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Abstract

This paper introduces new parameter-free first-order methods for convex optimiza-1

tion problems in which the objective function exhibits Hölder smoothness. Inspired2

by the recently proposed distance-over-gradient (DOG) technique, we propose an3

accelerated distance-adaptive method which achieves optimal anytime convergence4

rates for Hölder smooth problems without requiring prior knowledge of smoothness5

parameters or explicit parameter tuning. Importantly, our parameter-free approach6

removes the necessity of specifying target accuracy in advance, addressing a sig-7

nificant limitation found in the universal fast gradient methods (Nesterov, 2015).8

We further present a parameter-free accelerated method that eliminates the need9

for line-search procedures and extend it to convex stochastic optimization. Prelim-10

inary experimental results highlight the effectiveness of our approach in convex11

nonsmooth problems and its advantages over existing parameter-free or accelerated12

methods.13

1 Introduction14

In this paper, we consider the following composite function15

min
x∈Rd

ψ(x) := f(x) + g(x). (1)

f : Rd → R is a continuous convex function, and g : Rd → R ∪ {+∞} is a simple proper lower16

semi-continuous (lsc) convex function of which the proximal operator is easy to evaluate. First-order17

algorithms—(sub)gradient descent and their accelerated variants—are the work-horses for solving (1),18

particularly in large-scale machine-learning and AI applications. Their empirical success, however,19

hinges on judiciously chosen stepsizes (learning rates); manual tuning quickly becomes the dominant20

practical bottleneck.21

In standard analysis, the stepsize policy is often designed based on the smoothness level of the22

objective function. Specifically, subgradient methods for nonsmooth problems typically employ23

diminishing stepsizes, whereas gradient descent methods for smooth optimization often utilize a24

stepsize inversely proportional to the gradient Lipschitz parameter. In a seminar work, Nesterov [24]25

considered convex and Hölder smooth problem where f(x) satisfies the following condition:26

∥∇f(x)−∇f(y)∥∗ ≤ Lν∥x− y∥ν ,∀x, y ∈ Rd. (2)

where ν ∈ [0, 1] continuously interpolates between the nonsmooth (ν = 0) and smooth (ν = 1)27

settings. Nesterov introduced accelerated gradient methods capable of universally achieving optimal28

convergence rates without prior knowledge of the smoothness parameters of the objective. Notably,29
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the universal fast gradient method exhibits a convergence rate of30

ψ(xk)− ψ(x∗) ≤ O

 L
2

1+ν
ν D2

0

ϵ
1−ν
1+ν k

1+3ν
1+ν

+ ϵ

 . (3)

where D0 := ∥x0 − x∗∥ denotes the initial distance to the minimizer. An appealing property of this31

method is its independence from explicit knowledge of the smoothness level ν and the parameter Lν .32

Despite these attractive features, recent studies have highlighted significant limitations of the universal33

gradient methods. One notable issue is that the universal gradient method relies on a linesearch34

subroutine to adapt to the unknown smoothness level, which makes it challenging to extend to35

stochastic optimization. More critically, the performance of universal methods is sensitive to the36

predetermined target accuracy level ϵ. As ϵ must be set in advance, the method does not guarantee37

an anytime convergence property, which is crucial for practical implementations where iterations38

can be halted at an arbitrary stage. In addition, as pointed out by [26], an optimally set ϵ should39

depend on D0, which is unfortunately unknown beforehand. Setting the value of ϵ without prior40

knowledge of the underlying problem structure often results in suboptimal trade-offs between the41

two error terms in (3). This turns out to be a critical problem in nonsmooth optimization or online42

learning [20, 2, 5, 4, 36]. Consequently, it remains an open question whether a genuinely parameter-43

free method can be obtained to achieve optimal convergence rates across different Hölder smoothness44

regimes.45

In this paper, we demonstrate that near-optimal parameter-free convergence rates can be achieved46

for convex Hölder smooth optimization, up to logarithmic factors. Specifically, instead of fixing47

the target ϵ, we set variable target levels that are dynamically changing based on the optimization48

trajectory. As mentioned earlier, an optimal level shall depend on the distance to the minimizer and49

is difficult to compute. Motivated by the Distance over Gradients (DOG) style stepsize [2, 13], we50

approximate ∥x0 − x∗∥ by the maximum distance to the iterates and use this knowledge to choose51

stepsize in the accelerated gradient method. Leveraging the technique of distance adaptation, we are52

able to obtain a parameter-free and anytime convergence rate of53

O

(
D1+ν

0 log2 eD0

r̄

k
1+3ν

2

)
, (4)

without requiring any predefined optimality level, knowing the smoothness level ν or the Hölder54

smooth parameter.55

In addition, we propose a line-search-free accelerated method that achieves optimal convergence rates56

for both Hölder smooth and stochastic optimization problems. To eliminate the need for line search,57

we adopt a bounded domain assumption, as originally introduced by Rodomanov et al. [30]. Different58

from their approach, which explicitly requires the domain diameter D to set stepsizes, our method59

exploits distance adaptation to approximate D. This can be particularly appealing as computing60

the diameter of a general convex set can be computationally intractable. Moreover, by estimating61

D through the observed distance from the initial point, our method naturally adopts more adaptive62

stepsizes in large domains. Experimental results support our theoretical insights and demonstrate the63

practical effectiveness of our approach.64

1.1 Related works65

The increasing computational cost associated with hyperparameter tuning has driven significant66

research interest in developing adaptive or parameter-free algorithms. The online learning community67

has extensively studied parameter-free optimization, particularly focusing on achieving nearly-optimal68

regret bounds without prior knowledge of domain boundedness or the distance to the minimizer. For69

example, see [20, 21, 25, 4, 36]. A recent breakthrough has been made by Carmon and Hinder [2],70

which moves beyond regret analysis and focuses directly on stochastic optimization. This algorithm71

appears to be conceptually simpler and motivates a few more practical SGD algorithms, such as72

[13, 5, 23]. A notable related study to our work is [23], which applied the distance adaptation73

technique to Nesterov’s dual averaging method. They have offered convergence guarantees across74

various problem classes, including nonsmooth, smooth, (L0, L1)-smooth functions, and many others.75

However, the convergence rate for the Hölder smooth problem remains suboptimal.76
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The concept of universal gradient methods adapting to Hölder smoothness was pioneered by Nesterov77

[24]. Subsequent works extended this approach to nonconvex optimization [10] and stochastic78

settings [9]. It has been demonstrated that normalized gradient stepsizes [31] can automatically adapt79

to Hölder smoothness without requiring line search, as shown in [11, 27]. Recently, Rodomanov80

et al. [30] proposed a line-search-free universally optimal method that is robust to stochastic noise81

in gradient estimations. However, this method requires the domain to be bounded and the diameter82

to be known. In parallel to universal methods, bundle-type methods [17, 1] have emerged as an83

effective approach for nonsmooth optimization, enabling self-adaptation to Hölder smoothness [15].84

However, these methods often involve solving a complex cut-constrained subproblem and lack85

straightforward extensions to stochastic settings. The Polyak stepsize method [28] also exhibits86

self-adaptation to smoothness [12] and Lipschitz parameters [22]. It can be seen as a special case of87

the bundle-level method [7]. While imposing Nesterov’s acceleration technique [6] in the Polyak88

stepsize can universally achieve the optimal rates for Hölder smooth problems, it typically requires89

knowledge of the optimal value.90

Finally, it is important to emphasize that the parameter-free algorithms discussed in this paper differ91

from adaptive gradient methods [8], which have been substantially studied in the literature [14, 29, 32].92

While adaptive gradient methods primarily focus on adjusting to Lipschitz constants or constructing93

a preconditioner to approximate the Hessian inverse [37, 34, 18], parameter-free algorithms in our94

context do not rely on such adaptation mechanisms.95

2 Preliminaries96

97

Let Rd denote the d-dimensional Euclidean space. Let ∥ · ∥ =
√
⟨·, ·⟩ be the norm associated with98

inner product ⟨·, ·⟩. Its dual norm is defined by ∥s∥∗ = max∥x∥=1⟨s, x⟩, where s ∈ Rd. For a convex99

function f : Rd → R∪{+∞}, we use∇f(x) to denote a (sub)gradient of f(·) at the point x. We use100

Bδ(x) = {y ∈ Rd : ∥y−x∥ ≤ δ} to denote the closed ball of radius δ centered at x. Let h : Rd → R101

be a kernel function such that it is continuously differentiable and strongly convex with respect to ∥ ·∥,102

the Bregman distance generated by h(·) is given byB(x, y) := h(y)−h(x)−⟨∇h(x), y−x⟩. Without103

loss of generality, we assume B(x, y) ≥ 1
2∥x− y∥

2. In this paper, we choose B(x, y) = 1
2∥x− y∥

2.104

We define Iν as ( 1
1−ν )

1+ν
2 when ν < 1 and 1 when ν = 1 to to simplify the expressions.105

A convex function f is said to be locally Hölder smooth at z with radius r if there exists a mapping106

Mν : Rd × (0,+∞)→ (0,+∞) such that, for any z ∈ Rd, for any x, y ∈ Br(z) (r > 0), we have107

∥∇f(x)−∇f(y)∥∗ ≤Mν(z, r) ∥x− y∥ν . (5)

Nesterov [24] considered the global Hölder smooth functions (2) where the smoothness mapping108

Mν(z, r) is reduced to a constant Lν . However, we will show that by incorporating both the109

line search method and the distance adaptation, we can guarantee the boundedness of the iterates.110

Consequently, the complexity relies on the local Hölder smoothness, which is defined by111

M̂ν :=Mν(x
∗, 3D0) < +∞.

3 The accelerated distance-adaptive method112

Motivation Before describing the main algorithm, we first shed light on the intuition of Nesterov’s113

universal gradient methods [24]. From the definition of global Hölder smoothness (2), we have the114

error bound condition115

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ Lν

1 + ν
∥x− y∥1+ν .

This bound can be translated into an inexact variant of the usual Lipschitz smooth condition:116

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ γ(Lν , δ)

2
∥x− y∥2 + δ

2
. (6)

where γ(L, δ) := ( 1−ν
1+ν

1
δ )

1−ν
1+ν L

2
1+ν , and δ ∈ (0,∞) is the trade-off parameter. Since the Hölder117

exponent may be unknown a priori, Nesterov proposed to use pre-specify δ = ϵ, where ϵ is the target118

3



accuracy, and then perform line search over γ(Lν , δ) to satisfy the inexact Lipschitz smoothness119

condition (6).120

As described earlier, the potential issue of this approach is in setting the optimal δ. Note that121

this δ trade-off two terms: 1) the convergence rate of optimizing ψ(x) as a Lipschitz smooth122

function, and 2) the approximation error of using Lipschitz smooth function. However, choosing123

the optimal δ necessitates the knowledge of the distance to the minimizer, and can not be done124

easily when the domain is unconstrained. Moreover, even if the domain is bounded with D =125

maxx,y∈dom g ∥x− y∥ <∞, this value can poorly overestimate x− x∗.126

To address the limitation in the existing universal fast gradient method, we present the accelerated127

distance-adaptive method (AGDA) in Algorithm 1. Our algorithm can be viewed as a variant of the128

accelerated regularized dual averaging method [33, 24, 35] which involves the triplets {xk, vk, yk}.129

The main difference from the prior work is the new stepsize and linesearch procedure to adapt to the130

distance to the minimizer.131

Specifically, leveraging the distance adaptation technique [23, 13], we approximate D0 by a sequence132

of values:133

r̄k = max{r̄k−1, rk}, where rk = ∥x0 − vk∥, k ≥ 0, (7)
and then set the averaging sequence ak based on the distance estimation:134

ak+1 = Ak+1 −Ak, where Ak+1 :=
(∑k

i=0r̄
1
2
i

)2
, k = 1, 2, . . . (8)

To deal with the unknown Hölder smooth parameter, we invoke a line search procedure to find the135

appropriate value of βk+1, which satisfies136

f(yk+1) ≤ f(xk+1) + ⟨∇f(xk+1), yk+1 − xk+1⟩+ βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2 + τkηk

2
, (9)

where ηk measures the inexactness in Lipschitz smooth approximation and τk is introduced by137

Nesterov’s momentum (τk = 1 in the non-accelerated method). As mentioned earlier, ηk is set to a138

fixed δ in the universal (fast) gradient method. Different from the earlier approach, we simply take139

ηk =
βk+1r̄

2
k−βk r̄

2
k−1

8ak+1
, which dynamically adjusts during the optimization process.140

Algorithm 1 Accelerated Gradient Method with Distance Adaption(AGDA)
Input: x0 and r̄;

1: Initialize A0 = 0, r̄−1 = r̄0 = r̄ and β0 be a small constant, like 10−3.
2: Set initial solution: z0 = y0 = x0

3: for k = 0, 1, ...,K − 1 do
4: Set rk and r̄k according to (7);
5: Update ak+1 and Ak+1 by (8), and set τk = ak+1

Ak+1
;

6: Set xk+1 = τkv
k + (1− τk)yk;

7: Apply the line search to find βk+1 such that lk(βk+1) ≥ 0;
8: Compute vk+1 = argminy

{βk+1

2 ∥x
0 − y∥2 +

∑k+1
i=1 ai(⟨∇f(xi), y − xi⟩+ g(y))

}
;

9: Set yk+1 = τkv
k+1 + (1− τk)yk;

10: end for
Output: zK = argminy∈{y0,y1,...yK} ψ(y)

Next, we further provide the details of the line search procedure. We expect to find a suitable βk+1141

that satisfies the inequality (9). Note that in the inequality (9) yk+1 is dependent on βk+1, we can142

describe the searching process of βk+1 by formulating it as finding a root of a continuous function.143

We first define some notations.144

lk(β) :=− f(yk+1(β)) + f(xk+1) + ⟨∇f(xk+1), yk+1(β)− xk+1⟩

+
β

64τ2kAk+1
∥yk+1(β)− xk+1∥2 +

βr̄2k − βkr̄2k−1

16Ak+1
,

(10)

where yk+1(β) = τkvk+1(β) + (1 − τk)y
k is the trial point, and vk+1(β) :=145

argminx
∑k+1

i=1 ai(⟨∇f(xi), x⟩ + g(x)) + β
2 ∥x − x0∥2. Our line search consists of two stages,146
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each involving an iterative procedure. We assume the first stage and the second stage can be ter-147

minated in i′k-th and i∗k-th iterations, respectively. In the first stage, we find the smallest value148

i ∈ {0, 1, 2, . . . , } such that lk(2i−1βk) is nonnegative and set i′k = i. Consequently, we will have149

two situations:150

1. i′k = 1, i.e., lk(βk) ≥ 0, then we complete the line search;151

2. i′k > 1, then we perform a binary search to find an approximate root of lk(·) = 0 in152

the interval [2i
′
k−2βk,2

i′k−1βk]. The search is terminated when the interval length is no153

more than the tolerance level β0

2k2 . We return the right endpoint of the final interval as154

βk+1 = βk+1,i∗ .155

The goal of the line search strategy in the k-th iteration is to find the root of lk(·). Next, we justify156

the correctness of the line search and efficient implementation.157

Proposition 1. Suppose f(·) is locally Hölder smooth (5) in B3D0
(x∗). In Algorithm 1, for any158

k ≥ 0, at least one of the following two conditions must be met:159

1. lk(βk) ≥ 0;160

2. there exists β∗
k+1 > βk such that lk(β∗

k+1) = 0 and ∀β > β∗
k+1, lk(β) > 0.161

Consequently, we have βk+1 ≤ O(k
3−3ν

2 ). Moreover, the total number of line searches (
∑K−1

k=0 (i′k +162

i∗k)) required by Algorithm 1 is O(K logK).163

Remark 1. Proposition 1 implies that our method requires an additional O(logK) function eval-164

uations compared to other algorithms [24]. However, it is worth emphasizing that our line search165

procedure only requires access to function values, whereas the line search in the universal fast166

gradient method involves both gradient and function value evaluations.167

Next, we provide an important upper bound on the convergence rate.168

Proposition 2. Suppose f(·) is locally Hölder smooth (5) in B3D0
(x∗). For any k > 0, it holds that169

ψ(yk)− ψ(x∗) ≤ βk(D
2
0 −D2

k)

2Ak
+
βkr̄

2
k

8Ak
. (11)

One key insight of the distance adaptation is that the inequality (11) implies the boundedness of rk.170

To avoid the first step of Algorithm 1 from searching too far and breaking the boundedness of rk, we171

should adopt a conservative distance estimation such that r̄ ≤ 4D0. The smaller r̄ is, the more likely172

it is that r̄ ≤ 4D0 holds.173

Theorem 1. Suppose f(·) is locally Hölder smooth (5) in B3D0
(x∗) and r̄ ≤ 4D0 holds. Then it174

holds that ∥vk − x0∥ ≤ 4D0 and ∥vk − x∗∥ ≤ 3D0, for all k ≥ 0.175

Since both xi and yi are convex combination of vi, we immediately have that that all the generated176

points {xi, yi}i≥0 are in B3D0
(x∗).177

Next, we further refine the upper bound in (11). Since D2
0 −D2

k ≤ 2D0rk, rk ≤ r̄k and rk ≤ 4D0,178

the upper bound in Proposition 2 can be relaxed to179

ψ(yk)− ψ(x∗) ≤ 3βkr̄kD0

2Ak
.

It remains to control the growth of r̄k
Ak

. To this end, we invoke a useful logarithmic bound [13, 19] as180

follows.181

Lemma 1. Let (di)∞i=0 be a positive nondecreasing sequence. Then for any K ≥ 1,182

min
1≤k≤K

dk∑k−1
i=0 di

≤

(
dK

d0

) 1
K

log edK

d0

K
. (12)

To apply the above result, we simply take dk =
√
r̄k. It shows there is always some k < K where183

the error r̄k
Ak

is bounded by O
( log2 f(r̄T /r̄)

K2

)
.184
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Next, we bring all the pieces together. As pointed out earlier, the line search ensures that βk+1 is185

order up to O(k 3−3ν
2 ). Together with the bound over distance-adaptive term r̄k

Ak
, we arrive at our186

final convergence rate in the following theorem.187

Theorem 2. Suppose all the assumptions of Theorem 1 hold. Then, Algorithm 1 exhibits a conver-188

gence rate that189

ψ(zK)− ψ(x∗) ∈ O

(
M̂νD

1+ν
0 log2 eD0

r̄

K
1+3ν

2

)
, (13)

where zK = argminy∈{y0,y1,...yK} ψ(y).190

Remark 2. To achieve an ϵ-optimality gap, our method attains a near-optimal complexity bound191

of Õ
(
D

2(1+ν)
1+3ν

0 ϵ−
2

1+3ν
)
, where the Õ notation hides logarithmic factors arising from line search and192

distance adaptation, such as O(log 1
ϵ ) and O(log2 D0

r̄ ).193

Remark 3. Theorems 1 and 2 require the initial guess r̄ to lie within a reasonably large neighborhood,194

specifically r̄ ≤ 4D0. This condition is a key assumption underlying distance-adaptive methods [13].195

For theoretical purposes, we provide an automatic initialization strategy for r̄ in certain special cases196

(see Appendix). Empirically, we observe that the performance of the algorithm is largely insensitive197

to the specific choice of r̄.198

4 Stochastic optimization199

In this section, we focus on stochastic optimization of Hölder smooth functions, wherein problem (1),200

f(x) exhibits the expectation form:201

f(x) = Eξ[f(x, ξ)],

where ξ is a random sample following from specific distribution. Due to the difficulty in exactly202

computing the gradient ∇f(x), it is challenging to perform line search. To bypass this issue, we203

present a new line-search-free and accelerated distance-adaptive method in Algorithm 2. At the cost204

of removing linesearch, we require an additional boundedness assumption.205

Assumption 1 (Boundedness of domain). The set dom g is bounded, namely,D = supx,y∈dom g ∥x−206

y∥ < +∞. We denote M̃ν =Mν(x
∗, D) for simplicity.207

Let us use ∇f̃(x, ξ) to represent a stochastic gradient, we further assume the stochastic gradient has208

a bounded variance: σ2 := supx∈Rd Eξ[∥∇f̃(x, ξ)−∇f(x)∥2∗] < +∞. For the sake of notation, we209

denote ∇̃f(xk) = ∇f̃(xk, ξxk ) and ∇̃f(yk) = ∇f̃(yk, ξyk) to present the stochastic gradient in the210

k-th iteration, where ξxk and ξyk are two i.i.d. samples.211

Algorithm 2 AGDA Line Search Free Modification (AGDA LSFM)
Input: x0, r̄;

1: Initialize A0 = 0, β0 = 0, r̄0 = r̄;
2: Set initial solution: z0 = x̂0 = y0 = x0;
3: for k = 0, 1, ...,K − 1 do
4: Solve vk = argminx

∑k
i=0 ai[f(x

i) + ⟨∇f(xi), x− xi⟩+ g(x)] + βk

2 ∥x
0 − x∥2;

5: Set dk = ∥x0 − x̂k∥;
6: Update r̄k and Ak+1 by (14) and (8)
7: Set ak+1 = Ak+1 −Ak, τk = ak+1

Ak+1
;

8: Set xk+1 = τkv
k + (1− τk)yk;

9: Compute x̂k+1 = argminy{ak+1[⟨∇̃f(xk+1), y − xk+1⟩+ g(y)] + βk

2 ∥v
k − y∥2};

10: Set yk+1 = τkx̂
k+1 + (1− τk)yk;

11: Set ηk =
βk+1r̄

2
k−βk r̄

2
k

8ak+1
;

12: Solve (15) to obtain the solution βk+1;
13: end for
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Algorithm 2 is equipped with the following rules:212

r̄k = max{r̄k−1, rk, dk}, k > 0, (14)

where dk = ∥x̂k − x0∥.213

In stochastic settings, traditional line search methods cannot be used as they introduce bias. Therefore,214

it is necessary to develop an approach that does not rely on line search. Rather than performing line215

search to find the descent direction, Rodomanov et al. [30] proposes a nonlinear balance equation. The216

core idea is to bound the error term f(yk+1)− f(xk+1)−⟨∇f(xk+1), yk+1− xk+1⟩− Hk

2 ∥y
k+1−217

xk+1∥2 by constructing a balance equation incorporating D. We demonstrate that the term used to218

bound the error is effectively equivalent to line search, allowing us to use r̄k to approximate D, which219

implies that D is not essential. Subsequently, we will explain how to formulate the balance equation.220

As we mentioned in Section 3, line search strategy tries to find βk+1 that lk(βk+1) = 0. The difficulty221

is that the yk+1 is depend on βk+1 and thus lk(βk+1) = 0 can not be solved by the closed-form222

solution. The motivation for applying the balance equation is to decouple the updating rule of yk+1223

from the βk+1. Once the yk+1 has been updated, lk(βk+1) = 0 will degenerates to the following224

balance equation225

βk+1 − βk
2Ak+1

r̄2k = [⟨∇̃f(yk+1)− ∇̃f(xk+1), yk+1 − xk+1⟩ − βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2]+, (15)

where [·]+ = max(0, ·). We use ∇̃f(yk+1), yk+1−xk+1⟩ to replace the−f(yk+1)+ f(xk+1) since226

we can not obtain the function value.227

Since we decouple yk+1 from βk+1, equation (15) has a simple form that is easy to solve. Moreover,228

it has a unique closed-form solution given by229

βk+1 = βk +
[64τ2kAk+1⟨∇̃f(yk+1)− ∇̃f(xk+1), yk+1 − xk+1⟩ − βk∥yk+1 − xk+1∥2]+

32τ2k r̄
2
k + ∥yk+1 − xk+1∥2

. (16)

We leave the details about conducting the closed-form solution in the appendix.230

We next conduct the convergence analysis of Algorithm 2. In order to use the unbiasedness of231

the inexact oracle, we adopt the balance equation to update the βk+1. Moreover, we use r̄k is a232

natural underestimation of D and Lemma 1 resure that the cost of underestimation can be reduced to233

O(log D
r̄ ). We leave the proof in the appendix.234

Theorem 3. Suppose Assumption 1 holds. Algorithm 2 exhibits a convergence rate that235

E[ψ(zk
∗
)− ψ(x∗)] ∈ O

(
M̃νD

1+ν

K
1+3ν

2

+
σD√
K

)
. (17)

where k∗ = argmin1≤k≤K{ r̄k
Ak
}.236

5 Experiments237

We evaluate the performance of our proposed method on a diverse set of convex optimization238

problems. The goal is to assess its efficiency and robustness across different application scenarios.239

Additional implementation details and extended results are provided in the appendix.240

5.1 Deterministic setting241

Softmax The first problem is optimizing the softmax function:242

min
x∈Rd

µ log

[
n∑

i=1

exp

(
⟨ai, x⟩ − bi

µ

)]
, (18)

where ai ∈ Rd , bi ∈ R and µ is a given positive factor. This function can be viewed as a smooth243

approximation of the maximization function.244
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Figure 1: Performance of the compared algorithms. Left: softmax problem. Middle: Matrix game
problem of size (n,m) = (896, 128). Right: Matrix game of size and (n,m) = (448, 64).

In our problem setting, we aim to establish a simple baseline solution to easily evaluate the perfor-245

mance of each method. To achieve this, we first generate the i.i.d vectors {âi} with their components246

uniformly distributed within the interval [−1, 1]. Similarly, we generate vectors bi from the same247

distribution. With these generated vectors, we define a function f̂(x) by the definition 18. Next, let248

ai = âi − ∇f̂(x) and redefine the function f(x) by the definition 18 with ai and bi. Under this249

configuration, the point x = 0d serves as the optimal solution of f(x).250

We employ various methods for comparison, specifically considering DOG [13], DADA [23], and251

the universal fast gradient method (FGM) [24] as benchmarks. For Dog, we set rϵ = 0.01. Both252

DADA and AGDA are configured with r̄ = 0.01, while for FGM, we set ϵ = 0.01. We set253

n = 1000, d = 2000 and µ = 0.005 as the parameters of the problem. The results of our method254

are illustrated in the left part of Figure 1. As expected from complexity analysis, FGM, being255

an accelerated method, outperforms the non-accelerated baselines DOG and DADA. Notably, our256

proposed algorithm achieves the fastest convergence among all tested methods, which empirically257

confirms the advantage of our adaptive stepsize selection.258

Matrix game The second problem we experimented with is the matrix game problem [24]. We259

denote ∆d as the standard simplex with d-dimension, for some d > 0. Specifically, consider a payoff260

matrix A ∈ Rn×m, where two agents engage in a game by adopting mixed strategies x ∈ ∆n and261

y ∈ ∆n respectively to play a game without knowledge of each other’s strategy. The gain of the first262

agent is given by ⟨x,Ay⟩, which corresponds to the loss of the second agent. The Nash equilibrium263

of this game can be found by solving the root of the function:264

min
x∈∆n

max
y∈∆m

⟨x,Ay⟩. (19)

We generate the payoff matrix A such that each entry is independently and uniformly distributed265

within the interval [−1, 1]. This problem is nonsmooth with Hölder smoothness parameter ν = 0,266

making it a suitable test case for evaluating the robustness of optimization algorithms under minimal267

smoothness assumptions. We evaluate all methods on two problem sizes: (n,m) = (896, 128) and268

(n,m) = (448, 64). The performance of our method, along with the baselines, is shown in the right269

panels of Figure 1. The results demonstrate that our algorithm remains highly effective even in270

challenging nonsmooth settings, outperforming the alternatives in both cases.271

5.2 Stochastic setting272

Least-squares For the stochastic setting, we first consider the following problem:273

min
x∈Rd

f(x) =
1

2
∥Ax− b∥22 s.t. ∥x∥2 ≤ r. (20)

We set the constraint radius r = 10 and conduct experiments using real-world datasets from LIBSVM1.274

For the first test, we use the diabetes dataset to examine robustness. For both USFGM and our275

AGDA-LSFM algorithm, we vary the initialization hyperparameter-D for USFGM and r̄ for AGDA-276

LSFM—to evaluate sensitivity to stepsize-related inputs. As shown in the left panel of Figure 2,277

1https://www.csie.ntu.edu.tw/cjlin/libsvm/
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Figure 2: Performance of the compared algorithms Left: robustness test on diabetes dataset. Middle:
Long-run test on Boston housing dataset. Right: robustness test on softmax problem

USFGM [30] and Adam exhibit unstable performance when hyperparameters are poorly tuned, while278

our algorithm maintains strong and consistent convergence across a wide range of settings.279

To further validate algorithm efficiency in a practical regime, we repeat the experiment on the Boston280

housing dataset, tuning all methods with their best-performing hyperparameters. The middle panel of281

Figure 2 shows that our method achieves competitive long-term performance while preserving its282

robustness advantage. These results illustrate that our approach is not only stable but also effective in283

real-world stochastic optimization tasks.284

5.3 Robustness285

We conduct additional experiments to assess the robustness of our method with respect to the choice286

of the parameter r̄, which reflects an estimate of the initial distance to the optimal solution, D0. Our287

goal is to show that the performance of our algorithm remains stable across a wide range of r̄ values,288

thereby reducing the sensitivity to inaccurate user-specified estimates.289

To this end, we revisit the softmax minimization problem and vary r̄ logarithmically from 10−4 to290

104. For each setting, we fix the target function value tolerance at ϵ ∈ {0.2, 0.4, 0.6, 0.8, 1} and291

record the number of iterations required to reach the specified accuracy. The results, shown in the292

third panel of Figure 2, reveal that our method is highly robust: the number of iterations remains293

nearly constant across several orders of magnitude of r̄. This suggests that our approach can tolerate294

significant misspecification of D0 without compromising convergence efficiency. In practice, users295

may either provide a rough estimate of the initial distance or simply default to a moderate value such296

as r̄ = 10−3, which performs consistently well across our tests.297

6 Conclusion298

This paper introduces a novel parameter-free first-order method for solving composite convex op-299

timization problems without requiring prior knowledge of the initial distance to the optimum (D0)300

or the Hölder smoothness parameters. Our method achieves a near-optimal complexity bound for301

locally Hölder smooth functions in an anytime fashion, making it broadly applicable and practical.302

In the stochastic setting, we further develop a line-search-free accelerated method that eliminates303

the need for estimating the problem-dependent diameter D during stepsize selection. This enhances304

both theoretical generality and practical usability. Preliminary experiments demonstrate that our305

algorithms are competitive and often outperform existing universal methods for Hölder smooth306

optimization, particularly in terms of robustness and adaptivity. An important direction for future307

research is to improve the dependence on the diameter D0 in the convergence complexity, and to308

further relax the boundedness assumptions typically required in the stochastic setting.309
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A Limitation424

Algorithm 1 significantly reduces the multiplicative overhead of choosing a sufficiently small pa-425

rameter r̄ from a polynomial to a logarithmic factor, and lowers the average number of gradient426

evaluations to one per iteration—compared to four per iteration in the Universal Fast Gradient Method427

(FGM) [24]. However, this improvement comes at the cost of increased computational burden during428

the line search procedure. Specifically, to accurately adapt to the local Hölder smoothness, our429

method requires a more precise selection of the parameter βk, leading to a total of O(k log k) line430

search operations after k iterations, whereas ,in contrast, FGM only requires O(k).431

B Auxiliary lemmas432

B.1 Proof of Lemma 1433

This result was first established in [13, Lemma 3] and [[19, Lemma 30]. We give a proof for434

completeness.435

Proof. Let Rk = rk∑k−1
i=0 ri

and R−1
0 = 0, then for any k ≥ 0436

rk+1R
−1
k+1 = rkR

−1
k + rk

rk
rk+1

= R−1
k+1 −

rk
rk+1

R−1
k .

Then437

k−1∑
i=0

ri
ri+1

=

k−1∑
i=0

R−1
i+1 −

ri
ri+1

R−1
i =

k−1∑
i=0

R−1
i+1 −R

−1
i + (1− ri

ri+1
)R−1

i

= R−1
k +

k−1∑
i=0

(1− ri
ri+1

)R−1
i ≤ R−1

k∗ (1 + k −
k−1∑
i=0

ri
ri+1

),

where k∗ = argmin0≤i≤k Ri. It then follows that438

Rk∗ ≤
1 + k −

∑k−1
i=0

ri
ri+1∑k−1

i=0
ri

ri+1

≤
1 + k − k(

∏k−1
i=0

ri
ri+1

)
1
k

k(
∏k−1

i=0
ri

ri+1
)

1
k

=
1 + k − k( r0rk )

1
k

k( r0rk )
1
k

≤
1− k log( r0rk )

1
k

k( r0rk )
1
k

=
1− log( r0rk )

k( r0rk )
1
k

= (
rk
r0

)
1
k

log(e rkr0 )

k
.

439

B.2 Proof of auxiliary Lemmas440

The following three-point Lemma is a well-known result. See also [3, Lemma 3.2] and [16, Lemma441

6]. We give a proof for the sake of completeness.442

Lemma 2. For any proper lsc convex function ϕ : Rd → R ∪ {+∞}, any z ∈ domϕ and β > 0.443

Let z+ = argminx∈domϕ{ϕ(x) + β
2 ∥z − x∥

2}. Then, we have444

ϕ(x) +
β

2
∥z − x∥2 ≥ ϕ(z+) +

β

2
∥z − z+∥2 +

β

2
∥z+ − x∥2,∀x ∈ Rd. (21)
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Proof.

1

2
∥z+ − x∥2 +

1

2
∥z − z+∥2 −

1

2
∥z − x∥2 =

1

2
∥x∥2 − ⟨z+, x⟩+

1

2
∥z+∥2

+
1

2
∥z∥2 − ⟨z, z+⟩+

1

2
∥z+∥2

− 1

2
∥z∥2 + ⟨z, x⟩ − 1

2
∥x∥2

=⟨z − z+, x− z+⟩.

In view of the first-order optimal condition at z+, we have445

⟨∇ϕ(z+) + β(z+ − z), x− z+⟩ ≥ 0.

Combining the two inequalities above, we have446

β

2
∥z+ − x∥2 +

β

2
∥z − z+∥2 −

β

2
∥z − x∥2 = β⟨z − z+, x− z+⟩

≤ ⟨∇ϕ(z+), x− z+⟩
≤ ϕ(x)− ϕ(z+),

where the last inequality uses the convexity of ϕ(·).447

Lemma 3. For any u ≥ 0, k ≥ 0, there exits a positive constant cu such that:448

(k + 1)u − ku ≥ cu(k + 1)u−1, (22)

where cu only depends on u.449

Proof. When k = 0, we have (1)u − 0u = 1u = 1u−1 = 1. Now consider k > 0. We distinguish450

between two cases.451

Case 1: If u ≥ 1, we have452

(k + 1)u − ku = u

∫ k+1

k

xu−1dx ≥ uku−1

and hence453 (
k

k + 1

)u−1

≥
(
1

2

)u−1

.

Therefore,454

(k + 1)u − ku ≥ u(1
2
)u−1(k + 1)u−1.

Case 2: 0 ≤ u < 1,455

(k + 1)u − ku = u

∫ k+1

k

xu−1dx ≥ u(k + 1)u−1.

Therefore, we can set cu = u( 12 )
u−1.456

C Proof details in Section 3457

In this section, we provide a detailed convergence analysis of Algorithm 1. For the sake of simplicity,458

we define the following notations.459

ϕk+1(x) =

k+1∑
i=1

ai[f(x
i) + ⟨∇f(xi), x− xi⟩+ g(x)] +

βk+1

2
∥x0 − x∥2,

ηk =
βk+1r̄

2
k − βkr̄2k−1

8ak+1
,

Using this definition, it follows that ϕ0(x) = β0

2 ∥x
0 − x∥2.460
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C.1 Proof of important lemmas461

To begin our analysis, we first prove the key bound (6) used in universal gradient methods. The462

bound (6) ensures that these methods can be accelerated by line search without prior knowledge463

about ν and Lν .464

The following result is from [[24], Lemma 2]. We give a proof for completeness.465

Lemma 4. Define γ(M̂ν , δ) = γν(M̂ν , δ) = ( 1−ν
1+ν

1
δ )

1−ν
1+ν M̂

2
1+ν
ν , here we regard ( 1−1

1+1
1
δ )

1−1
1+1 = 1466

since limν→1(
1−ν
1+ν

1
δ )

1−ν
1+ν = 1.467

Suppose f(·) is locally Hölder smooth, i.e., for any x, y ∈ B3D0
(x∗), we have468

∥∇f(x)−∇f(y)∥∗ ≤ M̂ν∥x− y∥ν . (23)

Then we have469

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ γ(M̂ν , δ)

2
∥x− y∥2 + δ

2
. (24)

Proof. Note that the condition (23) immediately implies470

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ M̂ν

1 + ν
∥x− y∥1+ν

from basic convex analysis.471

For any a, b ∈ R+ and p, q ≥ 1, 1p + 1
q = 1, applying Young’s inequality we obtain472

ap

p
+
bq

q
≥ ab. (25)

We choose p = 2
1+ν , q = 2

1−ν , a = t1+ν and b = ( 1+ν
1−ν

δ
M̂ν

)
1−ν
1+ν and have473

(1 + ν)t2

2
+

(1− ν)( 1+ν
1−ν

δ
M̂ν

)
2

1+ν

2
≥ t1+ν(

1 + ν

1− ν
δ

M̂ν

)
1−ν
1+ν

(1 + ν)t2

2
(
1− ν
1 + ν

M̂ν

δ
)

1−ν
1+ν +

(1 + ν)δ

2M̂ν

≥ t1+ν

t2

2
(
1− ν
1 + ν

1

δ
)

1−ν
1+ν M̂

2
1+ν
ν +

δ

2
≥ t1+ν

1 + ν
M̂ν

t2

2
γ(M̂ν , δ) +

δ

2
≥ t1+ν

1 + ν
M̂ν .

We set t = ∥x− y∥ and obtain (24) directly.474

To demonstrate the primary convergence results from Section 3, we first establish some useful lemmas475

regarding the well-definedness of line search and the boundedness of the iterates.476

Lemma 5. Given c ∈ Rd, a proper lsc convex function g : Rd → R ∪ {+∞}. Let h ∈ R+ be a477

variable.478

Define z(h) := argminx∈Rd{⟨c, x⟩+g(x)+h∥x0−x∥2}, h ∈ R+. Then, the function ∥x0− z(h)∥479

is monotonically decreasing in h and converges to 0 as h→ +∞.480

Proof. First, we prove ∥x0 − z(h)∥ is monotonically decreasing in h. For any h1, h2 such that481

h2 > h1 > 0, in view of the optimality of z(h1) and z(h2), we have482

⟨c, z(h1)⟩+ g(z(h1)) + h1∥x0 − z(h1)∥2 ≤ ⟨c, z(h2)⟩+ g(z(h2)) + h1∥x0 − z(h2)∥2 (26)

and483

⟨c, z(h1)⟩+ g(z(h1)) + h2∥x0 − z(h1)∥2 ≥ ⟨c, z(h2)⟩+ g(z(h2)) + h2∥x0 − z(h2)∥2. (27)
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Combining (27) and (26) and noticing that h2 − h1 > 0, we have484

(h2 − h1)∥x0 − z(h1)∥2 ≥ (h2 − h1)∥x0 − z(h2)∥2,

which implies485

∥x0 − z(h1)∥ ≥ ∥x0 − z(h2)∥.

Next, we prove limh→+∞ ∥x0 − z(h)∥ = 0 by contradiction. If there exists δ > 0, for any486

h ∈ R+, ∥x0 − z(h)∥ ≥ δ, then we have487

⟨c, z(h)⟩+ g(z(h)) + h∥x0 − z(h)∥2 ≥ ⟨c, z(h)⟩+ g(z(h)) + hδ2.

Let us consider h > h0 > 0. Uusing the optimality of z(h0), we obtain488

⟨c, z(h)⟩+ g(z(h)) + h0∥x0 − z(h)∥2 ≥ ⟨c, z(h0)⟩+ g(z(h0)) + h0∥x0 − z(h0)∥2,

Note that monotonicity proved above implies ∥x0 − z(h)∥ ≤ ∥x0 − z(h0)∥, together with the above489

inequality, we have490

⟨c, z(h)⟩+ g(z(h)) ≥ ⟨c, z(h0)⟩+ g(z(h0)).

Moreover, using the optimality at z(h) and the lower boundedness ∥x0 − z(h)∥ ≥ δ, we have491

⟨c, x0⟩+ g(x0) ≥ ⟨c, z(h)⟩+ g(z(h)) + h∥x0 − z(h)∥2 ≥ ⟨c, z(h0)⟩+ g(z(h0)) + hδ2. (28)

Since h can be arbitrarily large, this result is impossible unless δ = 0.492

Next, we establish an important property about the convergence error.493

Lemma 6. In Algorithm 1, suppose r̄ ≤ 4D0. If for i = 0, 1, . . . , k, li(βi+1) ≥ 0, then we have the494

error bound495

ψ(yk+1)− ψ(x∗) ≤
βk+1(D

2
0 −D2

k+1)

2Ak+1
+
βk+1r̄

2
k+1

8Ak+1
. (29)

Proof. Since lk(βk+1) ≥ 0, we have496

lk(βk+1) =− f(τkvk+1(βk+1) + (1− τk)yk) + f(xk+1) + ⟨∇f(xk+1), τkvk+1(βk+1)

+(1− τk)yk−xk+1⟩+ βk+1

64τ2kAk+1
∥τkvk+1(β) + (1− τk)yk − xk+1∥2 +

βr̄2k − βkr̄2k−1

16Ak+1
≥ 0,

(30)
i.e.,497

f(yk+1) ≤ f(xk+1) + ⟨∇f(xk+1), yk+1 − xk+1⟩+ βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2 + τkηk

2
.

Because xk+1 = τkv
k+(1−τk)yk, yk+1 = τkv

k+1+(1−τk)yk and ηk =
βk+1r̄

2
k−βk r̄

2
k−1

8ak+1
, it holds498

f(yk+1) ≤(1− τk)(f(xk+1) + ⟨∇f(xk+1), yk − xk+1⟩) + τk(f(x
k+1) + ⟨∇f(xk+1), vk+1 − xk+1⟩)

+
βk+1

64τ2kAk+1
τ2k∥vk+1 − vk∥2 +

βk+1r̄
2
k − βkr̄2k−1

16Ak+1

≤(1− τk)f(yk) + τk(f(x
k+1) + ⟨∇f(xk+1), vk+1 − xk+1⟩)

+
βk+1

64Ak+1
∥vk+1 − vk∥2 +

βk+1r̄
2
k − βkr̄2k−1

16Ak+1
.

Multiplying both sides by Ak+1, we have499

Ak+1f(y
k+1) ≤Akf(y

k) + ak+1(f(x
k+1) + ⟨∇f(xk+1), vk+1 − xk+1⟩)

+
βk+1

64
∥vk+1 − vk∥2 +

βk+1r̄
2
k − βkr̄2k−1

16
.

Note that500

∥vk+1 − vk∥2 ≤ (∥vk+1 − x0∥+ ∥vk − x0∥)2 ≤ (2max{∥vk+1 − x0∥, ∥vk − x0∥})2 ≤ 4r̄2k+1.
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It follows that501

Ak+1f(y
k+1) ≤Akf(y

k) + ak+1(f(x
k+1) + ⟨∇f(xk+1), vk+1 − xk+1⟩)

+
βk
64
∥vk+1 − vk∥2 + βk+1 − βk

64
4r̄2k+1 +

βk+1r̄
2
k − βkr̄2k−1

16

≤Akf(y
k) + ak+1(f(x

k+1) + ⟨∇f(xk+1), vk+1 − xk+1⟩)

+
βk
2
∥vk+1 − vk∥2 + βk+1 − βk

16
r̄2k+1 +

βk+1r̄
2
k − βkr̄2k−1

16

≤Akf(y
k) + ak+1(f(x

k+1) + ⟨∇f(xk+1), vk+1 − xk+1⟩)

+
βk
2
∥vk+1 − vk∥2 +

βk+1r̄
2
k+1 − βkr̄2k
16

+
βk+1r̄

2
k − βkr̄2k−1

16
,

(31)

where the last inequality uses r̄k+1 ≥ r̄k.502

On the other hand, since g(·) is convex, we have503

g(yk+1) ≤ (1− τk)g(yk) + τkg(v
k+1). (32)

Combining (31) and (32), we obtain504

Ak+1ψ(y
k+1) ≤Akψ(y

k) + ak+1(f(x
k+1) + ⟨∇f(xk+1), vk+1 − xk+1⟩+ g(vk+1))

+
βk
2
∥vk+1 − vk∥2 +

βk+1r̄
2
k+1 − βkr̄2k
16

+
βk+1r̄

2
k − βkr̄2k−1

16
,

For βk

2 ∥v
k+1 − vk∥2, we use Lemma 2, then505

Ak+1ψ(y
k+1) ≤Akψ(y

k) + ak+1(f(x
k+1) + ⟨∇f(xk+1), vk+1 − xk+1⟩+ g(vk+1))

+

k∑
i=1

ai(f(x
i) + ⟨∇f(xi), vk+1 − xi⟩+ g(vk+1)) +

βk
2
∥x0 − vk+1∥2

−
k∑

i=1

ai(f(x
i) + ⟨∇f(xi), vk − xi⟩+ g(vk))− βk

2
∥x0 − vk∥2

+
βk+1r̄

2
k+1 − βkr̄2k
16

+
βk+1r̄

2
k − βkr̄2k−1

16

≤Akψ(y
k) +

k+1∑
i=1

ai(f(x
i) + ⟨∇f(xi), vk+1 − xi⟩+ g(vk+1)) +

βk+1

2
∥x0 − vk+1∥2

−
k∑

i=1

ai(f(x
i) + ⟨∇f(xi), vk − xi⟩+ g(vk))− βk

2
∥x0 − vk∥2

+
βk+1r̄

2
k+1 − βkr̄2k
16

+
βk+1r̄

2
k − βkr̄2k−1

16
.

(33)

We can shorten the inequality (33) by using the definition of ϕk(·):506

Ak+1ψ(y
k+1) ≤ Akψ(y

k) + ϕk+1(v
k+1)− ϕk(vk) +

βk+1r̄
2
k+1 − βkr̄2k
16

+
βk+1r̄

2
k − βkr̄2k−1

16
.

Applying the upper inequality recursively, it holds507

Ak+1ψ(y
k+1) ≤ϕk+1(v

k+1)− ϕ0(v0) +
k∑

i=0

βi+1r̄
2
i+1 − βir̄2i
16

+

k∑
i=0

βi+1r̄
2
i − βir̄2i−1

16

≤ϕk+1(v
k+1) +

βk+1

16
r̄2k+1 −

β0
16
r̄20 +

βk+1

16
r̄2k −

β0
16
r̄2−1

≤ϕk+1(v
k+1) +

βk+1

16
r̄2k+1 +

βk+1

16
r̄2k+1

≤ϕk+1(v
k+1) +

βk+1

8
r̄2k+1.
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where ϕ0(v0) = 0 and β0 > 0.508

Since vk+1 = argmin
x
ϕk+1(x), we use Lemma 2 again and obtain that:509

Ak+1ψ(y
k+1) ≤ϕk+1(v

k+1) +
βk+1

8
r̄2k+1

=

k+1∑
i=1

ai(f(x
i) + ⟨∇f(xi), vk − xi⟩+ g(vk)) +

βk+1

2
∥x0 − vk+1∥2 + βk+1

8
r̄2k+1

≤
k+1∑
i=1

ai(f(x
i) + ⟨∇f(xi), x∗ − xi⟩+ g(x∗)) +

βk+1

2
∥x0 − x∗∥2 − βk+1

2
∥vk+1 − x∗∥2

+
βk+1

8
r̄2k+1

≤Ak+1ψ(x
∗) +

βk+1

2
∥x0 − x∗∥2 − βk+1

2
∥vk+1 − x∗∥2 + βk+1

8
r̄2k+1.

Finally, we use D0 and Dk+1 to replace ∥x0 − x∗∥ and ∥vk+1 − x∗∥ and have510

Ak+1ψ(y
k+1) ≤ Ak+1ψ(x

∗) +
βk+1

2
D2

0 −
βk+1

2
D2

k+1 +
βk+1

8
r̄2k+1

ψ(yk+1)− ψ(x∗) ≤
βk(D

2
0 −D2

k+1)

2Ak+1
+
βkr̄

2
k+1

8Ak+1
.

511

Note that the convergence result above is conditioned on the success of the line search, which further512

requires the boundedness of the iterates. We prove these important properties in the following lemma.513

Lemma 7. Consider Algorithm 1. Suppose that for all i = 0, 1, . . . , k, the iterates xi, yi and vi lie514

within the set B3D0(x
∗). Then, the line search in the k-th iteration terminates in a finite number of515

steps, and xk+1, yk+1, vk+1 remain within B3D0
(x∗).516

Proof. For clarity, we divide the proof into the following parts.517

Part 1: Finite termination of the line search.518

Given the value of xk, yk, Ak+1, τk , r̄k, r̄k−1, and βk, lk(β) is defined by519

lk(β) :=− f(τkvk+1(β) + (1− τk)yk) + f(xk+1) + ⟨∇f(xk+1), τkvk+1(β)

+(1− τk)yk−xk+1⟩+ β

64τ2kAk+1
∥τkvk+1(β) + (1− τk)yk − xk+1∥2 +

βr̄2k − βkr̄2k−1

16Ak+1
,

(34)

where vk+1(β) := argminx∈Rd

∑k+1
i=1 ai(⟨∇f(xi), x⟩+ g(x)) + β

2 ∥x− x
0∥2, β ∈ R+.520

We analyze the function vk+1(β) and lk(β) first. vk+1(β) ∈ dom g is well-defined and unique since521 ∑k
i=1 ai(⟨∇f(xi), x⟩+ g(x)) + β

2 ∥x− x
0∥, β ∈ R+ is strong convex and has a unique optimum.522

We claim that g(x) restricted to dom g is continuous since it is convex and lsc. The convexity523

guarantees g(x) is continuous on the interior point of dom g and lower semicontinuity guarantees524

that it maintains the continuity on the remaining points of dom g. Thus vk(β) is continuous. Since525

lk(β) is the composition of some continuous function, it is continuous as well.526

Next, we discuss the behavior of lk(β) when β → +∞. Recall that we assume xk, vk, yk ∈527

B3D0
(x∗), we shall first prove that the line search for yk+1 must be finitely terminated. Specifically,528

applying Lemma 5 with c =
∑k+1

i=1 ∇f(xi) and h = β
2 , we have that for a sufficiently large value β̂,529

when β ≥ β̂, ∥x0 − vk+1(β)∥ ≤ 2D0, which further implies ∥x∗ − vk+1(β)∥ ≤ 3D0.530

Let us consider β ≥ βTH
k+1, δ > 0, where531

βTH
k+1 := max

{
β̂,

8Ak+1δ + βkr̄
2
k−1

r̄2k
, 32τ2kAk+1γ(M̂ν , δ), βk

}

18



we must have vk+1(β) ∈ B3D0(x
∗). Since yk+1(β) is a convex combination of vk+1(β) and yk, we532

have yk+1(β) ∈ B3D0
(x∗). Similarly, we have xk+1 ∈ B3D0

(x∗). Lemma 4 implies533

f(yk+1(β)) ≤ f(xk+1) + ⟨∇f(x), y − x⟩+ γ(M̂ν , δ)

2
∥x− y∥2 + δ

2
,∀x, y ∈ B3D0(x

∗). (35)

Moreover, due to the definition of βTH
k+1, we have534

γ(M̂ν , δ)

2
≤ β

64τ2kAk+1
, and

δ

2
≤
βr̄2k − βkr̄2k−1

16Ak+1
.

Combining the above two results, we conclude that lk(β) ≥ 0. That is, lk(β) remains nonnegative535

when β exceeds a certain threshold, and hence the search will terminate in finitely many steps.536

Furthermore, we would like to point out that 2βTH
k+1 is another threshold. For any β ≥ 2βTH

k+1, we537

have lk(β) > 0. The reason is that the following inequalities hold:538

γ(M̂ν , δ)

2
≤ β

64τ2kAk+1
<

2β

64τ2kAk+1
, and

δ

2
≤
βr̄2k − βkr̄2k−1

16Ak+1
<

2βr̄2k − βkr̄2k−1

16Ak+1
.

The second stage of the line search procedure also ends in finite steps as it employs a simple bisection539

method.540

Part 2: Boundedness of the (k + 1)-th iterates.541

First, we immediately have xk+1 = τkv
k + (1 − τk)yk ∈ B3D0(x

∗) by the assumption. Next, we542

prove yk+1, vk+1 ∈ B3D0(x
∗). Part 1 implies li(βi+1) ≥ 0 (i = 0, 1, . . . , k). Applying Lemma 6,543

we have544

ψ(yk+1)− ψ(x∗) ≤
βk+1(D

2
0 −D2

k+1)

2Ak+1
+
βk+1r̄

2
k+1

8Ak+1
. (36)

We shall consider two cases.545

Case 1: r̄k+1 = r̄k, then rk+1 ≤ r̄k ≤ 4D0;546

Case 2: r̄k+1 = rk+1.547

Due to the non-negativity of the function value gap and (36), we have548

0 ≤
βk+1[D

2
0 −D2

k+1]

2Ak+1
+
βk+1r

2
k+1

8Ak+1
.

By dividing both sides by βk+1

2Ak+1
, we obtain549

0 ≤ D2
0 −D2

k+1 +
r2k+1

4
,

which implies:550

Dk+1 ≤

√
D2

0 +
r2k+1

4
≤ D0 +

rk+1

2
.

By the triangle inequality, we have:551

rk+1 ≤ D0 +Dk+1 ≤ D0 +D0 +
rk+1

2
rk+1 ≤ 4D0.

By repeatedly using the Dk ≤ D0 +
r̄k
2 , we have:552

Dk ≤ D0 +
rk
2
≤ D0 + 2D0 ≤ 3D0.

That is, ∥vk+1 − x∗∥ ≤ 3D0 and thus vk+1 ∈ B3D0
(x∗). Thus, we have yk+1 ∈ B3D0

(x∗) as well553

since yk+1 is convex combination of vk+1 and yk.554

555

19



The following lemma develops an upper bound of βk.556

Lemma 8. Suppose f(·) is locally Hölder smooth in B3D0
(x∗) and β0 ≤ 27IνM̂ν r̄

ν . In Algorithm 1,557

for any k ≥ 0, given ϵlk+1 > 0, if at least one of the following two propositions holds:558

1. there exists β∗
k+1, such that βk+1 ≤ β∗

k+1 + ϵlk+1 and lk(β∗
k+1) = 0;559

2. βk+1 = βk, where lk(βk) ≥ 0560

then we have561

βk ≤ 27IνM̂ν r̄
ν
k−1k

3−3v
2 +

k∑
i=1

ϵli. (37)

Proof. First, we estimate the growth of ak+1. We have562

ak+1 = Ak+1 −Ak = (A
1
2

k+1)
2 − (A

1
2

k )
2

= (A
1
2

k+1 −A
1
2

k )(A
1
2

k+1 +A
1
2

k )

≤ 2r̄
1
2

k A
1
2

k+1,

which gives563

a2k+1 ≤ 4r̄kAk+1.

Next, for β∗
k+1 that satisfies lk(β∗

k+1) = 0, applying Lemma 6, we have564

yk+1(β∗
k+1) ∈ B3D0

(x∗), (38)

where yk+1(β) is defined in the main text of the paper.565

lk(β
∗
k+1) = 0 implies that566

f(yk+1(β∗
k+1)) = f(xk+1) + ⟨∇f(xk+1), yk+1(β∗

k+1)− xk+1⟩

+
β∗
k+1

64τ2kAk+1
∥yk+1(β∗

k+1)− xk+1∥2 +
β∗
k+1r̄

2
k − βkr̄2k−1

16Ak+1
.

(39)

Applying Lemma 4, we have567

f(yk+1(β∗
k+1)) = f(xk+1) + ⟨∇f(xk+1), yk+1(β∗

k+1)− xk+1⟩

+
γ(M̂ν , δ)

2
∥yk+1(β∗

k+1)− xk+1∥2 + δ

2
.

(40)

We take δ = β∗
k+1r̄

2
k−βk r̄

2
k−1

8Ak+1
, then combine (39) and (40), we have568

β∗
k+1

32τ2kAk+1
≤ γ

(
M̂ν ,

β∗
k+1r̄

2
k − βkr̄2k−1

8Ak+1

)
; (41)

We prove this lemma by induction. By the assumption on β0, it holds for k = 0. Next, we assume it569

is valid for some certain k.570

Case 1: βk+1 = βk. Then we prove it directly since571

βk+1 = βk ≤ 27IνM̂ν r̄
ν
k−1k

3−3v
2 +

k∑
i=1

ϵli ≤ 27IνM̂ν r̄
ν
k(k + 1)

3−3v
2 +

k+1∑
i=1

ϵli.

Case 2.a: βk+1 ≤ β∗
k+1 + ϵlk+1 and ν = 1.572
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β∗
k+1

32τ2kAk+1
≤( 8Ak+1

β∗
k+1r̄

2
k − βkr̄2k−1

)0M̂ν = M̂ν

β∗
k+1 ≤27M̂ν r̄k = 27IνM̂ν r̄k

βk+1 ≤27IνM̂ν r̄k + ϵli ≤ 27IνM̂ν r̄k +

k+1∑
i=1

ϵli.

Case 2.b: βk+1 ≤ β∗
k+1 + ϵlk+1 and ν ̸= 1. First we analyze β∗

k+1. Since β∗
k+1 is the maximal zero573

point of lk(·), applying Lemma 4, we have574

β∗
k+1

32τ2kAk+1
≤ γ(M̂ν ,

β∗
k+1r̄

2
k − βkr̄2k−1

8Ak+1
),

i.e.575

β∗
k+1

32τ2kAk+1
≤
(
1− ν
1 + ν

8Ak+1

β∗
k+1r̄

2
k − βkr̄2k−1

) 1−ν
1+ν

M̂ν

2
1+ν ≤

(
8Ak+1

(β∗
k+1 − βk)r̄2k

) 1−ν
1+ν

M̂ν

2
1+ν .

It can be rewritten in the following form:576

β∗
k+1(β

∗
k+1 − βk)

1−ν
1+ν ≤ 2

10+4ν
1+ν r̄

2ν
1+ν

k (k + 1)2
1−ν
1+ν M̂ν

2
1+ν .

As βk+1 increases with βk+1 ≥ βk, the left-hand side also increases. Thus, by identifying a value577

where the left-hand side is at most equal to the right-hand side, we can determine an upper bound for578

βk+1.579

Let cν = 27( 1
1−ν )

1+ν
2 M̂ν . For cν r̄νk(k + 1)

3−3ν
2 +

∑k
i=1 ϵ

l
i, we have580

(cν r̄
ν
k(k + 1)

3−3ν
2 +

k∑
i=1

ϵli)(cν r̄
ν
k(k + 1)

3−3ν
2 +

k∑
i=1

ϵli − βk)
1−ν
1+ν

≥(cν r̄νk(k + 1)
3−3ν

2 +

k∑
i=1

ϵli)(cν r̄
ν
k(k + 1)

3−3ν
2 +

k∑
i=1

ϵli − cν r̄νk−1k
3−3ν

2 −
k∑

i=1

ϵli)
1−ν
1+ν

≥(cν r̄νk(k + 1)
3−3ν

2 +

k∑
i=1

ϵli)(cν r̄
ν
k(k + 1)

3−3ν
2 − cν r̄νk−1k

3−3ν
2 )

1−ν
1+ν

≥cν r̄νk(k + 1)
3−3ν

2 (cν r̄
ν
k(k + 1)

3−3ν
2 − cν r̄νkk

3−3ν
2 )

1−ν
1+ν

≥c
2

1+ν
ν r̄

2ν
1+ν

k (k + 1)
3−3ν

2 ((k + 1)
3−3ν

2 − k
3−3ν

2 )
1−ν
1+ν

(42)

Since 3−3v
2 ∈ [0, 32 ], and min

1≤u≤ 3
2

( 12 )
u−1 = 2−

1
2 > 1

2 , 3−3v
2 ( 12 )

3−3v
2 −1 ≥ 3−3v

4 . Applying lemma 3,581

it holds that582

c
2

1+ν
ν r̄

2ν
1+ν

k (k + 1)
3−3ν

2 ((k + 1)
3−3ν

2 − k
3−3ν

2 )
1−ν
1+ν

≥3− 3ν

4
c

2
1+ν
ν r̄

2ν
1+ν

k (k + 1)
3−3ν

2 ((k + 1)
1−3ν

2 )
1−ν
1+ν

≥3− 3ν

4
(

1

1− ν
)2

14
1+ν M̂

2
1+ν
ν r̄

2ν
1+ν

k (k + 1)
3−3ν

2 ((k + 1)
1−3ν

2 )
1−ν
1+ν

≥2
10+4ν
1+ν M̂

2ν
1+ν
ν r̄

2ν
1+ν

k (k + 1)2
1−ν
1+ν

(43)

This inequality implies that β∗
k+1 ≤ 27IνM̂ν r̄

ν
k(k + 1)

3−3ν
2 +

∑k
i=1 ϵ

l
i and βk+1 ≤ β∗

k+1 + ϵlk+1 ≤583

27IνM̂ν r̄
ν
k(k + 1)

3−3ν
2 +

∑k+1
i=1 ϵ

l
i.584

Moreover, since we set ϵlk = β0

2k2 , we can obtain an upper bound of βk as follows585

βk+1 ≤ 27IνM̂ν r̄
ν
k(k+1)

3−3ν
2 +

k+1∑
i=1

β0
2i2
≤ 27IνM̂ν r̄

ν
k(k+1)

3−3ν
2 +β0 ≤ 28IνM̂ν r̄

ν
k(k+1)

3−3ν
2 .
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C.2 Proof of Proposition 1586

Proof. In the proof of Lemma 7, we have proved that in the first stage of the line search terminates in587

a finite number of steps, and thus lk(2i
′
k−1βk) ≥ 0. Moreover, we also proved that lk(·) is continuous.588

Next, we show that at least one of the two propositions mentioned in Proposition 1 is correct.589

When i′k = 1, we have lk(2i
′
k−1βk) = lk(βk) ≥ 0. Thus, the first proposition holds in this case.590

When i′k > 1, we have lk(2i
′
k−1βk) ≥ 0 and lk(2i

′
k−2βk) < 0. Since lk(·) is continuous, based591

on the intermediate value theorem, there exists at least one root in the interval [2i
′
k−2βk, 2

i′k−1βk].592

Moreover, as previously discussed in Lemma 7, there exists a threshold 2βTH such that for any593

β ≥ 2βTH
k+1, lk(β) > 0. Now, since lk(β) has at least one root and the set of roots has an upper594

bound, there exists a maximal root β∗
k+1 of the continuous function lk(·), and therefore the second595

proposition holds.596

It remains to estimate the upper bound of the amount of searching. Without loss of generality, we597

assume that β0 ≤ 27IνM̂ν r̄
v in the Algorithm 1. This is a common assumption in the previous work,598

for example, see [24], and it is reasonable since the upper bound of the searched value increases599

polynomial in k. The initial value of the searched value is not very sensitive. Thus all the conditions600

of Lemma 8 are satisfied, we apply it to obtain that βk+1 ≤ O(k
3−3ν

2 ).601

The first stage in the line search in the k-th iteration starts from βk to at most 2βk+1. So the602

length of the interval is at most 2βk+1 − βk and this stage in line search procedure requires at most603

i′k ≤ 1 + log( 2βk+1

βk
) times in the k-th iteration. We sum them up and obtain that up to the k-th604

iteration, the total amount of line search operations in the first stage is at most605

k∑
j=1

i′j ≤ (1 + log 2)k + log(
βk+1

β0
) ≤ O(k + log k).

The second step in line search process in the k-th iteration start from 2ik−1βk to at most 2ikβk.606

Hence, the interval length is at most 2ikβk − 2ik−1βk = 2ik−1βk ≤ βk+1 and this step of process607

requires at most i∗k − i′k ≤ 1+ log(βk+1

ϵlk+1

) times in the k-th iteration. We sum them up and obtain that608

up to the k-th iteration, the total amount of line search operations in the first part is at most609

k∑
j=1

i∗j ≤ k +
k∑

i=1

log

(
βi
ϵli

)
= k + log

(
k∏

i=1

βi

)
− log

(
k∏

i=1

ϵli

)
≤ O(k log k),

where we apply Lemma!8 to estimate βk.610

To summarize, the total amount of line search operations is O(k log k).611

C.3 Proof of Proposition 2612

Proof. We apply Lemma 6 and 7 to prove it by induction. First, x0 = v0 = y0 ∈ B3D0
(x∗). Next,613

we assume it holds for some k ≥ 0.614

Since xk, vk, yk ∈ B3D0
(x∗), we have lk(βk+1) ≥ 0 and xk+1, vk+1, yk+1 ∈ B3D0

(x∗) by615

Lemma 7. Thus, apply Lemma 6, it holds that616

ψ(yk+1)− ψ(x∗) ≤
βk+1(D

2
0 −D2

k+1)

2Ak+1
+
βk+1r̄

2
k+1

8Ak+1
. (44)

Therefore, for any k > 0, we have617

ψ(yk)− ψ(x∗) ≤ βk(D
2
0 −D2

k)

2Ak
+
βkr̄

2
k

8Ak
. (45)

618
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C.4 Proof of Theorem 1619

Theorem 1 is almost a direct corollary of Proposition 2.620

Proof. The proof is similar to the proof of Lemma 7. For completeness, we give a proof that directly621

uses Proposition 2 and induction.622

Since we assume that r̄ is small enough such that r̄ ≤ 4D0, then r̄0 = r̄ ≤ 4D0. Next, we assume it623

holds for some certain k ≥ 0, then xk+1 = τkv
k + (1− τk)yk lies in B3D0

(x∗).624

Case 1: r̄k+1 = r̄k, then rk+1 ≤ r̄k ≤ 4D0;625

Case 2: r̄k+1 = rk+1. Applying Proposition 2, we have626

0 ≤ ψ(yk+1)− ψ(x∗) ≤
βk+1(D

2
0 −D2

k+1)

2Ak+1
+
βk+1r̄

2
k+1

8Ak+1
. (46)

Then it holds that627

0 ≤ D2
0 −D2

k+1 +
r2k+1

4

D2
k+1 ≤ D2

0 +
r2k+1

4

Dk+1 ≤

√
D2

0 +
r2k+1

4
≤ D0 +

rk+1

2
.

By the triangle inequality, we have:628

rk+1 ≤ D0 +Dk+1 ≤ D0 +D0 +
rk+1

2
rk+1 ≤ 4D0.

Repeat using the Dk ≤ D0 +
r̄k
2 , we have:629

Dk ≤ D0 +
rk
2
≤ D0 + 2D0 ≤ 3D0.

That is, ∥vk+1 − x∗∥ ≤ 3D0 and thus vk+1 ∈ B3D0(x
∗). yk+1 ∈ B3D0(x

∗) as well since yk+1 is630

convex combination of vk+1 and yk.631

In conclusion, we prove that for any i ∈ N, ∥vi − x0∥ ≤ 4D0 and ∥vi − x∗∥ ≤ 3D0.632

The boundedness property is important for us to remove the standard global Hölder smoothness633

assumption on the full domain. Instead, we can safely use the local Hölder smoothness assumption634

as all the iterates remain in the ball B3D0
(x∗).635

Finally, all the preparatory work for Theorem 2 is now complete. Proposition 1 ensures the practical636

implementability of the algorithm, while Proposition 2 provides the tool needed to analyze the637

convergence rate. Furthermore, Theorem 1, Lemma 1 and Lemma 8 ensure that the convergence rate638

achieves the best-known rate.639

C.5 Proof of Theorem 2640

Proof. Using the triangle inequality, it holds that641

Dk ≥ |D0 − rk|
D2

k ≥ D2
0 − 2D0rk + r2k

2D0rk ≥ D2
0 −D2

k.

(47)

In view of Proposition 2, we have642

ψ(yk)− ψ(x∗) ≤ βk[D
2
0 −D2

k]

2Ak
+
βkr̄

2
k

8Ak
≤ 2βkD0rk

2Ak
+
βkr̄

2
k

8Ak
≤ βkD0r̄k

Ak
+
βkr̄

2
k

8Ak
, (48)
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where we use (47).643

Applying Theorem 1, we can match the right hand side of inequality (48):644

ψ(yk)− ψ(x∗) ≤ βkD0r̄k
Ak

+
4βkD0r̄k

8Ak
≤ 3βkD0r̄k

2Ak
, (49)

Denote k∗ = argmin
0≤i≤k

r̄
1
2
k∑k−1

i=0 r̄
1
2
i

. Applying Lemma 1 gives645

r̄
1
2

k∗∑k∗−1
i=0 r̄

1
2
i

≤
( r̄kr̄0 )

1
2×

1
k log e( r̄kr̄0 )

1
2

k
≤

( 4D0

r̄ )
1
2k log e 4D0

r̄

2k
. (50)

Without loss of generality, we assume that β0 ≤ 27IνM̂ν r̄
v in Algorithm 1. The reason is as same as646

that we mentioned in the proof of Proposition 1.647

Thus, for k∗, combining the inequality (50) and Lemma 8, it holds that648

min
y∈{y0,y1...yk}

ψ(y)− ψ(x∗) ≤ψ(yk
∗
)− ψ(x∗)

≤3βk∗D0r̄k∗

2Ak∗

≤3

2
βk∗D0

(
r̄

1
2

k∗∑k∗−1
i=0 r̄

1
2
i

)2

≤3

2
× 28IνM̂νD0r̄

ν
k∗k∗

3−3v
2

(
( 4D0

r̄ )
1
2k log e 4D0

r̄

2k

)2

≤384Iν(
4D0

r̄
)

1
k log2 e

4D0

r̄

M̂νD0r̄
ν
k∗k∗

3−3v
2

k2

≤384Iν(
4D0

r̄
)

1
k log2 e

4D0

r̄

M̂νD
1+ν
0 k

3−3v
2

k2

≤384Iν(
4D0

r̄
)

1
k log2 e

4D0

r̄

M̂νD
1+ν
0

k
1+3v

2

,

(51)

where we use the fact (k∗)
3−3v

2 ≤ k 3−3v
2 .649

It remains to use that ψ(zk) = miny∈{y0,y1...yk} ψ(y) by definition. Since ( 4D0

r̄ )
1
k ≤ 2 when650

k ≥ log( 4D0

r̄ )/ log 2, the convergence rate of Algorithm 1 is651

O

(
M̂νD

1+ν
0 log2 eD0

r̄

k
1+3ν

2

)
. (52)

652

Remark 4. In the proof of Theorem 2, we show that the convergence rate of Algorithm 1 has a653

multiplicative factor Iν . In fact, we can set Ak+1 = (
∑k

i=0 r̄
1
n
i )n, where n ≥ 2, n ∈ Z+. By doing654

this, we can achieve a result similar to that of Theorem 2. If we choose n ≥ 3, then the multiplicative655

factor Iν will be replaced by another constant, which does not depend on ν, as Iν is generated by656

Lemma 3.657

D Proof details in Section 4658

In this section, we provide the detailed proof of the results in Section 4 and conduct the convergence659

rate of Algorithm 2. For the stochastic case, we use the notation −ξk to present the other random660

variables except ξk. The proofs are similar to the deterministic case, however, we do not need to661

prove the boundedness since we have assumed it under Assumption 1.662

Lemma 9 and 10 are provided to analyze the balance equation to estimate of βk.663
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Lemma 9. ∀α ≥ 0, β > 0, ν ∈ [0, 1), we have664

αr1+ν − βr2 ≤ 1 + ν

2
(
1− ν
2

)
1+ν
1−ν (α

2
1−ν /β

1+ν
1−ν ), r ≥ 0. (53)

This auxiliary result has been used in [[30], Lemma E.3]. We give proof for completeness.665

Proof. It is easy to see that αr1+ν − βr2 increases first and then decreases later as r ≥ 0 increases.666

It achieves maximum on [0,+∞) iff its gradient equals to zero, i.e r = ( (1−ν)α
2β )

1
1−ν .667

Thus, for r ≥ 0,668

αr1+ν − βr2 ≤α(( (1− ν)α
2β

)
1

1−ν )1+ν − β(( (1− ν)α
2β

)
1

1−ν )2

≤α( (1− ν)α
2β

)
1+ν
1−ν − β( (1− ν)α

2β
)

2
1−ν

≤(1− ν
2

)
1+ν
1−ν

α
2

1−ν

β
1+ν
1−ν

− (
1− ν
2

)
2

1−ν
α

2
1−ν

β
1+ν
1−ν

≤(1 + ν

2
)(
1− ν
2

)
1+ν
1−ν

α
2

1−ν

β
1+ν
1−ν

.

669

Lemma 10. For nonnegative sequences {αi}i∈N and {γi}i∈N, the sequence {hi}i∈N satisfies that670

hk+1 − hk ≤
(1− ν)αk+1

h
ν

1−ν

k+1

+ γk+1, (54)

with h0 = 0. Then for k ≥ 1, we have671

hk ≤ (

k∑
i=1

αi)
1−ν +

k∑
i=1

γi. (55)

This auxiliary result has been used in [[30], Lemma E.9]. We give proof for completeness.672

Proof. We prove it by induction.673

Since h0 = 0 ≤ 0, we assume it is valid for some k ≥ 0, then674

hk+1 −
(1− ν)αk+1

h
ν

1−ν

k+1

≤γk+1 + hk

≤γk+1 + (

k∑
i=1

αi)
1−ν +

k∑
i=1

γi

≤(
k∑

i=1

αi)
1−ν +

k+1∑
i=1

γi.

Define Γk+1(x) := x − (1−ν)αk+1

x
ν

1−ν
. It is easy to verify that Γk+1(x) is increasing in x. Hence, it675

suffices to show676

(

k∑
i=1

αi)
1−ν +

k+1∑
i=1

γi ≤ Γk+1((

k+1∑
i=1

αi)
1−ν +

k+1∑
i=1

γi),

which means677

(

k∑
i=1

αi)
1−ν +

k+1∑
i=1

γi ≤ (

k+1∑
i=1

αi)
1−ν +

k+1∑
i=1

γi − (1− ν)αk+1((

k+1∑
i=1

αi)
1−ν +

k+1∑
i=1

γi)
−ν
1−ν . (56)
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Rearranging (56) gives us678

(1− ν)αk+1((

k+1∑
i=1

αi)
1−ν +

k+1∑
i=1

γi)
−ν
1−ν ≤ (

k+1∑
i=1

αi)
1−ν − (

k∑
i=1

αi)
1−ν ,

which is implied by679

(1− ν)αk+1 ≤ ((

k+1∑
i=1

αi)
1−ν − (

k∑
i=1

αi)
1−ν)(

k+1∑
i=1

αi)
ν . (57)

The inequality (57) is valid since680

((

k+1∑
i=1

αi)
1−ν − (

k∑
i=1

αi)
1−ν)(

k+1∑
i=1

αi)
ν

≥((
k+1∑
i=1

αi)
1−ν − (

k+1∑
i=1

αi)
1−ν + (1− ν)(

k+1∑
i=1

αi)
−νak+1)(

k+1∑
i=1

αi)
ν

=((1− ν)(
k+1∑
i=1

αi)
−νak+1)(

k+1∑
i=1

αi)
ν

=(1− ν)ak+1,

where the first inequality is due to the first order condition of the concave function (·)1−ν , ν ∈681

[0, 1].682

Next, we provide the upper bound of the expectation of βk.683

Lemma 11. Suppose the Assumption 1 holds and f(·) is locally Hölder smooth in B3D0
(x∗). In684

Algorithm 2, it holds that685

E[βk] ≤ 2
9+9ν

2 M̃νD
νk

3−3ν
2 + 25k

3
2σ. (58)

Proof. We denote ∥∇f(xk+1)− ∇̃f(xk+1)∥∗ = ∆x
k+1 and ∥∇f(yk+1)− ∇̃f(yk+1)∥∗ = ∆y

k+1.686

The expectation of (∆x
k)

2 and (∆y
k)

2 satisfies687

E[(∆x
k)

2] = E[∥∇f(xk+1)− ∇̃f(xk+1)∥2∗] ≤ σ2,

E[(∆y
k)

2] = E[∥∇f(yk+1)− ∇̃f(yk+1)∥2∗] ≤ σ2.
(59)

From the balance equation, we have688

τkηk
2

=[⟨∇̃f(yk+1)− ∇̃f(xk+1), yk+1 − xk+1⟩ − βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2]+

≤[⟨∇f(yk+1)−∇f(xk+1), yk+1 − xk+1⟩+ ⟨∇f(xk+1)− ∇̃f(xk+1), yk+1 − xk+1⟩

+ ⟨∇̃f(yk+1)−∇f(yk+1), yk+1 − xk+1⟩ − βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2]+,

≤[M̃ν∥yk+1 − xk+1∥1+ν + (∆y
k+1 +∆x

k+1)∥yk+1 − xk+1∥ − βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2]+.

Note that [·]+ is a monotonically increasing function. The first inequality uses the convexity of f(·)689

and the second inequality applies the locally Hölder smoothness and Cauchy-Schwarz inequality.690

Case 1: ν = 1691
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βk+1r̄
2
k − βkr̄2k−1

2Ak+1
≤[(M̃ν −

βk+1

64τ2kAk+1
)∥yk+1 − xk+1∥2 + (∆y

k+1 +∆x
k+1)∥yk+1 − xk+1∥]+

βk+1r̄
2
k − βkr̄2k−1 ≤2Ak+1[(M̃ν −

βk+1

64τ2kAk+1
)∥yk+1 − xk+1∥2 + (∆y

k+1 +∆x
k+1)∥yk+1 − xk+1∥]+

βk+1r̄
2
k − βkr̄2k−1 ≤2Ak+1[(M̃ν −

βk+1

28r̄k
)∥yk+1 − xk+1∥2 + (∆y

k+1 +∆x
k+1)∥yk+1 − xk+1∥]+

βk+1r̄
2
k − βkr̄2k−1 ≤2(k + 1)2[r̄k(M̃ν −

βk+1

28r̄k
)∥yk+1 − xk+1∥2 + r̄k(∆

y
k+1 +∆x

k+1)∥yk+1 − xk+1∥]+

βk+1 − βk ≤
2(k + 1)2

r̄k
[(M̃ν −

βk+1

28r̄k
)∥yk+1 − xk+1∥2 + (∆y

k+1 +∆x
k+1)∥yk+1 − xk+1∥]+,

where we use Ak+1 ≤ (k + 1)2r̄k and D ≥ r̄k+1 ≥ r̄k.692

We prove that693

β2
k ≤

k∑
i=1

210i2((∆x
i )

2 + (∆y
i )

2) + 218M̃2
νD

2. (60)

Since β2
0 = 0 < 218M̃2

νD
2, we prove it by induction. Define k∗ = max{i|βi ≤ 29M̃νD} ≥ 0, so694

∀k ≤ k∗ satisfies the inequality 60. We assume it is valid for certain k ≥ k∗, then695

βk+1 − βk ≤
1

r̄k
[2(k + 1)2(

βk+1

29D
− βk+1

28r̄k
)∥yk+1 − xk+1∥2 + 2(k + 1)2(∆x

k+1 +∆y
k+1)∥y

k+1 − xk+1∥]+

≤ 1

r̄k
[−2(k + 1)2

βk+1

29r̄k
∥yk+1 − xk+1∥2 + 2(k + 1)2(∆x

k+1 +∆y
k+1)∥y

k+1 − xk+1∥]+

≤ 1

r̄k
2(k + 1)2

29r̄k(∆
x
k+1)

2

2βk+1
+

1

r̄k
2(k + 1)2

29r̄k(∆
y
k+1)

2

2βk+1

=29(k + 1)2
(∆x

k+1)
2 + (∆y

k+1)
2

βk+1
.

Then696

1

2
(β2

k+1 − β2
k) ≤ βk+1(βk+1 − βk) ≤ 29(k + 1)2(∆y

k+1 +∆x
k+1)

2

β2
k+1 ≤210(k + 1)2(∆y

k+1 +∆x
k+1)

2 + β2
k

β2
k+1 ≤210(k + 1)2(∆y

k+1 +∆x
k+1)

2 + β2
k

β2
k+1 ≤210(k + 1)2(∆y

k+1 +∆x
k+1)

2 +

k∑
i=1

210i2(∆y
i +∆x

i )
2 + 218M̃2

νD
2

β2
k+1 ≤

k+1∑
i=1

210i2(∆y
i +∆x

i )
2 + 218M̃2

νD
2,

where we use β2
k ≤

∑k
i=1 2

10i2∆2
i + 218M̃2

νD
2 by induction. Applying the inequality a2 + b2 ≤697

(a+ b)2 where a, b ≥ 0, we obtain698

βk+1 ≤25(
k+1∑
i=1

i2(∆x
i +∆y

i )
2)

1
2 + 29M̃νD.
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We take the expectation of βk:699

E[βk] ≤E[25(
k∑

i=1

i2(∆x
i +∆y

i )
2))

1
2 + 29M̃νD]

≤25(
k∑

i=1

i2(E[(∆x
i )

2] + E[(∆y
i )

2])
1
2 + 29M̃νD

≤25
k∑

i=1

√
2i2σ + 29M̃νD

≤2 11
2 k

3
2σ + 29M̃νD,

where we use the Jensen’s inequality that E[X 1
2 ] ≤ (E[X])

1
2 and estimate

∑k
i=1 i

2 ≤ k3 roughly.700

Case 2: ν ̸= 1 Applying Lemma 9 for three times with r = ∥yk+1 − xk+1∥, α = M̃ν , β =701
βk+1

128τ2
kAk+1

; r′ = ∥yk+1 − xk+1∥, α′ = ∆x
k+1, β′ = βk+1

256τ2
kAk+1

; r′′ = ∥yk+1 − xk+1∥, α′′ = ∆y
k+1,702

β′′ = βk+1

256τ2
kAk+1

, it holds that703

τkηk
2
≤[ 1 + ν

2
(
1− ν
2

)
1+ν
1−ν M̃

2
1−ν
ν (

128τ2kAk+1

βk+1
)

1+ν
1−ν +

1

2
(∆y

k+1 +∆x
k+1)

2 256τ
2
kAk+1

βk+1
]+

=
1 + ν

2
(
1− ν
2

)
1+ν
1−ν M̃

2
1−ν
ν (

128τ2kAk+1

βk+1
)

1+ν
1−ν + (∆y

k+1 +∆x
k+1)

2 128τ
2
kAk+1

βk+1
,

where the last equality is obviously nonnegative.704

Similar to the proof of Lemma 8, we have705

a2k+1 ≤ 4r̄kAk+1,

which implies τ2kAk+1 ≤ 4r̄k. Consequently,706

τkηk
2
≤1 + ν

2
M̃

2
1−ν
ν (

(1− ν)28r̄k
βk+1

)
1+ν
1−ν + (∆y

k+1 +∆x
k+1)

2 2
9r̄k
βk+1

βk+1r̄
2
k − βkr̄2k−1 ≤Ak+1M̃

2
1−ν
ν (

(1− ν)28r̄k
βk+1

)
1+ν
1−ν +Ak+1(∆

y
k+1 +∆x

k+1)
2 2

10r̄k
βk+1

βk+1r̄
2
k − βkr̄2k ≤(k + 1)2r̄kM̃

2
1−ν
ν (

(1− ν)28r̄k
βk+1

)
1+ν
1−ν + (k + 1)2r̄k(∆

y
k+1 +∆x

k+1)
2 2

10r̄k
βk+1

βk+1 − βk ≤(k + 1)2M̃
2

1−ν
ν (

(1− ν)28

βk+1
)

1+ν
1−ν r̄

2ν
1−ν

k + (k + 1)2(∆y
k+1 +∆x

k+1)
2 210

βk+1
,

where we use Ak+1 ≤ (k + 1)2r̄k and r̄k ≥ r̄k−1. It then follows that707

βk+1(βk+1 − βk) ≤(k + 1)2M̃
2

1−ν
ν

((1− ν)28)
1+ν
1−ν

β
2ν

1−ν

k+1

r̄
2ν

1−ν

k + 210(k + 1)2∆2
k+1

β2
k+1 − β2

k ≤2(k + 1)2M̃
2

1−ν
ν

((1− ν)28)
1+ν
1−ν

β
2ν

1−ν

k+1

r̄
2ν

1−ν

k + 211(k + 1)2∆2
k+1.

We apply Lemma 10 with hk = β2
k, αk = 2 × (28)

1+ν
1−ν k2M̃

2
1−ν
ν (1 − ν)

2ν
1−ν r̄

2ν
1−ν

k−1 and γk =708

211(k + 1)2∆2
k, it holds that709

β2
k ≤(

k∑
i=1

2× (28)
1+ν
1−ν i2M̃

2
1−ν
ν (1− ν)

2ν
1−ν r̄

2ν
1−ν

i−1 )
1−ν +

k∑
i=1

211i2∆2
k

≤(29+7ν)M̃2
ν (1− ν)2ν r̄2νk−1(

k∑
i=1

i2)1−ν + 211
k∑

i=1

i2∆2
i

≤(29+7ν)M̃2
ν (1− ν)2νD2νk3−3ν + 211

k∑
i=1

i2∆2
i .
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Here we estimate
∑k

i=1 i
2 ≤ k3 roughly. Applying the inequality a2+ b2 ≤ (a+ b)2 where a, b ≥ 0,710

we obtain711

βk ≤(2
9+7ν

2 )M̃ν(1− ν)νDνk
3−3ν

2 + 2
11
2 (

k∑
i=1

i2∆2
i )

1
2 .

Finally, we take the expectation of βk:712

E[βk] ≤E[(2
9+7ν

2 )M̃ν(1− ν)νDνk
3−3ν

2 + 2
11
2 (

k∑
i=1

i2∆2
i )

1
2 ]

≤(2
9+7ν

2 )M̃ν(1− ν)νDνk
3−3ν

2 + 2
11
2 (

k∑
i=1

i2E[∆2
i ])

1
2

≤(2
9+7ν

2 )M̃ν(1− ν)νDνk
3−3ν

2 + 2
11
2 σ(

k∑
i=1

i2)
1
2

≤(2
9+7ν

2 )M̃ν(1− ν)νDνk
3−3ν

2 + 2
11
2 k

3
2σ,

where we use Jensen’s inequality again.713

In conclusion, we have E[βk] ≤ 2
9+9ν

2 M̃νD
νk

3−3ν
2 + 2

11
2 k

3
2σ.714

We are now ready to derive the convergence rate of Algorithm 2.715

D.1 Proof of Theorem 3716

Proof. In view of the balance equation (15) and the fact [x]+ ≥ x, it holds that717

0 ≤⟨∇̃f(xk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩+ βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2 + τkηk

2

⟨∇f(yk+1), yk+1 − xk+1⟩ ≤⟨∇̃f(xk+1), yk+1 − xk+1⟩+ βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2 + τkηk

2

+ ⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩

The first order condition of convex function f(·) implies f(yk+1)− f(xk+1) ≤ ⟨∇f(yk+1), yk+1 −718

xk+1⟩, thus719

f(yk+1) ≤f(xk+1) + ⟨∇̃f(xk+1), yk+1 − xk+1⟩+ βk+1

64τ2kAk+1
∥yk+1 − xk+1∥2 + τkηk

2

+ ⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩.

Because xk+1 = τkv
k + (1 − τk)yk, yk+1 = τkx̂

k+1 + (1 − τk)yk and ηk =
βk+1r̄

2
k−βk r̄

2
k−1

8ak+1
, it720

holds that721

f(yk+1) ≤(1− τk)(f(xk+1) + ⟨∇̃f(xk+1), yk − xk+1⟩) + τk(f(x
k+1) + ⟨∇̃f(xk+1), x̂k+1 − xk+1⟩)

+
βk+1

64τ2kAk+1
τ2k∥x̂k+1 − vk∥2 + βk+1 − βk

16Ak+1
r̄2k

+ ⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩
≤(1− τk)f(yk) + τk(f(x

k+1) + ⟨∇̃f(xk+1), x̂k+1 − xk+1⟩)

+
βk

64Ak+1
∥x̂k+1 − vk∥2 + βk+1 − βk

16Ak+1
r̄2k

+ (1− τk)⟨∇̃f(xk+1)−∇f(xk+1), yk − xk+1⟩+ βk+1 − βk
64Ak+1

∥x̂k+1 − vk∥2

+ ⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩.
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Since ak+1⟨∇̃f(xk+1), x̂k+1⟩ + βk

2 ∥x̂
k+1 − vk∥2 ≤ ak+1⟨∇̃f(xk+1), vk+1⟩ + βk

2 ∥v
k+1 − vk∥2,722

we have723

f(yk+1) ≤(1− τk)f(yk) + τk(f(x
k+1) + ⟨∇̃f(xk+1), vk+1 − xk+1⟩)

+
βk

64Ak+1
∥vk+1 − vk∥2 + βk+1 − βk

16Ak+1
r̄2k

+ (1− τk)⟨∇̃f(xk+1)−∇f(xk+1), yk − xk+1⟩+ βk+1 − βk
64Ak+1

∥x̂k+1 − vk∥2

+ ⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩
≤(1− τk)f(yk) + τk(f(x

k+1) + ⟨∇̃f(xk+1), vk+1 − xk+1⟩)

+
βk

64Ak+1
∥vk+1 − vk∥2 + βk+1 − βk

16Ak+1
r̄2k

+ (1− τk)⟨∇̃f(xk+1)−∇f(xk+1), yk − xk+1⟩+ βk+1 − βk
16Ak+1

r̄2k+1

+ ⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩.

Here, the last inequality is due to ∥x̂k+1 − vk∥2 ≤ (dk+1 + rk)
2 ≤ 4r̄2k+1.724

We match the two error terms by βk+1r̄
2
k−βk r̄

2
k

16Ak+1
+ βk+1−βk

16Ak+1
r̄2k+1 ≤

βk+1−βk

8Ak+1
r̄2k+1. Multiplying both725

sides by Ak+1, we have726

Ak+1f(y
k+1) ≤Akf(y

k) + ak+1(f(x
k+1) + ⟨∇̃f(xk+1), vk+1 − xk+1⟩)

+
βk
64
∥vk+1 − vk∥2 + βk+1 − βk

8Ak+1
r̄2k+1

+Ak⟨∇̃f(xk+1)−∇f(xk+1), yk − xk+1⟩
+Ak+1⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩.

On the other hand, it holds that727

g(yk+1) ≤ (1− τk)g(yk) + τkg(v
k+1). (61)

Combining (31) and (61), we obtain728

Ak+1ψ(y
k+1) ≤Akψ(y

k) + ak+1(f(x
k+1) + ⟨∇̃f(xk+1), vk+1 − xk+1⟩+ g(vk+1))

+
βk
2
∥vk+1 − vk∥2 + βk+1 − βk

8Ak+1
r̄2k+1

+Ak⟨∇̃f(xk+1)−∇f(xk+1), yk − xk+1⟩
+Ak+1⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩.
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For βk

2 ∥v
k+1 − vk∥2, we use Lemma 2, then729

Ak+1ψ(y
k+1) ≤Akψ(y

k) + ak+1(f(x
k+1) + ⟨∇̃f(xk+1), vk+1 − xk+1⟩+ g(vk+1))

+

k∑
i=1

ai(f(x
i) + ⟨∇̃f(xi), vk+1 − xi⟩+ g(vk+1)) +

βk
2
∥x0 − vk+1∥2

−
k∑

i=1

ai(f(x
i) + ⟨∇̃f(xi), vk − xi⟩+ g(vk))− βk

2
∥x0 − vk∥2

+
βk+1 − βk
8Ak+1

r̄2k+1 +Ak⟨∇̃f(xk+1)−∇f(xk+1), yk − xk+1⟩

+Ak+1⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩

≤Akψ(y
k) +

k+1∑
i=1

ai(f(x
i) + ⟨∇̃f(xi), vk+1 − xi⟩+ g(vk+1)) +

βk+1

2
∥x0 − vk+1∥2

−
k∑

i=1

ai(f(x
i) + ⟨∇̃f(xi), vk − xi⟩+ g(vk))

βk
2
∥x0 − vk∥2

+
βk+1 − βk
8Ak+1

r̄2k+1 +Ak⟨∇̃f(xk+1)−∇f(xk+1), yk − xk+1⟩

+Ak+1⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩.
(62)

We can simplify (33) by using the definition of ϕk(·):730

Ak+1ψ(y
k+1) ≤Akψ(y

k) + ϕk+1(v
k+1)− ϕk(vk)

+
βk+1 − βk
8Ak+1

r̄2k+1 +Ak⟨∇̃f(xk+1)−∇f(xk+1), yk − xk+1⟩

+Ak+1⟨∇f(yk+1)− ∇̃f(yk+1), yk+1 − xk+1⟩.

(63)

Applying the upper inequality recursively, it holds that731

Akψ(y
k) ≤ϕk(vk)− ϕ0(v0)

+

k−1∑
i=0

βi+1 − βi
8

r̄2i+1 +Ai⟨∇̃f(xi+1)−∇f(xi+1), yi − xi+1⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

≤ϕk(vk) +
βk
8
r̄2k −

β0
8
r̄21 +

k−1∑
i=0

Ai⟨∇̃f(xi+1)−∇f(xi+1), yi − xi+1⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

≤ϕk(vk) +
βk
8
r̄2k +

k−1∑
i=0

Ai⟨∇̃f(xi+1)−∇f(xi+1), yi − xi+1⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩,

where ϕ0(v0) = 0 and β0 = 0.732
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Since vk = argmin
x
ϕk(x), we apply Lemma 2 again and obtain that:733

Akψ(y
k) ≤ϕk(vk) +

βk
8
r̄2k +

k−1∑
i=0

Ai⟨∇̃f(xi+1)−∇f(xi+1), yi − xi+1⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

=

k∑
i=1

ai(f(x
i) + ⟨∇̃f(xi), vk − xi⟩+ g(vk)) +

βk
2
∥x0 − vk∥2 + βk

8
r̄2k

+

k−1∑
i=0

Ai⟨∇̃f(xi+1)−∇f(xi+1), yi − xi+1⟩+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

≤
k∑

i=1

ai(f(x
i) + ⟨∇̃f(xi), x∗ − xi⟩+ g(x∗)) +

βk
2
∥x0 − x∗∥2 − βk

2
∥vk+1 − x∗∥2

+
βk
8
r̄2k +

k−1∑
i=0

Ai⟨∇̃f(xi+1)−∇f(xi+1), yi − xi+1⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

≤
k∑

i=1

ai(f(x
i) + ⟨∇f(xi), x∗ − xi⟩+ g(x∗)) +

βk
2
∥x0 − x∗∥2 − βk

2
∥vk+1 − x∗∥2

+
βk
8
r̄2k +

k−1∑
i=0

ai+1⟨∇̃f(xi+1)−∇f(xi+1), vi − x∗⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

≤Akψ(x
∗) +

βk
2
∥x0 − x∗∥2 − βk

2
∥vk+1 − x∗∥2 + βk

8
r̄2k

+

k−1∑
i=0

ai+1⟨∇̃f(xi+1)−∇f(xi+1), vi − x∗⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩.

We use D0 and Dk to replace ∥x0 − x∗∥ and ∥vk − x∗∥. Since D2
0 −D2

k ≤ 2D0rk ≤ 2Dr̄k , we734

have735

Akψ(y
k) ≤Akψ(x

∗) +
βk
2
D2

0 −
βk
2
D2

k +
βk
8
r̄2k

+

k−1∑
i=0

ai+1⟨∇̃f(xi+1)−∇f(xi+1), vi − x∗⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩,

which implies736

ψ(yk)− ψ(x∗) ≤ βk(D
2
0 −D2

k)

2Ak
+
βkr̄

2
k

8Ak
+

k−1∑
i=0

ai+1⟨∇̃f(xi+1)−∇f(xi+1), vi − x∗⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

≤ 9βkDr̄k
8Ak

+

k−1∑
i=0

ai+1⟨∇̃f(xi+1)−∇f(xi+1), vi − x∗⟩

+Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩.

(64)
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We take the expectations of both sides and obtain737

E[ψ(yk)]− E[ψ(x∗)] ≤E[ 9βkDr̄k
8Ak

] + E[
k−1∑
i=0

ai+1⟨∇̃f(xi+1)−∇f(xi+1), vi − x∗⟩]

+ E[
k−1∑
i=0

Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩].

Since E[∇̃f(xi+1)−∇f(xi+1)] = 0 and vi, x∗, ξi+1 are independent, we have738

E

[
k−1∑
i=0

ai+1⟨∇̃f(xi+1)−∇f(xi+1), vi − x∗⟩

]

=E−ξxi+1

[
Eξxi+1

[
k−1∑
i=0

ai+1⟨∇̃f(xi+1)−∇f(xi+1), vi − x∗⟩

]]
= 0.

For the same reason, we have739

E

[
k−1∑
i=0

Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

]

=E−ξyi+1

[
Eξyi+1

[
k−1∑
i=0

Ai+1⟨∇f(yi+1)− ∇̃f(yi+1), yi+1 − xi+1⟩

]]
= 0.

Thus740

E[ψ(yk)]− ψ(x∗) ≤9

8
E
[
βkDr̄k
Ak

]
.

We will apply Lemma 11 and 1 to obtain the final complexity. Note that k∗ = argmin
0≤i≤k

r̄k∑k−1
i=0 r̄i

.741

Applying Lemma 1, we obtain that:742

r̄
1
2

k∗∑k∗−1
i=0 r̄

1
2
i

≤
( r̄kr̄0 )

1
2×

1
k log e( r̄kr̄0 )

1
2

k
≤

( 4D0

r̄ )
1
2k log e 4D0

r̄

2k
. (65)

Thus, for k∗, combining the inequality (65) and Lemma 11, it holds that743

E
[
ψ(yk

∗
)
]
− ψ(x∗)

≤ 9

8
E
[
βk∗Dr̄k∗

Ak∗

]
≤ 9

8
E

[
βkD

(
r̄

1
2

k∗∑k∗−1
i=0 r̄

1
2
i

)2
]

≤ 9

8
E[(2

9+9ν
2 M̃νD

1+νk
3−3ν

2 + 25k
3
2Dσ)

(
( 4Dr̄ )

1
2k log e 4Dr̄
2k

)2

]

≤ 36(
4D

r̄
)

1
k log2 e

4D

r̄

M̃νD
1+νk

3−3v
2 + k

3
2Dσ

k2

≤ 36(
4D

r̄
)

1
k log2 e

4D

r̄
(
M̃νD

1+ν

k
1+3ν

2

+
Dσ√
k
).

(66)

where we use the facts {βi}i∈N is nondecreasing and the random variable B is independent of both k744

and D.745

Finally, it remains to use zk = yk
∗

by definition.746
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The following lemma is used to show that the balance equation admits a closed-form solution.747

Lemma 12. Let β,l,d ≥ 0 and r > 0. Then the equation748

(β+ − β)r = [l − β+d]+ (67)

has a unique solution given by749

β+ = β +
[l − βd]+
r + d

. (68)

This auxiliary result has been used in [[30], Lemma E.1]. We give proof for completeness.750

Proof. First, the equation has a unique solution since the left-hand side increases from zero to infinity751

monotonically with respect to β+ while the right-hand side decreases from a nonnegative number to752

zero monotonically with respect to β+.753

We show that the β+ in (68) is the very solution of (67).754

When l − βd ≤ 0, β+ = β. LHS = (β+ − β)r = 0 and RHS = [l − β+d]+ = [l − βd]+ ≤ 0,755

which implies RHS = 0. Therefore, LHS = RHS and β+ is the solution.756

When l − βd > 0, β+ = β + l−βd
r+d . then LHS = (β+ − β)r = (β + [ l−βd

r+d ]+ − β)r = r l−βd
r+d757

and RHS = [l − β+d]+ = [l − βd − l−βd
r+d d]+ = [ r

r+d (l − βd)]+ = r
r+d (l − βd). Therefore,758

LHS = RHS and β+ is the solution as well.759

E Two approaches for automatic initialization of parameters in Algorithm 1760

E.1 Automatic initialization of β0761

In the proof of Proposition 1 and Theorem 2, we assume that β0 ≤ 27IνM̂ν r̄
ν . This is reasonable762

since the upper bound of βk increases polynomial in k, it still holds for enough large k. Previous763

works often ignore the choice of a legal β0. Nevertheless, we provide a simple method for choosing764

an admissible β0.765

Algorithm 3 β0 Initialization Method
Input: x0, r̄, any other point x′ ∈ Rd that satisfies ∥x′−x0∥ ≤ r̄ and f(x′)−f(x0)−⟨∇f(x0), x′−

x0⟩ > 0;
Output: β̄ ≤ 27IνM̂ν r̄

ν ;
1: Set c = min{[f(x′)− f(x0)− ⟨∇f(x0), x0 − x′⟩]/r̄2, 12};

and M = 2 f(x′)−f(x0)−⟨∇f(x0),x0−x′⟩−cr̄2/2
∥x0−x′∥2 ;

2: Let β̄ = r̄max{8
√
2M, 128M}min{1,

√
c};

Proposition 3. Suppose f(·) is locally Hölder smooth and f(·) is not a linear function in dom g. If766

r̄ is small enough such that r̄ ≤ 4D0, then Algorithm 3 can generate a β0 that satisfies767

β0 ≤ 27IνM̂ν r̄
v, (69)

and this method can be implemented in one operation.768

Proof. Since769

M = 2
f(x′)− f(x0)− ⟨∇f(x0), x0 − x′⟩ − c r̄

2

2

∥x0 − x′∥2
≥ 0,

we have770

f(x′) = f(x0) + ⟨∇f(x0), x0 − x′⟩+ M

2
∥x0 − x′∥2 + c

r̄2

2
. (70)

The equation (70) is tight and x0, x′ ∈ B3D0(x
∗), so that we have771

M ≤ γ(M̂ν , cr̄
2) = (

1− ν
1 + ν

1

cr̄2
)

1−ν
1+ν M̂ν

2
1+ν . (71)
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c
1
2 r̄min{(128M̄)

1
2 , 128M̄} ≤ c

1−ν
2 r̄(128M̄)

1+ν
2 = 128(

1− ν
1 + ν

)
1−ν
2 M̂ν r̄

v. (72)

Thus772

c
1
2 r̄min{(128M̄)

1
2 , 128M̄} ≤ 27IνM̂ν r̄

v. (73)

So we can initialize β0 = c
1
2 r̄min{(128M̄)

1
2 , 128M̄}.773

E.2 Automatic initialization of r̄774

As mentioned in the context, Algorithm 1 requires an input r̄ as a guess of 4D0 that satisfies775

r̄ ≤ 4D0. Setting a small enough r̄ to meet r̄ ≤ 4D0 will incur a multiplicative cost of ( 4D0

r̄ )1+ν776

in the convergence rate for other algorithms without distance adaptation. In contrast, we reduce the777

multiplicative cost to log2( 4D0

r̄ ). Moreover, we provide a simple method for obtaining an admissible778

r̄ ≤ 4D0 in some special cases.779

Proposition 4 can handle the cases where we can choose x0 and make sure f(·) + g(·) is weakly780

smooth on one of its neighborhoods. Then we can modify the problem by setting f ′(x) = f(x)+g(x)781

and g′(x) = 0 to get a legal r̄.782

Algorithm 4 r̄ Initialization Method
Input: x0 and an initial guess r for 4D0

Output: r̄ ≤ 4D0

1: Initialize i← −1
2: repeat
3: i← i+ 1
4: di ← 2−ir
5: Run Algorithm 1 with parameter d by one iteration and collect the point v1i and the coefficient
β1,i

6: Denote r1,i = ∥v1i − x0∥
7: until v1i is an interior point in dom g and r1,i ≥ di
8: Set r̄ = di

Proposition 4. For any x ∈ dom g, g(x) = 0, if there exists δ > 0, S = Bδ(x0) ⊂ dom g, and783

let νS be the maximal Hölder exponent of f(·) on S with finite local Hölder continuous constant784

M̂νS
< +∞, νS > 0, then Algorithm 4 can generate r̄ ≤ 4D0, and this method can be implemented785

in a finite number of iterations.786

Proof. Without loss of generality, we assume δ ≤ 3D0, since if δ > 3D0, we can always take a787

smaller δ′ ≤ 3D0 that still satisfies the condition.788

Note that Theorem 1 implies that if r̄1,i = r1,i, then r̄ ≤ r1,i ≤ 4D0, and this conclusion is789

independent of the value of β1. So we only need to prove that this method completes in a finite790

number of operations. Note that x1 = τ0v
0+(1− τ0)y0 = τ0x

0+(1− τ0)x0 = x0 does not depend791

on the value of τ0. The condition of this method ensures that there exists an interior point in the792

direction of −∇f(x0).793

Applying Lemma 5, it holds that794

∥v′i − x0∥ ≥ ∥v1i − x0∥,

where we define795

v′i =arg min
x∈dom g

(di⟨∇f(x1), x− x1⟩+
β0∥x− x0∥2

2

=arg min
x∈dom g

⟨∇f(x0), x− x0⟩+ β0∥x− x0∥2

2di
.

(74)
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Applying Lemma 5 again with hi = β0

2di
, we have ∥v′i − x0∥ → 0 as i → +∞. Therefore, there796

exists large enough i∗ such that ∀i ≥ i∗,it satisfies that797

δ ≥ ∥v′i − x0∥ ≥ ∥v1i − x0∥, (75)

Case 1: If this method requires at most i∗ operations. Then we prove it directly.798

Case 2: If this method requires more than i∗ operations.799

Inequality (75) show that v1i ∈ Bδ(x0) ⊂ dom g, which means v1i is an interior point. Then, applying800

the first order condition to the interior point v1i , we have:801

di∇f(x0) + β1,i(v
1
i − x0) = 0

v1i − x0 = di
∇f(x0)
β1,i

.
(76)

We can adapt the method 3 to obtain a legal β0 to produce β1 ≤ cνd
ν
i , which is guaranteed by802

Lemma 8, where cν = 27IνM̂ν .803

r1,i =∥v1i − x0∥ = di
∥∇f(x0)∥

β1

≥d1−ν
i

∥∇f(x0)∥
cν

.

(77)

Thus r1,i = d1−ν
i

∥∇f(x0)∥
cν

≥ di when 2−ir = di ≤
(

∥∇f(x0)∥
cν

) 1
v

, v ̸= 0 and this method require804

at most − 1
ν log

(
∥∇f(x0)∥

cν

)
/ log 2 loops.805

F More experiment details806

In this section, we provide more details about the experiments.807

Softmax problem We first reexamine the softmax problem with more parameter settings. Specifi-808

cally, we set µ ∈ {0.1, 0.01, 0.001}. In all the results, we find that our AGDA consistently performs809

better than the other compared methods.810

Figure 3: Performance of the compared algorithms on the softmax problem. From left to right:
µ = 0.1, µ = 0.01 and µ = 0.001.

Lp norm problem We consider the following problem as an illustrative example, where the811

smoothness property can be directly adjusted by modifying a parameter p ∈ [1, 2]:812

min
x∈Rd

f(x) = ∥Ax− b∥p, (78)

where A ∈ Rn×d, b ∈ Rn are taken from real-world datasets in LIBSVM. It is important to note that813

the smoothness of this problem can be controlled by changing the parameter p; as p increases, the814

degree of smoothness decreases.815

We use the same comparison methods as in the softmax problem, adhering to the same parameter816

settings. In this problem, our algorithm significantly outperforms the other methods, especially when817

p is small. This suggests that our algorithm is more adaptive in nonsmooth settings and highlights its818

greater stability.819
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Figure 4: Performance of the compared algorithms on Lp norm problem. Left: p = 1 with diabetes.
Middle: p = 1.5 with boston. Right: p = 2 with boston.
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