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ABSTRACT

Understanding generalization of overparametrized neural networks remains a fun-
damental challenge in machine learning. Most of the literature mostly studies gen-
eralization from an interpolation point of view, taking convergence of parameters
towards a global minimum of the training loss for granted. While overparametrized
architectures indeed interpolated the data for typical classification tasks, this inter-
polation paradigm does not seem valid anymore for more complex tasks such as
in-context learning or diffusion. Instead for such tasks, it has been empirically ob-
served that the trained models goes from global minima to spurious local minima of
the training loss as the number of training samples becomes larger than some level
we call optimization threshold. While the former yields a poor generalization to the
true population loss, the latter was observed to actually correspond to the minimiser
of this true loss. This paper explores theoretically this phenomenon in the context
of two-layer ReLLU networks. We demonstrate that, despite overparametrization,
networks often converge toward simpler solutions rather than interpolating the
training data, which can lead to a drastic improvement on the test loss with respect
to interpolating solutions. Our analysis relies on the so called early alignment
phase, during which neurons align towards specific directions. This directional
alignment, which occurs in the early stage of training, leads to a simplicity bias,
wherein the network approximates the ground truth model without converging to
the global minimum of the training loss. Our results suggest that this bias, resulting
in an optimization threshold from which interpolation is not reached anymore, is
beneficial and enhances the generalization of trained models.

1 INTRODUCTION

Understanding the generalization capabilities of neural networks remains a fundamental

open question in machine learning (Zhang et al., [2021; Neyshabur et all 2017). Tra-

ditionally, research has focused on explaining why neural networks models can achieve

zero training loss while still generalizing well to unseen data in supervised learning

tasks {Chizat-and-Bach} 2018 Metetal] 2018} Rotskotfand-Vanden-Eijnden} 2022 Chizat-and Bach| 2020} Boursteret-ak} 20
. This phenomenon is often attributed to overparametrization enabling models to find solutions that

interpolate the training data yet avoid overfitting (Belkin et al.l 2019} Bartlett et al., 2021}

However, the advent of generative Al paradigms—such as large language models (Vaswani et al.|
2017) and diffusion models (Dhariwal and Nichol, 202 1))—has introduced a paradigm shift in our
understanding of generalization. In these settings, models can generate new data and perform novel
tasks without necessarily interpolating the training data, raising fresh questions about how and why
they generalize.

To illustrate this shift, we consider two seemingly unrelated examples: in-context learning with
transformers and generative modeling using diffusion methods.

Firstly, in-context learning (ICL) refers to the ability of large pretrained transformer models to learn
new tasks from just a few examples, without any parameter updates (Brown et al.,|2020; Min et al.|
2022). A central question is whether ICL enables models to learn tasks significantly different from
those encountered during pretraining. While prior work suggests that ICL leverages mechanisms akin
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to Bayesian inference (Xie et al., [2022} |Garg et al.| 2022} [Bai et al.,|2023)), the limited diversity of
tasks in pretraining datasets may constrain the model’s ability to generalize. [Raventds et al.| (2024)
investigated this effect by focusing on regression problems to quantify how increasing the variety of
tasks during pretraining affects ICL’s capacity to generalize to new, unseen tasks, in context.

Secondly, diffusion models have made remarkable strides in generating high-quality images from
high-dimensional datasets (Sohl-Dickstein et al., 2015; Ho et al.| 2020; |Song et al.l 2021). These
models learn to generate new samples by training denoisers to estimate the score function—the
gradient of the log probability density—of the noisy data distribution (Song and Ermon, 2019). A
significant challenge in this context is approximating a continuous density from a relatively small
training set without succumbing to the curse of dimensionality. Although deep neural networks may
tend to memorize training data when the dataset is small relative to the network’s capacity (Somepalli
et al.}[2023} |Carlini et al.;, 2023),|Yoon et al.|(2023)); [Kadkhodaie et al.|(2023)) observed they generalize
well when trained on sufficiently large datasets, rendering the model’s behavior nearly independent
of the specific training set.

The common thread connecting these examples is a fundamental change in how gradient descent
behaves in overparameterized models when the number of data points exceeds a certain threshold.
Rather than converging to the global minimum of the training loss, gradient descent converges to a
simpler solution closely related to the true loss minimizer. In learning scenarios involving noisy data,
the most effective solutions are often those that do not interpolate the data. Despite their capacity
to overfit, these models exhibit a simplicity bias, generalizing well to the underlying ground truth
instead of merely fitting the noise in the training data. While simplicity bias generally refers to the
tendency of models to learn features of increasing complexity, until reaching data interpolation (Arpit
et al.,2017;Rahaman et al.,|2019; Kalimeris et al.;,2019; Huh et al.,|2021); this phenomenon seems
to stop before full interpolation in the case of in-context learning and diffusion models (even when
training for a very long time). This observation underscores a significant shift in our understanding
and approach to generalization in machine learning.

In this paper, we investigate this phenomenon in the setting of shallow ReLU networks —a

foundational-architectural-element-applied to a regression problem. While multilayer perceptrons
are foundational elements shared by the aforementioned models—applied-to-aregression-problem-
» focusing on shallow networks remains a significant simplification with respect to the architectures

and algorithms used for training transformers and diffusion models. Despite this simplification, we

aim to gain theoretical insights that could shed light on similar behaviors observed in more complex
models.

Some recent works argued that overparametrized networks do not necessarily converge to global
minima. In particular, |Qiao et al.|(2024) showed this effect for unidimensional data by illustrating the
instability of global minima. [Boursier and Flammarion| (2024) advanced a different reason for this
effect, given by the early alignment phenomenon: when initialized with sufficiently small weights,
neurons primarily adjust their directions rather than their magnitudes in the early phase of training,
aligning along specific directions determined by the stationary points of a certain function. This
function can be explicitly characterized in simple cases.

Contributions. Our first contribution is to show that this function driving the early alignment phase
concentrates around its expectation, which corresponds to the true loss function. For simple teacher
architectures, this expected function possesses only a few critical points. As a result, after the early
alignment phase, the neurons become concentrated in a few key directions associated with the ground
truth model. This behavior reveals a simplicity bias at the initial stages of training. Moreover, this
directional concentration is believed to contribute to the non-convergence to the global minimizer of
the training loss. However, this characterization only pertains to the initial stage of training. Therefore
we extend our analysis to provide, under a restricted data model, a comprehensive characterization of
the training dynamics, demonstrating that the simplicity bias persists until the end of training when
the number of training samples exceeds some optimization threshold.

2 PRELIMINARIES

This section introduces the settin and the early alignment phenomenon, following the notations and
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2.1 NOTATIONS

In the following, we denote by S;_; the unit sphere of R% and B(0,1) the unit ball. We note
f(t) = O, (g(¢)), if there exists a constant C}, that only depends on p such that for any ¢ in its
definition space, |f(t)| < Cpg(t). We drop the p index, if the constant C), is universal and does
not depend on any parameter. Similarly in the Appendix, we note f(t) = Q,(g(t)), if there exists
a constant C), that only depends on p such that for any ¢, f(¢) > Cpg(t). Moreover, we note

f(t) = ©,(g(t)) if both f(t) = O, (g(t)) and f(t) = Q,(g(t)). For any bounded set A, U(A
denotes the uniform probability distribution on the set A.

2.2  SETTING

We consider n data points (2, i )ke[n] € R*T! drawn i.i.d. from seme-a distribution 1 € P(R4 ).
We also denote by X—=farsan e RXAX = [z . o) € R andy = (y1,...,yn) €
R™ respectively the matrix whose rews-columns are given by the input vectors x, and the vector with
coordinates given by the labels yy.

A two layer ReL.U network is parameterised by 6 = (wj, a;) e[m] € R™*(d+1) corresponding to
the prediction function

m
hg :x— Zaja(w;z),
j=1
where ¢ is the ReLU activation given by o(z) = max(0, z). While training, we aim at minimizing
the empirical square loss over the training data, defined as

n

L(0;X,y) = % Z(ha(xk) — k).
k=1

As the limiting dynamics of (stochastic) gradient descent with vanishing learning rates, we study a
subgradient flow of the training loss, which satisfies for almost any ¢t € R,

do(t)

“a € —0pL(0(t); X, y). (1

2.3 EARLY ALIGNMENT DYNAMICS

Initialisation. In accordance to the feature learning regime (Chizat et al., [2019), we consider a
small initialisation scale, i.e., the m neurons of the neural network are initialised as

(a;(0), w;(0)) = jﬁ@-, i), @

where A > 0 is the scale of initialisation and (a@;, w;) are vectors drawn i.i.d. ;whieh-from some
distribution, such that they also satisfy the following domination property:

_ . . 1S~
ja;| > [, forany j € [m]  and  —7% a7 <1 3)
J=1

The domination property is common in the literature and allows for a simpler analysis, as it ensures
that the signs of the output neurons a;(?) remain unchanged during training (Boursier et al., [2022)).

Neuron dynamics. In the case of two layer neural networks with square loss and ReLU activation,
Equation (1)) can be written for each neuron ¢ € [m] as

) q Z(t)@n( z(t)vg(t)) 4)
%(t) = w;(t) " Dn(wi(t),0(t))),

where the vector 5 T

D, (w;(t),0(t)) and set D, w;(t).0(t)) are defined as follows, with Jo the subdifferential of the
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=~ > Larusolus — ho(zk))z,
k=1

3\}—!

Z (Y — o) (zx))o | i € 9o (z {w)}-

~

:\H

0n(8) = {

These derivations directly follow from the subdifferential of the training ebjeetive-as-

n

1
D (wi(t),6(t)) = o > Lot w,ty>0(Uk — hog) (zk)) Tk,
k=1

~~

=0if a"k w <0,
D, (w,0) = { Z Me(Yr — hog)(Tr)) 2 ’ N § = 1if rk w > 0, }
k=1 € [0, 1] otherwise

loss. In particular, Dy{t6)-cDnfw6)D, (w, 0) corresponds to a specific vector (subgradient) in
the subdifferential D, (w,6). Also observe that the set D {4} dependsontw-2, (w, §) depends

on w only through its activations A7{}4,, (w), defined as

Sg-1 — {—].7 0, 1}”

w > sign(w ' ) pep)

Furthermore, D7 {+6)9,,(w, #) depends on 6 only through the prediction function %55y, evaluated

on the training inputs. This observation is crucial to the early alignment phenomenon. Notably, two
neurons with the same activations follow similar dynamics.

n -

Early alignment. In the small initialization regime described by Equation (2, numerous works
highlight an early alignment phase in the initial stage of training (Maennel et al., 2018}, [Boursier]
[and Flammarion| 2024} [Kumar and Haupt, 2024} Tsoy and Konstantinov} 2024)). During this phase,
the neurons exhibit minimal changes in norm, while undergoing significant changes in direction.

This phenomenon is due to a discrepancy in the derivatives of the neurons’ norms (which scale with
A) and of their directions (which scale in O(1)). Specifically, for a sufficiently small initialisation

scale A, the neurons align towards the critical directions of the following function G,, defined on the
d-dimensional sphere

Sqa—1 — R (5)
w +— (w, Dp(w,0)) -

Nete-that-G,, is a continuous, piecewise linear function which can be interpreted as the correlation be-
tween the gradient information around the origin and the neuron w (given by D,, (w, 0)). The network
neurons thus align with the critical directions of G, tewafds—whieh—ﬂae—ﬂefwefk—ﬂeﬂfeﬂs—ahg&durmg

the early training dynamics. These critical directions are called extremal vectors, defined as follows.

Definition 1. A vector D € R is said extremal with respect to G, if there exists w € Sq_1 such
that both simultaneously hold

1. De®,(w,0); 2. D=0orA,(D) e {A,(w),—A,(w)}.

G,

This definition directly follows from the KKT conditions
roblem, constrained on the sphere, of the function G,,.

of the maximization (or minimization

Implications of early alignment. By the end of the early alignment, most if not all neurons are
nearly aligned with some extremal vector D. [Maennel et al.| (2018)); Boursier and Flammarion| (2024)
argue that only a few extremal vectors exist in typical learning models. We further explore this claim in
Section[3] As a consequence, only a few directions are represented by the network’s weights at the end
of the early dynamics, even though the neurons cover all possible directions at initialization.
and Flammarion| (2024)) even show that this quantization of directions can prevent the network from
interpolating the training set at convergence despite the overparametrization of the network.
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Although this failure of interpolation has been considered a drawback by Boursier and Flammarion
(2024), we show in Section [4] that it can also lead to a beneficial phenomenon of simplicity bias.
Specifically, Section [4] illustrates on a simple linear example that for a large number of training
samples, the model does not converge to interpolation. Instead, it converges towards the ordinary
least square (OLS) estimator of the data. As a consequence, the model fits the true signal of the
data, while effectively ignoring label noise. Before studying this example, we must first understand
how extremal vectors behave as the number of training samples increases.

3 GEOMETRY OF ALIGNMENT IN THE LARGE SAMPLE REGIME

In this section, we aim to describe the geometry of the function GG,,, with a specific focus on the
extremal vectors, as the number of training samples n becomes large. These vectors are key in driving
the early alignment phase of the training, making them essential to understanding the initial dynamics
of the parameters. Our approach involves first analyzing the concentration of gradient information D,,
of the train loss and then refining the analysis to focus on the extremal vectors.

Despite non-smoothness of the loss (due to ReLLU activations), we can leverage the piecewise constant
structure of the vector function D,, (w), along with typical Rademacher complexity arguments, to
derive uniform concentration bounds on the random function w — D, (w).

Theorem 1. If the marginal law of x is continuous with respect to the Lebesgue measure, then for

anyn €N,
dlogn
=0<¢ " EAM%@>,

Theorem indicates that as n grows large, the sets ©,,(w, 0) converge to the corresponding vectors

Ex,y | sup sup | D, — D(w)]|2
WESd—1 Dp €Dy (w,0)

where for any w € Sy—1, D(w) = E,u[:ﬂ-w-rx>0yx}'

for the true loss, given by D(w), at a rate

dl‘;%. Moreover this rate holds uniformly across all

possible directions of R? in expectation. A probability tail bound version of Theorem |1, which
bounds this deviation with high probability, can also be derived (see Theorem [3]in Appendix [C). A
complete proof of Theorem I]is provided in Appendix [B]

When n — oo, the alignment dynamics are thus driven by vectors D,, which are close to their
expected value D(w). Furthermore, when n — oo, the activations of a weight A, (w) exactly
determine the direction of this weight, as every possible direction is then covered by the training
inputs x. Specifically, for an infinite dataset with dense support indexed by N, and defining the
infinite activation function A as

Sq-1 — {_1707 1}N

w > sign(w " Tg ) ken

then A is injective. As-a-censequenees—in-In this infinite data limit, the functions G,, converge to

the differentiable function G : w — w ' D(w) and a vector D € R? is extremal with respect to G if
there exists w € Sy_1 such that both

. D=D(w) 2. D:Om—gfe@pw} (6)
D2

When n becomes large, the extremal vectors of the data then concentrate toward the vectors satisfying
Equation (). This is precisely quantified by Proposition[T]below.

Proposition 1. Assume the marginal law of x is continuous with respect to the Lebesgue measure
and that E[||zy||*] < cc.
Then for any € > 0, there is n*(¢) = O, (dlog d) such that for any n > n*(e), with probability at
least1 — O, (%) Sor any extremal vector D,, of the finite data (X,y) € R (441 there exists a
vector D* € RY satisfying Equation @, such that

1D, — D*||2 < e.
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Proposition [I] states that for large n, the extremal vectors concentrate towards the vectors satisfying
Equation (6). The proof of Proposition T|relies on the tail bound version of Theorem|I]and continuity
arguments. A complete proof is given in Appendix

Early alignment towards a few directions. Besides laying the ground for Theorem[2] Proposition|[I]
aims at describing the geometry of the early alignment when the number of training samples grows
large. In particular, Proposition|l|shows that all extremal vectors concentrate towards the directions
satisfying Equation (6). Although such a description remains abstract, we believe it is satisfied by
only a few directions for many data distributions. As an example, for symmetric data distributions, it
is respectively satisfied by a single or two directions, when considering a one neuron or linear teacher.
More generally, we conjecture it should be satisfied by a small number of directions as soon as the
labels are given by a small teacher network. Proving such a result is yet left for future work.

The early alignment phenomenon has been described in many works, to show that after the early
training dynamics, only a few directions (given by the extremal vectors) are represented by the
neurons (Bui Thi Mai and Lampert, [2021}; [Lyu et al., 2021 [Boursier et al., 2022} |Chistikov et al.,
2023; Min et al., 2024} Boursier and Flammarion, |2024; [Tsoy and Konstantinov,, 2024). However,
these works all rely on specific data examples, where extremal vectors can be easily expressed for a
finite number of samples. Proposition[I]aims at providing a more general result, showing that for
large n, it is sufficient to consider the directions satisfying Equation (6), which is easier to characterize
from a statistical perspective. We thus believe that Proposition [[|advances our understanding of how
sparse is the network representation (in directions) at the end of early alignment.

Proposition |1| implies that for large values of n (2 d), the early alignment phase results in the
formation of a small number of neuron clusters, effectively making the neural network equivalent
to a small-width network. Empirically, these clusters appear to be mostly{ﬂ preserved throughout
training. The neural network then remains equivalent to a small-width network along its entire
training trajectory.

In contrast, when the number of data is limited (n < d), this guarantee no longer holds and a large
number of extremal vectors may exist. For example in the case of orthogonal data (which only holds
for n < d), there are ©(2") extremal vectors (Boursier et al.,[2022). In such cases, there would still be
a large number of neuron clusters at the end of the early alignment phase, maintaining a large effective
width of the network. Studying how this effective width is maintained until the end of training in
the orthogonal case remains an open problem. We conjecture that for a mild overparametrization
nSm< 2”)[] we would still have a relatively large effective width (ef-erder-increasing with n) at
the end of training.

4  OPTIMISATION THRESHOLD AND SIMPLICITY BIAS

The goal of this section is to illustrate the transition from interpolating the training data to a nearly
optimal estimator (with respect to the true loss) that can arise when increasing the size of training
data. Toward this end, this section proves on a simple data example, that for a large enough number of
training samples, an overparametrized network will not converge to a global minimum of the training
loss, but will instead be close to the minimizer of the true loss.

More precisely, we consider the specific case of a linear data model:
yp = x B* +np,  forany k € [n], ™

where 7, is some noise, drawn i.i.d. from a centered distribution. We also introduce a specific set of
assumptions regarding the data distribution.

Assumption 1. The samples x), and the noise n;, are drawn i.i.d. from distributions ux, and p.,
satisfying, for some ¢ > 0:

1. ux is symmetric, i.e., xy and —xy, follow the same distribution;
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2. is continuous with respect to the Lebesgue measure;
T Izl _ q.
3. Pa (27| < clzle) — o,

3

T _ : __c 33
4. B2 = Tallop < min (576, 2);

5. The random vector xy, is 1 sub-Gaussian and the noise satisfies E,[n*] < co.

Conditions 1, 2 and 5 in Assumption [T]are relatively mild. However, item 3 is quite restrictive: it is
needed to ensure that the volume of the activation cone containing 5* does not vanish when n — oo.
A similar assumption is considered by Chistikov et al.[(2023); Tsoy and Konstantinov|(2024), for
similar reasons. Additionally, Condition 4 ensures that E, [zz ' |3* and 3* are in the same activation
cone. This assumption allows the training dynamics to remain within a single cone after the early
alignment phase, significantly simplifying our analysis.

As an example, note that if the samples x, are distributed i.i.d. as

T = Sng*H +vd—1v, with

sp~U([—1—e,—1+e]U[l—¢,14¢]) andvp ~U(Sq_1 N {B*}),
for a small enough € > 0 and 1, a standard Gaussian distribution, then Assumption [I]is satisfied. In
this section, we also consider the following specific initialisation scheme for any ¢ € [m]:

A A
In addition to the regime considered in Equations (2)) and (3)), this initialization introduces a stronger
domination condition, as |a;(0)| > 2||w;(0)||. This condition reinforces the early alignment phase,
ensuring that all neurons are nearly aligned with extremal vectors by the end of this phase. Assump-
tion |1} and Equation are primarily introduced to enable a tractable analysis and are discussed
further in Section 4.2

Tn-partiewlar—this-This set of assumptions allows to study the training dynamics separately on the
following partition of the data:

S, ={ken]|z.p*>0} and S_={ken]|z]p* <0}

Hereafter, we denote by X, € R?*IS+| (resp. X _), the matrix with rows given by the vectors
for k € S, (resp. #-=S+k € S_). Similarly, we denote by Y, € RIS+! (resp. Y _) the vector with
coordinates given by the labels y;, for k € S (resp. k € S_).

Studying separately the positive (a; > 0) and negative (a; < 0) neurons, we ean-prove Theorem [2]
below, which states that at convergence and for a large enough number of training samples, the sum
of the positive (resp. negative) neurons wit-correspond to the OLS estimator on the data subset S

(resp. S_).
Theorem 2. If Assumption holds and the initialisation scheme follows Equation (@), then there
exists \* = @(é) and n* = O(d>log d) such that for any X\ < \*, any m € N and n > n*, with

probability 1 — O(i: + 2%), the parameters 0(t) converge to some 0, such that
he..(x) = (B @)+ — (=B, _x)+  forany x € Supp(ux),

where Supp(px) is the support of the distribution px, Bp+ = (X+XI)_1X+Y+ and By,,— =
(X,Xj)_lx,Y, are the OLS estimator respectively on the data in Sy and S_ .

Precisely, the estimator learnt at convergence for a large enough n behaves p x-everywhere as the
difference of two ReLU neurons, with nearly opposite directions (thanks to the distribution symmetry),
resulting in a nearly linear estimator. These directions correspond to the OLS estimator of the data in
S and in S_, respectively.

The complete proof of Theorem [2] is deferred to Appendix [E| We provide a detailed sketch in
Section[d.T|below and discuss further Theorem [2)in Section 4.2}
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4.1 SKETCH OF PROOF OF THEOREM[Z]

examines the complete training dynamics of positive neurons (a;(0) > 0
and negative ones (a,(0) < 0) separately. This decoupling is possible at the end of the early phase
due to Assumption m ,and is handled thanks to LemmaElin the Appendix.

First note that for the given model, there are only two vectors satisfying Equation @,vgovrvrggp/grylig\g
to ¥4* and — 2 ¥ 8* respectively, for ¥ = E,.,, . [zz "]. From then and thanks to the third point of

Assumption [I] the results from Section@im ly that, for a large value of n and with high probabilit
there are only two extremal vectors, both of which are close to the expected ones mentioned above.
By analysing the early alignment phase similarly to|Boursier and Flammarion| (2024), we show that

by the end of this early phase, (i) all neurons have small norms; (ii) positive (resp. negative) neurons
are aligned with X 3* (resp. —X3*). More specifically, at time 7, defined as the end of the earl

alignment phase, we show that
T
i d21
viem, YT sge_ ||Eﬂ*||(9</\8+\/0gn>.
a;(T) n

From that point onward, all positive neurons are nearly aligned and behave as a single neuron until
the end of training. Moreover, they remain in the same activation cone until the end of training.

Namely forany 2 € [m|and t > 7,

sign(a;(t)){w;(t), k) >0 forany k € Sy,

sign(a;(t))(w;(t), zx) <0 forany k € S_.
We then show that during a second phase, all positive neurons grow until they reach the OLS
estimator on the data in S_. Mathematically, for some time 75 . > 7
D ailm ) wi(ra ) & By

i,a;(0)>0

Similarly, negative neurons end up close to _ after a different time 75 _. Proving this second

hase is quite technical and is actually decomposed into a slow growth and fast growth phases
following a similar approach to[Lyu et al.| (2021)); Tsoy and Konstantinov| (2024).

At the end of the second phase, the estimation function is already close to the one described in
Theorem [2| From then, we control the neurons using a local Polyak-F.ojasiewicz inequality (see
actually converge to a local minimum corresponding to the estimation function g, described in
Theorem N

4.2 DISCUSSION

This section discusses in details Theorem 2] and its limitations.

Absence of interpolation. For many years, the literature has argued in favor of the fact that, if
overparametrized enough, neural networks do converge towards interpolation of the training set,

i.e., to a global minimum of the loss (Jacot et all, 2018}, [Du et al [2019; [Chizat and Bachl 2018}
Wojtowytsch, [2020).

Yet, some recent works argued in the opposite direction that convergence towards global minima might
not be achieved for regression tasks, even with infinitely overparametrized networks
Boursier and Flammarion| 2024). Indeed, Theorem 2] still holds as m — oo: although interpolation
of the data is possible from a statistical aspect, interpolation does not occur for optimization reasons.
In this direction, claim that for large values of n and univariate data, interpolation
cannot happen because of the large (i.e., finite) stepsizes used for gradient descent. Following
Boursier and Flammarion| (2024), we here provide a complementary reason, which is due to the
early alignment phenomenon and loss of omnidirectionality of the weights (i.e., the fact that the
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weights represent all directions in R%). Note that this loss of omnidirectionality is specific to the
(leaky) ReLLU activation and does not hold for smooth activations (see e.g.|Chizat and Bach, [2018],
Lemma C.10). We experimentally confirm in Appendix that both visions are complementary, as
interpolation still does not happen for arbitrarily small learning rates.

Simplicity bias. Simplicity bias has been extensively studied in the literature (Arpit et al., 2017}
Rahaman et al., 2019; [Kalimeris et al., 2019; |[Huh et al., 2021). It is often described as the fact that
networks learn features of increasing complexity while learning. In other words, simpler features are
first learnt (e.g., a linear estimator), and more complex features might be learnt later. This has been
observed in many empirical studies, leading to improved performance in generalization, except from
a few nuanced cases (Shah et al.| 2020). Yet in all these studies, the network interpelate-interpolates
the training set after being trained for a long enough time. In consequence, simplicity bias has been
characterized by a first feature learning phase; and is then followed by an interpolating phase, where
the remaining noise is fitted (Kalimeris et al.,[2019).

We here go further by showing that this last interpolating phase does not even happen in some cases.
Theorem [2]indeed claims that after the first feature learning phase, where the network learns a linear
estimator, nothing happens in training. The interpolating phase never starts, no matter how long we
wait for. While interpolation is often observed for classification problems in practice, it is generally
much harder to reach for regression problems (Stewart et al., [2022;|Yoon et al.,|[2023; Kadkhodaie
et al., 2023} [Raventos et al.|, [2024). Theorem@]conﬁrms this tendency by illustrating a regression
example where interpolation does not happen at convergence.

Although implicit bias and simplicity bias often refer to the same behavior in the literature, we here
distinguish the two terms: implicit bias is generally considered in the regime of interpolation (Soudry
et al.} 2018 [Lyu and Li,|2019; (Chizat and Bachl 2020; Ji and Telgarsky} 2019), while simplicity bias
still exists in absence of interpolation.

Improved test loss, due to overparametrization threshold. Theorem [2]states that for a large
enough number of training samples, the interpolating phase does not happen during training, and
the estimator then resembles the OLS estimator of the training set. In that regime, the excess risk
scales as O(%) (Hsu et al.,2011) and thus quickly decreases to 0 as the number of training samples
grows. In contrast when interpolation happens, we either observe a tempered overfitting, where the
excess risk does not go down to 0 as the number of samples grows (Mallinar et al., [2022)); or even a
catastrophic overfittingean-happen, where the excess risk instead diverges to infinity as the size of
the training set increases (Joshi et al.| 2023)).

The fact that the excess risk goes down to 0 as n grows in our example of Section 4] could not be
due to a benign overfitting (Belkin et al.l 2018} [Bartlett et al., [2020), as benign overfitting occurs
when the dimension d also grows to infinity. We here consider a fixed dimension instead, and this
reduced risk is then solely due to the optimization threshold, i.e., the fact that for a large enough n,
the interpolating phase does not happen anymore. While some works rely on early stopping before
this interpolating phase to guarantee such an improved excess risk (Ji et al., 2021} Mallinar et al.,
2022; |[Frei et al., [2023)), it can be guaranteed without any early stopping after this optimization
threshold. A similar threshold has been empirically observed in diffusion and in-context learning
(Yoon et al.,[2023; [Kadkhodaie et al., 2023} |Raventos et al., [2024), where the trained model goes
from interpolation to generalization as the number of training samples increases.

Limitations and generality. While Theorem [2]considers a very specific setting, it describes a more
general behavior. Although condition 3 of Assumption|I|and the initialization scheme of Equation
are quite artificial, they are merely required to allow a tractable analysis. The experiments of Sectior%
are indeed run without these conditions and yield results similar to the predictions of Theorem [2|for
large enough n.

More particularly, condition 3 of Assumption|l|is required to ensure that only two extremal vectors
exist. Without this condition, there could be additional extremal vectors, but all concentrated around
these two main extremal ones. On the other hand, Equation () is required to enforce the early
alignment phase, so that all neurons are aligned towards extremal vectors at its end. With a more
general initialization, some neurons could move arbitrarily slowly in the early alignment dynamics,
ending unaligned at the end of early phase. Yet, such neurons would be very rare. Relaxing these
two assumptions would make the final convergence point slightly more complex than the one in
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Theorem[2] Besides the two main ReLU components described in Theorem[2] a few small components
could also be added to the final estimator, without significantly changing the reached excess risk, as
observed in Section[3] This is observed in Figure[T] where the training loss is only slightly smaller
than the training loss of OLS, with a comparable test loss.

From a higher level, TheoremEl is restricted to a linear teacher —and a simple network architecture.
It remains hard to assess how well the considered setting reflects the behavior of more complex.
architectures encountered in practice. We believe that the different conclusions of our work remain

valid in more complex setups. In particular, additional experiments in Appendix [A] run with a 5
RebUs teacheryields more complex teacher, GeLU activations or with Adam optimizer yield similar

behaviors: the obtained estimator does not interpolate for a large number of training samples, but

instead accurately approximates the teachernetwerkminimizer of the test loss. Similar behaviors

have also been observed on more complex tasks as generative modeling or in-context learning
et al} 2023}, [Kadkhodaie et al.} 2023} [Raventds et al, 2024). Despite overparametrization, the trained

model goes from perfect interpolation to generalization, as it fails at interpolating for a large number

of training samples. In these works as well, this absence of interpolation does not seem due to an early

stopping, but rather to convergence to a local minimum (see e.g., Raventés et al 2024], Figure 4).

Lastly, Theorem [2| requires a very large number of samples with respect to the dimension, i.e.,
n 2 d®logd. Our experiments suggest-confirm that the optimization threshold only appears for a
very large number of training samples with respect to the dimension. However, similar behaviors
seem to occur for smaller orders of magnitude for n in more complex learning problems, such as the

training of diffusion models (Yoon et al.} 2023}, [Kadkhodaie et al., [2023).

H gtV odet; a Nyt v < e < = 5
This dependency in d might indeed be different for more complex architectures (e.g., with attention

investigating for future work.

Vi € [m], <‘:((:))ze> — |z - o(v + VW) .

sign(a;(t))(w;(t), xx) >0 forany k € Sy,

sign(a;(t))(w;(t),xx) <0 forany k€ S_.

e e o £ et o e
Z a; (T2, 4)wi(T2,4) =~ B +-

4,a;(0)>0
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5 EXPERIMENTS

This section illustrates our results on experiments on a toy model close to the setting of Section 4]
More precisely, we train overparametrized two-layer neural networks (7n_= 10 000) until convergence,
on data from the linear model of Equation (7). The network is trained via stochastic gradient descent
and the dimension is here fixed to d = 5 to allow reasonable running times. The setup here is more
general as-in-than Section[d] since i) the data input z; are drawn from a standard Gaussian distribution
(which does not satisfy Assumption|I); ii) the neurons are initialized as centered Gaussian of variance

% (which does not satisfy Equations (3)) and ). We refer to fewdd%&eﬂa%Appendix@@ details
on the considered experiments and additional experiments.

Figure [T illustrates the behavior of both train loss and test loss at convergence, when the size of the
training set n varies. As predicted by Theorem 2] when n exceeds some optimization threshold, the
estimator at convergence does not interpolate the training set. Instead, it resembles the optimal OLS
estimator, which yields a test loss close to the noise level E[5?]. In contrast for smaller training sets,
the final estimator interpolates the data at convergence, which yields a much larger test loss than OLS,
corresponding to the tempered overfitting regime (Mallinar et al.} [2022).

0.10 T 3 0.50 17 =
i v T + 0451 + hy
| + + OLS
0.08 ¥ 0401
22} + © ()354 +
E 0.06 o g 0%,
+, — 0.301
g 7
Z 0.04 Z 0.5
= * & .
0.20
+
0.02 +  hy 0.15 { SRR
+ 2
000 Las? ) oL 010 eeenensans S S S SR
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
n n

(a) Evolution of train loss. (b) Evolution of test loss.

Figure 1: Evolution of both train and test losses at convergence with respect to the number of training
samples. o2 corresponds to the noise variance E[n?].

This optimization threshold is here located around n* = 3000, which suggests that the large depen-
dency of this threshold in the dimension (which is here 5) in Theorem seems necessary

We still observe a few differences here with the predictions of Theorem 2] which are due to the two
differences in the setups mentioned above. Indeed, even after this optimization threshold, the test
loss of the obtained network is slightly larger than the one of OLS, while Theorem 2] predicts they
should coincide. This is because in the experimental setup, a few neurons remain disaligned with the
extremal ones at the end of the early alignment phase. These neurons will then later in training grow
in norm, trying to fit a few data points. However there are only a few of such neurons, whose impact
thus becomes limited. As a consequence, they only manage to slightly improve the train loss, and
thus only slightly degrade the test loss.

ZRuﬁﬂ%ﬁg—sfmﬂaﬁg\e/g Appendix for experiments with i St =10; ‘ .
' ¢ = e cubi sylarger dimensions. Yet-we-did-notrun-extensive
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6 CONCLUSION

This work illustrates on a simple linear example the phenomenon of non-convergence of the parame-
ters towards a global minimum of the training loss, despite overparametrisation. This non-convergence
actually yields a simplicity bias on the final estimator, which can lead to an optimal fit of the true
data distribution. A similar phenomenon has been observed on more complex and realistic settings
(Yoon et al} 2023 |Kadkhodaie et al., 2023} |Ravent6s et al.,2024), for which a theoretical analysis
remains intractable.

This result is proven via the description of the early alignment phase. Besides the specific data example
considered in Sectiond] we also provide concentration bounds on the extremal vectors driving this
early alignment. We believe this result can be used in subsequent works to better understand this
early phase of the training dynamics, and how it yields biases towards simple estimators.

12
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A ADDITIONAL EXPERIMENTS

A.1 EXPERIMENTAL DETAILS

In the experiments of Figure [T} we initialised two-layer ReLU networks (without bias term) with
m = 10 000 neurons, initialized i.i.d. for each component as a Gaussian of variance %. We then
generated training samples as

Yo = B T xp + s
where 7, are drawn i.i.d. as centered Gaussian of variance 02 = 0.09, z;, are drawn i.i.d. as centered
Gaussian variables and 5* is fixed, without loss of generality, to 8* = (1,0, ...,0). The dimension

is fixed to d = 5. We then train these networks on training datasets of different sizes (each dataset is
resampled from scratch).

The neural networks are trained via stochastic gradient descent (SGD), with batch size 32 and learning
rate 0.01. To ensure that we reached convergence of the parameters, we train the networks for 8 x 10°
iterations of SGD, where the training seems stabilized.

All the experiments were run on a personal MacBook Pro, for a total compute time of approximatel
100 hours.

A2 COSINE SIMILARITY WITH OLS ESTIMATOR

To illustrate Theorem 2|and the fact that neurons end up aligned with the OLS estimator beyond the

optimization threshold n*, FigureEl shows histograms of the cosine similaritie§’|between the all the
neurons w; of the network at the end of training and the true OLS estimator 3 = (XX ') ~1XY, for

3The cosine similarity between two vectors u, v € R? is defined as cos(u

v
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different sample complexities. This experiment follows the exact same setup as the one described in
Appendix [A.T}
In particular, Figure [2al shows this histogram for n = 500, where interpolation of the training data

happens (see Figure %Figure@ shows this histogram for n = 5 000, where interpolation of
the training data does not happen anymore, but the network generalizes well to unseen data,

While a majority of the neurons is already nicely aligned with the true OLS estimator in the former

case (having a cosine similarity close to either 1 or —1), we see that nearly all neurons are aligned
with this true estimator as n grows larger, confirming the predictions of TheoremW

Section |9} there are still a few vectors that are disaligned with the OLS estimator here, but they have

almost no impact on the estimated function.
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Figure 2: Histogram of the cosine similarities of the neurons with the true OLS estimator /3, at the
end of training.

A3 GELU ACTIVATION,

Our theoretical results can be directly extended to any homogeneous activation function, i.e., leaky.
ReLU activation. Yet, the theory draws different conclusions for differentiable activations functions
and claims that for infinitely wide neural networks, the parameters should interpolate the data
at convergence (Chizat and Bach, 2018). This result yet only holds for infinitely wide networks,
and it remains unknown how wide a network should be to actually reach such an interpolation in
practice. Figure %Mmmm Sectijg%&ﬁlwacwm%wmmml
by the differentiable GeLU activation (Hendrycks and Gimpell 2016). This activation is standard in
modern large language models. Notably, it is used in the GPT2 architecture, which was used in the
experiments of Raventds et al| (2024).
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(a) Evolution of train loss.
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Figure 3: Evolution of both train and test losses at convergence with respect to the number of trainin
samples, with GeLU activation.

While infinitely wide GeLU networks should overfit, even very wide networks (m = 10 000) are
far from this behavior in practice. In particular, we observe a phenomenon similar to Section [5]in

Figure 3] Surprisingly, it even seems that interpolation is harder to reach with GeL U activation, as
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the network is already unable to interpolate for n = 500 training samples. We believe this is due
to the fact that GeLLU is close to a linear function around the origin (corresponding to our small
initialization regime), making it harder to overfit noisy labels.

A4 MOMENTUM BASED OPTIMIZERS

Our theoretical results hold for Gradient Flow, which is a first order approximation of typical
radient methods such as Gradient Descent (GD) or Stochastic Gradient Descent (SGD

enerality of the optimization threshold we proved in a specific theoretical setting, we consider in
Figure E| below the same experiments as in Section [5, with the exception that i) we used GeLU

activation functions (as in Appendix@) and ii) we minimized the training loss through the Adam
optimizer, with pytorch default hyperparameters.

We focus on Adam rather than AdamW here to follow the experimental setup of
Raventos et al.| (2024) and because our focus is on implicit regularization, thus avoiding explicit
regularization techniques.
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Figure 4: Evolution of both train and test losses at convergence with respect to the number of trainin
samples, with GeLU activation and Adam optimizer.

The observed results are very similar to the ones of Figure [3| leading to similar conclusions than

Appendix and the fact that considering Adam rather than SGD does not significantly change the

final results.

(b) Evolution of test loss.

A.5 STABILITY OF MINIMA

(2024) argue that the non-convergence of the estimator towards interpolation is due to the
instability of global minima. More precisely they claim that for large stepsizes, gradient descent (GD)
cannot stabilize around global minima of the loss for large values of n. We present an additional
experiment in this section, illustrating that this non-convergence is not due to an instability of the
convergence point of (S)GD, but to it being a stationary point of the loss as predicted by our theory.

For that, we consider a neural network initialized from the final point (warm restart) of training for
8 000 samples in the experiment of Figure [1[I*| We then continue training this network on the same
training dataset, with a decaying learning rate schedule. Precisely, we start with a learning rate of
0.01 as in the main experiment, and multiply the learning rate by 0.85 every 50 000 iterations of
SGD, so that after 4 x 109 iterations, the final learning rate is of order 108,

We observe on Figure [5] that the training loss does not change much from the point reached at the
end of training with the large learning rate 0.01. Indeed, the training loss was around 0.082 at the
end of this initial training, which is slightly less than the noise level (0.09). While there seems to be
some stabilization happening at the beginning of this decaying schedule, the training loss seems to

* Another relevant experiment is to train from scratch (no warm restart) with a smaller learning rate. When

running the experiment of Appendix with a smaller learning rate 0.001, we observe again that the
arameters at convergence correspond to the OLS estimator.
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Figure 5: Evolution of training loss from warm restart with a decaying learning rate schedule
(n = 8000, d = 5).

converge to slightly more than 0.0815, confirming that the absence of interpolation is not due to an
instability reason, but rather to a convergence towards a spurious stationary point of the loss.

A.6

Theorem redicted an optimization threshold scaling in O(d> log d). However, the experiments
of Section |5| consider a fixed dimension (d = 5), making it unclear how tight is this theoretical
optimization threshold and whether a similar dependency in the dimension is observed in practice.

To investigate further this dependency in the dimension, we present in this section experiments in
the same setup described in Appendix with the sole exception that the dimension is larger, fixed

tod =10.

INFLUENCE OF DIMENSIONALITY

Figure|6]illustrates the evolution of both the train and test losses as the number of training samples

increases in this larger dimension setting. In that case, the optimization threshold seems much
larger: interpolation stops happening around n = 10 000 samples, and an estimation close to the
OLS estimator really starts happening at much larger values of n, around n = 80 000.

0.10
o | 0224+ 7  hy
¥ +
0.08- % 0204, OLS
i .
% % 0.181
& 0.064 8
= + — 0.16 +
g % *
< 0.04 + < 0.144
g F +
0.02 1 + Ry 0-121 *
; OLS 0107 o +
0.00 1 ++ A

0

n

10000 20000 30000 40000 50000 60000 70000 80000

0

10000 20000 30000 40000 50000 60000 70000 80000
n

(a) Evolution of train loss. (b) Eyolution of test loss.

Figure 6: Evolution of both train and test losses at convergence with respect to the number of trainin
samples, with dimension d = 10.

Comparing with the d = 5 case, it thus seems that the point at which interpolation stops indeed
seems to roughly scale in d’. However, this scaling seems even larger for the point where the
estimator corresponds to the OLS one. We believe that this discrepancy is due to the differences
between our_theoretical and experimental setups, and in particular to the fact that multiple
intermediate neurons can grow in our experimental setup (see Limitations and generality paragraph

in Section[4.2).
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A.7 5 RELU TEACHER NETWORK

This section presents an additional experiment with a more complex data model. More precisely, we
consider the exact same setup than Section 5] (described in Appendix [A.T]), with the difference that
the labels y, are given by

Ye = " (xk) + 0k,
where f* is a 5 ReLU network:

£rlan) = 3 S 80

The parameters 3 are drawn i.i.d. at random following a standard Gaussian distribution. We use the
exact same (3} across all the runs for different values of n. Also, x and 7, are generated in the same
way as described in in Appendix [A.T]

Figure [7] also presents the evolution of the train and test losses as the number of training samples
varies. We observe a behavior similar to Figure|l| where interpolation is reached for small values of
n, and is not reached anymore after some threshold n*. While the test loss is far from the optimal
noise variance before this threshold, it then becomes close to it afterwards.

Yet, this transition from interpolation to generalization is slower in the 5 ReLU teacher case than
in the linear one. Indeed, while interpolation does not happen anymore around n = 2000 in both
cases, much more samples (around n* = 17000) are needed to have a simultaneously a training and
testing loss close to the noise variance. These experiments suggest that the behavior predicted by
Theorem 2] for a linear model also applies in more complex models such as the 5 ReLU teacher, but
that the transition from interpolation to generalization can happen more slowly or with more training
samples depending on the setting.
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(a) Evolution of train loss. (b) Evolution of test loss.

Figure 7: Evolution of both train and test losses at convergence with respect to the number of training
samples with a 5 ReLU teacher. o corresponds to the noise variance E[n?].

The slight difference with Figure[T]is that this optimization threshold here seems to appear for larger
values of n.

B PROOF OF THEOREMI]

We recall Theorem [I] below.

Theorem 1. If the marginal law of x is continuous with respect to the Lebesgue measure, then for

anyn €N,
dlogn
= 0(\/ - Eu[llyfﬂli}) :

Exy | sup sup 1Dy, — D(w)]|2

wESG—1 D,ED, ('u),())

where for any w € S4_1, D(w) = Eu[ﬂszwyﬂ-
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Proof. We first show a similar result on the following expectation

dl
= OW ‘f”ﬂ«zuuyasna) , ©)

where we recall D,,(w) = % >ori LT, s0Ykxs. We bound this expectation using typical uniform
bound techniques for empirical processes.

sup || Dy (w) — D(w)]|2
wWESg_1

EX,y

A symmetrization argument allows to show, for i.i.d. Rademacher random variables ¢, € {—1, 1}
(see|Van Der Vaart and Wellner, 2023, Lemma 2.3.1.):
| X, y} 1 :
2

(10)

1 n
— E LT >0EKYRTE

IEX,y n
k=1

sup Dn(W)—D(w)lz‘] <2Exy

WESg—1

Ee [ sup

WESG_1

From there, it remains to bound for any value of X,y the conditioned expectation E.[- | X, y]. We
consider in the following a fixed value of X, y. Note that the vector Y __; 1,7, ~0EkYk Tk, actually
only depends on w in the value of the vector (1,75, ~0)ke[n]- Define

AX,y) = {17 a,50)ke[m) | w € R} (11)
We thus have the equality:
sup Lyray>oeryrtr|| = UKERYKT
WESG_1 kzl > 9 UEA(X7Y) Z

Moreover, classical geometric arguments (see e.g. |(Cover, 1965, Theorem 1) allow to bound
card (A(X,y)) for any X, y:

card (A(X,y)) < 2 dz<”_1>

=0

= On). 2

From there, we will bound individually for each u € A(X,y) the norm of % > ohe i ukERYRT) and
use a union bound argument.

Letu € A(X,y). Define Z € R**™ the matrix whose column k is given by Z(*) = Ly, 2. Then
note that % 22:1 upELYLTr = Z€. Hanson-Wright inequality then allows to bound the following
probability (see|Rudelson and Vershynin, |2013| Theorem 2.1) for some universal constant ¢ > 0 and
any t > 0:

ct?

P (|| Zell2 — |1 Z]le] > t | X, y) < 2¢ 1775,

where || Z||r and || Z||op respectively denote the Frobenius and operator norm of Z. In particular,
noting that || Z||op < ||Z]|k, this last equation implies that for any ¢ > 0

P. (|| Zella > (1 + )| Z]le | X,y) < 2~ (13)

Moreover, note that

1Z1le = | > 1203
k=1

n

1 , [
= Zﬁ“ul@ykwngg ~C(2),

k=1

where C(Z) = L 31" |lyx@||3 does not depend on u.
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Rewriting Equation with this last inequality, and with § = 2e= we finally have for each

uec AX,y):
P, <||Ze||2 > (1442 2/ 2 | x,y> <.

n

Considering a union bound over all the u € A(X,y), we have for some universal constant ¢’ > 0,
thanks to Equation (12):

P, <3u e AX,y), || Zell2 > (1 + /¢ (log(2/0) + dlog(n) + 1)) \/ @ | X,y) <. (14)

Moreover, conditioned on X, y, || Ze||» is almost surely bounded by \/n|| Z||p, and so by \/C(Z).
A direct bound on the expectation can then be derived using Equation with 6 = n~%

lZukskyk:ck ‘|_O< dlongn+nd> C(Z)
2

n
k=1
Wrapping up with Equation and Equation then allows to derive Equation (9),

L Do) - D(w)Iz] - o(w/ ‘“j’f”) Ex.y [VC(2)]

s0< dlog”) Exy [C(Z)]

E. sup
ueA(X,y)

IEX,y

n

—0< dl‘,’f”) VEullyel3]

Lemmal/[I]below then allows to conclude.

Lemma 1. [f the marginal law of x is continuous with respect to the Lebesgue measure, then almost
surely:
sup  sup [|Dp — D(w)[2 < sup [[Dn(w) — D(w)|2,
wESq_1 D, €D, (w) wESg_1

where D,,(w) = %L Yot LT oy > 0UkTR-

B.1 PRrROOF OF LEMMA[II

First observe that if the marginal law of x is continuous, then D is continuous with respect to w.
Consider any w € S4_1. We recall that the set ©,,(w) is defined as
€ [0,1]if (wh, zx) =0

1 — .
@n(w):{—ﬁZmykxk ‘Vke [n], Nk :11f<w§,ack> >0 }
k=1 = 0 otherwise

T

If all the values w ' xj, are non-zero, then ©,,(w) is the singleton given by D,,(w) and thus

Dy = D(w)]2 = [ Dn(w) — D(w)]|2.

sup |
Dn€Dn(w)

Otherwise, if wT z;, = 0 for at least one k, observe thaIE]
D (w) = limi(r)lf Conv({D,,(w") | w" € § and ||w — w'||s < €}),
e—
e>0

where
S={w €Sy |w xy #0forall k}.

>This observation directly follows from the definition of the Clarke subdifferential.
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In other words, for any D,, € ©,,(w), w can be approached arbitrarily closed by vectors w; € S
such that for some convex combination 7,

From then, it comes that

1Dy = D(w)]| < ZmHDn(wz‘) — D(w)]|

< Zm(HDn(wi) = D(wi)|| + || D(wi) = D(w)]])

< sup | Dn(w') — D(w')|| + Z 1l D(w;) — D(w)]|.

Since D is continuous and the w; can be chosen arbitrarily close to w, the right sum can be chosen
arbitrarily close to 0.

In particular, we have shown that for any D,, € ©,,(w),
| Dn — D(w)]| < SUp. | Dy (w') — D(w')]].

This concludes the proof of Lemmal[I] O

C PROBABILITY TAIL BOUND VERSION OF THEOREM [I]

While Theorem [I]bounds the maximal deviation of D,, — D(w) in expectation, a high probability
tail bound is also possible, as given by Theorem [3] below.

Theorem 3. If the marginal law of x is continuous with respect to the Lebesgue measure, then for
anyn € Nand M > E,, [||yx||2],

sup sup  ||Dn — D(w)||2 > 4 (1 + /¢ (log(2/0) + dlog(n) + 1)) M]

Px
Y
WESy—1 Dy €Dy (w) n

4. 4 I
<0+ -Pxy |- 2> M| .
< 30+ 5Pxy [n;nymn > ]

Proof. The proof follows the same lines as the proof of Theorem |[l|in Appendix B} In particular, we
first want to bound in probability the term sup,,cs, , [[Dn(w) — D(w)]|2. In this goal, a probabilistic
symmetrization argument (Van Der Vaart and Wellner, 2023} Lemma 2.3.7.) yields for any ¢ > 0

t
> Z | va‘|‘| )
(15)
4n

where (3, (t) = 1 — 32 sup,, yes, , Varu(L,m,soyw’ @). In particular here, 8,(t) > 1 —
LE, [||yx||2} . Moreover, we already showed Equation in the proof of Theorem which

states
> (1 + /¢ (log(2/0) + dlog(n) + 1)) \/ C(%’Y) ‘ X, y) <6,

P sup
wWESg—_1

where C(X,y) = %2221 lyrzs]?.

1 n
- E Ex Ly 2y >0URTE
k=1

Bn(y)Px y [ sup || Dn(w) — D(w)|2 > t] <2Px .y [IP’E [ sup

wESg_1 WES 1

1 n
- g eklyTa,>0YETE
k=1
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Equation (T3] then rewrites for any A/ > 0:

Px y [ sup || D, (w) — D(w)|l2 > 4 (1 + \/c’(log(2/§) + dlog(n) + 1)) \/?1

WES—1
_ 1
< Bu(t)”! (6 +Pxy [n > el > MD ,

with

=4 (1 + /¢ (log(2/0) + dlog(n) + 1)) ﬁ

Note that for any M > E,, {Hym\ﬂ , Bn(t) > 2, which implies

Px,y[ sup [ Du(w) = Dw)ll> > 4 (1+ /e (10a(2/3) + dlog(m) + 1)) M]

wWESg_1 n

I )

— z > M| .
N ]

Theorem [3] then follows, thanks to Lemma [T} O

4
§§+ IPXy

Corollary [I] below prov1des a simpler tail bound, directly applying Lemma [T] with Chebyshev’s
inequality to bound Px y [1 Y7 [|yx@i[? > M]. Stronger tail bounds can be provided with
spemﬁc conditions on the random variables x, and yy, but the one of Corollary|[I]is enough for our
use in Section 4

Corollary 1. Assume the marginal law of x is continuous with respect to the Lebesgue measure.
Moreover, assume ||xy|| admits a fourth moment. Then

2E 2
Pxy | sup  sup Do — D)l > 4 (1 + /7 Iog(2/8) + dlog(m) + 1)) le]]
WESG_1 D,e®,(w)

Proof. This is a direct consequence of Theorem [3] using Chebyshev’s inequality to bound
]PX,y[ > h—1 lyrawl® > M] O

D PROOF OF PROPOSITION ]

In the following proof, we define the following subsets of the unit sphere in dimension d for any
0> 0:

M = {w € Sq_1 | D(w) satisfies Equation ()},

(U B(D ) N Sq—1,
weH

in min D(w) —w D(w) w w
s M) <||||D(w)|| I Dy + el 16 >”>)-

)
Here, B(D(w), §) denotes the open ball of radius 4, centered in D(w).

A(d) = min(1

Proof. Since the marginal distribution of X is continuous, the function D : w — D(w) is continuous.
In particular for any § > 0, the infimum defining A(9) is reached, so that A(J) > 0 by definition
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of . In the following, we let § = £. Thanks to Corollary with probability at least 1 — O,, (1),

dlogn
sup sup  ||Dn — D(w)|]2 =0, (\/ & ) .
WESq_1 Dnegn(w) n

leg(mmméﬂ,s%)
min

In particular, we can choose n*(¢) = O, (A(§)?,¢) | large enough so that

for any n > n*(e), with probability at least 1 — O, (1):

n

1
sup sup  [|Dn — D(w)|2 < = min (A(E)2,5> . (16)
WES4_1 Dy €D, (w) 2 2

We assume in the following of the proof that Equation holds.

Consider an extremal vector D,, of the finite data (X, y). By definition, there is some w € S;_1 such
that D € D,,(w) and either

1. D, =0,

2. or A, (D,,) = A (w),
3. or A,(D,,) = — A, (w).

In the first case, Equation yields that || D(w)|]2 < A(5). Necessarily, by definition of A(5),
w € H(§). This means by definition of 7(5) that there exists D* € R? satisfying Equation (@),
such that

5

[D(w) = D2 < 5.

[\

In particular, using Equation again yields || D,, — D*||2 < e.

In the second case (A, (D,,) = A, (w)), we can assume D,, # 0. In that case, as Hg—"ﬂ have the same
activations, D, (w) = Dn(”g—”u), i.e., we can assume without loss of generality that w = HB—"” here.

Similarly to the first case, if w € H(5), then there exists D* € R< satisfying Equation @, such that
1D = D*l2 <ee.

Let us show by contradiction that indeed w € H(5). Assume w ¢ H(5). In particular, || D(w)|[2 >
A(5). We can now bound the norm of % —w
H D(w) ol = H D(w) Dy
[D(w)] 2 D@ 1Dnll],
_ HD(w) —Dn Dy (Dnll - |D(w)||>
D) (1Dl 1D (w)]l 2
_ D) = Dl [IDall = [ D)l
D)l [ D(w)|
o ID@) =D
1D (w)]
A(5)? e
<22 = A(5).
2A(5) (2)

By definition of A(5), this actually implies that w € #(5), which contradicts the initial assumption.
We thus indeed have w € H(5), leading to the existence of a D* with the wanted properties such
that || D,, — D*||2 < e. In the third case (4, (D,) = —A,(w)), symmetric arguments lead to the
same conclusion, which concludes the proof of Proposition O
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E PROOF OF THEOREM 2]

E.1 NOTATIONS AND FIRST CLASSICAL RESULTS

In the whole Appendix we define ¥ = E[z2 "] and
1 1
En7+ = E Z J?kl'; y Zn,_ = ﬁ Z xkka
keSS, keS_

and the following set of neurons:

I, ={iem]|a;(0) >0} and Z_ = {i € [m]]a;(0) <O0}.
We first start by stating the following, known balancedness lemma (see, e.g., |Arora et al., [2019;
Boursier et al ., [2022).
Lemma 2. Foranyi € [m]andt € Ry, a;(t)? — ||w;(t)]|* = a;(0)? — |Jw;(0)]>.
Lemma [2| can be simply proved by a direct computation of the derivative of a;(t)? — |Jw;(t)]|?.

Thanks to Equation , this yields that the sign a;(t) is constant over time, and thus partitioned by
the sets of neurons Z, and Z_.

Also, note that with probability 1 — 2”"%1’ the sets 7 and Z_ are both non empty, which is assumed
to hold in the following of the section.

In this section, all the O, © and €2 notations hide constants depending on the fourth moment of 7, the
norm of 5* and the constant ¢ of Assumption|I} Note that due to the sub-Gaussian property of x, its

k-th moment can be bounded as E[||x||k](’)(d§) for any k.

E.2 PHASE 1: EARLY ALIGNMENT

Lemma 3. If Assumptionholds, there exists \* = ©(%) and n* = ©(d®log d) such that for any

A< N ande € (0,3), n > n* and for = SEUL) with probability 1 — O():

1. output weights do not change until T:
vt < 7,¥j € [m], |a;(0)[A* < a;(t)] < fa; (0)|A7>%

2. all neurons align with £3.5*:
. w; (T . . R d?logn
Vi e [m], ( ),Eﬁ )= %8 ||—0</\ +\/g>-
a;(T) n

Proof. We start the proof by computing D(w) for any w € Sg_1:
D(w) = B[l 0y]
= E[]lw'rzwoxx—rﬂ*]
= % (E[]lex>Ox:L’T] + E[]l'wTa:<OIIT]) B*
3p*
2

The second inequality comes from the independence between x and 7, the third one comes from the
symmetry of the distribution of x and the last one by continuity of this distribution.

Corollary [1|additionally implies that for some n* = ©(d®log d) and any n > n*, with probability at
least 1 — O(%)

d?logn o
su su D, — D(w <O < —, 17
b sw D, D)l ( o ) - (7)

wWESG_1 Dne’Dn(w)
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with & = Lmin(c — Vd||28* — 8|, | £B8*])). Noteﬁ that o > 0 thanks to the fourth point of
Assumption [T} Moreover, using typical concentration inequality for sub-Gaussian vectors, we also
have with probability 1 — (9(%):
n 2
_ Tk
W < 2By [o]’] = O(d) . (18)
We assume in the following of the proof that both Equations (I7) and (I8)) hold.

Since D(w) = =2~ for an w, we have forany w € Sy_1, D,, € ®,(w)and k € S,:
2 y y +
1 * * 1 *
x} D, =z} (D, — D(w)) + ix;(zﬂ - B*) + 53;,35
1 c
> ||« —||D,, — D(w —Z*—*+>
ol (w)] = 51=6" = 1+ 5=
@
> —||xg|| > 0.
> <2 o

Similarly for any k € S_, ] D,, < 0. This directly implies here that there are only two extremal
vectors here:

1
Da(8%) = -3
n(B%) = X+ +o kT,
kes,

1
Dn(=B) =0 B+ = Y mpts. (19)
n keS_

We can now show, similarly to Boursier and Flammarion| (2024), the early alignment phenomenon in
the first phase
1. First note that Equation (I7) and the definition of «v imply that for any w:

[1Dn(w)]| < [I567]]- (20)
We define t; = min{t > 0 | Y7", a;(t)* > N>~}
For any ¢ € [m] and ¢ € [0, t1], Equation (4) rewrites:
dai (t)

dt

= ’wi(t)TDiz(t)’

I—1

| Dy (w)| + Lk llll® IkaIQA“E)
n

< Jai(®)] (IISB*[| + 2E[[l2]|*]A*~*) .

< loso)

As a consequence, a simple Gronwall argument yields that for any ¢ € [0, ¢4]:
|ai(t)| < |a;(0)] exp(t[|S6* | + 2tE[||z(*]A%~*).
In particular, for our choice of 7, for a small enough \* = O(d7ﬁ> , for any ¢ < min(r,;):
la; ()] < lai(0)|A™". 21)

Note that this implies that £ < t1,1i.e., 7 < ;. As a consequence. Moreover, we can also show that
|la; ()| > |a;(0)|A° for any ¢ < 7, which implies the first point of Lemma 3]

and a;(t) is of constant sign. Also, for almost any ¢ € [071751]6)
dw;(t)
dt
SThe additional d dependence comes from the expectation of |||/ in the square root. Additionally, the
probability bound comes from the fact that % = O(1) here.

"We could directly reuse Theorem 1 from Boursier and Flammarion| (2024) here, but it would not allow us to
choose an initialisation scale A* that does not depend on n.

2. For the second point, let ¢ € 7, and denote w;(t) = wil Thanks to Lemma w;(t) € B(0,1)

€ Dn(wi(t),0(t)) — (wi(t), Dn(wi(t), 6(£))) Wi (t).
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Since a;(t) > 0fori € 7.,

w € (Dn(wi(t),0(t)), 2B*) — (@i (t), Du(wi(t), (1)) (@i (t), B5*)
inf (D, SB*) — (w;(t), Dy) (w;i(t), SB*)

T DneDp(wilt),0(t))

inf Dn72*—7it,Dn 7it’2*_22*)\2745
Dneg{}(wi(m< B*) — (wi(t), Dn)(wi(t), £67) — 2[|Z67|

(D(wi(t)), 2p%) — (wi(t), D(wi(t)))(ws(t), %)
= 2[=57| </\2_45 +  sup [|Dp— D(wi(t))H)

V

v

D, €D, (w;(t)

% (I=8*11” = (wi(t), £6%)%) — (9()\2_48 n \/@) .

v

Solutions of the ODE f’(t) = a® — f(t)? with f(0) € (—a, a) are of the form f(t) = atanh(a(t +
to)) for some ¢y € R. By Gronwall comparison, we thus have

(@i(t), £6*) > atanh(g(t +t))), (22)

2]
where a:||26*||—(9<)\2_45+ d Og”>

n

and  (;(0), £8*) = atanh(gtj).

Thanks to the choice of initialisation given by Equation (8), ||w;(0)|| < % and so (w;(0), £8*) >

—3||Z8* |2 Moreover, tanh(z) < —1 + 2¢%7, so that

1
——||28*|| < a(—1 4 2¢e).
2

Since a = ||£8*|| — (’)()\2‘48 + \/d”;;g"), this yields

1 d21
206t > §Hzﬁ*” +O<>\2—45 + Ogn> .

n

The previous inequality can be rewritten as

—4a?

s+ O xe-te 4 /2l )

—2qet >

21
> §||26% | + 0<A2—4€ 1y Eloen ;’g”) .
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Using that tanh(z) > 1 — 2e~2%, Equation becomes at time 7 and s = Q(d?),

(w;i(1),8B*) > a — 2ae “ie 7

21 ac log
> 28] - 1287|8167 + 0(*“‘5 Ty dngn>> i
[d?1
_O<)\2—45+ d Og’l’b)
n
21
> 98] - O(AE /1 f”) -

3. The same arguments can be done with negative neurons. O

E.3 DECOUPLED AUTONOMOUS SYSTEMS

In the remaining of the proof, we will focus on an alternative solution (w, a), which is solution of the
following differential equations for any ¢t > 7

dW#E“ =a;(t)D4+(t) and da(;ft) = (w;(t),D4+(t)) foranyiec I,
(23)
e a;(t)D_(t) and & = (w;(t),D_(t)) foranyieZ_,
where
D)= S X altwit). m) e |
keSy \ieZy

D=1 3 S atwilt)a) —u | o

keS_ \ieZ_

and with the initial condition w;(7),a,(7) = w;(7),a;(7) for any i € [m]. We also note in the
following w; = 7% and the estimations of the training data xy, for any & € [n][ as:

ho(zr) = Ziez+ai<wi7$k> ifke S,
ree dier. @ilwi,xg) itk €S-

This construction allows to study separately the dynamics of both sets of neurons 7, and Z_, without
any interaction between each other. As precised by LemmaE]below, w;, a; coincide with w;, a; as
long as the neurons all remain in the sector they are at the end of the early alignment phase.

Lemma 4. Define Ty = inf{t > 7 | 3(i, k) € T, x [n],sign(z] w;(t)) # sign(z] %)}
and T— = inf{t > 7| 3(i, k) € Z_ x [n],sign(z] w;(t)) # —sign(z; 8*)}.

Then for any i € [m] and any t € [r,min(T,T_)]: (w;(t),a;(t)) = (w;(t, a;(t)). Moreover, for
anyt € [r,min(Ty,T_)] and k € [n], hyw) () = ho) (k).

While analysing the complete dynamics of (w, a), we will see that both 7"y and 7 are infinite in the
considered range of parameters, thus leading to a complete description of the dynamics of (w, a).

Proof. Thanks to the definition of 7 and 7_, the evolution of (w;(t), a;(t)) given by [ coincides
with the evolution of (w;(t),a;(t)) given by Equation fort € [r,min(7T,T-)]. The associated
ODE is Lipschitz on the considered time interval and thus admits a unique solution, hence leading to
(w;(t),ai(t)) = (ws(t,a;(t)) on the considered interval. The equality hy ;) (2r) = hoq)(2k) directly
derives from the ReLU activations and definitions of 77, and 7. O
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E.4 PHASE 2: NEURONS SLOW GROWTH

For some 2 > 0, we define the following stopping time for any o € {+, —}:

Too =inf{t > 7| > a;(t)? > e}
i€Zy

Lemma 5. I]‘Assumptionholds, forany e € (0,1), there exist \* = ©(%), e5 = O(d~%) and
n* = O(d> log d) such that for any X\ < \*, n > n*, o € {+, —}, e € [\274¢, 3], with probability

1 — O(% + %) To,o < 400 and at this time,

1. neurons in I, are aligned with each other

A%
Vi,j € Lo,  (Wj(72,0), Wi(T2,0)) =1 = (9(;) ;
2
2. neurons in I, are in the same cone as of3* for any t € [T, Ta o]
. . Tk 1 _ Tk 1
Vi € Z,, min{w;(12,), ——) = Q(— and max (W;(72.00), ——) = —Q(—=).
k€$o< (21) ||xk:||> (\/&) kGS,O< (2, ) ||xk||> (\/&)

Proof. In the following, we assume without loss of generality that o = +. Additionally, we assume
that the random event Z, # () and Equations and hold. First, by definition of 75 ., for any
te [T , T 27_;,_]2

[1D4(8) = Dn(57)]l2 < % Yoa®?) D Ml

1€L L keSS,
< 269, [l

This also implies with Equation (20) that || Dy ()| < ||E8*| + 2e2E,,. . [||z]?]. Additionally, we
have with Equation (T7)) that

E *
D+ (t) — 26 |2 < ([ D4 (t) — Dn(B%)ll2 + [ Dn(8”) — D(B%) |2
< 0<d52 +/E 12“) . (24)

Then forany k € S;,i € Iy and t € [7, 72, 1], as long as (W;(t), zx) > 0,

d w; (t 7% xT _ _ T
H;t'” = (D+(0) ) — D+ O, mO)w(t), 7o)
> (Dn(B%), —20) — 265, (2% — | D ()] (Wi (1), 7o)
BN BN
> (D, (8Y), ﬁ> —265E,,. [2)?] = (I Dn(BY)I] + 289, [[l]|2)) (Wi (1), ﬁ>
(25)

E

and ||D,(8*)|| = O(1), for a small enough ¢35 = ©(d™?), minges, (\Tvl(T),m) = Q(%)
Equation then implies for a small enough choice of €5 = @(d*%) and g5 < €3:

As (D, (B*), ) > % (Equation , thanks to Lemmaand the third point in Assumption ,

. . Tp 1
min  min (W;(7), ——) = Q(—=). 26
te[T, T2, + k€S+< ( ) H.’L‘k”> (\/&) (26)
Similarly, we can also show
_ Tk 1
max max(w;(7), ——) = —Q(—),
te[T,T2,+ k68_< ( ) ||J,‘k;||> (\/g)

31



Under review as a conference paper at ICLR 2025

which implies the second point of Lemmal[5] Actually, we even have for this choice of parameters the
more precise inequality (for the same reasons) that for any k € S1,i € 7, and ¢ € [7, T2 4],

e DL(B)

T

el

) — O(des) . 27)

‘We now simultaneously lower and upper bound the duration of the second phase 75 | — 72. For any
ter 4]
148 ez, at)?

5t =" a2 (Wi(t), Do (1))

1€T

1 _
=) at) D (yr = hoygey (20)) (Wi (£), ) (28)

iEZ+ k€3+
Dowes, Yellwwll(Wi(t), i) e2 X pes, lowll

> (2 + lzell 7 kesy .
= Z 2i(t) < n n

1€l

<Elllz]|*)

Note that E[1es, yi|lzx||] > . Using Chebyshev inequality, we thus have for a small enough

3 2\/3
choice of €5 = O(d~2), forany ¢t € [7, 72 4]

. 2
0 oy 5 et

ieTy

A Gronwall comparison then directly yields 72 < oo.

We now want to show that the neurons w; are almost aligned at the end of the second phase. For that,
we first need to lower bound the duration of the phase. Note that Equation (28)), with Equation (26),
also leads for any ¢ € [1, 72 1] to

dy, i(t)?

L 2 L e 3 gm0, o)
i€l k65+

> ai(t)*(Wilt), Du(BY))

i€}

< 3 a1 Da (8]l

i€Ty

Note that by continuity, >7, .7 ai(72,+)% = 2. As 35,7, a;(7)? < A*7*%, thanks to Lemma a
Gronwall inequality argument leads to the following as g5 > \274¢,

1 g2
-7 > 1 . 2
e =72 gy ™ o) >

For any pair of neurons 7, j € Z;, we consider the evolution of the mutual alignment:

d(w; (1), w;(t))

DI — (D (8), Wal) + (1)) (1 — (s (2), (1)

= (Dn(B7), wi(t) +w;(t)) = Ole2)) (1 = (Wi(t), w;()))- (30)
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Moreover, Equation leads to the following alignment between w;(t) and D,,(8*) for any
ter 4]

(D), W(0)) = - 3 el W)

keS,
- ik;& nlan, TP = ik O(dza)
= (D (8"). 75 ) — O

= [[Dn(87)]| — Oldes) -
Equation then rewrites for any ¢ € [7, 72 4] as
d{w(t), w; (1)) « o
—— 2 QDB - Ode2)) (1 — (w3 (1), W;(£)))-
Moreover, thanks to Lemma [3| a simple algebraic manipulation yieldﬂ (Wi (1), w;(1)) > 1~

(9()\5 + 4/ ‘1212?”’) . Gronwall inequality then yields, for the considered range of parameters,

(72,4, (72.4) 2 1= (1= (@3(7), (7)) e~ P01 -Cdea)ms )

2—4
>1— O()\E + 4/ d210gn> ueo (d52 ln()\;—245 ))
n 130}

>1- 0 X)) \-Crioqus).
> -

The second inequality comes from the bound on 75  — 7 in Equation (@) The third one comes
from the fact that ¢ < £ and &5 In(e2) = O(1). Noticing that 2 — 4e > 1 finally yields the first item

3

of Lemmafor a small enough e = O(d™2). O

E.5 PHASE 3: NEURONS FAST GROWTH

The third phase is defined for some €3 > 0 and 3 by the following stopping time, for any o € {4, —}:

. 5 ) x
T30 = inf{t > oo | ||Bo(t) — Brolls,., <ezordi€ Lo,k €S,, (wit), m} < 3},
where (3, (t) = Z a; (t)w;(t).
i€To
Lemma 6. IfAssumptionholds, for any e € (0,%), there exist \* = (%), e5 = O(d=2),
n* = O(d®logd), ap = O(1), b3 = @(%) and €5 = O(1) such that for any A\ < \*, n > n*,
o€ {+,—}, 2 € [\27% &} and e3 € [\*0==2 &3], with probability 1 — (’)(%2 + 2%) T3,0 < 400
and
1. neurons in I, are in the same cone as of3* for any t € [T, T2 o|:
. - Tk _ Tk
Vi€ T, (1), —E )y > 95 d (1), —E V< 96,
S /?Elgi<w ( ) ka”> 3 an krélgii()(W ( ) ||xk||> 3
In particular, Bo (13,0) = Bnyolls,.. = €3 by continuity.

Proof. Similarly to the proof of Lemma we assume that o = +, that the random event 7, # (),
Equations (T7) and (T8) and the first and second items states in Lemma [5]all hold. We can first show

8A similar manipulation can be found in (Boursier and Flammarion} 2024, proof of Lemma 5).
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that for any ¢ € [12 4,73 +],

Z ai(t)? > es.

1€T

Indeed, recall that the output weights a; evolve for any ¢ € |12 4+, 73.+] as

Lol — (), D1 1)
= s(0), Da(5) = - 3 oo ow) wi(0), 22)
keS,
> at) [ 3 (0, a8 ) + - S w0, man) 0| d Y ault)?
kES+ kESy i€y

(3D

2
The last inequality comes from the fact that M = O(d). From then, note that

Ly e s, (Wi(t), z) (B*, w) = (s v/d) during this phase. Moreover, using Chebyshev inequality,
we can show for any z > 0 that with probability at least 1 — O(i)

z2n

1
~ D2 || <= (32)
keSy

2

Taking a small enough z = ©(J3), Equation holds with probability 1 — O(%) and, along
3

Equation (31), this implies that for any ¢ € [r2 4,75, +] and i € T

daéit) > a(t) [ Q6) —0[d > au(t)?

i€Ty

In particular, there exists 7 = ©(%) such that if Diez, a;(t)? < r, all the a;(t) are increasing.
Moreover thanks to Lemma Yier, ai(T2,.4)? = e2. As 03 = O(
small enough so that during the third phase,

> ai(t)? > e (33)

i€Ty

ﬁ), we can choose e = O(d~2)

Now note that by definition of 3,, 4,

1 R
D.(t)= - Z wyay Br () — Ty
keSyt

= %04+ (B+(t) = Bnst) (34)

As a consequence, 3 (t) evolves as follows:

dBy(t) _
T ; (@:(t)La + wilthwi(®)") D (0
- Z a;(t)°La + Z wi (Wi (1) T | Sh (B4 (8) = Brrr)
€T, ieTy
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In particular, this implies:

1mm+@)—6m+@%ﬁ__<d3+u>

5 ” q S (B (t) — 5n,+)> (35)

(B (1) = Brt) TS | D @@ Ta+ D wi®wi(t) T | Sy (B4 (1) = Ba,t).
i€T, i€Ty
(36)

The matrix Z;/ir (ZI+ ai ()14 + X1, wi(t)wi(t)'r) E;/i is symmetric, positive definite. Thanks
to Equation , its smallest eigenvalue is larger than e Amin(Xn +), Where Apin(+) denotes the
smallest eigenvalue of a matrix. Using typical concentration inequalities on the empirical covariance
(see e.g. Vershynin| [2018, Section 4.7), with probability 1 — O(1), S, + — Zlop = O(\ / (Hlnog") .

With the fourth point in Assumption we then have for a large enough n* = ©(d® log d) and with
probability 1 — O(2),

n

o

) Z )\max(zn,—i-) Z )\min(zn,-&-) Z Q(l)
Amax(Znt)  Amax(D) [d+Togn (37)
and )\min(zn,+) B )\min(z) +O n ’

where A\hax (+) denotes the largest eigenvalue.

Assume Equation holds in the following, so that the smallest eigenvalue of
E;/i (ZI+ ai()°Ta + Y7, wi (t)wi(t)T) E;/ZL is larger than a term of order €. As a consequence,
Equation (36) yields
1B (1) = Bus
2 dt

2t < —Q(e2) |84 () — But]

2
Y4

Since the third phase ends if || 31 () — B+ ||2En,+ becomes smaller than £3, this yields:

1 1
m#_@#:O(IMO. (38)

€2 €3

Now recall that for any ¢, 7 € 7,

A= OO D 1), w0(0) + (1) (1~ (40,5, 1))

< 2Dy ()lla (1 — (Wa(t), w;(1))).

Notice from Equation and the previous discussion that || D (t)|]2 = O(1). As a consequence, a
simple Gronwall inequality with Equation yields that for any ¢ € [mo 1, T3 4 ]:

(Wi (1), w;(t)) > 1 — (1= (W;(72,4), W;(72,4))) exp((t — 72,4+)O(1))

51— o<22> exp ((9(612 ln(;)))

>1— O(A%—f) .

The second inequality comes from the value of (1 — (W;(72,4),W,;(72,4))), thanks to Lemmal5] The
last one comes from our choice of €3 for a large enough ag = O(1).
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In particular, this last inequality can be used to showﬂ that forany 4,5 € Z, and ¢t € |12 4+, 73,4
w;(t) = w,(t) + O()\%). In particular, this yields for any ¢ € Z and ¢ € [r2, 1,73 4]

Br(t) = a(t)*w;(t) (39)
JETy
= Y a1 (Wi(t) +O(A1125)). (40)
JET L

Since ||w;(t)|l2 = 1 — (’)()\%*5 ) , this last equality actually yields the following comparison for

t € [m24, T3]

1B+ ()2 < > a;(1)* < (1+ O(Alfa))um(t)uQ. @41)

JEL+

In particular, since || 3 (t)||2 = O(1), this yields djer. a;(t)? = O(1).
From there, for any z;, € S; and i € 7, (w;(t), xx) evolves as follows during the third phase

d<\TVi(t)7 ﬁ> Tl
Ty

= <Bn,+ - B+(t), En,er) - O<<Wi(t)a ”i:”>>

T
"l

) = (D (8), Wi (t)) (Wi () )

= B = B0 T (St = 3B = ) 1) - O o) 720

[l | e [l

Note that

»!
Bt =B+ T’Jr Z LTk

keSy
This then yields, thanks to Equation (37)
dw(t), =) 1 I :
RIETA * Lk d Tk
I S 2 0gt B (1), ) (B — ) B — B (D)

1 _ Tk
-0 21 S manle | - 0wt 20) - @

keS,

From there, thanks to the third point of Assumption[TJand Equation (#0):

Tk

(B — B4 (1), m> > % - O(<Wi(t)> ||:£:||>) - O(A%) . (43)

. _ 1_
“For that, we decompose W; = ov;;W; + u;; with u;; L W; and show that cij; = 1 — (’)(/\2 E) and

Jluig |2 = 0(AF 7).
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Additionally, using the fact that |3, | — S, (t)||x, . is decreasing over time and smaller than

18,4 |5, + O(A27%¢) at the beginning of the second phase,
Id A Tk Id P
(= 3B = O 25 2 = [ = 2| 160 = B0
op

1 1 - [d+logn
> _ - _ _ it =
- 2 ”E Id”Op )\min(zn,-‘r) ”67%4‘ B+(t)||2n’+ O( n )

1 1 90— de /d+logn
Z _5 ||E B IdHOP )\min(zn +) (HIBTL’—F”EHHF i O(A )) B O( n

)

1 )\max(zn +) 24 d + IOgTL
> _Z 80— Amaxi\Zn,+) _ e/
- 2 ||E Id”op )\min(zn7+) ||57’L,+||2 O<>\ + n

1 )\max(zn,Jr)
+

>
B 2 Amin (Zn )

s

_ 1 d+logn
—O| N2t 4 = il it =T
+'nH E Mekll2 + 4/ "

keSy

1% = Tallop 15712

Now using Equation (37) and the fourth point of Assumption [T} note that

)\max(znﬁ-) d+ logn
—_— <2 \|———— |-
)\min(zn +) - + O( n

s

So that the previous inequality yields

I - x N 4 1 d+logn
(=5 ) BB ), o) 2 =I5 = Tallo 18" =0 | X270 2 3 el ) <220

keS,
(44)
Finally, thanks to Equation || LY s, mexkll2 < 2 with probability at least 1 — O(-4-).
Using Equations (#3)) and (@4) in Equation @ finally yields for the third phase:

d<\TVi(t)>ﬁ> I 1-2¢ d+10gn Tk
Tel- > —IZ = Igllopll BNl — Ol AT + 2/ + 4 ———=— —O(it,').
a = oV [ dllopllB*[I2 z \/ n (w;(t) ||$k||>

Thanks to the fourth point of Assumption 2\0/3 — |2 — Iallopl| 5*|l2 > 0O, so that we can choose

A*, 2" = O(1) small enough and n* = O(d>log d) large enough so that the previous inequality

becomes, with probability at least 1 — O(£)

WO B L
SR 2 o) - o @0, ).

A simple Gronwall argument with the second point of Lemma [5] then implies that for any ¢ €
[7'2)+,T3’+], xS I+ and k € 8+,

_ Tk 1
(Wi (1), —) = U—=)-
S | Vd
Since the term Q(id) here does not depend on d3, we can choose d3 = @(%) small enough so that
_ Tk
(Wi(t), ) = 203.
[l

We can show similarly for k € S_, so that point 1 in Lemmal6|holds, which concludes the proof. [
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E.6 PHASE 4: FINAL CONVERGENCE

The last phase is defined for some ¢4 > ¢3 by the following stopping time, for any o € {4, —}:
Tao = int{t > 730 | [Bo(t) = Bo(rs,0)ll5:,.0 = €4}

Lemma 7. IfAssumptionholds, for any e € (0, 1), there exist \* = O(%), e5 = O(d—?),
n* = 0(d®logd), ap = O(1), d5 = @(%), €3 = @(%) and £4 = O(g}) such that for any A < \*,
n>n* o€ {+,—} e2 € [\>74 &3] and e3 € [\*=52 &3], with probability 1 — C’)(% + 2%)

Tao = 400 and

1. neurons in L, are in the same cone as of3* for any t > T3 :

. 3 W/ xk W
vieL,, (0! >0 e el
B RO 20 e e O

Tk y < 0.

2. limy_, o, 9(t) exists and lim;_, oo Bo (t) = Bn,o

Proof. Similarly to the previous phases, we assume that o = +, that the random event Z, # (J,
Equations (T7), (T8) and (37) and the statements of Lemma [§]all hold.

Define in the following the positive loss L for any 9, € R(A+1D)*xZ+ py

2
Ly(9) = % > <Z ai (Wi, Tk) yk) :

keS; \i€Z+
Note that the autonomous system given by Equation (23) actually defines a gradient flow over L,
i.e., for ’19+ = (ai, Wi>i€I+a
dv (t)
dt
The main argument for this phase is to prove a local Polyak-t.ojasiewicz inequality:

VL0153 > Q) (Ly(94) — L) 45)

for any ¥ such that || Z a;w; — B_|r(7'370)||gm+ < ey,
€Ly

1

where L, | = o Z ((Br,+s k) — yk)2'
keSt

= —VL(9+(t)).

Indeed, we can lower bound ||V L4 (9. )||2 for any such ¢ as follows

‘3L+(19+) ’

VL4 (01)]5 > Z W

1€L 4

= X am? | IDs)l3

1€T

Z )\min(znﬁ-) Z ai(t)Q ||B+ - /Bn,+|

i€l

2
n,+

where B+ = ZieL a;w;. The last inequality comes from Equation . Note that for a small
enough choice of 5 = O(1) and e4 = O(3), > _,c7,
Equation (37) implies Amin (325, +) = Q(1), so that

IVLy (013 = Q)18+ — B+ ll3, .- (46)

a;(t)? = Q(1) in the considered set. Moreover,
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On the other hand, a simple algebraic manipulation yields for any 9 :

Ly(Vy)—=Lny = % Z ((B+,3;k> _ yk)2  (Bosrr) — )
keSy
= % (BJr_Bn}Jr)Txk_ ($2(3+—ﬁn7++26n7+)_2yk)
keSy
- % <B+ - ﬂn,+)T St (5+ - Bn7+) + %Xw(x;ﬁw —y),

where X,, 1 is the | S| x d matrix, whose rows are given by zj, for k € S1. By definition of the
OLS estimator S, +, X;';+Bn7+ —y = 0, so that

1. -
Li(W4) = Lny = §Hﬂ+ — Bt I3, - (47)

Combining Equation {6) with Equation @7) finally yields the Polyak-F.ojasiewicz inequality given
by Equation (@3).
From there, this implies by chain rule for any ¢ € [73 4, 74 4]
dL (9+(t))
W) oL, )3

< Q)L (94 (1) = L 1)-

By Gronwall inequality, this implies for some v = ©(1), for any ¢ € |13 4, T4 1]

Ly (t) = Ly < (Ly(94(13.4)) — Ly 4 )e v ET34)
2
< %efu(tf'r‘g,_*_). (48)

The last inequality comes from the fact that at the end of the third phase, || B+ (t) = Bn+llz,.. = €3

We bounded by below the norm of VL (9, (s)), but it can also easily be bounded by above as

IVLL @4 ()5 < [ D ail®)* + a3 | 1D+ ()13

i€L 4

< 2/\max(2n,+) Z ai(t)2 ||B+(t) - 6n,+”§3nw+

1€T L

<O() (L (94(8) = L. +)

From there, the variation of ¥ (¢) can easily be bounded for any ¢ € [r5 1,74 4] as
¢

||19+(t)*19(73,+)\|2S/ VL4 (94(s))llds

—+ .
<01 35
<O )53/0 e s
< Oes) - (49)
Moreover, note that
Bi(t) = Bo(rs ) = D _(ai(t) — ai(rs 1))wilTs 1) + > (Wilt) — wi(7s,4))ai(7s 1)

I T,
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In particular,

184 (t) = Bo(73,4)l2 < Zlaz —ai(73, )| [Iwi(7s, )2 + > lIwi(t) — wi(7s,4)l|22i (73,4

Ty

Z i(73.4)) ZIWM3+||2 an —wi(7s.4)| Z (75,4)2

o1 ) [9(t) = 9(73,4) |2
S 0(53) .
We can thus choose ¢ = O(1) and €4 = O(e}) small enough such that Equation still holds, but
¢4 large enough with respect to € such that the previous inequality ensures for any ¢ € [15 4,74 +]:
&4

1B4(t) = Bo(rs,4)I5,.s < >

In particular, this implies that 74 1 = +o00. Since ¥, (t) has finite variation (Equation @), this
also implies that lim;_, o, ¥ (¢) exists. The same holds for ©¥_ (¢) by symmetric arguments, so that
limy_, o, ¥(t) exists. Moreover, Equations and imply that

Jm B (8) = B+
This yields the second point of Lemma[7]

It now remains to prove the first point of Lemma Note that forany ¢t > 73  and 7 € Z:
t

[[wi(£) — Wi(7s,4)l2 < 2/ 1D+(s)[l2ds

T3+
< Oes).

Thanks to the first point of Lemma @ we can choose €5 = ©(-1-) small enough so thatfor any

d
t>73 4 andi € I,
Tp

min >0 and max(w;(t),—) <0,
Joip (1), ) ALy P
which concludes the proof of Lemmal[7] O

Proof of Theorem[2] We can conclude the proof of Theorem |Z|by noticing that we can indeed choose
£,€2,€3,€4 such that for any A < \* = O(4) and n > n* = ©,(d®logd), with probability

1-— (9(— + 27) the statements of Lemmas and toall simultaneously hold. In particular, the
A

stopping times 7", and 7" defined in Lemma [are infinite. Lemma ] then implies that for any ¢ > 7,
9(t) = (t). From then, Lemmal7]implies Theorem 2}
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