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Figure 8: Surpassing existing cascade approaches tremendously, C3PO offers markedly superior
cost-effectiveness across 16 benchmarks, requiring less than 60% of the cost of the most powerful
model (MPM) (cost shown in purple) for an accuracy gap of at most 2, 5, and 10% using a QWEN
cascade. In this boxplot, each dot represents a dataset and the whiskers extend to 90% coverage.
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G.3 GPT Results
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Figure 9: Accuracy vs. dollar cost of different algorithms for 16 datasets using the GPT cascade
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Figure 10: Surpassing existing cascade approaches tremendously, C3PO offers markedly superior
cost-effectiveness across 16 benchmarks, requiring less than 50% of the cost of the most powerful

model (MPM) (cost shown in purple) for an accuracy gap of at most 2, 5, and 10% using a GPT
cascade. In this boxplot, each dot represents a dataset and the whiskers extend to 90% coverage.
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785 G.4 Comparison of C3PO and baselines in terms of performance and budget allocation for

786 questions with varying difficulties in MATH-500

787

In Figure [3]in the main paper, we showed that using the LLAMA cascade, C3PO outperforms most
788

of the baselines at almost all difficulty levels with significantly lower inference costs. Similar results
780 are obtained for the QWEN and GPT cascades and are shown in Figure [IT}
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Figure 11: Average accuracies and dollar costs of different algorithms for five different difficulty
levels of the MATH-500 dataset using the QWEN (top) and GPT (bottom) cascade.
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H Few-shot Prompting Strategy and Prompt Examples

To ensure a fair comparison across all evaluated methods, we use a fixed few-shot prompting
strategy that provides consistent formatting and reasoning guidance. Each model receives the same
demonstration examples, with uniform instructions, answer formatting, and step-by-step rationales.

The prompt begins with a general instruction to use the boxed answer format (in LaTeX) and then
presents a sequence of fully worked-out examples covering diverse mathematical topics, such as
geometric series, completing the square, and factoring. This context is followed by the final question
to be solved.

Below, we show an excerpt of the few-shot prompts used in our evaluations of free form answer
datasets:

Free Form Answer Mathematical Question Prompt Template (MATH-500)

You are given a mathematical question. Solve the following problem and output
correct result in a given format. Output answer at the end, use format

\boxed{answer in LaTeX} ‘< answer in LaTeX > ‘
Think step-by-step.

Question: Kevin Kangaroo begins hopping on a number line at 0. He wants to get

to 1, but he can hop only % of the distance. Each hop tires him out so that he

continues to hop % of the remaining distance. How far has he hopped after five
hops? Express your answer as a common fraction.
Let’s think step by step. Kevin hops 1/3 of the remaining distance with

every hop. His first hop takes 1/3 closer. For his second hop, he has 2/3

left to travel, so he hops forward (2/3)(1/3). For his third hop, he has (2/3)?
left to travel, so he hops forward (2/3)2(1/3). In general, Kevin hops forward
(2/3)F7'(1/3) on his kth hop. We want to find how far he has hopped after five
hops. This is a finite geometric series with first term 1/3, common ratio 2/3,

. . 1(-(3)") 211 .
and five terms. Thus, Kevin has hopped ———— = 243 | Thus, the answer is
3
211
243 |

Question: What is the area of the region defined by the equation 2?4y —7 =4y —
14z + 37

Let’s think step by step. We rewrite the equation as z° 4 14z + 3> — 4y = 10 and
then complete the square, resulting in (x4 7)% —49 + (y —2)> —4 =10, or (z+7)* +
(y —2)> =63. This is the equation of a circle with center (—7,2) and radius /63,

so the area of this region is wr? :.

Question: If z?+y? =1, what is the largest possible value of |z|+ |y|?
Let’s think step by step. If (x,y) lies on the circle, so does (z,—y),

(—z,—y), and (—z,y), (which all give the same value of |z| + ly]), so we can
assume that £ > O andy > 0. Then |z + |y = =« + y. Squaring, we get
(x +y)? = 22+ 22y +y> = 1 + 2zy. Note that (r — y)® > 0. Expanding, we get
z2 —2:Uy+y2 >0, so 2zy < 22 +y2 = 1. Hence, 14 2zy <2, which means =z +y < V2.

Equality occurs when z =y = %, so the maximum value of |z|+ |y| is .

Question: {{ question }}

Let’s think step by step.
N\ J

We also used datasets with multiple choice questions. For these datasets such as CommonSenseQA
we used prompts of the style shown on the next page.
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Multiple Choice Answer Prompt Template (CommonSenseQA)

You are given the following question. Solve it correctly and output a single
letter (A, B, C, D, E or F) corresponding to the correct answer to the question.
Output answer at the end, use format \boxed{single letter (A, B, C, D, E)}

‘<: singleletter(A, B,C, D, E) :>‘
Think step-by-step.

Question: What do people use to absorb extra ink from a fountain pen?
Answer Choices:

A) shirt pocket

B) calligrapher’s hand

C) inkwell

D) desk drawer

E) blotter

The answer must be an item that can absorb ink. Of the above choices, only
blotters are used to_absorb ink.

Thus, the answer is | F|.

Question: What home entertainment equipment requires cable?

Answer Choices:

A) radio shack

B) substation

C) television

D) cabinet

The answer must require cable. O0f the above choices, only television requires
cable.

It means the correct answer is .

Question: Google Maps and other highway and street GPS services have replaced
what?

Answer Choices:

A) united states

B) mexico

C) countryside

D) atlas

The answer must be something that used to do what Google Maps and GPS services
do, which is to give directions. O0f the above choices, only atlases are used to
give directions.

The correct answer is [::}

Question: Before getting a divorce, what did the wife feel who was doing all the
work?

Answer Choices:

A) harder

B) anguish

C) bitterness

D) tears

E) sadness

The answer should be the feeling of someone getting divorced who was doing all
the work. Of the above choices, the closest feeling is bitterness.

Thus, the answer is .

Question: {{ question }}
\The answer

J

Shown above are the prompts for MATH-500 and CommonSenseQA datasets as examples of the
prompt templates for free form and multiple choice reasoning, respectively. All LLMs employed in
our study are prompted with the exact same few-shot demonstrations for evaluating all baselines and
our proposed method. This strategy ensures a fair evaluation setting, where the differences in empirical
performances between any pair of LLM-cascades can be solely attributed to the effectiveness of their
decision rules and crucially not to the utilization of unfair prompting advances.
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so I Case Study and Analysis

s11 L1 Question Level Case Study

stz This case study highlights a geometric reasoning problem where the goal is to compute the sum of
g13 distances from the intersection points of a circle and hyperbola to a fixed external point. While smaller
814 models like LLaMA 1B and 3B produce inconsistent or incorrect answers, and TREACLE escalates
815 unnecessarily to the largest (and most expensive) model, our method (C3PO) successfully identifies
g6 the smallest model (LLaMA 70B) that produces the correct answer. This demonstrates C3PO’s ability
817 to balance cost and accuracy by leveraging confidence-based early exits with probabilistic guarantees.

Case Study: Geometric Intersection Problem (MATH-500 Question #106)

Question: The graphs of 22 + 32 + 62 — 24y + 72 = 0 and 22 — y? + 62 + 16y — 46 = 0
intersect at four points. Compute the sum of the distances from these four points to the point
(—3,2).

Model Responses and Sample Rationales:

« LLaMA 1B: “8”, “6”, “18.67”, “18.24”, “/7”
Sample rationale: To solve this problem, we need to find the intersection points
and then calculate the distances from these points to the point (—3,2). [...] The
intersection points are estimated and plugged into the distance formula. The model
computes the distance and returns , the answer is wrong due to numerical
errors.

» LLaMA 3B: “75°”, “2y/41 + 18, “17”, “10v/3 + 21/19”, “40”
Sample rationale: The model attempts trigonometric simplifications unrelated to
the geometric problem, mistakenly treating it as an angle computation task. The

conclusion is clearly off-topic, illustrating reasoning drift.

° LLaMA 70B: 6‘40?7’ ‘416\/5’7, “407” “40”’ 4‘24”
Sample rationale: The model rewrites both equations into standard circle and hyper-
bola form, identifies the center (—3, 12) and point (—3, 2) as vertically aligned, and

correctly computes total distance as 4 x 10 = .
° LLaMA 405B: 6‘40’7’ 6‘36”’ 4440”’ 56409’, ‘640?’

Sample rationale: Completing the square, the model identifies the circle centered
at (—3,12) and hyperbola centered at (—3, 8), recognizes symmetric geometry and

uses translation and distance argument to correctly deduce total distance is .

Cascade Behavior Analysis:
* FrugalGPT exits too early at LLaMA 3B and returns an incorrect answer.
* TREACLE escalates to the LLaMA 405B model and answers correctly, but at
significantly higher cost.
¢ C3PO (Ours) exits at LLaMA 70B, which is the cheapest model to consistently
return the correct answer (40”").

Why C3PO wins: It optimally balances cost and accuracy. While weaker models return a mix
of incorrect and inconsistent answers, and TREACLE incurs maximum cost, C3PO identifies
the minimal model in the cascade capable of producing the correct answer.

818
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L.2 Detailed study of C3PO’s cost efficiency

Although Figures[5] [7} and [9]demonstrate C3PO’s superior cost efficiency compared to baselines at
the dataset level, they do not provide explicit and fine-grained information of C3PO’s cost allocation
across different questions within each dataset.

Here, we conduct a detailed study to examine how C3PO spends its inference cost budget for questions
where it succeeds in providing the correct answer and where it fails to do so. Specifically, for each
baseline and LLM-cascade, we divide the test set into the following four non-overlapping categories;
‘very bad’, ‘bad’, ‘good’, and ‘very good’. A question falls into the ‘very bad’ category if C3PO
fails to answer it correctly in spite of spending a higher inference cost compared to a baseline. If
C3PO provides an incorrect answer to a question but incurs a lower cost compared to a baseline as
well, then that question is ‘bad’. Clearly, having a ‘bad” question is better than having a ‘very bad’
question in terms of efficient usage of inference cost. Similarly, ‘gcood” questions refer to those test
set examples, where C3PO provides correct responses at the expense of increased cost compared
to a baseline. Finally, ‘very good’ questions are the ones, for which a correct answer from C3PO
coincides with a lower cost compared to a baseline.

We report the distribution of these four categories of questions in the AQuA dataset for each LLM
cascade and baselines in Figure[I2] We observe that in comparison to most baselines, when C3PO
provides an incorrect answer, it is more likely to save inference cost. Additionally, for the majority
of the questions, where C3PQO’s answer matches the true answer, it incurs reduced cost. This
demonstrates the universal nature of C3PO’s cost effectiveness across different types of questions.

Similar results are obtained for other datasets and are included in Figures T3] [T4] [T3]

LLAMA: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

QWEN: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

GPT: C3PO vs. MoT  C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

Figure 12: Percentage of ‘very bad’, ‘bad’, ‘good’, and ‘very good” questions for each baseline and
LLM cascade from the AQuA dataset
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LLAMA: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

QWEN: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

GPT: C3PO vs. MoT  C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

Figure 13: Percentage of ‘very bad’, ‘bad’, ‘good’, and ‘very good” questions for each baseline and
LLM cascade from the SVAMP dataset. For each baseline and LLM-cascade, we divide the test set
into the following four non-overlapping categories; ‘very bad’, ‘bad’, ‘good’, and ‘very good’. A
question falls into the ‘very bad’ category if C3PO fails to answer it correctly in spite of spending a
higher inference cost compared to a baseline. If C3PO provides an incorrect answer to a question
but incurs a lower cost compared to a baseline as well, then that question is ‘bad’. Clearly, having a
‘bad” question is better than having a ‘very bad’ question in terms of efficient usage of inference cost.
Similarly, ‘good’ questions refer to those test set examples, where C3PO provides correct responses
at the expense of increased cost compared to a baseline. Finally, ‘very good” questions are the ones,
for which a correct answer from C3PO coincides with a lower cost compared to a baseline. We
observe that in comparison to most baselines, when C3PO provides an incorrect answer, it is more
likely to save inference cost. Additionally, for the majority of the questions, where C3PO’s answer
matches the true answer, it incurs reduced cost. This demonstrates the universal nature of C3PO’s
cost effectiveness across different types of questions.
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LLAMA: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

QWEN: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

GPT: C3PO vs. MoT  C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

Figure 14: Percentage of ‘very bad’, ‘bad’, ‘good’, and ‘very good” questions for each baseline and
LLM cascade from the MATH-500 dataset. For each baseline and LLM-cascade, we divide the test
set into the following four non-overlapping categories; ‘very bad’, ‘bad’, ‘good’, and ‘very good’. A
question falls into the ‘very bad’ category if C3PO fails to answer it correctly in spite of spending a
higher inference cost compared to a baseline. If C3PO provides an incorrect answer to a question
but incurs a lower cost compared to a baseline as well, then that question is ‘bad’. Clearly, having a
‘bad” question is better than having a ‘very bad’ question in terms of efficient usage of inference cost.
Similarly, ‘good’ questions refer to those test set examples, where C3PO provides correct responses
at the expense of increased cost compared to a baseline. Finally, ‘very good” questions are the ones,
for which a correct answer from C3PO coincides with a lower cost compared to a baseline. We
observe that in comparison to most baselines, when C3PO provides an incorrect answer, it is more
likely to save inference cost. Additionally, for the majority of the questions, where C3PO’s answer
matches the true answer, it incurs reduced cost. This demonstrates the universal nature of C3PO’s
cost effectiveness across different types of questions.
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LLAMA: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

QWEN: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

GPT: C3PO vs. MoT  C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

Figure 15: Percentage of ‘very bad’, ‘bad’, ‘good’, and ‘very good” questions for each baseline and
LLM cascade from the GSM8K dataset. For each baseline and LLM-cascade, we divide the test set
into the following four non-overlapping categories; ‘very bad’, ‘bad’, ‘good’, and ‘very good’. A
question falls into the ‘very bad’ category if C3PO fails to answer it correctly in spite of spending a
higher inference cost compared to a baseline. If C3PO provides an incorrect answer to a question
but incurs a lower cost compared to a baseline as well, then that question is ‘bad’. Clearly, having a
‘bad” question is better than having a ‘very bad’ question in terms of efficient usage of inference cost.
Similarly, ‘good’ questions refer to those test set examples, where C3PO provides correct responses
at the expense of increased cost compared to a baseline. Finally, ‘very good” questions are the ones,
for which a correct answer from C3PO coincides with a lower cost compared to a baseline. We
observe that in comparison to most baselines, when C3PO provides an incorrect answer, it is more
likely to save inference cost. Additionally, for the majority of the questions, where C3PO’s answer
matches the true answer, it incurs reduced cost. This demonstrates the universal nature of C3PO’s
cost effectiveness across different types of questions.
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LLAMA: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

QWEN: C3PO vs. MoT C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

GPT: C3PO vs. MoT  C3PO vs. FrugalGPT  C3PO vs. TREACLE C3PO vs. Switch

Figure 16: Percentage of ‘very bad’, ‘bad’, ‘good’, and ‘very good” questions for each baseline and
LLM cascade from the BigBench Temporal Sequences dataset.
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NeurlIPS Paper Checklist

1.

Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Every claim in the paper is supported with experiments in Section 5 and proofs
in Supplementary Material.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: There is a discussion of limitations of our work in the Conclusion section.

. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We state the assumptions clearly in the proofs.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all details required to reproduce our results: we describe our
method in detail and provide a full pseudocode description of our approach. . In addition,
the LLMs used in our work are all publicly accessible. We include our code for running our
experiments in a zip file in the supplementary materials.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We make all experimental data and code available and commit to making it
publicly available upon acceptance.

. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We follow standard splits and implementations from previous works. Where
we make any changes we clearly state them.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We conduct repeated trials and provide 90% confidence interval error bars in
our figures.

. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
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10.
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12.

13.

14.

15.

16.

Answer: [Yes]

Justification: We detail our computer hardware in the paper. Our method requires very little
compute. All LLM queries are performed by API calls.

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have read and confirm that our work fully complies with the Code of
Ethics.

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We have an Appendix section dedicated to broader impacts.
Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not release new datasets or models.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We include references to each of the benchmark datasets used in the paper, as
well as the LLMs used for the experiments. The licenses are listed for each dataset.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We do not introduce a new dataset, but our source code includes comments
and will be released under a MIT license upon acceptance.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This work does not involve crowdsourcing or research with human subjects.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This work does not require research with human subjects.
Declaration of LLM usage
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937
938
939
940

941

942
943

944

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
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