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A A deeper comparison with the current methods

In this section, we will discuss the four approaches (nuclear norm minimization, alternating projec-
tions, low-rank approximation with GD, and single-step low-rank approximation) in the inroduction
in more detail, and compare them with our method. Note that most of them are RMSE recovery
in the noisy setting, but we can still make comparison due to the fact that our infinity norm bound
automatically implies a RMSE bound with the same error margin.

A.1 Nuclear norm minimization and ISVT

This approach starts from the intuitive idea that if A is mathematically recoverable, it has to be the
matrix with the lowest rank agreeing with the observations at the revealed entries. Formally, one
would like to solve the following optimization problem:

minimize rank X subjectto X = Agq. @)
Unfortunately, this problem is NP-hard, and all existing algorithms take doubly exponential time in
terms of the dimensions of A [12]. To overcome this problem, Candes and Recht [13]], motivated by

an idea from the sparse signal recovery problem in the field of compressed sensing [14,15]], proposed
to replace the rank with the nuclear norm of X, leading to

minimize || X||. subjectto Xq = Agq. (8)

The paper [13] was shortly followed by Candes and Tao [[16], with both improvements and trade-offs,
and ultimately by Recht [17], who improved both previous results, proving that A is the unique
solution to (8], given the sampling size bound

|Q| > C'max{po, u3}rNlog® N, )
for p1 == 1/mn||UVT| .

If one replaces 1 with its trivial upper bound pi9+/7, the RHS becomes Cur? N log? N. This attains
the optimal power of /N while missing slightly from the optimal powers of r and log V.

Candes and Plan [[18]] adapted to the noisy situation by relaxing the constraint on the observations,
leading to the following problem:

minimize || X[, subjectto || Xq — Aq z| <0, (10)

where § is a known upper bound on || Zg|| . The authors showed that, under the same sample size
condition in [17], with probability 1 — o(1), the optimal solution A satisfies
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If one would like the RMSE to be at most ¢, then one needs to require

2 .
) > o ZalEmingm,n)

= : (12)

which grows quadratically with 1/¢.

For exact recovery, one needs to turn the approximation in the Frobenius norm into an approximation
in the infinity norm; see subsection 1.1 in the main paper. This is a major mathematical challange,
and we do not know any efficient way to do this. The trivial bound that | M||oc < ||M||F is too
generous. In the common situtation where the entries of Z have mean 0 and variance 1, if we use this
and then use (TT)) to bound the RHS, then the corresponding bound on || in (T2) becomes larger than
mn, which is meaningless. This is the common situation with all Frobenius norm bounds discussed
in this section.

Compared to our exact recovery method, they have a better sample size condition, where the powers
of r and log N are lower. This disadvantage is made up for by the simplicity and efficience of our
algorithm. The standard method for solving Problem () is to convert it to a semidefinite program
[13L[16]], then solve it with interior point methods such as SDPT3 [19] and SeDuMi [20] (see [21]
for more details). These methods can take up to O(|Q|2N?) FLOPs (floating point operations),
even if one takes advantage of the sparsity of Ag. Indeed, as €2 is at least C'N log N (by coupon
collector), the number of operations is 2(N*), which is too large even for moderate N. In contrast,
our algorithm, [Approximate-and-Round 2} takes O(|€2|r) FLOPs.

Our advantage is even clearer in the noisy case, where the bound in [18]] becomes trivial in many
common cases of Z (as discussed above), while ours is still close to the optimal bounds, up to powers
of r and log N. The only downside is our extra assumption that o1 = || A|| be large enough, which
we have shown to be unavoidable for single-step SVD-based approaches; see Remark [2.4]

An iterative singular value thresholding method aiming to solve a regularized version of nuclear norm
minimization, trading exactness for performance, has been proposed by Cai et al. [22]]. However, this
takes O(|Q|r(#iterations) FLOPs, and few guarantees on the number of iterations to achieve any
type of error margin have been proposed.

A.2 Modified alternating projections

The intuition behind this approach is to fix the rank, then attempt to match the samples as much as
possible. If we know r = rank A precisely, it is natural to look at the following optimization problem

minimize ||(A — XYT)g||% over X € R™*" Y € R™*™, (13)

This, unfortunately, like (7)), is NP-hard [23]]. There have been many studies proposing variants of
alternating projections, all of which involve the following basic idea: suppose one already obtains an
approximator X () of X at iteration I, then Y and X ‘*+1) are defined by

Y® = argmin ||(4 — XWY T2, XD = argmin |[(A — X (YD)T)q|%.
Y ERrxn XERTXn

The survey [23] pointed out that these methods tend to outperform nuclear norm minimization in

practice. Oh the other hand, there are few rigorous guarantees for recovery. The convergence and
final output of the basic algorithm above also depends highly on the choice of X (9 [23].

Jain, Netrapalli and Sanghavi (2012) [24] developed one of the first alternating projections variants
for matrix completion with rigorous recovery guarantees. They proved that, under the same setting in
Section 1.2 in the main paper and the sample size condition
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the AP algorithm in [24] recovers A within an Frobenius norm error € in O(|Q|r? log(1/¢)) time
with high probability. Since the Frobenius norm is larger than the infinity norm, this also gives us an
exact recovery up to the error margin .

Compared to the previous approach, there are two new essential requirements here. First one needs
to know the rank of A precisely. Second, there is a strong dependence on the condition number
k := o01/0,. Therefore, the result is effective only if « is small.

The condition number factor was reduced to quadratic by Hardt [25] and again by Hardt and Wooters
[26] to logarithmic, at the cost of an increase in the powers of 7, 1o and log N.

Concerning noisy recovery, a corollary of [26, Theorem 1] shows that we can obtain an approximation
A of rank r, where .
A=Al <2+ oW)IZ] + o1, (14)

given that (for sufficiently large universal constants C; and Cs),
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The bound here is in the spectral norm, and one can translate into Frobenius norm by the fact that
||M||F < Vrank M||M||. Again, it is not clear of how to obtain exact recovery from here.

Our approach fully removes the dependence on «, while being simpler and even more efficient in
some cases. Our time complexity is O(|Q2|r), which is worse than this approach in terms of the
growth factor of 1/ (observe that || grows with 1/2 in our sample size condition, but theirs has
log 1/¢), but this does not matter when ¢ = (1), which is the case for most real-life datasets. For
instance, the Netflix price data [27] has € = .5. Our guarantees for recovery in the noisy setting
is well-defined, with a well-established time complexity, while this approach, and most iterative
approaches discussed here, do not have rigorous analysis on the number of iterations.

Remark A.1 (A problem with trying all possible ranks). In practice, usually we do not know the
rank r exactly, but have some estimates (for instance, 7 is between known values rp,i,, and 7). It
has been suggested (see, for instance, [28]]) that one tries all integers in this range as the potential
value of . From the complexity view point, this only increases the running time by a small factor
Tmax — Tmin, Which is acceptable. However, the main trouble with this idea is that it is not clear that
among the ouputs, which one we should choose. If we go for exact recovery, then what should we do
if there are two different outputs which agree on {2 ? We have not found a rigorious treatment of this
issue in the literature.

A.3 Low rank approximation with Gradient descent

As discussed earlier, if one assumes the independent sampling model with probability p, then the
rescaled sample matrix p~! Aq can be viewed as a random perturbation of A. Since E [Aq /p] = A,
this perturbation is unbiased, and the matrix E := p_lAQ — A is a random matrix with mean zero.

Assuming that the rank 7 is known, Keshavan, Montanari and Oh [29] first use the best rank-r
approximation of p~! A, to obtain an approximation of A. Next, they add a cleaning step, using
optimization via gradient descent, to achieve exact recovery. Here is the description of their algorithm:

1. Trimming: first zero out all columns in Ag with more than 2|Q|/m entries, then zero out all
rows with more than 2|Q2| /n entries, producing a matrix Agq.

2. Low-rank approximation: Compute the best rank-r approximation of Z;z via truncated SVD.
Let T,.(Aq) = U,X,. V.T be the output.

3. Cleaning: Solve for X,Y S in the following optimization problem:
minimize  [[Aq — (XSYT)g|>.  for X e R™<Y e R™7, S €R™™", (15

using a gradient descent variant [29]], starting with Xy = U,,Yy =V, and Sy be the r X r
matrix minimizing the objective function above given X and Y.

Let (X., Y., S,) be the optimal solution. Output X, S, Y.



The last cleaning step resembles the optimization problem in alternating projections methods, but
here the authors used gradient descent instead. They [29] showed that the algorithm returns an output
arbitrarily close to A, given enough iterations in the cleaning step, provided the following sampling
size condition:

T T

2 6
|| > C max {um/mn <Zl> rlog N, max{puo, p1}>r min{m,n} <Zl) } . (16)

It was pointed out [29] that the powers of r and log N are optimal by the coupon-collector limit,
answering a question from [16]. On the other hand, the bound depends heavily on the condition
number k := o1 /0,. Furthermore, similar to the situation in the previous subsection, one needs to
know the rank 7 in advance; see Remark [A.T]

In a later paper [28]], Keshavan and Oh showed that one can compute  (with high probability) if
the condition number satisfies k = O(1); see also Remark Thus, it seems that the critical extra
assumption for this algorithm (apart from the three basic assumptions) to be efficient is that the
singular values of A are of the same order of magnitude, i.e., x = O(1). This assumption is strong,
and we do not know how often it holds in practice. In fact, Figure 1 in the main paper shows that the
centered data matrix made from the Yale face dataset has a large condition number.

From the complexity point of view, the first part (low rank approximation) of the algorithm is very
fast, in both theory and practice, as it used truncated SVD only once. On the other hand, [29] did
not provide a full convergence rate analysis of their (cleaning) gradient descent part. It only briefly
mentioned that quadratic convergence is possible [29, Page 14].

Keshavan et al. [30]] also extended their result from [29] to the noisy case, using the same algorithm.
They proved that with the same sample size condition as (T6), the output satisfies w.h.p.

Al <o (@) mm 2 am
F > o |Q‘ Qllop-

If one would like to have ﬁ |A — A||p < e, this translates to the following sample size condition:

2 N 2
0> 07" (") , (18)
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where the dependence on ¢ is again quadratic.

Chatterjee [31] uses a spectral approach with a fixed truncation point independent from rank A, and
thus does not require knowing it. He required that p > C N ! log6 N and achieved the bound

1, 4 1 1
E{HA—AH%} SCmin{ T(—l—),l}—i—o(N).
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The advantage over previous methods is the absence of the incoherence assumption. However, to
. . . 1 N . oy

translate the bound in expectation above to obtain —7— |A — A||r < e with probability at least 1 — ¢,

assuming Markov’s inequality is used, one will need

< Cr (1 n 1
P=ag \m ")
The dependence on € grows substantially faster than [30]]. In fact, P. Tran’s and Vu’s recent result in

random perturbation theory [32]] can be used to prove a high-probability mean-squared-error bound,
again without incoherence, requiring only a quadratic dependence on €.

Again, our main advantages over their method is the simplicity, with a well-established and more
optimal time complexity, the independence from x (compared to [29,130]]), or the more optimal
growth factor of 1/¢ (compared to [33])), and the exactness of recovery. Our main drawback is the
extra assumption on ||A||, which is the best our method can do (Remark 2.4)).



A.4 Single-step Low-rank approximation with rounding-off

In this approach, one exploits the fact that A has finite precision (which is a necessary assumption
for exact recovery to make sense); see subsection 1.1 in the main paper. It is clear that if each entry
of A is an integer multiple of ¢¢, then to achieve an exact recovery, it suffices to compute each
entry with error less than €y/2, and then round it off. In other words, it is sufficient to obtain an
approximation of A in the inifnity norm. It has been shown, under different extra assumptions, that
low rank approximation fullfils this purpose.

The first infinity norm result was obtained by Abbe, Fan, Wang, and Zhong [10]. They showed
that the best rank-r approximation of p~! Aq is close to A in the infinity norm [10, Theorem 3.4].
Technically, they proved that if p > 6 N ~!log N, then

log N

||p_1(AQ)r — Al < Cﬂg’€4‘|AHoo N

for some universal constant C, provided o, > Ck||A||0o4/ w, where k = o1 /0, is the condition
number.

If we turn this result into an algorithm (by simply rounding off the approximation), then we face
the same two issues discussed in the previous subsection. The algorithm needs to know the rank
r, and the condition number x has to be small. As discussed before, this boils down to the strong
assumption that the condition number is bounded by a constant (x = O(1)).

Eliminating the condition number. Very recently, Bhardwaj and Vu [[L1] used different mathematical
tools to analyzed a slightly different algorithm. In their analysis, they do not need to know the rank
of A. Next, their bound on || does not include the condition number . Thus, they completely
eliminated the role of the condition number. However, the cost here is that they need a new assumption
on the gaps between consecutive singular values.

As this work is the closest to our new result, let us state their result for matrices with integer entries
(the precision g = 1). One can reduce the case of general case to this by scaling.

Algorithm A.2 (Approximate-and-Round (AR)).
1. Let A := p~'Aq and compute the SVD: A = UXV7T = Z:’;qn G DL
2. Let 5 be the last index such that &; > %’ where p := N max{||U||%, ||V||%} is known.

3. Let A=Y Gu,o7.

4. Round off every entry of A to the nearest integer.

They showed that with probability 1—o(1), before the rounding step, || A — A||s < 1/2, guaranteeing
an exact recovery of A, under the following assumptions:

» Low-rank: r = O(1).

* Incoherence: 1 = O(1).

* Sampling density: p > N~ 'log** N.

* Bounded entries: ||A|loo < K4 for a known constant K 4.

* Gaps between consecutive singular values: min,c(q(0; — 0iy1) > Cp~llogN.
Aside from the first three basic assumptions, the new assumption that the entries are bounded is
standard for real-life datasets. In the step of finding the threshold, it seems that one needs to know

both r and p, but a closer look at the analysis reveals that it is possible to relax to knowing only their
upper bounds. (We will do exactly this in our algorithm, which is a variant of AR.)

For exact recovery, this is the only approach which adapts well to the noisy situation. As a matter
of fact, the infinity norm bounds presented above hold in both noiseless and noisy case (with some
modification). The reason is this: even in the noiseless case, one already views the (rescalled)



input matrix p~! Aq as the sum of A and a random matrix E. Thus, adding a new noise matrix Z
just changes E to EY' + Z. This changes few parameters in the analysis, but the key mathematical
arguments remain valid. In fact, in the noisy case, both approaches above simply replace || A« with
[|A]lco + || Z]| o in their respective bounds.

As discussed, the main improvement of Bhardwaj and Vu [[11]] over the previous spectral approaches
is the removal of the dependence on the condition number. One no longer need x = O(1). This
removal was based on an entirely different mathematical analysis, which shows that the leading
singular vectors of A and p~! Aq are close in the infinity norm.

In the new assumption on the gaps, the the required bound for the gaps is relatively mild (weaker
than what one requires for the application of Davis-Kahan theorem; see [[11] for more discussion).
However, we do not know how often matrices in practice satisfy it. In fact, Figure 1 in the main body
shows that the Yale face database matrix [34] has several steep drops in singular value gaps.

The reader may have already noticed that this gap assumption, at least in spirit, goes into the opposite
direction of the small condition number assumption. Indeed, if the gaps between the consecutive
singular values are large, then its suggests that the singular values decay fast, and the condition
number is also large. So, from the mathematical view point, the situation is quite intriguing. We
have two valid theorems with constrasting extra assumptions (beyond the three basic assumptions).
The most logical explanation here should be that neither assumption is in fact needed. This has been
resolved by our result in the main body of the paper.

Therefore, our advantage over [11] is the independence from the singular value gaps, and our
advantage over [10] is the independence from the condition number. We retain the simplicity and
efficicency of the single-step SVD approach in these papers.

A slight downside is we do have slightly worse factors of » and log N in the bounds.

A.5 A brief summary

We have the best rigorously analyzed time complexity, being on par with other single-step SVD
approaches [10, [11]. Our approach yields exact recovery, which is more refined that the RMSE
approaches (for relevant applications). Our assumptions for recovery does not depend on the condition
number or the singular value gaps, as opposed to various past works. Whhile there were works that
have no such dependence before (e.g. by Chatterjee [31], Bhattacharya and Chatterjee [33]), our
growth factors in the sample size assumption is noticeable better.

B The main matrix perturbation theorems

This section serves two purposes.

First, we will formally introduce the main technical theorems that form the backbone of our argument.
The two main theorems are Theorem[B.2} an extension of the classic Davis-Kahan theorem for the
perturbation of low-rank approximations, in the infinity norm; and Theorem [B.4] a semi-isotropic
bound that serves an essential role in the contour integral method used to prove Theorem[B.2] While
both are novel, Theorem can be deduced easily with the argument in [32]], while Theorem@]
requires an entirely separate proof with the moment method. We will introduce their corollary,
Theorem [B.7] that serves as a “random” version of Theorem[B.2] We tend to use this theorem directly
in applications rather than the previous two. Along the way, we will argue that the bounds of Theorem
are nearly optimal, up to a few log N and r factors.

Second, we will provide the full proofs of Theorems [2.3]and in the following chain:

Theorem ﬁ (assumed) AP, Theorem 3.1 2"+ Theorem

B.1 Davis-Kahan in the infinity norm: the deterministic version

At this point, we can put aside the matrix completion problem and focus on the perturbation theorey
view point. Let us formally introduce the objects involved below.



Setting B.1 (Matrix perturbation). Consider two m X n matrices: the original or pure matrix A, and

the noise or perturbation matrix E. Let A:= A+ E be the noisy or perturbed matrix. Let A have
the SVD A =UXVT = 22:1 Uiuiv;r, where 01 > 02 > ... 0,. Define the following for A:

1. Foreach k € [r], 0 := 0k — 0k+1, using 0,11 = 0, and let Ay := min{dx, dx—1}

2. Foreach S C [r], let g := min;eg 0; and Ag := min{|o; — 0| : 1 € S, 5 € S}.

Define analogous notations &;, ;, U;, Sk, Ak, 55, Ag, Vs, Us, and Ag for A. When S = [s] for
some s € [r], we also use V, Us, A in place of the three above.

Some extra notation. To aid the presentation, for every a,b € R, let a A b := min{a, b} and
aV b:=max{a,b} Let [[a,b]] :={x € Z:a <z <b}and [a] :=[[1,a]].

As mentioned in the previous section, one of the most well-known results in perturbation theory is
the Davis-Kahan sin © theorem, proven by Davis and Kahan [35]], which bounds the change in
eigenspace projections by the ratio between the perturbation and the eigenvalue gap. The extension
for singular subspaces, proven by Wedin [36], states that:

CllE]

|UsUE — UsUZ|| V [[VsVE — VsV || < As (19)

A key observation is that the worst case (equality) only happens when there are special interactions
between E and A. A series of papers by O’Rourke et al. [37], Tran and Vu [32]] exploited the

improbability of such interactions when F is random and A has low rank, and improved the bound
significantly. The former proved the following:

~ o~ FE UTEV 0 ol
T vevTl < ouig (1EL, VAUTEVI. | IBRY
o3 Ag Agog

with high probability, effectively turning the noise-to-gap on the right-hand side of Eq. into the
much smaller noise-to-signal ratio. The latter then improved the third term, at the cost of an extra
factor of /r, which does not matter when » = O(1). They showed that if

T
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|VsVa — VsV < CrRs, where Rg := IE] + 7l H + Y , (22)
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Their key improvement is replacing || E||? in the previous result with the smaller term y, which can
be much smaller in many cases, notably when FE is regular [32]].

Our first main theorem can be seen as the infinity norm version of this result.
Theorem B.2. Consider the objects in Setting|[B.1} Define the following terms:

i L e NPV )
0<a<10log(m-+n) /T (P21 EC |2+t ’
L (e, e,y
T ogasibiontmin) V7 { [ ] }
Suppose an arbitrary subset S C [r] satisfies Eq. 21). Then for a universal constant C,
|VsVd — VsV ||, < CrirRs, (25)
HVS‘}ST - VngHQm < CnrRg, (26)

where Rg is defined in Eq. (22). When S = [s] for some s € [r], we also have
|As — Ay|loe < CiT2057 R, where R, = Ry (27)
Analogous bounds for U and U hold, with U and V swapped.



We use Eq. to prove Theorem [3.1] While Eqs. (25) and (26) are not directly used in this paper,
they are the best known infinity norm estimates for these perturbations of spectral quantities and may
be useful in other applications.

One can clearly see that the parameters 71 and 75 play the roles of the coherence parameters from Eq.
(T). They are needed to extend the spectral norm bounds in [32]] to the co- and 2-to-oco-norm bounds.
The best possible values for them are respectively |U||2,00/+/7 and ||V ||2,00/+/7 To estimate them,
we need the semi-isotropic bounds of the theorem in the next part.

Let us end this part with a comment on the optimality of the term Rg in Eq. (22).

Remark B.3 (Sharpness of Rg). Consider the term Rg:

|E| | 2r|[UTEV]e | 2ry
- + ==
O O 050

Rg =

The discussion in [32] shows that R is an optimal bound for ||VsVZ — VsV ||, up to the factor 7.
The first term is clearly optimal due to the Davis-Kahan theorem in the case » = 1. The second and
third terms can be shown to be non-removable as part of the power series expansion that we will
demonstrate in the proof (Section [C.2).

The term y can be trivially upper-bounded by || E||2. In fact, the slightly weaker bound with || E||?
replacing y looks more natural and consistent with the condition (2I)). This bound was discovered
by O’Rourke et al. [37] and was the best-known until [32]. In many cases, notably when E is a
stochastic/regular random matrix, namely, there is a common ¢ such that, for all ¢ € [m] and j € [n],

ZE By ] ZE |Eal?],

y can be much smaller than || E|| (see [32]] for a detailed computation of y).

B.2 The semi-isotropic bounds on random matrix powers

Below is the main theorem of this part, the full form of the semi-isotropic bound in Section
Theorem B.4. Suppose E is a random m x n matrix with independent entries satisfying:

E[E;] =0, E[|E;?] <<* E[E;|'] <M7%" forall | € Ns,. (28)
Let N =m +nand H := 1.9¢V/N. For each U € R™*" and p > 0, define
_ 2lUl2 p*?
o(U, n(U,p) = —F——"—+ —. 29

There are universal constants C and ¢ such that, for any t > 0, if M < ¢t 2Nlog™ 2 N, then for
each fixed k € [m), with probability 1 — O(log= N),

T T\a 2a
octnax llem  (BE)* U < (U, loglog N) # V. (30)

For each fixed k € [n), with probability 1 — O(log=“ N),

T T a T < 2a+1 .
Ogarg?l)égNHenyk(E E)ETU| < 71 (U,loglog N) H** T \/r (31)

If the stronger bound M < ct=2Nlog™® N holds, then with probability 1 — O(N ~2),

T\a < 2a
0<an<1§11>égN’?€1?X Hem L(EED)U| < 10(U, log N) H**/r, (32)
max max el (ETE)*ETU|| < 11 (U,log N) H?**™/r (33)

0<a<tlog N k€[n]
Analogous bounds hold for V, with E and ET swapped.

To the best of our knowledge, there have been very few well-known isotropic, semi-isotropic, or
entry-wise bounds of powers of a random matrix in the literature. This theorem is thus another
noteworthy contribution of this paper and may be of independent interest.



Remark B.S (Comparison with some similar bounds). We would like to briefly mention and discuss
two similar bounds on the powers of £ in literature. In [38, Lemma 5.4], the authors proved, for
some constant ¢, for any fixed £ < log N, with probability at least 1 — exp(—(log® N)/3),

el E* w| < (pN)*/21og™ N|jwl|o.

sym

In [39, Lemma 5], the authors proved a general isotropic bound for the case £, does not necessarily
have mean (. In our use case, their result translates to: for any fixed constant k,

|6TEk w| < (pN)k/2 +Cy(pN) (k 1)/2 mln{l |\w||oo\/pN}

Note that the notations have been translated from their papers to match ours.
In our use case, we aim for a bound that looks roughly |e! E w| < (pN)*/2 10g° N||w]| oo, where

C'is a constant. The first bound by [38] does not satisfy this, since they have (log N)¢1°& ¥ instead
of logC N, which is much larger than what we need. The second bound by [39] is applicable
for a constant k only, and is asymptotically not much better than the trivial bound ||elTE’jmw\ <

| Eynl/¥ < (Cpn)¥/2 (for the case E [E,,,] = 0, as their result applies even with non-homogeneous
E). Therefore, our bound is the only suitable for this purpose, and is a novel contribution.

We only use Egs. and to prove Theorem [3.1] but for the sake of potential future applications,
we still present Eqgs. (30) and (31), whose bounds are better but non-uniform in k. More specifically,
we use the following bounds, which directly results from the theorem.

- (Vo + v/1og N) log N < (y/Ho + V1og N)log N
< Jm , < Tn :

As mentioned, 7 and 7 in Theorem B.2] play the roles of the coherence parameters in the matrix
completion setting. In practice, one replaces them with upper bounds when applying Theorem|B.2] as
the theorem still works after such substitutions. Let us show that the choices of 7; and 75 in Theorem
are nearly optimal upper bounds for them.

Remark B.6 (Sharpness of 71, 72). A trivial choice of upper bounds is 7, = 72 = 1/4/r, since we
have
I(EET")"Ulj2,00 < |IEI?**,  [(ETE)*EU| 2,00 < | E[***,

and analogously for V. This is the best estimate in the worse case for a deterministic F.
However, if F and A interact favorably, then we can get much better estimates. Let us first consider a
bound from below. Setting a = 0, we get from Eq. (24) the lower bounds

ez W”U”fo’ - %7 T2 WHVHZOO = ¥,

where p(U) and p(V') are the individual incoherence parameters from Eq. (.
If these lower bounds are the truth, then by Eq. (Z1)), one gets, in philosophy, the following bounds
from Theorem [B.2|(when r = O(1)):

VsV — VeViT|| <c” ) |[Vsv2 — vsvZ

|Vs7F = VeV, . < c,/@uvsvg_vsvgu, (34)

: NG
1, - A, < o /MO 4 g

These are the best possible bounds one can hope to produce with Theorem[B.2] But how good are they?
To answer this question, let us consider a simple case where r = O(1), u(V) = O(1), and m = O(n).
Assume the best possible case for the parameters 5, which is that 7o = \/u(V)/n = O(n=/2). In
this case, Eq. (23] asserts that

- 1+~ ~
V78~ vsvil, =0 (AIVs7E —vavd])).



On the other hand, we have
- 1.~ - 1~ -
|VsV2 — Vv = (nuvsvg - vsngF> _0 (nuvsvg - vsvgu.)

Therefore, our bound says that in the best case scenario, the largest entry of the matrix is of the same
magnitude as the average one, making Eq. (25) sharp. The sharpness (in the best case) of Eq. (26)
and Eq. (Z7) can be argued similarly. Notice that this also fully justifies the optimality of the bound
(6 in Theorem 3.1] up to polylogarithmic factors.

In the next section, we will rigorously prove Theorems [2.3]and [3.1]

B.3 The random theorem
Combining Theorem with familiar bounds on ||E| and |[UTEV||s, we get the following
“random version” of Theorem [B.2] Theorem [3.1]is a direct consequence of this theorem.

Theorem B.7. Consider the objects in Setting Let ¢ € (0,1) be arbitrary Suppose E is a
random m x n matrix with independent entries following the model (28) with parameters M and .
Let N = m + n. Replace 1, from Eq. 24) with

Ullgsolog N M||V]z o log® N 1log®? N
S U l2,00 log . [V]|2,00 log , log 7 35)
NG VN VN

and redefine o symmetrically by swapping U and V. For an arbitrary S C [r|, suppose

VN y TSWIogN + M||U o[Vl log N) | sVPN 1
gs Ag VAsog — 16
Let us replace the term Rg in Eq. 22) with

/N N rs(v/1og N + M||U||so||V || 00 log V) N 2r¢? N
T og Ag Agog’

(36)

Rs

There are universal constants ¢ and C such that: If M < ¢N'/2log™ N , then with probability at
least1 — O(N~1),

o 1
HVSVST — VSVSTHOO < CTirRs + . (37)
L 1

HVSVST - VSVSTH2 < CrarRs + . (38)

Analogous bounds for U and U hold, with 7\ replacing To. When S = |[s] for some s € [r], we
slightly abuse the notation to let Rs := R|y). Then with probability 1 — O(N™1),

- 1
|As — Aslloo < CTiTarosRs + N 39)
Furthermore, for each € > 0, if the term QA’";?;[ in Rg is replaced with

inf {t P (max(viETEvﬂ + lu; EETuy)) < 2t> >1- 5} )
508 7]

then all three bounds above hold with probability at least 1 —e — O(N~1).

B.4 Proof of Theorem 3.1 (using Theorem B.7)

We now move to the proof of Theorem 3.1} We treat Theorem [B.7]as a black box. Its proof, along
with the proofs of other main theorems, will be in Appendix [C]

Proof of Theorem[3.1] Lets = K/,/pand M = 1/,/p. Then for C sufficiently large, p > C(m ™! +
n=1t) log10 N implies M < ¢v/N 1og_5 N, meaning we can apply Theorem specifically Eq.

10



(39) for this choice of ¢ and M if the condition (36) holds. We check it for S = [s]. Given that
os > 05 > 40K +/rN/p, we have

gx/N_K TN< 1 <1 ng< KvrN 1

<
os os\ p T 40yr 16" b0, T \/p-40rK\/rN/p ~ 40
and, using the fact yo < N and the assumption rr < log2 N,
rs(vIog N + M||U |||Vl log N _ rK\/IogN  r?Kpglog N
< +
ds T /P dspy/mn
< Vrlog N N 32 g log N < /rlog N N 32 g log N < 1 - 1
40V N VpmnN = 40¢/N  V/CNlog’ N ~ logN = 16
It remains to transform the right-hand side of Eq. to the right-hand side of Eq. (6). We have
< Vo log® N n log‘g/2 N /iolog N < 1og3/2 N n V2pplog N
T .
t= pmN VN Vn - VN vn

Combining with the symmetric bound for 75, we get

1
16

log®? N Violog”* N v2m++v/2n  2uglog® N log N
T 0g I Ho log ovzm+ nJr o log §410g2N0g +M0’
N VN vmn vmn vmn

which is the first factor on the right-hand side of Eq. (6).

Consider the term R,. From the above, we have

R. < K |rN N rK+/log N N r2K jiglog N N KQTN.
os\ p ds\/P dspy/mn POsos

Since §, > 40K \/rN/p, the fourth term is absorbed by the first term. Removing it recovers exactly
the second factor on the right-hand side of Eq. (6). The proof is complete. O

B.5 Proof of Theorem 2.3

In this section, we prove Theorem We will first assume Theorem [3.1]as a black box, then prove
Theorem [3.1] in the next subsection. It suffices to prove Theorem [2.3|in its full form, where the

sampling condition (4) replaces (2)) and the condition 7, < log2 N is removed.

Proof of the full Theorem[2.3] Let Cy = 1/c for the constant ¢ in Theorem We rewrite the
assumptions below:

1. Signal-to-noise: o1 > 10076v/Tmax N .

2. Sampling density: this is equivalent to the conjunction of three conditions:

Crirmaxptd K3 1 1
pz;’“(+>, (40)
€ m o n
p>C %—FE log™ N, 41)
Cr3K? , ud r3log N 1 1
> = (1 0 14+ —=— — + =) log® N. 42
p> =t (1 ) (10 55 (ot @

Let p := p/p. From the sampling density assumption, a standard application of concentration bounds
(40, 41]] guarantees that, with probability 1 — O(N ~2).

1 log N log N
09<1— =<1 22 <p<ly—8
D oM

<1+

IA
—
i

(43)

=
2
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Furthermore, an application of well-established bounds on random matrix norms gives

IE|l < 26VN, (44)

with probability 1 — O(N ) See [18,[7]], [42, Lemma A. 7] or [8] for detailed proofs. Therefore we
can assume both Eqs. @3) and ([@4) at the cost of an O(N 1) exceptional probability.

Let C := 40. The index s chosen in the SVD step of [Approximate-and-Round 2|is the largest such

that
5 > COKA zZ\ rmax COP Y ’;\/ T'maxN~

Firstly, we show that SVD step is guaranteed to choose a valid s € [r]. Choose an index [ € [r] such
that 6; > o1 /7 > 1006/ rmax N, we have

o > p 20 > pm V2 (8 = 2| E|l) > (100rY2 — 4)p7 2V N > 2C0p ™26/ Timax N,
so the cutoff point s is guaranteed to exist. To see why s € [r], note that

Sr—i-l < /)_1/251'-1-1 < /)_1/2HE|| < 20_1/2§ V rrnaxN < COP_1/2§\/ TmaxN-

We want to show that the first three steps of [Approximate-and-Round 2|recover A up to an absolute

error €, namely || A, — Ao < &, we will first show that | A, — Alloc < /2 (with probability
1 — O(N~1)). We proceed in two steps:

1. We will show that ||As — Al|s < €/4 when C is large enough. To this end, we establish:

Os+1 S T§s+1 S r(55+1+2”EH) S T(COp_l/Q\/ ,r‘max"*'zl)g\/]v S 2”1CYO*KVA,Z V TmaxN/p-

(45)
For each fixed indices j, k, we have
Tm'}xN T Lo
As — A) U Y < 2rCoK -
I( )ikl = | 0ol A,z Jmn

4C2 747 o 2 K2 1 1
\/ 0 Hots 4, z <+>§€/4.
P m n

where the last mequahty comes from the assumption {@0) if C is large enough. Since this
holds for all pairs (j, k), we have || A; — Al|oo < £/4.

2. Secondly, we will show that || A, — A« < /4 with probability 1 — O(N~'). We aim
to use Theorem[B.7} so let us translate its terms into the current context. By the sampling
density condition, we have the following lower bounds for d5 and o:

05 > 05 > 65 — 2| E| > Cop™2c\/TmaxN — 2| E|| > .9C06\/Tmax N. (46)
Consider the condition (36). If it holds, then we can apply Theorem [B.7] We want
gx/Nv rs(VIog N + K||Ul|oc|[V]|oc log N) | VPN _ 1

Os s \/(5 05 16

By Eq. (@6)), we can replace all three denominators above with .9Csv/Tmax V. Additionally,
[U]loe < 1U]l2,00 < v/ 2 and ||V ]oo < [[V]l2,00 < /752, s0 We can replace them with

= m = B =

these upper bounds. We also replace K with p—1/2 (its definition). We want

VN V V"N V r¢(\/Iog N + —ko logN) 1

vpmn

900§\/ Tmax 16

which is equivalent to

LV V(5 + e log N)
<

1
.900\/Tmax - E

12



which easily holds. Therefore we can apply Theorem[B.7} We get, for a constant C1,
1

HAS - As”oo S C’17—UV7—VU : TO—SRS + N

Let us simplify the first term in the product, 7y Ty .

K|Ullaoolog® N 10e*2 N ||V]l9.o log N
v — |U]]2,00 log 4 log +H 2,00 log

VrN VN VT
< o log® N log3/2N n Vo log N < log3/2N V2puplog N
- pmN VN vn - VN Vn ’

where the first inequality comes from {T)) if C is large enough. Similarly,
vy < N~1/2 10g3/2 N + mfl/Q\/Q,uo log N.

Therefore,
log® N /io log5/2 N V2m++v2n  2uplog? N
TUVTVU < + : +
N VN vJ/mn vJmn
log N +4 log N +4 log N +4
< log? N8N T AVEoVIR N+ o log N 44y,
2v/mn vJmn

For the second term, we have the following upper bound:

/N N re(viog N + ZE- Klog N . rg2N>

rosRs < rog (

O O 050
SO, ruo log N r¢2N
r <<v + 5 (\/ og N + o ) + 5.
rug log N r¢2N
<r cx/]V—i—ng( log N + )+
( s \Vpmn 9CosvVrN
. log N
< 3% (V2N 4 13/2 logN+w .
/pmn

Under the condition (@2)), we have

log N
pmn > Cr3u310g4N — [Ho08 W < .14/log N,

/pmn

so the above is simply upper bounded by

3/2
\/ir\prA’Z (\/N+7’3/2\/logN> .

Multiplying the two terms, we have by Theorem[B.7}

. log N + 4 232K
[As — Aslloo < 10g2N~ gWNO : \fT\/ﬁ A7 (\/N—&—r?’/QvlogN)

2r3K2 log® N 442 310 e N\ /1 1
< (R i) (0 ) (o) 2o
p log® N N m n

(47)

where the last inequality comes from the condition (@2)) if C is large enough.

After the two steps above, we obtain || Ay — Ao < £/2 with probablity 1 — O(N~'). Finally, we
get, using Fact (43) and the triangle inequality,

R - 1, - 1 €/2 Ka
As — Al = YA, — Al < = |4y — Alloo + | = — 1] || A]|oe < %=
A = Al = | | < 2= Al |5 =1l < 2 S

<eE.

This is the desired bound. The total exceptional probability is O(N ~1). The proof is complete. [J
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C Proof of main results

As mentioned, Theorem [B.7]is a corollary of [B.2] when the noise matrix is random. In actuality,
Theorem B.2is a slightly simplified version of the full argument for the deterministic case and does
not directly lead to the random case. However, the reader can be assured that the changes needed to
make Theorem [B.2]imply Theorem are trivial, and will be discussed when we prove the latter.

Proof structure. First, we will assume Theorem [B.2]and use it to prove Theorem [B.7} which directly
implies Theorem 3.1} The proof contains a novel high-probability semi-isotropic bound for powers of
a random matrix, which can be of further independent interest.

We will then discard the random noise context and prove Theorem[B.2] The proof adapts the contour
integral technique in [32]], but with highly non-trivial adjustments to handle the inifnity norm, instead
of spectral norm as in [32]]. The proof roughly has two steps:

1. Rewrite the quantities on the left-hand sides of the bounds in Theorem [B.2]as a power series
in terms of F, similar to a Taylor expansion.

2. Devise a bound that decays exponentially for each power term, and sum them up as a
geometric series to obtain a bound on the quantities of interest. The final bound, Lemma
[C.7} will be general enough to imply all three of bounds of Theorem [B.2]

The structure for this section will be:

implied by 1mphed by B
Theorem . Theorem Lemma

C.1 The random version: Proof of Theorem

In this section, we prove Theorem assuming Theorem [B.2] First, consider the term
1B] | 20|UTEV | |, VEr)E]
gs AS VOs AS

from the condition (ZI). Let us replace the terms related to E in the above with their respective
high-probability bounds.

* ||E||- There are tight bounds in the literature. For E following the Model (28), with the
assumption M < (m + n)*/2log~>(m + n), the moment argument in [[7] can be used.

* |[UTEV || = max; j|ul Ev;|. These terms can be bounded with a simple Bernstein
bound.

 y = gmax;;(|u; EETuj| + |v;ET Evj|). The terms inside the maximum function can be
bounded with the moment method. The most saving occurs when F is a stochastic matrix,

meaning its row norms and column norms have the same second moment. For the purpose
of proving Theorem 7} the naive bound || E||? suffices.

Upper-bounding these three is routine, which we summarize in the lemma below.

Lemma C.1. Consider the objects in Setting Let E € R™*" be a random matrix satisfying
Model (8) with parameters M and s. Suppose M < (m + n)/?log™(m + n). Then with
probability 1 — O((m + n)~2), all of the following hold:

IE| <1.9¢vm +n < 2¢v/m +n, (48)

max((us BB us -+ 7 By ) < 2 B? < 8%(m+ m). @9)
i#]

max [ul Evj| < 25(v/log(m + n) + M||U]|so||V || oo log(m + n)). (50)
i.j

Proof. Eq. follows from the moment argument in [7]]. Eq. follows from Eq. {@8). It remains
to check Eq. (30). Fix i, j € [r]. Write

ul Bvj = Z Uik VjnErn = Z Yin,
k€[m],h€[n] (k,h)€[m] x[n]

14



where we temporarily let Yz, := w;xv;5 Erp, for convenience. We have |Yip| < [|U|loo ||V || co| Eknl-
Let Xipn = Yien/(S[|U]loo ||V |loo)s then { X, = (k, h) € [m]x[n]} are independent random variables
and for each (k, h) € [m] X [n],

EXw] =0, E[[Xm]] <1, E[Xwm|']< M2 foralll € N.

We also have

B Zk,h u?kvjzhE [|Ekh|2] ¢? Zk,h ufk”?h 1

E [|X.1)?] = < =
2Pl = =G v, S TRVE ORIV

By Bernstein’s inequality [41], we have for all ¢ > 0

—t? 2
P ‘ Xk;h‘ >t] <exp < exp _ a ‘
o i BIXe Pl + 30t [UT2IVIZ + 2are

We rescale Yin, = S||U /|00 ||V ||co X kn and replace t with t/(<||U |||V |00 ), the above becomes

—t2
P ‘ Y; ’>t <ex .
2 Y2t ) < p(<2+§M||U||oo||V|oot>

Let N =m+nand t = 2¢(v/Iog N + M||U||o||V || log ), we have
t2 > 4¢%log N, t* > 2M||U | oo||V || ot log N,

thus 19 5
2> = (¢ + ZM|U |||V |t log N.

Combining everything above, we get
P (|u] Bvj| > 26(v/1og N + M|Ul|oc||V |l log N) ) < N712/7.

By a union bound over (¢, j) € [r] x [r], the proof of Eq. (50) and the lemma is complete. O

Now all that remains is computing 71 and 7. More precisely, since both are random, we compute a
good choice of high-probability upper bounds for them. This, however, is likely intractable since the
appearance of powers of || E|| in the denominator makes it hard to analyze the right-hand sides of Eq.
@). To overcome this, notice that the argument in Theorem@ works in the same way if, instead of
being rigidly refined by Eq. (24), 71 and 7 are any real numbers satisfying

) L (B, R,
= (LE[[O,l(I)rll(?g)({nz-&-n)]] W max Hz2a ’ H2at+l ’
(51)
N 1 [(ETE) V], [(ETE)ETU],
2= ae[[O,l(g?(?g}((m—&-n)]] T max H2a ’ H2at+l ’

for some upper bound H > || E||.

From this point, we will discard Eq. (249) and treat (1, 72, H) as any tuple that satisfies Eq. (51).
Specifically, we will choose 74(U ), 71 (U), 70(V'), 71 (V') such that

1 [(BET) U],
TQ’ Tl(U)ZW et

and symmetrically for (V') and 71(V'), with E and ET swapped. We can then simply let 7 =
To(U) + Tl(V) and 75 = Tl(U) + TO(V).

This is equivalent to bounding terms of the form

lem n(BET) U, e (EET)EVI,  leg (ETE) VI, len,(ETE)*ETU],

T a T
Va € [0, 10log(m + n)]] : 7o(U) > 1 [[(B"E)ETU,

S

uniformly over all choices for k € [m], ! € [n] and 0 < a < 10log(m + n), motivating Theorem
[B:4] We will treat it as a black box the the sake of this proof. The proof of Theorem [B-4] will be in the
last subsection. Let us prove Theorem [B.7|now using Theorem [B.4]and Lemma
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Proof of Theorem[B.7] Consider the objects from Setting [B.I] We aim to apply Theorem[B.2] By
Lemma C.1] with probability 1 — O((m +n)~!), we can replace condition 1) in Theorem|[B.2
2] 2r|UTEV | VEIE] _ 1
gs AS VOgs AS - 8
with condition (36) in Theorem [B.7]

VN v rs(vIog N + M||U]|so ||V ||oo log N) v S rNo_ 1
as AS vV ASUS 16
Assume (36)) holds, then (Z1)) also hold and we can now apply Theorem [B.2] Define

7 = 10(U;log(m +n)) + 1(V,log(m +n)), 12 = 70(V;log(m + n)) + 11 (U, log(m +n)),

where 7o(U, -), 71 (U, -) and 70(V, -), 71 (V, -) are from Theorem [B.4] These terms match exactly with
71 and 75 from the statement of Theorem If they also matched 71 and 73 in Theorem [B.2] the
proof would be complete. However, they do not.

Let H := 2¢y/m + n, then 1 > || E|| by Lemma Per the discussion around the condition
above, if we can show that 71, 7 and H satisfy (51)), then the argument in Theorem still
works. By Theoremfor t = 10, (51)) holds with probability 1 — O((m + n)~?2), so the proof is
complete. O

<

In the next section, we prove Theorem [B.2] The proof is an adaptation of the main argument in [32]]
for the SVD. While this adaptation is easy, it has several important adjustments, sufficient to make
Theorem [B.Z]independent result rather than a simple corollary. For instance, the adjustment to adapt
the argument for the infinity and 2-to-infinity norms necessitates the semi-isotropic bounds, a feature
not required in the original results for the operator norm. For this reason, we present the entire proof.

C.2 The deterministic version: Proof of Theorem

In this section, we provide the proof of Theorem [B.2]

Given Aand A = A + E, there are three terms we need to bound, correspoding to Egs. @, @])
and @27):

IVsVe = VsV lloos  IVsVS = VsV llz.oos 1 As = Aslloc.
The strategy of bounding all three are almost identical, and is an extension to the SVD case of the
strategy for the eigendecomposition in [32]].

In fact, there are only two subtractions to analyze, namely VsVJ — VsVJ and A; — A;. As an
example, consider the former. If one views A and thus U and V as fixed, the above can be viewed
as a function f(F) satisfying f(0) = 0. The difficulty comes from the fact that we cannot (yet)
express this function as an arithmetic combination of basic functions, which is often what is needed
to analyze it in depth.

One basic idea to rewrite this function in a tractable form is to find a tractable form for the function
g:A— VVT, and write

VsVd — VsV = g(A) — g(A) = g(A+ E) — g(A).

If F is a square matrix (i.e. m = n) with some “favorable” properties, such as being a diagonal
matrix, one can hope to rewrite the last expression as a Taylor series

~!

i g(v)(A) .
~y=1

given the derivatives of g are well-defined at A. The crucial point is how to come up with the function
g and an analogy for the Taylor series that works for a general matrix E. This is still hard, at first
glance, since, just like f, g seems to be inexpressible in terms of simple functions.

The authors of [32] came up with a clever idea. Imagine first, for simplicity, that both A and E are
square symmetric matrices, and that V" and V' contain the eigenvector, rather than singular vectors,
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of their respective matrices. In other words, U = V' and the numbers o; are temporarily viewed as

eigenvalues. Instead of measuring the difference g(A) — g(A) directly, they considered the difference
of the Stieltjes transforms, and obtained the expansion:

(o)
(2l = A)™ = (2D = A" = (2] — A)T'EP (2] — A7 (52)

y=1
It is easy to show that this identity hold whenever the right-hand side converges. Conveniently, the
convergence is also guaranteed by the condition (1)) of Theorem[B.2] as we will see later. To obtain

VsV and VsV, rewrite the left-hand side of Eq. (32) as

> Z —
z—0; “~z—o0;

=1

If one can find a contour I'g that encircles precisely the set {o;,7; };cs while satisfying that the
right-hand side of the expansion converges for every point on that contour, one will be able to integrate
over I'g and obtain the power series expansion

VeV — VSVS_Z% (21 — A)7YE]Y (21 — A7}

Z"U-T I —-vvT v v;ul I-vvT
_ Z ?{ [ )E] (3 ey ).
Ts L Z — 05 z k zZ—0; z
i€ i€[r]
The precise details on how to choose this contour can be found in [32]. The final steps to bound the
left-hand side will be:

1. Expand the right-hand side into sums involving products of F and v;v} and Q = I — VVT.

2. Bound each product by estimating the scalar contour integral and the norm of each factor.
Back to the context in this paper, where we handle the SVD instead of the eigendecomposition. In
[32], the author used this expansion to obtain a bound on the spectral norm of the left-hand side by
bounding each term in the series. We make appropriate adjustments to their argument to adapt it to

the SVD, while also proving a novel semi-isotropic bound on powers of random matrices to extend
the result to the infinity norm.

C.2.1 The power series expansion for the SVD case

Firstly, let us introduce the symmetrization trick, which translates the SVD into an eigendecomposi-
tion. If A has the SVD: A = 3", el oul vl then we have the following eigendecomposition for

the symmetrized version of A:

= () =35 (o]

i=1

roof) = | )

For each ¢ € [r], let

U w] A fw]
l_\/ivi’ —z_\/i_via -1 K2
The unit vectors {w; : |i| € [r]} are orthogonal, and thus we can write
Ay = WAWT = Z oiw; wz ,
lile[r]
as an eigendecomposition of A,,,. We have
[USUST ]
0" yevr| = 2w
sl ies

Since the pair (i, —i) always go together when we use A,,, to analyze A, we will use a different set
of notation for A,,, and W, which supersede the conventional notation for spectral entities:
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* Wy is the matrix whose columns are {w; : |i| € S}. Note that the conventional notation
would just be {w; : i € S}.

o (Ay)s = WsAWT = > lijes o;w;wl. This way (A,,,)s = (As).,.- The conventional
notation would only involve half of the sum.

* For s € [r], let W := W, and (A,.)s := (Ayn)[s]- Technically, (A,,,)s will then be the
best rank-2s approximation of A,,,, as opposed to the conventional meaning of the notation.

 For convenience, let o := 0.

We define 7;, w; and Wg, WS, fls, fls similarly for A= A+ E. From Eq. @]) for the symmetric
case, we have the expansion

(2] = Ay) ™' = (21 = Ay) =D (5 = A) BT (2 - AL) 7!

=1

which is equivalent to

N DICE S E VI
T e =1

Let I's denote a contour in C that encircles {£0;, +6; };cs and none of the other eigenvalues of W
and W, satisying that the right-hand side of Eq. converges for every z on the contour. Integrating
over I'g of both sides and dividing by 27¢, we have
UsUL —UsUY 0 . T
-~ =WsWs — WsW,
{ 0 VeVd —vsvE| — TS T ST
(54

— (2 — A I—A )t
;fi—\s 27{_7/ Z sym) sym] (Z sym)

Suppose one aims to bound || Vs V& — VsV || . The simplest approach is to fix two entries j, k € [n]
and obtain a bound for the jk-entry that holds regardless of j and k. Noting that

VsV = VsV )ik = WsWE = WsWE) (jm) (ktm)»

we have the expansion

-~ s dz
(VSVg - VSVST)JIC = Zfi_‘ 27_” ﬁ—kn m+j [(ZI A*ym) xym:l (ZI Asym) em+n m-+k»
=1

(55)
where ex; denotes the ™ standard basis vector in N dimensions.

From this point onwards, our proof diverges from the argument in [32]. The goal is still the same,
but our expansion will be different from [32], with the goal of creating powers of E,,,, rather than
alternating products like E,,,Q E.,.Q . .. E,,,. To ease the notation, we denote

P, i = win

7

fort =+1,£2,..., %7

The resolvent of A,,,, which is a function of a complex variable z, can now be written as:

P; =2 e bi P I
(ZI_AS)’m)_lz Z + Z‘ |€[] = Z (0-7"_7

: z—0; z : 2(z—0;) =z
li€[r] lile[r]

Plugging into Eq. (53), the term with power  becomes

7{ = 5*"“1“{(24?—1%@-) ) ] (Z G0 + D )emommis 6

lil€[r] €[r]
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When expanding the above, we get monomials of the form

d 1 1 . P, . P,
?{ el (7E - 7E) (LEm o LEm)
s 2mi ' z z z(z —0o,) z(z —0o,)

g times B4 times

o,P, I I
— )) (Esym; . Esym;> Em+n,m+k;
N—

( o,P, > 5
"\ T2 (2 — o,

z—0,)

(Bh—1) Egn factors ap, times
where the question marks stand for different indices ¢’s. Rearranging, we get the form

B1+LB2+...+ 8 factors

dz 1 o, o, o,
rg 2mi zothotarteAbatan »— g 2 -0,z -0, 57

e mmi B (RE. PEPE)E“ (P?E. PE ...P7>E§‘nfem+n7m+k,

sym sym sym sym

31 factors (Bn—1) Egyn factors

At this point, one can see how several terms in Theorem [B.2] especially the incoherence parameters 7
and 7', appear in the final bounds. The long matrix product can be rearranged as

(€?n+n,er+j ES) w, ) (wTE

sym sym

w, .. .w?E,y,“w?) (w?TE_aﬁlw?)

sym

(B1—1) Egyn factors

.. (w?Eah*Hw?) (w,_TEsymw_, .. .ijEsymu)‘_,) (w?Eo‘h em+n7m+k)

sym sym

(58)

(Bn—1) Egym factors
As a sneak peek of the proof:
* The two terms at the beginning and ending of the product give rise to 7 and 7.
* The terms w! E,w, give rise to the term ||[UT EV | in Eq. ().

* The terms w! E%: 1w, mostly give rise to the term || E|[, but in the special cases where
a; = 1 for all ¢ will be more strongly bounded with the term y in Rs.

To further analyze these products and their sum and turn this argument into the proof, we need to
formalize them with proper notation.

C.2.2 Notation and roadmap

Setting C.2. The following list also summarizes the notation used in the proof.

For all matrices B, define B, := ( BOT g) .

* Consider A. For eachi € [r], let

and ! [ul]
O = —04, U—j = —Ujy V—j = —Uy, W; = —=
Define A := {0;}ic[[—r,) (Which includes g = 0) and W := [wi]ie[ir], where [£7] :=

{i : |¢] € [r]} (which does not include 0).
* Define w; similarly, with rank A instead of r.
* Let ey i be the k" vector of the standard basis in RY.
* I's is a contour encircling precisely the set {0y, 5; : |i| € S} and no other eigenvalues, such

that the right-hand side of Eq. converges absolutely for all z on it.
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« For each h, let I, () be the set of all pairs of & = [a]"_, and B = [B¢]%_, such that:

e ag,ap >0, andap >1forl<k<h-1,
e (G >1forl <k<h, 59)

e a+fB=~v+1, wherea:zzzzoak, andBZZZZﬂﬂk'

Note that the conditions above imply 2 — 1 < ~ + 1, so the maximum value for h is

lv/2] + 1.

* For each (3 above satisfying each 8, > 1, we use I = [i1, 42, ...,ig] for an element of
[+7]8. Together, the triple (cx, 3, 1) define uniquely a monomial of the form (57). Define
I,..b as the subsequence [ig, iq11, - - -, ib)-

s For each (o, B) € I, (7) and I € [+7]?, define

B1 B-1
M, 8.1 =B (T] Py B ) Bt (T PuBon) P B2
j=1

j=p1+...+Bn-1

where P; := w;w] foreachi € [£r]. We call the first, scalar, term the integral coefficient
and the second the monomial matrix.

* Define the following terms:

= >, ca BY), TOM= 3 T(ap),

Ic[+r]8 (a,B)ETR (7)

[v/2]+1
Z T("’h), T = Z T
h=1 y>1

From Eqs. (33)), (56) and (57), we have
(VaVE = VsV )ik = eh s nmai T emtnmrk- (60)

At this point, we look at the larger context of Theorem Consider Eq. (26). To bound || Vs VST -

VsV ||2,00, We can fix one index j and find a bound for its j™ row that holds with probability close
enough to 1 to beat the n factor from the union bound. We have

(VsVE — vV, = ek T. 61)

m+n,m+j

Therefore, we will introduce a Lemma to bound M7 M’ for generic matrices M and M’ (both with
m + n rows), and apply it to obtain both Eq. (25) and (26).

Finally, consider Eq. (27). Following the same train of thought, we want to bound the (j, k)-entry of

A, — A, forafixed j € [m] and k € [n]. The series 7 as defined in Settmgnwﬂl not be directly
helpful here. Instead, we will modify it slightly, particularly at the integral coefficient, to obtain the

power series for (A, — A,)jx. The remaining steps will be identical to the proofs of (23) and (Z6).
The details will be given later, when we prove 7).

C.2.3 Bounding the change in singular subspace expansions

Let us prove Eqs. (23) and (26) here. We aim to upper bound ||[MT T M’|, with || - || being the
spectral norm, which generalizes both the absolute value of a scalar and the L2 norm of a vector. In
fact, the proof works for any sub-multiplicative norm that is invariant under transposition. We can
plug in different choices for M and M’ to obtain (25) and (26).

We start off with bounds on the integral coefficient and the monomial matrix.
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Lemma C.3 (Bound on integral coefficients). Consider the objects defined in Setting Let
I = {iy : k € B} € [£r]? and denote the following:

os(I) := min{|oy, | : |ix] € S},
Ag(I) := min{|o;, — oy,| : |ix] € S, |it] ¢ S}.

We have,

y+B-1 y+B8-1
)| < 2 2

< .
= o5 PAS(IP 1 = G F TP AT (62)

In the steps that follow, we will mainly use the second bound of Eq. (62), with one exception where
the first, more precise, bound is needed. It thus makes sense to keep both.

Lemma C.4 (Bound on monomial matrices). Consider the objects defined in Setting[C.2} Fix~,h
and (o, B) € Iy () and I = {iy, : k € B} € [+7]P. Then

1M M(er, B, M| < || B>~ 0 th LW B, WIS [[wy, Egy M |- |wi, ES: M'[|. (63)

17 sym sym

Assuming both bounds above hold, we have the following bounds for each level in the sum M7 7 M.
The first is a bound on M 7T, (cr, B)M'.

Lemma C.5 (Bound on 7 («x, 3)). Consider objects in Setting|C.2| Fix vy and h suchthat 1 < h <
v/2 + 1, and e, B € I, (7), and define the following terms

1 [[w] ES,M|| ,
T(M) = ogag%llaoé(m-s-n) 7 llém W7 and analogously for T(M"). (64)
TR 2 dztil lwiE2 w;
Ry — IEl Y 2r|W E,ymVVHoo7 Ry = Vor||E| Ry e rmax|; ;| |wi B, w;l 65)

os Ag - VosAg' ' osAg
and assume that
R:=R; VR < ]./4

Suppose that 1 < v < 10log(m + n). We have

rr(M)r(M")27 PRy RY~! fl1<h<~vy/2+1,

1607 (M)r(M)(4R)"2(Rs + R2)  ifh = /2 + 1. (66)

M7 < {
When 101og(m + n) < ~, an analogous version of the above holds with ||M|| and || M’ || replacing
7(M) and (M), respectively.

Summing up the bounds above over all (o, 3) € II,(y) and all 1 < h < /2 4 1, we get the
following lemma.

Lemma C.6 (Bound on each power term in 7). Consider the objects in Setting[C.2)and R, R1, R
and Rz from Lemma Foreach 1 <~ < 10log(m + n), we have

HMTT(W)M/

< rr(M)7(M') [9R1(6R)"™" + 1{y even} - 16(4R)""*(Rs + R})| .

When 10log(m + n) < v, an analogous version of the above holds with | M || and | M'|| replacing
7(M) and (M), respectively.

Summing up the bounds above over all v > 1, we get the final bound for the power series:

Lemma C.7 (Bound on the whole 7). Consider the objects in Seiting[C.2]and R, R1, R2 and Rs
from Lemma|C.5] Suppose R < 1/4. Then the T converges in the metric || - || and satisfies, for a
universal constant C,

|MTTM || < Cr[r(M)r(M) + MM [ (m 4 0) 27| (Ry + Ry).

Let us remark on the meanings of the new terms, which are simply translation of terms from Theorem
[B2into the language of Setting[C.2]
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e The term || M]||||M'||(m + n)~2® is small, and will be absorbed into the term 7(M )7 (M)
for our applications.

* When translating back from the symmetric setting with A, and W backto A and U, V,
the terms R, R1, Ro and Rj satisfy

LBl |, 20U EV s |, VEIE]

R=R,VRy= :
! 2 gg AS \/GsAS
and .
FE U'EV||s
R+ Ry <2 (EL T e 1w )
og Ag Agog

* Similarly, recall the definitions of 74 and 75 in Eq. (Z4). As a function of M, 7 satisfies

T(emink) =71 fork <m, 7(emink)=m2form+1<k<m+n, and 7(I)<1,
(67)

To summarize, the logical structure is:

Lemma mplies Lemma implies , Lemma implies , Egs. (Z3), (26) in Theorem

We will finish the last step, which is the proof of (23] and ([26) here. The proofs of Lemmas [C.5] [C.6]
and[C.7| will be postpone to Section [C.3}

Proof of Theorem[B.2|part 1. Consider the objects defined in Theorem [B.2]and the additional objects
in Setting[C.2] By the remark above, the condition (21)) in Theorem[B.2]is equivalent to R,V Ry < 1/4,
so we can apply the lemmas in this section.

Let us prove Eq. (25). Consider arbitrary j, k € [n]. From Eq. (60), (VsVd — VsV )1 is MTT M’
for M = €yt j4ym and M’ = e k+m. We apply the bound Lemma|C.7} while replacing both
7(M) and 7(M") with 75 (permissible by Eq. (67)), to get

o [IM[f|a]

(Vs V= VsVE)3u| < Cr(By + Ry) (B + st n)m) < 3CrT3(Ry + Ry),

where the last inequality is due to the facts || M| = || M’|| = 1 and 71,75 > (m + n)~ /2. This holds
over all j, k € [n], so it extends to the infinity norm, proving Eq. (Z3).

Let us prove Eq. (26). Consider an arbitrary j € [n]. By Eq. @), (VsVd — VsV, = MTTM’
for the choices M = €y, 4n, j+m and M' = I,,,,,,. We repeat the previous calculations, but this time
Eq. (67) tells us to replace 7(M) with 72 and 7(M') with 1, to get

)

H(VSVST — VsV, H < 3Crm(Ry + Rs),

which holds uniformly over j € [n], proving Eq. (26). O

Next, we will finish proving Theorem [B.2]by proving Eq. (27). The argument is identical, but there is
a small but important change in the integral coefficient, enough to separate the proof into the next
part.

C.2.4 Bounding the change in low rank approximations

Throughout this part, we assume S = [s] for a fixed s € [r]. Consider Eq. (33) again. We already
know that integrating both sides gives W,WI —W,WZT on the left-hand side. Since we are aiming to

bound /is — Ag, we need WS[XSVVE — WA, WQT on the left-hand side instead. This can be achieved
by multiplying both sides with z before integrating, taking advantage of the fact

zdz
=0
FZ—O'

22




for every contour I encircling o. Therefore, the analogy of Eq. (54) is

] . 2wl zwaw!
(A = A)gn = (Agn)s = (A)s = D ( P )

el N % AT
- zdz
-2 fg o7 (1 = A) T BT (20 = Ay) ™ (68)
y=1v"s
Y = ol d ! oi b I
y=1 s || €[r] liler]

Therefore, we can replace the integral coefficient C(I) from Setting with

zdz 1 0.

= ¢ e . (69)

jelg) © 7 %4
Respectively define M;(«,3,1), T1(a, 3), Tl(%h), ﬂ(h) and 77 analogously to M(a,3,1),
T (e, B), TOM, T and T from Setting

The only piece we need to modify in the proofs of Eqs. (23) and (26) is the integral coefficient bound,
namely Lemma|C.3] We have this bound for C; (I):

Lemma C.8 (Bound on integral coefficients). Consider the objects in Setting[C.2|and Lemma
and Cy defined in Eq. (69). We have,

)| < 9v+B—2 < 9v+B-2 :ﬁ.ﬂ 720)
PYE= o (I AA@)F-T = g7 AABT T 2 Gyt BpRT

The purpose of the last transformation is to highlight that the bound on the new integral coefficient is
simply scaled up by a factor o /2 compared to the old bound.

We remark that this bound does not hold for all choices of 3 if the power of z in Eq. (69) is larger
than 1, or when S does not contain exactly the first s singular values. Therefore, one can neither

extend Eq. (Z7) to a general S nor to quantities like flﬁ — A2, at least not in a simple way.

Proof of Theorem B2 part II. We prove Eq. (27). Fix j € [m] and k € [n]. By Eq. (68), (4s —
Ak = MTT, M for M = €m+n,; and M’ = €4y k. The bound on MTT, M’ will simply
be the same bound for M7 T M’ scaled up by o,/2. By Eq. (67), we can also replace 7(M) with 7
and 7(M") with 5. Therefore we obtain

’(Angg)'k‘ <CT’(R1+R3) T1T2+w <3CTT17’2(R1+R3)
) e (m+n)2> ) — ’
where the last inequality holds due to 71,75 > (m +n)~ /2 and ||M|| = || M’|| = 1. After passing
to the inifinity norm, the proofs of Eq. (27) and of Theorem [B.2]are complete. O

Now it remains to prove the lemmas in Sections [C.2.3]and[C.2.4] We will prove Lemmas
[C.6]and[C.7] The proofs of the bounds on the integral coefficients (Lemmas [C.3|and will be
postponed to Section D] due to their lengths.

C.3 Bounding the generic series

Let us prove Lemma|[C.4]

Proof of Lemma Consider a monomial matrix M, 3, I) has the form

B1 B-1
Me, B,1) 1= B (T] Py Bn ) Bt o ( TT P Bon) Pis ESE G
Jj=1 J=B—"Bn
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From Eq. (58), we can rearrange this to get

B1—1
M"M(ee, B,I)M' = (MTE0w,,) ( 11 wTEw+)(w CES g )
j=1
B—1
T 1+l T T
: (wmwhEﬁf‘ o wiﬁﬁhﬂ)( H wijEsymwiHl)( Efy"[:M)
J=B—Bn+1

Let us break down this product into the following types:

1. MTESow;, and wf ES! M': bounded by their respective norms.

sym sym

2. wl Ewi;,, for each j € [ — 1]: bounded by [|[W" E,, W/, and their number is
(Bi—D+ (B =D+ (B~ 1) =B —h.
3. wTEO‘Jrlwij+1 forj = B + ...+ B and o = q; for some I: bounded by || E||**1, and

sym

their total poweris (a; + 1) + (ae + 1)+ ...+ (ap—1+ 1) =a—ag —ap + h— 1.
Due to the fact || - || is sub-multiplicative, the proof is complete. O
We continue with proving Lemma|[C.3]

Proof of Lemma|[C.3} For simplicity, let X = WTE_,,W. Since

= Y CcOM(a,B,1),

Ie(2r]?
we obtain
IMTT (0, B)M'| < | X|& M Blle-eomenth=t ™ o) || M7 By, | o, Boe M’
Ie[+r]?

Applying the second part of the bound (62)) on C(I) in Lemma we get

T / B—h a—ap—apth—1 2y +h-1 T oo T an 1t
IMTT (e, )M < X B W S MBS, | o, Bon

Ig[£r]?

97+p—1 2
= || X[ " ||| eomenth T Y lwlBsem| D7 (i Ege |
i€[tr] i€[+r]

+B-1 T po T o i
S e LR Al o Wik LU U S0

aANB—1 e} ap
gal T 2z wlE[ 22 B
Y+B8—1 B
< 1) X[ B 22
00 aAﬁfl
0585 72)
After rearrangements, we get
B—h a—h+1 2(h=1)
|MTT (e, M| < rr(M)r(M')27+7 ! [””X 'oo] {”E'] varliE|
As os VosAg

By the definitions of R, R, and R, we can replace the first two powers with R; and the third with
R, to get

IMTT (o, M| < rr(M)7(M')27 -1 R 2 R,
Suppose h < v/2 + 1, then v — 2h + 2 > 1, so we further have the bound

IMTT (c, B)YM'|| < rr(M)7(M")20HF=1 Ry RY~2hH142(0=1) — (M7 (M')2° Ry (2R)Y 1
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We get the first case of Eq. (66). Now consider the case h = /2 + 1, which only happens when  is
even. The previous bound becomes

IMTT (e, B)M'|| < rr(M)r(M')2 PRI — pr(M)7(M")2° 71 (2Ry)Y. (73)
If we are content with this bound, continuing the rest of the proof will lead to the final bound
|MTTM'|| < Crr(M)r(M')(Ry + R3),
which is fine, but slightly less efficient than the target
|MTTM|| < Crr(M)7(M')(Ry + R3),
since it is trivial that R3 < R2, and can be much smaller in some cases (see Remark .

To reach the target, we need to extract at least one factor of Ry or R3 from the bound, rather than
having RJ, hence a more delicate argument is needed.

Ify=2h—2,thenay=ap =0anda; =...=ap_1 =01 =...= B =1, thus g = h. Let
(a*, 3%) denote the corresponding tuple. Plugging into Eq. (7I) and simplifying, we have

MT'T( Z C(1 wzl H wT E~ymwzk+1’

Ie[xr)h

Consider the long product at the end of the right-hand side. For the purpose of this proof, let
Y 1= maxXj;|£|;| |wl E?ymwj| (the term in R3’s definition). Note that this is smaller than the term y in
Theorem @ Our goal is to extract at least one factor y out from the product, which should give rise
to R3. Therefore, consider two subcases for I:

(1) There is k so that |ig| # |ix11], Then |w] E2 w;, | <y and we are good. The rest of the
product can be bounded by || E||2. The total contribution of this subcase is at most

r7(M)r(M")2 P Ry R} = rr(M)7(M')2*/2 Ry R} 2,
since we can simply replace a factor of RZ in Eq. with Rs.

(2) lix| =i forall k € [h — 1], for some ¢ € [r]. If i ¢ S, then it is trivial from the definition of
C in (C.2) that C(I) = 0. Suppose ¢ € S, it is time for us to apply the first, stronger bound in
Lemma The key improvement is the fact Ag(I) = 0; > g, instead of Ag(I) > Ag
in the normal cases, so we get

o 9y+B-1 237/2
< <
OIS a7 = o]

The monomial matrix total contribution of this subcase is at most

3v/2 2(h—1)
)y S B —rrnyrr

i€S Ie{+i}h

257/2Hh | B||Y ,
————— < 2r7(M)7(M")(4Ry)".
o

Therefore, the contribution of the case h = /2 + 1 is at most
rr(M)7 (M) [23'*/2R3Rg‘2 n 2(41%1)7] < 16r7(M)7(M')(4R)"~2 (Rs + R2) .

The proof is complete in the case 1 < v < 10log(m + n). For the case v > 10log(m + n), consider
Eq. (72) again. We cannot use 7(M ) and 7(M’) anymore, but we can use the trivial upper bounds

i ES2 M| i B M|
KA sym < M KA sym < M/
2 e <M 2 S < I
i€[+£r] i€[£7]
in place of 7(M) and 7(M"), which complete the proof. O

Let us proceed with the proof of Lemma [C.6] which simply involve summing up the bounds in
Lemma|C.5]over all choices of (c, 3).
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Proof of Lemma|[C.6] Let us consider the case v < 10log(m + n) first. Recall that

[v/2]+1

MTTOM = > > M"T(a,B)M. (74)
h=1 (a,8)€lx(7)
Consider the easy case where ~ is odd. Then A < /2 4 1, and we have, by Lemma
[v/2]+1
IMTTOM < YT > rr(M)r(M')2° Ry (2R)
h=1 (a,8)€lx(7)
Lv/2j+1 y+2—h

= rr(M)r(M")Ry(2R)"! Y Z 2"]{ B) € Mu(y) : Ejﬁg:ﬁ}‘
h=1

(75)

The elements of the set at the end are just tuples (ao, .eeyQp, B1, ..., Br) such that
h h
Bl?"'aﬁhzlv Zﬂzzﬂv and aOaah207 1,0, Ap—1, ZO‘Z:’Y+17B
i=1 i=0

The number of ways to choose such a tuple is (?~7) ("7277). Plugging into Eq. (73), we obtain

[v/2]+1~v+2—h +2-3
| METDOM|| < rr(M)r(M)Ry(2R) ™ > Z ( )(7 . )25
h=1

v+l BA(Y+2-5)
/ — 5 -1 Y + 2 - ﬂ
=r7(M)T(M")Ry(2R)"* ;1: 28 h§:1 (h - 1) ( . > (76)

7+1
<r7(M)T(M")Ry(2R)"! ;1 28 (7 ; 1) = 9r7(M)7(M')Ry(6R)" !

Now consider the case - is even. The only extra term will be in the case h = /2 + 1, where o and
3 are both all 1s. Therefore, in total we have
|MTT M| < 9rr(M)T(M')Ry(6R) ™ + 1{y even} - 16r7(M)r(M')(4R)"*(R5 + R?)
<rr(M)r(M') [9R(6R)"" + 16(4R)"*1{7 even} (R} + R3)]
For the remaining case, v > 10log(m + n), we can simply replace 7(M) with ||M|| and similarly
for M’. The proof is complete. O

Now we finish the bound on the entire power series.

Proof of Lemmal[C.7) For convenience, let k = |10log(m -+ n)]. Applying Lemma|C.6] we have
ZHMTT D) |95 Ra(6RY~ + 16(Rs + B S (4R
y=1 y=1

9R;  16(R3 + R?)
< rr(M)r(M) [1 Y R STy

:| < C’I”LVTT/(Rl + R3),

and
|MTTOM | <P |9 ST RiGRY T R 16(Rs + B (4R

y=k+1 y=k+1 v=[(k+1)/2]

9R1 (6R)*  16(4R)*~'(R3 + R?) Cr||M||||M'||(Ry + R3)
< rf|M]||| | ——| < 5% :

—6R 1— 16R (m +n)
The convergence is guaranteed by the geometrically vanishing bounds on the || - ||-norms of the terms.
Summing up the two parts, we obtain, by the triangle inequality
M[[[M7]]
MTT,M'|| < Cr(r(M)r(M' ”7 Ri+R

T < o (ranrar) + L) (4 o)

The proof is complete. O
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D Proofs of technical lemmas

D.1 Proof of bound for contour integrals of polynomial reciprocals

In this section, we prove Lemmas [C.3|and [C.8] which provide the necessary bounds on the integral
coefficients in the proof of Theorem [B.2] Recall that the integrals we are interested in have the form

B B

zVdz 1 gi 2zdz 1 oi
c(I)=j£S 9 zwlgz—%y cl(1)=]£smzwl}:[12_;ik,
where § < v + 1. We can combine them into the common form below:
CoT) My 1 4 Oiy h
U()._jis o z”lngaik’ where v € {0,1} and 8 < y + 1. (77)

Let the multiset {0, }re[s) = AU B, where A := {a;};cy and B := {b;}jc[x), Where each a; € S
and each b; ¢ S, having multiplicities m; and n; respectively. We can rewrite the above into

1 k
C.(I) = Haf“ H b;”C(no; A, m; B, n), (78)
i=1 j=1
where i l
dz 1 1 1
C(no, A7 m; .B7 n) = éA %ZTO ]:111 (Z — bj)nj 71;[1 (Z — a7)m1 ) (79)

where ng = v+ 1 — v. The m;’s and n;’s satisfy Zi m; + Zj nj <+ 1. We can remove the set
S and simply denote the contour by I' 4 without affecting its meaning. The next three results will
build up the argument to bound these sums and ultimately prove the target lemmas.

Lemma D.1. Let A = {a;};c and B = {bj} ey be disjoint set of complex non-zero numbers
and m = {m;};c) and ng and n = {n;} c|y be nonnegative integers such that m +n +ng > 2,
wherem =", m;andn =Y., n;. LetT 4 be a contour encircling all numbers in A and none in
BU{0}. Let a,d > 0 be arbitrary such that:

d<a, a < min |a;/, d < min |a; — bj|. (80)
i 0.
Suppose that 0 < m) < m; for each i € [l] and that m' = Zle m; < ng. Then for
C(no; A, m; B, n) defined Eq. ({T9), we have
!
m-—+n-+nyg—2 1 1
C(no; A, m; B,n)| < ; ; 81
‘ (TL() m n)| ( m—1 )ano—m dm+n—1 4t |ai|mi (1)

Proof. Firstly, given the sets A and B and the notations and conditions in Lemma the weak
bound below holds

(82)

—2 1
C(no; A, m; B, n)| < (m“””‘) )

m—1 dm+n+no—1 :
We omit the details of the proof, which is a simple induction argument. We now use Eq. (82) to prove
the following:

(83)

-2 1
|C'(no; A, m; B,n)| < <m+n+n0 )

m—1 anodmtn—1-

We proceed with induction. Let P; (V) be the following statement: “For any sets A and B, and the
notations and conditions described in Lemma[D.1] such that m + n 4+ ny = N, Eq. (83 holds.”

Since m+n-+ng > 2, consider N = 2 for the base case. The only case where the integral is non-zero
is when m = 1 and n + ng = 1, meaning A = {a;}, m; = 1 and either B = @ and ny = 1, or
B = {b1} and ny = 1, ng = 0. The integral yields afl in the former case and (a; — b;)~! in the
latter, confirming the inequality in both.

27



Consider n > 3 and assume P;(n — 1). If m = 0, the integral is again 0. If ng = 0, Eq. (83)
automatically holds by being the same as Eq. (82). Assume m,ng > 1. There must then be some
i € [l] such that m; > 1, without loss of generality let 1 be that . We have

C(ng; A,m; B,n) = ai [C(no —1;A,m;B,n) — C(no;Am(l);B,n)} (84)
1

where m(? is the same as m except that the i-entry is m; — 1.

Consider the first integral on the right-hand side. Applying P; (N — 1), we get

(85)

— 1
|C(ng — 1; A, m; B,n)| < (m+n+n0 3>

m—1 ang—ldm—i—n—l'

Analogously, we have the following bound for the second integral:

) 1. m+n+ng—3 1 m-+n+nyg—3 1
Clno; 4, m™; B, n)’ = ( m—2 grogmin2 = m—2 ano—lgmtn—1-
(86)
Notice that the binomial coefficients in Eqgs. (83)) and (86) sum to the binomial coefficient in Eq. (83)),

we get Py (), which proves Eq. (83) by induction.

Now we can prove Eq. (§T). The logic is almost identical, with Eq. (83) playing the role of Eq. (82)
in its own proof, handling an edge case in the inductive step. Let P»(n) be the statement: “For any
sets A and B, and the notations and conditions described in Lemma|D.1| such that m +n +ng = N,

Eq. (1) holds.”
The cases N = 1 and N = 2 are again trivially true. Consider N > 3 and assume P5(NN — 1). Fix

any sequence mfy, mb, ..., m; satisfying 0 < m} < m, foreach i € [k] and ng > m}j + ...+ mj.
If m1 mhy = = m). = 0, we are done by Eq. (83). By symmetry among the indices, assume
m} > 1. This also means ng > 1. Consider Eq. (84) again. For the first 1ntegral on the rlght hand
side, applying P (N —1) for the parameters no—1,n1, ..., ng, ma, ..., myand mj —1,ms, ..., mj,
yields the bound
C(no — 15 A,m; B,m)| < (M T Hmo—3 L H (87)
0 )T I — m—1 ano—m’ gm+n—1 ‘a1|m171 |az|m :

Applying P,(N — 1) for the parameters ng,n1,...,nk, m1 — 1,...,myand mj — 1, mf, ... ,mj,
we get the following bound for the second integral on the right-hand side of Eq. (84):

. ). m+n+nyg—3 1
C(no; A,m ,B,n)‘ < ( m—9 qro—m' +1gm+n—2 |a1|m1—1 H |al

< m+n+nyg—3 1 H .
>~ m—2 qno—m dern 1 |a1|m1—1 |CL ‘m.

Summing up the bounds by summing the binomial coefficients, we get exactly P»(V), so Eq. (81) is
proven by induction. O

Lemma D.2. Let A, B, m, n, ng, I'4 and a, d be the same, with the same conditions as in Lemma
Suppose that 0 < mj < m; and 0 < n’; < nj; for each i, j > 1 and

I ! /A I . I
m +n §nof0rm.f§ my, n.fE nj.
i J

Then for C(ng; A, m; B, n) defined in Eq. (T9), we have

n+ng—n +m—2 1+d/a)" 1
|C’(no;A,m;B,n)§( 0 ) ( /a) H|a & H . (88)

m—1 amno— m’'—n dm—i—n 1 P 1|b ‘nJ
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Proof. We have the expansion

LA 1L 1 e T
ZnoH Z—b n]H z—a ml :zng —n' H(zbj)n]n;H(z z_b]) Hm

j:l =1 7j=1 j=1 1=1
1 K 1 (_1)7'1+...+7'k k (nz) 1 l 1
= o 1 =D D=l | sl | Ko
ZroT 2 (B = b)) 0<r; <n/Vj AT T (2 =b)" i (2 —a)™
_ oy Lyt E— ML
0<rs <!V AL i T (Z _ bj)?"j+nj—nj 4t (Z _ ai)mi

Integrating both sides over I' 4, we have

koo ,
C(nO;A,m;B,n)Hb?j = Z (=1)%imi (Z?)C(no—zjrj;A,m;Bm—i—n—n')7
J

=1 0<r;<n/Vj

where the j-entry of r +n — n’ is simply r; +n; — n; Applying Lemma for each summand on
the right-hand side and rearranging the powers, we get

m—l—n—i—no—n’—?) (a/d)>=: T
< || .
( |a1‘m

m—1 ano— m’ n—n’4+m—1

C(ngfzjrj;A,m;B,rJrnfn’)

Summing up the bounds, we get

_ . ' m+n-+ng—n —2 H§:1|ai\_m;
C(no; A,m; B,n) [ 0)7| < ( 1 >a"o—m’d"—"’+m—1 > H dTJ

0<r;<n/, Vg] 1

_(mntng—n' =2\ Tl e ™™ (9+1)n/
B d

m—1 ano—m’dn—n’+m—1
Rearranging the term, we get precisely the desired inequality. O
With the lemma above, we are ready to prove both Lemmas [C.3]and [C.8]

Proof of Lemmas|[C.3|and|C.8} First rewrite the integral into the forms of (77), then (78) and (79).
Let us consider two cases for C:

B0 = ol = (D),

l.v=0,s0n9 =7+ 1. Leta = o5(I), d = Ag(I),
vy + = ng, SO we can apply

m; = m; and n; = n; for all i, j, then m’' +n’ = j3

Lemma[D.2]to get
' 1 k
ng+m — 2 (I+d/a)” 1 1
C(no; A,m; B <
| ('I’LO, , 1M ,1’1)‘ = ( m—1 )anomndm+n1 Z];[1 ‘az|ml ]:1_[1 |bj|nja

or equivalently,

I/\§

As(1) ) e (w + (D) ~ ) !
os(I) Bs(@) =1 ) os(I)H=FAgI)A-1

Since Ag(I) < o5(T) and the binomial coefficient is at most 27+7s(D =1 we get the final
bound

Co(D) < (1 n

Co()| v +Bs (1) —1+Bse(I) ov+B-1 2v+B8-1
< = < ’
A= @M 1-FAgM)F-1 — gg(I)H1-BAg(I)F~1 — Gy ART

where the last inequality holds due to og(I) > og and Ag(I) > Ag. The proof of Lemma

is complete.
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2. v=1and S = [s] for some s € [r]. This is the special case for Lemma|C.8] Note that
ng = -y in this case. Without loss of generality, assume |a1| = o5(I), then we are guaranteed
my > 1. Applying Lemma[D.2]for the same parameters as in the previous case, except that
my =my — 1, we get

. ) ng +m — 2 (14d/a)"
[C(no; A, m; B,n)| < a1|< m—1 )ano mAl—ngmtn—1 H L, |m1 H LTb, |n7’

which translates to

A+ Bs(I) — 2 A D)\ @ o, (T) 2 +6 2

ICi(D)] < 1+ — — < = —

Bs(I) — os(I) (D H=FAL(I)A os()7=PAL(I)P

Now, it may seem that we can simply replace o(I) and A4 (I) respectively with o, and

Ag to get the final bound. This is true in most cases, but the situtation is more complicated

when = v + 1, since the inequality o (I)V’l3 > UJ’B would be reversed. This is where
the fact S = [s] comes into play. Consider the case 5 = v + 1. We have

27 +8-2 27 +8-2 os(I) Os

< = < .

oD PAMI = o7 PALTY T AT T AL

Since v > 1, we have
1 1

< .
Ag(Dr=t = A7!
It suffices to show o5(I)/A,(I) < 04/ to complete the last step. Choose ¢t € [s] where
ot = 0g(I), then Ag(I) > 0y — 0441, thus

as(I) ot o o,

AS(I) o Ot — Og41 o Og — Og41 65'

This completes the final step, proving Lemma [C.8] Note that the inequality above does not
hold if .S does not contain a continguous chunk of the largest singular values.

O

D.2 Proof of semi-isotropic bounds for powers of random matrices
In this section, we prove Theore which gives semi-itrosopic bounds for powers of £, in the
second step of the main proof strategy.

The form of the bounds naturally implies that we should handle the even and odd powers separately.
We split the two cases into the following lemmas.

Lemma D.3. Let m,r € Nand U € R™*" be a matrix whose columns uy,us, ..., U, are unit
vectors. Let E be a m x n random matrix following Model @28)) with parameters M and ¢ = 1,
meaning I has independent entries and

E[E;]=0, E[|E|}] <1, E[IE}] <MP™?  forall p.
Forany a € N, k € [n], for any D > 0, for any p € N such that
m+n > 28M?*p%(2a + 1)*,
we have, with probability at least 1 — (2°/D)?P,

Ull2,00
|ef (ETE)ETU|| < Dr'/?p*2y2a + 1 (16p3/2(2a + 1)3/2MH \u’i

+ 1) [2(m 4+ n)]*.

Lemma D.4. Let E be a m x n random matrix following the model in Lemmal|D.3} For any matrix
V€ R™ ! with unit columns vy, vs, ..., v, any a € N, k € [n], any D > 0, and any p € N such

that
m+n > 22 M?p%(2a)?,

we have, with probability at least 1 — (2*/D)?P,
len k(BT E)*V|| < Dpl|Vl2,00[2(m + n)]".
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Let us prove the main objective of this section, Theorem [B-4] before delving into the proof of the
technical lemmas.

Proof of Theorem|B4} Consider the analogue of Eq. (30) for V' (we wrote the proof for V before
the final edit, and wanted to save the energy of changing to U) and Eq. (3I)), and assume M <
log™?7¢(m + n)v/m + n. Fix k € [n]. It suffices to prove the following two bounds uniformly over
all a € [|tlog(m +n)]]:

Hez,k(ETE)“ETUH < C11(U,loglog(m + n))(1.9¢v/m + n)?*T1/r (89)
ler s (ETE)*V || < Cro(V, loglog(m + n))(1.9¢v/m + n)**/r. (90)

Fix a € [[tlog(m + n)]]. Let p = loglog(m + n). We can assume p is an integer for simplicity
without any loss. This choice ensures

47 4 6
M?p5(2a)* < M?p5(2a +1)* < (m +n)#"log £T2+ n)log’ log(m +n) =o(m+n),
log™"**(m +n)

so we can apply both Lemmas [D.3]and [D-4]
Let us prove Eq. (89) for a. Applying Lemmafor the random matrix E /s and D = 23 gives,
with probability 1 — log=*%*(m + n),
el (ETEVETU Drl/213/2. /9 1 2 “
” n,k( ) || < rerep a+ 16p3/2(2a+1)3/2M”U”2,oo +1
(1.9¢v/m + n)2a+1 1.9vm+n VT 3.61

_ Dr1/2p3/2 (16 3/2M” H2oo 1) <217\/; p3/2 ’
T oVm+n VT - Vrim+mn)  Vm+n

where the second inequality is due to & < (v/2/1.9)®. A union bound over all a € [|tlog(m + n)]]
makes the bound uniform, with probability at least 1 — logf?’(m + n). The term inside parentheses
in the last expression is less than Dy v iog log(m-+n)» S0 Eq. (89), and thus Eq. (3T)) follows.

Let us prove Eq. (]E[) Applying Lemmafor the random matrix F /¢ and D = 210 gives, with
probability 1 — log™%(m + n),
lef W (ETE)*V|
(1.9¢y/m + m)2att =

proving Eq. (90) and thus Eq. (30) after a union bound, similar to the previous case.

2 a
< DoVl (357) <2Vl < 2°VFD0,,

Let us now prove Eqs (32) and (33), focusing on the former first. Since the 2-to-co norm is the
the largest norm among the rows, it suffices to prove Eq. (30) holds uniformly over all k € [n] for
p = log(m + n). Substituting this new choice of p into the previous argument, for a fixed k, we have
Eq. (30), but with probability at least 1 — (m + n)~*4. Applying another union bound over k < [n]
gives Eq. (32) with probability at least 1 — (m + n) 3. The proof of (33) is analogous. The proof of
Theorem [B.4]is complete. O

Now let us handle the technical lemmas[D.3]and[D.4} The odd case (Lemma[D.3) is more difficult, so
we will handle it first to demonstrate our technique. The argument for the even case (Lemma|[D.4) is
just a simpler version of the same technique.

D.2.1 Case 1: odd powers

Proof. Without loss of generality, let k = 1. Let us fix p € N and bound the (2p)*" moment of the
expression of concern. We have

T

(3 (BB B’

=1

>

l1,..lp€lr]

E|[|ef,(ETE)ETU || = E

) ©1)

E|[[(cf (E"E)*E )].

h=1
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Temporarily let W be the set of walks W = (jgigj1i1 .. .1,) of length 2a + 1 on the complete
bipartite graph M,, ,, such that jo = 1. Here the two parts of M are I = {1’,2’,...,m'} and
J=1{1,2,...,n}, where the prime symbol serves to distinguish two vertices on different parts with
the same number. Let By = F; ;o Figj, - - - Ei,_, 5. Ei, ;.. We can rewrite the final expression in the
above as

a

2. D

Il lp€[r) Wit ,Wia,Way,...,Wpa€W

H EWm Eth Winip1ya Whihaya |
h=1

where we denote Wha = (j(hd)0, i(hd)0> - - - » i(hd)a)- We can swap the two summation in the above
to get

p
Z H Winip1ya Whin2ya-

ll,lg,‘..,lp€[’l“] h=1

p
H Ew,, Ew,,
h=1

>

Wi1,Wi2,Wai,...,Wp2 €W

The second sum can be recollected in the form of a product, so we can rewrite the above as

p
Z H Si(hl)a ’Z(hi’)a

p
H Ew,, Ew,,

Wll,W12,W21,...,WPQEW h=1
Define the following notation:
1. P is the set of all star, i.e. tuples of walks P = (P, ..., P,,) on the complete bipartite

graph My, ., such that each walk P, €  and each edge appears at least twice.
Rename each tuple (Wh1, Wio)h_; as a star P with Wyq = Pop—244.
For each P, let V(P) and E(P) respectively be the set of vertices and edges involved in P.

Define the partition V(P) = V;(P) U V;(P), where Vi(P) := V(P)N I and V;(P) :=
V(P)NJ.

2. Ep = EPlEPg “ee EPZp'
3. P™ = (i1a, %24, - - - ,i(2p)a)» Which we call the boundary of P. Then ug := 12};1 ug, for
any tuple Q = (¢1,---,¢r)-

4. S is the subset of “shapes” in P. A shape is a tuple of walks S = (S, ..., S2,) such that
all S, start with 1 and for all » € [2p] and s € [0, al, if i, appears for the first time in
{iprgr 17" <1 ¢ < s}, then it is stricly larger than all indices before it, and similarly for
Jrs- We say a star P € P has shape S € S if there is a bijection from V(P) to [|V (P)|] that
transforms P into S. The notations V'(5), V;(S), V;(S), E(S) are defined analogously.
Observe that the shape of P is unique, and S forms a set of equivalent classes on P.

5. Denote by P(S) the class associated with the shape S, namely the set of all stars P having
shape S.

We can rewrite the previous sum as:

Z E EP H Uﬂ(zh 1a ”(Qh)a

PcP h=1

Using triangle inequality and the sub-multiplicity of the operator norm, we get the following upper
bound for the above:

p
Z ‘E [EP] | H ||U'77;(2h71)a||||U'7i(2h)aH rP Z Upens | E EP | =7’ Z Z U pent | E

PcP h=1 PcP SeS PeP(S)

Epll,

92)
where the vector u is given by u; = r~'/2||U. ;| for i € [m]. Observe that

lul =1 and [Juflec = r~2||U]|2,00
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Fix P € P. Let us bound E [Ep]. For each (i, j) € E(P), let up(i,j) be the number of times (3, J)
is traversed in P. We have

‘E[Ep” _ H E [|Eij|#P(i,j):| < H Mrr(E)=2 — pr2p(2a+1)=2|E(P)|
(i,J)EE(P) (i,7)€E(P)

Since the entries u; are related by the fact their squares sum to 1, it will be better to bound their
symmetric sums rather than just a product « pea . Fix a shape S, we have

V(s end)‘ [V (S e"d)| m
D fupe| = > TT lupol#s= @ < mVEVE IRV TS oo ®
PeP(S) fV(S)=[m] k=1 o
\ V(™)
— VISV (ST, [V (8)|-1 H H“Hj:zejgg’
k=1

where we slightly abuse notation by letting 11 (k) be the number of time & appears in Q).
Consider ||u||} for an arbitrary I € N. When | = 1, ||ul|! < \/m by Cauchy-Schwarz. When [ > 2,
we have [[ullj < [|ull’s®[lull3 = [lul|5?. Thus

[V (S)I

e gend (K) 1 gend (K)—2 end —y end
> Jupe| < H lli g < T Dl 72 (Vm) ™)1 = a2l (™12,

PeP(9) keVa(S)

where, we define V;(Q) as the set of vertices appearing in ) exactly once and V5(Q)) as the set of
vertices appearing at least twice, and to shorten the notation, we let v(S) := |V (S™)| + 2|Va(S™)|.
Combining the bounds, we get the upper bound below for (92):

Math N M=2AES) plViSI=IV (ST Va(S) =1 || 2219 V2 (S™)1/2

Ses
— APPEOEH2 3 2VS) Vi (S (8)/2 V) 1y 22-S),
Ses

Suppose we fix [V1(S™)| = z, [Vo(S™)| = ., [VI(S)| = 2, |[V;(S)| = t. Let S(z,y, z,t) be the

subset of shapes having these quantities. To further shorten the notation, let My := M?P(2a+1) |y||2P.
Then we can rewrite the above as:

ST MO 2t 252 S (2, 2, 1), (93)
z,y,2,tEA

where A is defined, somewhat abstractly, as the set of all tuples (z, y, 2, t) such that S(z, y, 2, t) # &.
We first derive some basic conditions for such tuples. Trivially, one has the following initial bounds:

0<x,y, 1<z+4+y<z T+ 2y < 2p, 0<zt, z+t<p2a+1)+1,

where the last bound is due to z + ¢t = [V(S)| < |E(S)| + 1 < p(2a + 1) + 1, since each edge is
repeated at least twice. However, it is not strong enough, since we want the highest power of m and
n combined to be at most 2ap, so we need to eliminate a quantity of p.

Claim D.5. When each edge is repeated at least twice, we have z — x/2 —y +t — 1 < 2ap.

Proof of Claim[D.3] Let S = (Si,...,Sa2p), where Sy = jr0ir0Jriirt - - - jraira. We have jro = 1
for all r. It is tempting to think (falsely) that when each edge is repeated at least twice, each vertex
appears at least twice too. If this were to be the case, then each vertex in the set

A(S) i={ips : 1 <7 <2p,0<s<a—1}U{jrs:1<7r<2p1<s<a}UVi(S™)

appears at least twice. The sum of their repetitions is 4ap + x, so the size of this set is at most
2ap + x /2. Since this set covers every vertex, with the possible exceptions of 1 € I and V2(S™), its
size is at least z — y + ¢ — 1, proving the claim. In general, there will be vertices appearing only once
in S. However, we can still use the simple idea above. Temporarily let A, (.S) be the set of vertices
appearing once in S and f(S) be the sum of all edges’ repetitions in S. Let S(?) := S. Suppose for
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k>0, S*) is known and satisfies | A(S*))| = |A(S)| — k, £(S*®)) = 4pa + = — 2k and each edge
appears at least twice in (). If A; (S (k)) = ¢, then by the previous argument, we have
2z—y+t—1—-k)<4dpa+zx—-2k = z—2x/2—y+t—1<2pa,

proving the claim. If there is some vertex in A; (S (k)), assume it is some 7,5, then we must have
s <a-—1andj.s = j,.(s+1), otherwise the edge j,si,s appears only once. Create S(E+1) from
S*) by removing i, and identifying j,s and j,(s+1), we have [A(S*+D)| = |A(S)| — (k + 1)
and |f(S™) = 4pa + = — 2(k + 1). Further, since 4,., is unique, j,si,s = irsJr(s+1) are the only
2 occurences of this edge in S*), thus the edges remaining in S**+1) also appears at least twice.
Now we only have |A; (S*+1)| < |A;(S®)]|, with possible equality, since j,.s can be come unique
after the removal, but since there is only a finite number of edges to remove, eventually we have
A1 (S*®)) = @, completing the proof of the claim. O

Claim[D.3]shows that we can define the set A of eligible sizes as follows:
A= {(:c,y,z,t) ENYy: 1<t 1<at+y<zao+2y<2pz—x/2—y+t—1 §2ap}.
- 94)
Now it remains to bound |S(z,y, 2, t)|.
Claim D.6. Given a tuple (x,y, z,t) € A, where A'is defined in Eq. (94), we have

2141 (2p(a + 1))!(2pa)!(l + 1)2P(2e+ D=2

<
1Sy, 20| < (2p(2a + 1) — 2)121(t — 1)!

(16p(a + 1) — 81 — 2)*r(ath)—21-1

Proof. We use the following coding scheme for each shape S € S(z,y, z,t): Given such an S, we
can progressively build a codeword W (S) and an associated tree 7'(S) accoding to the following
scheme:

1. Start with V; = {1} and V; = @, W = [] and T being the tree with one vertex, 1.
2. Forr=1,2,...,2p:

(a) Relabel S, as 1k1ks ... kog.
(b) Fors=1,2,...,2a:

o If ks ¢ V(T) then add k, to T and draw an edge connecting ks_; and kg, then
mark that edge with a (+) in T, and append (+) to W. We call its instance in .S, a
plus edge.

» If ks € V(T) and the edge ks_1ks € E(T') and is marked with (+): unmark it in
T, and append (—) to WW. We call its instance in .S, a minus edge.

o If ks € V(T) buteither ks_1 ks ¢ E(T) or is unmarked, we call its instance in S,
a neutral edge, and append the symbol kg to WW.

This scheme only creates a preliminary codeword W, which does not yet uniquely determine the
original S. To be able to trace back .S, we need the scheme in [7]] to add more details to the preliminary
codewords. For completeness, we will describe this scheme later, but let us first bound the number of
preliminary codewords.

Claim D.7. Let PC(x,y, z,t) denote the set of preliminary codewords generable from shapes in
S(z,y,z,t). Thenforl := z 4+t — 1 we have

2L(2p(a + 1))!(2pa) (1 + 1)2PRa+1) =2
(2p(2a + 1) — 20)112(t — 1)!

|PC(x,y,2,t)| <

Note that the bound above does not depend on = and y. In fact, for fixed z and ¢, the right-hand side
is actually an upper bound for the sum of |S(z,y, 2, t)| over all pairs (x, y) such that (x,y, 2, t) is
eligible. We believe there is plenty of room to improve this bound in the future.

Proof. To begin, note that there are precisely z and ¢ — 1 plus edges whose right endpoint is
respectively in I and J. Suppose we know v and v, the number of minus edges whose right endpoint
isin [ and J, respectively. Then
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« The number of ways to place plus edges is at most (*(* ™)) (274,

* The number of ways to place minus edges, given the position of plus edges, is at most
(2p(a+1)—z) (2pa—t+1) )

u v

* The number of ways to choose the endpoint for each neutral edge is at most
Z?p(a+1)—z—ut2pa—t+l—v.

Combining the bounds above, we have
2p(a+ 1)\ [ 2pa 2p(a+1) =2\ (2pa =t + 1\ 4.0
< z,u)19(t,v)
Sl POV X ; ) s,
utv=z+t—1
95)

where f(z,u) = 2p(a+ 1) — z — wand g(u,v) = 2pa — t + 1 — v. Let us simplify this bound. The
sum on the right-hand side has the form

= ()0

i+j=k
where k =2(p(2a+1) — (z+t—1)), N =2p(a+1) — z, M = 2pa — t + 1. We have

> (D)= S momorn()e < = S oo

i+j=Fk it+j=Fk
NIM!(z + t)* > M+N—k\ _ QMAN=ENIMI(z + t)*
THMAN-R =\ N—i )T M N k)

Replacing M, N and k with their definitions, we get

Z (Qp(a + 1) — Z) (2]90/ —t+ 1) Zf(z’u)tg(t’v)
u (Y

utv=z+t—1
< 22H=1(2p(a + 1) — 2)!(2pa — t + 1)!(z 4 t)2PRat1)=2(z+1-1)
- (2p(2a+1) =2(z+t—-1))(z +t —1)! ’

replacing z + t — 1 with [, we prove the claim. O

Back to the proof of Claim[D.6] to uniquely determine the shape S, the general idea is the following.
We first generated the preliminary codeword W from .5, then attempt to decode it. If we encounter
a plus or neutral edge, we immediately know the next vertex. If we see a minus edge that follows
from a plus edge (u,v), we know that the next vertex is again u. Similarly, if there are chunks
of the form (+ + ...+ — — ... —) with the same number of each sign, the vertices are uniquely
determined from the first vertex. Therefore, we can create a condensed codeword W* repeatedly
removing consecutive pairs of (+—) until none remains. For example, the sections (— + — + —) and

(— ++ — —) both become (—). Observe that the condensed codeword is always unique regardless of
the order of removal, and has the form
W*=1[(+...4+)or (—...—)] (neutral) [(+...4+) or (—...—)]...(neutral) [(+...+) or (—...—)],

where we allow blocks of pure pluses and minuses to be empty. The minus blocks that remain in W*
are the only ones where we cannot decipher.

Recall that during decoding, we also reconstruct the tree 7°(.5), and the partial result remains a tree
at any step. If we encounter a block of minuses in W* beginning with the vertex ¢, knowing the
right endpoint j of the last minus edge is enough to determine the rest of the vertices, which is just
the unique path between ¢ and j in the current tree. We call the last minus edge of such a block an
important edge. There are two cases for an important edge.

1. If ¢ and all vertices between ¢ and j (excluding j) are only adjacent to at most two plus
edges in the current tree (exactly for the interior vertices), we call this important edge simple
and just mark the it with a direction (left or right, in addition to the existing minus). For
example, (— — ... —) becomes (— — ... (—dir)) where dir is the direction.
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2. If the edge is non-simple, we just mark it with the vertex j, so (— — ... —) becomes

(== (=)

It has been shown in [7] that the fully codeword W resulting from W by marking important edges
uniquely determines .S, and that when the shape of S is that of a single walk, the cost of these
markings is at most a multiplicative factor of 2(4N + 8)~, where N is the number of neutral edges
in the preliminary W. To adapt this bound to our case, we treat the star shape S as a single walk,
with a neutral edge marked by 1 after every 2a + 1 edges. There are 2p — 1 additional neutral edges
from this perspective, making N = 4p(a + 1) — 21 — 1 in total. Combining this with the bound on
the number of preliminary codewords (Claim[D.7) yields

21+1(2p(a + 1))1(2pa)!(l + 1)2P(2a+1)—2
(2p(2a + 1) — 20)11=1(¢ — 1)!
where | = z + ¢ — 1. Claim[D.6]is proven. .

S(z,y,2,t)| < (16p(a + 1) — 81 — 2)4p(a+1)721717

Back to the proof of Lemma|[D.3] Temporarily let
9l+1(] 4 1)Gr
Gll!
Note that (2p(a + 1))!(2pa)! F; is precisely the upper bound on |S(z, y, z,t)| in Claim[D.6] Also let
My = Mi (2p(a + 1))/(2pa)! = M (2p(a + 1))!(2pa)!flul| 2.

Replacing the appropriate terms in the bound in Claim[D.6| with these short forms, we get another
series of upper bounds for the last double sum in Eq. (92):

G :=2p(2a+1) -2l and F} := (4G, + 8p — 2)Grt2r—L,

|2padtz/2+y] e/ unt )
—x—2 2(1+1) mF 2ttt
D NE P P
I=aty at=l41
|2pa+tz/2+y] (141 .
M B T AN
<Mz ) Jull 5 T T ( 2 >mz—L2J—ynt—1

[2pa+z/2+y] M—20+1) 3

<M —a—2y -15)-y
<MY TS )
x,y 2

l=z+y
Temporarily let C; be the term corresponding to [ in the sum above. For [ > = + y + 1, we have

Cl _ 2(m + n)(Gl + 1)(Gl + 2) (1 + 1)Gl (1 B 4>G1+2p+1

The last power is approximately e =2 a2 0.135, and for p > 7 a routine numerical check shows that it
is at least 1/8. The second to last power is at least 1. The fraction be bounded as below.

2m+n)(Gi+ 1)(Gi + 2) >2(m+n)-1-2> m+n m+n
M2B3(4G;+8p —2)2(1— 5] —y) — M2*(8p—2)% — 16M21*p? — 16M?pS(2a + 1)*"

Therefore, under the assumption that m + n > 256M2p5(2a + 1)*, we have C; > 2C;_; for all
1>1,s0),C; <2Cp, where I* = |2pa + /2 + y/, the maximum in the range. We have

(2M —2)2ratl5]+y+1 (2 + 2] +y+ 1)2(e=151-v)
2@ —[5] —y)' 2pa+[5] +y)! (2pa)!

4p—2| % |—-2y—1
~(16p—8gJ—8y—2) ’ .

Temporarily letd = p — (| 5] +y) and N = p(2a + 1), we have

207 < 2(m +n)?P®

2M 2NN — d 4+ 1)2(8p + 8d — 2)?+24!
(2pa)! - (2d)! (N = d)! '

20} < 2(m 4 n)?P® (
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For each d, there are at most 2(p — d) pairs (z,y) such that d = p — (| § | 4 ), so overall we have
the following series of upper bounds for the last double sum in Eq. :

p—1 —2\N—d+1 2d 2p+2d—1
o ol 2M N-—-d+1 8p + 8d — 2)°P
My (m + n)Zp 24(13 - d)||u||oo2(p D ( ) (;pa) (2d)) (5\7 —d)! )
d=0

p—1 dMQd(N—d—i— 1)2d(8p+8d_2)2p+2d—1

o 2-
< Mz(m +n)? ZH |24 ) (N —d)! )
~ ! !

(96)
where
My |u]| 2P (2M )N+

(2pa)!
Let us bound the sum at the end of Eq. (96). Temporarily let A, be the term corresponding to d and
x =272 M| u||so. We have

22N —d+1)%

Ms = 4p = 2PRatD+3 A r=2(2p(a + 1))

$2dN3d (16p) 2p+2d

4= (8p 4 8d — 2)?P+2d=1 <

(2d)!(N — d)! (2d)IN!  8p
Therefore
—1
(16p)2° %~ (16pN3/22)2d  (16p)2 o= [2p 5
A < 16pN3/23)2d —
Z 15 TGN ; 2d) = 8pN! ; oq) VPN )
(16p)?» (16p)?»

= N3/ 4+ 1) <
SpN! (8e T+ s SpN!

Plugging this into Eq. (96), we get another upper bound for (92)):
My(16N3/2 M |u)| oo + 1)2P(m + n)?P,

(16N3/2 M ||u| s + 1)%P.

where
(16p)*r  _ 22ar2'%%pF(a + 1)P
8p(2ap + p)! — 8M?

16
M, Mg(g ]j\)” = 2PRat D+ 1=2(2p(q + 1))!

To sum up, we have

E (||l (BTEY BT[] < 3" S up|E[Ep]|
SES PeP(S)

_ rP22ralnpn(a 4 1)
= 8M?

. 2
(227172230 T (22 20 + 1) Mjulloc + 1) - [2(m + )] "

Let D > 0 be arbitrary. By Markov’s inequality, for any p such that m +n > 28 M?p%(2a + 1)%, the
moment bound above applies, so we have

el [(ETE)*ETU|| < Dr'/?p*/*v2a + 1(16p*/%(2a + 1)*2 M ||u| o + 1)[2(m + n)]

(16N3/2 M ||u)|so + 1)%P(m + n)?e?

IN

with probability at least 1 —(2°/D)?P. Replacing |||« with W we complete the proof. [

D.2.2 Case 2: even powers

Proof. Without loss of generality, assume k£ = 1. We can reuse the first part and the notations from
the proof of Lemma[D.3]to get the bound

E[|L (ETE) V7] <73 Y vp[B

SeS PeP(S)

where v; = r~/2||V. ;|| Again,

lol =1 and [Jv]|o = r~ /2
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and S is the set of shapes such that every edge appears at least twice, P(.9) is the set of stars having

shape .S, and
mp (i mq ()
H Eijp(j), and vg = H v
ijeE(P) JEV(Q)
Note that a shape for a star now consists of walks of length 2a:
S = (51, 527 ey Sgp) where Sr = erirOjrlirl .. .j,«a.
We have, for any shape S and P € P(5),

E[Ep] < Me2BO)| < Np2ea=2lVS)H2 |y 00| < [v]|22, and [P(S)] < m!VI)plVaI-1

where the power of n in the last inequality is due to 1 having been fixed in V};(S). Therefore
7Y vpwlE[ER)| < My Y MV VS Va I where My i= M4 0]22.
SeS PeP(S) ses

Let S(z,t) be the set of shapes .S such that |V7(S)| = z and |V;(S)| = t. Let A be the set of eligible
indices:

A= {(z,t) eEN?:0<z 1<t andz+t< 2pa+1}.
Using the previous argument in the proof of Lemma for counting shapes, we have for (z,t) € A:

[(2pa’) ]QE mZ t—1

|S(z,t)] < = 1) , wherel:=2z+1¢—1 € [2pa],
where
9l+1 l 1)Gi
G :=4ap — 2l and F; := %(4@ +8p — Q)Gl-*-?p—l.
1!
We have
2ap mzntfl
2. D v BIER S M MR 3L Ty
S€S PeP(S) z+t:z+1 - (-1
2ap 5 r—2l 2ap AR
Fl l M
a3 S (e = S

z+t=Il+1

where My := M;[(2pa)!|2M~2 = M*P[(2pa)!]?||v||2E. Let C; be the term corresponding to [ in
the last sum above. An analogous calculation from the proof of Lemma [D.3|shows that under the

assumption that m + n > 256 M2p®(2a)*, C; > 2C;_ for each [, so leﬁg C) < 2C5,q, where

M—4ap22ap+1 (Sp _ 2)2p—1

C o = Qup-
& @y
Therefore
2
[Henl (ETE)"V|| p} <3 S vpw |E[Ep]|
SeS PeP(S)
M—4ap22ap+1(8p _ 2)2[) 1 2p
< 2rP M, m+n2ap:4(23pr1/2v002m+n a)
G (m+n) o/l [2m + )]
Pick D > 0, by Markov’s inequality, we have
2p
16
P (L, (BB V| = Do ol + ) < ()
Replacing ||v]|« with 771/2||V |5, We complete the proof. O
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