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A  PROOF

A.1 PROOF OF THEOREM 4.2

Proof. We define a mapping I' : IT — II such that 7, {1 = I'(mr,) satisfies that Pp(zp, 7, 1, 7,") o

R'(xp; 7!, m,"), where IT is the joint policy space of . From Brouwer Fixed Points Theorem,
there exists a profile 7* = I'(w*). From the definition of FE, 7* is an FE. O

A.2 PROOF OF THEOREM 4.3

Before the proof, we introduce a Lemma (Guo et al., 2019).

Lemma A.1. Define the two distribution over vector x = (x1,xa,...,&,) where xt; = xo = ... =

> fimax,(x); = << and Wi = {m =M g,

Ty = T max; x;: softmax.(x); = <—= and argmax-e(x); = . e
" e = e e 2 e g ! 0, otherwise.

distance between softmax . and argmax-e is bounded by
|lsoftmax | (x) — argmax-e(x)||; < 2nexp(—cd), (15)

where § = Tjpqx — MaXy; <, Tj and § := oo when all x; are equal.

Proof. Without loss of generality, assume that log R'(z}.) = log R*(z%) = ... = log R'(27) =
maxy log RY(z%) = Rupa. We denote xp = (xlT,m%,...,x‘;Yl). Given the opponent

policy 7, the expected cumulative reward of the best response for agent ¢ equals to
(argmax-e(log R'(x1)),log R*(xr)) and (softmax; (log R*(xr)),log R*(xr)). The exploitability
of agent ¢ is

|(argmax-e(log R’ (x7)), log R'(x7)) — (softmax; (log R*(x7)), Blog R'(xr))|

. , (16)
< Retyay|[softmax; (log R (x7)) — argmax-e(log R’ (x7)) |1 = 2|X]e™°

O

A.3 PROOF OF PROPOSITION 5.1

Proof. We first define the discounted state visitation distribution d™ (s) = (1 —~) Y7, V' P(s: = s).

Denote 91@ is the parameter vector of policy 7>(*). And the element of §(*) is the approximation of

action-value function, i.e. Hgts) va-i = i(s, a,a”" 1r(t)). From (Cen et al., 2022), the update rule of
0 is
O et =0 s+ 0 [FOO) V7))

=0 0t (QUs.a,a7 5w D) log m(als, a”)p(a” s) = Vi(sin®)),
v

i,8,a,a=" 1—
where F (9?) )T is the pseudo-inverse of the Fischer information matrix

]:(91@) =E Vo log 70 (a']s,a) log 7>V (a']s, a_i)T} .

smd™ ) (-),a=irp(c]s),aimmt (O (ais)~
Hence the update rule of policy is

(D) p(t+1) )

i,8,a,a "

(als,a™") oc exp(

=exp (eg}tzﬂﬂi + % (Ql(s7 a, a_i;ﬂ'(t)) —logm(als, a_i)p(a—i|s) — Vi(s;ﬂ'(t)))>

n

o (Wl’(t)(a|s,a_’)) ' exp (1 " Q' (s7a7a_l;1r(t))) )
-
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A.4 PROOF OF PROPOSITION 4.6

Proof. From Pinsker’s inequality, Dryv (p(-|s), 77%(-|s)) < \/%KL(p(\s)||7r_l(|s)) < /36
Denote the value function derived using the opponent model as V*(s;m). Define PJ(s'[s) :=
Eo—impts)Dacai P(s']s,a, a~Ym(als,a™)].
Vi(sim) = V(s;m)]
<2(1 +log |Ai|) Drv (p(-[5), 77" (-[5)) + YEwmpr (o)) VI (s'37) — ES’NP:_i(s'\s)Vi(Sl;””
+ Y[ Egmpr (oo [V (s"sm) = V(s's)]] = KL(p(-|s)[|7 " (-]s))
<2(1+ log |Ai) Drv (p(-]s), 7" (-]s)) + 2y(max V¥ (s'sm)) Drv (P (5']s), Pr-i(s's))
+ymax [V(s'm) = V(s"sm)[ = KL(p(|s)[|7 " (]s))

1+1 ; 1 ) .
<a(1+ gl + LB e o ma Vi(s'im) — Vi(s5m)| 46,

2(1+1 i) /1 , .
- ( _: i)g,JA ) N4 +’Y£r,13§|vl(51;7") —Vi(sim)l+e,

Then the estimated error of value function can be derived

i Ny 2(1 +1loglA;]) /1 €
Isnjié(‘v (s;m) = Vi(s;m)| < T -7 §ep—|— 1 _p

5
Using soft Bellman equation, we have that

i N A . <
Sergg)éAlQ (s,a;m) — Q'(s,a;m)| <6

A.5 PROOF OF PROPOSITION 5.3

Proof. We denote 7 (als) = 3, i 4—i m* (ala™", s)p(a""|s). Then the joint policy 7% (a|s) =
[Lica 7 (a’|s). Foralli,j € N, i # j.
Eawnoe (Js) Vo, 70" (@'19)V0, 70 (07]5)7 | = Bqunts 1oy [ Vom0 (0']s)| [ Vo, 7" ('])7] =0
Then the Fisher matrix
F(05) = E[Vo, logn’(als)Vo, logm” (a]s) "] = 3 Eyiorte i) [Vo, logm" (a'[5) Vi, log 7 (a'])"].
ieN '
Therefore F(0;) is a block-diagonal matrix, and each block is corresponding to the policy parameter

of an agent. Since the pseudo-inverse of a block-diagonal matrix is block-diagonal with the pseudo-
inverse of each block of the original matrix, VPG has the same dynamics as global NPG. L]

A.6 PROOF OF LEMMA 5.4

Proof. As the gradient of the value functions equals the potential function, we prove the smoothness
of value functions. Define the ®°(s,m) = E[>_;~, 7' (s¢,a:)], where the expectation is taken with
respect to a; ~ m;(+|$¢), s+1 ~ P(+|s¢,a¢). n = 2 is the number of players. The value function can
be decomposed

(s, m) =0 (s, ) + H(n) (17)
where H (1) = —E[S7°, v'm(a:|s;) log m(a;|s:)]. We first bound the smoothness of ®(s, 7). Let

7 = w19 where u is a unit vector.

M = ﬂ'(als) Z Z Ui s,a’ a7 (Ia’:ai - ﬂ-(al|57 aii))
0

da
iEN a’'EA;

o=
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dr® (a | s) ‘ B
‘ T = 71'(04‘3) Z Z Ui 5.0’ a1 (Ia’:ai _ 7Tl('|8,a 1))
a=0 €N a’€A;
srle (lui’sﬁa’la"| + Z Z |Ui,8,ai,ai71'i(a/|5,ai)|>
1EN a’€A;
<(n+ l)mw(als)
P (a ] ) -
T :ﬂ'(a|5)(ui,s,ai,a*'i’ll/ms’aj,afj - Z Z ui,Syai,af'iuLs’a/’afj7Tj(a/|57a j)
( CY) a=0 Z‘JENQIE_AJ_
N Z Z uj,s,a’,a*’iUz‘,s,a.f7a—h71'i(a'|s7 a_i)

i,jJEN a’ €A;

+2 3 3 N wiswa s (d]s, a7 m(a" 5,07

i,jEN a’€A; a”" €A,

S DD DR

i€EN a’EA;

(18)

‘ P (a] 8')
(dov)?

) ) ) . E E ) ) o (a —Jj
S/’r(a’|5)(ui,s,a'l,a*l’l'tj,s,aﬂ,a*J + ui,s,a'l,a*luj,s,a’,a*JTrj (CL ‘Saa )
i,jENG’GAJ‘

+ Z Z uj,s,a’,a*'iui,s,aj,a_hﬂ-i(a/|Saaii)

@7 eNa'€eA;

+2 Z Z Z Ui s.ara—iWjsaraiT (a']s,a”")mj(a"]s,a77)

1,jEN a’€A; a’€A;
Z Z uzz,s,a’,a*iﬂi(a/‘sv a_i))
i€EN a’€A;
<2(14n +n*)w(als)

a=0

19)

+

Let P () be the state-action transition matrix under 7,

[P()](s.a)+(srar) =7 (@’ | ) P (s | 5,a).
We can differentiate P(r) w.r.t o to get

dP(c)
da

a—ol (5.0)—(s"a") a=0

For an arbitrary vector z,

dP(a)
do

Z dn® (a’' | s’
0 x] B % P (S/ | 5,a) Tar s
= s,a

a’, s’
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d « / !
x] = max Z M P(s'|s,a)xq s
a=0

lull2=1 do

<y

a’, s’
<Y P(s | s,a) |zllo )
s’ a’

<Y P(s']s,0) |aloo(n +1)

s/

< (n+ D2l

’ ’
a’,s
? a=0

dr® (a' | s
% - |P(3/ | S7a)|$a’,s’

dm® (a’ | 8)
da

a=0

By definition of ¢, norm,

< (n+ Dzl

o0

Similarly, we get

d?P(a)
(da)?

P (d | )

(da)? P(s']s,a).

a=0

a_O] (s,a)—(s",a’)
An identical argument leads to that, for arbitrary z,
d?P(a)
(da)?

llull2=1

x ’ <2(14n+n?)|z] 0o
o0

a=0

D - — np n 1
max 17 = vP(a)) "2l = | D " P()"]|oo < T el (20)
2= n=0
Denote Q*(s,a;m®) as the action value function of 7.
in(s,a;ﬂ-o‘)‘ T 5 1dP(0) By —1 Y(n+1)
max |—————=| = max vle;, (I —vP(« I —~vyP(« rl < —= (21)
max T max Vel = yPl)) " =g = (I =y P(a)) 1=
where 7 is the reward function.
PQi(s,0:7)
flull2=1 da?
— e 29260, o1 2P VO 1 a1 O gy
llullz=1 H5a da o
= d*P(0 .
=2 Pe) " D (1 ()
5 ~ (22)
501y -14P(0) ~1dP(0)
2. T _ 1 _ 1 _ 1
< max 1277 6l = yP(e) ™ =g = (I = yPle)) " =g = (I =y P(a)
- d2P(0 5o
= Pa) " T (1 (o))
<272(n+1)2 2y(1 +n + n?)
- (1=)? (1=7)?
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<i>(s,7ro‘) = Zw“(a|s)@i(s,a;ﬂ'a) (23)
acA
(s, m) o(gls) LQ (5,0:7%) P @]9 s gme
e =S (als) —— 5| +> ez | Qsam)
a=0 acA a=0 acA a=0 (24)
49 Z d1rad(a | s) in(z, a; )
acA @ a=0 @ a=0
A2d(s, ) d2Qi(s,a;m®) 7 (a | s) ,
- —=r ) <> 7(als) ——5— + Y —— Qis.am?)
2 2 2
da o = da 0 = da =0
49 Z dﬂ”‘éa | s) in(Za;ﬂ“)
acA @ a=0 @ =0 (25)
29%(n+1)2  2y(1+n+n?) N 2(1+n+n?)  2y(n+1)>
(1—9)? (1—79)? -~ (1—7)?
2 1)2
_ (n+ )3
(1=2)
The second step is to bound the smoothness of H ().
— (@) logm® = — (7)T (6 + au) + nlog Z exp(6 + au) (26)
acA
()T logm® - Z ‘ d*7 (a | s) ol 49 Z dn® (a | s) )
- < — or 8o
da _ = da 0 = da =0
+nmax |17 diag(n" © u) — 7' (7" @ u)7| (27)
1€
<2(n? 4 n + 1)—- OginaXem L ango
-
d*H(me d?
‘ do(¢2 ) T ’ WE[Z V' (@y]se) log T (asy)]
t=0 a=0
- 1 d?(m)T logm™ (28)
“1—x da? -
1+ logmax;en |A4;]  3n+2
<2n?+n+1 + =c
( oo T
Therefore the potential function is (2((1n _:1))32 + ¢)-smooth. O

A.7 PROOF OF THEOREM 5.5

Proof. Since ® is bounded, the monotone sequence {®()}2° converges to fixed point. We denote

7 = limy_,oo 7). Assume that 7 is a Nash equilibrium policy. We first derive the performance
difference between 7 and 7*.

O(s:7) — D(s;m%) =D(s; %) — D(s;7%) +

A

(s;7) — P(s;7") + O(s;7™) — <:T_>(s;7r*)
log | A] (29)

<P(s;m") — B(siw) < T

18



Under review as a conference paper at ICLR 2024

Note that opponent modelling will introduce extra estimation error. We denote the potential function
derived by opponent modelling as ®. And the policy derived using opponent modelling is 7.

[@(57%) = (577 loo =[@(577) = D(57%) + D(57%) = D(577) + B(577) — B(377) oo 30)

log | A 0

Therefore the performance difference is § + 1oy -

A.8 PROOF OF PROPOSITION 4.7

Proof.

aossomana | 27 (56,a0) —KL(p™ (a; |s,)|7 ™" (a;|s:)) — KL(a(ails,)| | (aj]s.)
t=0

E

!

+ Eso.a0~g [Q;i(SOa ao; p)]

= Bays0ma [ @ (50 @03 p) — KL(p~ (a5 3017~ (a5 "150)) | a]

7' (ag " [s0) exp(Eq; ~g[@; (50, @03 p)])
an—iNﬁ-f’i(.‘SD) {exp(Eagwq[Q;i(sOa Qo; P)D]

= Espng | —KL | p7"(ag"|s0)]]

From the non-negativity of KL divergence, the optimal opponent model of agent —7 is

&' (a”s) exp(Eamq[Q;i(_& a;p)))
Ea*iwﬁ-_i(ﬂs) [eXp(Eai~q [QP_Z(Sv a; P)])]

o (@) =

B ALGORITHM

B.1 OPPONENT MODELLING

Algorithm 3 Opponent modelling (OM)

input Initial the parameter of reward function v, trajectory replay buffer D,
for:=1,2,...do
Sample trajectory 7 from D
for j =1to N do
Update 7/ (s, a;) using (10)
Update p;(7;) using (6)
end for
end for
output optimised opponent model p
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