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Abstract

Operator learning has emerged as a promising data-driven approach to emulating
solutions of partial differential equations. Existing deep learning-based models
lack principled uncertainty quantification, rely on access to large numbers of
training examples, and remain largely uninterpretable. Here, we use Gaussian
process regression to make uncertainty-aware estimates of PDE solutions. We
show our method is competitively accurate compared to existing approaches, while
additionally providing uncertainty quantification and improving sample efficiency.
The framework exploits Kronecker structures and Fast Fourier Transforms to
achieve resolution-invariant prediction cost scaling.

1 Introduction

Machine learning models have been shown to be capable emulators (or surrogate models) of complex
functions describing properties of natural and technological systems, such as those found in weather
forecasting [1]], groundwater flow [2]], and cardiology [3]]. More recently, the field of operator learning
has extended these ideas to develop emulators of systems described by partial differential equations
(PDESs) [4H10]. These approaches attempt to learn an operator mapping between function spaces,
such as that which maps a PDE forcing term to its solution. These problems typically exist on some
(usually physical) domain, under the constraint of some boundary conditions.

Operator learning has the potential to revolutionise scientific machine learning, and neural network-
based approaches have already found utility in a number of domains, including medium-range weather
forecasting [11,[12] and magnetohydrodynamics [13]]. Current approaches do not provide principled
estimates of uncertainty, which would allow for Bayesian active learning and experimental design
[14H16]. In this work, we introduce a novel Bayesian operator learning framework and demonstrate its
well-calibrated predictive power and understandability via easy access to the learnt Green’s function.

2 Related Work

Operator Learning. PDE emulators such as DeepONet [[17], PCA-Net [18][19], Neural Operators
[20], and the Fourier Neural Operator [5] decouple discretisation from operator estimation, enabling
mesh-invariant predictions. These methods excel on nonlinear tasks but lack principled uncertainty
estimates and interpretable features. Kernel learning has also been applied to operator estimation,
again without uncertainty estimates [6].

Green’s Function Discovery. Another line of work estimates Green’s functions directly with

neural networks. DeepGreen is effective for solution prediction, however it fails to recover accurate
Green’s functions, limiting interpretability [21]. GreenLearning restricts to linearised boundary value
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Figure 1: Demonstration of our proposed GPGreen framework. We build a probabilistic emulation
of the PDE describing a viscous shock in one spatial dimension, mapping a forcing u(s) (left) to a
response v(x) (right) by using a Gaussian process to learn the underlying Green’s function G(x, s)
governing the PDE’s integral operator (centre).

problems (BVPs) but more successfully recovers Green’s functions, yielding accurate deterministic
predictions [10]]. Our work builds on this by additionally providing uncertainty quantification.

3 Problem Statement

. . . . D . . .
Without loss of generality, we consider a rectangular domain Q = [—1, 2], a linear differential
operator L (the solution operator to which we aim to learn), alongside a known linear operator B

enforcing constraints on the BVP solution. Together, we have an inhomogeneous BVP of the form
Lo(z) =u(x), B,Q)=g(x), =€ (H

Such systems can generally be solved as the sum of a particular integral and a homogeneous solution,
where the particular integral is found through integration against a Green’s function G

v(x) = vp(x) + vp(x) = / G(zx, s)u(s) ds + vp(x).
Q
Finding the Green’s Function of a system is often impossible analytically, so our work is concerned
with learning the particular integral from data. In the following we denote v, as v for brevity. Future
work will extend our approach to simultaneously learn the homogeneous solution vy,.

Data. The aim of our model is to rapidly and robustly solve inhomogeneous BVPs by learn-
ing the integral operator encoded by the Green’s function. We have training data {D,,D,} =

{ui(xm), vi(a:m)}fv:""f", where the functions w; and v; solve the BVP and are sampled at the same M
locations in a Cartesian grid, m = 1, ... M. The domain can be sampled at different resolutions in

each dimension, so M = [] 4 Mg, where My is the resolution in dimension d.

4 GPGreen

Our primary contribution is to leverage the Green’s function solution of a linear BVP to define a prior
over operators, leading to accurate predictions of PDE solutions. In particular, we place a GP prior
on the Green’s function with a separable, stationary kernel k = k. (x — x')ks(s — §'), i.e.

G(:B, S) ~ GP (07 k?((:]?, S)’ ("B/a S/))) :

As GPs are closed under the action of linear operators and € and G are independent, v is also
distributed as a GP with a prior derived from our prior on G [22} [23]. We could directly regress
an unseen real-space function v, against the forcing u., calculating p (v|D,,, Dy, u). However
this paradigm is computationally intractable for reasonable resolutions M, with time and space
complexities of O(N2,. M3) and O(N2, M?), respectively.

train train

The Fourier basis has been successfully used for operator learning in previous work due to its
spectral sparsity for smooth fields [5]]. We therefore choose to condition our GP on Fourier modes



of the output function {Dy, Dy} = {G;(wy), 0; (wk)}fv:"ii", where (A) = F|] represents a function in

frequency space, defined by the linear periodic Fourier operator

Flf](wi) = / emr f () da. @

Q

Here, k is shortened notation for the indices {kd}dD:l, where each index is such that —kp.x < kg <
kmax» i-€. the same truncation in each dimension. As the Fourier transform is a linear operator, v is
distributed as a complex multivariate Gaussian distribution:

o (wi) ~ CN'(1, K, R).

The prior on ¥ has mean p = 0 and covariance given by K= ko (uy )k (wp, wier ) + ki (Wk, W)
where we define a function similarity kernel functional k,,, a frequency kernel &, derived from the
real-space kernel k., and a kernel k,, encoding the covariance structure of our real-space i.i.d. noise

in frequency space. Due to conjugate symmetry between K and R, the expression derived above is
equally helpful for calculating the pseudo-covariance: R(u, v/, wy,wy) = K(u, v, wg, —wpr).

We express k,, in terms of Fourier transforms of our forcings v and the kernel ks, which we compute
efficiently through fast Fourier transform algorithms. It is possible to express k,, in closed form,
which we calculate for the Matérn—% kernel for this work. The noise covariance structure k,, may
also be computed using a closed form expression.

Using standard complex GP regression on our discretely-sampled data, we condition on the measured
training set of Fourier modes to obtain the parameters of the posterior distribution over the Fourier
modes of our test data, p(®.|Dg, Ds, @ ). This distribution can now be transformed with the linear
inverse Fourier transform to obtain a posterior over possible real-space PDE solutions. As the
transformation is linear, this real-space posterior is also a Gaussian process.

Kronecker Structure Allows Scalability. If implemented naively, the predictive distribution over
the Fourier modes would be computationally prohibitive, due to the growth of the Gram matrices with
increasing Nyin OF kmax. As such, we exploit the Kronecker structure of our kernels and reduce the
regression time complexity from O (Nf;’amkglﬁ) to O (Nminkgax) and peak memory requirements

from O (Nt2 k2D ) to O (NuainkD ), translating to a 50x acceleration for kyx = 50, Nygain = 75

[24] ' rain’ "max max

Hyperparameter Tuning. To find optimal kernel hyperparameters, we use a gradient-based
maximum-likelihood estimate from the negative marginal log-likelihood loss, calculated on predicted
Fourier modes, i.e. we minimise £(6) = — log p (¥|u, 6) over the hyperparameters for the Matérn-3

kernel. We attain time and space complexities of O (Ntrain krln)ax) for each loss evaluation [24]).

5 Experimental Results

We demonstrate the model’s performance across 20 linear inhomogeneous BVPs, first introduced by
[10]. Each example consists of a randomly-generated forcing u(x) and its corresponding response
v(). We choose to present the relative L? error for deterministic comparisons, and the full negative
marginal log-likelihood (MLL) as a probabilistic loss. The MLL quantifies the likelihood of the entire
test set, given the joint posterior distribution over all real-space points in all test examples.

Accuracy and Uncertainty. A subset of median relative L? error and negative MLL is provided in
Table[I] alongside corresponding results from GreenLearning [10]. The functions are sampled at 100
equally-spaced locations across the domain, and training examples of v contain a noise content of
1%. Each model is fit 5 times with a randomly-shuffled training set of 75 examples, and tested on 25
unseen examples. Our method is competitive with GreenLearning across the whole suite of equations,
obtaining a median relative L? error of < 1% on 17 out of 20.

Sample Efficiency. We fit both models with a range of training set sizes to measure sample efficiency
in each case, and in the case of Helmholtz (Figure 2h), GPGreen shows superior performance for
very small (Vi,in < 13) training sets, and also obtains a lower error for the maximum size measured.
The negative MLL decreases steadily with increasing Ny, indicating the model not only gets more
accurate pointwise, but its confidence intervals scale accordingly to maintain a good estimate of
uncertainty.



Table 1: Achieved accuracy and uncertainty quantification for a wide range of linear operator learning
problems. We provide median and inter-quartile range across repeated experiments. Lower is better
in each case, and the (often tied) best algorithm for each metric is in bold. GreenLearning does not
provide uncertainty estimates so GPGreen is stronger on this metric by default.

GreenLearning [[10] GPGreen (ours)
Equation Rel LZerror/ % | —MLL | Rel LZ error / % —MLL
advection_diffusion 0.611 + 0.021 — 0.756 + 0.012 -10241 + 4
advection_diffusion_jump | 0.588 £ 0.022 — 0.608 + 0.011 | -11592 £ 11
airy_equation 0.735 £ 0.046 — 0.739 £ 0.003 | -10487 £ 11
biharmonic 0.609 £ 0.010 — 0.279 +0.021 | -11714 £23
boundary_layer 0.588 £ 0.016 — 0.880 +0.005 | -10345 + 19
cubic_helmholtz 1.956 + 0.026 — 3.078 £ 0.108 | -5503 £ 210
cusp 0.565 + 0.017 — 0.437 + 0.004 | -10110 £ 26
dawson 0.624 + 0.014 — 0.917 £ 0.001 -9876 + 16
helmholtz 1.074 +£ 0.028 — 0.702 £ 0.008 -10553 £ 7
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Figure 2: a. Median and IQR error metrics on the Helmholtz equation problem, measured for
GPGreen and GreenLearning over a range of Ny,i,. b. Plots of the learned Green’s functions for
the Dawson (top left), Helmholtz (fop right), periodic Helmholtz (bottom left), and potential barrier
(bottom right) equations.

Interpretability. A significant advantage of our approach over prevalent operator learning frame-
works is interpretability. By providing a distribution over the Green’s functions learned by our model,
we can infer properties of the system, e.g. the symmetry of the learnt Helmholtz operator (Figure [2p)
indicates that the learned operator is self-adjoint [[10].

6 Discussion

Conclusion. We have proposed and demonstrated a Bayesian operator learning framework which
allows the specification of prior and posterior distributions over the space of linear operators. By
placing a GP prior on the Green’s function for an inhomogeneous BVP and conditioning on data, we
have made accurate and interpretable predictions of PDE solutions.

Future Work. This work is a first step in scalable and reliable probabilistic operator learning. Key
extensions include extending GPGreen to also learn the homogeneous solution of BVPs and to support
more expressive kernels. We will explore the many applications enabled by probabilistic operator
learning including active learning [14H16] and generating ensembles of solutions for uncertain or
fundamentally stochastic differential equations [25]. Finally, future work will use methods for PDE
linearisation to apply our framework to broader classes of non-linear PDEs [26-29].
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