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A PROOF

A.1 PROOF OF THEOREM 4.2

Proof. We define a mapping Γ : Π→ Π such thatπππn+1 = Γ(πππn) satisfies that PT (xT , π
i
n+1,πππ

−i
n ) ∝

Ri(xT ;π
i
n+1,πππ

−i
n ), where Π is the joint policy space of πππ. From Brouwer Fixed Points Theorem,

there exists a profile πππ� = Γ(πππ�). From the definition of FE, πππ� is an FE.

A.2 PROOF OF THEOREM 4.3

Before the proof, we introduce a Lemma (Guo et al., 2019).

Lemma A.1. Define the two distribution over vector x = (x1, x2, . . . , xn) where x1 = x2 = . . . =

xm = xmax ≥ maxi xi: softmaxc(x)i =
ecxi

∑
j ecxj and argmax-e(x)i =

{
1
m , i ≤ m,

0, otherwise.
The

distance between softmaxc and argmax-e is bounded by

‖softmax1(x)− argmax-e(x)‖1 ≤ 2n exp(−cδ), (15)

where δ = xmax −maxxj<xmax xj and δ :=∞ when all xj are equal.

Proof. Without loss of generality, assume that logRi(x1T ) = logRi(x2T ) = . . . = logRi(xmT ) =

maxk logR
i(xkT ) := Rmax. We denote xT = (x1T , x

2
T , . . . , x

|X |
T ). Given the opponent

policy πππ−i, the expected cumulative reward of the best response for agent i equals to
〈argmax-e(logRi(xT )), logRi(xT )〉 and 〈softmax1(logRi(xT )), logR

i(xT )〉. The exploitability
of agent i is

|〈argmax-e(logRi(xT )), logRi(xT )〉 − 〈softmax1(logR
i(xT )), β logRi(xT )〉|

≤ Retmax‖softmax1(logRi(xT ))− argmax-e(logRi(xT ))‖1 = 2|X |e−δ
(16)

A.3 PROOF OF PROPOSITION 5.1

Proof. We first define the discounted state visitation distribution dπππ(s) = (1−γ)∑∞
t=0 γ

tP (st = s).

Denote θ
(t)
i is the parameter vector of policy πi,(t). And the element of θ(t) is the approximation of

action-value function, i.e. θ
(t)
i,s,a,a−i = Qi(s, a, a−i;πππ(t)). From (Cen et al., 2022), the update rule of

θ is

θ
(t+1)
i,s,a,a−i =θ

(t)
i,s,a,a−i + η

[
F(θ(t)i )†V i(s;πππ(t))

]
=θ

(t)
i,s,a,a−i +

η

1− γ
(
Qi(s, a, a−i;πππ(t))− log π(a|s, a−i)ρ(a−i|s)− V i(s;πππ(t))

)
,

where F(θ(t)i )† is the pseudo-inverse of the Fischer information matrix

F(θ(t)i ) = E
s∼dπππ

(t)
(·),a−i∼ρ(·|s),ai∼πi,(t)(·|a−i,s)∼

[
∇

θ
(t)
i
log πi,(t)(ai|s, a−i) log πi,(t)(ai|s, a−i)T

]
.

Hence the update rule of policy is

πi,(t+1)(a|s, a−i) ∝ exp(θ
(t+1)
i,s,a,a−i)

= exp

(
θ
(t)
i,s,a,a−i +

η

1− γ
(
Qi(s, a, a−i;πππ(t))− log π(a|s, a−i)ρ(a−i|s)− V i(s;πππ(t))

))
∝
(
πi,(t)(a|s, a−i)

)1− η
1−γ

exp

(
η

1− γQ
i
(
s, a, a−i;πππ(t)

))
.
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A.4 PROOF OF PROPOSITION 4.6

Proof. From Pinsker’s inequality, DTV (ρ(·|s), π−i(·|s)) ≤
√

1
2KL(ρ(·|s)||π−i(·|s)) ≤

√
1
2ερ.

Denote the value function derived using the opponent model as V̂ i(s;πππ). Define Pπππ
ρ (s

′|s) :=
Ea−i∼ρ(·|s)[

∑
a∈Ai P (s′|s, a, a−i)π(a|s, a−i)].

|V i(s;πππ)− V̂ i(s;πππ)|
≤2(1 + log |Ai|)DTV (ρ(·|s), π−i(·|s)) + γ|Es′∼Pπππ

ρ (s′|s)V i(s′;πππ)− Es′∼Pπππ
πππ−i (s

′|s)V i(s′;πππ)|
+ γ|Es′∼Pπππ

ρ (s′|s)[V i(s′;πππ)− V̂ i(s′;πππ)]| −KL(ρ(·|s)||π−i(·|s))
≤2(1 + log |Ai|)DTV (ρ(·|s), π−i(·|s)) + 2γ(max

s′∈S
V i(s′;πππ))DTV (P

πππ
ρ (s

′|s), Pπππ
πππ−i(s′|s))

+ γmax
s′∼S

|V i(s′;πππ)− V̂ i(s′;πππ)| −KL(ρ(·|s)||π−i(·|s))

≤2(1 + log |Ai|+ γ(1 + log |Ai|)
1− γ )

√
1

2
ερ + γmax

s′∼S
|V i(s′;πππ)− V̂ i(s′;πππ)|+ ερ

=
2(1 + log |Ai|)

1− γ

√
1

2
ερ + γmax

s′∼S
|V i(s′;πππ)− V̂ i(s′;πππ)|+ ερ

Then the estimated error of value function can be derived

max
s∼S

|V i(s;πππ)− V̂ i(s;πππ)| ≤ 2(1 + log |Ai|)
(1− γ)2

√
1

2
ερ +

ερ
1− γ

Using soft Bellman equation, we have that

max
s∈S,aaa∈A

|Qi(s,aaa;πππ)− Q̂i(s,aaa;πππ)| ≤ δ

A.5 PROOF OF PROPOSITION 5.3

Proof. We denote πi(a|s) = ∑a−i∈A−i π
θs
i (a|a−i, s)ρ(a−i|s). Then the joint policy πππθs(aaa|s) =∏

i∈N πθs
i (a

i|s). For all i, j ∈ N , i �= j.

Eaaa∼πππθs (·|s)
[
∇θsπ

θs
i (a

i|s)∇θsπ
θs
j (a

j |s)T
]
= Eaaa∼πππθs (·|s)

[
∇θsπ

θs
i (a

i|s)
] [
∇θsπ

θs
j (a

j |s)T
]
= 0

Then the Fisher matrix

F(θs) = E[∇θs logπππ
θ(aaa|s)∇θs logπππ

θs(aaa|s)T ] =
∑
i∈N

Eai∼πθs
i (ai|s)[∇θs log π

θs
i (a

i|s)∇θs log π
i,θs(ai|s)T ].

Therefore F(θs) is a block-diagonal matrix, and each block is corresponding to the policy parameter
of an agent. Since the pseudo-inverse of a block-diagonal matrix is block-diagonal with the pseudo-
inverse of each block of the original matrix, VPG has the same dynamics as global NPG.

A.6 PROOF OF LEMMA 5.4

Proof. As the gradient of the value functions equals the potential function, we prove the smoothness

of value functions. Define the Φ̃i(s,πππ) = E[
∑∞

t=0 γ
tri(st, aaat)], where the expectation is taken with

respect to aaat ∼ πππi(·|st), st+1 ∼ P (·|st, aaat). n = 2 is the number of players. The value function can
be decomposed

Φ(s,πππ) =Φ̃i(s,πππ) +H(πππ) (17)

whereH(πππ) = −E[∑∞
t=0 γ

tπππ(aaat|st) logπππ(aaat|st)]. We first bound the smoothness of Φ̃i(s,πππ). Let

πππα := πππθ+αu, where u is a unit vector.

dπππα (aaa | s)
dα

∣∣∣∣
α=0

= πππ(aaa|s)
∑
i∈N

∑
a′∈Ai

ui,s,a′,a−i(Ia′=ai − π(a′|s, a−i))
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∣∣∣∣ dπππα (aaa | s)
dα

∣∣∣∣
α=0

∣∣∣∣ =
∣∣∣∣∣πππ(aaa|s)∑

i∈N

∑
a′∈Ai

ui,s,a′,a−i(Ia′=ai − πi(·|s, a−i))

∣∣∣∣∣
≤πππ(aaa|s)n

(
|ui,s,ai,a−i |+

∑
i∈N

∑
a′∈Ai

|ui,s,ai,a−iπi(a′|s, a−i)|
)

≤(n+ 1)πππ(aaa|s)

d2πππα (aaa | s′)
(dα)2

∣∣∣∣
α=0

=πππ(aaa|s)(ui,s,ai,a−iuj,s,aj ,a−j −
∑

i,j∈N

∑
a′∈Aj

ui,s,ai,a−iuj,s,a′,a−jπj(a
′|s, a−j)

−
∑

i,j∈N

∑
a′∈Ai

uj,s,a′,a−iui,s,aj ,a−hπi(a′|s, a−i)

+ 2
∑

i,j∈N

∑
a′∈Ai

∑
a′′∈Aj

ui,s,a′,a−iuj,s,a′′,a−jπi(a′|s, a−i)πj(a
′′|s, a−j)

+
∑
i∈N

∑
a′∈Ai

u2i,s,a′,a−iπi(a′|s, a−i))

(18)

∣∣∣∣ d2πππα (aaa | s′)
(dα)2

∣∣∣∣
α=0

∣∣∣∣ ≤πππ(aaa|s)(ui,s,ai,a−iuj,s,aj ,a−j +

∣∣∣∣∣∣
∑

i,j∈N

∑
a′∈Aj

ui,s,ai,a−iuj,s,a′,a−jπj(a
′|s, a−j)

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑

i,j∈N

∑
a′∈Ai

uj,s,a′,a−iui,s,aj ,a−hπi(a′|s, a−i)

∣∣∣∣∣∣
+ 2

∣∣∣∣∣∣
∑

i,j∈N

∑
a′∈Ai

∑
a′′∈Aj

ui,s,a′,a−iuj,s,a′′,a−jπi(a′|s, a−i)πj(a
′′|s, a−j)

∣∣∣∣∣∣
+

∣∣∣∣∣∑
i∈N

∑
a′∈Ai

u2i,s,a′,a−iπi(a′|s, a−i))

∣∣∣∣∣
≤2(1 + n+ n2)πππ(aaa|s)

(19)

Let P̃ (α) be the state-action transition matrix under πππ,

[P̃ (α)](s,aaa)→(s′,aaa′) = πππα (aaa′ | s′)P (s′ | s,aaa) .

We can differentiate P̃ (α) w.r.t α to get

[
dP̃ (α)

dα

∣∣∣∣∣
α=0

]
(s,aaa)→(s′,aaa′)

=
dπππα (aaa′ | s′)

dα

∣∣∣∣
α=0

P (s′ | s,aaa) .

For an arbitrary vector x,

[
dP̃ (α)

dα

∣∣∣∣∣
α=0

x

]
s,aaa

=
∑
aaa′,s′

dπππα (aaa′ | s′)
dα

∣∣∣∣∣∣
α=0

P (s′ | s,aaa)xaaa′,s′
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max
‖u‖2=1

∣∣∣∣∣∣
[
dP̃ (α)

dα

∣∣∣∣∣
α=0

x

]
s,aaa

∣∣∣∣∣∣ = max
‖u‖2=1

∣∣∣∣∣∣
∑
a′,s′

dπππα (aaa′ | s′)
dα

∣∣∣∣∣∣
α=0

P (s′ | s,aaa)xaaa′,s′
∣∣∣∣∣∣

≤
∑
aaa′,s′

∣∣∣∣ dπππα (aaa′ | s′)
dα

∣∣∣∣
α=0

|P (s′ | s,aaa)|xaaa′,s′
∣∣∣∣

≤
∑
s′
P (s′ | s,aaa) ‖x‖∞

∑
aaa′

∣∣∣∣ dπππα (aaa′ | s′)
dα

∣∣∣∣
α=0

∣∣∣∣
≤
∑
s′
P (s′ | s,aaa) ‖x‖∞(n+ 1)

≤ (n+ 1)‖x‖∞.
By definition of �∞ norm,

max
‖u‖2=1

∥∥∥∥∥dP̃ (α)dα
x

∥∥∥∥∥
∞
≤ (n+ 1)‖x‖∞

Similarly, we get [
d2P̃ (α)

(dα)2

∣∣∣∣∣
α=0

]
(s,aaa)→(s′,aaa′)

=
d2πππα (aaa′ | s′)

(dα)2

∣∣∣∣
α=0

P (s′ | s,aaa) .

An identical argument leads to that, for arbitrary x,

max
‖u‖2=1

∥∥∥∥∥ d2P̃ (α)(dα)2

∣∣∣∣∣
α=0

x

∥∥∥∥∥
∞
≤ 2(1 + n+ n2)‖x‖∞

max
‖u‖2=1

‖(I − γP̃ (α))−1x‖∞ = ‖
∞∑

n=0

γnP̃ (α)nx‖∞ ≤ 1

1− γ ‖x‖∞ (20)

Denote Qi(s,aaa;πππα) as the action value function of πππα.

max
‖u‖2=1

∣∣∣∣dQi(s,aaa;πππα)

dα

∣∣∣∣ = max
‖u‖2=1

γ

∣∣∣∣∣eTi,s,aaa(I − γP̃ (α))−1 dP̃ (0)

dα
(I − γP̃ (α))−1r

∣∣∣∣∣ ≤ γ(n+ 1)

(1− γ)2 (21)

where r is the reward function.

max
‖u‖2=1

∣∣∣∣d2Qi(s,aaa;πππα)

dα2

∣∣∣∣
= max
‖u‖2=1

∣∣∣∣∣2γ2eTi,s,aaa(I − γP̃ (α))−1 dP̃ (0)

dα
(I − γP̃ (α))−1 dP̃ (0)

dα
(I − γP̃ (α))−1

+

∣∣∣∣∣γ(I − γP̃ (α))−1 d
2P̃ (0)

dα2
(I − γP̃ (α))−1

∣∣∣∣∣
≤ max
‖u‖2=1

∣∣∣∣∣2γ2eTi,s,aaa(I − γP̃ (α))−1 dP̃ (0)

dα
(I − γP̃ (α))−1 dP̃ (0)

dα
(I − γP̃ (α))−1

∣∣∣∣∣
+

∣∣∣∣∣γ(I − γP̃ (α))−1 d
2P̃ (0)

dα2
(I − γP̃ (α))−1

∣∣∣∣∣
≤2γ

2(n+ 1)2

(1− γ)3 +
2γ(1 + n+ n2)

(1− γ)2

(22)
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Φ̃(s,πππα) =
∑
aaa∈A

πππα(aaa|s)Qi(s,aaa;πππα) (23)

d2Φ̃(s,πππα)

dα2

∣∣∣∣∣
α=0

=
∑
aaa∈A

πππα(aaa|s) d
2Qi(s,aaa;πππα)

dα2

∣∣∣∣
α=0

+
∑
aaa∈A

d2πππα (aaa | s)
dα2

∣∣∣∣
α=0

Qi(s,aaa;πππα)

+ 2
∑
aaa∈A

dπππα (aaa | s)
dα

∣∣∣∣
α=0

dQi(s,aaa;πππα)

dα

∣∣∣∣
α=0

(24)

∣∣∣∣∣ d2Φ̃(s,πππα)

dα2

∣∣∣∣∣
α=0

∣∣∣∣∣ ≤
∣∣∣∣∣∑
aaa∈A

πππα(aaa|s) d
2Qi(s,aaa;πππα)

dα2

∣∣∣∣
α=0

∣∣∣∣∣+
∣∣∣∣∣∑
aaa∈A

d2πππα (aaa | s)
dα2

∣∣∣∣
α=0

Qi(s,aaa;πππα)

∣∣∣∣∣
+ 2

∣∣∣∣∣∑
aaa∈A

dπππα (aaa | s)
dα

∣∣∣∣
α=0

∣∣∣∣∣
∣∣∣∣ dQi(s,aaa;πππα)

dα

∣∣∣∣
α=0

∣∣∣∣
≤2γ

2(n+ 1)2

(1− γ)3 +
2γ(1 + n+ n2)

(1− γ)2 +
2(1 + n+ n2)

1− γ +
2γ(n+ 1)2

(1− γ)2

<
2(n+ 1)2

(1− γ)3

(25)

The second step is to bound the smoothness ofH(πππ).

−(πππα)T logπππα =− (πππα)T (θ + αu) + n log
∑
aaa∈A

exp(θ + αu) (26)

∣∣∣∣− d2(πππα)T logπππα

dα2

∣∣∣∣
α=0

∣∣∣∣ ≤∑
aaa∈A

∣∣∣∣ d2πππα (aaa | s)
dα2

∣∣∣∣
α=0

θ

∣∣∣∣+ 2
∑
aaa∈A

∣∣∣∣ dπππα (aaa | s)
dα

∣∣∣∣
α=0

∣∣∣∣ |u|
+ nmax

i∈N
∣∣1T diag(πi � u)− πi(πi � u)T ∣∣

≤2(n2 + n+ 1)
1 + logmaxi∈N |Ai|

1− γ + 3n+ 2

(27)

∣∣∣∣ d2H(πππα)

dα2

∣∣∣∣
α=0

∣∣∣∣ =
∣∣∣∣∣− d2

dα2
E[

∞∑
t=0

γtπππα(aaat|st) logπππα(aaat|st)]
∣∣∣∣∣
α=0

∣∣∣∣∣
≤ 1

1− γ
∥∥∥∥d2(πππα)T logπππα

dα2

∥∥∥∥
∞

≤2(n2 + n+ 1)
1 + logmaxi∈N |Ai|

(1− γ)2 +
3n+ 2

1− γ := c

(28)

Therefore the potential function is ( 2(n+1)2

(1−γ)3 + c)-smooth.

A.7 PROOF OF THEOREM 5.5

Proof. Since Φ is bounded, the monotone sequence {Φ(t)}∞t=0 converges to fixed point. We denote

πππ∗ = limt→∞ πππ(t). Assume that π̃̃π̃π is a Nash equilibrium policy. We first derive the performance
difference between π̃̃π̃π and πππ∗.

Φ̃(s; π̃̃π̃π)− Φ̃(s;πππ∗) =Φ̃(s; π̃̃π̃π)− Φ(s; π̃̃π̃π) + Φ(s; π̃̃π̃π)− Φ(s;πππ∗) + Φ(s;πππ∗)− Φ̃(s;πππ∗)

≤Φ(s;πππ∗)− Φ̃(s;πππ∗) ≤ log |A|
1− γ

(29)
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Note that opponent modelling will introduce extra estimation error. We denote the potential function

derived by opponent modelling as Φ̂. And the policy derived using opponent modelling is π̂ππ∗.

‖Φ(·;πππ∗)− Φ(·; π̂ππ∗)‖∞ =‖Φ(·;πππ∗)− Φ̂(·;πππ∗) + Φ̂(·;πππ∗)− Φ̂(·; π̂ππ∗) + Φ̂(·; π̂ππ∗)− Φ(·; π̂ππ∗)‖∞
≤‖Q̂i(s,aaa;πππ∗)−Qi(s,aaa;πππ∗)‖∞ ≤ δ

(30)

Therefore the performance difference is δ + log |A|
1−γ .

A.8 PROOF OF PROPOSITION 4.7

Proof.

Eaaa0:∞,s0:∞∼q

[ ∞∑
t=0

r−i(st, aaat)−KL(ρ−i(a−i
t |st)||π̂ππ−i(aaa−i

t |st))−KL(q(ait|st)||πππi(ait|st))
∣∣∣∣∣ q
]

= Eaaa0,s0∼q

[
Q−i

ρ (s0, aaa0; ρ)−KL(ρ−i(aaa−i
0 |s0)||π̂ππ−i(aaa−i

0 |s0))
∣∣∣ q]

= Es0∼q

⎡⎣−KL
⎛⎝ρ−i(a−i

0 |s0)||
π̂ππ−i(aaa−i

0 |s0) exp(Eai
0∼q[Q

−i
ρ (s0, aaa0; ρ)])

Eaaa−i
0 ∼π̂ππ−i(·|s0)

[
exp(Eai

0∼q[Q
−i
ρ (s0, aaa0; ρ)])

]
⎞⎠∣∣∣∣∣∣ q

⎤⎦+ Es0,aaa0∼q

[
Q−i

ρ (s0, aaa0; ρ)
]

From the non-negativity of KL divergence, the optimal opponent model of agent −i is

ρ−i,∗(aaa−i|s) = π̂ππ−i(a−i|s) exp(Eai∼q[Q
−i
ρ (s,aaa; ρ)])

Eaaa−i∼π̂ππ−i(·|s)
[
exp(Eai∼q[Q

−i
ρ (s,aaa; ρ)])

]

B ALGORITHM

B.1 OPPONENT MODELLING

Algorithm 3 Opponent modelling (OM)

input Initial the parameter of reward function ψ, trajectory replay buffer D,
for i = 1, 2, . . . do

Sample trajectory τ from D
for j = 1 to N do

Update r̂j(st, aaat) using (10)
Update ρj(τj) using (6)

end for
end for

output optimised opponent model ρ
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