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Abstract

Vision Transformers (ViTs) have achieved comparable or superior performance
than Convolutional Neural Networks (CNNs) in computer vision. This empirical
breakthrough is even more remarkable since, in contrast to CNNs, ViTs do not
embed any visual inductive bias of spatial locality. Yet, recent works have shown
that while minimizing their training loss, ViTs specifically learn spatially localized
patterns. This raises a central question: how do ViTs learn these patterns by
solely minimizing their training loss using gradient-based methods from random
initialization? In this paper, we provide some theoretical justification of this
phenomenon. We propose a spatially structured dataset and a simplified ViT model.
In this model, the attention matrix solely depends on the positional encodings.
We call this mechanism the positional attention mechanism. On the theoretical
side, we consider a binary classification task and show that while the learning
problem admits multiple solutions that generalize, our model implicitly learns the
spatial structure of the dataset while generalizing: we call this phenomenon patch
association. We prove that patch association helps to sample-efficiently transfer to
downstream datasets that share the same structure as the pre-training one but differ
in the features. Lastly, we empirically verify that a ViT with positional attention
performs similarly to the original one on CIFAR-10/100, SVHN and ImageNet.

1 Introduction

Transformers are deep learning models built on self-attention [65], and in the past several years
they have increasingly formed the backbone for state-of-the-art models in domains ranging from
Natural Language Processing (NLP) [65, 23] to computer vision [24], reinforcement learning [13, 38],
program synthesis [5] and symbolic tasks [44]. Beyond their remarkable performance, several works
reported the ability of transformers to simultaneously minimize their training loss and learn inductive
biases tailored to specific datasets e.g. in computer vision [55], in NLP [10, 67] or in mathematical
reasoning [73]. In this paper, we focus on computer vision where convolutions are considered to be
an adequate and biologically plausible inductive bias since they capture local spatial information [27]
by imposing a sparse local connectivity pattern. This seems intuitively reasonable: nearby pixels
encode the presence of small scale features, whose patterns in turn determine more abstract features
at longer and longer length scales. Several seminal works [17, 24, 55] empirically show that although
randomly initialized, the positional encodings in Vision transformers (ViTs) [24] actually learn this
local connectivity: closer patches have more similar positional encodings, as shown in Figure 1a.
A priori, learning such spatial structure is surprising. Indeed, in contrast to convolutional neural
networks (CNNGs), ViTs are not built with the inductive bias of local connectivity and weight sharing.
They start by replacing an image by a collection of D patches (X1,..., Xp) € R¥*P_ each of
dimension d. While each X; represents (an embedding of) a spatially localized portion of the original
image, the relative positions of the patches X; in the image are disregarded. Instead, relative spatial
information is supplied through image-independent positional encodings P = (py,...,pp) € R¥*D,
Unlike CNNs, each layer of a ViT then learns, via trainable self-attention, a non-local set of filters
that non-linearly depend on both the values of all patches X ; and their positional encodings p;.
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Figure 1: (a) Visualization of the positional encodings similarities P' P = ((p;, P;j))(i,)e[p]? at initialization
(1) and after training on Imagenet (2) using a "ViT-small-patch32-224" [24]. We normalise the values P P
between —1 and 1 and apply a threshold of 0.55. In contrast with the initial arrays that are random, the final
ones show local connectivity patterns: nearby patches have similar positional encodings. (b) Partition of the
patches into sets Sy as in Definition 2.1. Squares in the same color belong to the same set S,. We refer to (1) as a
"spatially localized set" since all the elements in a S, are spatially contiguous. This is the type of sets appearing
in Figure 1a at the end of training. Definition 2.1 also covers sets with non-contiguous elements as (2).

Contributions. The empirical observation of Figure 1a sets a central question: from a theoretical
perspective, how do ViTs manage to learn these local connectivity patterns by simply minimizing their
training loss using gradient descent from random initialization? While it is known that attention can
express local operations as convolution [17], it remains unclear how ViTs learn it. In this paper, we
present a simple spatially-structured classification dataset for which it is sufficient (but not necessary)
to learn the structure in order to generalize. We also present a simplified ViT model which we prove
implicitly learns sparse spatial connectivity patterns when it minimizes its training loss via gradient
descent (GD). We name this implicit bias patch association (defined in Definition 2.2). We prove that
our ViT model leverages this bias to generalize. More precisely, we make the following contributions:

— In Section 2, we formally define the concept of performing patch association, which refer to the
ability of learning spatial connectivity patterns on a dataset.

— In Section 3, we introduce a structured classification dataset and a simplified ViT model. This
model is simplified in the sense that its attention matrix only depends on the positional encodings.
We then present the learning problems we are interested in: empirical risk (realistic setting) and
population risk (idealized setting) minimization for binary classification.

— In Section 4, we prove that a one-layer single-head ViT model trained with gradient descent on our
synthetic dataset performs patch association and generalizes, in the idealized (Theorem 4.1) and
realistic (Theorem 4.2) settings. We present a detailed proof, based on invariance and symmetries
of coefficients in the attention matrix throughout the learning process.

— In Section 5, we show (Theorem 5.1) that after pre-training in our synthetic dataset, our model can
be sample-efficiently fine-tuned to transfer to a downstream dataset that shares the same structure
as the source dataset (and may have different features).

— On the experimental side, we validate in Section 6 that ViTs learn spatial structure in images from
the CIFAR-100 dataset, even when the pixels of the images are permuted. This result validates that,
in contrast to CNNs, ViTs learn a more general form of spatial structure that is not limited to local
patterns (Figure 5). We finally show that our ViT model —where the attention matrix only depends
on the positional encodings— is competitive with the vanilla ViT on the ImageNet, CIFAR-10/100
and SVHNs datasets (Figure 6 and Figure 7).

Notation. We use lower case letters for scalars, lower case bold for vectors and upper case bold

for matrices. Given an integer D, we define [D] = {1,..., D}. Any statement made "with high
probability” holds with probability at least 1 — 1/poly(d). Given a vector a € R? and k < d, we
define Top,{a; }?=1 ={a;,,...,a; } where a;,,...,a;, are the k-largest elements. For a function

F that implicitly depend on parameters A and v, we often write F'4 ,, to highlight its parameters.
We use the asymptotic complexity notations when defining the different constants.

Related work

CNNs and ViTs. Many computer vision architectures can be considered as a form of hybridization
between Transformers and CNNs. For example, DeTR [11] use a CNN to generate features that
are fed to a Transformer. [25] show that self-attention can be initialized or regularized to behave
like a convolution and [19, 30] add convolution operations to Transformers. Conversely, [8, 56, 7]
introduce self-attention or attention-like operations to supplement or replace convolution in ResNet-



like models. In contrast, our paper does not consider any form of hybridization with CNN, but rather
a simplification of the original ViT to explain how ViTs learn spatially structured patterns using GD.

Empirical understanding of ViTs. A long line of work consists in analyzing the properties of
ViTs, such as robustness [9, 54, 51] or the effect of self-supervision [12, 14]. Closer to our work,
some papers investigate why ViTs perform so well. [55] compare the representations of ViTs and
CNNs and [50, 64] argue that the patch embeddings could explain the performance of ViTs. We
empirically show in Section 6 that applying the attention matrices to the positional encodings — which
contains the structure of the dataset — approximately recovers the baselines. Hence, our work rather
suggests that the structural learning performed by the attention matrices may explain the success of
ViTs.

Theory for attention models. Early theoretical works have focused on the expressivity of attention.
[66, 26] addressed this question in the context of self-attention blocks and [21, 68, 34] for Transform-
ers. On the optimization side, [76] investigate the role of adaptive methods in attention models and
[59] analyze the dynamics of a single-head attention head to approximate the learning of a Seq2Seq
architecture. In our work, we also consider a single-head ViT trained with gradient descent and
exhibit a setting where it provably learns convolution-like patterns and generalizes.

Algorithmic regularization. The question we address concerns algorithmic regularization which
characterizes the generalization of an optimization algorithm when multiple global solutions exist
in over-parametrized models. This regularization arises in deep learning mainly due to the non-
convexity of the objective function. Indeed, this latter potentially creates multiple global minima
scattered in the space that vastly differ in terms of generalization. Algorithmic regularization appears
in binary classification [60, 49, 16], matrix factorization [29, 3], convolutional neural networks
[29, 37], generative adversarial networks [2], contrastive learning [70] and mixture of experts [15].
Algorithmic regularization is induced by and depends on many factors such as learning rate and batch
size [28, 33, 41, 58, 47], initialization [1], momentum [39], adaptive step-size [42, 53, 20, 71, 78, 40],
batch normalization [4, 32, 36] and dropout [61, 69]. However, all these works consider the case of
feed-forward neural networks which does not apply to ViTs.

2 Defining patch association
The goal of this section is to formalize the way ViTs learn sparse spatial connectivity patterns. We
thus introduce the concept of performing patch association for a spatially structured dataset.

Definition 2.1 (Data distribution with spatial structure). Let D be a distribution over R4*P x {-1,1}
where each patch X = (Xy,...,Xp) € R¥*P has label y € {—1,1}. We say that D is spatially
structured if

— there exists a partition of [D] into L disjoint subsets i.e. [D] = UzL=1 S¢ with Sy & D and
|Se| = C.
— there exists a labeling function f* satisfying Plyf*(X) > 0] = 1 — d=*") and,

(X)) := 2 (b((Xi)z’eS@)’ where ¢: RY*C — R is an arbitrary function. (1
Le[L]
Examples. A particular case for the sets S¢’s is Test error
the one of spatially localized sets as in Figure 1b- £
(1). In this case, we have D = 16, C = 4 ;
and S; = {1,2,5,6}, S» = {3,4,7,8}, S3 = ~
{9,10,13,14}, S, = {11,12,15,16}. We empha- 10%
size that Definition 2.1 is not limited to spatially lo- 5% L . , -
calized 1sbetsze)lnd also covers non-contiguous sets as Nur:ber of graj’izgt descentl(s)?:ps
Figure 1b-(2).

Figure 2: Left: Test error of the ViT on the
Labelling function Definition 2.1 states that there ~convolution structured dataset. Upper Right:
exists a labelling function that preserves the under- Grid displaying the input patches. — Yellow
lying structure by applying the same function ¢ to Squares represent spatially localized sets Sp.

each Sy as in (1). For instance, when the sets Sp’s Those sets are taken into accoun t when com-
puting the convolutional function f*. Lower Right:

Learnt P P looks random compared to upper one.



are spatially localized, f* can be a one-hidden layer convolutional network. In this paper, we are
interested in patch association which refers to the ability of an algorithm to identify the sets S;’s, and
is formally defined as follow.

Definition 2.2 (Patch association for ViTs). Let D be as in Definition 2.1. Let M: R>*P —
{—1, 1} be a transformer and PWM) s positional encodings matrix. We say that M performs patch

association on D if for all £ € [L] and i € Sy, we have Top {<pEM),p§»M)>}§7=1 =&y

Definition 2.2 states that patch association is learned when for a given i € Sy, its positional encoding
mainly attends those of j such that ¢, j € S;. In this way, the transformer groups the X; according
to Sy just like the true labeling function. Definition 2.2 formally describes the empirical findings in
Figure 1a-(2), where nearby patches have similar positional encodings. A natural question is then:
would ViTs really learn those Sy after training to match the labeling function f*? Without further
assumptions on the data distribution, we next show that the answer is no.

ViTs do not always learn patch association under Assumption 1. We give a negative answer
through the following synthetic experiment. Consider the case where all the patches X; are i.i.d.
standard Gaussian and f* is a one-hidden layer CNN with cubic activation. The label y of any X is
then given by y = sign(f*(X)). As shown in Figure 2, one-layer ViT reaches small test error on the
binary classification task. However, P P does not match the convolution pattern encoded in f*.
This is not surprising, since the data distribution D is Gaussian, and thus lacks spatial structure. Thus,
in order to prove that ViTs learn patch association, we need additional assumptions on D, which we
discuss in the next section.

3 Setting to learn patch association

In this section, we introduce our theoretical setting to analyze how ViTs learn patch association. We
first define our binary classification dataset and finally present the ViT model we use to classify it.

Assumption 1 (Data distribution with specific spatial structure). Let D be a distribution as in
Definition 2.1 and w* € R? be an underlying feature. We suppose that each data-point X is defined
as follow

— Uniformly sample an index (X)) from [L] and for j € Sy x), X; = yw* + &;, where yw™ is the
informative feature and & ; i (0,0%2(Ip — w*w* 1)) (signal set).
— Forl e [L\{¢(X)} and j € So, X; = 0;w™ + &;, where §; = 1 with probability q/2, —1 with

same probability and 0 otherwise, and §; S (0,02(Ip — w*w* 7)) (random sets).

To keep the analysis simple, the noisy patches
are sampled from the orthogonal complement of
w*. Note that D admits the labeling function 1

fH(X) = Xeqr) Thresholdg oo (Xes,{w*, X)), where

SR ER N ES N EUN
Threshold¢(z) = z if |z| > C and 0 otherwise.

O[]t +1f-1]0
We sketch a data-point of D in Figure 3. Our dataset can
be viewed as an extreme simplification of real-world image 00 -1{0[-1]0
datasets where there is a set of adjacent patches that contain a ololololo]-1

useful feature (e.g. the nose of a dog) and many patches that
have uninformative or spurious features e.g. the background of ~ Figure 3: Visualization of a data-point
the image. We make the following assumption on the param- X in D when the S;’s are spatially lo-
eters of the data distribution. calized. Each square depicts a patch
X; and squares of the same color be-

Assumption 2. We suppose that d = poly(D), ¢ = long to the same set S¢. "0" indicates

polylog(d), ¢ = poly(C)/D, [w*|z = 1 and 0 = 1/d. This . e patch does not have a feature,
implies C « D and g < 1. "1" stands for feature 1-w™ and "-1" for
Assumption 2 may be justified by considering a "ViT-base- feature —1 - w*. The large red square
patch16-224" model [24] on ImageNet. In this case, d = 384, depicts the signal set £(X). Although
D = 196. o is set to have ||§;[2 ~ [[w*|2. ¢ is chosen so there are more "-1"’s than "+1"’s, the

that there are more spurious features than informative ones label of X is +1 since there are only
"+1"’s inside the signal set.




(low signal-to-noise regime) which makes the data non-linearly
separable. Our dataset is non-trivial to learn since generalized linear networks fail to generalize, as
shown in the next theorem (see Appendix J for a proof).

Theorem 3.1. Letr D be as in Assumption 1. Let g(X) = ¢ (Zf:1<wj, X]>) be a generalized
linear model. Then, g does not fit the labeling function i.e. P[f*(X)g(X) < 0] = 1/8.

Intuitively, g fails to generalize because it does not have any knowledge on the underlying partition
and the number of random sets is much higher than those with signal. Thus, a model must have a
minimal knowledge about the S;’s in order to generalize. In addition, the following Theorem 3.2
states the existence of a transformer that generalizes without learning spatial structure (see Appendix
J for a proof), thus showing that the learning process has a priori no straightforward reason to lead to
patch association.

Theorem 3.2. Let D be defined as in Assumption 1. There exists a (one-layer) transformer M so that
P[f*(X)M(X) < 0] = d=“WD butforall ¢ € [L], i € S, Tope {<pz(-M),p;M)>}§3:1 NS ={.
Simplified ViT model. We now define our simplified ViT model for which we show in Section 4
that it implicitly learns patch association via minimizing its training objective. We first remind the
self-attention mechanism that is ubiquitously used in transformers.

Definition 3.1 (Self-attention [6, 65]). The attention mechanism [6, 65] in the single-head case

is defined as follow. Let X € R™P g data point and P € R¥*P jts positional encoding. The
self-attention mechanism computes

1. the sum of patches and positional encodings i.e. X = X + P.

2. the attention matrix A = QK" where Q = XTWQ, K = XTWK, Wq, Wk € Rdxd,
3. the score matrix S € RP*P with coefficients S; j = exp(Aiyj/\/a)/Zle exp(A; /Vd).
4. the matrix V. = XTWV, where Wy, € R4x4,

It finally outputs SA((X; P)) = SV e R4*D.

In this paper, our ViT model relies on a different attention mechanism —the "positional attention"—
that we define as follows.

Definition 3.2 (Positional attention). Let X € R**P and P € R**P the positional encoding. The
positional attention mechanism takes as input the pair (X ; P) and computes:

1. the attention matrix A = QK" where Q@ = P"Wg, K = PT Wy and Wg, Wi € Rxd,
2. the score matrix S € RP*P with coefficients S; j = exp(Ai,j/\/a)/Zf):l exp(A; . /Vd).
3. the matrix V.= X "Wy, where Wy € R¥*¢,

It outputs PA((X; P)) = SV.

Positional attention isolates positional encoding P from data X: A encodes the dynamics of P and
tracks whether patch association is learned. V' encodes the data-dependent part and monitors whether
the feature is learned. Indeed, given its highly non-linear nature with respect to the input, directly
analyzing self-attention is difficult. Yet, positional attention is similar to self-attention. As this latter,
positional attention is also permutation-invariant and processes all tokens simultaneously. Besides,
positional attention also computes a score matrix between the different tokens. This similarity matrix
is also normalized in a sparse manner with the Softmax operator. The only aspect that positional
attention misses from self-attention is the fact that S’ does not depend on the input. Nevertheless, we
empirically show that our positional attention model competes with self-attention in Section 6. Lastly,
we make the following simplification in the parameters to ease our analysis.

Simplification 3.1. In the positional attention mechanism, we setd = D, W = Ip and Wq = Ip
which implies A = PTP. We set Wy = [v,...,v] € R¥>P where v € R?. Finally, we set A and

v as trainable parameters. Besides, without loss of generality, we train all A; ; for i # j and leave
the diagonals of A fixed.

In Simplification 3.1, we set W and W, to the identity so that A = P P. This Gram matrix
encodes the spatial patterns learned by the ViT as shown in Figure la. Besides, since fitting the



labeling function requires to learn one feature w*, it is sufficient to parameterize W+, with a vector
v. Also, although A = PT P and P is trainable, we choose for simplicity to only optimize over A.
Besides, we leave the A; ;’s fixed because Softmax is invariant under the uniform shift of the input.
Under Simplification 3.1, our simplified ViT model is then a two attention layer with a single head:
D D D
F(X)= Z 0<D Z S, (v, X]>> with S, ; = exp(A; ;/Vd)/ Z exp(A;/Vd), (T)
i=1 j=1 r=1
where ¢ is an activation function. Since we aim to the simplest ViT model, we opt for a polynomial
activation i.e. o(z) = xP + vx where p > 3 is an odd integer and v = 1/poly(d). Note that this
choice of polynomial activation is common in the deep learning theory literature — see e.g. [45, 1, 72]
among others. The degree p is odd to make the ViT model compatible with the labeling function and
strictly larger than 1 because the data is not linearly separable (Theorem 3.1). We add a linear part in
the activation function to ensure that the gradient is non-zero when v has small coefficients. With
these simplifications, we formally prove that F' is able to learn patch association and generalize, in
the two following settings.

Idealized and realistic learning problems. Given a dataset Z = {(X[¢], y[¢])};L, sampled from
D, we solve the empirical risk minimization problem for the logistic loss defined by:

N
1 4 . SN
min — Y log (1 + e VEFXEDY .- £(A,

) 43

Instead of directly analyzing (E), we introduce a proxy where we minimize the population risk

; —yF(X)\] .—
min Ep|log (1+e )] == L(A,v). P)
We refer to (E) as the realistic problem while (P) as the idealized problem.

Algorithm. We solve (P) and (E) using gradient descent (GD) for T iterations. The update rule in
the case of (P) fort € [T'] and 4, j € [D] is
ALY =AY o, LAY, D), o) = 50 v, £(AD H®), (GD)

where 1 > 0 is the learning rate. A similar update may be written for (E). We now detail how to set
the parameters in (GD).

Parametrization 3.1. When running GD on (P) and (E), the number of iterations is any T >

poly(d)/n. We set the learning rate as 1 € (O, m) The diagonal coefficient of the attention

matrix are set for i € [D] as AEOZ) = /Alfol) = 0 aIp where o o = polyloglog(d). The off-diagonal
coefficients of A and the value vector are initialized as:

1. Idealized case: v©) = aOw* where () = /=) and AEOJ) = 0 fori # j.
2. Realistic case: 9 ~ N'(0,w?1;) and AEUJ) ~ N(0,w?) where i # j and w = 1/poly(d).

We remind that in Simplification 3.1, we have A = PTP. If one initializes P ~ N(0,041p/D),
then with high probability, AE?Z.) = le(p) |3 = ©(c4) and AE?J? = <p£0),p§0)> = O(04/v/D) for
i # 7. Since D >» 1, it is then reasonable to set Al(»f)j) = (. Note that, also in the idealized setting, we

initialize v(®) in span(w™*), even though this latter should be unknown to the algorithm. We remind
that the idealized case is a proxy to ultimately characterize the realistic dynamics.

4 Learning spatial structure via matching the labeling function

As announced above, we show that our ViT (T) implicitly learns patch association and fits the labeling
function by minimizing the training objective. We first study the dynamics in (P). Using the analysis
in the idealized case, we then characterize the solution found in the realistic problem (E).

6
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Figure 4: Tllustration of Theorem 4.2. We consider the exact same setting (data generation, parameter settings...)
as for the realistic case. From left to right, we first display in grey the tuples (4, j) such that (¢, j) € Sp. We
then plot the learned matrix A and see that coefficients with high value exactly correspond to their grey scale
counterpart in the left plot. We also display test error and cosine similarity between w™ and v w.r.t the number
of training steps.

4.1 Learning process in the idealized case
In this section, we analyze the dynamics of (P). Our main result is that after minimizing (P), our
model (T) performs patch association while generalizing.

Theorem 4.1. Assume that we run GD on (P) for T iterations with parameters set as in Parametriza-
tion 3.1. With high probability, the ViT model (T)

1. learns patch association i.e. for all { € [L] and i € Sy, Top {142(-?;)};?:1 =&
2. learns the labeling function f* i.e. Pp[f*(X)Fa) »r) (X) > 0] = 1 —o(1).

We now sketch the main ideas to prove the theorem for which one can refer to Appendix D for a
complete proof.

Invariance and symmetries. In (P), we take the expectation over D. Since (T) is permutation-
invariant and the data distribution is symmetric, we can thus dramatically simplify the variables in (P).
An illustration of this is the next lemma that shows that A can be reduced to three variables in (P).

Lemma 4.1. There exist 3 = o4, vV, p'¥) € R such that for all t > 0:
1. forallie [D], A{) = B.
2. foralli,j€ D] suchthati,j €S, forsomel € [L], Aftj) = ~®),
3. foralli,j € [D] suchthati € Spand j € S, for some £, m € [L] with { # m, Agtj) = p),

Besides, using the initialization in Parametrization 3.1, we can show that v always lies in span(w™*).

Lemma 4.2. For all t € [T), there exists o) € R such that v®® = oM w*.

In summary, Lemma 4.1 and Lemma 4.2 imply that instead of optimizing over A and v in (P), we
can instead consider the scalar variables ("), v() and p(*). The remaining of this section consists in
analyzing the dynamics of these three quantities.

Learning patch association. We first analyze the dynamics of 4(*) and p®. To this end, we
introduce the following terms:

()

B v
A® e Lo _ e
ef +(C—1)e™ + (D —Cer?’ el +(C—1)er™ + (D —C)er”’
o)
=0 _ < GO = D(A® 4 (C = 1)1®),

ef +(C —1)er™” + (D - Cer””’

Note that A®), T'®) and Z(*) respectively correspond to the coefficients on the diagonal, those for
which ¢, j € S, for some ¢ € [L] and all the other coefficients of the attention matrix S. Using these

notations, we first derive the GD updates of (") and p(®*).

Lemma 4.3. Let t < T. The attention weights v and p®) satisfy:
D = 5 4 ppolylog(d)(al)? - TM (GH )P,

11
[p] < 10| + mpolylog(d) ()7 (5 + TGO,

7



Lemma 4.3 shows that the increment of v(*) is larger than the one of p®). Since v(9) = p(®) = 0,
this implies that v(!) > p(®) for all t > 0. This observation proves the first item of Theorem 4.1. We
now explain how learning patch association leads to v highly correlated with w*.

— Event I: At the beginning of the process, the update of v(®) is larger than the one of Agt; which

implies that only v(*) updates during this first phase. We show that oY) = (v®) w*) increases
until a time 7y > 0 where it reaches some threshold (Lemma D.2). At this point, the model is
nothing else than a generalized linear model that would not generalize because there are much
more noisy tokens than signal ones (see Theorem 3.1).

— Event II: During this phase, the attention weights must update. Indeed, assume by contradiction

that the Aft]) stay around initialization and that v(®) is optimal i.e. v®® = a(Mw* where a® » 1.
Then, the predictor g we would have is

D D D D
0 ©
9(X) = 3} 2S00, X 3 3 et (w, X;) @)
i=1j=1 i=1j=1

Such predictor g would yield high population loss because there many more data with random
labels (¢D = poly(C)) than with the exact label. Therefore, Az(tj) ’s start to update. The gradient
increment for (") (which corresponds to 4 and j in the same set Sy) is much larger than the one for
p) (Lemma 4.3). Thus, (%) increases until a time 7; € [7g, T'] such that 4(7) > maxe(] |p®)].
— Event III: Because we have 7(7) > max,c[7 [p(*)|, we again have o**1) > o as in Phase I

(Lemma D.11). Thus, a(*) increases again until the population risk becomes a o(1).

Main insights of our analysis. Our mechanism highlights two important aspects that are proper to
attention models:

— because of the initialization and the data structure, we have patch association for any time ¢
(Lemma 4.3).

— our ViT model uses patch association to minimize the population loss (Event III). Without patch
association, the model would only be a generalized linear model that does not minimize the loss.

4.2 From the idealized to the realistic learning process

The real learning process differs from the idealized one in that we have a finite number of samples and
we initialize both A and ¥ as Gaussian random variables. Using a polynomial number of samples,
we show that (T) still learns patch association and generalizes.

Theorem 4.2. Assume that we run GD on (E) for T iterations with parameters set as in Parametriza-
tion 3.1. Assume that the number of samples is N = poly(d). With high probability, the model

1. learns patch association i.e. for all { € [L] and i € Sy, Top {flg) 2, =5

2. fits the labeling function i.e. Pp[f*(X)F 4¢ry 5¢r) (X) > 0] = 1 —o(1).

Similarly to [46], the proof introduces a "semi-realistic" learning process that is a mid-point between

the idealized and realistic processes. We show that A and 5T are close to their semi-realistic
counterparts — see Appendix E for a complete proof. Figure 4 numerically illustrates Theorem 4.2.

5 Patch association yields sample-efficient fine-tuning with ViTs

A fundamental byproduct of our theory is that after pre-training on a dataset sampled from D, our
model (T) sample-efficiently transfers to datasets that are structured as D but differ in their features.

Downstream dataset. Let D a downstream data distribution defined as in Assumption 1 such that
its underlying feature is w* with |w* |2 = 1 and W* potentially different from w*. In other words,

the downstream D and source D distributions share the same structure but not necessarily the same
feature. We sample a downstream dataset Z = {(X[i], 9[i])}}*, from D.
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Figure 5: (a): Test accuracy obtained with ViT (patch size 2), ResNet-18 and VGG-19 on permuted (in
solid lines) and on original (in dashed lines) CIFAR-100. While convolutional models are very sensitive to
permutations, the ViT performs equally whether the dataset is permuted or not. (b): (2) CIFAR-100 image (1)
and Permuted CIFAR-100 image when shuffle grid size is 2 (2), 4 (3) and 8 (4). (¢): (1-2) Visualization of
positional encoding similarities after training a ViT (patch size 2) on permuted CIFAR-100 (shuffle grid size 2).
Here, we display p; P where i is some fixed index and reshape such vector into a matrix 16 x 16. We observe
that these similarities (1-2) do not have any spatially localized structure. However, when applying the inverse of
the permutation, we recover spatially localized patterns in (1°-2’).

Learning problem. We consider the model (T) pre-trained as in subsection 4.2. We assume that A
is kept fixed from the pre-trained model and we only optimize the value vector ¥ to solve:

min
v

N
1 o S ~ -~
= Z log (1 + e_y[l]F(X[l])) = L(v). (E)
N o
We run GD on (E) with parameters set as in Parametrization 3.1 except that the 121\1 ;s are fixed and

3 ~ N(0,w?I,) with w = 1/poly(d). Our main results states that this fine-tuning procedure

requires a few samples to achieve high test accuracy in D. In contrast, any algorithm without patch
association needs a large number of samples to generalize.

Theorem 5.1. Let A be the attention matrix obtained after pre-training as in subsection 4.2. Assume
that we run GD for T iterations on (E) to fine-tune the value vector. Using N < polylog(D) samples,
the model (T) transfers to D i.e. Px[f*(X)F 4 5 (X) > 0] =1 —o(1).

Theorem 5.2. Let A: R*P — {11} be a binary classification algorithm without patch associa-
tion knowledge. Then, it needs DY) training samples to get test error < o(1) on D.

The proofs of Theorem 5.1 and Theorem 5.2 are in Appendix F. These theorems hightlight that
learning patch association is required for efficient transfer. We believe that they offer a new perspective
on explaining why ViTs are widely used in transferring to downstream tasks. While it is possible that
ViTs learn shared (with the downstream dataset) features during pretraining, our theory hints that
learning the inductive bias of the labeling function is also central for transfer.

6 Numerical experiments

In this section, we first empirically verify that ViTs learn patch association while miniziming their
training loss. We then numerically show that the positional attention mechanism competes with the
vanilla one on small-scale datasets such as CIFAR-10/100 [43], SVHN [52] and large-scale ones such
as ILSVRC-2012 ImageNet [22]. For the small datasets, we use a ViT with 7 layers, 12 heads and
hidden/MLP dimension 384. For ImageNet, we train a "ViT-tiny-patch16-224" [24]. Both models are
trained with standard augmentations techniques [18] and using AdamW with a cosine learning rate
scheduler. We run all the experiments for 300 epochs, with batch size 1024 for Imagenet and 128
otherwise and average our results over 5 seeds. We refer to Appendix A for the training details.

ViTs learn patch association. We consider the CIFAR-100 dataset where we divide each image
into grids of size s x s pixels. For a fixed s € {2, 4, 8, 16, 32}, we permute the grids according to 74 to
create the permuted CIFAR-100 dataset. We call s the grid shuffle size. Figure 5b-(1) shows a CIFAR-
100 image and its corresponding shuffling in the permuted CIFAR-100 dataset Figure 5b-(2-3-4).
We train a ViT and CNNs ResNet18 [31] and VGG-19 [57] on the permuted CIFAR-100 dataset.
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in Figure 5b, we lose the local aspect of the spa- 0 0o 20 300 0 10 200 a0

tial structure and create new sets Sy’s and a new
labeling function f*. Figure 5a reports the test
accuracy of these three models for different values
of s. When s is small, the image does not have
a coherent structure e.g. Figure 5b-(2) and thus,
CNNss struggle to generalize. As s increases e.g.
Figure 5b-(4), the information inside a patch is
meaningful and thus, the CNNs well-perform. Unsurprisingly, since ViTs are permutation invariant,
their performance remains unchanged for all s — see Figure 5a. Despite this change, we verify that
the ViT is able to recover the new S;’s: we feed the ViT with the shuffled pear image ( Figure 5b-(2))
and consider for some i the similarity matrix p; P. We see that it does not exhibit a local spatial
structure in Figure 5c-(1,2). We then apply 75! to p; P and observe that we recover the spatially
localized patterns Figure 5c-(1°,2”). This experiment highlights that ViTs do not just group nearby
pixels together as convolutions. They learn a more general spatial structure, in accordance to our
theoretical results.

Number of epochs Number of epochs
1 2

Figure 6: Training loss (1) and test accuracy (2)
obtained using a ViT-tiny-patch16-224 on Imagenet.
ViT using positional attention (Ours) gets 68.9% test
accuracy while vanilla ViT (ViT) gets 71.9%.

ViTs with positional attention are competitive. CIFAR-10 CIFAR-100 SVHN
We numerically verify that ViTs using positional 91 1 685 i
. . . . . - 98
attention compete with those with vanilla attention. 00 - % 68.0 o i
In Section 3, we introduced positional attention to , il L B S ' I
Ours Ours Ours

define our theoretical learner model. Figure 6 and viT |
Figure 7 show that ViTs using positional attention
compete with vanilla ViTs on a range of datasets.

ViT ViT

Figure 7: Test accuracy obtained with a ViT using

These experiments strengthen our intuition that
for images, having an attention matrix that only
depends on the positional encodings is sufficient
to have a good test accuracy.

vanilla attention (ViT) and positional attention (Ours)
on CIFAR-10 (1), CIFAR-100 (2) and SVHN (3). Our
model competes with the vanilla ViT. Patch size 4 and
average over 10 seeds for this experiment.

Conclusion, limitations and future works

Our work is a first step towards understanding how Transformers learn tailored inductive biases when
trained with gradient descent. Our analysis heavily relies on the positional attention mechanism that
disentangles patches and positional encodings. In practice, self-attention mixes these two quantities.
An interesting direction is to understand the impact of patch embeddings on the inductive bias learned
by ViTs. Moreover, our experiment on the Gaussian data shows that ViTs do not always learn the
correct inductive bias under Definition 2.1: characterizing the distributions under which ViTs recover
the structure of the function is an important question. Lastly, this work also paves the way to many
extensions beyond convolution. For example, can ViTs learn other inductive biases? What are
the inductive biases learnt by Transformers in NLP? Answering those questions is central to better
understand the underlying mechanism of attention.
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Figure 8: (a) Visualization of the positional encodings similarities when feeding the ViT with Permuted CIFAR-
100 data. Each array represents {(p;, pj>}jD:1 for a fixed ¢. (b) displays the positional encodings similarities
obtained after inverting the permutation. We see that the ViT is able to recover the convolution-like structure in
all the cases.

A Additional experimental details

In this section, we provide additional details on our experiments and additional plots.

A.1 Details on the implementation

We used Pytorch and Nvidia Tesla V100 GPUs. We conduct experiments on small-scale (CIFAR-
10/100 and SVHN) and large-scale datasets (ImageNet). The choice of architecture and training
parameters depend on the size of the dataset as we detail below.

Small-scale experiments. We use the code available at https://github.com/omihub777/
ViT-CIFAR. The model is made of 7 layers, 12 heads, hidden and MLP dimension 384, dropout
0. We use "mean-pooling" and not the CLS pooling. We set the patch size to 2 in the experiment
Figure 5 and to 4 in the experiment Figure 7. Indeed, we empirically found that setting patch size
4 was the optimal choice. We apply label smoothing [62] with coefficient 0.1 and do not apply
any cutmix [75] nor mixup [74]. We use Adam [42] as optimizer and set the learning rate to 1079,
minimum learning rate to 107°, 3; to 0.9, 35 to 0.999, batch size to 128, weight decay to 5 - 1072,
number of warmup epochs to 5 and number of total epochs to 200. The scheduler is a cosine learning
rate. We used the AutoAugment procedure [18] as in the repository to generate data augmentations.
The model has been trained over a single GPU.

Regarding the convolutional models in the experiment Figure 5, we trained a ResNet-18 and a VGG-
19 with batch normalization. We trained the two architectures using the same training procedure and
hyperparameters as for the ViT.

Large-scale experiments. We use the code available at https://github.com/
facebookresearch/deit. Due to limited computational resources, we train a ViT-tiny-
patch16-224 [24] where "CLS-pooling" is applied. A detailed table with the hyperparameters used
for the ImageNet experiment may be found in Table 9 (column "DeiT-B") in [63]. We set no dropout
but set stochastic depth [35] 0.1. We used label smoothing 0.1. Regarding the augmentations, we set
RandAugment [18] 9/0.5, mixup 0.8, cutmix 1, erasing probability [77] 0.25. Lastly, we trained the
model using AdamW [48] and set the batch size to 1024, learning rate to 5 - 104 - b"“;f;izc as in
[28], weight decay to 0.05, warmup epochs 5 and number of total epochs to 300. The total number of
epochs is 300. The model has been trained over 16 GPUs (8 nodes and 2 GPUs per node) and batch
size for each device is 64.

A.2 Additional plots

In Figure 5, we plot the positional encoding similarities for a few patches. Figure 8 provides these
plots for all the patches. One should think of Figure 5 as a Figure displaying just two of the arrays
present in Figure 8. We consistently verify that the ViT is always able to recover the convolution-like
patterns which shows that it is able to learn the right patch association.
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B Induction hypothesis

In this section, we present the induction hypothesis that we use in the analysis of the idealized case.
This hypothesis is ultimately proved in subsection D.7.

Induction hypothesis B.1. During the idealized learning process, the following holds fort < T.
— the sofmax denominator is large i.e. ) + (C' — 1)I'D) + (D — C)=) = O(D).
— Z® js not too small i.e. Z) = ©(1/D).

~T® and AW areina good range i.e.
epolyloglog(d)

Q(C) Ao

A®D — —1r® e | 22 20
) (C ) € D ) D )

where \g = ©(D01).

C Notations
In this section, we introduce the different notations used in the proofs.

General purpose. We first define notations that are used everywhere in the appendix.

— Sigmoid function: Given z € R, &(z) = 1/(1 + e~%).

Zm

— Softmax function: Given z = (z1,...,2p) € R?, (softmax(z1,...,2p))m = 725 =
j=1¢
— Loss for a data-point (X, %): L(X) = log(1 4 e ¥F(X)),

Analysis in idealized case. We now provide notations used in the analysis of the idealized case.

= K(X) = Xpspx) 2jes, 0 + C.
— fori e [D], Oft) = Zjl.j:l Si(,tj)Xi'
Analysis in realistic case. 'We now provide notations used in the analysis of the realistic case.
— Score matrix: § € RP*P with coefficients S; ; = exp(A; ;/v/d)/ X2, exp(A;,./v/D).
~ Given a data-point (X [], y[i]) and j € [D], O\ [i] = X7, SV) X [4]

D Learning process in the idealized setting

D.1 Roadmap of the proof

From Lemma 4.2, we know that v®) € span(w*) for all ¢ € [T]. The main idea of the proof consists
in analyzing the GD dynamics of a(*) = (v() w*) that satisfy

ot — o) 4 K

D D
YS(~yF s w0 (X)) D0’ (D) SO @D, X50) 3] s, Xm>]

iESg(x) j=1 k=1
~ ~~
S(t)
D D
+nE yG(fyFAm,v(t)(X))ZJ«Z s§fj><v<t>,xj>) 3 s§f,>n<w*,xm>1. (GD-a)
¢Sy xy) J=1 m=1
~ ~ -
A®

We divide the idealized learning process as follows.
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— Event I (¢ € [0, 7], subsection D.2): at initialization, a'® is small. Therefore, the sigmoid
S(—yF(X)) is large. Besides, around o), it stays constant i.e. S(—yFaw (X)) ~
S(—yF A 4o (X)) in (GD-a). This implies that N(t) = 0 which yields a® to increase
until reaching a specific value where the sigmoid is not constant anymore.

— Event II (¢ € [7o, T1], subsection D.3): at time 7, « ) is large. This fact along with Lemma 4.3

imply that v(*) increases. Eventually, I'(7*) becomes large enough so that § © > max,<r |9\[(T) .

— Event III (¢ € [T1,T], subsection D.4): Since § ® > max r<T |9\[(
increases until the population risk is at most o(1).

) increases again. It

After T iterations, o) is large and the population risk thus converges (subsection D.5). Since the
logistic loss is a surrogate for the 0-1 loss, we prove that the learner model fits the labeling function
(subsection D.6) which implies the first statement of Theorem 4.1.

Remark : Since we initialize o(*) > '/~ Lemma D.7 implies that we can overlook the linear
part of the activation in this section. Therefore, we only consider o(z) = z? in the idealized process.

D.2 Event I: o*) initially increases

A first question that arises is: starting from (%), what is the value of a(*) that makes the sigmoid
non-constant? The following lemma addresses this question.

Lemma D.1. The value oY) at which the sigmoid &(—yF (X)) becomes non-constant is:
o(1)
C2)\’

a =

Proof of Lemma D.1. The update of a(*) is
ot = ol 4 E[yS(—yF(X))%"]

— 0+ gES(~a )] + Bl (S (P (X)) - S(—a )],
where ¢(*) .= Z <O(t) w*)P. Since © — &(—x) is 1/4-Lipschitz, we rewrite (3) as:
0 — 0 —yE[yS(~a®)g V]| < TE[|F(X) ~ yal®| - |y ]
< O(Cn)(a)PE[(CH PP yg 1] @)

< O (@V)PE[(C?*A0)*ly% ],

where we applied Lemma D.3, Induction Hypothesis B.1 and the fact that o(®) is small in the
penultimate inequality. Using Lemma D.4 and Lemma D.5, we have E[|y4()|] < O(1)E[y4 "]
which yields

|t — ol — E[y&(—a)g V]| < 0(n) (e )PE[(C*X)Py¥g ] )

(4) shows that when a(®) is small, we have a(**1) ~ a® + nE[y&S(—a(®))A]. Besides, we have
E[y¥ (t)] > 0 so a(®) increases. However, during this increase, the right-hand side of (4) increases
and this approximation does not hold anymore. Therefore, the sigmoid is approximately constant
when a(*) satisfies:

O(1)(a O VPE[(C220)y# V] < B[S(~a®)yg®] = a® < 2

C2rg’ 6)

O

LemmaD.2. Let Ty = © (W) For all t € [0, To], we have NY) = 0. Therefore, o' is
updated as

o) = o 1 e(nC)(GW)P (o).

Consequently, o) is non-decreasing and after Ty iterations, we have a®®) > CQ)\O for t="7o.
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Proof of Lemma D.2. Fort € [0, Ty], we know that the sigmoid &(—yF (X)) is constant. We apply
Lemma D.4 and Lemma D.6 to respectively bound $§ ®) and N(t) in the update of a(*).

o) — o® L o) ()P (GW)P, 7

We apply Induction Hypothesis B.1 and Q(C) > 0 and eP°V!eglog(d) < \ in (7) and obtain:

{a(tﬂ) > a® & @(nC)epolyloglog(d) (a(t))pfl ®
S

a(® + O(nC) A (alh -1

(8) indicates that a®) is a non-decreasing sequence. Therefore, there exists a time 7 such that

alT0) = 22(—2 Using Lemma K.1, the time 7 is equal to:

1
UC(OA(O) )pfl epolyloglog(d)

To =

+ (Ag)rePomestos@ | og (2300 . ©)
0

D.2.1 Auxiliary lemmas

In this section, we present the auxiliary lemmas needed to prove the main results of subsection D.2.
We first present a lemma that bounds the learner model.

Lemma D.3. Lert € [0,T]. The learner model F is bounded for all (X ,y) ~ D as:

yFA(t))U(t) (X) < @(1)(Cl+l/pa(t))\o)p.

Proof of Lemma D.3. By definition, the learner model is:

D
YFAw o0 (X) = y Z@(t)’ oy = Z (0®, 0D 4 2 w®, 0. (10)
i=1 i€Sy(x) 1#Sp(x)

We successively apply Lemma D.4, Induction Hypothesis B.1 and Lemma D.5 to bound (10).
YF a i (X) < (aD)P (C’@(DCF(t))p + o()\o)p). (11)

Finally, we apply Induction Hypothesis B.1 in (11) to obtain the desired result. O

We now present lemmas that bound § ) and .‘Mm.

Lemma D4. Lett € [T] and i € Syx). We have y{w*, Oi(t)>p = O(GM)P. As long as the
population risk is not o(1), we have s = COGOY forallt <T.

Proof of Lemma D.4. We apply Lemma G.3 and obtain:

P
y<w*,0§t)>p — DP ((A(t) +(C =1y 4 y=® Z Z 57,>
he[LI\{4(X)} resh

O

Lemma D.5. Lett € [T]. We have Zi¢SE(X) ylw*, Ogt)>p < o(Xo)P. In particular, this implies
N < o) forall t <T.
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Proof of Lemma D.5. We have:

S ol

ke[L]\{¢(X)} i€Sk 12
—DPZ > ( 5, + T D" 4, +~(t>[0y+ > Zé]) :
ke[L]\{£(X)} meSy, seSk\{m} he[LI\{£(X),k} T€SH

We distinguish two cases.

— 6, = 0forall r € Sy : we apply Lemma K.3 and obtain:

> Y wwr oy S N y(pE [Cy+2 Y )

k#4(X) i€Sk k#L(X) meS h#{{(X),k} T€Sh (13)
< D -0(DEWgDlog(d))P.
— Jr € S¢ such that §,, # 0: let ¢ € Sp. We apply Lemma K.4 and obtain:
yw*, 07 < O(DAY + O(TM))” - 15,540 (14)

We now sum (14) and apply Lemma K.3 to obtain:

Z Zy<w*,0§”>”<@(1}( A® £ o(1)r®)) Z Z|5|

k#0(X) i€SK k#0(X) i€Sk, (15)
< O(D(AY +0(1)r®))* gD log(d).

We finally apply Induction Hypothesis B.1 to have I'(¥) < \o/C'in (15) and get
3N ww*, 0% < ©(h/C)PgDlog(d). (16)

k#0(X) i€Sk
We finally plug (13) and (16) in (12) and obtain:

SN yw*, 0% < D-0(DEWgD log(d))” + O(Ao/C) gD log(d) < o(Ao).
k#0(X) €Sk

O
Lemma D.6. Lett € [0, Ty]. We have A =0
Proof of Lemma D.6. By definition of N(t), we have:
t
N( )
1
-5 ([ s-re) ¥ w0y - 1| - B srx) ¥ w007}y = -1
2 j¢52(x) j¢$e(x) (17)

~om(| ¥ w0y - ),
J€Se(x)
where we use &(—F(X)) ~ &(—F 40 40 (X)) fort € [0, To] in the last equality of (17). We now
show that each of the summands in (17) is zero. Without loss of generality, let’s focus on the first
summand. The same reasoning holds for the second one. In particular, for j € S; with k # j, we

now compute E[{w*, O§t)>p |y = 1]. Using the binomial theorem and the independence of the §,.’s,
we have:

1| -5 S0y

J¢Se(x)

E[{w* >p|y—1]
R

a=0 s€SK\{7} h#{(X),k} reSn
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For a even, we have p — a odd which implies E[(d,)?~%] = 0. Therefore, the summands with
even qa are zero. We now focus on the case a odd. We again apply the binomial theorem and the
independence of the 4,.’s to get:

E[(F“)Z 5, +20 [C +>) 5T]>a]

seSp\{j} h#£{(X),k} reSy

S Qerel( g o) el (ean | 2a)]

seSk\{s} h#{0(X),k} T€SK

19)

For b even, we have a — b odd. This implies that E[ (X5, () 55)* "] = 0. In the case b odd, we
exactly use the same argument and obtain:

E[(Oy +y D, 5r)b] =0. (20)

h#{0(X),k} r€Sh

(20) implies (19) is zero and which lastly implies (18) is zero. We conclude that E[{w™, Oj(-t)>” ly =
1] = E[¢(w*, 0]y = —1] = 0 and thus A" = 0

Lemma D.7. Let (X,-) ~ D and j € [D]. Assume that o) > v'/P=1)_ Then, we have:
Za A o1
o’ (D 3 s§,;<v,xk>) - @(1)(1) 3 s§7g<v,xk>)
k=1 k=1

Proof of Lemma D.7. We remind that the derivative of the activation function ¢’ (x) = pz?~! + v.
We first remark that for all 2, o’(z) = pxP~!. Besides, we have:

prPt v <

p

-1 1/p-1)
Spet T x>(21’) p. @1

In our case, we have z = Da(® 3" § (t,l<w* X:). Using Induction Hypothesis B.1, we have

< CXga®). Therefore, a sufficient condition for (21) to hold is oY) > /(=1 /(C\). Since
)\0, C « poly(d), we can simplify this condition as a(*) > /(=1

O

D.3 Event II: T'(*) significantly increases

In this section, we show the increase of a(*) for ¢ € [0,75] leads to the increase of I'*). At time
T1 > To, T® is significantly large.

Lemma D.8. Let 71 = Ty + @(neﬂ’%‘il”%(d)) For all t € [Ty, T), we have TV > %. This
zmplzesS = mMaxX,<T |9\£

Proof of Lemma D.8. Lett € [To,T] and 7 € [7o, t]. Using Corollary G.1 and Induction Hypothe-
sis B.1, 7(7) satisfies:

7(r+1) ( + Q(WC)( ) epolyloglog(d) 22)
Summing (22) for 7 = Tp, ..., t — 1 yields

t—1
W(t) > fy(To) + epolyloglog(d)Q(nc) Z (a(f))p. (23)
7=To
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We successively apply Lemma D.9 and (a — b)P > a” — pb for a « b to lower bound (23) to obtain:

t—1
Q1
A 5 (T 4 polsloglos@ Q) Y (025) A)P ~ o). (24)
T 0

T=10

We apply Induction Hypothesis B.1 in (24) to obtain a bound on T'(*).

) (7o) polyloglog(d) () N —
CT™ = CTV% exp (e Z C’QP)\g 0 77)))
) (25)
Q(Cc?) lyloglog(d)
> D eXP ( polyloglog(d) () () ; C’2p>\p -0 77)))

(25) shows that I'®) is an non-decreasing sequence. We thus deduce the time 7; such that CT(*) >
Q(No)/D.

C? olyloglog(d) 1) b
5 Xp ((epetviostos 2nC) (Ganyg — o) ") »
(26)
CQpAg )\0
— T = 7a+@<nepwogwwlog (cz>>

We now prove the second part of the lemma. We respectively apply Lemma D.4 and Lemma D.5 to
bound § and max, <7 \N(T) |.

59z 000p and  max A7) < o(A0)” @7
T<

(27) implies for all ¢ € [ 77, T], $“ > max, <7y A"

D.3.1 Auxiliary lemmas

In this section, we present the auxiliary lemmas needed to prove the main results in subsection D.3.

Lemma D.9. Let t > Ty. Then, we always have a®) > (5}2(1) —o(n).

(1)
C?Xo

(Lemma D.2). However, for t > Ty, a® may be non-increasing. Here, we want to quantify

Proof of Lemma D.9. For t € [0, 7], a® increases and eventually satisfies ot >

the maximum amount of decrease for ¢ > 7. The worst-case scenario is when a*) = 82(—2) We
bound o**V) by using Lemma D.4, Lemma D.10 and Lemma D.5.

a1V = ol 1 0 (C)(aGI)" = n(al) o(No)". (28)
We now apply Induction Hypothesis B.1 in (28) and get:
Q(1) epolyloglog(d) o (p)
C2x, VT CmeN T o

_ oM o)
02N, O

(t+1) >

(29)

Attime ¢ + 1, we potentially have ot < Q(l) In this case, o**1) starts to increase again because

it is in the range of «’s that satisfies Event I (zi)nd therefore the update rule in Lemma D.2 holds).
Q1)

Thus, for all t > Ty, we have a(®) > o — o(n). O
Lemma D.10. When the population risk is Q(1), we have E[G(—yF(X))] = Q(1).

Proof of Lemma D.10. Let (X, y) be a data-point. We distinguish two cases:
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— yF(X) > 0: we apply Lemma K.6 which implies &(—yF(X) > log(1 + e¥¥(¥X)). Since
the population loss is (1), this implies the aimed result.

- yF(X) < 0: we have necessarily S(—yF (X)) = (1) since the sigmoid function is large
for non-positive values.

Therefore, we have E[&(—yF(X))] = Q(1). O

D.4 Event III: o*) keeps increases again

For t € [To, T1], T*) increases until reaching CT(") > Q(\o)/D. In this section, we show that this
implies that o(*) increases again.

A

Lemma D.11. Let 71 = Ty + @(m) andt € [T1,T]. Since S(t) > max,<r |9\£(T)
updates as

a®

o) — o L o(nC)(GD)P(aD)PL,

Consequently, ") is non-decreasing until the population risk satisfies E(A(t), v(t)) < o(1). Eventu-
(1) _ poggi\g(d).

ally, o) is as large as o .

Proof of Lemma D.11. Since s > max,<r |9\[(T)| (Lemma D.8), the update of a(*) is:
ot — ol = 0(nC) (o)1 (GWVPE[S (—y F (X)), (30)

Since the population loss is at least Q(1) for ¢ € [7;,7], Lemma D.10 implies that
E[6(—yF(X))] = £(1). Besides, we apply Induction Hypothesis B.1 and Q(C) > 0 and
epolyloglog(d) <\, in (30) and obtain:

Oé(t+1) > a(t) + 6(nc)epoly10glog(d)(a(t))p—l 31
o+ < a® + @(nc))\g(a(t))pfl (31)
(31) and Lemma D.12 show that a(*) increases until reaching a(*) < %ﬁw)
O
D.4.1 Auxiliary results
Lemma D.12. The values of o such that E[S(—yF(X))] = Q(1) is
- polylog(d)
S0
Proof of Lemma D.12. We say that the sigmoid term is small for a constant « that satisfies
d 1

Intuitively, (32) means that the sum of the sigmoid terms for all time steps is bounded (up to a
logarithmic dependence). In our case, by using (32) and Lemma D.3, the sigmoid &(—yF (X)) is
small when

polylog(d)

T2 53

(C%aXg)? = polylog(d) = a >

O
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D.5 Convergence rate of the population loss

Lemma D.13. Let t € [T1,T|. Then, the population loss linearly converges to zero i.e.

lylog(d)
ﬁA(t (t) polylog 34
A < e GY

Proof of Lemma D.13. To ease the explanation in this proof, we use the Q, (:), O notations to hide the
logarithmic dependence. We hide for instance the constant C' under this notation. From Lemma D.11,
we know that o*) is lower bounded as:
ol = o+ 0(n0) (o) H G VE[S(—yF(X))]- (35)

Using Lemma D.3, we have E[&(—yF(X))] = &(—(a¥G®)P). Plugging this in (35) yields:
) (a®)p=1(G#))p=1

1 + exp((aWG®)r)’
Since 0 < aWG® < O(AF™),we apply Lemma K.5 and get:
Q t t)\p
Q0 G log(1 + e~ @Gy, (37)

Ao

Lemma D.8 implies that G®*) > Q(\o). Therefore, we have:

oD > o L e(na@ (36)

ot > o® 4

Q t t)\p
! 3

Let’s now assume by contradiction that for ¢t € [77,T], we have:
—(a“)G(”)p) > — 2@) , (39)
A (t—Ti +1)

For t € [T1,T], we know that o) G® is non- decreasing which implies that (o (t )G(t)) is also
non-decreasing. Since x — log(1 + exp(—=x)) is non-increasing, this implies for s < ¢ that

(1)

log(1+e

YY) () Ggp
— 5 < log(1 + e (@) Llog(1 4+ e~ (@7¢ "), (40)
A (¢ = Th)
Plugging (40) in the update (36) yields for s € [T, t]:
Q@1
a(s+1) - a(s) + ( ) 41)

MNE—-T+1)

Lett € [T1,T]. We now sum (41) for s = Ty, ..., t and obtain:
(1)(?5—71 +1) _ Q1)

P VAL
ot—=T1i+1) Ao

(:2( )/(CXg) > 0 (Lemma D.2) in the last inequality.

Q(1/M5) > 0. Let’s now show that (42) implies a

alt+D) 5 () 4 (42)

where we used the fact that a(71) > o(70) >
Therefore, we have for ¢t € [T;,T], ¥ >
contradiction. Indeed, we have:
AP (t —T; + 1) log(1 + e_(a(t)c(t))p) < AT log(1 + e_("(t)G(t))p)
< AT log(1 + e M), (43)
where we used G > Q()\g) (Lemma D.8) and (42) in the last inequality. We now apply Lemma K.6
and obtain:
, AT
DA (t = Ti + 1) log(1 + ¢~ @7¢7") < #@(1)) “
Given the values of T', 7, Ao, we finally have:

AP (t—T1 + 1) log(1 + e~ @Gy < (1), (45)
which contradicts (39). Therefore, we obtain the convergence rate:

na o1
log(l + 6_(a( Gl ))p) < # (46)
Gt —Ti+1)
We apply Lemma D.14 to bound the left-hand side of (46) and get the aimed result. O
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D.5.1 Auxiliary lemmas
Lemma D.14. Lett € [T1,T]. We have:
O(1)log(1 + e~ ") > £(AD »®).

Proof of Lemma D.14. The proof is similar to the one of Lemma D.3. We apply Lemma D.4,
Lemma D.8 and Lemma D.5 and get:

YFA® w0 (X) = (@©) (C(G)7 = o(M)?) = O(1) (@G ). )
Using (47), we deduce:

E[log(1 + e VFam 4 (X))] < log(1 + e—@(1)(a“>G<”)P) < O(1)log(1 + e—(a(t>G(t>)p>7 (48)

where we applied Lemma K.7 in the last inequality. O

D.6 Fitting the labeling function

We now show that the learner model fits the labeling function.

Lemma D.15. After T iterations, the population risk converges i.e. LA™, v(T)) < O(1/poly(d)).
Therefore, Pp[f*(X)Fa® 40 (X) > 0] = 1—o0(1).

Proof of Lemma D.15. Since the logistic loss is a surrogate for the 0-1 loss, we have:

Ep[1, (x)<0) < Ep[log(1 + e~ a0 2 )], (49)

Fa) o)

We now apply Lemma D.13 to bound the right-hand side of (49). Given the value of T', we have:

polylog(d) - 1
AT = poly(d)’

We now use (50) and Definition 2.1 to show that the learner model fits the labeling function. Indeed,
we rewrite Pp [ f*(X ) Fa(r) ) (X)] as

Pp[f*(X)F o) o) (X)] = Pplyf*(X) > 0]Pp[yFacr) 4 (X) > 0]

>(1- diw{l)) (1 B poli(d))

—1-o(1). (51)

PolyFac) o (X)] = Ep[lyr, ) o0 (x)<0] < (50)

D.7 Proof of the induction hypothesis

In this section, we prove Induction Hypothesis B.1.

Proof of Induction Hypothesis B.1. We start by proving that |p(*)| = ©(1) for all ¢ € [T].
Lett € [T1,T] and 7 € [t]. Using Corollary G.2 and Induction Hypothesis B.1, we upper bound

(7] as:

o(C ApH
0] < 7]+ T @ (14 20, 52
Summing (52) for 7 = 0,...,t — 1 and using p(®) = 0 lead to
e(C MY o
"] < "Té) <1 + %) Sy (53)
7=0

We now apply Lemma D.16 to bound the sum of o(!)’s in (53).

1 1
PP <6 (D + > ) (54)

(a(O) yp-1 ()\O)pepolyloglog(d) epolyloglog(d)
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Given the values of the different parameters, (54) implies that |p(*)| < ©(1).

We now prove ¥ ¢ [©(1), Ao]. Since 7" is non-decreasing (Corollary G.1), we have ¢ >

> Q(1) for all ¢ = 0. We now prove the upper bound on " We assume that for all 7 < t,
e < Ag. Let’s show this inequality for ¢ + 1. Using Corollary G.1, we have:
7 < P exp (@(Cn)(a(t))pp(t)(G(t))p—1>

t (535
— exp (@(Cn) 3 (a(T))PF(T)(G(T))pfl)

7=0
We now apply the induction hypothesis in (55) and get:

’Y(t+l>

< exp (0(Cn)(a )T GOy

» t
e ( )\CU Z p) 6

K
(=)

T

< exp ( )\an Z p)

=0

K

We apply Lemma D.16 in (56) and obtain:

@+ _ o 1 AP
S oxXp (Dp(a(O))p—lepolyloglog(d) + Dp—lepolyloglog(d))

Ao
= 0(1)exp <Dp_1epoly10g10g(d))

p 2p
<O (1 + Ao + Ao ) , (57)

Dp—1gpolyloglog(d) D2(p—1) gpolyloglog(d)

where we used the inequality e* < 1 + x + 2 for < 1 in (57). Given the values of the different
parameters, we deduce that e < Ao

We now prove B = epolyloglog(d) for ¢ ¢ [0, 7). Since 5 is not updated i.e. 3 = 5O and
B8O = gpr = polyloglog(d), we therefore have the aimed result.

Lastly, we prove that e + (C— l)e“’(t) + (D — C)e”(t) = O(D) fort € [T1]. Since " > O(1),
P = = 0(1) and B > ©(1), we have:

A (-1 +(D— )" = 0(D). (58)
On the other hand, we have e < g, e = epolvloglog(d) and ¢ = ©(1) which imply:
eﬁ(t) i (O _ 1)6,),(0 " (D _ C,)ep(t) <e polyloglog(d) + (C _ 1)/\0 + (D _ 0)9(1)
<Cho+ (D—-C)O(1) (59)
<O(D).

O

D.7.1 Auxiliary lemmas

Lemma D.16. The sum of the ") ’s is bounded as:

T

Z aMyP =0 ! + D .
nc(a(O) )pfl ()\O)pepo]yloglog(d) Cnepolyloglog(d)

7=0
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Proof of Lemma D.16. We first decompose the sum of a()’s.

T To—1 Ti—1 T
Z ()P = Z (aMYP 4 Z (a™P 4 Z (M. (60)
=0 =0 7=To =T
We apply Lemma D.2 and Lemma D.8§ to rewrite (60).
T
o(1) log (Mo)
(Thp —
Zo(a ) - nc(a(o))p—l()\O)pepolyloglog(d) + nepolyloglog(d) + Z’T (61)
T= =N
Now, we aim to obtain the value of the last summand in (61). Using Corollary G.1, we have
T
T > 0T exp (C”epolyloglog(d) > (am)p) , 62)
D
7=T1
We finally apply Lemma D.8 and Induction Hypothesis B.1 in (62) to get:
T
o(D)
Z ( (T)) olyloglog(d (63)
= Crnepolylog g(d)
To obtain the aimed result, we plug (63) in (61) and use logho) o o(D) O

nepolyloglog(d) N Cnepolyloglog(d)'

E From idealized to real learning process

In Appendix D, we analyzed the ideal learning process. We now aim to bridge the gap between the
idealized and realistic cases. Given our initialization, ©(*) has a component in span(w*)* i.e.

50 = 40" 4 Oy
where u® € R? such that u® 1 w* and |u |, = 1. Thus, one main difference between the two

cases is that we initialize a(®) > /(=1 in the idealized case while &(°) < w. Thus, the proof
strategy consists in i) € [0, 7], @® increases until having @) > v*/(P=1 (subsubsection E.1.1)

while 5(t) (subsubsection E.1.2) and A(t) (subsubsection E.1.3) stay tiny. ii) t € [, T'], compare the

realistic and idealized iterates. We remmd the GD update of &(*).
at+) _ 5@

N D
=03 DS (~ylIFX[D) Y 0 (X 8. x )2 S w*, X, i)y
=1 JESuxpy k=1
§<:> (GD-@)
N D
s Y lS (—yFX)e (Y] 8060, Xuli) 3 81 w™, X, [i])
i=1 k=1 r=1

E.1 Bound on the iterates during the initial steps (¢ € [0, 7))
Since we randomly initialize ©(?) with tiny variance, we need to take into account the linear part of
the activation function. Lemma E.8 shows that we can overlook the power part of the activation and

consider o(x) = vz as long as @) > p/(P=1),

E.1.1 a® initially increases

LemmaE.l. Let 7 — © (nD(H) RIS E— ) Forall t € [0,.7], & is updated as
At = 3 4 9(n)e?

Consequently, @) is non-decreasing and after 7 iterations, we have &) = v"/®=1 fort > 7.
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~ ()
Proof of Lemma E.1. Lett > 0. We apply Lemma E.5 and Lemma E.6 to respectively bound §
—~(t)
and AL~ in the update of &*).

at ) = 3 L o(Cnr)e”. (64)

(64) indicates that &(!) is a non-decreasing sequence. Therefore, there exists a time .7 such that
&(?) = 1/ Summing (64) fort = 0, ..., 7 — 1 yields T — @(W) 0

E.1.2 Boundonc¢,

We now show that for ¢ € [0, 7], the orthogonal component gS,” stays small.

Lemma E.2. Assume that we run GD on the empirical risk (E) for T iterations with parameters set
as in Parametrization 3.1. For t € [0, 7, the orthogonal component ,, satisfies

et < (1 + nuipdyw))sﬁf) +n¢,

Vd

poly(D)

where ( = TN

Proof of Lemma E.2. LetP = (I—w*w* ") and ) = @®w*. The projected update of ¥ satisfies:
[P5+Y — P5®)|,

1 N D D R
<Dyv| = D ylilS(—y[iFs(XTiD) Y ) S PXli] (65)
i=1 m=1b=1
r D
—E|yS(—yF3(X)) >, > 8\, PX, (66)
L m=1b=1 2
D D R
+ Dy E[yG(ny,(X)) P Sfi?bPXb] (67)
m=1b=1
r D D N
—E|yS(—yF;(X)) Y. ] SW?bPXb] . (68)
L m=1b=1 2

Summand 1: |(65) — (66)||2. Using the matrix Hoeffding inequality, we have with high probability,
I81) — (82)]2 < 164/log(d) S, M2, where

2D S (—y[i] Fe(X D) X0 S, 89, PX{"|" < MP?. Induction Hypothesis B.1 and
IPX{ |, < o2dlog(d) imply M2 < %W(D) We deduce that (65) — (66)] 5 < n22AP).

Summand 2: [|(67) — (68)[2. We use the 1-Lipschitzness of the sigmoid function and get:
1(67) — (68)“2

<nv|E

a=la'=1 a=la'=1 2
D D R D D R D R
<@<nuD>E[ SH. 3D Y 80w =50, X, ) 8, |be|2]
m=1r=1 a=1 a'=1 ' b=1
D D
O(nvD)E [ Z Aol [(ul®) Z 2 /\0||£b|2]- (69)
m=1 =1 b=1
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where we apphed Induction Hypothesis B.1 in (69). Since with high probability, ||£ (2 < o/dlog(d),
[(u®, P &)| < +/Dlog(d)o, we finally have:

ly(D)

67) — (68)||2 < nv - poly(D 55,% = VLES)t).

1(67) = (68)]2 < 1w - poly(D) ™

Combining the bounds on Summands 1 and 2 yields the aimed result. O

We now use Lemma E.2 to show that ¢,, stays small.
Lemma E 3. Forallt < 7, e <w dlog(d) + Vl/(p_l)%\/(ﬁm. By setting N = poly(d), we
have: e < 1/poly(d).

Proof of Lemma E.3. Unraveling Lemma E.2 fort = 0,...,.7 and using 5 < wa/dlog(d) (with
high probability) leads to:

(1 + nupOIY(D))y -1
() < wr/dlog(d) + qi¢ e < wy/dlog(d) + 2T vC, (70)
W=

where we used (1 + x)¥ < 1 + 2yz for z « 1 and y > 0. Plugging the value of .7 in (70) yields the
aimed result. O

E.1.3 ﬁ(% stays small

We finally show that ﬁ((lt)b remains tiny for ¢ € [0, 7).

(t)

a,b

< wy/dlog(d) + 222

Lemma E4. Lera,b € [D]. We have \A P

Proof of Lemma E.4. We remind that the GD update of A( b is

N
AU = AN 4 PTNSY o (= [ P(X[E)SY) D) 89,30, Xoli] — Xuli]). (71)

7 Nz 1 m#b
The proof is by induction. We assume that ﬁ[(f)b < wa/dlog(d) + @(VZ:;U). We first apply

Cauchy-Schwarz on (71) and get:
ALY <A + 0S8 Y SO 189 (72)
m#b
Using the induction hypothesis, we have g((lt; < ©(1)/D. Thus, we have

A0 < A0+ 20 oy, < 40+ OWD oz (e gy

We sum (73) and get:

AT <140 + 2205 oy 1 (D) (74)
=
We now use Lemma E.1 and Lemma E.3 in (74) and get:
|A | wy/dlog(d) + @(V;/:;l))\/,ﬂ/(l)—l) + <w dlog(d) +V1/(p_1)1)()\1yﬁ?>2
< wy/dlog(d) + %{?1)). (75)
O
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E.1.4 Auxiliary lemmas

Lemma E.5. Let 7 be the time where & > v~V Let t € [0,.7], i € [N] and j € Sy x[i))-
We have:

yliw*, O [i]) = ¢”.
()
This implies S~ = CeP forall t € [0, 7).
Proof of Lemma E.5. We successively apply Lemma E.4 and Lemma K.3 to get:

y[z’]<w*,o§f>[i]>—D(§§f;+ > Sl Y 95-?26,«)
keSy(x i) h#0(X[i]) reSh

> @(epolyloglog(d) 4 @(C’ -1) - @(1) Z Z 6h7r> (76)

h#0(X [i]) r€Sh
>0 (epolyloglog(d) +0(C—1)-0(qgD log(d))> (77
> epolyloglog(d).

Similarly, we also have y[i][{w*, O;ﬁ [i]) < epolvloglog(d), O

— ()
Lemma E.6. Lett € [0, 7). Assume that N = poly(d). With high probability, N. ~ < 1/poly(d).

Proof of Lemma E.6. During this time phase, the sigmoid stays constant. Therefore, we have
(¢

)
E[A_ ] = 0. Therefore, we apply Hoeffding inequality and Lemma D.6 to get:

—(t)
A < \/8N log(d) max M2, (78)

a.
€[N

where A; is a constant such that ‘% 2j¢8£(x[i])y[i]<w*7 Oj(_t) i) < M; < %(QD), Since N =

—(t)
poly(d), we finally proved . ~ < 1/poly(d). O

Lemma E.7. Lett < 7. The sum of &9 ’s is bounded as:

t
2 A =ta® 4+ O(nv)e’t?. (79)
7=0

Proof of Lemma E.7. Let T € [0,.7]. We sum the update rule of @) (Lemma E.1) and obtain:
alm) = al® + 0(Cnr)e’r. Summing again this update yields the aimed result.

O
Lemma E.8. Let (X,-) ~ D and j € [D)]. Assume that @ < vY/P=1), Then, we have:
Do O(v) ifa® < /-1
(DN 8%, x ) = ~ p—1
( kgl J,k< k) O(p) (D Zszl S;f%ﬁ Xk>) otherwise

Proof of Lemma E.8. We remind that the derivative of the activation function o’/ (x) = pz?~* + v.
We first remark that for all z, o/(x) > v. Besides, we have since p — 1 is even,

2v\ 1/ (p—1)
prP~l v <3y = |z| < (—V) . (80)
p
In our case, we have + = Da® ZkD=1 §j(t,1<w*,Xk> Using Induction Hypothesis B.1, we

have |z| > epPoWlogloe(d) () Therefore, a sufficient condition for (80) to hold is a(¥) <
p1/(p=1)g=polyloglog(d) ~Gince epolvloglos(d) « poly(d), we can simplify this condition as a(*) <
v¥/(P=1) Proving the second part of the lemma can be done as in the proof of Lemma D.7. O
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E.2 Coupling between the semi-idealized and realistic processes (t € [7,T)

In this section, we aim to bound the realistic iterates A( ) and 5 for t € [7,T1]. For this reason,
we introduce a "semi-idealized" learning process (subsuésectlon E.2.1) which may be viewed as a
mid-point between the idealized and realistic process. We first bound the iterates in this process.
Then, using this process, we show that 55,t) (subsubsection E.2.2) and A(t) 1= MaX;x; \A(t} (t)|
(subsubsection E.2.4) stay small. Here, A ; 1s the semi-idealized attention matrix coefficient. Finally,

since 55, and A( are small, the final 1terates a™ and o™ are equal (subsubsection E.2.6) and
thus, the model ﬁts the labeling function (subsubsection E.2.7).

E.2.1 Defining the semi-idealized process

We define an intermediate learning process that we refer to as the "semi-idealized" process. This
process starts at time ¢ = 7 involves two parameters: the semi-idealized value vector ¥ and

semi-idealized attention matrix A defined as

— the value vector ¥ is fixed and satisfies ¥*~7) = aWw* fort € [.7,T).
- ng;g) is a trainable parameter and is initialized as ZEOJ) = Ofor¢ # j.

Therefore, the only trainable parameter in this process is A. In the semi-idealized process, we
minimize the population risk

~

min Ep|log (1 + e_yF(X))] .= L(, A). (P)
A

We remark that such process present similarities to the idealized case. In particular, it satisfies all the
invariance and symmetry properties from Lemma 4.1. We thus define

_ AW ¥ forall £ € [L] and i, j € S.

- Altj) = p forall ¢,m € [L] such that m # £ and i € Sy and j € S,y,.

Therefore, 5*) and p*) are respectively updated as in Lemma G.1 and Lemma G.2. We define also
the softmax terms

/v\(t) = eﬁ f‘(t) = e’\(/(t)
ef +(C —1)e?” + (D — C)er”’ ef +(C —1)e?” + (D — C)er?”’
0
20 = < G® = DAY + (C — )T V),

ef +(C—1)e¥” + (D —C)er?’
We finally assume Induction Hypothesis B.1 for this process. This latter can be proved using the
same arguments as in subsection D.7.
E.2.2 Realistic dynamics are mainly on span(w*)

We previously showed in Lemma E.3 that e( ) i

small during the whole process.

is small in the initial steps. We now show that it stays

Lemma E.9. Assume that we run GD on the empirical risk (E) for T iterations with parameters
set as in Parametrization 3.1 and the number of samples is N = poly(d). Then, oY mainly lies in

span(w®*) i.e. fort < T, e < < 1/poly(d).

We now proceed to the proof of Lemma E.9. We first characterize the recursion satisfied by E(t).

Lemma E.10. Assume that we run GD on the empirical risk (E) for T iterations with parameters set
as in Parametrization 3.1. Then, 5 sattsﬁes forte|T,T]

poly(D)

ly(D
2D < (1 4+ n(a®yr- 1POY7())55;)+,74, where ¢ = P22

Vd
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Proof of Lemma E.10. Let P := (I — w*w*"), v® := aWw* and t € [.7,T]. The projected
update of ¥ satisfies:

|\Pf;<t+1> — P,

D D p—1 D
<y 2 DUAS(IR(XTD) Y (DY 80,60 X0) X80P0 61
m=1 r=1 b=1
D D R p—1 D
—]E[DyG(—yFﬁ(X)) > (P 38060 x0) 3sex] )
m=1 r=1 b=1 2
D D R
+n‘E[DyG(yFa(X)) > (D > Sfﬁ3r<"7(t)7XT>) Z S PXb] (83)
m=1 r=1
D D R -1 D
—]E[DyG(—yFa(X)) > (D > 5,%<%(“,Xr>> Z be] (84)
m=1 r=1 b=1 2

D p—1 D
’ [DyG —yFy(X Z( Zs@ o) X>) Z@(QbPXb] (85)

b=1

D p—1 D
—E[Dy@ —yFy(X)) Y] ( Z SORCICED ¢ >> D §7(2bPXb]
m=1 b=1

r=1

(86)

2

Remark that (86) is equal to zero because E[P X, ] = 0 for all u € [D].

Summand 1: |(81) — (82)||2. Using the matrix Hoeffding inequality, we have with high probability,
|81) — (82)]2 < 164/log(d) XN | M?, where

. . S ~ . p71 = .
B (—y i1 Fa (X (1) Ly (DX 80,60, X, (1)) 2, SiuPX.]
Induction Hypothesis B.1, Lemma D.11 and [P X, [i]||2 < o%dlog(d) imply M? < %. We

deduce that [[(81) — (82)||]2 < n%\/(ﬁm_

2
‘2 < M?.

Summand 2: [(83) — (84)|2. The function z — zP~1is (p — 1)MP~2 Lipschitz on a bounded
domain [0, M]. We apply this property and (p — 1) max,,e;p) (D X7, S 0 (5® XT>)p_2 <
(@®)P=2poly (D) to get:

1(83) — (84) |2

<n(@a®)yr 2poly(D)El

Mo

D
CONIGRIIRIS SRS sf,i?bmxbb]

b=1

,_.

3
Il
—_

NS

D Do

,_.

3
Il

—

D
<n(&‘”>”‘2poly(D>E[ SO, D, X, - Z ] (87)

With high probability, [€,[2 < o4/log(d) < +/log(d)/d, [{u®, &,5| < /log(d)o. We thus get:

p—2 poly(D) £(0)

83) — (84 (®) )
[(83) — (84)[|]2 < n(a'”) N

(88)
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Summand 3: ||(85) — (86)|2. We have:

1(85) — (86)]2
p—1 D R
lDy D ( Z SORCION ¢ >> >80 PX,
m=1 b=1 (89)
D
[e(_yz 380 G0, x,) ) -e(- V(0 80, A<t>,xa,>)p)ﬂ |
a= a'=1 a=1 a’'=1 2
We apply Lemma E.12 to bound the local change of the sigmoid in (89) which yields:
1(85) — (86)[2
D p—1D D D
<%m[2<2 L0.5)) T R 3 B 0, x| - 2SIl
m=1 r=1 a=1 a’'=1
D p—1D D D
<0(nD?) [2 (D25<t> 0 x >) > SM Du®, X, Z |PXb|2]
m=1 a=1la'=1 b=1

(90)

We apply Induction Hypothesis B.1 to bound the softmax terms in (90). Besides, with high probability,
we have |€]l2 < o/dlog(d), [{u®, €.) < v/log(d)o. Thus, we have:

~ _ oly(D) , . _
|@®—@®2<n¢mexd%p%9a<npjg>mmw1#> O
‘We combine the bounds on the three summands to obtain the recursion of Es,t). O

We now prove Lemma E.11 that gives the final bound on eﬁf ) fort < T.

Lemma E.11. Forall t < T, ey < O(225%). By serting N = poly(d), et < ot

Proof of Lemma E.11. We bound ) in the following two regimes: ¢ € [.7,.7 + To] and ¢ €
[7 + To, T1.

First phase: t € [T, 7 + ’76] Unraveling Lemma E.10 fort = 7,..., 7 + 75 leads to:

T+To

(t) (7) 5 ~(r)yp—1Poly (D)
€y’ < [6,” + 77(76] leg (1 +n(a'™)? N
Foe1 ©2)
< [ 1T 1 amye— 1poly(D)>.
<kv+mma££(+< peit

Lemma E.20 provides the update of @*) during this time phase. We thus apply Lemma K.2 to bound
the product term in (92).

To—1 npoly(D)
Ay (e YT
H)<1+n( ) Tl ) s 1+C2(p*2>)\§*2 <O(1). (93)
(9+To)

Plugging (93) in (92) yields a bound on &4

7+ < 0(1) (47 + 1¢To). (94)
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Second phase: t € (7 + 7VB,T]. Lemma E.23 shows that &*) gets updated until t = T3 < T.

Therefore, we have 5(T) (ngTZ). Unraveling Lemma E.10 fort = . + ’76, e T+ ’75 and
using a(*) < %Og() for t < T leads to:

lylog(d) poly(D) =T
. 1 4 molylog(d) poly > _1
L(T+T) < <1 npolylog(d) poly(D)) 2 Og(y+7‘0) e < Yo vd
v = p—1 v npolylog(d) poly (D)
Ao vd Y Vd
95)
ince T — T, AG polylog(d) poly(p) ) 7270 T
Since T2 — To < ;mentogmeray» We have (1 + BV ) < O(1). Simplifying (95)
yields:
= ly(d
e(7+T) <O(pi/yf\(])). (96)
(96) implies that we need N = poly(d) samples to have e <1 /poly(d). O

E.2.3 Auxiliary lemmas

In this section, we prove the Lipschitzness of the function appearing in the proof of Lemma E.10.

Lemma E.12. Let 1): R? — R defined as i(x) := &(— Z _1 %) and p = 3 be an odd integer.
Assume that x2, = —1/D. Then, 1 is p-Lipschitz i.e. for all x,y € R, [¢(x) — ¥ (y)| < pl|z -y

Proof of Lemma E.12. Letl € [D]. The derivative of ¢ with respect to a variable x; is:

—1 D p—1
0% (1 +exp(X_, fcm))2 1+ exp(X,n_; )

(97) implies a bound on |V ()| . Indeed, since Zm 1 2P > —1, we have:

D -1

m=1YTm)"

V(@) < p—m=rllin) <p. (98)
"4 exp(S0_, (yen)?)

(98) shows that 1) is p-Lipschitz. O

E.2.4 Ag) stays small during the learning process

Here, we bound the gap in attention coefficients between the realistic and semi-idealized cases.

Lemma E.13. Assume that we run GD on the empirical risk (E) for T iterations with parameters set
as in Parametrization 3.1 and the number of samples is N = poly(d). Then, the attention matrix in
the realistic case is very close to the semi-idealized one i.e. fort € [T, T,

1

AY = max|A® a0 < L
A I{lj:JX‘ 1, | poly(d)

We now detail the steps to prove Lemma E.13. We first provide the recursion that Ag) satisfies.

Lemma E.14. Assume that we run GD on the empirical risk (E) for T iterations with parameters set
as in Parametrization 3.1. Then, the discrepancy A 4 satisfies fort € (7, T],

AE;H) < (1+ nR(t))Ag) + npoly(D)oe®) + ¢,

where Aff) < |/A1£J7)| R®) — O(c)(g(t))p—lf‘(t)(a(t))p and ¢ = %\/(ND)'
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Proof of Lemma E.14. In this proof, we maintain the hypothesis that A ) s small. We will eventually

prove this statement in Lemma E.15. Let a, b € [D] such that a # b. Using GD, A::l) Agﬁ:l_‘?)
satisfies:

’A(H—l) A/((;;_I_g)| < |121‘(t) B A’(t—ﬂ)

D . . t) /() (t) t) :
1Ky IS (il 4(XTD) (P Z S0G0. X[ ) 5 ) 381946, 000 - X 1)
99
D
—E[Dye(—yn A(X (D P RECIR ¢ >> s“) 1 SEY, X, - T>] (100)
c=1 r#b
D R pf} R B
+ n‘E[DyG(—yF@, A(X)) (D > SE, Xc>) SO 3 8@, X, — X, (101)
c=1 r#b -
-E [Dye(—yFM(X)) (D M 8@ X >) S“) M ST, X, — 0” (102)
c=1 r#b
D pl ~
" DU'E[yG(—y o) (D 3 306, x0 ) S8 X 300 % - x| a0y
c=1 r#b
D o 271(7 o
|8y 400 (D 3 BT, X0 )57 B Bl %, - %0 |
c=1 r#b

(104)

‘We now bound the three summands above.

Summand 1: {(99) — (100)|.

We apply the Hoeffding inequality. With high probability, we have:
199) — (100)] < 222,

Summand 2: |(101) — (102)|. Since E(vt) is small (Lemma E.11), we can show that:

D R —1. R
|(101) — (102)] < nDE[(D >3 S0@D, Xc>)p S8, X, — Xr>|]s$f>. (105)
c=1 r#b
With high probability, we have (u(*), €,) < o+/log(d). Using this fact along with
D A o p—1 N
D‘ (D Zc:l Sl(ltx)c<v(t)’ XC>> S((Lt,l)) ’ Zm&b t)r

a7

< poly(D), we further bound (105) as:

[(101) — (102)| < npoly(D)ePa+/log(d (106)
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Summand 3: |(103) — (104)|. We have the following decomposition.
|(103) — (104)|

D p—1
<n\E[Dy6<—yF,;,A<X>>(DZ 3f1<5<f>,xc>) SifiZSéfl@“%xb—Xo] (107)

r#b

c=1

—E[Dy@(—yF,;,g(X))(Di§a,c< c>> S“ > SO@EY, X, — »] (108)

r#b

Mo

RGNS e >> S“) PITRECIID ¢ X»} (109)

r#b

D p—1
- E[Dyc‘s(—yF{,ﬁ A(X)) (D > ST, Xc>) S 80w, X, - X»] ‘ (110)
r#b

D p—1
n n\E[Dyc‘s(—yFﬁ, A(X) (D S B G0, Xc>) S0 ) 80,0, x, - X»] (a1

D p—1
| Dys(-yF; 00 (D 3, 57, Xc>) 50, % 37, %, - x| an

S, X, — X>” (113)

c=1 7735
D o pv y

_ E[Dyc‘s(—yF,v,, (X)) (D S BT, XC>) 50T 3 50, x X»] \
c=1 r#b

(114)
We need to distinguish two sub-cases: a,b € Sy and a € Sy, b € S, with £ # m.

Subcase 1: a,b € ;. The proof of Lemma G.1 highlights that when a, b € S, the event with
largest gradient is event a: "¢ = ¢(w(X))" which happens with probability 1/L. Therefore, to
simplify the calculations, we will only take into account this event. We first bound [(107) — (108).
We successively apply Lemma E.12 (Lipschitzness of sigmoid) and Lemma E.17 (Lipschitzness of
softmax) and get:

1(107) — (108)]

< G(HD)E [ D 2 A(t) ~(t) X v a(t) SRS S(t 7) A 5(t) X S 5 (t) X
= L Z a,c<v ) C> a,b Z Z | L c! | |< >| Z a, r|< b —
L c=1 c=1¢'=1 r#b
r D —1 D D
o(nD) () 35 (0) " 5=7)1,28% 111050 5O 150 X, —
< L E DZ ac<v 7XC> a,bE 2 Sc c! | ].H<’U 7XC’>‘ Z Sa,r|<v 7Xb
L c=1 c=1lc'=1 r#b
_ D -1 D D
e(nD) 1) 35 (0) e (=) /50 30 15D X, —
< L E D Z Sa,c<v ’Xc> a,b Z Z Sc,c’ |<’U ’XC/>‘ Z Sa77‘|<v ’Xb
- c=1 c=1c'=1 r#b

(115)

O(na®xgD?) CP Pl Ay
<R (DY SO XD ) S Y S0IEY, X,

c=1 r#b

a]Afj). (116)

where we used e24’ — 1< 2AE£) in (115) and Induction Hypothesis B.1 in (116). Using Lipschitz

inequalities, we can further expand (116) as a function of the coefficients from S® and AE;)
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However, AE;) is small and we only want terms of order 1 in AE;) in (116). Therefore, the only term
of order 1 that remains is:

(107) — (108)|

O(na® g D? D . . P = -
< ORI (1) 0oy ) Fi 3,0, o
c=1 r#b
(117)

Bounding the expectation in (117) as in the proof of Lemma G.1 yields |(107) — (108)] < nR(t)AE;).
We now bound [(109) — (110)|. We therefore apply (Lemma E.16) and get:

(109) — (110))| (118)
©(nD D o -1 o .
<(L)E[(D215,§fc 9><v<t>,Xc>) |e2r-D8%" 118 N 8050, X, — X, | a
e= r#£b
(119)
O (nD) Sy P a0 N 50 s :
<——E DC; @0 Xy ) 80 Y 80, X, — alAD, (120)

r#b

where we used 62(17*1)A(j) —1<4(p—-1)AY AW in (120). We can further expand (120), keep the

terms of first order in A 4 and get |(111) — (112)| <nR® AS .

We now bound |(111) — (112)]. Using the Lipschitz property of the softmax (Lemma E.17), we have:
(111) - (112)]

D pt © o -
<QK ZSU%@”XQ<, 3% 1] B 60, %, - X
c= r#b
@( . v(t p:(%) St—T) | /5 (1) (t)
< Z (- LX) S 3 8T ,Xb—XT>|‘a AD 21

= r#b

where we used ‘BQAAt) -1 < 4AE¢§) in (121). Using the same arguments as above, we obtain

(111) — (112)] < pROAY)

The bound on |(113) —(114)| can be derived as above. We again use the Lipschitz property of softmax
(Lemma E.17) which leads to

B O(nD) (t—T) /(1) p t-7) S(t—T) | /5(t) _ (®)
(113) — (114)] <« =~ ZS @Y, X0y ) Sy 7 ST, X - Xl |a|A

c=1 r#b
<nROAW. (122)
Subcase 2: a € S, and b € S, with { # m. The proof is analogous to
the Subcase 1. We only take into account event a: "¢ = {(n(X)) and §; = 0"
and Event e: "¢{,m # {(n(X)) and 6; = 0 and ; = 0 and show that |(103) —
(1049 < pROAY where RO = 0(@®) (DAWA® + (C - 1)rW))’ 2O 4

0(a") (Da® gD log(d)=")" " 2O gD log(d).

Putting all the pieces together. Given the value of the parameters, we know that R() < R(®)
for all ¢ € [T']. Therefore, Summand 3 is bounded as:

(103) — (104)] < nROAD. (123)

Conclusion. Plugging the bounds on Summands 1, 2 and 3 in the original decomposition of
|A (t+1) Afj;lfy) yields the bound on AE;). The second part of the lemma is obtained using
Lemma E.15.

O
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Lemma E.15. Let N = poly(d). Then, forall t < T, A} < L.

Proof of Lemma E.15. Let &, > 0 such that ag,t) < &, for t € [T] — we proved the existence of &,
in Lemma E.11. We bound AS) whent e [7,7 +Toland t € [T + To, T).

First phase: t € [T, 7 + 7VB] Unraveling Lemma E.14 fort = .7 ,..., 7 + 75 leads to:

A(Aﬂ+’fo)
74701 AP
~ D ~ ~ >
< (Af) + 170 (Eupoly (D)o + g)) I (1 + wO(D(A(t) +(C—1)TW))? 1r<t>).
=T
(124)
We now apply Induction Hypothesis B.1 to simplify (124) and get:
- 94’7?)71 P
5 ; - OnXg)  ~
AT < (Af{’ + 1170 (Eupoly(D)o + c)) I (1 + (717:0)(04“))”) (125)
=T
We then apply Lemma K.2 to bound the product term in (125). We obtain:
nAZP
(7+T0) (7) | F o) g
Ay < (AA + 17 (Svpoly(D)a + C)) <1 + 02(1’_2)/\8_2
< O(Aff ) 4 0To (Eypoly (D)o + c)). (126)

Second phase: t € [T + 7VB, T]. Unraveling Lemma E.14 fort = .7 + 76, T+ 75 and and

using & < %‘j\i@ for t < T leads to:

. ylog(@)\ ™™™ (747
AT+ <<1 n 771”3’;?3()) (Af‘ly*%) + L - polylog(d) (€,poly(D)o + C)) (127)

- - p T2—To
Using T2 — To < oporsrésmsear - We have (1 + %logw)) 7 < 0(1). We thus bound (126) as:

T+Ts T 1 1 v
Ai‘ +7T2) O(AE4 )) + polylog(d) [&,a + —= C @) yr—T epolytoglo(d) + L] < O(ﬁ)

VN
(128)
We deduce that setting N' = poly(d) yields AL = A+ < 1 /poly(d). O

E.2.5 Auxiliary lemmas

Lemma E.16. Let 1v: RP — R defined as i)(x) := (D 22:1 Simv, Xm))P~t where S, =
(softmax(z1, ..., 2D))m» {Xm}E_, and v are fixed vectors and p > 3 is an odd integer. Then, we
have:

lv(x) —¥(y)| < %/J(:E)‘eQ(p_l)maxce[D] lze—ye| _ 1"

Proof of Lemma E.16. Let S, = (softmax(z1,...,2p))e S = (softmax(yy,...,yp))e. We
have:

B 5P, 5w X"
() w<y>|<w<w>HZf_l §C<U7XC>] 1 (129)
S o, Xy N2 e |
= lzéllewv,xa S e a3 (430

38



We finally apply the generalized mediant inequality in (130) and get:

_ jwe—vel . A
[0@) — 0y < v(@)| (max e ma el ) )

< ¢(x)|€2(p71) maXce[D] |ze—ye| _ 1|.

O
Lemma E.17 (Lipschitzness of Softmax). Let a,b e RP. Forall i € [D], we have:
|softmax(a); — softmax(b);| < |e* ™@*kelp) lbe—ar] _ 1] - softmax(a);.
Proof of Lemma E.17. Let i € [D]. The difference of softmax is bounded as:
a; b; D eaj
|softmax(a); — softmax(b);| < De - ea‘ 2]51 - 1‘
Zj:l et e Zj:l e
et ‘ bi—a; ap—b ‘
S—p5—— "€ max e -1, (131)
ZJ,Dzl e%j ke[D]

where we used the mediant inequality in the last inequality of (131). Since the exponential function
is non-decreasing, we deduce:

|softmax(a); — softmax(b);| < |e? ™ et lbe=axl _ 1| . softmax(a);. (132)

O

E.2.6 Dynamics of (")

Lastly, since AS) remains small and ©(*) mainly lies in span(w*), we show that &(*) satisfies the
same updates as the ideal a(*) (up to some constant factors).

Lemma E.18. Assume that we run GD on the empirical risk (E) for T iterations with parameters
set as in Parametrization 3.1 and the number of samples is N = poly(d). Then, there exist times

9,’?6,%1 > 0 such that
1. Analog of Event I (Lemma D.2): 61 = &) 40 (n)(GW)P (@)= fort € [T, T +To).

2. Analog of Event Il (Lemma D.11): 3+ = @®) + ©(n)(GM)P (@)~ fort € [T +
7. 7).

Consequently, @'") is non-decreasing and eventually, &™) = o/(T) = %"gw).
0

C2ZX

These three lemmas imply that ar time T, the realistic iterates are very close to the ideal ones.
Therefore, they incur nearby test loss and thus the realistic model generalizes. We now proceed to the
proof of

In order to analyze the dynamics of (), we first show that the gradient (with respect to @) in the
realistic learning process is very close to the one in the semi-idealized one.

Lemma E.19. Lert € [T, T]. With high probability, we have
PR ~ 5 o 1
VL%, A0 — VuL (52, AT, < poly(D) (ﬁ +e® + Afﬁ). (133)

By choosing N = poly(d), we have |V L(%1), A®) — Wy LB, A=), < 1/poly(d).
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Proof of Lemma E.19. We have:

IVsL(B, A) — V5 L(5,A)| (134)
D N D D R D R
= |5 2 y[16 (Yl F 40 50 (XTD) D) 0" (25 SE0EW, Xeli])) Y5 SIX[i], w*)
N -
=1 =1 k=1 r=1
’ (135)
D D D
~ DE[y8(~ yF 400 50 (X)) 20’ ( Y] 806D, X)) 3, 810X, wh)| (136)
j=1 k=1 r=1
_ D D D
+D|E[y8 (~ yFz00 500 (X)) 2 o' ( D 8G9, X00) ) 81X, w*))| (137)
- i=1 k=1 r=1
jD D R D
—E|yS(—yFi0 50(X)) D] 0’( S @® Xk>> D (”<Xr,w*>” (138)
- =1 k=1 r=1
_ JD D R D
+D‘]E Y& (—yF 0 50 (X)) Yo (Z S0 Xk>) Z S(”<X,,,w*>] (139)
) =1 k=1 r=1
_ jD D o D
—E[yS(—yF 50 50 (X)) Y ’( PR Xk>> Z S(t)<Xr,w*>]‘ (140)
- =1 k=1 r=1
D N ’ D D
+e N Z Fa a0 Z (Z S(t)@(t) X,[1] ) Z u®y.

j=1 k=1

(141)
We bound each of the terms above using concentration or lipschitz inequalities. Using the same
arguments as in the proof of Lemma E.10, we have |(134) — (135)| < poly(D)/+/N and |(137) —

(138)| < poly(D)ey ® . Using the same steps as in the proof of Lemma E.14, we have |(139)—(140)| <

poly(D )A(t Lastly, [(141)| < poly(D)ey M Summing up all these terms yields the aimed result.

O

Lemma E.19 shows that we can use the gradient from the semi-idealized process to analyze the

dynamics of a*) in the real process. Therefore, we can derive similar updates for a(*) as in
Lemma D.2, Lemma D.8 and Lemma D.11.

Lemma E.20. Let 76 =0 (W) Therefore, &) is updated as

At = g 4 (o) (GH)P @M1,
Consequently, @") is non-decreasing and after 7VB iterations, we have a(t) > gz)(i) fort = ’76.
Lemma E.21. Let T; = T + @(m) Forallt € [T1,T], we have ') > %.

Lemma E.22. Let T, = To + 9(7@%&10@) andt e [T1,T]. &) updates as

atth =&l 1 emo) GV @)r (142)
Consequently, a® s non-decreasing and eventually al) = %ﬁw

Auxiliary lemma. The following lemma is useful to prove Lemma E.10 and Lemma E.14.

. N . - > P2
Lemma E.23. The time at which &9 stops increasing is Ty = T1 + © (Wlog(d)) .

Proof of Lemma E.23. The result is obtained by applying Lemma K.1 to (142). We have:

. 3(No)P2 2P\
T2="T+ npOlleg(d)ep‘)lleglOg(d) + epolyloglog(d)

log log(d).
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E.2.7 The realistic model fits the labeling function
Lemma E.24. In the realistic case, the model fits the labeling function i.e.
Pp[f*(X)FA(T),ﬁ(T)(X) >0]=1-o0(1). (143)
Proof of Lemma E.24. We bound the population risk E(X(T) 2(T)). We have:
L(AD, 5T ‘.c )50y — L(AD) BT )‘ +L(AD FD), (144)

Using Lemma E.25, we have £(A™), 5(T)) < 1/poly(d). We now bound the first summand in (144)
using the 1-Lipschitzness of the logistic function and get:

LAD 5D — LA, 5D)| < B[P 0 (X) = Fgery yon (X (145)

Using Lemma E.26, we have E[‘Fgm,gm (X) — FA(T),{;(T) (X)|] < 1/poly(d). Therefore, we
deduce that E( ), %)) < 1/poly(d). Since the 0-1 loss is a convex surrogate, we have

P(X,y)wp[yFm)ﬁm (X) < 0] < £(AD 5D < 1/poly(d). (146)

We can further expand (146) as in the proof of Lemma D.15 and deduce the aimed result. O

To prove Lemma E.24, we use the following auxiliary lemma.
Lemma E.25. After T iterations, the population risk in the semi-idealized case converges i.e.

LIAT FT) < o(1).
Proof of Lemma E.25. The proof is similar to the one of Lemma D.15. O

Lemma E.26. For all X sampled from D, we have
|FA(T),;,<T> (X) = F i) 5 (X)| < 1/poly(d).

Proof of Lemma E.26. We have:
|E4ery g0 (X) = Fger 50 (X)] < [Fzery gery (X) = F zery gery (X)) (147)
‘ A v(T) (X) FA(T),;,(T) (X)’ (148)
We now separately bound (147) and (148).

Bound on (147). Since xz — xP + va is Lipschitz on a bounded domain, we have:

D D
(147) < Z (DY STIE™, X)) D Y SIGD 5T, X)) (149)
r=1

m=1 r=1
D

D D
< Z (D 2 BHED, XDI)D 3 ST, Xl (150)
U

since (BT, w*> @™, w*). Using Cauchy-Schwarz 1nequa11ty, (149) simplifies as:
D

(147) < Z ( Z

m=1

Using Lemma E. 10, we conclude that (147) < 1/poly(d )

)[BT, X,.>|) D Z ST &M < poly(D)ell. (151)

Bound on (148). We again use the Lipschitzness of the power function and get:

D D D
(148) < Y} o (DY max{S(), SO @™, X)) D Y 1850 = ST - 16T, X)),
m=1 r=1 r=

(152)

We apply Lemma E.17 in (152) to get (148) < poly(D)Ag). Finally, we apply Lemma E.14 to get
(148) < 1/poly(d).
O
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F Transfer Learning

In this section, we show that a transformer that has been pre-trained on a structured dataset require a
few samples to generalize in a new dataset sharing the same structure.

Theorem 5.1. Let A be the attention matrix obtained after pre-training as in subsection 4.2. Assume
that we run GD for T iterations on (E) to fine-tune the value vector. Using N < polylog(D) samples,
the model (T) transfers to D i.e. P [ f*(X)F 4 5r)(X) > 0] =1 —o(1).

Proof of Theorem 5.1. Actually, even one step of the update using normalized gradient descent on
v can already achieve test accuracy > 1 — o(1). We know that for a datum (X, y), the gradient of
L(X) with respect to v is

D
Vo L(X) = —y&(—yF(X)) > o'((0%),5"))0f) (153)
m=1

Since 7(®) = 0, we have Fy0) (X) = 0and o/ ({0, 5(©)) = v. Thus, the gradient (153) simplifies
to

V D D A
VoL Y5 x; )8, (154)

=1 m=1

g

Som s WE know that

\Z s~ ‘ poljj(d) (155)

where m comes from the g part in the previous section. Moreover, since the noise and feature

noise has mean zero independent of y, we know that there exists some value ¢y > 0 (roughly equal to
aDC(C')) such that:

By symmetry of the

E[V,L(X)] = cow™. (156)
Now, by standard concentration inequality, we know that for NV i.i.d. samples X [4], y[¢], with high
probability
N
Vo= > Vo L(X[i]) = co* + eo@* + X0, (157)

i=1
where £y comes from the feature noise
coqD log(d
< God g(d)

ol « ————, 158
and o comes from the noise:
ol < 27D (159)
Xol2 = \/N .
Therefore, if we update using normalized GD:
\Y%
71 — 500 0
7 = 5O 4 (160)
IVoll2
we have that:
W = 1 @* + x4, (161)

where x1 L @*, |x1]2 = O(1) and ¢; = Q(1)//D. Now, for a new datum X"¢* with noises
{¢rewyP | we know that w.h.p

ol

N o N
Kerew s < O, a5 >

0} (162)

a\
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We can prove the test accuracy is small using the same proof as in Lemma D.15, where we show that:
yo (@M, 00)) >0, (163)

for m € Sy(x) and it dominates the other yo ((3(1), Oj(»l))) for j € Sp with £ # ¢(X). Therefore, we
prove that P [y F'(X) > 0] = 1 — o(1) which implies the aimed result. O

Theorem 5.2. Let A: R*P — {11} be a binary classification algorithm without patch associa-
tion knowledge. Then, it needs D*V) training samples to get test error < o(1) on D.

Proof of Theorem 5.2. Let A be an algorithm. Assume that at training time the algorithm A has

access to D°() training data, Since each input X is made of D patches, this means that there exist at
least (1) fraction of k € [ D] such that A has not seen training samples with ¢(X) = k. Consider
the following two distributions over {—1,0, 1}™:

1. Dy: Sample z € {0, 1}™ where each z; i.i.d. 1 w.p. ¢/2, —1 w.p. ¢/2 and 0 otherwise.

2. Dy: Sample a set S uniformly at random from [m] of size C, set all z; = 1 for i € S, and
sample other z; i.i.d. 1 w.p. ¢/2, —1 w.p. ¢/2 and 0 otherwise.

We can easily see that as long as gm = poly(C'), then
TV(D1,D2) = o(1)

This implies that A must have bad generalization error (€2(1)) on D.

G Gradient descent updates in the idealized process
In this section, we derive the gradient descent updates of A; ; in the idealized learning process.

G.1 Indices in the same set: i, j € Sy

Lemma G.1. Let T > 0 be the time where the population loss is at most o(1) and t € [0, T]. Then,
) satisfies the update

p—1
A — 4 4 pe(C)a® (Daa) [A® 4 (C - 1)p<t)]) .

Proof of Lemma G.1. Let £ € [L] and i, j € Sy with ¢ # j. The main idea of the proof is to bound
the gradient of L(X) with respect to A; ;. This gradient is given by Lemma H.2 and is made of two
terms: the ¢’ term and the sum outside o’. We distinguish the following cases and bound these two
terms.

1. £ = ¢(X). We first bound the outside sum. Using Lemma K.3, we have
| Y Ya-w)-m-0)f< Y Y 16l < Dlog(a). (164)
h£0(X) €Sy h#0(X) r€Sy
Since (D — C)/2 — gD log(d) = 0, we rewrite (164) as:
1
(D < D D> (1-ys)<2D-0). (165)
h;éi(X) reSh,

Regarding the sum inside o', we use Lemma G.3 which shows:

A 4 (=IO +2O0 3 N G =01) (A0 + (- 1TY). (166)
h#4(X) reSh
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By using (165) and (166), we finally obtain:

LX)

= O(Da)&(—yF (X)) (Doﬁ) (A® 4 (C - 1)r<f>))'”_1 r(p—0)z®. 167

2.2+ £(X)and §; = 0 for all s € Sy. We first bound the outside sum. Since §; = 0, the only
non-zero term is the one with factor Z(*). Using triangle inequality, we have:

Cy+ D] E<t>(0+ > ZM) 20k (X). (168)

h#{0(X),0} rESh h#{£(X),0} reSh

=()

We now bound the sum inside o’. This sum is actually equal to the outside sum and we can therefore
use the bound (168). Therefore, the overall gradient is bounded as:

OL(X
oA,

‘ < O(Da)S(—yF(X)) (DE(%A%(X))’F1 IOz (X). (169)

3. £ # £(X) and at least one 5 # 0 and §; = 0. We first bound the outside sum. Using
Lemma K.3 and A® + T 4+ =) = 1, we have:

DI + T 3 (5= 6,) +EVDCE —y) +2D > D (65— 5m)'
reS,\{i} h#{0(X) L} meSy (170)
<a® [(c — 1)IT® + 20 (C + ©(¢D) log(d)) + 15j¢0] .

We lastly apply Induction Hypothesis B.1 to show that (170) is less or equal to @(a(t)). We now
bound the sum inside o”.

a®{r® Z 5.+ =0 (Cy + Z Z 6m)‘ <a® (F(t) Z |0 + E“M(X))
reSe\{i,5} h#{{(X) L} meSy reSe\{i,5}
<a® ((c —1)I® 4 E(t)n(X))
(171)
The overall bound on the derivative is:
OL(X -1
=% ‘ < O(Dal ))6(—yF(X))<Da(t)((C —1)r® E(t)n(X)))p . (172)
i,

4. £ # £(X) where 85 # O for all s. We first bound the outside sum as follows.

AD@ —§)+T0 N (5j—5r)+5(t)[ G-+ > @b H

reSe\{i,j} h#{6(X),£} meSy,
<aW(AD 4 (C =IO + Z04(X) + 15, 20).

o

(173)
We now bound the sum inside o”.

DIADS; +TO N 5,420 [Cy+ oo 5m]’

reSo\{4,5} h#{£(X),l} meSh

al

(174)
t) (A(t) +(C—1)T® 4+ 5<t>ﬁ(X)).

We lastly apply Lemma G.3 to show that (174) is bounded by ©(a®)(A®) 4 (C' —1)I'®)). Therefore,

the overall gradient is bounded as

OL(X
0A;

( < O(Da®)&(~yF(X)) (Da® (€ - ) + A<t>))”71 ).

(175)

—~
>
4
Q

I
=
=
+
[1]

(t)li(X) + 15_].7&0) .
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Putting all the pieces together. 'We now bound the derivative of the population loss. Using Tower
property and Lemma 1.1, we have:

For a fixed X, we now bound the derivative of the loss evaluated in X. For ¢, j € Sy, we distinguish
the four possible events depending on the randomness of 7.

occurs with probability 1/L.

Eventa: "( = {(n(X
— Eventb: "/ # ((7(X)) and §; = 0 forall s € S;" occurs with probability (1—1/L)(1—¢q)°.

Event ci: "¢ # {(m(X)) and #{s : §s # 0} = kfor1 <k < C —1and §; = 0" occurs
with probability (1 —1/L)(“, ") g*(1 — q)¢*.

)
)

Eventd: "¢ # ((n(X)) and 4 # O for all s" occurs with probability (1 — 1/L) - ¢

Therefore, the derivative of the loss in X is:

o G0 < Y
(1 1) -0 [ |
(=5 (0 omarmn EEE el
(1o T el

77
Event a is the event that is the most likely to happen. Therefore, we only take into account

Eryms | 225D | a] in (177) and obtain:

aL(X)] - @(Da(t))Ex[c%(—yF(X))] (Da(t)(A(”+(C—1)F(t))>)pilr(t)~ (178)

E
X[ 0A; L

Since the population loss is a Q(1) for ¢ < T, this implies that Ex[S(—yF(X))] = O(1)
(Lemma D.10). We thus plug (178) in the update of ~(®) to obtain the desired result. O

Corollary G.1. Let T > 0 be the time where the population loss is o(1) and t < T. Let G® .=
D(A®W + (C —1)I'®). The update of v*) satisfies:

A — 40 L () (aD)PT® (GH)P—L,

Proof of Corollary G.1. Lemma G.1 provides the update rule of (*).
7(t+1) — ,y(t) +70(C)(ax ))pr(t)(G( ))p*l_

G.2 Updateforie Spand j € S,,

Lemma G.2. Let T > 0 be the time where the population loss is at most o(1) and t € [0,T]. Then,

o) satisfies the update
‘p(“‘l) —p®

—1
< 0(C%aM) (Da(t) (A 4 (C — 1)r<t>))p =20
n

D

+0(a) (Da(t)qD log(d)E(t)) E(t)qD log(d).
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Proof of Lemma G.1. Let ¢, m € [L] such that £  m and i € Sy, j € Sy,,. The main idea of the
proof is to bound the gradient of L(X') with respect to A; ;. This gradient is given by Lemma H.2
and is made of two terms: the ¢’ term and the sum outside o’. We distinguish the following cases and
bound these two terms.

1. £ = £(X) and §; = 0. We first bound the outside sum. We apply Lemma G.3 to obtain:

“>((A<t> +(C-1rW)y +20 3 N, ‘ < 2a® (A(t (© - 1)r<t>). (179)

h#£0(X) €S

We now bound the sum inside ¢’. This sum is actually equal to the outside sum and we can therefore
use the bound (179). Therefore, the overall gradient is bounded as:

'6L(X)
oA,

< O(DaM)&(—yF (X)) (Doﬂ) (A® (€ — 1)r<t>))p_1 EOA® + (¢ — 1)TW).
(180)

2.£=£(X) and §; # 0. We first bound the outside sum. We successively apply A®) + ') +
2® = 1, Lemma K.3 and Induction Hypothesis B.1 to obtain:

VAOE; —y) + (€ - DIOE -y +20 Y Y

h+£0(X) €S

< a(t) [A(f) + (C _ l)r(t) + E(t) Z Z |(5T| + 15j¢0:|
h#£(X) r€Sh

<a® [A@f) +(C =1 + =WgDlog(d) + 16_7»#0]

B ® |:epoly10glog(d) + )\0
I

- +@mmgwwqmﬂ]—@m@» (181)

We now bound the sum inside o’/. We successively apply Lemma K.3, triangle inequality and
Lemma G.3 to obtain:

aPly(A® + (C - r®)+20 H » 5r‘ <2aD(AD 4 (¢ —1)r®), (182)
h#6(X) T€SH

Thus, we use (181) and (182) to obtain a bound on the derivative.

OL(X)
04,

< O(DaM)&(—yF (X)) (Da(t) (AD + (C - 1)r<t>))p715<t>. (183)

3.£# £(X) and 6, = O for all s and m = £(X). We first bound the outside sum. Since A(*) +
(C —1)T'® + (D — C)Z® = 1, we have:

y(A(t) +(C — F(t)) ”(t)z Z y—8)

h£{£(X),0} T€SH

=®)

<EO(208(X) + 1pix)) - (184)

We now bound the sum inside o”.

2Oy +

25 ‘ < EWg(X). (185)

h#{0(X),0} r€SH
Using (184) and (185), we obtain a bound on the derivative.

OL(X)
(9Aw-

1
< @(Da(t))G(—yF(X))(Da(t)n(X)E(t))P =0 (2O8(X) + 1posix) ) - (186)

46



4. £ # £(X) and d, # O for some s and m = £(X). We first bound the outside sum. We apply
A® 4+ (C -1 + (D - C)Z® =1 and Lemma G.4 to get:

=0 MOy —5)+T® S y=s)+=0 S S -4,

reS,\{i} h#{6(X), £} reSh

<SEO (A (- + 20 M 3]+ Lysgx)
h#{0(X) L} r€Sh

<0EM), (187)

We now bound the sum inside ¢’. We apply Lemma G.3 to obtain:

ADg; Py s(X)+EW | Cy+ > ) Onr(X

reSo\{i} he[LI\{£(X), ¢} reSh

(188)
< AW 4 (C = 1)T® + 2O k(X)
<2 (A<t> +(C— 1)r<t>) .
We combine (187) and (188) and obtain:
-1
aaszlX) < O(DaS(—yF (X)) (Da(t) (A® +(C~ I)F(t)))p 20, (189)
i,

5.2,m # ¢(X) and d, = O for all s and §; = 0. We first bound the outside sum.

=0ley+ Y Y 8] <=0R(x). (190)

h#{0,6(X)} rESK

We now bound the sum inside ¢’. This sum is actually equal to the outside sum outside and we can
therefore use the bound (190). Thus, the derivative is bounded as:

OL(X)
aAi)j

p—1

< O(DaM)&(—yF (X)) (Da%(X)E(t)) (EM)2x(X). (191)

6. £,m # £(X) and J5 # O for some s and §; = 0. We first bound the outside sum. We apply
Lemma G.3 and obtain:

a(t)‘A(t)é +1® M 5 +20[Ccy+ D> D 6]
reSo\{i} ho{0,6(X)} 7€S)

<al (A(t) +(C—-DID+EO[C+ > D6 ) (192)
h#{£,0(X)} T€SK

<20 (A(f) +(C - 1)r<t>) :

We now bound the sum inside the power term. This sum is actually equal to the sum outside the
power term and we can therefore use the bound (192). Thus, the derivative is bounded as:

-1
’a(f/(lX )| < O(Da)&(—yF (X)) (Da@)(A(t) +(C - 1)r<t>))p =2OA® 4 (- 1)r®).
irj
(193)
7.£,m # £(X) and d; = O for all s and d; # 0. We first bound the outside sum.
=EOIADs; + (¢ — 1)V, + 20 [0(5,,- —y+ D (65— 6) ‘
h#{£(X),0} rESh (194)

E(t)( D k(X)) + 15#0)
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We now bound the sum inside o”.

‘Cer 3oy 5‘ < EWx(X). (195)

h#{0(X),t} r€S
Using (194) and (195), the bound on the derivative is:
0L(X)
U ’L,J

8.£,m # £(X) and §5(X) # O for some s and §; # 0: We first bound the outside sum. We
apply Lemma G.4 to get:

-6+ ¥ (5-0) 42006 -n+ X X 60
T‘ES@\{i} h;é{Z(X),E} reSy,

®) (A(t) +(C—1)T® 4+ 2045(X) + 15_#0)
< OEMY).

p—1

‘<@(Da(t))GS(—yF(X))(Doz(t)E(t)/f(X)) E(t)(E(t)H(X)-I—l(;j#O). (196)

B A D)

(1]

(1]

<

(197)
We now bound the sum inside the power term. We apply Lemma G.3 and get:

’A(t)éi +T® Y 5 4 =0 (Cy Y 5)‘ <AD 4 (0 - )T 4 =2O04(X)
reSe\{i} h#{¢(X),l} r€Sh

<o(AD +(C-1r).

(198)
We plug (197) and (198) to obtain the derivative.
-1
‘aaLng) < O(DaS(—yF (X)) (Da(t) (A® +(C— 1)r<t>))p 20, (199)
,J

Putting all the pieces together. We now bound the derivative of the population loss. Using Tower
property and and Lemma 1.1, we have:

IL(X)] OL(m
Rl R C e o

For a fixed X, we now bound the derivative of the loss evaluated in X. Fori € Sy and j € S,,,, we
distinguish the eight possible events depending on the randomness of 7.

— Eventa: "¢ = {(m(X)) and §; = 0" occurs with probability (1 — ¢)/L.
— Eventb: "¢ = {(m(X)) and §; # 0" occurs with probability ¢/L.

— Event ¢: "¢ # {(n(X)) and 65 = 0 for all s and m = £(w(X))" occurs with probability
(1-9q)°/L.

— Event d;: "¢ # {(m(X))and #{s : 65 # 0} = kforl <k < Cand m = {(n(X))"
occurs with probability (g) (1 —q) ¢ */L.

— Evente: "/,m # {(n(X)) and §; = 0 and 6; = O for all s" occurs with probability
(1-2/L)1 —q)“*.

— Event f;: "¢,m # {(m(X)) and #{s : 6 # 0} = kfor1 < k < C and §; = 0" occurs
with probability (1 — 2/L)(1 — ¢)($)q"(1 — ¢)°~*.

— Event g: "¢, m # {(m(X)) and §; = 0 for all s and 0; # 0" occurs with probability
(1-2/L)(1 - q)%.

— Eventhy: "¢,m # {(n(X)) and #{s : 0, # 0} = kfor0 < k < C and 6; # 0" occurs
with probability (172/L)q( )g* (1 —q)C

48



Since events a and e are the ones with highest probabilities, the derivative of the loss is bounded by
the expectations conditioned on these events. We have:

OL(m(X))
]E'n'l,ﬂ'2|: aAZJ H
(*)
< LDL‘“ )E<t>6(—yF(X))(Da<t>(A<f> +(C—)rO))P I A® 1 (¢ - pre)y @0

+ O(DaMEOS(—yF(X))Eq, 1, [(Da@)n(w(X))a(t))”*15<t>n(w(X))‘e].
We now apply Induction Hypothesis B.1 and Lemma K.3 and finally obtain:

OL(X)

Ao
D 0

x| | < 0(C2 M EX[S(~yF(X))](Da®(AY + (€ = )r))"~ =0
+ G(Q(t))EX [6(—yF(X))] (Da(t)qD log(d)E(t))p—IE(t)qD log(d).

Since Ex [S(—yF(X))] < 1, we thus plug (202) in the update of p(*) to obtain the aimed result.
O

Corollary G.2. Let T > 0 be the time where the population loss is o(1) and t < T. The update of
p® satisfies:

] <109+ - polylog(@)(a )P (5 + FEGCOP ).

Proof of Corollary G.2. Using Lemma G.2, C' = polylog(d) and ¢D < 1, p™’s update is:
9] < 10+ el Ppolylogd) ((DE0) 120 4 P@OPIE0) . oy

Lastly, we apply Induction Hypothesis B.1 to replace Z(*) by its value in (203) and thus obtain the
aimed result. 0

G.3 Auxiliary lemmas
Lemma G.3. Lett > 0. In the idealized learning process, with high probability, we have:

AD 4 (¢ =W 4420 Y X5, =0(AW 4+ (¢ - 1),
0£4(X) TES,

Proof of Lemma G.3. We first bound the sum with factor Z(*), Using Induction Hypothesis B.1 and
Lemma K.3, we have:

yﬂ(t) —poly(C)log(d). (204)

1
D

q)log(d) =
(£0(X) rESy

We now bound A®) + (C— I)F(t). Using Induction Hypothesis B.1, we have:

%(epolyloglogwug(m) <AV (-1 < 5 (epolyloglog<d>+Ao) (205)

Since poly(C) log(d) < eP°¥logloe(d) /2 we combine (204) and (205) to get the aimed result.  [J

Lemma G.4. Lett > 0. In the idealized learning process, we have with high probability:
AD 4 (Cc-nr® 420 3 M 5| < e

h#0(X) r€S),
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Proof of Lemma G.4. We successively apply Lemma K.3 and Induction Hypothesis B.1 to get the
desired bound. Indeed, we have:

AD 4 (C—1)r® + 20 Z Z 16,] < A® + (€ = 1) + 2W¢Dlog(d)
h#0(X) reSh
< (6polyloglog(d) + )\0 +qD log(d)>

1).

Lol=

H Gradients

In this section, we present the gradients of the loss £ with respect to v and A, ;.
Lemma H.1. Let (X, y) be a data-point. Then, the gradient of L(X) with respect to v is:

VLX) = Dy (X0) 20/ (D Y Sinco. X >) . Su%;

i=1 re[D]

Lemma H.2. Let (X ,y) be a data-point and i, j € D). The derivative of L(X) with respect to A; ;
is:

OL(X)

0A;

= pDyS(—y ))<D > si,r<v,XT>> ) > Sinv, X — X,

iJ re[D] r#j

I Invariance of the problem

I.1 Invariance of the parameters

Lemma 4.2. For all t € [T, there exists a®) € R such that v = a®w*.

Proof of Lemma 4.2. The proof is by induction. Our induction hypothesis is v*) = a®w* for all
t > 0. For t = 0, we know that v(?) = a(Dw* € span(w*). Assume that v = aMw*. Let’s
show that there exists a(!*1) € R such that v(**1) = o(!+1)w*  From the update rule, we have:

o) — o) 4B [yS(—yF(X) Y (0,07 Y S X, |

i€[D] re[D]
—v® 4 nE[yG(—yF(X)) Z ({0, O(t Z SirEe[ X ]7 (206)
i€[D] re[D]

where E¢ is the expectation with respect to noise vectors &,. Using the definition of the data
distribution and E[£,.] = 0, we simplify the update (206):

o) = o 4 E[S(—yF(X)) Y o/(@?.00) Y 8, Jw

1€ [D] TES@(X)

207)
E[sS(—F(X) Y (@000 YN i w
i€[ D] h#4(X) r€SK
Since vV = a®w*, there exists a1 € R such that v+ = qt+ ¥,
O

Lemma 4.1. There exist B = o4, vV, p'©) € R such that for all t > 0:
1. forallie [D], A) = B.

2. foralli,j € [D] suchthati,j € Sy for somel € [L], AE? =),
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3. foralli,j € [D]suchthati € Spand j € S, for some £, m € [L] with { # m, Aftj) =p).

Proof of Lemma 4.1. We initialize AZ(.?i) = 04 and do not update A; ;, Thus, for all £ > 0, we have
AY — 5,
The remaining of the proof is by induction. For 7, j € Sy, we initialize AE)OJ? =0=~0 Forie S,

and j € S, with £ # m, Ag?} = 0 = p(©). The induction hypothesis is true for t = 0.

We assume that for all 3,5 € Sy, Agt]) — ~® and fori € Sy and j € Sy, A(»t). = p®. Let’s
first prove that A(tH) = A(t+1) fori,j € Sy and k,n € Sp. Since the GD update is A(tJr ) =
Az(t]) —nEx [aﬂl )] it’s sufficient to prove that E x [%Léfi)] =Ex [%3\(7:,?]' Let 7y : [L] — [L],
ma: [C] — [C] and m = (71, 72) be permutations. From Lemma I.1, we know that X and 7(X)
have the same distribution which implies E x [aﬁx)] =Er(x) [ﬂ(x) ] Therefore, we have:

0A;
OL(X)
E
X[ 0A; ]
<A( >IJ7, pT>
€ ot
TEOHR
(AW p;, p;> L <A(”Pi Pm)
e e
ZD 1 eCA®Dp;, ps) kzl ZS Z eCAMp;, ps ><’U(t)7 X072t = Xm(f)ﬂfz(j)>]
s= =1 meoy s=1

Using Induction Hypothesis B.1, we simplify (208) as

g [2£9(X)
X | oA

=IEX yG(_yF(ﬂ-('X)))O—/ (A(t)<v(t)a XTI'1 (£),m2 (z)> + F(t) Z <'U(t)7 X71'1 (E),Trz(m)>
meS,\{i}
+ E(t) Z <v(t)7 X-rr(r)>) F(t) (A(t)<’u(t)a Xﬂ'l (0),m2(3) — Xﬂ'1 (Z),Tr2(j)>
r¢S,
+T® Z <'U(t)7 Xy (0),ma(m) — X‘frl(f),‘ff2(j)> +2® Z <v(t)’ Xor(r) = Xﬂl(f)»ﬂ'z(j)>> ] :
mES[\{’L} T¢Sg

(209)
We now set 71 and 7o such that 71 (¢) = ¢/, m2(i) = k and m2(j) = n. Using this choice along with
F(X)=F(n(X)) (Lemmall), we ﬁnally have in (209)

||

=Ex

y&(—yF(r(X)))o’ (A“><v“>, Xppy+TO Y @, Xy )
meS,\{i}

+E0 Y (), XT>> r® <A<t><v<t>,xg,,k — Xp) 210)
T‘¢$gl

n r® Z <’U(t),XZ',m _ XZ’,n> + =(t) Z <’U(t)7Xr — Xé',n>>1

meS,\{k} r¢Se

E oL®(X)
X A, |

Therefore, (210) implies that A(t+1 A(tH) thus proving the induction hypothesis. Let’s now

t+1 _ A(t+1)

show that for i € Sy, j € Sy, and k € Sy, j € S;pr, We have A We apply a similar
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argument as above. Using Induction Hypothesis B.1, we have:

|5

—Ex

y&(—yF(n(X)))o’ (A<t><v“>, Xy (o) (i) + TN WD, Xy (1) ()
reS,\{i}

+E0 3w, Xnp, >> ( W, X (0)ma i) = Ko (m) ma(3))

¢Sy

+ F(t)z <v(t)a Xfrl(é),ﬂ'z(r) - Xﬂ'l(m),‘n'z(j)> + E‘(t) Z <U(t)7 XTr(r) - Xﬂ'1(m),ﬂ-2(j)>> 1 .
reSe\{i} ¢Sy
(211)
We now set 71 and 7o such that 71 (¢) = ¢/, m1(m) = m/, m3(i) = k and 72(j) = n. Using this
choice, we finally have in (211)

gh

a|

=Ex y6<—yF<w<X>>>a’<A<t><v<t>,xe/,k>+F“>Z @, Xp )

reS,\{k}

+E Z w®, X >)E “ (A(t)@(t),Xf',k = X n) (212)

T¢SW

+TON W Xy = Xy + EW Y 0 X - Xm,,n>>]

reSy\{k} r¢Se

x| |

Therefore, (212) implies that Agffl) = A,(:;l) thus proving the induction hypothesis.

I.2 Invariance by permutation

Lemma L1. Let 7y : [L] — [L] and 7 : [C] — [C] be two permutations and m = (w1, ms). Let
(X,-) ~ D. Then, we have:

1. permutation-invariant distribution: X has the same distribution as w(X).

2. permutation-invariant model: F(X) = F(n(X)).

Proof of Lemma I.1. To show that X and 7(X) have to same distribution, it is sufficient to show
that the items 1 to 6 hold in our definition of the data distribution. We still have that the label y
is uniformly sampled on {—1,1}. Let 7(X) = (X1,...,Xp) where X; for some j. For 2, the
number of tokens is still D after permutation 7. For 4, we define the same partition with §; = Sy, ().

Besides, we have £(X) = m;(£(X)) that is also uniformly sampled on [L] since the permutation
on a uniform distribution is also uniform. For i € Sg( x)» We have that X; writes X, 1) for some

k € Sy(x) so that we do have X; = yw* + ;. The same goes for 6 when ¢ # ¢(X): with ¢ # ((X),
X, = 8¢ jw* +¢&;, where §; = 1 with probability ¢/2, —1 with the same probability and 0 otherwise.

Let X be a data-point. Using Lemma 4.1, we rewrite F'(X) as

D
F(X)= )] U(A(“@(t X+ TON w0 X >+”<t Z 3w, j>). 213)

m=1 reS;\{m} L]\{¢} jeSh
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Let 7 = (w1, m2) be a permutation. For a given £ € [L] and m € Sy, assume that 71 (¢') = ¢ and
ma2(m’) = m. Using Lemma 4.1, we have:

L
F(r(X) = Y, Y, o (A0, X, )

£=1meS,

+ re Z <’U(t), erQ(r)> + =® Z Z <’U(t), Xﬂg(j/)>)

7€S ey (e \{m2 (m)} he[L\{¢'} jESy/

= i 2 J(A(t)<v(t)7Xm>

£=1meSy
+ F(t) Z <'U(t)7 X'f‘”> + E(t) Z <'U(t)7 X]//>>
r"eSe\{m} J"¢Se
— F(X).

J Justification of our data distribution

In this section, we justify why the distribution D (Assumption 1) is relevant. We first show that linear
classifiers poorly generalize (subsection J.1). We then show that there exists classifiers that generalize
without learning patch association (subsection J.2).

J.1 Generalized linear models poorly generalize

Theorem 3.1. Let D be as in Assumption 1. Let g(X) = ¢ (Zf:1<wj7 XJ>> be a generalized
linear model. Then, g does not fit the labeling function i.e. P[f*(X)g(X) < 0] > 1/8.

Proof of Theorem 3.1. For every data point X, consider A(X) := 3, je[D] d;, it is very easy to see
that for every integer p, as long as Pr[A = p] = Q(1/polylog(d)), we have that:

Pr[A = p]

Consider two independently sampled data points, X, X’ with label 1, —1 respectively, consider the
event when A(X) = p — 2C, A(X"’) = p and all the noises &;, &, of X, X’ satisfies & = £/, then
we know that

D w, Xy = ) wi, X)) (215)

je[D] je[D]

By Eq (214) we also know that the density of X and X’ under the data-generation distribution
satisfies



Now, we know that

Py :=P[f*(X)g(X) < 0] y(X) = 1] =2 jxlf*<x>g<X)<op<X,y<X>:1>dX 216)

2fX 1o )00 <0p(X s y(X7) = —1)dX + o(1) @17)

2JX lf*(X Yg(X7) <0p(X ,y(X/) = 71)dX + 0(1) (218)

= QJX, lf*(Xl Yg(X7)= p(X', (Xl) = 71)dX/ + 0(1) (219)
=1—Pr[f*(X")g(X") < 0] y(X') = —1] + o(1) (220)
>1—Pr[f*(X")g(X") <0]y(X') = —1] + o(1) (221)
=1-Pr[f*(X)g(X) <0|y(X) =—-1] £ o(1) (222)

Therefore, P[f*(X)g(X) <0 | y(X) =1] > 1 — o(1). O

J.2  Classifiers fitting the labelling function without patch association

Theorem 3.2. Let D be defined as in Assumption 1. There exists a (one-layer) transformer M so that
P[f*(X)M(X) <0] = d=“WD but forall £ € [L], i € S, Tope {<p(M),p] >} NS =(.

Proof of Theorem 3.2. We can consider a transformer in our setting, whose weights are defined as:
v=w"A;; =0F>0fori,je S A;; =28 forie Sy, je Sey1 (Wedenote Spq = S1). For
a sufficiently large B it is easy to check that P[f*(X)M(X) < 0] = d=“(") but for all £ € [L],

i€ 8, Tope (P, p{" N, =Siin S =@
O]

K Technical lemmas
In this section, we present the technical lemmas used in the paper.

K.1 Tensor Power Method

Lemma K.1. Let {z(t) }=0 be a positive sequence defined by the following recursions
2D > 20 o (2(0)F
2D <O 4 M)

where z(0) > 0 is the initialization, k > 1 is an integer and m, M > 0. Let v > 0 such that z(°) < v.
Then, the time T such that 2(t) > v forallt =T is:

3 281N [log(v/2(®)
m(z(0)k=1 m [ log(2) }

T =

Proof of Lemma K.1. Let n € N*. Let T}, be the time where z(*) > 272(%)_ This time exists because
2(®) is a non-decreasing sequence. We want to find an upper bound on this time. We start with the
case n = 1. By summing the recursion, we have:

T —1
FASENISSPAC T 2 (z(N)k, (223)
s=0
We use the fact that z(8) > z(9) in (223) and obtain:

L< S (224)
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Now, we want to bound z(T*) — 2(9) Using again the recursion and z(7* =1 < 229 we have:

2T < 20D 4 MMk < 22000 4 9k pp(2(0))k, (225)
Combining (224) and (225), we get a bound on 7.
1 2k M
T < (T + - (226)

Now, let’s find a bound for T},. Starting from the recursion and using the fact that z(5) > 27—1(0)
for s > T,,_1 we have:

T, —1
2T 2 Tot) o N (2ONYF > (Tomt) oD (CONR(T, ). (227)
s=Tp—1
On the other hand, by using z(™» =1 < 272(%) we upper bound z("») as follows.
2(Tn) « H(Tn=1) | M(Z(Tn_l))k <2720 4 2k"M(z(0))k. (228)

Besides, we know that z(T»—1) > 27=1,(0) Therefore, we upper bound z(7») — z(Tn-1) a5

2(Tn) — 5 (Tn1) < 9n=15(0) 4 oknpr((0)yk, (229)
Combining (227) and (229) yields:
1 2k M
T, <Th1+ ST ()T + — (230)
We now sum (230) for n = 2,...,n, use (226) and obtain:
T o< 2 2FMn 3 28M(n + 1) - 3 2k M
nsht m(z(0))k—1 * m m(z(0)k-1 m = m(z)k-1 + m
(231)
Lastly, we know that n satisfies 272(%) > v which implies n = [%] in (231). O

Lemma K.2. Let {z(t) }e=0 be a positive sequence defined by the following recursions

2D > 20 4o (2 ()k
2D < 2O 4 M(zO)E

where 2(0) > 0, k > 1 is an integer and m, M > 0. Let v > 0 such that 20 < v and T be the time
2
such that 2 > v for all t > T. Assume that % &« 1. Then, we have for k € {1,2}:

T-1 25+ 1 A AvF log(v/z(0))

(1 + A(z(T))’“H”) < (1 + vkil) m
0

T=

Proof of Lemma K.2. Let n € N* and let T}, be the time such that z(®) > 272 for ¢ > T,,. Starting
from the recursion, we have:

log (2T > log (") + log (1 +m(z™M)F~1). (232)
Since z(* is a non-decreasing sequence, (232) satisfies:
(D) log(2FD) = (2) " log () + (2)"log (1 + m(z)F1). (233)
We now sum (233) fort = T),_1,...,T, and get:

A A Tol A,k
= (2T log(2 ) = = (2Tn-1)ym log (2(Tn-1)) 4 Z AET)" log (1 + m(z(t))kfl).
m m m

(234)
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Since A(z:n)) < A :;o)) < A" « 1, we have (1 + m(z(t))k—l) o> 4 A(Z(t))k—l-&-fc.
We thus lower bound (234) as:

T,—1
é(z(Tn))" log(z(T)) > é(Z(T"’l))R log(z(Tn-1)) + Z log (1 + A(z(t))k*H“). (235)
m m N

On the other hand, by using z(T» =) < 272(%) and 2(T») < 27*12(9) we have the following upper
bound.

A
i (Tn) Nl (Tn)
A (1) 10g((T)
A MA
\E(Z(T"))H log (z(T"_l)) + e (z(T"))"log(l + (z(T"_l))k_l) (236)
A- (2n+1z(0))n MA - (2n+lz(0))m

log (2”2(0)) + log (1 + (2"2(0))k_1).
Since z(Tn=1) > 27=1:(0) (236) is finally bounded as:

A
2 ()" 10g(2™)) — (7)) log(=T1)
m

(237)
A) - (27 (0)\x MA - (2n+1 (0)\x
<—®( ) (2"27) log (2”2(0)) + ( 27 log (1 + (2”2(0))’“*1).
m m
We combine (235) and (237) to obtain:
T, —1
n A) - (27 (0)\x
$ log (14 m(z0)F) <« EA T (g0
m
t=Th 1 (238)
MA - (2n+1 (0)\x
+ ( - 27 log (1 + (2"2(0))k_1).
We now sum (238) and get:
T,—1
3 (A 28M A
Z log (1 +m(zM)k) < n(2"2)" (() log (2"2(") + =———log (1 + (2”2’(0))k1)> :
= m m
(239)
We replace 2" 2(?) by v and n by log(v/2(?)) in (239) to get the aimed result. O

K.2 Probabilistic lemmas

Lemma K.3. Let {5r}f)=_1€ be i.i.d. random variables such that with probability q §, = +1 and zero
otherwise. Then, with probability at least 1 — 1 /poly( ), we have:

DRI C))log(d).

0£0(X) rES,

Proof of Lemma K.3. First, note that |J,| is a Bernoulli random variable with parameter ¢. Therefore,
2i040(x) 2res, |0r| is a binomial random variable B(D — C, q). Therefore, we apply a Chernoff
bound to obtain:

(D — C)¢e?
P (1 (D — < - 24
Y 20l =1+e)(D~C) exp( 5 (240)
££0(X) TESe
Setting € = \/ (D—%M log(poly(d)) in (240) yields the desired result. O

Lemma K.4. Let {6,}C_; be i.i.d. random variables such that with probability q 6, = +1 and zero
otherwise. Then, with probability at least 1 — 1/poly(d), we have:

C

D16, < O).

r=1
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Proof of Lemma K.4. Letk € Nand A := ZS=1 |0,-]. The tail bound is bounded as:
c c c
C\ s C c
PIA > k] = )] < .)qﬂ(lq)c T<q" )] ( ) <q¢" )] ( ) =20¢F. (41
eV =k N j=0 N

We want to find k such that 2¢¢* < 1/poly(d) which implies k& < log(d)/log(D) < O(1). O

K.3 Logarithmic inequalities

Lemma K.5. Let a € R such that C_ < a < Cy, where C,C_ > 0. Let p = 3 be an odd integer.
Then, the following inequality holds:

. aP~1

0.1 10
~log (1 —a") € < =~ log (1 —a)).
o ‘oe (L ep () < oy < g s (T + exp (=a?))

Proof of Lemma K.5. We first remark that:

aP~! aP
= —. (242)
L+ exp(a?)  a(l + exp(a?))
Upper bound. We upper bound (242) by applying a > C_:
aP~t a?
< 243
T+ exp(@) ~ O_(1+ expl(@)) -
We obtain the final bound by applying Lemma K.6 to (243).
Lower bound. We lower bound (242) by using a < C:
aP~! aP
= 244
T+ exp(@) ~ Ox(1+ expl(a) -
We obtain the final bound by applying Lemma K.6 to (244). [
Lemma K.6 (Connection between derivative and loss). Let x > 0. Then, we have:
0.11log(1 + exp(—z)) < &(—x) < 10log(1 + exp(—z)) (245)

Lemma K.7. Let x,y > 0. Assume that y < x. Then, we have:

log(1 + zy) < (1 +y)log(1 + z).
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