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A Related works

Automated mathematical problem solving has always been a hot topic in the community |8} 14; |19,
where geometry problem solving obtains increasing attention these years due to its complexity, requir-
ing multiple crucial capabilities of machine. Earlier methods 16} [7; 23| such as Wu’s Method [21] built
fundamental approaches for understanding and proving geometry problems. Recent advancements
in neural networks and symbolic systems have spurred increasing researches for breakthroughs in
problem solving performances of automated geometry problem solvers, which can be categorized
into two mainlines.

Neural-based methods predict executable or human-readable sequences based on the extracted
multi-modal features of raw problem. For example, |Chen et al.| (2021) made the first attempt and
established a baseline to uniformly process textual and visual data by encoder-decoder framework
and generate program sequences, which is then executed by external symbolic engine. Since then,
continuous improvements have been made on the problem types |2, information extraction [25; |12} and
cross-modal information alignment 14512l With the exploitation of large language models (LLMs),
many studies have evaluated and developed the performances of LLMs on mathematic tasks 11518,
including geometry problem solving 24, Some works focus on improving the multi-modal problem
understanding capabilities of multi-modal LLMs [15| especially on geometric diagrams |3} 27} 26.
Other works try to enhance the problem reasoning and solving skills of MLLMs by integration of
external symbolic engines 165 |5, such as ToRA |9/and MathCoder 20.

However, these methods fall short of guaranteeing the accuracy and interpretability of generated
solution paths due to the inherent shortage of autoregressive models, likely introducing redundant
and wrong steps.

Symbolic-based methods continuously apply predefined theorem rules on parsed geometric con-
ditions until the problem goal is solved. Inter-GPS [13| proposes to use a pretrained neural model
to predict a sequence of potential needed theorems, improving the efficiency based on brute-search
strategy. Subsequently, several works aim at enhancing the capabilities of neural models to analyze
the pattern and make improved predictions. For example, |Peng et al.| (2023) and Zou et al.| (2024)
utilize reinforcement learning to enable the model with step-wise prediction power before each step
of theorem application. Following them, |[Huang et al. (2024)) builds global hologram of geometric
conditions and pattern holograms of theorems and uses neural models to predict appropriate theorem
based on pattern matching at each step. Recent work Pi-GPS [28/ mainly focuses on resolving the
textual ambiguities with diagrammatic information, significantly improving the applicability of
symbolic-based methods. As an outstanding work, AlphaGeometry [19/highlights the potentials of
symbolic models on mathematical proof problems even at Olympic-level, encouraging researchers
to keep exploring. E-GPS 22lis the first work that emphasizes the importance of explainability of
solutions, advancing the practical application of geometry problem solvers.

However, most of these works mainly focus on solving the geometry problems instead of reasoning
for optimized solutions, ignoring the importance of reasonable solutions in real application scenarios.
Besides E-GPS, they are unable to ensure the interpretability and accuracy of solutions (e.g., without
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introducing redundant steps), leaving the exploration of shorter and multiple solutions an ongoing
research problem.

B Overall framework
We provide an overall framework of our Causal-R in fig. [T}
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Figure 1: The overall framework of our Causal-R. It mainly contains four parts: (a) in problem
understanding stage, the raw geometry problem is parsed into formalized geometric conditions; (b)
causal graph reasoning provides the fundamental theory for causal deduction based on causal graphs;
(c) in fast problem reasoning stage, the causal graph deduction is implemented by forward matrix
deduction to reason for solutions to final problem goal in iterations; (d) the solutions are generated by
tracing back from the target node, and are then verified to obtain the final answer.

C Theorem rule simplification

We provide a detailed illustration of how we simplify the theorem rule into unified causal deduction
representation forms in table[I] and table[2] Note that we only list partial transformations w.r.t. each
theorem rule for clarity and brevity. For example, in Angle Sum of Triangle in table[T]} we only list
one deduction path, while the deduction path remains valid after the alteration of n,, n;, and n..
Similar situations exist in Law of Sines in table 2] too. These deduction paths are extracted from the
equations between these values of nodes, where any one of them can be obtained if the other values
are known. More detailed implementation of causal graph construction can be found in codes.



Table 1: The simplified causal deduction paths of original theorem rule base. For clarity and brevity,
only partial deduction paths w.r.t. each rule are presented. A is used as placeholder to represent the

same content within each rule.

Geometry Theorem/Definition

Simplified Causal Deduction

Circle Definition

For radius OA (n,), OB (ny) of circle O:
Mg <— €5 (1)

Thales Theorem

Point A, B, C on circle O, for ZABC (n;), ZAOC (n,):
1y, < g(A) - ef(0)

g8(A) « €7 (1)

Inscribed Angle Theorem

Point A, B, C on circle O, for ZABC (n;), ZAOC (n,):
iy <— €5(1,)

Parallel Lines Theorem

AB // CD, P on AB, Q on CD, for ZAPQ (n,,) and ZDQP (n,):
1y < €5 (1ig)

Angle Sum of Triangle

For ZABC (), ZACB (n.), ZBAC (n,) in AABC:

Ty — €5(1p, 1)

Isosceles Triangle Theorem
(Side)

For AB (1231), AC (ne1), ZABC (ny), ZACB (n1e9) in AABC:
np1 < g(A) - e (nz1)
g(A) < el (rel(np2, ne2))

Isosceles Triangle Theorem
(Angle)

For AB (n,), AC (ne1), ZABC (n43), ZACB (nu2) in AABC:
np2 < g(A) - ef(ne2)
g(A) + eP(rel(np1,nc1))

Equilateral Triangle Theorem

For AB (n¢1), AC (np1), BC (nq1) ZABC (np2), ZACB (nc2),
/BAC (ngs) in AABC:
na2 < 8(A) - ef(+), nb2 < 8(A) €51 (), ne2 < 8(A) - €745()
g(A) el (rel(na, np1), rel(na1, net))

Triangle’s Center of Gravity

If Q on AB, M on BC, N on AC, CQ,AM,BN intersects at P, for
AQ (n¢1), BQ (ne2), BM (n41), CM (n42), AN (n1), CN (np2),
CP (nq41), PQ (ng2), AP (1), PM (N2), BP (15,1), PN (n52):
g2 < 8(A) - ef(ng1), nma2 < 8(A) - €1 (nm1),
Nn2 < 8(A) - efo(nn1)
g(A) « el (rel(na1, na2), rel(np1, np2), rel(ner, nes))

Congruent Triangle Theorem
(Proving)

For AB (1), AC (113), ZBAC (1241, BC (1142) in AABC and DE
(). DF (n), ZEDF (ng1), EF (ng2) in ADEF (SAS):
naz < g(A) - ef(na2)
g(A) < el(rel(nc,nyg), rel(ny, ne), rel(ngi, nar))

Congruent Triangle Theorem

For AB (1201, AC (1), BC (1141), ZACB (112), ZABC (n132),
/BAC (ng2) in AABC and DE (n41), DF (n¢1), EF (ngy),
/DFE (n5), ZDEF (n.3), ZEDF (ngs) in ADEF:
nya < g(A) - ef(nea), nea < g(A) - e (np2),
ngz < 8(A) - ef o (a2
g(A) ef(rel(ncl, ns1), rel(npr, ne1), rel(ngi, nai))

Tangent Secant Theorem

AB and circle O tangent at point B, AM intersects circle O at N,
for AB (ng), AN (n,,) and AM (n,,):
My < €5, 1)

Chord Theorem

A,B,C,D on circle O, AB and CD intersects at point M, for AM
(nq), BM (np), CM (n.), DM (ng):
777(1 < ef(ﬁb, ﬁc, ﬁd)

Angle Bisector Theorem

In AABC, M on BC, for AB (131), BM (1232), AC (121), CM
(ne2), ZBAM (ng1), ZCAM (ng»):
/ni)l — g(A) : eg(”’éZ; nzl; an)
g(A) < el (rel(ng1, ng2))
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Table 2: The rest simplified causal deduction paths of original theorem rule base, following table|[T}
For clarity and brevity, only partial deduction paths w.r.t. each rule are presented. A is used as
placeholder to represent the same content within each rule.

Geometry Theorem/Definition Simplified Causal Deduction

For AB (n.), AC (ny), BC (n,) in AABC, ZACB=90°:
Ne < €5 (g, 1Mp)

For AB (n.1), ZACB (n.), AC (ny1), ZABC (ny2) in AABC:
Ne1 < e$ (o2, Mp1, Mp2)

For AB (n.1), AC (n), BC (n,), ZACB (n.s) in AABC:
Ne1 4= €5(1q, M, Ne2)

For ZABC (ny), ZACB (n.), ZBAC (n,) in AABC and /DEF
Similar Triangle Theorem (ne), £DFE (ny), ZEDF (ng) in ADEF:
(Proving) 1ia < 8(A) - ef(17g)
g(A) < e (rel(ny, ne), rel(ng, ny))

For Z/ABC (np1), ZACB (n.1), ZBAC (ng), AB (ne2), AC (np2)
in AABC and ZDEF (n.1), ZDFE (n¢1), ZEDF (ng), DE (n¢2),
DF (n2) in ADEF:

Nz < g(A) - e (nb2)

g(A) «

e? (rel(np1, ne1), rel(ner, nyr), rel(ng, ng), rel(n o, ne2))
For AB (n,), BC (n), EF (n.), FG (ny) in similar polygons
ABCD and EFGH:

T < 8(A) - €7 (rie)

g(A) < e} (rel(ny,ny))

Point M on AB and point N on AC, for AM (1,,1), BM (1,,2),
AN (n,1), CN (n,2), MN (n41), BC (n42) in AABC:
a1 < g(A) - €f (na2)

g(A) «+ el (rel(nm1, nma), rel(np1, ny2))

In AABC, point M on BC, AM_LBC, for BC (n,), AM (n.,,),

Area Equation Theorem Area_ AABC (n,):
Mg < €5(1q, M)
For ZABC (n3), ZBCD (n.), ZCDA (ng), ZDAB (n,) in
Angle Sum of Polygon Quadrilateral ABCD:
Ng ef(ﬁb, e, de)

Pythagoras Theorem

Law of Sines

Law of Cosines

Similar Triangle Theorem

Similar Polygon Theorem

Median Line Theorem

D Case analysis

In order to provide more detailed qualitative analysis, we conduct some cases from Causal-R and
present them in fig. 2} In case (a), the model is able to generate two solutions, where the order of
theorem application is consistent but the detailed involved primitives are different. Both solutions are
reasonable and feasible and lead to correct answer. In case (b), two different solutions with inverted
order of theorem applications are obtained. The solutions are simple even if the geometric conditions
of the problem seems complex. On one hand, it shows the superiority of Causal-R to explore shorter
solutions. On the other hand, it also benefits from the design of symbolic-based strategy which can
precisely match the needed conditions within a large set of complicated and redundant geometric
conditions. Case (c) is a successful case that demonstrates the applicability of our method in situations
that involve proving theorems. However, as we analyze this geometry problem, we find that it can
be solved simply by using Geometric Mean Theorem, which is not yet contained in the existing
theorem rule base. Case (d) is a failure case that our model fails to obtain the solutions and answer,
which mainly attributes to the incorrect parsing of the geometric problem and incomplete design of
symbolic system. It remains a difficult task to parse the content with irregular representations such as
shaded area. These two cases both indicate the necessity of further developing the symbolic system
for adapting to more question types and more theorems.
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Problem Text :

Find CD if AC = x-3, BE = 20, AB = 16,
and CD = x+5.

Geometric Diagram :

C

Problem Text :
ARSV 2 ATVS. Find x.

Geometric Diagram :

Problem Text :

Find x based on information in diagram.

Geometric Diagram :

Problem Text :

Find the area of the shaded region.
Geometric Diagram :

240°

B 6 mm
E
Solutions : Solutions : Solutions : Solutions :
Step1 - Parallel Lines Theorem Step1 - Congruent Triangle Theorem Step1 - Similar Triangle Theorem None
“."BC//DE .". /ABC=/AED T ARSV 2 ATVS .. /TSV=/RVS=78", (Proving)
Step2 - Similar Triangle Theorem /TVS=/RSV=90° ‘:‘ /CDB=/CBA, /DCB=/BCA
" / ABC=/ AED, / CAB=/DAE Step2 - Angle Sum of Triangle - ACDB ~ ACBA
.. AABC ~ AAED . /TSV=78°, /TVS=90" Step2 - Similar Triangle Theorem
-".AB/(AB+BE)=AC/(AC+CD), CD=40.0 ../ STV=180°"-78"-90°=12° * ACDB ~ ACBA
.. CD/BC=BC/AC

Step1 - Parallel Lines Theorem Step1 - Angle Sum of Triangle .". x/8.5=8.5/(x+8.8), x=5.17
“."BC//DE .". / ACB=/ADE " /RSV=90°, / RVS=78"
Step2 - Similar Triangle Theorem .". / SRV=180°-90°-78°=12°
“." /ACB=/ADE, / CAB=/DAE Step2 - Congruent Triangle Theorem
.. AABC ~ AAED " ARSV 2 ATVS
.".AB/(AB+BE)=AC/(AC+CD), CD=40.0 . /VTS=/SRV=12"

(a (b) (c) (d)

Figure 2: Four typical cases from Causal-R. (a), (b) and (c) are successful cases and (d) is a failure
case.

E Limitations

While certain advantages and performance improvements have been obtained by our Causal-R, we
also identify some limitations, along with potential solutions, from the following aspects: (1) The
effectiveness of causal graph reasoning is influenced by the design of theorem rule base KCB. It not
only limits the upper bound of problem solving performances (i.e., the geometry problem can not
be solved if the needed theorem rule is not contained in /C13), but also affects the comprehensive
outcome of transformation from theorem rules to causal graphs. This can be resolved by future
development and refinement of B3, providing a more standard and larger theorem rule base. Note
that once the KB is determined, the deduction paths in causal graph construction are also determined
(such as presented in table[T]and table2) and do not change for different geometry problems. (2) For
more intricate geometry problems, when the combinations of geometric primitives and theorem rules
become extreme large, the temporary storage requirement for matrix-based deduction also increases.
It can be optimized through both refinement of '3 and application of more efficient matrix operation
methodologies. (3) Currently, the method does not support theorem rules that involve constructing
geometric primitives (e.g., connect point A and point B as a new line primitive AB). One possible
solution is to apply such rules before the causal graph construction to augment the base geometric
primitive nodes for a wider solution space that includes the action of constructing new primitives.
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