o oA W N =

29

30
31
32
33

Eluder dimension: localise it!
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Abstract

We establish a lower bound on the eluder dimension in generalised linear model
classes, showing that standard eluder dimension-based analysis cannot lead to
first-order regret bounds. To address this, we introduce a localisation method for
the eluder dimension; our analysis immediately recovers and improves on classic
results for Bernoulli bandits, and allows for the first genuine first-order bounds for
finite-horizon reinforcement learning tasks with bounded cumulative returns.

1 Introduction

A decision-maker (or learner) is said to be small-cost adaptive if its cumulative excess cost over n
rounds—the n-step regret R,,—can be bounded in terms of the average cost of the optimal policy:

R, S m?(a*)Fn + F;’L )

where < denotes inequality up to constant factors, 7)(a,) is the cost of an optimal action a,, and
T, T, are measures of the complexity of the learning task. In particular, when 7(ay) < 1/n and
T, T, are only logarithmic in n, this regret bound becomes logarithmic in . Such bounds provide
instance-adaptivity: the learner adapts to the difficulty of the instance as measured by 1(a. ).

A central challenge in achieving such bounds lies in how we measure the complexity of the learning
task. The eluder dimension (Russo and Van Roy, 2013) is a well-known capacity measure that has
been successfully applied to derive worst-case regret bounds in decision-making problems (Wen and
Van Roy, 2013; Osband and Van Roy, 2014; Ayoub et al., 2020; Wang et al., 2020). However, we
show in this paper that the eluder dimension, as originally defined by Russo and Van Roy (2013),
is intrinsically ill-suited for first-order regret analysis: it is designed for worst-case guarantees and
ignores local structure near the optimal predictor. We show that even with an algorithm that is
small-cost adaptive, using analysis based on the standard eluder dimension yields a « term in the
leading complexity T',, which more than cancels out 1(a,) (k is approximately max, 1/1(a)).

To address this gap, we introduce a localisation technique for the eluder dimension. By focusing on
the expected excess loss of predictors in a neighbourhood of the truth our analysis connects the eluder
dimension directly to the difficulty of the instance, rather than the global worst-case complexity.
This refinement enables us to obtain genuinely first-order regret bounds in several important settings.
Specifically, in the case of bandits with bounded costs this localisation recovers and improves existing
results; we then extend our analysis to finite-horizon reinforcement learning with bounded returns.

1.1 Contributions

We introduce the localised ¢ -eluder dimension, a refinement of the standard (global) eluder dimension
(Russo and Van Roy, 2013) which leads to tighter analysis in settings where small-cost bounds
are achievable. Here, the choice to localise the ¢;-eluder dimension (Liu et al., 2022) is key to
capture the small-cost behaviour of the algorithm. This localisation technique allows us to eliminate
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the dependence on a worst-case per-step information gain parameter, denoted « in the setting of
generalised linear bandits (Faury et al., 2020). We establish the need for this localisation argument by
showing that both the global ¢;- (Liu et al., 2022) and ¢2-eluder dimensions (Russo and Van Roy,
2013) scale with &, a term that cancels out the benefits of small-cost bounds and second-order bounds
in certain cases such as logistic or Poisson bandits.

A number of works rely on the ¢1- (Wang et al., 2023, 2024a,b; Wang et al., 2025) or ¢5-(Jia et
al., 2024; Pacchiano, 2024; Ye et al., 2025) eluder dimension to achieve their small-cost bounds.
Our lower bounds on « in the setting of generalised bandits imply that the benefits of the small-
cost/variance dependent bounds from prior work are negated by the use of the (global) eluder-
dimension—the regret bounds no longer match the best known upper bounds (Abeille et al., 2021;
Janz et al., 2024; Lee et al., 2024; Liu et al., 2024) when accounting for x. Our lower bound almost
resolves the open problem of Li et al. (2022)—we are a log n factor away from a full resolution of the
stated problem.!

To demonstrate our results, we provide a simple instance-adaptive version-space upper confidence
bound algorithm, ¢-UCB. This algorithm takes a loss function ¢ as input, which it uses to construct
confidence sets for the cost function of an unknown problem. We show that if the loss function (i) is
bounded, (ii) satisfies a standard variance condition?, which enables the confidence sets to shrink
rapidly in small-cost settings, and (iii) satisfies a certain triangle condition (Foster and Krishnamurthy,
2021), then the resulting algorithm attains a small-cost regret bound.

We extend ¢-UCB to the setting of online reinforcement learning, yielding the /-GOLF algorithm.
This extension achieves the first real (x-free) first-order bound for reinforcement learning with
bounded costs.

Proofs of all results presented in the main body of this manuscript may be deferred to the appendix
without explicit reference. The appendix begins with a guide to where each result is to be found.

1.2 Related work

Small-cost bounds have been established in adversarial bandits (Neu, 2015; Allen-Zhu et al., 2018;
Foster and Krishnamurthy, 2021; Ito et al., 2020; Olkhovskaya et al., 2023) and, under stronger
assumptions, in the stochastic setting where the cost distribution is known to the learner (Abeille
et al., 2021; Faury et al., 2022; Janz et al., 2024; Liu et al., 2024; Lee et al., 2024). We study
stochastic bandits with function approximation and unknown bounded cost distributions, mirroring
the adversarial setting but without assuming any additional structure on rewards , such as knowledge
of the distribution of the cost for each action. Our result is the first small-cost bound in this setting.

This distinction is important because algorithms designed for adversarial bandits tend to be unne-
cessarily conservative in stochastic environments (see Lattimore and Szepesvari, 2020), and do not
extend naturally to our target setting of online reinforcement learning. In reinforcement learning,
where both transitions and costs are stochastic, optimism (Lai and Robbins, 1985) remains a crucial
principle for achieving low regret (Weisz et al., 2023; Wu et al., 2024; Moulin et al., 2025).

Small-cost bounds in reinforcement learning have been studied under various structural assumptions.
Wang et al. (2023) established such bounds in online RL under the distributional Bellman complete-
ness assumption, which effectively requires the learner to know the distribution of returns for each
state-action pair. This assumption was relaxed to standard Bellman completeness in the offline setting
by Ayoub et al. (2024), and the result with the relaxed assumption was then extended back to the on-
line setting by Wang et al. (2024a). However, their analysis relies on a global (unlocalised) ¢;-eluder
dimension, causing regret to scale with x and negating any advantages of small-cost adaptivity.

Other works such as Jin et al. (2020a) and Wagenmaker et al. (2022) obtain first-order regret bounds
that scale with the optimal policy’s reward, not cost. These bounds improve upon earlier results (e.g.,
Azar et al., 2017; Yang and Wang, 2019; Jin et al., 2020b) only when the optimal policy accumulates
very little reward. Small-cost bounds have been shown in more structured RL settings, such as tabular
MDPs (Lee et al., 2020) and linear quadratic regulators (Kakade et al., 2020).

'See Appendix C.4.
2Also known as the Bernstein condition; closely related to the Tsybakov condition and stochastic mixability.
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2 Background on generalised linear models & loss functions

Suppose that A is a closed subset of BY, let © be a closed subset of SB for some S > 0. Let
U C R be a closed interval and let ;1: U — [0, 1] be an increasing function. The generalised linear
model GLM on A with parameter set © and link function p is the set of functions

GLM(u, S) ={a > u({a,0)): a € A,0 € ©}.
We will make the following assumption on the link and loss functions and the model. These abstract
away the idea of a loss function ¢ being the negative log-likelihood function associated with the
given generalised linear model class, allowing us to avoid introducing standard definitions relating to

natural exponential families. The requirement that M, x > 1 is there solely to simplify our bounds.
Here, B¢ denotes the unit ball in R

Assumption 2.1. We make the following assumptions:

AcC BY (action set bound)
(35 >0) o c SBY (parameter set bound)
(V(a,0) € Ax 0) (a,0) €U (valid domain)
(3L > 0,Yu,u' € U) lp(u) — p(u')| < Liu — /| ( L-Lipschitz link)
(3M > 1,Yu e U°) | (u)| < Mp(u) (M -self-concordant link)
(F1 <k <) K> sug) 1/p(u) (link derivative lower-bound)

ueUe
(Vy € [0,1],Vu € U) Oul(y, pp(u)) = p(u) —y. (link and loss are compatible)

Examples of loss and link combinations that satisfy our assumptions include the log-loss with the
sigmoid link function and the Poisson loss with the exponential link function:

Example 2.1. The log-loss function ¢x together with the sigmoid link function px: R — [0, 1] given
by u s 1/(1 + e~) satisfies Assumption 2.1 with: L = 1/2, M = 1 and k = 3e°.

Example 2.2. The Poisson loss function ¢p together with the exponential link function pp : [—S, 0] —
[0, 1] given by u + e* satisfies Assumption 2.1 with: L = 1, M = 1 and x = e°.

3 Problem setting: Bandits with bounded costs & the /-UCB algorithm

Our bandit setting comprises a set of actions .A and a corresponding set of arm-dependent cost
distributions P = {P,: a € A} supported on the interval [0, 1] (we will write supp P for the support
of a measure P). At each round ¢t € N, a learner selects an action A; € A and receives a cost
Y, ~ P4,. We measure the learner’s performance over n € N rounds by the n-step regret

R, = Zn(At) —n(as),

where 1: a — [ yP,(dy) is the regression function associated with the bandit problem and a, €
argmin, ¢ 4 1(a) is any optimal arm (assumed to exist). We allow the learner to base its decision at
time-step ¢ on the past observations Ay, Yy, ..., A;_1,Y; 1, any extra randomness independent of
the observations (say, for tie-breaking), and prior knowledge, taking the form of a set F of functions
A — [0, 1] known to contain 7). The key assumptions here are:

Assumption 3.1 (Bounded costs). We have U,e 4 supp P, C [0, 1].
Assumption 3.2 (Realisability). We have that n € F.

Our algorithm for the bandit setting, /-UCB (Algorithm 1), is just an implementation of optimism
with empirical risk minimisation-based confidence intervals. At each time-step t € N, the algorithm
then constructs a confidence set F; C JF for n, composed of all functions in F for which the empirical
risk on the past observations, based on a specified loss function ¢: [0, 1}2 — R, is no more than
B;-suboptimal relative to the empirical risk minimiser, where (3;);>1 is a problem dependent non-
negative, nondecreasing sequence of confidence widths. The algorithm then computes an optimistic
function-action pair (f;, A¢) € F; X A, and plays the action A;. The optimistic pair is defined as
that satisfying
ft(At) < f(a), V(f, (Z) € Fy X A.
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Algorithm 1 the /-UCB bandit algorithm
input loss function ¢, model F, nonnegative confidence widths (5;);
for time-step t € N do
let F; be the subset of the model given by

Ja:{fefr§jan»um><pﬁ§jamfuw»+m},

i=1 feri4
compute an optimistic function f; € F; and action A; € A that satisfy
ft(At)Sf(a)v V(faa)E]:tX-Av

and play action A,
end for

The optimisation over F; x A is difficult without further assumptions; see Theorem 3.2 in Lee
et al. (2024) for a standard convex relaxation of this optimisation problem that is applicable to
self-concordant models as defined in our Section 4.1.

The crucial component to the /-UCB algorithm obtaining small-cost adaptivity is the right choice of
the loss function # used to construct the confidence intervals (and well-chosen confidence widths,
based on the loss function and model class). Our requirements will be stated in the form of an
assumption on the offset versions of the loss functions, and their expectations, defined thus.

Definition 3.1. Fix a model class F and let £: [0, 1]> — R be a loss function. Then, we define the
excess loss function ¢ : [0,1] x A — R and the expected excess loss function p;: A — R of
each model f € F by

W@@=MJ@%MM@)md@@=/WEM&-

Our final assumption, the triangle condition, is expressed in terms of the triangular discrimination
function, given by

2
p—q
Afp.g) = L0
p+q
for any p, ¢ € [0, 1]. With that, our assumptions on the loss function are thus:

Assumption 3.3 (Loss function assumptions). There exist constants b, ¢,y > 0 such that for all
(f,a) € F x A, letting Y ~ P,, the following three bounds hold:

los(Y,a)| <bas., (boundedness)
Var (Y, a) < cpy(a), (variance condition)
A(f(a),n(a)) < vpy(a). (triangle condition)

The first two conditions in Assumption 3.3, boundedness and the variance condition, allow for a
Bernstein-type concentration across the loss class. The triangle condition is used in the regret decom-
position to move from fast concentration to a small-cost bound. The conditions in Assumption 3.3
implicitly depend on 7, and thus ought to hold uniformly for all n € F. Recall our two losses:

* The log-loss function satisfies the triangle condition with v < 2 (Proposition A.16).
Moreover, for any f € F such that |¢f|lcc < b, ¢y satisfies the variance condition
with ¢ = b + 4 (Proposition A.12).

» The Poisson loss satisfies the triangle condition with v < 5 (Proposition A.17). Moreover,
for any f € F such that |[¢¢|s < b, ¢y satisfies the variance condition with ¢ = b + 2
(Proposition A.13).

The often used squared loss function fails to satisfy the triangle condition of Assumption 3.3, and
cannot lead to the type of small-cost bounds we seek; see Theorem 2 of Foster and Krishnamurthy
(2021) for an illustrative lower bound and discussion.
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4 Main result: localised eluder dimension & first-order bounds

We now define two measures of complexity that govern the regret of -UCB. A covering number of
the whole class, and a localised notion of the /;-eluder dimension (Liu et al., 2022), which we refer
to as just the eluder dimension henceforth. The latter is defined as follows:

Definition 4.1. Let Z be a set and W be a class of real-valued functions on Z, and let z =
(21, 22, . .. zn) be a sequence in Z. We define the following:

1. We say z € Z is e-independent of z with respect to W if there exists a 1) € U such that

Yoio1 (2] < e and [¢p(z)] > €.

2. We say that z is an e-eluder sequence with respect to ¥ if for all ¢ < n, z; is e-independent
of z1,...,2:—1 with respect to W.

3. The e-eluder dimension of ¥ is the length of the longest w-eluder sequence with respect to
U for any w > «.

Let 7/ C F be a localised model class and define the excess loss and the localised expected excess
loss function classes by

O(F)={ps: feF} and O(F)={p;: feF'}.
Our regret bound for Algorithm 1 is as follows.
Theorem 4.1 (Regret bound for /-UCB in bandits). Fix § € (0,1), n € Ny, bandit instance P,
model class F and a loss function (. Suppose that (P, F,{) satisfy Assumptions 3.1 to 3.3. Let

hy = e+ log(1 4 t) for each t € [n], let Ny, denote the 1/n-covering number of the loss class ®(F)
with respect to the uniform metric, and let

Bt :5/2+15(b+0> log(Nnht/5)7 t€N+.

Let F' C F, and denote by d,, the 1/n-eluder dimension of the localised expected excess loss class
O(F"). Define our complexity measure

T, = v((dy + 1)b + d,, B, log(nd) + 1).

Suppose a learner uses Algorithm 1, (-UCB, over the course of n-many interactions with P, with
model class F and loss function { and with confidence widths (;)ieN, -

Then, with probability at least 1 — 0, the learner’s regret is bounded as
R, < 3v/nn(a,)T, + 60, +card{t <n: f; ¢ F'}.

We prove Theorem 4.1 over the course of Appendix A.

Our regret bound will depend on two factors:

1. The confidence widths, (3;);en, . which are themselves based 1/n-covering number of
®(F) in the uniform norm, responsible for extending a pointwise Bernstein-type inequality
to the whole class ®(F) (the pointwise inequality is Theorem A.7; the resulting uniform
inequality is Theorem A.1). This is completely standard.

2. The ¢1-norm 1/n-eluder dimension of the localised expected excess loss class ®(F”).

3. The number of times the algorithm selects an optimistic function f; outside the localised
model class F (we refer to these as the rogue steps).

The dependence on the e-eluder dimension of ®(F”’) will be our focus; this can be thought of as
measuring the number of times we are ‘surprised’ at the scale € > 0, in that there was a model
f € F' with low expected excess loss on past inputs that has high expected excess loss on some
unseen action. The following lower bound shows that it is vital to only consider ‘surprises’ near a..
Theorem 4.2 (Eluder dimension lower bound). Let £ and F = GLM(u, S), S > 4, d > 2, satisfy
Assumption 2.1 with parameter M. Then there exist a universal constant C' > 0, a parameter set ©
and an action set A such that for e < ‘;\5[02) , the e-eluder dimension of ®(F) (defined in Definition 3.1),
is lower bounded by
cd In(%)?
22 i S v
min(exp(). exp(g ey )

) where K= _0)

S (=5/2)
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The quantity & > 0 can be thought of as measuring the change of information gained between the
middle of the parameter set and a large step in the negative direction; in all the commonly considered
generalised linear models, we have Kk ~ k.

To understand the implications of Theorem 4.2, consider the setting of logistic bandits in the usual
low-information regime, where (a., 0,) = —S; think clickthrough rates in online advertising, where
even the best adverts rarely get clicked on. Then, n(a.) = f({a*, 8)) =~ exp(—S), which suggests
that our regret should be excellent; but at the same time % = exp(S), and thus the eluder dimension
scales as Q(exp(S)), completely cancelling out the benefit of the 1(a, ) small cost term This results
in a bound that fails to truly adapt to the problem instance. We now show how localisation helps.

To reason about localised eluder in generalised linear models, first associate each f; with a parameter
0, € © such that f;(-) = p((-, 6¢)), and define the localised parameter classes with radius » > 0 and
the implied localised model classes as follows:

O'(r)={0€0O:Vae A,|(a,0 —6,)| <7}, F'(r)={u((,0)): 6 € ©'(r)} for
We have the following upper bound on the eluder dimension of F’(r) as a function of r:

Proposition 4.3. Let Assumption 2.1 hold. Then, there exists a univeral constant C' > 0 such that for
any r,e > 0, the e-eluder dimension of ®(F'(r)) does not exceed

Cdexp(rM)log(1 + S*Lexp(rM)/e).

Crucially, taking » = 1/M, we obtain an upper bound on the e-eluder dimension of the form
Cdlog(1+ S*L/e) .

This depends only logarithmically on S, thus allowing for the main term to scale with e, which is
a huge improvement over the non-adaptive result obtained via the global eluder dimension.

Now, consider the following bound on the number of rogue steps taken by the /-UCB algorithm.

Proposition 4.4 (Number of rogue steps bound). Under Assumption 2.1, on the high-probability
event of Theorem 4.1, for any n € N,

card{t < n: [(A;,0; — 0,)| > 1/M} < 64dxM>B,, log (1 + (64/3)x>*M>S?B,,) .

We see that this number of rogue steps does depend on the large quantity x; but, examining the bound
of Theorem 4.1, we see that this quantity features as an additive term, and not in the leading term. Our
localisation trick has allowed us to recover a truly instance-adaptive bound using eluder dimension.

‘We have two final remarks on our results and the notion of eluder dimension that we consider:

Remark 4.1. Li et al. (2022) pose an open problem on providing tight bounds on the eluder dimension
for generalised linear models. A lower bound we state in Appendix C almost does this: we are
missing a log 1/¢.

Remark 4.2. The eluder dimension introduced in Russo and Van Roy (2013) is defined with /5-norm
in place of the ¢;-norm, and is applied to the model class (here F) directly, rather than to (a localised)
excess loss function class ®(F"). In effect, this builds a squared-loss assumption into the eluder
dimension, which per Foster and Krishnamurthy (2021, Theorem 2) is not compatible with fast rates.
Furthermore, since the ¢;-norm eluder dimension is never greater than the /5-eluder (Liu et al., 2022),
we believe the definition of Liu et al. (2022) used here should be preferred.

4.1 Comparison with existing results in the logistic bandit setting

The most directly comparable results to our work are those for the logistic bandits. Note, however,
that while Assumption 2.1 assumes a generalised linear model for the responses, it does not assume
that the responses are generated by such a model—merely that they are bounded in [0, 1], and that
their mean can be realised by some function in the generalised linear model class. The latter occurs
as soon as the GLM can predict every mean value in [0, 1]. In the remarks and discussions that
follow, we will refer to the setting where the responses are generated by the model as the maximum
likelihood estimation (MLE) setting, and note that this is a strict subset of the setting we consider (for
bounded costs).

Previous results in MLE settings subsumed by our work, like the logistic bandit setting of Faury et al.
(2022), rely on a warm-up phase to ensure the accuracy of the confidence intervals. This would take
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the form of either uniform exploration or the approximate solving of an optimal design problem. Our
proof technique eliminates the need for this: the additional regret term R, we pay, which would
usually be associated with such a warm-up, appears in the analysis only. This is vital for the upcoming
reinforcement learning setting, where because we do not have random access to state-action pairs,
uniform sampling or the solving of an optimal design is infeasible. Moreover, since the warm-up
length in previous algorithms would be based on worst-case quantities, the additive cost R/, in our
algorithm is more adaptive, and thus lower.

Our result in Proposition C.1 subsumes the classic logistic bandit setting, where the responses are
generated by
Y: ~ Bernoulli(n(A4;)), foreachte N,

where 7 is given by a generalised linear model with the sigmoid link function (Example 2.1). We
now discuss how our approach relates to the results available for this common special case, and for
other related generalised linear bandit settings.

Faury et al. (2022) obtain a bound for the logistic bandit setting that scales with n(ay)(1 — n(a4)),
rather than just 7(a, ). Our analysis to the log-loss could recover that same dependency (this would
not work for the Poisson loss). While the bound of Faury et al. (2022) also holds for the ‘misspecified’
setting of [0, 1] rewards, their arguments require that the optimistic functions (f;);en, . to be in a
neighbourhood of 7 at every step (equivalent to our F’), which they achieve through the use of an
explicit warm-up procedure. Such algorithmic mechanisms are fine in the bandit setting, but cannot
be translated to the online reinforcement learning, where we do not have random access to state-action
pairs. In contrast, our localised eluder dimension and number of rogue steps arguments eliminate the
need for an explicit warm-up.

The work of Lee et al. (2024) does away with the warm-up employed in Faury et al. (2022) using
a PAC-Bayes technique, self-concordance and likelihood ratios. However, their results only hold
for the MLE setting, since their proof relies on the observation that in the MLE setting, ratios of
likelihoods give rise to a martingale (Lemma 3.1 in their paper). But when the probability model
is misspecified—such as when the rewards are uniformly distributed while one assumes that they
come from a Bernoulli distribution—it is easy to verify that the likelihood ratios no longer form a
martingale. As such, the results of Lee et al. (2024) paper are not applicable to our setting where we
make no specific parametric assumptions about the reward distributions beyond boundedness.

Emmenegger et al. (2024) also use a likelihood-ratio method for constructing confidence sets, together
with an online-to-batch reduction. Their method has the advantage of not requiring the knowledge of
the covering numbers at runtime, but adapting to the problem instance automatically. However, their
work, too, is rooted in the MLE assumption and does not extend to our bounded-reward setting.

Finally, note that any small-cost result derived for the maximum likelihood logistic setting can be
immediately converted to a result for bounded random variables using the Bernoullisation trick. In
particular, if we have a small-cost adaptive algorithm A for {0, 1} responses, and observe responses
(Y:)ten, in the interval [0, 1], then we can simply sample

Y/ ~ Bernoulli(Y;) foreacht e N, ,

and feed (Y});en, to our algorithm A. This procedure retains the same first-order guarantees, but
destroys any second-order adaptivity the algorithm may show. Indeed, consider the case where
the (Y;);en, are equal to 1/2 almost surely. Then, running empirical loss minimisation with the
log-loss on (Y;);en, converges to 1/2 after a single observation, but running the same procedure on
the corresponding sequence (Y}');en, of independent Bernoulli(1/2) random variables leads to an
Q(1/4/n) absolute error in the estimate of the mean after n observations.

S Application: online reinforcement learning

We now extend our insights from the bandit setting to online reinforcement learning, where the
elimination of a warm-up is vital, and the bounded cost assumption is standard.

We consider an episodic reinforcement learning setting with a fixed horizon H € N. Here, we
have an MDP M = (S, A, ¢, P, s1), where S are the states, .A are the actions, ¢ = (c¢1, ..., cy) with
cn: 8 x A — [0, 1]; a deterministic starting state s; € S; and a transition kernel P = (P, ..., Py)
with P, mapping S x A to a measure over S.
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The learner interacts with the MDP M for n € N episodes. At the start of each episode ¢t € [n],

it specifies a deterministic policy 7" = (wi,...7%;), where 7}, : S — A for each h € [H]. For

(h,t) € [H] x [n], we let S}, At and Cf = ¢(S}, A} ) denote the state, action and cost that the occurs
in step h of episode t. We allow the policy 7! to depend on the states, actions and costs up to the start
of the tth episode. The policies may not depend directly on the cost function c or the dynamics P, as
these are assumed to be unknown. The learner’s aim will be to minimise the expected cumulative
cost incurred over the n episodes. To formalise this, let v}, be the value function of policy 7 in M,
given by

H

Ui (s) =Bqx | Y c(Si,7(S:)) | Sh =]
i=h
for each s € S, where E, denotes the expectation with respect to the transitions induced by following
the policy 7 in the MDP M starting at stage h. Let the value of following policy ! be denoted by

v' = v™' . Then the n-episode regret is given by

R, =) vi(s1) —vi(s1),
t=1

where v* is the optimal value function, defined formally just after Equation (1).

The key assumption that our learner will be allowed to exploit is the following:

Assumption 5.1. The costs are non-negative and sum to at most one over each episode.

Model structure For each h € [H], we let Qy, be the set of all functions mapping Sy, x A, — [0, 1]
and define the set of all action-value functions to be

Q=01 x---xQf,

where each ¢ € Q is to be interpreted as a map from S x A to [0, 1] For any ¢ € Q we write ¢"*
for the function S — [0, 1] defined by

5+ miﬁqh(s,a) foralls € Sand h € [H].
ac

We let 7: Q — Q denote the Bellman optimality operator for the MDP M, given by
T: q»—)c—l—/quP,

where, with slight abuse of notation, the integral is to be understood as with respect to the product
P = Py x --- x Pg. We define the optimal action-value function ¢* for M to be the element of Q
satisfying

T¢ =q", (D

and define the value function v* for M to be v* = ¢*/.

For any function ¢ € Q, we write 77 for the policy greedy with respect to ¢, defined by

w}{(s) € argerﬁin gn(s,a) foralls e Sandh e [H].

Algorithm Our algorithm, Algorithm 2, is an extension of our earlier bandit algorithm to the
episodic online reinforcement learning setting. The algorithm requires the specification of a loss
function £: [0,1]?> — R, confidence widths (Bt)tein) and function classes G, 7 C Q. The model F
contains candidate functions for estimating ¢*, and the model G contains candidates for estimating
T f, for any f € F. For convenience, we augment every f € F UG with

f H+1 = 0 )
which serves to enforce the zero value boundary condition for the end of an episode.
We make the realisability and generalised completeness assumptions of Antos et al. (2008):
Assumption 5.2 (Realisability). We assume that ¢* € F.

Assumption 5.3 (Generalised completeness). We assume that 7F C G.
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Algorithm 2 The /-GOLF algorithm

input loss function ¢, models F and G, nonnegative confidence widths (/3;);
for episode t € N do
for each h € [H] let

t—1

L L) =Y LA (Ch+ F(Shya))s F(Sh, AL))

=1

and let F? be the subset of F given by

Ft= {f €F : Ly (fagr, fn) < giengf L7 (fre1,9) + Be, Vh € [H]}
h
compute an optimistic function

f! € argmin f(s1,m(s1))
feFt

and play the policy 7t := 7/t greedy with respect to f*
end for

Now, in each episode ¢ € N, the algorithm constructs confidence sets F* C JF containing action-
value functions that are close to satisfying the bellman optimality condition f = 7T f on the data
observed thus far, with errors penalised according to £. It then selects an optimistic function f¢ € F,
defined as that for which the greedy policy maximises the value for the episode, and plays 7t := 7/¢,
the greedy policy with respect to f*.

The ¢-GOLF algorithm generalises the GOLF algorithm of Jin et al. (2021) to arbitrary loss functions,
with GOLF recovered by taking ¢ to be the squared loss. Again, the right choice of the loss will
be crucial in getting the /-GOLF algorithm to adapt to small costs, with squared loss not achieving
small-cost behaviour (see Foster and Krishnamurthy (2021, Theorem 2)).

The conditions on the loss are much the same as in the bandit setting, but applying instead to Bellman
residual errors, and it is to the spaces of these residuals, measured using our specified loss function,
that we assign the localised eluder dimension. The overall result, which is stated in full in Appendix B,
is again of the form: for any 6 > 0, with probability at least 1 — ¢, the learner’s regret is bounded as

R, < 3v/Hnn(a, )Ty, +6HT,, +card{t <n: f, & F'}.

Since the bandit setting is a special case of the reinforcement learning setting, our discussion regarding
lower bounds holds here too: localisation is still necessary if using the eluder dimension.

For context, the closest results to ours are those of Wang et al. (2023, 2024a) for online RL. Both
provide a small-cost regret bound scaling with the Bellman eluder dimension; however, without our
notion of a localised dimension, their regret bound scales with « in the leading term for logistic
linear models. This entirely offsets any benefit of their small-cost analysis; the bound is not truly
instance-adaptive. Moreover, Wang et al. (2023) assumes that the distributional Bellman operator
(Bellemare et al., 2017) lies in their model class, an assumption that is significantly stronger than our
Assumption 5.3 (as shown in Ayoub et al., 2024).

6 Conclusion

We have shown that standard eluder dimension analysis inherently fails to achieve first-order regret
bounds in generalised linear model settings. By introducing the localised ¢; -eluder dimension, we
overcome this limitation, removing problematic worst-case dependencies and achieving genuinely
adaptive, first-order regret bounds. Our refined analysis recovers and sharpens classical results in
Bernoulli bandit scenarios and demonstrates clear practical advantages through the /-UCB algorithm.

Moreover, our localisation approach successfully extends to finite-horizon reinforcement learning
via the /-GOLF algorithm, providing the first genuine first-order regret bounds in this setting. This
highlights the crucial role of localisation techniques in developing instance-adaptive algorithms,
opening promising avenues for further exploration in broader learning contexts.
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Appendix

The appendix begins with Appendix A, where we prove our main result in the bandit setting,
Theorem 4.1. Along the way (in Appendix A.1) we establish the crucial Theorem A.1, which is
also used to prove our result in RL. Then we show that our exemplary loss functions, the Poisson
loss and the log-loss, satisfy the variance condition and the triangle condition in Appendices A.2
and A.3 respectively. In Appendix B we prove the exension of our cost sensitive regret bound to
RL, which is stated in Theorem B.1. All major sections begin with a high-level summary of their
contents/intuitive proof sketch.

A Proof of Theorem 4.1, cost sensitive regret bound

This section outlines the key steps involved in proving the cost-sensitive regret bound for our bandit
algorithm, as stated in Theorem 4.1. The proof unfolds as follows:

* After restating the relevant definitions and assumptions from the main text for convenience,
we begin by introducing a uniform Bernstein inequality (Theorem A.1), which is the
concentration result that gives us confidence in our confidence sets. Since it is somewhat
technical and cumbersome, we defer the proof of the uniform Bernstein inequality to
Appendix A.1.

* Then in Proposition A.2 we apply the uniform Bernstein inequality to establish that, with
high probability, the regression function 7 is in the confidence set F; at every round ¢t € N ..

* Having handled the probabilistic aspects of the proof, we switch to the regret decomposition,
and specifically separate the regret into two parts: the regret incurred when the algorithm
selects a function from the confidence set F; (well-behaved steps) and the regret incurred
when it selects a function from the set 7’ (rogue steps).

* Finally, we bound the contribution of well-behaved steps to the regret on the good event &
using the triangle condition of the loss function.
The following assumptions and definitions from the main text are necessary for the proof of The-
orem 4.1-we also repeat the theorem statement for ease of reference.
Assumption 3.1 (Bounded costs). We have U, ¢ 4 supp P, C [0,1].
Assumption 3.2 (Realisability). We have thatn € F.

Definition 3.1. Fix a model class F and let £: [0, 1]> — R be a loss function. Then, we define the
excess loss function ¢ : [0,1] x A — R and the expected excess loss function ¢f: A — R of
each model f € F by

or(y.a) = £y, (@) — (g, n(a) and  @y(a) = / (- a)dP,

Assumption 3.3 (Loss function assumptions). There exist constants b, ¢,y > 0 such that for all
(f,a) € F x A, letting Y ~ P,, the following three bounds hold:

lof(Y,a)] <bas., (boundedness)
Var s (Y, a) < cps(a), (variance condition)
A(f(a),n(a)) <vg¢(a). (triangle condition)

Theorem 4.1 (Regret bound for ¢-UCB in bandits). Fix § € (0,1), n € N, bandit instance P,
model class F and a loss function (. Suppose that (P,F,{) satisfy Assumptions 3.1 to 3.3. Let
ht = e+ log(1 + t) for each t € [n], let N,, denote the 1/n-covering number of the loss class ®(F)
with respect to the uniform metric, and let

Let F' C F, and denote by d,, the 1/n-eluder dimension of the localised expected excess loss class
O(F"). Define our complexity measure

T, =~((d, + 1)b+ dn S log(nd) + 1) .
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Suppose a learner uses Algorithm 1, £-UCB, over the course of n-many interactions with P, with
model class F and loss function { and with confidence widths (B;)teN, -

Then, with probability at least 1 — 0, the learner’s regret is bounded as
R, < 3v/nn(a )Ty, + 60, +card{t <n: f; & F'}.

Our bandit result and our reinforcement learning result in the next section both hinge upon the
following uniform Bernstein inequality, which we shall apply to the excess loss class:

Theorem A.1 (Uniform Bernstein inequality). Let Z be a set, (Z;): be a Z-valued process adapted
to a filtration (Fy)¢, and ® a set of real-valued functions on Z. Assume that:

1. For someb >0, forall p € ®,t € Ny, Elp(Z) | Fi—1] < b+ ¢©(Z:) almost surely.
2. Forsome ¢ > 0, forall p € ® andt € N4, Var(o(Z;) | Fi—1) < cE[p(Z) | Fi—1].

Let 6 € (0,1), € > 0 and let N be the c-covering number of ® in the uniform metric. For any
n € N, define

B(n,d,e, N) = % +15(b + ¢) log(Nhn /0)

where h, = e + log(1 + n). Then, with probability at least 1 — 0, for all p € ® and n € N,

ZE (Zy) | Fe_1] < Z (Z) +2B(n,d,e,N).

The proof of the above concentration inequality is contained in Appendix A.1. The rest of this section
contains the proof of Theorem 4.1.

Validity of confidence sequence Let F be the filtration F; = o(A1,Y7,..., As, Yy, Aryq) for
each ¢ € N. We apply our uniform Bernstein inequality (Theorem A.1) to the F' adapted pro-
cess (Y, A)ien, with the function class @ = {p;: f € F} and the choice ¢ = 1/n (the two
requirements in Theorem A.1 are satisfied due to the boundedness and variance condition parts of
Assumption 3.3). From this, we conclude the first part of the following proposition:

Proposition A.2. There exists an event Es satisfying P(Es) > 1 — 0, whereon, for all f € F and
te N,

t t
D Gr(A) 2> op(Yi, Ay) + 2. 2
=1

i=1
Moreover, on Es,
nE Nien, Ft -

Proof. The second conclusion of Proposition A.2, that on £, n € Nien, F, is not immediate.
For this, observe that the left-hand side of Equation (2) is nonnegative (as ensured by the triangle
condition of Assumption 3.3), we conclude that on &, forall t € N,

0< 1an<pf Yi, A) + Be <:>Z€Yl,77 <1anwaf i)+ B
feF iz i—1 fer i Z

Comparing the right-hand side of the above implication with the form of our confidence set F; yields
the second conclusion.

Per-step regret bound Bounding the per-step regret will use the following simple inequality for
the triangle discrimination, based on an inequality of Ayoub et al. (2024).

Lemma A.3. Forz,y,z > 0withy < z, we have that x — z < 3\/zA(x,y) + 6A(z,y).
Lemma A.4 (Lemma B.7 of Ayoub et al. (2024)). Forx,z > 0, z < 3z + A(x, 2).
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Proof of Lemma A.3. Observe that

r—z<zT—Y (assumption)
=Vr+yvAz,y) (defn. A(z,y))
<4z + Az, y)/ Az, y) (Lemma A.4)

=2v/zA(z,y) + Az, y) 3)

Hence, applying Young’s inequality, we obtain the inequality

z < 2v/aA(z,y) + Az, y) + 2 < g +3A(x,y) + 2

which yields that x < 6A(z,y) + 2z; using this and Equation (3) gives

@ — 2 < 2/(6A(x,y) +22) Az,y) + Az, y).
We finish by applying va + b < \/a + Vb for a,b > 0 in the above, and bounding constants. Il

We now apply Lemma A.3 to bound per-step regret. For this, note that on &, for any ¢t € N, by
definition of the pair (f;, A;) and since 1 € F;, we have

fe(Ae) < n(Ar).
Hence, we may apply Lemma A.3 with z = n(A;), y = f1(A;) and z = n(a,) to obtain the bound

re = n(Ar) — n(as) < 3v/n(a) A(fi(Ar)), n(Ar)) + 6A(fr(Ar), n(Ar)) - (4)

Regret decomposition Let [,, = {t < n: f; € F'} and observe that the maximal per-step regret is
bounded by 1, by Assumption 3.1. Thus, for any n € N,

Rn:im ZrtJrcard I\I).
t=1

tel,

Using Equation (4), Cauchy-Schwarz, and that card I,, < n, we have that on &,

Zrt<3 nn(ay) ZAftAt (A4)) +62Aft14t) n(At)) -

tel, tel, tel,

Bounding the triangles The result will be complete once we establish that for all n € N,
Z A(fe(Ae),n(A)) <T
tel,
To this end, we first use the triangle condition of Assumption 3.3 to obtain
D TAfi(A) n(A) <) B (A
tel, tel,

Now, consider carefully the following proposition from Liu et al. (2022), and the lemma thereafter,
which shall allow us to apply the proposition to bound the above sum:

Proposition A.5 (Proposition 21, Liu et al. (2022)). Let X be a set and V a set of real-valued
functions on X. Suppose that the functions in V are uniformly bounded by some B > 0. Let
U1, ..., 0y, be a sequence in ® and x4, . . ., x, a sequence in X, such that for some 3 > 0, for all

t <n, Zz;i Yi(x;) < B. Then, forallw > 0and t <mn,
sz (z:) < (d+1)B + dBlog(B/w) + tw,
where d is the w-Eluder dimension of V.
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Proposition A.6. On the event E5 of Proposition A.2, we have that for all t € N,
t—1
> @1, (A) < 4B,
i=1

Proof of Proposition A.6. On &s, forany t € N,

t—1
Z o, (A4;) < Z or, (A;) (by the triangle condition, ¢ is nonnegative)
i€l i=1
rt—1
<2 Z oy (Yi, Ai) + By (on Es Equation (2) holds)
Li=1
[t—1 t—1
=2 > Ui, fiAi) = DAY m(A)) + B
Li=1 i=1
rt—1 t—1 R
<21) Vi ful )~ Inf D LY. f(A0) + By (on &5, € Fy)
Li=1 &=t
< 4p;. (f: € F, and the definition of F;)
|

With Proposition A.6, for any n € N, we may apply Proposition A.5 with 8 := 48,,, w = 1/n, and
with the upper bound b from Assumption 3.3, to conclude that on &s,

YY1, (Ar) < y((dn + 1)b+ 4dp By log(nb) + 1) =T, . u
tel,

A.1 Proof of the uniform Bernstein inequality, Theorem A.1

To prove Theorem A.1, we will need the following definitions and results:
Definition A.1 (CGF-like). We say a twice differentiable function v : [0, ¢) — R4 is CGF-like if )
is strictly convex, 1(0) = ¢'(0) = 0 and %" (0) exists.

Definition A.2 (sub-t process). Let F be a filtration, ¢ : [0,¢) — R be a CGF-like function and
let (S¢):>0 and (V;):>0 be respectively R-valued and R, -valued F-adapted processes. We say that
(St, Vi)i>0 is a sub-1) process if, for every A € [0, ¢), there exists an F-adapted supermartingale L(\)
such that

M;(X) := exp{AS: — p(M\)V;:} < Ly(\) almost surely forall ¢ > 0.

Definition A.3 (Sub-gamma process). We say that a random process (S, V;); is sub-gamma with
parameter ¥ > 0 if it is sub-) for the CGF-like function +: [0, 1/9) — R mapping A — A\?/(2(1 —
9N)).

Theorem A.7 (Sub-gamma concentration). For a sub-gamma process (S, Vi) with parameter ¢ > 0,
and any p > 0 and § € (0,1), with probability at least 1 — 6,

Sy < 4\/Vilog(H,;/6) + 11(c + p)log(H,/8) where H;, =log(1+ V;/p?)+2.

Theorem A.7 is an application of Theorem 3.1 of Whitehouse et al. (2023) (Theorem A.9 here) to
subgamma processes. We provide a proof immediately after the proof of Theorem A.1.

Proposition A.8. Let F be a filtration and let X be an ¥F-adapted, centred random process uniformly
bounded by some b > 0. Then, for

t t
Sy =Y E[X,|Fi] and V;=>» Var(X;|Fy_)
i=1 =1

the process (S;, Vi)ien, is sub-gamma with parameter b/3.
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Proof of Proposition A.8. This result is rather standard, so we only sketch it. If the random vari-
ables X = (X¢)tenN ., are independent, the result follows directly from Theorem 2.10 (Bernstein’s
inequality) in Boucheron et al. (2013) and the discussion immediately after Corollary 2.11 therein.
For the adapted process structure assumed here, simply use the tower property of the conditional
expectation to extend the result from the independent case. |

Proof of Theorem A.1. We will write E,_; and Var;_; to denote F,_;-conditional expectation and
variance operators, respectively. Now let ® (&) be a minimal uniform e-cover of ® and let N denote
its cardinality. Then for any ¢ € ® there exists some ¢ € ®(¢), such that for any n € N,

D> Eiap(Yy) — (V) <2ne+ Y B 1@(Vy) — ¢(Vh).
t=1
Now observe that for any ¢ € ®(¢), from Proposition A.8 and our assumptions on ®, we have that

<ZEZ 19(Y; Z:Vaurz 19(Y; )
teN,

is a sub-gamma process with parameter b/3. Applying Theorem A.7 with p = b and a confidence
parameter §/N, and taking a union bound over the N functions in ® (), we conclude that

" ) ) " ) 44b
D Eiap() = ¢(¥y) 4,1 > Vari1 (Yi) log(Nhn/0) + —=1og(Nhy /)
= i=1

where we have upper bounded the H,, therein, defined as in Theorem A.7, by h,, = e + log(1 + n).
Next, by the variance condition and Young’s inequality,

ZVarl 190(Y;)log(Nh,/§) < ZEf 19(Yy) + 8clog(Nhy, /§) .
24

We arrive at the desired result by bounding E,_1¢(Y;) < E;_1¢(Y;) + €, combining this with the
previous inequalities and bounding the constants slightly for convenience. |

We now prove Theorem A.7, which is an application of the following result:

Theorem A.9 (Theorem 3.1 of Whitehouse et al. (2023)). Let (St, Vi)i>0 be a sub-1) process for
a CGF-like function ¢ : [0,¢) — Ry satisfying limy4.9'(A\) = co. Leta > 1, > 0,0 € (0,1)
and let h : Ry — Ry be an increasing function such that ), . 1/h(k) < 1. Define the function

éﬁ : R+ — R+ by
1
Lg(v) =logh <1oga <U\;f>) + log <6) ,

where, for brevity, we have suppressed the dependence of {g on o and h. Then,

P <3t >0: 8> (Vivp)- ()" <Vtaw3€ﬂ(%))> <d,

where 1" is the convex conjugate of 1.

Proof of Theorem A.7. The result follows from applying Theorem A.9 to our sub-gamma process
with a = e, 8 = p? and h(k) = (k + 2)2, and bounding the result crudely. In particular, for our
choices of «v and h, we have the bound

ly2 (V) = log(log(p~2V; V 1) +2)% +log 1/6 < 2log((log(1 + V3 /p®) +2)/8) = 2log(H,/5) .
Now, since for our choice of 1, ¢* 1 (t) = V2t + te, the bound from Theorem A.9 can be further
bounded as

Vv ) ) (g

0s(Vi ) V2e(ViV p2)L,2 (Vi) + ect 2 (Vi)

< 2\/e(V; V p?)log(H,/0) + 2eclog(H, /5)
eVilog(Hy/d) + 2(pv/e + ce) log(H,/d)

where the final inequality uses that for a,b > 0, VaVb < va+b < y/a + v/b and that since
log(H;/d) > 1, \/log(Hy/0) < log(H:/6). u

o
V\/ﬁ
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A.2 Establishing the variance condition

We now establish that the variance condition holds for excess losses classes associated with the
log-loss and Poisson loss, denoted respectively ®x and $p, under the boundedness assumption: for
all p € &x U ®p, and all (y,z) € [0,1] x BY,

lp(y, )| < b.

The boundedness assumption relies on the choice of the model class F, and not only on the properties
of the loss functions. In Appendix C.1, we will verify that for the associated GLMs with parameter
norm at most S > 0, the boundedness condition holds with b = 4S.

We establish the variance condition for both losses using following lemma, which is itself a simplific-
ation of Lemma 10 in Erven et al. (2012) (Lemma A.11 here).

Lemma A.10. Let VU be a set of real-valued functions on set Z and suppose that Z is a Z-valued
random variable. Suppose that all i) € VU satisfy

1. Boundedness: |¢(Z)| < b < oo; and
2. Stochastic mixability: Elexp{—y(Z)/2}] < 1.

Then, for all ¢ € ¥, Var¢(Z) < (b+ 4)E¢(2).

Lemma A.11 (Lemma 10, Erven et al. (2012)). Let g(z) = (e* — x — 1)/2? for x # 0 and
9(0) = 1/2, and let X be a random variable satisfying | X| < b. Then, for all t > 0, there exists a
Cy > g(—tB) such that

1
EX = (1~ Ee ™) + CEX2.

Proof of Lemma A.10. Let X = ¢(Z). Applying Lemma A.11, with ¢ = 1/2, we obtain that there
exists a C > g(—B/2) such that

—B/2
EX >2(1 — Ee X/?) 4+ Cpx2> Ypx2 > 9B g2

2 2 2
The result follows by using the numerical inequality g(z) > 1/(2 — z) that holds for all z < 0; that
EX? > Var X for every random variable with a finite variance; and rearranging. |

Proposition A.12 (Log-loss variance condition). Every ¢ € ®x uniformly bounded by b > 0 satisfies
the variance condition with constant ¢ = b + 4.

Proof. The result follows from Lemma A.10 combined with that every ¢ € ®x is stochastically
mixable, which we establish now. Observe that every ¢ € ®x is of the form

p(y,z) = ~log (f(@)y —log (1_f(5“)>1_y

n(z) 1 —n(x)
for some f € F. Therefore,

XI\NT /11— f(X)\ =
g g (100) (1=200)
n(X) 1 —n(X)
cg|EY X fX)  1-EY | X]1-f(X)] 1
- nXx) 2 1—n(X) 2 2’
where the inequality follows by the application of AM-GM, and then using the tower rule to condition
on X. The final equality follows by recalling that E[Y" | X] = n(X). |

Proposition A.13 (Poisson loss variance condition). Every ¢ € ®p uniformly bounded by b > 0
satisfies the variance condition with ¢ = b+ 2.

Proof. We establish that for every ¢ € ®p, 2¢ is stochastically mixable. The result then follows
from Lemma A.10, after looking at how each side of the variance condition scales with the change
@ — 2¢. Observe that every ¢ € ®p is of the form

o(y,z) = —(n(x) — f(z)) —ylog (f(l“))y

n(z)

18
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for some f € F. Thus,

E exp{—¢(Y. X)} = E iy

Y
exp{n(X) — f(X)}E l(f(X)> | XH . (tower rule)

exp{n(X) — f(X)} (m)Y]

=k n(X)

Now, noting that for any a > 0 and y € [0, 1], by convexity, a¥ < ay + 1 — y, and recalling that
E[Y | X] = n(X) (Assumption 3.2), we have the bound

E l(JC(X))Y | X] < f(X)M +1-E[Y | X]

n(X) n(X)
=1+ f(X) = n(X)
<exp{f(X)—n(X)}. (I+z<e*forallz € R)
Hence, for all ¢ € ®p, Eexp{—(2¢(Y, X))/2} < 1, which is what we sought to establish. [ |

A.3 Establishing the triangle condition

We now establish that the excess losses classes associated with the log-loss (®x) and Poisson loss (®p)
satisfy the triangle condition with constants yx = 2/log,(e) and vp = 44/¢/ log,(e) respectively,
for any random variables Y~ with support bounded on [0, 1].

We first sandwich A within a constant multiple of an easier-to-work-with quantity:
Lemma A.14. For any p,q € [0, 1],

(VP = Va)® < Alp,q) < 2(vp — va)*
Proof. Using the algebraic identity (a — b)(a + b) = a® — b?, we have
(VP +Va) (Vo= va) = (n—a)°

Rearranging the above display gives the lower bound:

e -9’ _ (-9’
(VP —=+v4) _(\/;3+\/c7)2§ PR G

For the upper bound, note that

_(p—q)? (p—q)?
A(p,q) = T §2(\/ﬁ+\/§)2§2(\/ﬁ*\/51)2- u

We will also need the following relation bewteen the squared Hellinger distance and Kullback-Leibler
divergence, which appears as Equation 7.33 in Polyanskiy and Wu (2025).

Proposition A.15. For any two measures P, Q) on the same measurable space with densities p and q
with respect to some common dominating measure [i,

KL(P|[Q) > logyc - H2(P.Q) where H2(P,Q):= / (VP — V@) dp.

Proposition A.16 (Log-loss triangle condition). The expected excess log-loss class ®x satisfies the
triangle condition with constant v = 2/ log,(e).

Proof. Let P, () be Bernoulli distributions with parameters p, g € [0, 1] respectively, and recall that

H*(P,Q) = (vp— vV’ +(1-p+/1-9)7°

and

KL(P||Q) = qlog§ +(1—q)log
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Using Lemma A.14 and Proposition A.15, we have that
A(p,q) < 2(vp — V@)* < 2H(P, Q) < (2/log,(e) KL(P||Q) .

We conclude by observing that for any random variable Y € [0, 1] with mean g,

— KL(P|Q). n

17
Bltx(Y,p) ~ (x(V,q)] = B |Vlog -+ (1= Y)log _;

Proposition A.17 (Poisson loss triangle condition). The expected excess log-loss class ®p satisfies

the triangle condition with constant v = 4\/e/ log,(e).

Proof. Let P, be Poisson distributions with parameters p, ¢ € [0, 1] respectively, and recall that
H(P,Q)=1-exp{~(yP~ Va)*/2} and KL@|P)=p—a+qlog .

Observe that for all « € [0, 1], we have the numerical inequality

1—e 2> z/(2V/e).

Hence,
A(p,q) < 2(v/p— 3)? (Lemma A.14)
< 4y/e(1 — e~ WP=VD/2) (Equation (A.3))
= 4\/eH?*(P,Q) (definition of H?)
= 4/eH?*(Q, P) (symmetry of H?)
< lo4g\2/(ée) KL(Q||P) . (Proposition A.15)

Now, observe that for any random variable Y € [0, 1] with EY = ¢,

Elfp(Y,p) — ((Y,q)] = E [p—qwlog]‘ﬂ _ KL(Q||P). .

B Proof of Theorem B.1, RL cost sensitive regret bound

The proof of our result in RL follows almost identically to the proof of the bandit setting, with an
additional non-expansion argument that is standard when analyzing fitted-Q-iteration style algorithms.
More specifically, the proof proceeds as follows:

* As in the bandit setting, we begin by leveraging a uniform Bernstein inequality (The-
orem A.l) to construct confidence sets, this time for value functions at each step of the
horizon.

* Then, in Proposition B.2, we use this inequality to establish a high-probability event £5. On
this event, our confidence sets F¢ are guaranteed to contain the true optimal Q-function ¢*,
and a per-step concentration bound holds.

* Next, we decompose the total regret. We separate the regret into terms corresponding to
episodes where the chosen model f; is in a restricted class F’ (well-behaved episodes) and
episodes where it is not (rogue episodes).

* For well-behaved episodes, we bound the regret by applying the properties of the good
event &, the RL triangle condition from Assumption B.1, and a key contraction argument
(Lemma B.3).

* The cumulative excess Bellman error is then bounded using an eluder dimension argument
(Proposition A.5 and Lemma B.4).

Our result for reinforcement learning is thus:
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Theorem B.1. Fix § € (0,1), n € N4, MDP M, model classes F and G and a loss function {.
Suppose that (M, F, G, () satisfy Assumptions 5.2, 5.3 and B.1. Let hy = e + log(1 + t) for each
t € [n], let N,, be the 1/n-covering number of the function class ®(F U G) with respect to the
uniform metric, and let

By =5/2+ 15(b+ ¢) log(Nnhe/5), t€ N, .

Let F' C F, and define Z to be the set of functions S x A — R maping

H
T Z ol T (2y)  for some f € F'.
h=1

Let Py denote the measure on S x A induced by the interconnection of M and the policy greedy with
respect to f € F, and let ¥ be the family of functionals on Z mapping

zv—>/zde foreach f € F'.

Let d,, denote the 1/n-eluder dimension of V. Define

T, =~((d, + 1)b+ dn Sy log(nd) + 1) .
Suppose a learner uses Algorithm 2, £-GOLF, over the course of n-many episodes with M, with
model classes F and G, loss function { and confidence widths (3;)ieN, -

Then, with probability at least 1 — 0, the learner’s regret is bounded as
R, <3v/Hnn(a,)T, +6HT,, +card{t < n: f, & F'}.
Definition B.1. Forany f € FUG,h € [H],z € S x Aand s’ € S, we let

yhe (2,8) = LA (en() + faa ()
be the response under the model f. With the same symbols, we define the excess Bellman loss

function
ol (x,8') = Ly] (@,5), gn(@)) = Ly} (2, 5), (T )n(@)),
and the expected excess Bellman loss function

L9 () = / ol (2, ) APy (2)

With that, our assumptions on the loss function for the reinforcement learning setting mirror the
bandit assumptions:

Assumption B.1 (RL loss function assumptions). There exist constants b, ¢,y > 0 such that for all
feFUG he[Hl,z eS8 x A, S ~ Pp(x), the following hold:

\<p£(x, SN <bas., (RL boundedness)
Var wﬁ(m ,S8') < C@i(x) , (RL variance condition)
A(fn(z), (T fn(x)) < ’y@i(:@ . (RL triangle condition)

Our reinforcement learning proof closely follows that for the bandit setting. Recall the following
definitions, assumptions, and the statement of the theorem to be established.

Assumption 5.1. The costs are non-negative and sum to at most one over each episode.
Definition B.1. Forany f € FUG,h € [H],z € S x Aand s’ € S, we let

vht (2,8) = LA (en(@) + fa(s)))

be the response under the model f. With the same symbols, we define the excess Bellman loss

function
ol (x,8') = Ly] (@,5"), gn(@)) = Ly} (2, 5), (T )n(x)),
and the expected excess Bellman loss function

o170 = [ el )ipi(o).
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Assumption 5.2 (Realisability). We assume that ¢* € F.
Assumption 5.3 (Generalised completeness). We assume that 7F C G.

Assumption B.1 (RL loss function assumptions). There exist constants b, ¢,y > 0 such that for all
feFUG he[Hl,z eS8 x A, S ~ Pp(x), the following hold:

ol (2,8 < bas., (RL boundedness)
Var SD{L(fE ,8') < C@ﬁ(z) , (RL variance condition)
A(fa(@), (T Fn(z)) < @5 (). (RL triangle condition)

Proof. We now prove Theorem B.1.

Validity of the confidence sequence For each i € [H], let F}, = (F},):cn, be the filtration given
by

Fi =0(X},Sp 1, Xp,Sh 1, X)) foreacht € N.
Now for each h € [H], we apply our uniform Bernstein inequality (Theorem A.1) to the F-adapted

process (X}, S%. ,))ren with the function class &, = {¢]?: (f,9) € (FUG)?} and withe = 1/n.
From this, we conclude the first part of the following proposition:

Proposition B.2. There exists an event E; satisfying P(E5) > 1—3, whereon, for all (f, g) € (FUG)?,
t € Ny and h € [H],

t
Z i Xh <2ZSD Xh75h+1)+25t7
i=1 =1

where, 8 := B(t,9,1/n, N,,) for B defined as in Theorem A.1. Moreover, on Es,

q* € mteN+]:t.

Proof. The second conclusion of Proposition A.2, that on &, ¢* € Nien, F . is not immediate.
For that, fix some / € [H]. Now, observe that the left-hand side of Equation (2) is nonnegative (as
ensured by the RL triangle condition of Assumption B.1). Hence, on &, for all t € N,

0< mf Zg@h Xh7Sh+1) + Br s

which implies that

t t

Syl (XTS5, (Tan(X7)) < inf S Uy (XTS5 ), 9 (X3) + Be
=1

i=1

Comparing the above inequality with the form of our confidence set F; yields that on £, we have
that ¢* € Nien, F*, as desired. [ |

Let I, = {t < n: f; € F'} and observe that the maximal per-step regret is bounded by 1, by
Assumption 3.1. Then,

Soel(s) = vi(s1) < 3 (vh(S1) — i (Sh)) + card([n] \ 1)

tel,

We bound only the regret on episodes ¢ € I,,. For this, we observe that on £%, ¢* € F* (Propos-
ition B.2). Thus, we can apply our inequality on the triangular discrimination, Lemma A.3, with
x =0!(S1),y = f{(S1) and z = v7(S1), to obtain

S 0h(S1) i (S1) < 3 3 /ui(SA (01(S0). F1(S1) +6 3 A (v (S1), £(S)) -

tel, teln tely
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63t Lemma B.3 (Contraction Lemma). Let f € F, and let m := wf and v = v™. Then,

VAf(S1,7(51)), 01(51)) < Z\/E A(fu(Xn), T fr(Xn)],

h=1

632 where E . denotes the expectation over the state-action pairs (X h) _, resulting from following the
633 policy m in the MDP M.

e3¢ We prove Lemma B.3 presently. Now, let A 5, := A(f}(Xp), (T f")n(X4)), let E;+ denote the
635 expectation over trajectories generated by the policy 7 in the MDP M, and observe that

3 Ui (S)AWL(SY), £1(S1)) +6 Y Awi(S1), f1(S1))

tel, tel,
SSZZ‘/Ul (S1) ﬂtAth+6Z{Z\/ ﬂ—tAth} (Lemma B.3)
tel, h=1 tel,  h—

H H
<3, Hnvf(S) Y Y Brelyp +6H Y Y ErnA;, (Cauchy-Schwarz, card I,, < n)
tel,, h=1 tel,, h=1

636 INow, from the triangle condition, we have that

H H
NS B <y Y Y Enp] T (X)), 5)

tel, h=1 tel, h=1

637 and it remains to upper bound the right-hand side by our complexity measure I';,. For this, consider
638 the following result that bounds the cumulative expected excess risk on past observations (this is
639 broadly equivalent to Proposition A.6 of the bandit proof).

s4s0 LemmaB.d. On &, forallt € N, h € [H|,
t_l t t .
> el Th(XG) < 4B
i—1

641 Proof. By Proposition B.2, on &,

t—1 i—1

7t77-t . t77—t . .
STl T <2 ol TV (X Shi) + 28,
=1 =1

s42  Now, let g° denote an element of G attaining the infimum in the definition of F t (for convenience,
643 suppose that this exists; otherwise, the argument goes through by introducing an approximate
644 minimiser). Then,

t—1

Zsoh TIXE, SE) =Y Ay (XE, S 1), FHXE)) — £y (X}, Shin), FL(XE))
1

=1 7

= Zﬁ(yf‘(Xﬁ’SZHLfﬁ(Xﬁ)) — Uy" (X3, Shia) 9 (X))

<Bt
(using that f¢ € F* and the definition of g¢ and F?*)

t—1

+ YUy (X Shi)s 90 (X)) = £y™ (X, Sh)s (T (X))

=1

<0
(using the definition of g* as the empirical risk minimiser over G, and that 7.F C G)

645 This completes the proof of Lemma B.4. |
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Combining the result in the thus established Lemma B.4 with the usual eluder dimension argument
of Proposition A.5, with w = 1/n and the upper bound b from Assumption B.1, we obtain that I',, is
indeed an upper bound on the right-hand side of (5). |

B.1 Proof of Lemma B.3, Contraction
The following lemma follows from the joint convexity of (z,y) — —./xy for z,y > 0:

Lemma B.5. For z,y > 0, the map (x,y) — (V/x — \/33)2 is jointly convex in its arguments.

Proof of Lemma B.3. Let for each h € [H], let u;, denote the distribution of (S}, 7(Sy)) when
following the policy , and let ||-|| ., denote the Lo (17 ) norm.

To start with, by Lemma A.14, we have that

VA(f1(S1,7(51)),v1(51)) < 2[vg1 — Vot -
We shall shortly establish the inequality

(Vh e [H]) IV Fn = Vorlun < IV v = VT Fulln + IV Frr = Vora)

Unrolling this over h = 1, ..., H and using our boundary condition, we obtain that

H
IV Fr = Vol < DIV o= VT fall, -
h=1

Hhi1- (6)

The result follows from applying the other side of Lemma A.14 to the terms above.

We now establish Equation (6). Fix h € [H]. By the triangle inequality,

IV Fr = Vorllun < IV Fn = VT Fallan + VT o = Voull s -

The first term is of the form we want. For the second term, we have

1T T — /ol = ||\/ o) + / fpaadP() - \/c<-> + / i1 dP()

< II\// FrpadP() = \//UthP(-)Iluh

(Ve,a,b> 0, [y/eFa— et b < |va— Vi)

< WV far1 — VOrstll g - (Jensen’s, justified by Lemma B.5)
This establishes Equation (6), and with it the lemma. |

C On self-concordant GLMs with compatible losses

We restate the GLM assumption for convenience:

Assumption 2.1. We make the following assumptions:

A c Bé (action set bound)
(38 >0) O C SBY (parameter set bound)
(V(a,0) € Ax ©) (a,0) € U (valid domain)
(3L > 0,Yu,u' € U) l(u) — p(u')| < Liu — /| ( L-Lipschitz link)
(3M > 1,Vu e U®) | (u)] < Mp(u) (M -self-concordant link)
(1 <k <) K> sug) 1/1(u) (link derivative lower-bound)

ueU®°
(Vy € [0,1],YVu € U) Oul(y, p(u)) = p(u) —y. (link and loss are compatible)
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In this section, we prove that under our GLM assumption (Assumption 2.1), the excess loss class
®(F) is uniformly bounded and admits a rather small uniform cover; that for a suitable localised
model class 7' C F, the number of rogue steps under our ¢-UCB algorithm is bounded, and the
localised expected excess loss class ®(F’) has a small eluder dimension. These results combined
with Theorem 4.1 yield Proposition C.1.

Proposition C.1. Let § € (0,1) and n € N. Consider the setting of Theorem 4.1, with the model
structure described in Assumption 2.1. Let

B = 0(d(S + 1)log((1+ St)/8)), teNy.
Then, (-UCB with the confidence widths (B;)ien, leads to regret that is upper bounded with
probability 1 — § as
R, < 3y/nn(a,)T, + 6T, + R,
where for some C > 0,
T, < Cydlog(1+ 82Ln) - (S + Bnlog(1 + Sn)) = O(d2S),
and for some C' > 0,
R!, < C'dxM?B, -log(1 + kMSB,) = O(d* M?Sk) .

We will use the following lemma repeatedly.

Lemma C.2. Fix some (y,a) € [0,1] x B and let h(0) = ((y, u((a,0))). Let 0,6' € R and write
0(t) =t0+ (1 —¢t)0'. Then,

h(0) — h(0') = /01 B:h(0(t))dt = d;h(0) + % /01(1 — 1)O2h(0(t))dt,

where

0ch(0(t)) = (1({a,0(1))) = y){a,0 = 0"), and

97n(O(1) = u((a,0(t)))(aa® (0 — 0),0 — 0').
Proof sketch. The proof follows from the fundamental theorem of calculus for the first equality, and
then a Taylor expansion followed by another application of the fundamental theorem of calculus for
the second equality. The absolute continuity requisite for the fundamental theorem of calculus is
ensured by the L-Lipschitz continuity of the link function for the first application, and by the second

derivative of the loss being bounded, which may be seen from its form, combined with L being an
upper bound on /i(u) for all uw € U°. |

C.1 Boundedness of excess losses & covering number bound

We first establish the boundedness of the excess risk class with b = 4.5, which is implied from the
following proposition together with our realisability assumption:

Lemma C.3. Let (u, ¢, GLM(u,S)) be compatible according to Assumption 2.1. Then, for all
0,0" € SBY and (y,a) € [0,1] x A,

[6(y, (=, 0))) — £y, p((a, 0)))] < 2[10 — '] < 45.

Proof. Let 6(t) =t + (1 — t)6’ and note that for any (y,a) € [0,1] x A, by Lemma C.2 and using
the notation defined therein,

1y, 1((a,0)) — £y, 1({a,0"))] = | / (u({a,0(t)) — y)(a, 8 — 0")dt|

O1
< I/O (1({a, 0(1))) — y)dt[|(a, 0 — 6"),|
<20 -0 . |

Now we establish a bound on the corresponding uniform covering number:
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Proposition C.4. Under Assumption 2.1, the e-covering number of ®(GLM(u, ©)) with respect to
the uniform norm is upper bounded by (1 + 85/¢)<.

Proof. Write ¥ = GLM(u, ©). Let 6, € © be such that n(a) = p({a, 0+)) (such a parameter exists
by Assumption 3.2, realisability) and define the map p: © — L(F) as that taking each § € O to the
map

(y, ) = Ly, p((a, 6))) — £(y, n(a)) .
Observe that ®(F) = p(©), and that since for any 0,6, € O,

1p(00) — p(01)|lc = sup  [L(y, u({a,b0)) — £(y, u({a, 01))],
(y,a)€[0,1]x A

we have by Lemma C.3 that p is 2-Lipschitz as a map from (O, ||-||2) — (L(F), ||||sc). Now, if
Ce/2 is an £/2-cover of (SBY, |-||2), then by said 2-Lipschitzness, p(C./2) is an e-external-cover

of (®(F), ||'||c)- Finally, the 2-norm e/4-covering number of SB¢ is an upper bound on the
€/2-covering number of © (Vershynin, 2018, Exercise 4.2.9), and the former quantity is at most
(14 8S/e)? (Vershynin, 2018, Corollary 4.2.13). |

C.2 Rogue steps bound and the localised eluder dimension

In the following, we associate with each function f; selected by the ¢-UCB algorithm a parameter
0; € © such that f;(-) = u((-, 0;)), and localise the GLM to the function class

F ={p((-,0)): 00} for 8 ={0ecO:VacA,|(a,0—0,) <1/M}.
By realisability, we can write any ¢ € ®(GLM(y, S)) in the form
P(@) = [ . (@.0)) = o sl(2,0.))Paldy) = 9(a0) for some 0,6, < SB.

Lemma C.5. Forany 0 € RY, letting 0(t) = t0 + (1 — )0, for t € [0, 1], we have that

: 1 ' .
F0.8) = 510 = 0. o where a(e) = [ (1= (0. 00))i.
Moreover, there exists a real number ((a,0) € {(a,0(t)): t € [0,1]} such that
(¢(a,0)) = afa,0).

Proof. By Lemma C.2, for any (y,a) € [0, 1] x B,

Uy, n({a,0))) = £y, p((a, 60+))) = (n({a, 04)) — y)(a, 0 — 0.) + %a(aﬁxacﬁ(@ —0,),0 —0.).

Integrating both sides with respect to P,(dy), and noting that, by our realisability assumption,
[ yP.(dy) = p({a, 6,)), which leads to the first term dropping out, we obtain

1
[ 0. 1(0.00) eyl (0.0 Pa(ds) = 516 = 6.1 gy
For the second result, repeat the argument with the Lagrange form of the remainder. |

C.2.1 Proof of bound on the number of rogue steps, Proposition 4.4

We will use the following extension of exercise 19.3 in Lattimore and Szepesvari (2020).
Lemma C.6 (Lemma 2 of Janz et al. (2024)). For any \,~ > 0, the number of times ||a; ||V111(/\) >

is no greater than
3d

— = Jog(l+—o ).
log(1+7?) Og( ’ Alog(1+72)>
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Proof of Proposition 4.4. Forany A > 0 and 6 € RY, we define the positive semidefinite matrices

t
ZAAT+)\I and  Gi(0,)) =Y a(A;,0)A;A] + AT,
i=1

i=1

where « is defined as in Lemma C.5. Then, using that by Lemma C.5, for any 6 € O, there exists a
¢ € Resatisfying || < S such that a(A;, 8) = 1(¢) we have that for all § € ©, from the definition
of x in Assumption 2.1,

Now suppose t € N is such that 1/M < |(Ay,0; — 0,)]. Then,
1/M < [(A¢, 6 — 6,)]
< ||At||Vt__11()\)||9t —Ollvi_ (v (Cauchy-Schwarz)

< N Adlly-1 ) - VENO: = Oullc, 00,0 - (Equation (C.2.1))
By the triangle inequality and then using Proposition A.6, we have that on &,
10: — OullG, s (600 < 110 — OullG,_y(0,0) + VIO — 4] < 2(v/Be + SVN).

Hence, taking A = 1/(S%k), the number of times that 1/M < |(A;, 0, — 6,)| on s is no greater
than the number of times that

T =

1
— < ||A -
2M (VKB +1) ~ 14y, o0

We lower bound 22 by y = 1/(8M?(kB; + 1)) and apply Lemma C.6 together with the bound
log(1 + y) > 3/(4y), twice (which holds because y < 1/16), to obtain that the count in question is
no greater than

4d 4

— log (1 + > < 64dkM?B, log (1 +— o4 K2M?2S?3, >
Yy Ay

Finally, observe that 8; < (3, for any t < n. [ |

C.2.2 Proof of the upper bound on the eluder dimension bound, Proposition 4.3
The following proposition is a special case of proposition 8 of Sun and Tran-Dinh (2019). The lemma
thereafter is a simple numerical inequality that will come in handy.

Proposition C.7. Let ji: U — [0, 1] be an M -self-concordant link function. Then, for any u,u’ € U°
satisfying |u — u'| < ¢, f1(u) < exp(eM)i(u’).

Lemma C.8. Suppose that a,xz > 1, b > 0 and a® < bx + 1. Then,
x <log(1+b/log(a))/log(a).

Proof of Lemma C.8. Let f(x) = a” and g(z) = bz + 1. Since f is convex and g is affine, they
intersect at no more than two points. Since they intersect at 0, we have that the set of x satisfying
f(z) < g(z) is of the form [0, y] for some y > 0. Now, let y’ = log(1 + b/ log(a))/log(a). Then, a
quick calculation shows that f(y') > g(y'). Thus, y’ > y. [ |

Proof of Proposition 4.3. Letay,...,a and 6y, ..., 60 be witness to the eluder dimension in ques-
tion, in that they satisfy

Z (a;,0;) <w and @(ag, ;) > w

for some w > cand all ¢t < k, Where k is the e-eluder dimension. Also, for any A > 0, define the
positive semidefinite matrix

t—1

H (V) = il(as, 0.))aial + AT
=1
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For each i < ¢ < k, use Lemma C.5 to construct a real number (; ; on the interval connecting (a;, 6;)
and (a;, 0,) that satisfies 1((; +) = a(a;, 0;). Now, since forall ¢ < ¢ < k,

|<’L,t - <aia 9*>| S |<ai7 9t - 0*>| S c,
we have by Proposition C.7 that, for all i < ¢ < k,
exp(—cM)i((ai, 04)) < fu(Gie) < exp(eM)fi((ai, 0x)) -
Hence, using Lemma C.5 and Equation (C.2.2), we have the bound

t—1

w > 5(a; 0)>¥
- ISD oot ~ 2exp(cM)

101 — Ol 22, (0) -

%

Taking \ = w/(25?), this
10— 0.1, < 160 — 22,0y + s — 6] < 2expleM o +ANS? < Zo(exp(eM) +1)

Now, letting =, = fi({ay, 0,))*/?a,, we have that

w < @(ay, 0r) (definition of w, a;, 6;)
_ ﬂ(CQt,t) (ay, 0, — 0,2 (definition of ¢; ;)
< wﬂ““t’ 0.)){as, 0; — 6,)> (Equation (C.2.2))
- exp(;M)/jL((at, 0*>)Hat||?{,;ll(k)”0t — 0.3, (Cauchy-Schwarz)

< wexp(cM)(exp(cM) + 1) ||:ct||§{t__1l(>\ (Equation (C.2.2))

)
Whence, we conclude that for all ¢ < k,

||$t||§{;11(/\) > exp(—cM)(exp(cM) +1)"! =i c.

Using this lower bound and the matrix determinant lemma, we have

k
det Hy(3) = X TJ(1+ flaell o () 2 A1+ )"

t=1
On the other hand, using the AM-GM inequality and that ||z || = 1({as, 7¢))||a:]|*> < L, we have

the upper bound
d d
det Hy(\) < (W) < (A+ ’ij) .

Putting the two inequalities together yields the inequality

kL
(1+c)d <= 41,

~ dX
Now, applying Lemma C.8 witha = 1 + ¢,z = k/d and b = L/\ = 25? L /w, we obtain
25%L
k<dl 1+ — log(1
< diog (14 2B ) o1+ )

log (1 + w1og(1+exp(7c21v§2)(Ll+exp(cM))fl))
log(1 + exp(—cM)(1 + exp(cM))~1)
log (14 8S?Lexp(2cM)/w)
~ log(1+ exp(—cM)(1 + exp(cM))~1)

2
< 4dexp(2c¢M)log (1 + SSLGXP(QCM[))
w

where the inequalities follow from Lemma C.9. Since the above bound is decreasing with w > ¢, it is
maximised at w = €. |
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Lemma C.9. For every real number c > 0 define

glc) = {ln(l—i— Hyﬂ_l.

Then

Proof. Let

u(c) = e (0 < u(c) < % fore > 0).

For every u € (0, 1) the elementary inequality

In(1 > 7
n(l+u) 2 5 T @)
holds (easily verified from the concavity of In). Applying Equation (7) with u = u(c) gives
In(1+u(c)) > we) - ule) (since u(c) < 3)
~ 1+4ule) T 2 2
p— e_c
2(1+e€)’
Therefore
1 2(1 + ) - 2¢ 2¢
= = 2e°(1 = 2“4 2e*° < 4e*
9(e) In(1+u(c)) = e¢ e(1+¢9) e+ = dev
because 2e¢ < 2e%¢ for ¢ > 0. This completes the proof. ]

C.3 Lower bound on the eluder dimension

This section establishes lower bounds on various forms of the eluder dimension for generalized linear
models. The construction method is inspired by Dong et al. (2019). It is noteworthy that these lower
bounds also apply to the star-number of the model classes, which itself is a lower bound on the eluder
dimension, as detailed in Li et al. (2022).

We begin by stating the Johnson-Lindenstrauss lemma, which guarantees the existence of nearly
orthogonal vectors on the unit sphere. We first start with the following lemma, the proof of which can
be found in Dasgupta and Gupta (2003).

Lemma C.10 (Johnson-Lindenstrauss Lemma). For any € (0,1), there exists a subset & C ngl
such that:

1. For every distinct pair x;, x; € ®, we have |(x;,x;)| < C.
2. The size of the set satisfies |P| > |exp (dTSZ)J

Corollary C.11. For{ = lx, p(z) = 1+e =, and F = GLM (u, S), the e-eluder dimension of the
class ®(F) is lower bounded by

-1 (S
65 “P\a0)

1
forS$>4,d>2 ande < 3.

Proof. The self-concordance parameter of the specified class is M = 1. Moreover, i(z) < p(z) <
exp(x) forall z € R, and 1(0) = 7, so we have

) = (Mfgg;m) SNCLLIR
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767 and
ln(L)2 S (S/2 —4)2 B 52/4+1674S S 52/4745' S §704
8S +41In(r) — 85 +4(S/2—4) o 105 — 16 - 108 — 40 '

768 Therefore, the bound in Theorem 4.2 bound evaluates to

Emin « E < % >Emin < é « 5_04
48 P 16) P\8S+4m())) =4S “PA\16) P a0
S\ o (2
P 40
d—1 S
> =,
=769 eXp<4o>

769 |
770  Theorem 4.2 (Eluder dimension lower bound). Let ¢ and F = GLM(u, S), S > 4, d > 2, satisfy

771 Assumption 2.1 with parameter M. Then there exist a universal constant C' > 0, a parameter set ©

772 and an action set A such that for e < %[02) , the e-eluder dimension of ®(F) (defined in Definition 3.1),
773 is lower bounded by

I
i
2T
o
N
=
=
/N
©)
o]
o
7N
=
(=2

In(%)?
8SM2 + 41n(R)

) where K= O

cd .
< min(exp(.9), exp( =S

774 Proof. Let ¢ be a free parameter, d’ = | S|, N = |exp <%)J and M = [%!|. By Lemma C.10,

775 there exists z1, - , N € SgLQ C R~ such that |(z;, ;)| < ¢ foralli # j € [N].
776 Next, for (i, j) € [M] x [N] define 04, 6; j,a; ; € R% as
1
G*ZS' _7707"'707
( 7 )
1 1
0, =S | ——,0,---,0,— -2,,0,---,0| ,
»J \/5 \/§ J
d(i—1)
! 0 0 ! 0 0
Q5 = =Y, Uy = - T, Uy )
J \/E m ) \/5 J
1(i—1

777 and let n(a) = p({a, 6,)) in Definition 3.1. We will show that the sequence

a1,13a1,27“' aal,N7a2,17a’2,23"' 7a2,Na"' ,CLM71,CLM727"‘ )aM,N7
778 18 an w-eluder for w = ‘5\(42) , which implies a lower bound on the e-eluder dimension of the class
= (0 . . ..
79 O(F) fore < % To this end, we will show that the two conditions

f1(0)

> Pijla) < 5o (®)
{(t,0):(t—1)N+I<(i—1)N+j}
i (0
and @ 5(a;;) > %7 ©))

780 hold for all ¢; ; € ®(F) where

Bij(a) = / 0o ({0, 05.))) — £, (. 6.))) Py
= U0, 0.)), (s 6:,0)) — £(p(la, 0,)), ula,60.)))

1 where the second equality follows from the fact that £ is linear in the first argument and the fact that
n(a) = p((a,6y)).

7
7

©
N
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Step 1: Show that Equation (9) holds. Firstly, for all (¢, j) € [M] x [N], we have
S
(aij,0i5) =0, (aij,0.) = —5

which gives

Piglai;) =€ (u(=5/2), 1(0)) = £ (u(=5/2), n(=5/2)) .
Note that by Assumption 2.1, we have

O 10)) _ oy —yang LD _

Next, by Assumption 2.1 we know that ¢(a, 11(.)) is a self concordant function with parameter M,
which gives

@ij(ai;) = L(u(=5/2), 1(0)) — L(u(=5/2), n(=5/2))

= A(0) - (exp(—MS/2) ;— MS/2 — 1>

M
> ju(0) - (MSA/;_ 1)
> % (since S > 4/M),

where the first inequality follows from Sun and Tran-Dinh (2019, Proposition 10) where we dropped
the linear term as the gradient is zero at £(u(S/2), 1(S/2)).

Step 2: Show that Equation (8) holds. First, note that for all i # i’ € [M] and j € [IN] we have
(@i, 0i ) = =5/2,

which gives

@i j(ai ;) = €(u(=5/2), n(=5/2)) = £(u(=5/2), n(=5/2)) = 0. (10)
Next, for all ¢ € [M] and j # j' € [N] we have
S(1+¢) S5(1-¢)

T <Aai,j,0:5) < — 5

which, again, by Sun and Tran-Dinh (2019, Proposition 10) gives
ij(aig) =L ((=5/2), p(v)) = £(u(=5/2), m(=5/2))

2 .o . exp(M(S/2) — M¢S/2 -1
(CS/2)2 - i(~5/2) ( AP )
_i(=5/2)

ST

IN

-exp(M(S/2). (11)
Therefore, we have

-1
Z @i jlact) = Z@i,j(ai,z)
1=0

{(t,D):(t—=1)N+I<(i—1)N-+5}

<> B xpaacs)2)
=0

)
< GXP(T) T2 -exp(M(S/2)
- S ont S+ 150,

31



795
796
797

798

799

800
801

802
803

804
805

806

807

808

809

where the first equality follows from Equation (10), the first inequality follows from Equation (11),
and the last inequality follows from the upper bound on N from Lemma C.10. Hence, it suffices to
set ¢ such that

(=5/2) S¢2 M¢S. _ o)
Tz/ exp(5-+—5)s %
which is equivalent to
81n 770)
¢+ 4AMC¢ - <“;S/2>) <0,

which is a quadratic function in ¢, and the valid range of (positive) ( is

0§<§2< M2+211;,(”—M>7

ﬂ(‘i {2}2) . Next, from an application of Lemma C.12 and noting that  needs to be smaller

than 1 due to Lemma C.10, we have

. 41n(e)
0 < ¢ <min (S(ZMJr\/W)’l) . (12)

Step 3: Compute the length of the eluder sequence. Thus, we have shown that the sequence

a1,1,01,2," "+ ,AM,N,1Sa ’;\E[OQ) -eluder sequence with the length of M - N. Firstly, note that

/2 2
e 5] 3o (35)

where the inequality follows from the fact that [z] > 2/2 for 2 > 1. This leads to § exp(5/16) if
the min in Equation (12) evaluates to 1, otherwise we have

2
N> e (54>
2 16

where « =

B le S 41n(s) ’
2P\ 16 \s@M + 2In())9)

In(v)?
P <S(2M /20 /S)2>

1

2

1 In(2)?

2 P\ 8SM2 +amm() )

where the last inequality follows from the fact that (a + b)? < 2a? + 2b2. On the other hand, we have

d—1]_d—1_d—1
LSJJ2LSJ 25

which by putting everything together gives
d—1 S In(z)?
M-N>—mi = — ).
=g M (eXp (16) XD <8SM2 F4In()

Lemma C.12. Forevery A > 0 and c > 0,

VA2 +c > A+

|

C
2A+ /¢
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Proof. Rewrite the square root as
c
VAZ+ec=A+ ———.
VA2 +c+ A

Because (A + ﬁ)2 = A% +2A\/c+ ¢ > A? + ¢, we have VA2 + ¢ < A + \/c. Substituting this
upper bound for the denominator in (13) gives

(13)

c c
\/ A2 >A4+—— = A ————
tez +(A+ﬁ)+A +2A+ﬁ’

which is the claimed inequality. |

C.4 Lower bound on the /5>-eluder dimension

Li et al. (2022, Section 4) question the optimality of the eluder dimension bound for generalized
linear models, particularly the presence of the (L;/ L2)2 term, where L, and Lo are the lower and
upper bounds on the derivative of the link function, respectively. The following theorem demonstrates
an instance where this (L;/L)? term is indeed necessary. For the specified model class, Ly = i
and Ly > cexp(—S/2) for some constant c. We show that the eluder dimension is lower bounded by
Q(dexp(S)). This result nearly matches the upper bound in Li et al. (2022, Proposition 4), differing
only by a ln(é) factor, thereby highlighting the necessity of the (L;/Ls)? term.

Definition C.1 (¢>-eluder dimension, Russo and Van Roy (2013, Definition 4)). The e-¢5-eluder
dimension of a class of functions F is the length of the longest sequence a1, ..., a, such that for

some e’ > ¢

k—1

wg = sup{(fgl—fgz)(ak): Z(ﬁgl(ai)—fgg(ai))2 < &, forfy,0, € @} > &, (14)

i=1
foreach k < .

Theorem C.13 (¢5-eluder dimension lower bound). There exists a parameter set © C S - Sg_l, and
an action set A such that the e-ly-eluder dimension of F = {c({0,-)) : 0 € O} for o(x) =

is lower bounded by
a-1 (5
15 P12 )

_ 1
1+e—=

1
forSZ4,d22,and€§\/;.

Proof. Consider the same construction as in Theorem 4.2, namely the parameter set © and the action
set A, and the true parameter 6,. We will show that the sequence

a1,1,0d1,2,"* ,A1,N,02,1,022," "+ , G2 N,A3.1, " ,AM—-1,N,AM,1,AM2," " ,GM N,

satisfy the condition in Equation (14) for ¢’ = %, which implies a lower bound on the -¢5-eluder
dimension for ¢ < é.

To this end, it suffices to show that the two conditions
2
2 (0 (6 5000) = o (6] av))
{(#,0):(t—1)N+i<(i—1)N+j}

2
and (U(HIjai,j) — U(@Iai)j))

IN
| =

15)

IV
co| —

(16)
hold for all §; ; € ©.

Step 1: Show that Equation (16) holds. We have

2 1 2
(010 015) = 6T 0s,))" = (0(0) = o(=5/2)" = (5~ o(-5/2))

vV
| =

1 1 2
2 1+4+e5/2

where the last inequality holds for S > 4.
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sss  Step 2: Show that Equation (15) holds. First, note that for all ¢ # i’ € [M] and j € [N] we have

(00, 01 5) — 0(6) air ;))* = (0(—S5/2) — 0(=5/2))* =0, (17)
839 which gives
j—1
Z (U(szat,l) — U(Hjam))Q = Z (U(szai,l) — 0(93(11-71))2
{(t.0):(t—1)NFI<(i—1) N4} 1=0

j—1

< Z (exp(9 ai ) — exp(@ a; l))
1=0
j—1 S 2 S 2

<Xew(-30-0) (¢3)

g\ 2
< New(-5(1-0) (3 )

<o (%) e (-s0-0) (5

cenfs(E ) ()

840 where the first equality follows from Equation (17), the first inequality follows from Lemma C.14, and
s41 the second 1nequa1ity follows by Taylor expansion and upper bounding the first derivative. Moreover,
s42 by setting ( = =, we can further upper bound the last term as

s (e 2ol (50 ()
()2
5(9) () (G
&(0) det

843 where the last inequality follows from the fact that e ~*(#?) < %

b

=
=
-

sas  Step 3: Compute the length of the eluder sequence. Thus, we have shown that the sequence

845 a1,1,01,2," " ,aM,N, satisfies the condition in Equation (14) for e = é. As shown in the proof of
s46 Theorem 4.2, M > d2 <> and we have
d—1
N-M> L2
{exp ( s

-1
25
_d- S
S 126
847 where the last inequality follows from the fact that |z] > x/2 for > 1. [ |
sss Lemma C.14. Forall z,y € R,

(0(z) —o(y)” < (e —e¥)?,

1

a9 where o(t) = 1 —-
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Proof. We have

e¥ —e”® 2
(1+er)(1+ev)

< (e —ev)’

C.5 Self-concordance & convex relaxation

Take a parametric model class F = {fy: 6 € ©} where © C R% is a convex parameter set satisfying
[0]|2 < S for some S > 0, forall € ©. For any (y,a) € Y x A, let{, ,): R¢ — R be given by
0 — U(y, fo(a)). Consider the following self-concordance assumption.

Assumption C.1 (Self-concordance of losses). Assume that for all z € ) x A, £, is convex and

thrice differentiable Moreover, assume that there exists an M > 0 such that for all z € ) x A,
6 € ©° (the interior of ©) and u,v € R,

[(Dul=(O0)v, )| < Mull2(V?E.(0)v,v) ,

where D2/, () € R4*? denotes the third directional derivative of £, at in the direction u evaluated
at 6, and V2/,(0) € R4*? is a matrix of the second order partial derivatives of ¢, evaluated at 6.

In particular, the generalised linear models introduced in Example 2.1 and Example 2.2 are M =1
self-concordant (Faury et al., 2020; Lee et al., 2024). As shown in Janz et al. (2024), Assumption C.1
is equivalent to requiring that |ji(x)| < M g(z) for all z in the domain of 1, which holds for these
GLMs. Moreover, a recent result by Liu et al. (2024) shows that many generalised linear models
satisfy Assumption C.1.

Let £:(0) = Z L 0(Y;, fo(A;)) be the empirical risk for a parameter 6 € © on the first ¢ — 1
observations, and Ht € O be an ERM. Consider the confidence sets of the form

O, ={0ecO: Ly(0)—Li0,) < B}, B>0, teN,,

These can be enclosed within an ellipsoid as follows.
Theorem C.15. Under Assumption C.1, forallt € N,

O, C{O€0: 10 —billgar, ) <201+ SM)B, }.

We provide a proof for completeness, but this result is well known (see, for example, Lee et al., 2024).

Lemma C.16 (Proposition 10 of Sun and Tran-Dinh (2019)). For any 0,0’ € ©, under Assump-
tion C.1,

g(=M|0 = 0"[l2) |10 = O'l|32 2, 9y < L2(0) = Le(8") = (VL(0'),0 — 0.

exp(x)—z—1
2 ’

where g(x) =

Proof of Theorem C.15. From Lemma C.16, and observing that since 0 is an ERM and © is convex,
(VL(6:),0 — 0:) is nonnegative for any § € ©, we have that for any 6 € O,

g(—M10 — 0:]) 110 — 62 < Ly(0) — Le(0r) .

V2L (6;)

Using that exP(x) el > —— whenever z < 0, bounding ||0 — 0:]|> < 25 and staring at the result
a little ought to convmce the reader of the veracity of our claim. |
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification:
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification:

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an import-
ant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification:
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification:
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/pu
blic/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confid-
ence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification:
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification:

Guidelines:

» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
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Justification:
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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