A Preliminary

Notation. We first introduce necessary notations as follows.

F = [T @) )] e R

- VE®; W) = VA @) s VR (@ 7)) € R

* VEG;00) = (VR8T V@ 60 T] € R
¢ VI®) = VAV )5 V()] € R

o x0) = [(@0)T; (z0N)T; ... (30)T] € R4 where 7K) = L™ 7(F)
* W = [w;;] € R™™™ is the weight matrix.

e 1, =col{l,1,---,1} € R™

* Given two matrices X,y € R™*4, we define inner product (x,y) = tr(x’y) and the
Frobenius norm ||x||% = (x, x).

* Given W € R™*", we let ||W||2 = omax (W) where oyax(+) denote the maximum sigular
value.

DSGD in matrix notation. The recursion of DSGD can be written in matrix notation:
xFHD = W (x®) — AV F(x®); ¢0))) (12)

MG-DSGD in matrix notation. The main recursion of MG-DSGD can be written in matrix notation:

R
N .

g™ = = > VFx®;eh) (13)

r=1
x(k+1) — ]\Zf(x(k) — 'yg(k)) (14)

where the weight matrix A/ = M) and M7 is achieved via the fast gossip averaging loop:

MY =MO =1 (15)
MUY = 1+ WM — MY Yy =0,1,--- ,R—1. (16)

Smoothness. Since each fi(z) € F is L-smooth, it holds that f(z) = X 3" | fi(x) is also
L-smooth. As a result, the following inequality holds for any x, y € R%:

L
fi(w)—fi(y)—Ech—yHQS (Vii(y),z —y) a7
Network weighting matrix. Since the weight matrix W € W, g, it holds that
1
W = 1,17l = 5. (18)

Furthermore, one can establish the following upper result for the multi-gossip matrix M.

Proposition 1 (Proposition 3 of [42])). Let M (") defined by iterations (I3) and (I6), then it holds
that foranyr =0, ..., R,

1 r
MO, = MO 1, =1, and MO = —1,17 2 <V2(1-T=5) . (19)
n

Therefore, when r grows, M (") exponentially converges to %]ln]lf.

Submultiplicativity of the Frobenius norm. Given matrices W € R™"*" and y € R"*¢, it holds
that

Wyle < [Wlllylle- (20)

To verify it, by letting y; be the j-th column of y, we have |[Wy|% = Z;l:l [Wy;|3 <
d
>i= IWIElly;112 = W21y 1%
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B More detailed comparison

Table 6: Rate comparison in smooth and non-convex stochastic decentralized optimization. Parameter n denotes
the number of all computing nodes, 3 € [0,1) denotes the connectivity measure of the weight matrix, o2
measures the gradient noise, b> denotes data heterogeneity, L denotes smoothness constant, and 7" is the number
of iterations. The definition of transient iteration complexity can be found in Remark [6](the smaller the better).

“LB” is lower bound while “UB” is upper bound. Notation O(~) hides all logarithm factors.

References  Gossip matrix Convergence rate Tran. iters.
_ oV L L nlL
g 144l B = cos(m/n) Q(—M + 771(1_[3)%) 0(7(17@02)
Theorem B € [0, cos(m/n)] Q(i‘/g + m) O(#)
SG 30 O a\/f {T%L% n b%L% O n3L T
DSGD [30] 5 €[0,1) (M+T%(1—6)% ' T%(l—ﬂ)%) (2572)
UB DYED[66] € [0,1) O(ZLL + Friy) O
~N( oL G%L% 2 n>L
DSGT[29] B €[0,1) (7 + o yr)  Olae)
(oL L S nL
DeTAG [44] B €[0,1) O(%% + (17@%) O(q255-2)
N( oL L 2 nL
MG-DSGD € [0,1) 0L + W) O(%52)
T The complete complexity is O( T2 min’gg,ufﬁ)%z}) which reduces to O(W) for small o2.

Table 7: Rate comparison between different algorithms in smooth and non-convex stochastic decentralized
optimization under the PL condition. Quantity y is the PL constant.

References Gossip matrix Convergence rate Tran. iters.
L _ (1= ~ (L 1/2
LB Theorem B € 10, cos(m/n)] Q(MT + Le=TVR(1=P)/L) 0(511%1/2)

DSGD [30] €0,1) O(Zr+ i+ k) Oy
UB DAGDBTI' Be(0,1) O(% +e TVrI-D/L) @(%)

D¥ED [T7]"  § € [0,1) O(wT*m% WTO=p)/LY - O(nkley

DSGT [2] €l0,1) O(E%F nT*Wﬂ WAL O(BLe)

DSGT [73] €[0,1) (u nT+ 3T2(1 e HT(1=)/L) O((rff,él)ts)

MG-DSGD g€ 0,1) O(u nT+e—Tu(1 5)2/L) O(%)

T These rates are derived under the strongly-convex assumption, not the general PL condition.
¥ This rate is achieved by utilizing increasing (non-constant) mini-batch sizes.

C Ring-Lattice graph
For any 2 < k < n — 1 and k is even, the ring-lattice graph R, j, has several preferable properties.
The following lemma estimates the order of the diameter of R, j.

Lemma 1) (Formal version) For any two nodes 1 < i < j < n, the distance between i and j is
[w] In particularly, the diameter of Ry, i, is Dy, , = f%} = O(3).

Proof. By symmetry of R, j, it suffices to consider the case that j —¢ < 7+ n — j. On the

one side, the path {i,k/2 + i,k +4,...,([2(j —¢)/k] — 1)k/2 + i,j} connects the pair (i, 5)
with length [2(j — i)/k], which leads to dist(i,j) < [2(j —i)/k]. On the other side, let {iy =
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Uity e, i = j } be one of the shortest paths connecting (4, j). Without loss of generality, we
assume i < i < +-+ < ipy—1 < j. Since |i, —i—1| < k/2 forany r = 1,..., m by the definition
of Ry, 1, it holds that

dist(, ) = m > [om — ol _ 2G 1)

- k2 k
Since dist(, j) is a integer, we reach dist (4, j) > [@} The diameter is readily obtained by
maximizing the expression of dist(, j) with respect ¢ and j. O

The following lemma clarifies the Laplacian matrix associated with R,, ;. and its eigenvalues.
Lemma 2. The Laplacian matrix of Ry, i, is given by L, j, = kI — Ay, ;; with adjacency matrix

Ap g = Igﬁ(ﬂ + (JT)*) where
o 1 0 --- 0
o o 1 --- 0
J=|: "o o o | eRV and JT=J7N e RV
o 0 . 0 1
1 0 -~ 0 O
Moreover, the eigenvalues of the Laplacian matrix L., i, are given by
k/2 .
2 —1)¢
TE S cos(%)e[o,zk], Vie{l...,n} 1)
t=—k/2

where i; is the j-th eigenvalue of Ly, i. In addition, it holds that

2 2
s mk(k + 1)(k + 2) ) mk(k+1)(k + 2)
(1-72/12) 2 < 2%%17; j 2 )

IN

(22)

Proof. (Laplacian matrix.) Since every node in R, j, is of degree k, the degree matrix of R, 1, is k1.
The adjacency matrix A, j can be easily achieved by following the construction of R, j.
(Eigenvalues.) Let w := €2>™/™ (where i is the imaginary number), then J can be decomposed
as J = Udiag(w® = 1,w,...,w" 1) UH with a unitary matrix U = ﬁ[w(’)_l)(q_l)w,q:r
Since J¢ = Udiag(1,w’, ..., @ NUH forall —k/2 < £ < k/2,and JT = JH = J~! =
Udiag(1,@...,o" YU where @ = e=2™/™ = w1, we have that

k/2 k/2
I+ A= Y J'=U| Y diag(lf,. .. ")) U
t=—Fk/2 t=—k/2
k/2
2l 2ml(n — 1) "
= U —
Z diag(1, cos( ) , cos( - )| U
t=—k/2
k/2 k/2
) 2wl 2ml(n — 1) "
=Ud . _— .
iag | k+1, Z cos(— - )yeens Z cos( " )| U
t=—k/2 t=—Fk/2
Therefore, the eigenvalues of L,, j are real numbers {1, Sk41- ff_k/Q cos(zﬂ(j*l)z) ij =
1,...,n}. Itis easy to verify that 41; > 0 and
2r(j — 1)¢
i =k — Z COS(%)SQ’C Vi=1,...,n

1< €] <k/2, k#0

Next we establish the bounds for mins<;<, 1t;. For the upper bound, by the inequality cos(6) >
1 — 6?/2 for any 6 € R, we have that
k/2 29 k2 o
212 1 m2k(k 4+ 1)(k + 2)
< — — 972 Z = .
D gy S p < CES V(! )=271" ) — o (23)
t=—k/2 t=—k/2
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For the lower bound, by applying Lemma (see below) with hy () defined as ZZ ’ k)2 cos(240)
and o = % we reach

min p; > inf (k41— hg(0))

2<j<n oc(a,m—al

~ k(k+ 2)m? /n?
14 (k+1)272/n?
I

>k+1—maxq (k+1) (1 )2,hk(7r/n) (24)
11

z for any z € [0,1], and k + 1 < n, we have

For term I, using the inequality (1 — z)% <1- %

_ Bk +2)7%/n> \*
[=(k+1) <1 e (k+1)27T2/”2>

B k(k + 2)7? /n? B m2k(k +2)
<(k+1)<1 a )><(k+1)<1 ) (25)

1+ (k + 1)2n2/n2 201+ 72)

. . . 771—2
For term II, using the inequality cos(f) < 1 —62/2 4 6*/24 <1 — 12762 for all § € [0, 7], we
have
k/2 k/2

2l (12 — 72)m? £2
Mot = Y (s 3 (1- R G
(=—k/2 t=—k/2
k/2 2 2
(12 — w2)m? L 9 mk(k + 1)(k + 2)
=k +1- > S =k+1-(1-7"/12) — : (26)
t=—k/2
Plugging (23)) and (26) into (24), we reach (22). O
We also establish an auxiliary lemma to facilitate the results in Lemma 2}
Lemma 3. Forany k > 1 and k is even, let hi,(0) = ]zf_k/Z cos(2£0) for any 0 € [, m — o] with
some o € (0, 7] It holds that
1+a?
hi(0) < k+1)|———=,h 27
penax k( )_maX{( +1) T (bt D22 k(a)} (27)

TH(h+1)2
Since hy(m — 6) = hy(0) by the definition of hy,(6), it suffices to consider maxge (q,x/2) | (0)].

Proof. Since |hy(m/2)| = 1 while (k + 1)/ 1it2— > 1, we know (Z7) holds when 6 = 7/2.

For any 0 € («, 7/2), it holds that

k/2 1 k/2
hi(0) = Z cos(200) = 55n(d) Z 2 cos(2060) sin(6)
=—k/2 s L=—k/2
1 k/2
= 7m0 > (sin((20+ 1)0) — sin((2¢ — 1)6))
L=—k/2
:sin((k +1)0)
sin(9)

Therefore, we have that
(k+ 1) cos((k + 1)0) sin(8) — sin((k + 1)0) cos(6)

i (6) = sin? (0)

:cos((k + 1)8) cos(0)
sin?(6)

((k+1)tan(8) — tan((k +1)8)). (if cos((k + 1)6) cos(8) # 0)
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The special case that cos((k + 1)6) cos(¢) = 0 and hj () = 0 leads to that cos(¢) = 0, which is
impossible for z € (a, 7/2). Therefore, all the extrema of hy, on («, 7/2) must satisfy

tan((k + 1)0) = (k + 1) tan(0). (28)

By combining the cases of endpoints, i.e., # = o and § = 7/2, with (28) for the interior extrema, we
have that

max hi(0) = max{ sup hi(0),hg(a), hp(7/2)}
0€[a,m/2] € (a,m/2)
holds

<max{ sup \/Wa hi(a), 1}

0c(a,m/2)
holds
tan((k+1)6)> 3
= maux{eE 855/2) %  hi(a)?, 1}
holds 1+tan(0)?

1
(k+1)2 tan(0)? 2

<max{ sup % yhi(a), 1}

o€ (a,m/2) — a7
@ holds 1+tan(0)

1+ tan(6)? ) 2
< kE+1 h
< max{(k + )96(835/2) (1 + (k+1)2tan(6)2 ) e}

<max{(k+1) (M) s hie(a)}

[N

where the last inequality is because the function H(lljle)gz is decreasing with respect to z € [0, +00)

and tan(f) > tan(a) > a. O

Theorem (1| Given a fixed n and any 8 € [0,cos(w/n)|, there exists a ring-lattice graph with an
associated weight matrix W such that

(i) WEeWyp,ie, WeR™ and |W — 11,17 = 3;
(ii) its diameter D satisfies D = ©(1/4/1 — p).

Proof. We prove this theorem in two cases:

(Case 1: 0 < 8 < min{cos(7/9), cos(m/n)}.) In this case, we consider the complete graph whose
diameter D = 1, and let W = =21, 17 + 31, then it holds that ||/ — 11,172 = B. Furthermore,

since 1 > 1— 3> 1— cos(r/9) = Q(1), we naturally have 1 = D = Q((1 — 8)~2). Note that the
complete graph can also be regarded as a special ring-lattice graph R, 1.

(Case 2: cos(m/9) < B < cos(m/n).) Note that this case requires n > 10. Letting

3(1-5) 3(1-8)
k=2 — | = 2 —, 2 29
{" (1 —72/12) | = VT - w212y (0 9)
we consider the ring-lattice graph R, ,, with the weight matrix
1—
W=1I- 75Ln k (30)

)

miNg<;<n [j

where k is defined as in (29) and {u; : 2 < j < n} are given in Lemmal[2} For such ring-lattice graph
and its associated weight matrix defined in (30), we prove D = Q((1 — 3)~2) in following steps:
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* We first check whether R,, i, is well-defined, i.e., 2 < k < n — 1 and k is even. It is easy to
observe that k is even by (29). Furthermore, since cos(w/9) < 8 and n > 10, we have

3(1— 3(1 — cos(r/9
k<2<n 7r2(1(_7r26/)12)+1><2<n M+l><0.7n+2§n—l.

€2y

* We next check whether W, , € W, g.ie., [W — 21,17y = 8. By Lemma[2] we have

1-5 6(1 — B)n? 1 12(1—B)n? 1
ming<j<n iy — (1 —72/12)w2k(k + 1)(k+2) ~ 2k (1 —72/12)72k2 ~ 2k’

Since all eigenvalues of L,, , lie in [0, 2k] (see (Z2I)), it holds that W is positive semi-definite (see
definition (30)). Moreover,

1 1-8
W — —1,1%, = 1- =3 ie, W .3
W = —Lal, 2 ;gggn{ min{ujzzgjgn}“‘} 8 e, € W s

* Finally, we check whether ©(%) = D = O((1 — )"2). By using the inequality cos(f) <
1—62/2 + 0*/24 with = 7 /n, we have

B < cos(m/n) <1—n%/2n* + 74 /24n* <1 — 7?/3n?.

Therefore, we have that n\/ﬂz,(?’l(i;f/)w) > ”\/nZ(l—ﬂ;/lz) > 2 and hence

3(1 - 5) 3(1-5)
Combining (29) and (32)), we achieve
Z=0(1-5h.

This fact together with Lemmaleads to D =0(1/y/1-5).

D Lower bounds

D.1 Non-convex Case: Proof of Theorem [2]

In this subsection, we establish the lower bound of the smooth and non-convex decentralized stochastic
optimization. Our analysis builds upon [44] but utilizes the proposed ring-lattice graphs for the
construction of worst-case instances, which significantly broadens the scope of weight matrices that
the lower bound can apply to, i.e., from 8 = cos(n/n) in [44] to any 8 € [0, cos(w/n)]. Specifically,
we will prove for any 5 € [0, cos(m/n)] and T = Q(1/y/1 — f),

inf  sup sup sup  E|Vf(@aimn 1gar wr)l?

ACAW WeW, 5 {§i}r, CO2 {fi}, CFL Ui g et
_a VALo . AL
vnT TVi=8)"

where A := E[f(2(9)] — min, f(z).

We establish the two terms in (33)) separately as in [44] by constructing two hard-to-optimize instances.
We denote the j-th coordinate of a vector z € R? by [z]; for j = 1,...,d, and let prog(z) be

(33)

0 if x = 0;
maxi<j<q{j: [z]; # 0} otherwise.

st -
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Similarly, for a set of multiple points X = {1, 22, ... }, we define prog(X) := max,cx prog(z).
As described in [9] 4], a function f is called zero-chain if it satisfies

prog(Vf(z)) < prog(z)+1, Vaxe R,

which implies that, starting from « = 0, a single gradient evaluation can only earn at most one
more non-zero coordinate for the model parameters. We next introduce a key zero-chain function to
facilitate the analysis.

Lemma 4 (Lemma 2 of [4]]). Let function

where forV z € R,

0 z<1/2;
\I/(z):{ <1/

exp(l—ﬁ) z>1/2, ®(z) = e
Then { satisfy several properties as below:

1. {(z) —inf, l(z) < Aod, Vo € RT with Ay = 12.

2. L is Lo-smooth with Lo = 152.

3. | VE(2)]|oo < Go, Vo € R with Gy = 23.

4. ||[V€(2)|loo = 1 for any z € R? with [x]q = 0.

We next establish the two terms in (33)) by constructing two hard-to-optimize instances.

Instance 1. The proof for the first term Q((££2 : )2) essentially follows [44]. We provide the proof
for the sake of being self-contained.

(Step 1.) Let all f; be LA2¢(x:/)\)/ Lo where / is defined in Lemmaand A is to be specified, and
thus f = LA24(xz/\)/Lg. Since V2f; = LV?{/Lg and h is Lo-smooth (LemmaEI), we know f; is
L-smooth for any A > 0. By Lemmad] we have

. L)\? LX*Ad
f(O)—lgff(m)—TO L,

Therefore, to ensure f; € Fr forall 1 <i < mnand f(0) — inf, f(z) < A, it suffices to let

L)\QA(]CZ LOA
LT <A, e, dN< 22T
Ly, o ¢ = TA,

(¢(0) — igfﬂ(m))g

(34)

(Step 2.) We construct the stochastic gradient oracle g; Vi = 1,..., n as the follows:

30y = (9@ (1410 > prog)} (2 1)) o e G =100,

[V fi(2)]prog(x)+1- It is easy to see g; is unbiased, i.e., E[g;(z)] = V fi(z) for all z € R%. Moreover,
since f;s are zero-chain, we have prog(g;(z)) < prog(V fi(x)) < prog(z) + 1 and hence

7 2
p
1—p  L?X2(1-p)
< ||V fi(z go <
< IR < EXE

Lenma [2)2(1 — p) G
- Lgp '

with Z ~ Bernoulli(p), and p € (0,1) to be specified. The oracle g;(x) has probability p to zero
x

1-p
= |[vf1 ('T)}prog(a:)le |27

E[l|gi(x) = Vfi(@)|”] = [[V fi(@)]prog(z)+1]“E ’

IVE()II5
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Therefore, to ensure g; € O, for all 1 < i < n, it suffices to let

12022
L3og?

1}. (35

p = min{

Welet W = (1 — 8)21,,17 + BI, then obviously W € W, g.

(Step 3.) Next we show the error E[||V f(x)||?] is lower bounded by Q(( AnLj‘fQ )2), with any algorithm

A e Ay. Let xgt), vVt =0,... and 1 < i < n, be the t-th query point of node . Let prog(t) =
MAaX]<;<n,0<s<t prog(xl(-s)). By Lemma 2 of [44], we have

P(prog™ > d) < ele=HmwT—d, (36)

On the other hand, when prog”) < d, by the fourth point in Lemma@ it holds that

. . . . Lx . . L)
min IVA@)] > min [VA@)] = 22 min V@) > 2. @7)
iEspan{{xE”}19§nﬁogt<T} [2]a=0 LO [2]a=0 LO
Therefore, by combining (36) and (37), we have
) _ _ L2)\2
EfIVF @) = (1= el T (38)
Let ) .
Ly ALc? B 3LANTGE\ ?
A=2(==2 d d=|(2Z=2220) | 39
L (3nTLOAOG3> an K 72LoAg &

3nT LoAoG2
loss of generality, we assume 7' is sufficiently large such that d > 2. Then, using the definition of p,
we have that

1
Then (34) naturally holds and p = min{f—;S (%) * |1} by plugging (39) into (33). Without

G? ALc? 2
~ —d<(e-nT (377 12 ) ~
(e=1npT —d < (e—1)nT o2 (3nTLoA0G3> !

(d+1)—d<1—e<0

)-o((57))

) utilizes weight matrices defined on the

_e—1(3LAnTGE\P | _e—1
B 3 O'QL()AO

which, combined with (38), further implies

) [2)2 ALc?
E[|V£()]2] = © (L2> = ((W)

AL
TVi-p

Nl=

Instance 2. The proof for the second term €(
ring-lattice graphs described in Theorem I}

(Step 1.) Let functions

(@) = — e W) + 7 Z (011 @(~[o)j41) — ((a])®(([a]41))
and n
lo(a) = WZ ((~lal)@(~la]s+1) — W(la],)@ (el 1) )

Compared to the ¢ function in instance 1, the ¢; and ¢5 defined here are 3 L(-smooth. Furthermore, let

LAl (z/N)/(BLo) ifie By £{j:1<j<[2]},
fi= QLNo(x/N)/(BLo) ifi€ Ex = {j: 5] +1<j<|5]+ 5]},
0 else.
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where A > 0 is to be specified. To ensure f; € Fy, forall 1 < i < nand f(0) —inf, f(z) < A, it

suffices to let
LX?Aod 3LoA

3L LAy~
With the functions defined above, we have f(z) = 1 3" | f;(2) = LA*((z/A)/(3Lo) and

<A, ie, d\< (40)

= prog(x) + 1 if {prog(z)isevenand: € F;} U {prog(x)isoddand: € F.

prog(Vfi(x)) g( ) { g( ) 1} { g( ) 2}
< prog(z) otherwise.

Therefore, to make progress (i.e., to increase prog(z)), for any gossip algorithm A € Ay, one must

take the gossip communication protocol to transmit information between F; to Fs alternatively.

Namely, it takes at least dist(FE1, E2) rounds of gossip communications for any possible gossip

algorithm A to increase prog(Z) by 1. Therefore, we have

(1) —

prog VT > 0. (41)

Dy < | | +1
max __prog(z; ) < Ldist(El,Ez)J e

1<i<n, 0<t<T

(Step 2.) We consider a gradient oracle that return lossless full-batch gradients, i.e., g; = V f;(x),
vV € R% 1 < i < n. For the construction of weight matrix, we consider the ring-lattice graph with
diameter D in Theorem|T)and its associated weight matrix W such that W € W), . Then by Lemma
and Theorem we have dist(E1, E») = dist([n/3], |n/2] + 1) = (D) = 6(1//1-75).
Suppose dist(E1, Es) > 1/(C/1 — ) with some absolute constant C, then by (41]), we have

() _ (s)<[‘/7 J >
prog 1§Z_SITIL1’E%)>;STprog(gvZ )< |CV/1-=8T|+1, VT >0. (42)

(Step 3.) We finally show the error E[||V f(z)]|?] is lower bounded by (\/%T), with any
algorithm A € Aw . Forany T > 1/(C+/1 — ) = Q(1/+/1 — j3), consider

d= LC\/l—ﬁT 12 <4C\/1- BT

B 3LoA :
A= (4LAOCF - 5T> ' “3)

Then (@0) naturally holds. Since prog(™) < d by @2), following (37) and using (@3)), we have

and

i ‘ N L2>\27 AL
E[IVF@I7 2 min V@I 2 572 —Q<mT>'

D.2 Non-convex Case with PL Condition: Proof of Theorem 3]

In this subsection, we provide the proof for smooth and non-convex decentralized stochastic opti-
mization under the PL condition: for any 5 € [0, cos(r/n)] and T' = Q(1/4/1 — B),

inf  sup sup sup  E[f(Za 1537 g5, wr) — f7]
ACAW WeW, s {§:}7_, CO2 {fi}7  CFL . Uidizy toiding

o? A

—Q (+Mexp(\/u/L\/1BT)). (44)
unT L

where A := E[f(2(?))] — min, f(x). We still prove the two terms in (&4} separately.

Instance 1. Our proof for first term Q(H‘;—zT

stochastic but single-node regime.

) is inspired by [56], who study the lower bounds in the

We consider all functions f; = f are homogeneous and W = %]ln]lf + BI € W,3. We then
choose two functions f!, f~! € F;, , which are close enough to each other so that f* and f~! are

hard to distinguish within 7" gradient queries on each node. The indistinguishability between f!
and f~! follows the standard Le Cam’s method in hypothesis testing. Next, we carefully show that
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the indistinguishability between f* and f~! can be properly translated into the lower bound of the
algorithmic performance.

Recall that [z]; denotes the j-th coordinate of vector z € R%. Let

d
s 1
=5 (el =002+ LY (el
j=2
where v € {+1}, d can be any integer greater than 2, and A > 0 is a quantity to be determined.

Clearly, fv is L-smooth and p-strongly convex, and thus satisfies the pu-PL condition. The optimum
x¥* of fV is vAe; with function value min,cra f¥(z) = 0, where e; is the first canonical vector.

We construct the gradient oracle with A/(0, o2) noise. Specifically, on query at point 2 on node i, the
oracle returns g;(z) = V f;(x) + s; with independent noise s; ~ N'(0, 2). Obviously §; € O,= for
alll <3 <n.

Let S = {(x® & (2" .. 2, gx®) 2 (G,(={"), ..., Ga (=)} 5" be set of variables

corresponding to the sequence of 7' queries on all nodes. Let P*7 := P(S(T) | ) be the joint
distribution of S(T) if the underlying function was f?, i.e., fi = --- = f, = f°.

Lemma 5. Let V ~ Unif({£1}), then for any optimization procedure i based on the observed
gradients, it holds that
Ev[fY(2)] > uh*/2inf B(V # V) (45)
v

where the randomness is over the random index V and the observed data S

taken over all testing procedures V based on the observed queries.

and the infimum is

Proof. Since PVT is probability of the observed queries conditioned on {V = v}, by Markov’s
inequality, we have

Ev[f¥(2)] > p)? /2By [PYT(FY (2) > pA?/2)]. (46)
Now, we define the test Vop based on the optimization procedure & as follows:

v if £2(2) < puA?/2
°P " | randomly pick one from {41} otherwise. ’

By the definition of £, at most one of {f*(&), f~'(2)} is strictly below pA2/2, so V, is well-
defined. By the definition of V,,p,, {V.p # v} implies { f(#) > uA?/2}. Thus we have

PUT(fo(8) > ur2/2) > PV T (V,, # v) > nvlfP(f/ #v) foranyv e {+1} (47)
Plugging (@7) into (46), we reach the conclusion. O

Based on Lemma 5] we know that the worst-case optimization performance in the above scenario
can be lower bounded by the indistinguishabiligty between to hypothesises f! and f~!. Recall the
following standard result of Le Cam [S§]]

inf (PYI(V £1) 4 P77 £ <1)) = 1= [PYT = P gy (48)
\%4

where ||P1T — P=L7T| |1y is the total variation distance between the two distributions. We can
precisely measure the indistinguishabiligty between f! and f~! by ||PYT — P=1T||1y.. Since
the total variation distance is hard to compute, we turn to compute the KL-divergence, which is a
relaxation of the total variation distance due to Pinsker’s inequality [14]:

1
|PYT = Py < D (PLT|PMT). 49)

Lemma 6. The KL-divergence between PYT and P~ is upper bounded by:
Dk (PYT|| P71 < 2nTu?A? /0. (50)
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Proof. Since the observed data obey Markov’s property, i.e., gl( ) 1S® | z; ®) for anyl<i<n
and 0 <t < T, we have

D ( LT = Epir [log (PLT/P—LT)]
T—1
=Epi.r log<H Pg(x") | x, f! /HP () [x®, f~ >)1
t=0
T—1

Esc  [Egixoy-n(v (a0 [108 (Bg(x) [ x1, 1) /Plg(x®) | x®, 171))]]

o
Il

0
—1

ﬂ

I
NE

Esoip [P (P@(") 12, PHIP(9(") |20, 7))

~
i

0 i=1

Then we apply the uniform upper bound over x as follows:

Dy, (PHT|[P~5T) < nTsup Diy, (P(Gi(x) | @, f)IP(Fi(x) | =, 7)) . (51)

x,1

Note the KL-divergence between two Gaussians can be computed explicitly from their means and
variances as follows: for any x € R?

Dic. (P(G:(@) | 2, I[P (@) | 7, £ 1))
=Dt (N(VF' (@), P DIN (VT (@),0%) = 55 195 @) - V@) = 255 52)

Plugging (52) into (31), we reach the result (50). O

Therefore by Lemma[5]and Lemma|f] we can obtain the lower bound based @4). Specifically, for
L fters .. constructed above, assume that the algorithm A receives stochastic gradients with
N (0 o) noise, then we have

inf  sup sup  suwp E[f(Eanye, (e, wer) — ]
ACAW WeW, 5 {537, CO2 {f:}7_,CFr . Uidizy loiding

= nf max B ey, Mo e @00, 52 10T 4017

Via
>Alenf ]EV~Un1f({j:1})[E[f (xA,{fV}n N(VFV(z),02),2=81, ]1T+51T)H (53)

Plugging Lemma 5| and Lemma§into (53] and using Pinsker’s inequality, we immediately have

inf  sup eup sup Elf(Za g o wr) — f7]
ACAW WeW, 5 {5:}7_,CO2 {f:}7_CFr R

)\2
> (1—\/DKL (PLT|| P~ 1T)/2>

A2 A
=& <1 - “\/nT> . (54)
2 o
Choosing A = =~ \/ﬁ in (54), we reach the lower bound (7 )

Instance 2. Our proof for the term Q(uA/Lexp(—+/p/Ly/1T — BT)) builds on the similar idea
to [60]: splitting the function used by Nesterov to prove the lower bound for strongly convex and
smooth optimization [52]]. However, the number of nodes n is fixed in our analysis while [[60] needs
n to be varying when establishing the lower bound. Besides, our construction allows the objective
functions to be suitable to an arbitrary initialization scope A = f(z(°)) —min,, f(z) which, however,
is not fully addressed and discussed in [60]. These differences make our analysis novel and stronger.

We construct deterministic scenarios where no gradient noise is employed in the oracle. We assume

the variable z € ly £ {([z]1, [z]2,...,) : Yooe[2]2 < oo} to be infinitely dimensional and square-
summable for simplicity. It is easy to adapt the argument for finitely dimensional variables as long
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as the dimension is proportionally larger than 7. Without loss of generality, we assume all the
algorithms start from 2(?) = 0 € /5. Let M be

2 -1
-1 2 -1
-1 2 -1

c ROOXOO

S
I

9

thenitiseasytosee 0 < M <4l . Let By = {j : 1 <j < [2]}and E; £ {j: [2] +1<j <

| %]+ [41} as in Appendix [D.1} and let

Sl + 55 o (121 + o1 ([olor = [al2r41)? = 2Aaly ) ifi € By,
filz) = Sll=l* + L12 (n/31 Zr21([ lor—1 — [2]2,)? ifi € By, (55)
g l|lz||? otherwise.

where A € R is to be specified. It is easy to see that [z]1 + > <, ([#]2r — [@]2r11)? — 2A[2]; and
>, 51 ([#]2r—1 — [2]2,)? are convex and 4-smooth. We thus have all f; are L-smooth and yi-strongly
convex, which implies f; € Fr, forall1 < i < n. We further have f(z) = %Z?:l filz) =
Sllal? + 552 (a7 Mz — 2A[z]1).

For the functlons defined above, we establish that

Lemma 7. Denote k := L/u > 1, then it holds that for any x and v > 1 satisfying prog(z) <,

2r
) = min @) = - (1= =B} () = min f(0),

Proof. The minimum z* of function f satisfies ( =EM + u) z—\E =5t e1 = 0, which is equivalent
to

(2+ nﬁl) @l — [a]s = A,

6 .
—[z]j-1 + <2 + 1) [z]; — [z]j+1 =0, Vj>2. (56)
Let ¢ be the smallest root of the equation ¢ — (2 + %) q + 1 = 0, then the variable

T* = ([x*]j = /\qj)j21

satisfies (IB'_GI) By the strong convexity of f, «* is the unique solution. Therefore, when prog(z) < r,
it holds that

2(r+1)
||JJ _ l‘*”Q Z /\2 25 _ )\2q q2r||m(0) l‘*”Z.
Jj=r+1
Finally, noting that
_1+3—\/3+6fi_1 6
= k-1 3 +6n+3
and using the strong convexity of f, we reach the conclusion. O
Moreover, it is easy to see that the optimal value of f(x) is
. L—p L—p
= N=——2A ="\
min f(z) = /(") = =<2 = ~2E%
Therefore, for any given A > 0, we can chose A = (le) such that f(z(%)) — min, f(z) = A.
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Similar to the argument in Appendix [D.1] we have

prog(V() {

We further have

= prog(x) +1 if {prog(z)isevenandi € E;} U {prog(z) isodd and i € Ey}
< prog(z) otherwise.

™) = Dy <|e—a—|+1, VT>0 57
prog”l = max _,Prog(@) < {dist(El, EQ)J b = ©7
Therefore, with 7" rounds of gossip communications budget in total, starting from ;z:l(.o) = 0 for any
i =1,...,n, any gossip algorithm A can only achieves at most prog(z) = 1+ LMJ which,
combined with Lemmal[7] leads to lower bound that
242 g J
R . ,U,A 6 dist(Eq,Eg)
Z)—minf(z) > — (1 — —————
f(&) = mi f()QL( m+3>

V6| sz )
_ H _ dlSt(El,EQ)
=0 (L exp < —\/E ) A) . (58)

where A measures the initialization E[f(2(?))] — min, f(z). The rest follows using the ring-lattice
associated weight matrix W € W, g such that

dist(Ey, By) = Q((1 — B)72).
D.3 Connectivity measures in common weight matrices

Table lists the order of the connectivity measure 3 for weight matrices, if generated through
the Laplacian rule W = I — L/dax in which L is the Laplacian matrix and dpax is the maximum

. . . . 2 2
degree, associated with commonly-used topologies. Since cos(%) > 1— 57, we have [0,1— 2”?} -

[0, cos(m/n)]. Since S listed in Tabl lies in [0,1 — %] for sufficiently large n, we conclude
that our lower bound established in Theorems |2 and |3| applies to weight matrices associated with
topologies listed in Table[D.3]

Table 8: Order of connectivity measure 3. “E.-R. Rand”: Erdos-Renyi random graph G(n, p) with probability
p = (1 + a)In(n)/n for some a > 0; “Geo. Rand”: geometric random graph G(n,r) with radius r* =
(1+ a)In(n)/n for some a > 0.

Topology Order of g3

Grid [49] 1-0([nIn(n)] 1)
Torus [49] 1-0(n~1)
Hypercube [49]  1-O([In(n)] 1)
Exponential [75]  1-O([ln(n)] 1)
Complete 0

E-R.Rand. [6]  1-O([In(n)] )
Geo. Rand. [7]  1-O(In(n)n~1)

E Convergence in MG-DSGD

E.1 Smooth and non-convex setting

This section examines the convergence rate of MG-DSGD under the smooth and non-convex setting.
Since MG-DSGD is a direct variant based on the vanilla DSGD, we first establish the convergence of
DSGD to facilitate the convergence of MG-DSGD.

E.1.1 Convergence rate of DSGD

The convergence rate of DSGD has been established in literatures such as [30, [13]. We adjust
the analysis therein to achieve a slightly different result, which lays the foundation for the later
convergence analysis in MG-DSGD.
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The following lemma established in [30, Lemma 8] (also in [13, Lemma 6]) shows how E[f(z(*))]
evolves with iterations.

Lemma 8 (DESCENT LEMMA [30I). If {fi;(x)}"; C Fr, {di} C O,2, and learning rate v <
it holds for k = 0,1,2,--- that

4L’

2 2.2
B[/ (24+))] < BIf(20)) - }Enww‘”)n? v 3Z—LEHXW x0T )
n n

where x%) = [(zUNT, ... (zF)T] € R"*4, and zF) = Iy xz(-k).

The following lemma established in [13, Lemma 8] shows how the ergodic consensus term evolves
with iterations.

Lemma 9 (CONSENSUS LEmMA [13). If {fi(x)}, € Fr, {g:} C ng W e Wy,

L3 IV file) = Vf(@)|]* < % for any x € R?, and learning rate v < 4BL’ it holds that
K
1 B 12n832~2 2n7 62 352
75 Ex(k)_x(k)2<—§ E|Vf(z 212 4 + o2).

(60)

Proof. The Lemma 8 in [13] covers both DSGD and DSGD with periodic global average. To recover
the result for DSGD, we let Cs = 1/(1— ), Dz = 1/(1— ) in [13| Lemma 8] to achieve (60). [I

The following lemma establishes the convergence rate of DSGD under the smooth and non-convex
setting.
Lemma 10 (DSGD CONVERGENCE). If {fi(x)}"; C Fr, {Gi} C O, W € Wy,

L3 IV file) = V(@)||? < b2 for any x € RY, and learning rate is set as
. V2nA 1-8 1
’Y = mln{ ) sy a1 I
o/L(K +1) 66L 4L

where A = E[f(:z:(o))} — f*, it holds that
2 27 12
T oVAL  B2LnA B2Lnb2A BLA LA
e ZEHW @) = (

(61)

+ + + + —
ok T(U-BK " (-pBPke?  (1-BK K
(62)
Remark 9. This result is slightly different from Theorem 2 in [30] where [ does not appear in the
numerator of any terms in the upper bound therein. However, as we will show in the analysis of
MG-DSGD, the (3 appearing in the numerator of the third term in (62)) can significantly reduce the
influence of data heterogeneity b® if 3 — 0.

Proof. When~y <1/ (4L) we know from Lemmalg] that

4 L? 2v0?L

E|Vf(E"))|? < E[f( )] — 2E[F D) + 2E k8 —x M2+ DTE (63)
5y n n
Taking running average over the above inequality, we obtain

4 _ _ 2v02L

E N2 — (E ON—E (K+1) ol il

K+IZ V@) < (K+1)( (@) B[ D)) + 2=,

2 K
(k) _ (k)2

K+1 kgﬁllx X% (64)

With Lemma (60) and the fact that E[f(z(?))] — E[f(z(5+D)] < E[f(z(?)] — f*, (64) becomes
3682L%%\ 1 -
P Ll
4(]E[f(j(0))} 7f*) 290°L | 6928°L%0%  18y*B2L%°
=T RS R A (e

(65)
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If learning rate v < 1-5 it holds that 1 — %L;”Q > 1/2 and hence

128L°
K
1 _ 8A dyo?L  1292B2L%02  3672B2L%b2
——— ) EVfEM))? < 66
T L EIVIEI < g+ I o
where we introduce constant A = E[f(z(?))] — f*. Next we set
__ V2An e } 67)
’71—0 L(K+1)7 Y2 = 65L 73_4[/ Y= V1,772,735
Apparently, it holds that
8A 8A 8A 8A
< + +
YE+1) T nE+1)  pE+1) (K +1)
VAL AL AL
_o(VAL, _pAL | AL (68)
vnK  (1-B)K K
and
dya®L n 129282L%0%  3672B%L2%0? < 4y10°%L n 1293282L%0%  36723%L2%0?
n 1-p (1=52 = =n 1-5 (1-p5)?
VAL LA 2LAnb?
_o( VAL FLAn | FLARY ) 6
vnK  (1-B)K  (1-p)*Ko
Combining (66), (68) and (69), we have (62).
O
E.1.2 Convergence rate of MG-DSGD
Recall the recursions of DSGD and MG-DSGD as follows.
(DSGD)  x* ) =W (x® — 4V F(x*®; ™)) (70)

R
_ 1 .
(MG-DSGD)  x**+1) = a1 (x*) — 4g(¥))), where g(’f)=§§ VE®; ey (71)
r=1

where M is doubly stochastic (see Prop. . MG-DSGD has two differences from the vanilla DSGD.
First, the weight matrix W is replaced with M. Second, the stochastic gradient g(*) is achieved
via gradient accumulation. This implies that the convergence analysis of MG-DSGD can follow
that of vanilla DSGD. We only need to pay attentions to the influence of M obtained by fast gossip
averaging and the g(*) achieved by gradient accumulation. To proceed, we notice that
k 1 k) (ko o?

Elllgf" - Vi(@)|*) = ZEIVF @ 657) = V@)1 < &
because {£"")}E_| are sampled independently. We introduce 2 2 02/ R for notation simplicity. In
addition, we know from Prop. E] that

[ %nnnfnz < B, where f:= \/5(1 /1o ﬂ)

R

If we let
In(2 711 17% A
_ max{In(2), 5 In(n max{1, - ﬂ})} O( ! >, (72)
VI=7P 1=F
then it holds that
9 -3
BEVR(1 - VT=p) < Vo VI < min {12“5 (o, 5775}
(73)
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We thus immediately have 1 — 3 = Q(1) and

- -~ [~ b2 -

BAnmax{1,b’R/0*} = O <B2nmax {1, m}) =0(1). (74)
TheoremEI](Formal version). leen L>0,n>2€][0,1), 0 >0, and let A denote Algorlthml
Assuming that = Zz IVfi@) = Vi@))? < b2 for any x € R™ and the number of gossip rounds

R is set as in , the convergence of A can be bounded for any { f;}7?_, C Fr, and any W € W, 5
that

1 2 — B [ Y LA NORER S (5
Z]EHVf N2 = (\/F mT) where T _n;xi (75)

and A = E[f( M= fr.

Remark 10. Comparing with the established lower bound (33)), we find the upper bound matches
it tightly in all constants.

Proof. The convergence analysis of DSGD applies to MG-DSGD by replacing ¢ with 5, and 3
with 3. As a result, we know from Lemma 10| that if the learning rate is set as

VAn 11— B , V2An 1
T TR T D AL 4L} O\ min =5 T

where the last equality holds since 7' = K R (where T is the number of total gradient queries or
communication rounds), it holds that

(76)

X ) _
1 5VAL | BPLA 2LAnb? LA | LA
SEVH ) o (VAL LA | LA _JIA | L4
K+1& vVnK = (1-B)K (1-p5)2K52 (1-pK K
Pz T=KR (oVAL  RLAn B*R’LAnK®  RLA
- VnT T To? T

vnT T * T + T

aﬁ RLA) @<0F LA )

vnT T

@5 (o-\/AL | B?RLAn B*RLAN=5—  RLA
( N VI- BT

E.2 Smooth and non-convex setting under PL condition

Similar to Appendix [E.T] we first establish the convergence of DSGD under the PL condition, and
then derive the convergence of MG-DSGD.

E.2.1 Convergence rate of DSGD

Substituting (3) to inequality (59), we achieve the following descent lemma.
Lemma 11 (DESCENT LEMMA). If {fi(2)}1-y € Fr u {3i} € Op2 and learning rate y < 7, i
holds for k = 0,1,2, - - - that

3yL? v2o?L
IL2 ) (o2
1L ) — 2+ 22

E[f (@) - f* < (1= ED @[ D)) - 1) +

5 (77)

The following lemma establishes the consensus lemma for smooth and non-convex loss functions
satisfying the PL condition.
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Lemma 12 (CONSENSUS LEMMA). If {fi(z)}y € Fr. {a:} C ng W € Whs
LS IVfil@) = Vi(@)|? < b2 for any x € R, and learning rate v < it holds for

k=0,1,2,--- that

BﬁL’

Bl - 02 < (L2 - 50 4 CEVL (g a0) - )

3n.52~2b2
+n2pRe? 4 ST (78)
1-p
Proof. When {f;}£ , C Fy, itis know from [13] Eq. (78)] that
2,272 2,2 NONE
EHX(IH-I) —i(k+1)||2 < (5_~_ 36 Y L )EHX(k) —X(k)||2 + 3”5 Y E||Vf($( ))H
1-p 1-8
2,22
b n?gte? 4 Y (79)
1-p
If v < (1 — B8)/(38L), it holds that
352721'12 1+ ﬂ
< .
B+ -5 = 32 (80)
Moreover, since {f;}-; C F, and hence f(x) € F,, we have
IVFED* <2L(f@) = 7). (81)
Substituting (80) and (8T) to (79), we achieve (78). O

The following lemma establishes the convergence rate of DSGD under the PL condition. Using
different proof techniques from those for the strongly-convex scenario in [30], we can show how fast
the last-iterate variable, i.e., f (f(K )) — f*, converges. In contrast, authors in [30] show the ergodic
convergence, i.e., HLK Zfil h f(z*®)) — f* where hy > 0 is some positive weight and Hx =

Zszl hi.. Moreover, the 8 appearing in the numerator of the third term in (83) can significantly
reduce the influence of data heterogeneity b> when 3 — 0.

Lemma 13 (DSGD CONVERGENCE). If {fi(z)}y € Fru {3} € Oy, W € W,

LS IV file) = Vf(2)||> < b2 for any x € R?, and learning rate v is set as

f 4 ApPnK L 1-8 p(l-B)
K n“n{;u( Sy VAT T E R (82)
it holds that
B[f (@) - f* + LE|x") — (92 (83)
~7 o’L c18%0? c23%b? w(l—p)K u*(1—-pB)K
= Aexp(— P TP LA axp(—
O(,ugnK + WK?2(1-0)  p?K2(1-p)? + A expl L )+ A exp( nBL?
where A = E[f(2(?))] — f*, ¢; and ¢, are constants defined as follows
6L 24L3 18L2
a=—+—7+ dnL, ¢y = + 12nL. (84)
woop 7
Proof. With Lemmas|[TT]and[T2] if  satisfies
1 - p
< — < —_—
v < A and v < 350 (85)
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then we have

- * Y o - 47
E[f@*)] - f ] <l 7 ]
— | 6nB8°Y°L 1+8

L]E”X(k+1) — x(k+1) ”2

E[f(z")] - f*
LE|x®) — x(#)||2

-8 2
= (k+1) =A =z(k)
~y¥“o“L
2n
+ 2 232 (86)
nLy?p%0% + 73"Lfig b 1

By recursing the above inequality, we have
k-1
(k) < Ak 4 Z Als < AFL0) 4 (I- A Ls (87)
£=0
where the last inequality holds because A is nonnegative and

py | 6nB*y°L* 3yL | 1+

wy
A) < ||A]; < l-—=+— —+ ——1} <1 - —. 88
o) < Al < maxy =20 SELE DR IER g 1y
The last inequality in (88) holds when ~ satisfies
1-B)n 37L  1+B _ 3+
- 3L 4dn + 2 — 4 (89)
1-— 3
a2 P M (90)
n 4 4
n(1—5) pry | 6np*°L? Y
— T BT 91
= oanpRre 2 TT1-5 =11 Oh
Furthermore, we can derive from (87) that
121 < 1AMz + 1 = A) sl
< JAIFIZ N+ (= A) sl
D (1 ey 47— ) )
It is easy to verify that
1 1-8 3yL ’L
(I*A)71$: — [ n2222 4n][ 2nn 222]
UG | el || irgtor g sttt
1— 3vL o
(2 8 22i . T Wan
— 2,212
py(1—=B) LﬁjﬁL £ nL~?B%c? + 7371%{; 5
2vo2L | 6L%y%8%5° 18L2B%~2b>
_ un + u(1-5) + u(1—-p)2 (93)
T 24824808 +4nLv2,6’2(r2 T 12nLB2%42%02 |’
n(1-p)2 1-8 (1-p)?
where (a) holds when
1-5
94
S 6L (94)
Inequality (93) implies that
_ 2v0?L 6L2 24’yL V23202 18L2 R ,82b2
I—A) sy < + (= T panr) Y + +12nL
@) 2902 6L 24L3 23262 182 725%2
< +(=+ T 4nlL + +12n0) L0
un ( U M ) 6 ( i )(1 _ ﬁ)Q
Ive2], 272 2 2 3232
® 2y0°L  ay’fo” B 95)

pn 1-p (1-p5)2
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where (a) holds because ~ satisfies (90), and (b) holds by introducing
L 2413 1812
01::6——1— 5 t4nL, co:= 8
nop 1
Substituting (93)) to (02, and recalling the definition of z(¥) in (86), we have (at iteration K)
ELf(20)] - f* + LE|x®) — 092

L M)K N 2’)/02L Cl,.y2ﬂ202 6272521)2

+12nL. (96)

< A(

4 pn 1-8 (1-p)?
wyK . 2vo?L  c1y2B%02 oy’ 32h?
< _
< Aexp( 1 )+ o -3 (e CH)

where A = E[f(2(")] — f* + LE||x© — x©)|]2 = E[f(z(®)] — f*if :L'Z(»O) = 0 forany i € [n].
Next we let

717IU/K i =3 ) Y2 = 4L V3 = 24%5[/27

It is easy to verify that v satisfies all conditions in (83), (89), (90), (@1) and (94). With (98), we have

K K K K
Aexp(—H2) < Afexp(- =) + exp(—EE=) + exp(—F2=)]

Y= min{th Y2, 73} (98)

2 2
- O(/;n];( +Aexp(—%) +Aexp(—’“‘(iﬁ+f)K)) (99)
and
~vo?L 12 B%0? oy BRh? < yolL  cvipio? . cay23%b?
pn 1-p5 (1=~ pun 1-p (1-p)2
_ ~( o2L c15%02 co 322 ) (100)
pinlK - prK2(1-B)  prK(1-pB)?
Combining (97), (99) and (100}, we achieve (3).
O]

E.2.2 Convergence rate of MG-DSGD
As discussed in Appendix it holds that 52 £ ¢2/R and 3 2 \/2(1 — /T — B)F. If we let

* [max{in(2), In(22), § n(3 max{er, 22 ))} —O( 1 ) (101
= Ny S \WI=B)

we then have

£ VB T £ VB i | L 52 (o i [ 1 2VIERY)?
BEV2(1-y/1-5)F <V2e Smm{\/i,\/inlz,<2nm1n{017 e
(102)

which immediately leads to 1 — 3 = Q(1) and

~ 2 s 2 5
72 maX{Cl,CQR%} =0 (ﬁQ maX{61,CQ\/1E7W}) = O(

Theorem [5| (Formal version). Under the same assumptions as in Theorem [ and setting R as
in (I0T), the convergence of A can be bounded for any loss functions {f;}?_, C Fr,, and any
W e Wn) B by

SN

). (103)

o’L w1 —pT
L)) . (104)

L) - 1= 0 (o + Ao~
where A = E[f(z(0)] — f*.
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Remark 11. Comparing with the lower bound established in @4), we find the upper bound (104)
matches it tightly in terms of T', n, o2, and B, but is a little bit worse in dependence on L and p. We
will leave it as a future work to develop new algorithms that can match [@3) tightly in all constants.

Proof. The convergence analysis of DSGD applies to MG-DSGD by replacing o? with 52, and 3
with 3. As a result, we know from Lemma hat if the learning rate is set as

4 APaK 1-6 p(l-p) ~ (. 1 1
= 71 — = —_— — 1
v mln{’u n( =27 ), 1L 24nBL? 0 mln{MmT,L} (105)
it holds that

K
1
K+l Z:H*3||Vf(f(k))||2

k=0
=2 3252 3232 _ A 2(1_ 43
:(’)( Z L + ap’e — + c26°b = +Aexp(—7u(l mK)—i—Aexp(—iM (1~ ﬂ)K))
WK KA1 - ) | K- )2 L npL?
P<ipiT=KRzR [ oL  c1f%*  cof*Rb? uT W7
O(;ﬂnT w2T w?T + A expf RL)+ exp( nﬁRLz)
@ 5 (°L HT N\ @ 5 (o°L _i—gHT
4 o(MQnTwexp( w0)) B0 T+ Aexn(- VT34 ).
O

F Experiments

F.1 Performance in terms of epochs

Fig. E depicts the performance of several algorithms in terms of the communicated messages. In

Fig.[3|we illustrate their performances in terms of epochs. It is observed that MG-DSGD achieves
slightly better validation accuracy than other baselines in both CIFAR-10 and ImageNet dataset.
Val Acc on CIFAR-10 (ResNet-20) Val Acc on ImageNet (Resnet-50)
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Figure 3: Convergence results in terms of validation accuracy. Left: CIFAR-10 with heterogeneous
data (a = 1); Right: ImageNet with homogeneous data.

F.2 Effects of accumulation rounds

We further investigate the performance of the proposed MG-DSGD and DeTAG over different
accumulation rounds. The “M-" prefix indicates methods with momentum acceleration. As shown in
Table 0} MG-DSGD reaches almost the same performance as DeTAG with less communications. Both
methods have performance degradation as accumulation round scales up. We conjecture that while
gradient accumulation, which amounts to using large-batch samples in gradient evaluation, can help
in the optimization and training stage, it may hurt the generalization performance because gradient
with less variance can lead the algorithm to a sharp local minimum. As a result, we recommend using
MG-DSGD in applications that are friendly to large-batch training.
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Table 9: Effects of round numbers for CIFAR-10 dataset

MODELS
ROUNDS

RESNET18 RESNET20
2 3 4 5 2 3 4 5

M-DETAG
M-OURS
DETAG

OURS

94.40+.13 93.50+.75 92.88+.50 92.57+.66 91.77+.25 91.50+.14 91.19+£.26 90.62+.31
94.57+.05 93.95+.11 93.15+£.25 92.01+.91 91.77+.09 91.17+.07 91.19+.13 90.44+.36
93.17+£.18 92.59+.03 92.26+.23 91.48+.27 88.97+.11 89.02+.08 88.77+.09 88.37+.24
93.75+.12 92.72+.20 92.43+.32 91.78+.28 89.18+.08 88.92+.10 88.80+.15 88.52+.20
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