Intermittent Cooperation in Path Planning for Selfish Agents
Supplementary Material

A PRELIMINARIES

We extend the notation used in the main paper to support the formal proofs provided in the supplementary material.

Let II,, .. o, denote the set of all paths starting at v, ending at v;, and visiting vy, .. ., v;_1 in order, possibly including additional nodes (for
example, the path v, v7,v2,v3,v4 is in Iy, 4, o,). The path time T,, (n' | #%) denotes the travel time incurred by an agent traversing path '
from node o to node u, given that the other agent follows path z2. This includes edge traversal times as well as node travel delays induced by
synchronization and cooperation, excluding the travel delays at the first and last nodes.

We use Dy, (7! | 7%) to denote the departure time from node u of an agent traveling along the path ! from node v, given that the other agent
follows the path 2. Formally, D, (7! | 7%) is given by the sum of the path time T, (! | 7%) and the travel delay incurred at node u. The total
path time of the full path !, from its starting node to its ending node, is denoted by T(xr! | 72). The total departure time is represented by
D(x! | m?).

Let T, (r) denote the independent travel time of an agent along path 7 from node v to node u, computed under the assumption that the
agent traverses all nodes alone and incurs travel delay 72, at each node w € . Let D, () denote the corresponding departure time of the agent
from node u in this independent context.

A path 7 for agent a is considered rational if, for any two nodes v and u along the path, the condition T, (7|7) < T, (SP;M) holds. This
implies that if the agent cooperates in all nodes along the path, the route between any two nodes is the shortest possible.

A.1 Path Time Calculation

Consider two agents a; and a, arriving at a cooperation node ¢ € V¢ at times t! and t2, respectively, where t2 € [t}, t! + 7!]. This implies,
without loss of generality, that agent a, arrives after a; while a; is still present at the node. The agents cooperate and incur the reduced travel
delay at node c only if cooperation is beneficial (or at least not harmful) to both. While cooperation is always beneficial for the later-arriving
agent (a; in this example), it is beneficial for the earlier-arriving agent (a;) only if the induced waiting is advantageous.

Under these cooperation conditions, when agent a; arrives at node v at time ¢, its waiting time for the other agent a_;, denoted w!, and its
incurred travel delay &%, depend on the arrival time ¢, of a_;:

tyi =t ife e [t - (gk - 2), £;],

0 otherwise.

W(E 1) = {

~
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T,

1 otherwise.

The total delay incurred at node v, combining waiting time and the travel delay, is denoted by
Aot 157) = Wity 157) + 85 (85, 157)
Accordingly, the travel time of agent a; from node v to node u along path 7, while the other agent follows path 7=/, is given by
0 ifo=u,
Tou(r' | 777) = Z Tey + Z M (Tpx (' | 777, Tyx(n™' | 7)) otherwise.
(xy) ey, xemhy\{ou}

The corresponding departure time of agent a; from node u, when traveling from node v to node u along path ¢ while the other agent follows
path 7%, is given by
Du,u(ni | ”_i) = Tu,u(”i | ”_i) + AL(Tv,u (”i | ”_i)9 Tv,u (”_i | ”i))

B JOINING SEGMENT
B.1 Proof of Lemma 1

Lemma 1 (Early Cooperation)

Each agent prefers to initiate cooperation at the earliest possible cooperation node along the other agent’s path. That is, given an agent a;’s path,
the best response for the other agent, a_;, is to join a; as early as possible along its path, and together the optimal joint strategy from both
agents’ perspective is to initiate the cooperation as early as they can.

PROOF. Consider a system with two agents, a; and a;, where a,’s path is 2. Let Vo be the set of all cooperation nodes in 7% that a; can
reach in a relevant time to cooperate:

Vor ={v € Vo | T(SIPy, ») < Ty o(7?) + 7, — 72}



The path 7 dictates a chronological order for the cooperation nodes. Let c; denote the i-th cooperation node in V- that a; visits according to
the path 72.

Then, to prove the lemma we prove that the fastest cooperation path starts at the earliest reachable cooperation node cj € Vc-.
Formally we prove that for any node ¢} € Ve« with i > 1, it holds that:

’ 2 2
Vg € Merg, Topgy (SIP, ¢ 0 e g1 |7%) < Ts1,g, (SIPs, ¢x © Tez g, |7°)

where

’ 2
Vs =T O JT.*
¢t [ €91

Given the path 7.+ 5, , we construct the path 7. "= 72 . 0 7 g, and examine the full paths 7 = SIPg .+ 0 7+ o and &’ = SIP;, cx o /. 0
13 1°! 1°%i i 13 13 1!
We need to show that:
ary 2 A1 2
TSl,gl (ﬂ/lﬂ' ) < T51,91 (”|” )
Since the path from c; to g, denoted .+ 4, is the same in both cases, it suffices to show that the departure time from c; using the path
SIPSI,C;‘ o ”c’* " is earlier than the departure time using the path SIP;, .+ o 7+ 5. When using SIP;, .+, agent a; arrives at ¢} in a relevant time to
1 L 3 1

cooperate, and its departure time from this node is given by:

Dsl,c;f (SIPSI,CZ.‘ |7T2) = max (Tsl,cif (SIPSI,C:T |7T2)» Tsz,c;f (”2 |SIP31,C;‘)) + Tczr

However, using ', a; arrives at c; at time to cooperate and therefore the delay of a; at c] is reduced and the arrival time of a; at c}
(which is the same as the arrival time of ay) is T, : (#'|m?) = Ty (m|#') < Ty (nZISIPsl,c;). The departure time of a; from c; is then:
Dy, et (#'|n?) = Toper (7°|#") + 7% and it holds that:

Tsl,czf(ff/lﬂz) + ‘[i; =Ty (7)) + 1'02;f <
maX(Tsl,c:f (SIPSI,C;.‘ |7[2)9 Tsz,c;‘ (”2 |7%’)) + TCZ:‘ <
2 2 2
maX(Tsl,cf (SIPsl,cf |7T )s Tsz,c’; (77: |SIP$1,C;.‘)) + TC;_«

Dsl,cl’.‘ (ﬁjlﬂ'z) < Dsl,c;.‘ (SIPsl,c;f |7[2)

B.2 All Nodes Shortest Non-Cooperative Partial Paths

Algorithm 1 finds the shortest Non-Cooperative partial path from a given starting node s; to all nodes in the graph. The algorithm is identical
to Dijkstra’s algorithm, except for one modification: if ¢ € V¢ can be reached by a_; at a time relevant for cooperation, then once the
shortest non-cooperative partial path to ¢ is found, the node is removed from the graph. This ensures that c is not considered as part of the
non-cooperative path to any other node in the graph. The algorithm initializes by setting all paths from s; to infinity (except s;, which is set to 0
with a trivial path) and defining Q « V as the set of unvisited nodes [lines 1-3]. The algorithm then evaluates all unvisited nodes v that are
reachable from s; in ascending order of their path time from s; [lines 4-11]. For each node v, ignoring nodes that can be leveraged by the other
agent to initiate an earlier cooperation [line 7], the algorithm iterates over its neighbors. For each neighbor, if the shortest Non-Cooperative
path from s; to it via v is shorter than its current path, the algorithm updates the path and its associated time [lines 8-11]. Once all reachable
nodes have been evaluated, the algorithm returns a mapping of each node in the graph to its corresponding shortest Non-Cooperative partial
path from s; [line 12].

LEMMA 4. Algorithm 1 computes the shortest Non-Cooperative Partial Paths from a given starting node to all nodes in the graph in
polynomial time.

The correctness of Lemma 4 follows from the optimality of Dijkstra’s algorithm. Since the removal of nodes from the graph is done only
when the shortest non-cooperative partial path to them is found, and the removed nodes are not part of any shortest non-cooperative path to any
other node when this removal is performed, the path time and non-cooperation conditions are preserved. Similar to Dijkstra’s algorithm, the
complexity of Algorithm 2 is O(|E| + |V|log |V]).

C COOPERATION SEGMENT
C.1 Proof of Lemma 2

Lemma 2 (Cooperation Continuity)
Consider two cooperation nodes. If both agents cooperate between them, then neither agent can strictly improve its path time by deviating to an
individual path and rejoining later.



PROOF. To formally prove the lemma, we consider a system with two agents, a; and a,. Without loss of generality, assume that agent a;
follows a rational path s, and that the agents initiate cooperation at a cooperation node ¢; € 7. We show that the best response of the other
agent, ay, yielding the fastest path from c; to any subsequent cooperation node c; € 7, is to follow the subpath 7, ., of 7. Formally, we prove
that for any path

7’ €My ¢;c; suchthat D, (n" | 7) = Dgye; (7 | '),
it holds that
Tovey (T © Terey 1 7) < Tope, (' | 7).

Since a; and a, depart from node c; at the same time, traveling together on the same path from ¢; to any subsequent node v ensures they
arrive at v simultaneously. If v is a cooperation node, this synchronization allows them to cooperate immediately upon arrival, minimizing the
latency at that node.

Assume, by contradiction, that there exists a path 7’ € I, c;,c; such that Dy, ¢, (n’'|7) = D, ¢; (7|7") and Teic; (775, ¢; O e |7) > Teie; (o' | 7).
Since the partial path to c; is the same in both paths 7’ and 7;, ., © 7, ;, the deviation between the two paths must occur along the partial path
starting at c;, that is, ”é,—,c,— # Moy

For any deviation between the paths, denote the last node before the deviation as d and the first node after the intersection of the paths as r.
Because a; is rational, it holds that T . (7|) < T;,(SIP4,). Since there are only two agents, and their partial path from d to r doesn’t intersect,
no cooperation can occur along the path 7} . Therefore,

Td,r(”l”) < Td,r(SIPd,r) < Td,r(ﬂ',|”)

This implies that
Tci,r(ﬂ'lﬂ) < Tc,»,r(ﬂ', |7[)

for any deviation of ”é,—,c,— from m; e Thus,

Tci,Cj (ﬂ-;lyci o ﬂci,(.‘j |7[) S Tci,Cj (7[/ |7[)
which contradicts our initial assumption.
Therefore, for any node c; € 7 visited after c;, the fastest path for a; from c; to c; is achieved by following the path 7, - m]

C.2 All Nodes Shortest Stable Cooperation Partial Paths

Algorithm 2 finds the shortest stable cooperation partial paths ending at node c4 from all nodes in the graph, working in reverse order from cy
to all nodes in the graph.

The algorithm initializes all paths to c; as empty with infinite time, except ¢, itself, which is set to time 0 with a trivial path, and defines
Q « V as the set of unvisited nodes [lines 1-3]. The algorithm then evaluates all unvisited nodes v that can reach ¢, in ascending order of their
distance to cg4 [lines 4-10]. For each node v, only its neighbors that preserve path stability are considered as its neighbors [line 7]. If the shortest
stable cooperation path from a neighbor u of v via v to ¢4 is shorter than its current path, the algorithm updates the path and its associated time
[lines 8-10]. Once all reachable nodes have been evaluated, the algorithm returns a mapping of each node in the graph to its corresponding
shortest stable cooperation partial path to ¢4 [line 11].

LEMMA 5. Given a cooperation ending node cq, Algorithm 2 computes the shortest Stable Cooperation Partial Path concluding cooperation
at cgq from every node in the graph in polynomial time.

Similar to Lemma 4, the correctness of Lemma 5 follows from the optimality of Dijkstra’s algorithm, with one adjustment. Since the
neighbors of a node are filtered to maintain stability (line 7), we must also ensure that when a node v is pulled from Q, its set of stable neighbors,
as filtered in line 7, is final and reflects all and only the stable neighbors of v. Specifically, we need to ensure that once node v is removed
from Q, for all its neighbors u € V such that (v, u) € E, the value 7, + TZ + Ty, is fixed and will not change from that point on. The only
element in this value that can change during the algorithm’s execution is Ty, ¢, but once v is pulled from Q, its value remains fixed. Thus, the
path times and stability conditions are correctly computed and finalized for each node upon removal from Q, ensuring the overall optimality of
the algorithm. Similar to Dijkstra’s algorithm, the complexity of Algorithm 2 is O(|E| + |[V|log |V]).

D FINDING A BEST RESPONSE STRATEGY

We assume that the path 7 of agent a; is fixed and known to agent a;, and seek the best response for a1, i.e., the strategy that produces the
fastest path, minimizing its arrival time at g;. We assume that all m cooperation nodes are included in s (if not, m represents the number
of cooperation nodes in 7). For each cooperation node ¢ € V¢, we examine whether cooperation can and should be considered at that node.
Gladly, from Lemmas 1 and 2 it follows that best response cooperation-based strategy has a simple structure: cooperation should start as early
as possible, and it is continuous (that is, it is not beneficial to depart from cooperation and re-engage). This observation substantially reduces
the strategy space for agent a;, from 2™ possibilities to a number linear in m.

To find where it is possible to initiate cooperation, we find the shortest independent paths from s; to all m cooperation nodes: SP} ., ...SP;

s1.6m?

which determines the earliest arrival times Tsllyc1 (SPsll’cl), ce Tsﬁ,cm (SP}LCm) for a; without considering cooperation with a,. These arrival



times are then compared against the arrival times of a, at these nodes. A cooperation node ¢ is considered reachable by a; within relevant time
for cooperation if a; can reach it within the following time frame, allowing it to cooperate with a, at c:
T'(SP;, o) < T (7) + 7, — 72

While cooperating at ¢ only improves a;’s departure time from that node when T7? (rr) — (13 — 72) < T'(SP}, ) < T(x) + 7, — 72, considering

the potential for ongoing cooperation, a; may choose to wait upon early arrival (before T2 () — (! — 72)) to cooperate with az, thereby aiding
ay in improving its departure time, which could also benefit a; at subsequent nodes (see example in Figure 8). Denote the set of all nodes

1 2
@@4@0

Figure 8: Agent a; reaches node v, in time for cooperation. While it could depart earlier without cooperating (t = 7 vs. t = §),
cooperation reduces the total path time (18 vs. 19).

reachable by a; in relevant time for cooperation as V+:

Vor ={c € Ve | T (SP; o) < To(x) + 72 — 72}

The path 7 dictates a chronological order for the cooperation nodes. Let ¢} denote the i-th cooperation node in Ve+ that a, visits according to
the path 7, and let V.. denote the set of all cooperation nodes that follow ¢} in 7: V). = {c € V¢ | t2(8%) > tczT (S?)}. If Vo is empty, the fastest

path for a; is the independent shortest path to g;. Otherwise, the following theorem follows directly from Lemmas 1 and 2:

THEOREM 4. The fastest cooperation path is the path that starts a cooperation at ¢; and follows r to the optimal departure node d defined
by
d= arg vrenl}'i T(”c;‘,v ° SP;,gl |7[) 3

. * 1 . 1

That is ©* = SPsl,c; O TTet g © SPd’gl.

This means that a; takes the shortest path to the earliest node in which it can cooperate with a,, then travels with a, along its path, leveraging
additional cooperation nodes. It departs from a; only once, at node d, to take the shortest independent path to its target node g;.

Consequently, the best response strategy for a;, assuming a,’s strategy is fixed, known in advance and rational, is either (a) an Independent
Shortest Path: The path SPsll’g1 from s; to g; without cooperation, computed by a shortest-path algorithm with node weights z}; or (b) a
Cooperation-Assisted Path: The path SPsl1 o+ OTed © SP; o where c] and d are earliest cooperation and optimal departure nodes, respectively,

.} ,
as defined above. This path can be constructed efficiently by using the following steps:

(1) Calculate all shortest paths from s; to all v € V.

(2) Identify the first cooperation node in 7 that a; can reach at a relevant time for cooperation, denoted as c;.

(3) Compute the shortest paths from every node along r to g;. In an undirected graph, this can be achieved by finding the shortest paths
from g; to all nodes.

(4) Determine the optimal node d along x for a; to leave the cooperation, minimizing the path time Tot gy (nc;d o SPésgl, m):d =
arg minger. Tey gy (mea 0 SPy  |7)

It is straightforward to verify that this procedure operates in polynomial time.

D.1 Best Response Algorithm

Algorithm BEST RESPONSE PATH Algorithm 3 identifies the best response strategy for agent a;, given a,’s path x. The algorithm begins by
computing SIPs, (the shortest independent paths from a;’s starting node to all other nodes) and SIP,, (the shortest independent paths from all
nodes to a;’s target node) and initializes the optimal cooperation starting and departure nodes to NONE [lines 1-3]. It then iterates over all
nodes in 7z to find the first cooperation node a; can reach at a relevant time for cooperation, denoted as cj [lines 4-7]. If no such node exists,
since no cooperation can be established, the algorithm returns the independent shortest path as the best response to 7 [lines 8-9]. Otherwise, it
tracks the cooperation path time along Tt go and determines the departure node d that optimizes a;’s arrival at its target [lines 10-18]. Finally,
the algorithm compares the cooperation-assisted path time with the independent shortest path time and returns the strategy that minimizes
travel time [lines 19-22].

2In the context of the pseudocode, SP,., denotes both the shortest path between nodes v and u and the associated path time, depending on the context.



Complexity Analysis. The algorithm begins with two executions of Dijkstra’s algorithm to compute the shortest paths from s; and g; to all
nodes in the graph. Each run of Dijkstra’s algorithm has a time complexity of O(|E| + |V|log|V|). Thus, the total complexity for these two
runs is:

O(2- (IE| + [V]log|V])) = O(|E| + [V[log |V])
The algorithm then iterates over all nodes in 7z twice, first to find the optimal cooperation starting node and then to determine the optimal
cooperation departure node. Since || < |V|, these two iterations contribute:

O@2-|v]) =0Vl
Combining these, the overall complexity of the algorithm remains:

O(|E[ + [V[1og V1)

E FULL PATH JOINT STRATEGY IN EQUILIBRIUM
E.1 Proof of Theorem 1

Theorem 1
A cooperation joint strategy (!, #%) constitutes a PNE if and only if all the following conditions hold:

(1) The agents cooperate along exactly one cooperation segment, n . € H§ > Which is stable.

1(NC) HNC

2(NC) NC
$1,Cs $1,Cs el

and 7, $2,65°

(2) Both agents reach the cooperation start node c¢; via Mutually- Robust non- cooperatlve partial paths

(3) The cooperation end node c, is jointly optimal for departure: ¢y = Ud*( ogz) = vd* (ﬂcslgl).

(4) From ¢4 onward, both agents follow their shortest independent paths to their targets, SIP., 4, and SIP, g, .

(5) Cooperation weakly dominates the shortest independent path for both agents: (! | 7%) < T(SIPs, 4,), T(x? | ') < T(SIPg,q,).
Consequently, (7!, %) can be formally expressed as follows:

_ _ 2(NC)
T =g e O 71'CS g © SIPc, g, e = syes © Il'cg cq o SIPc g,

PROOF. Direction 1: (s', x%) # (SIP;, 4,,SIP;, 4,) isan ECJS = (s, n%) is a PNE:
Since (7!, #2) is an ECJS, it can be expressed as:

1_ _1(NC) 2(NC)
T = Tsies O T cs, 0 SIPcyq,, ? = Tsyes O T cs,c 0 SIP; g,

LNC) o NC  [2(NC) _ INC s
Where cs,cq € Vo, 75 c; € 115 ¢ s Tope, € L, ¢ o and nc ca € My

By Theorem 4, the optimal path for a;, assuming 7_;’s is fixed, known in advance, and rational, is one of the following:

(1) The shortest independent path from s; to g,
(2) The path SIP;, RSE . d o SIPy4,;, where cj is the first cooperation node along =% that a; can reach in a relevant time for cooperation,

and d is the optimal departure node for a; along n'c* o
1291

Since (7!, #2) is an ECJS, it holds that:
T(x' | n77) < T(SIPs,y,)
implying that SIP;; 4, is not the best response to 7. We therefore examine the cooperation-assisted path SIP;, ¢ © nc‘f 4 ©5IPag,. Since a_;’s
i

path to ¢, is non-cooperative, it follows that cy is the first cooperation node along 7~ that a; can reach in a relevant time for cooperation.
Furthermore, ¢4 is the optimal departure node for a; along ﬁ‘igﬂ_. Therefore, a;’s best response to 7~ is the path

i*
T _SIPSLCSOHC cd

o SIP;,g; = SIPs; ¢, o7r OSIPcdg,
The arrival time of a; at its target node using this path can be expressed as:

T(x" |7~") = max(T(SIP,, ), T(m; O

—isCs

)) + Tz + D(ﬂ'cs Cd| Cs, ‘-'d) + T(SIPCdgz)
We now analyze a;’s path 7% = n;l(lc\]sc) oS

1 1 1 i3a.
encg © 91Pc g;- The arrival time of a; using 7' is:

T(x'|n7") = max(T(2lN), T(n “N)) + 22 + D(nS

cs, cdl Cs,Cd

) + T(SIP.,4;)

. 1(NC
Since nsl(,cs ) and T,

() T NY < T(n N, then T(SIP,

isCs

Z(NC) i(NC)

are Mutually-Robust Non-Cooperative Partial Paths, there are two possible cases for T(nsl ce )
) < T(x Y)Y < T(2 " N) Thus:

i,Cs iCs i>Cs

max(T(ri o), T ) = max(T(SIPy, ), T {0 )) = T(x {8)

isCs isCs iCs
Hence:
T(x'|n7™ =T(x" |77



2) If T(st’flc\]c)) > T(m;. ’(NC)) then, since 7, 'O and HSZZ(ZC) are Mutually-Robust Non-Cooperative Partial Paths, it follows that

—i:Cs lcs

N = SIP,. . . Thus:

SiCs
max(T(mife, ), T(r o)) = max(T(SIPyc), T(re o, )
Hence:
T(x ™) =T (2" |x7%)
In both cases, a;’s path 7’ serves as the best response to 7~¢. Therefore, the joint strategy (7', 72) constitutes a PNE.
Direction 2: (5%, %) # (SIP;, 4,,SIP;, 4,) isaPNE = (s, n?) is an ECJS:
Given a Pure Nash Equilibrium (PNE) joint strategy (!, 72), we assume, by contradiction, that one or more of the five conditions for an
ECJS is violated. Each condition is analyzed individually:
(1) Condition 1: We consider both parts of Condition 1: (a) the agents cooperate along exactly one cooperation segment, and (b) this
cooperation segment is stable.
(a) We assume, by contradiction, that the joint strategy (!, %) contains more than one cooperation segment. In that case, it can be

expressed as:
1 1 c 1 c 1
= [e] o [e] [e]
T 7[51 »Csy ”Csl »Cdq ﬂCdl 2Csy ”052 »Cdy T[Cdz ,Cgy
2 _ 2 c 2 c 2
= 7[52,'351 ° n—csl,cdl © Cdy>Csy ° HCSZ’CdZ © T[Cdzgcgz

However, according to Lemma 2 (Cooperation Continuity), we have:

1 2 2
T(”sl,cdl o ﬂcd \Csy |”sz csz) = T( sl Csy |”~92)Csz)
Therefore, it follows that:
1 2 2 2
T(ﬂSMd1 O Moy o5y O Cs alm) < T (' |7?)

If equality holds since the joint path (7rs1 ca, © 72 45655 © n'clsz g %) involves a single continuous cooperation segment, a; would prefer
the strategy 7, . 4 ° 7, es, © ﬂclsz 4, over ', contradicting the assumption that (z', 7°) is a PNE.
» ,
(b) We assume, by contradiction, that the cooperation partial path 7 ., is not stable. In that case, for one of the agents, without loss of

generality a;, there exists a better departure node ¢y = U;* (7eycy)» Where cqr # cq, along the cooperation path:
T(”Cs,cdr o SIP;, g, |Tegeq) < T(Megeq © SIPey gy e, cq)

Therefore, it follows that:

o SIP,

cd/,g1|7fz) < T(x!, n?)

T(ng car
which contradicts the assumption that (!, 72) is a PNE.
(2) Condition 2: We assume, by contradiction, that the paths of the two agents from their starting nodes to ¢, are not Mutually-Robust

Non-Cooperative Partial Paths. We consider two options:
(a) The path of one of the agents without loss of generality a, to cs, 522 ¢ 18 not non-cooperative. In this case, there exists a cooperation
node along this path, ¢ € 7, 32 o c # cs, that a; can reach in a relevant time for cooperation (if there is more than one such node, we

take c to be the first one along 72 7, ¢, )- From Lemma 1 (Early Cooperation), it follows that:
T(SIPs, o 7rc e © 7er g0 2) < T(SIPs, ¢, © Cls g0 7r2)
Additionally, since SIPs, . is the shortest path from s; to ¢ without involving cooperation, it follows that:
T(SIPs, ¢, © %) =T(x
If equahty holds, since the _]omt path (SIPs, ¢ o 72 e © ”cls,gp %) starts cooperation earlier than (!, 7%), a; would prefer the strategy
SIP;, . o mZ, om, 4 over ', contradicting the assumption that (r, 7%) is a PNE.

591
(b) One of the agents without loss of generality a;, can modify its path toward c; to a new path Sl <. » allowing cooperation to start earlier

at time

slc o ”Cs

2
n*) < T(n} . oml 3191' 5292)

C g1’ Tsp.cs Cs,91°

t = maX(T( 7T, Cs) T( 52 Cs)) < maX(T( TTs,, cs) T( T, Cs))
The agent can then use the modified full path nsl o= 7r51 e © nc , and reach its target node at an improved time:

2
)=t +1 +T(7rchl| cggz)<

T(ﬂ'l,

3191' 52,92
max(T (15, o), T(75, ) + 7o, + T, g, |72, 4,) = T(n', 7%)

contradicting the assumption that (7!, 7%) is a PNE.
(3) Condition 3: We assume, by contradiction, that the optimal departure node for one of the agents, without loss of generality a;, along the

is ¢y # cg4. This implies that:
T(m), ¢y © Moy ey © SIPey gy M) < T(SIPg, o, 0 72 © SIPey g, |7°) = T(n', %)

S1,Cs Cs.Cqr

other agent’s path

cs »92

which contradicts the assumption that (!, 72) is a PNE.



(4) Condition 4: We assume, by contradiction, that for one of the agents, without loss of generality a;, the partial path

2

cooperation segment (Condition 1), and ¢y is the cooperation departure node, the joint path (! 72 ) contains no cooperation.

Cd-g1° ""Cd,g2
Therefore:

T(ncld,gl |n§d,gz) = T(ncld)gl) > T(SIPc,q,),

which implies:

T(x'|7%) > T(ﬂsl o SIPcd,g1|7r2),

1,¢d

contradicting the assumption that (7!, #2) is a PNE.
@

~

the 72 than 7':
T(SIPs, g, %) < T(x', 7°).

This contradicts the assumption that the joint strategy (!, 7%) is a PNE.

Therefore, it holds that a cooperation joint strategy (r!, 7%) # (SIPs, 4,, SIP;, 4,) constitutes a Pure Nash Equilibrium (PNE) if and only if

(n', 7%) is an ECJS.

E.2 Dominance of Extended Stable Partial Paths

LEMMA 6. Given two cooperation nodes cq,,cq, € Vo, where cq, # cg,, if there exists a stable cooperation partial path from cg, to cq,,

denoted 75 g then for any stable cooperation partial path m., ” starting at cs and ending at cq,, the concatenated path

1°Cdy’
’ _ S
”L‘s,CdZ - ”Cs,t‘dl © ”Cdl’cdz

is also stable and dominates n. o satisfying:

Vie {1,2}, T(7r,_.s,cd1 OSIPCdlxgi | Tes.cqy OSIPCdlxg—i) >

’ ’
T(HCS,cdz o SIPCdzxgi | ”CS’CdZ o SIPCdzxg—i)
PROOF. Given a stable path ¢, , since ﬂfdl-cdz is stable, the path ﬂ"'s’cdz = Tegeq, © nfdl&dz is also stable.

For an agent a;, the path time to its target node via a cooperation along 7, 4, Can be described as:

T(egcq, © STPeqygi|Tesca, © STPeqy.g-1) = T(Meicg, 1Meqcay) + Tog + T(SIPey g|SIPey ;)

Cdy dy-9i

Similarly, the path time to its target node via a cooperation along 7;_ dz is:

’ ’ _ 2 S S
T(”ngcdzo SIPCdz »gi |”Cs,6d20 SIPCdz ’g—i) - T(”Cs:cdl |”cs:cd1 ) + TCd1+ T(”vdl,ca'zo SIPCdz »gi |7[L‘d1,cdzo SIPCdz >9—i)
Since 77, ., is stable, it holds that:
1’742
s s s
T(STPey i3, cq © STPegyg ) = TS, oy © STPey gil7S, o ©STPey g )

Additionally, since cg, is the last cooperation node along 7 . 4 (SIP,. 4,000 SIP,. 4y 9 ;) involves no cooperation, and it follows that:

T(SIPegy gi1STPegy g-1) = T(SIPey ;|73 c. © STPeqy-1)

Hence,

T (g cq, |Megicq,) + de1+ T(SIPey 4;|SIPey 9102

o SIP, o SIPCdz,g—i)

S
T(ncs,cd1 |”cs,cd1) + T”2d1 +T(n,

S
1-Cdy dy-9i |7Tcd1 sCdy

which implies that:

T(Tegeq, © SIPeq, gilMeqeq, © STPey g1) = T( oy © STPey ;|7 o © STPey 4 )

s:Cdy s:Cd,

and the lemma holds.

1
T[Cd,gl

from the
departure node cq to its target node g; differs from the shortest non-cooperative path SIP, 4, . Since (7’ 7%) involves a single continuous

Condition 5: We assume, by contradiction, that one of the agents, without loss of generality a;, prefers to take its independent path
directly from its starting node to its target node, SIP;, 4, . In this case, the independent shortest path for a; would be a better response to

]

[m]

The following corollary follows directly from Lemma 6. Since the segment SIP., ., is stable, appending it to the original cooperation

segment preserves stability. Moreover, this extension does not violate Conditions 1, 2, 4, or 5 in Definition 4.



COROLLARY 1. Given a cooperation joint strategy
(rl . omS . oSIP o o SIP,

$1,Cs Cs,Cd €d-91° sz Cs CS Cd d> 92)

that satisfies all conditions of Definition 4 except Condition 3, i.e., for some agent a;, the optimal departure node along Il'fs’c 4 ©SIPeyq ; is
cqr F¢q:
car =0 (73, 0y © SIPegg ) # €
then the joint strategy
(x} . omS _ oSIP

sies - 7tesieq ca.Cq

0 SIP:, 415 52 e on: cq ©SIPc ey © SIP, 92)

satisfies the same conditions of Definition 4 and dominates the original joint strategy,

E.3 Proof of Theorem 2

We aim to show that in any scenario, there always exists a joint strategy that constitutes a PNE. If the independent joint strategy (SIPs, 4,, SIPs, g,)
is already a PNE, the claim holds. Otherwise, one of the agents necessarily has an incentive to deviate from its independent shortest path in
favor of cooperation with the other agent. In this case, we show that the resulting cooperative path is stable and can serve as the basis for
constructing a Pure Nash Equilibrium.

As a first step, we show that if there exists a cooperative joint strategy with a stable cooperation segment that both agents prefer over the
independent strategy, then a PNE exists.

LEMMA 7. Consider a cooperative joint strategy of the form:

(STPuc 075,y © STPeggrs STPoye, 075, 0 STPe, gz)
where c; is the first cooperation node and cg is the last cooperation node in which the agents cooperate, and Jrc cq € egcq is a stable partial

path. If the following condition holds:

Vi e (1,2}, T(SIPSI.,CS ol

0 SIPey | SIPs_ye, 075 0 SIPeyg ) < T(SIPS,.,%.)
then a Pure Nash Equilibrium (PNE) exists.

PROOF. Following Theorem 1, to show that a cooperative joint strategy constitutes a PNE, it is sufficient to show that it is an ECJS (by
verifying the five conditions of Definition 4).
Considering the joint strategy:

(STPuey © 75 e, © STPeggrs STPoey © 75, @ STPy

€d
We show that this joint strategy is either already an ECJS or can serve as the foundation for constructing one. The cooperation segment 7, CS ca
is stable by the Lemma’s assumption, satisfying Condition 1. Additionally, since both agents follow their respective shortest independent
paths from cy4 to their target nodes, Condition 4 is satisfied. Furthermore, because both agents prefer this cooperative joint strategy over their
independent shortest-path strategy, Condition 5 also holds.

We show that if Conditions 2 and 3 do not hold, the cooperation segment ﬂfs .o, can be extended to satisfy them without violating the other
conditions.

Condition 2: If the paths SIP;, .. and SIPs, .. toward the cooperation starting node are non-cooperative, then, since neither agent can shorten
its path to c;, these paths are mutually robust, satisfying the condition. However, if one agent (without loss of generality, a;) can reach a
cooperation node c, € SIPs, ., at a time relevant for cooperation, we show that the partial path 7, ., = SIP, ¢, © ﬁfs’c , 1s also stable, and the
resulting joint strategy

(SIPs; ¢, © Mep ey © SIP,

cagr SPsyce © Megey © SIPCdvgz)

continues to satisfy Conditions 1, 4, and 5.
We assume, by contradiction, that for one of the agents, without loss of generality ay, v;* (7e,,cy) # ca» and denote the optimal departure
node as c.s. Then:

T(SIPs, . © Ty © SIPe, g, | SIPs, ¢, © Tegcq © SIPcyg,) < T(SIPg, ¢, © 7c, ey © SIPc g0 | SIPs, ¢, © Teecq © SIPcd,gz)
Since both agents start cooperating at c., the above inequality can be rewritten as:
maX(T(SIpsl,ce | SIPsz,ce)’ T(SIPsz,ce I SIPsl,ce)) + Tcze + D(”ce,ce/ | ”ce,ce/) + T(Slpcez,gl | Tegrcq © SIPcd,gz)
< max(T(SIPs,c, | SIPs, ), T(SIPsy ., | SIPs,c,)) + '[Cze +D(Mepiey | Tepiey) + T(Teycq © SIPeygy | Tepcy © SIPeyg,)
Simplifying:
T(SIPCe/,gl | ﬂce/,cd o SIPL‘d,gz) < T(”Ce./,Cd o SIPcd,g1 I ”Ce/,cd o SIPCd,gz)
Adding the arrival time of a; at ¢, (without cooperation) to both sides of the in-equation:

D(SIPs,c,) + T(SIPe,, g, | 7e s cq © SIPeygy) < D(SIPs ) + T (e, e © STPeygy | Te s cq © SIPeygy)



Since c, is the optimal departure node for ay, (SIP,, g,, 7c,/,cqy © SIPc,q,) does not involve cooperation. Moreover, as SIPs, 4, denotes the
shortest path to g; without cooperation:

D(SIPsl,ce/) + T(SIPcer,gl | Tlegrcq © SIPcd,gz) = D(SIPsl,ce/) + T(SIPcer,gl) > T(SIPsl,g1)

Thus:
D(SIPSI,CE/) + T(”Ce’,cd 0 SIP:, 4, | Tepricq © SIP.,4,) > T(SIPs, 4,)

Since the path time T (7;,, ¢, © SIPcy g, | 7 ey © SIPcyq,) assumes cooperation along 7, ., it follows that:

T(SIPsy ¢, © 75 o, © SIPey g, | SIPs,c 0 ms o 0 SIPe,g,) > D(SIPy,c,.) + T (e, ey © SIPeygy | Teprcq © SIPeyg,) > T(SIPs, g,)

CssCd Cs,Cd

contradicting our assumption. Thus, we conclude that 7., ., = SIP, ¢, © ”Ei,c , constitutes a Stable Cooperation Partial Path. Since the joint
strategy (SIPSLCE 0 Tepcq © SIPeygis SIPsyc, © ey ey © SIP, d,gz) initiates cooperation at node c., which precedes cs, it dominates the original
joint strategy and therefore preserves the conditions of Definition 4 that were satisfied by the original joint strategy.

Since the set of cooperation nodes is finite, the cooperation segment can be repeatedly extended until reaching a cooperation starting node
¢s € V¢ for which the paths SIPs, .. and SIP;, .. are mutually robust and non-cooperative, satisfying Condition 2.

Condition 3: By Corollary 1, if there exists a cooperation joint strategy that satisfies all conditions of Definition 4 except Condition 3 (i.e.,
one of the agents, a;, prefers to continue cooperating with a_; beyond cy along the path to a_;’s target node), then a cooperation joint strategy
extending this cooperation satisfies the same conditions of Definition 4 and dominates the original one.

Since the set of cooperation nodes is finite, the cooperation segment can be repeatedly extended until reaching a cooperation ending node
car € Ve that satisfies Condition 3.

Thus, the joint strategy

(SIPSI,CS, 0SCPS, . oSIP.,, SIPy., oSCPS, o scpcd,)

CssCqr Cs\Cqr
where ¢y is the cooperation starting node that satisfies Condition 2, found by repeatedly extending the cooperation segment from the beginning,
and cy is the cooperation ending node that satisfies Condition 3, found by repeatedly extending the segment from the end, is an ECJS and, by
Theorem 1, constitutes a PNE. O

Leveraging Lemma 7, we establish the existence of a PNE in any scenario.

Theorem 2.
In any setting involving two self-interested agents and multiple cooperation nodes (m > 1), at least one Pure Nash Equilibrium (PNE) joint
strategy exists.

PROOF. Consider the Independent Joint Strategy (SIP;, 4,,SIPs, 4,). If this strategy is already a PNE, the claim follows directly. Otherwise,
at least one agent, without loss of generality, a;, has an incentive to deviate and leverage cooperation with a;.

By Theorem 4, given that a; follows its independent shortest path SIP;, 4,, the optimal path for a; adheres the structure SIP, o, o SIP., , ©
SIP., 4,, Where cs is the first cooperation node along a’s path that a; can reach in time for cooperation, and c, is its optimal departure node.
Since ¢4 lies on the shortest independent path from ¢ to go, it is also a2’s optimal departure node along SIP. Thus, SIP. ., forms a Stable
Cooperation Partial Path.

Since this strategy is a;’s best response to a, shortest independent path, we have:

T(SIPy, ¢, 0 SIPey ey © SIPe, g, | SIPg, . 0 SIP., ., © SIP,

's:Cd *

) < T(SIPs 4,)

d-g1 d>92

Additionally, since it involves cooperation along a,’s shortest independent path, it also improves a,’s arrival time at its target node:
T(SIPg, ¢, © SIPc ¢, © SIPcy g, | SIPs i © SIP; ¢y © SIPc,g,) < T(SIPsyg,)

By Lemma 7, this implies the existence of a PNE. O

F OPTIMAL STABLE JOINT STRATEGY ENDING COOPERATION AT A GIVEN NODE

Given a cooperation-ending node ¢y, Algorithm 4 computes the stable joint strategy ending cooperation at ¢, that dominates all other stable
joint strategies with the same cooperation-ending node.

The algorithm first computes the shortest independent paths from each agent’s starting node to all nodes in the graph, as well as from all
nodes to each agent’s respective target node [lines 1-4], It then computes the shortest stable partial paths that end cooperation at ¢, from all
nodes in the graph using Algorithm 2 [lines 5], and the shortest non-cooperative partial paths from each agent’s starting node to all nodes in the
graph using Algorithm 1 [lines 6-7].

Next, for each cooperation node ¢, € V¢, the algorithm evaluates the agents’ arrival times at ¢z under the joint strategy

(SIPNC o SCPS . o SIP.,,,, SIPYS oSCPS . oSIP

s1,Cs cs,Cd cdg1> 52,Cs csid €492 )

and records the cooperation-starting node that minimizes this arrival time [lines 8-12].



Finally, if the resulting stable cooperative joint strategy ending cooperation at c; improves both agents’ performance relative to following
their shortest independent paths to their respective target nodes, it is returned as the optimal stable joint strategy ending cooperation at ¢4
[lines 13-14. Otherwise, the algorithm returns None [line 15].

Lemma 3.
Algorithm 4 computes, in polynomial time, the optimal stable joint strategy ending cooperation at ¢4, which dominates all other stable joint
strategies ending cooperation at cg.

The correctness of Lemma 3 follows from the observation that, if there exists a stable joint strategy that ends cooperation at ¢4, then the joint
strategy

(n',7%) = (SIPNC o SCPS . 0SIP., 4, SIPNS o0 SCPS . oSIP.,,).

S1,Cs csicd 52,Cs Cs.Cd
where

s1.c s2,¢ ccd

¢; = arg min {max(T(SIPNC), T(SIPNO)) + 22 + T(SCPS | scpgcd)} ,

dominates all other stable joint strategies that end cooperation at c.

The algorithm iterates over all cooperation nodes, evaluating each as a potential starting node and selecting the one that minimizes the arrival
time at cq.

Notably, if a beneficial cooperation opportunity exists for one of the agents along the departure segment, thereby violating Condition 3 of
Definition 4, the resulting joint strategy does not constitute a full-path ECJS. However, as shown in Lemma 6, such strategies are disregarded
by Algorithm 5 when evaluating all cooperation nodes as potential departure nodes.

Complexity Analysis. The algorithm begins with four executions of Dijkstra’s algorithm to determine the shortest paths from s, s2, g1, and
g2. Each execution of Dijkstra’s algorithm has a time complexity of O(|E| + |V|log|V|). Consequently, the total complexity for these four runs
is:

O(4- (IE[ + [V|log|V])) = O(IE| + |V]1og|V])
Next, the algorithm runs Algorithm 2, which operates similarly to Dijkstra’s algorithm, with a complexity of:
O(|E| + [V]log [V])
Subsequently, the algorithm executes Algorithm 1 twice, each with the same complexity:
2-O(|E| + [V[log |V]) = O(|E| + V]log|V])
Finally, the algorithm iterates over all cooperation nodes in the graph to find the one that optimizes the Nash equilibrium overall path time. This
iteration has a complexity of:
o(vl)
Combining all these components, the total complexity of the algorithm can be expressed as:
O(IE[ +[V]log|V] + V)

Which concludes to:
O(|E| + [V|log [V])

G OPTIMAL ECJS

The algorithm begins by initializing a dictionary that maps each cooperation node in the graph to its optimal stable joint strategy ending
cooperation at that node, using Algorithm 4. The dictionary is initialized with the independent shortest-paths joint strategy, and an empty set is
initialized to track cooperation nodes that admit a stable cooperation partial path to another cooperation node [line 1]. The algorithm then
iterates over all cooperation nodes ¢4 € V¢, excluding nodes that already have a stable cooperation path to another cooperation node. For each
node, it determines the optimal stable joint strategy ending cooperation at that node using Algorithm 4, and updates the list of dominated nodes
with those that admit a stable cooperation partial path to ¢4 [lines 2-6]. Next, the algorithm verifies whether the independent shortest paths joint
strategy constitutes a pure Nash equilibrium (PNE). If it does not, the strategy is removed [lines 9-10]. Finally, the algorithm removes all joint
strategies that terminate cooperation at nodes dominated by others (i.e., nodes with stable cooperation partial paths to another node) and returns
the set of all non-dominated ECIJS [line 1].

Theorem 3.

Algorithm 5 returns a set of joint strategies satisfying the following properties:

(1) Nash Equilibrium Guarantee: Every joint strategy (', #2) returned by the algorithm is a PNE.
(2) Dominance: For every joint strategy (!, 72) € ECJS, the algorithm returns a joint strategy ('}, 7'?) that dominates it.

PRrROOF. Nash Equilibrium Guarantee:
Every joint strategy (!, %) that Algorithm 5 returns is either the shortest independent joint strategy or a cooperation joint strategy returned
by Algorithm 4. If (7', 7%) = (SIP;, 4, SIP, 4,), the algorithm explicitly verifies that it is a PNE in lines 9-13. Otherwise, if (!, %) #
(SIPs, 4,,SIPs, 4,) and is returned by Algorithm 4, it may fail to be a PNE only if the shortest independent path from its cooperation ending
node ¢4 to one of the agents’ target nodes g; contains a stable cooperation partial path, violating Condition 3 for all cooperation joint strategies



that end cooperation at c;. However, since the algorithm returns only joint strategies that end cooperation at nodes without stable cooperation
partial paths to other nodes in the graph, this scenario cannot occur. Consequently, all conditions of Definition 4 are satisfied, implying that
(7', 7%) € ECJS = PNE. Dominance:

If (z!, %) = (SIPs, 4,, SIPs, ,), then the algorithm implicitly adds this joint strategy to its result set. Otherwise, if (7', 7%) # (SIPs, 4,, SIPs, g,).
then by Theorem 1, (7!, 72) € ECJS and can be represented as:

1_ 1(NC) S
T = Tspes  © ”CS,cd ° SIPCdsgl’

2 _ 2(NC) | S
T = ]TSZJCS ° ”Cs,cd

0 SIPc g,
where c; is the cooperation starting node and ¢ is the cooperation ending node. This joint strategy is dominated by the optimal joint strategy in
ECJS%:

(', %) = (SIPNC 0 SCPS . oSIP, SIPNC o SCPS _ o SIP,

$1,Cs Cs,Cd ¢d-91> $2,Cs Cs,Cd €d-92 )
If there is no stable cooperation partial path from cy4 to any other cooperation node in the graph, the algorithm uses Algorithm 4 to identify
(1, 7'%), ensuring that (7'}, 7'?) is returned. If, however, there exists a cooperation node ¢y such that a stable cooperation partial path 75 i
exists (among multiple such nodes, we select ¢4/ as one that has no stable cooperation partial path leading to any other cooperation node in the
graph), then by Lemma 6, the following joint strategy:
(21, 27%) = (SIPNG, 0 SCPS. 0 75,0\, 0 STPey 0 SIPNS 0 SCES 075, 0, 0 STPey )

dominates (7!, 7%). Since (7”1, 7’'?) € ECIS°@ and the algorithm returns the optimal joint strategy in ECIS°@’, which dominates all other

joint strategies in ECJS®, it follows that the returned strategy also dominates (z’’!, 7'’?), which in turn dominates (7!, 72).
Consequently, for any given joint strategy (7!, 72) € PNE, Algorithm 5 either returns (!, 7?) or an equilibrium cooperation joint strategy
(n"!, 7'?) that dominates it. u]

EXPERIMENTS AND RESULTS
H SOCIAL WELFARE OPTIMIZATION
We aim to determine the joint strategy (7', #2°) for agents a; and a, that minimizes their total path time:
R N : 1,2 2y, 1

(" ,7%) ‘arg,r,?},ﬁ [Tgl(n |7%) + Ty, (2| )]
Considering V¢ = {cy,...,cn} for some m > 0, a naive approach might involve evaluating all combinations of possible cooperation paths.
However, Lemma 2 provides key insights into the structure of the optimal social welfare joint strategy, significantly streamlining the search
process. According to Lemma 2, the most efficient cooperation path, minimizing the total path time between some initial cooperation node

(denoted with ¢,) and a final cooperation node (denoted with c;) for both agents, involves continuous cooperation along the same path SCP,
The joint strategy that optimizes social welfare is therefore:

(7', 7%) = (SIPy; ¢, © SCPey ¢, © SIPy, 41, SIP, ¢ © SCPe, ¢y © SIPe ;. 4,)

Thus, our objective is to identify the cooperation starting node ¢; and the cooperation departure node cy that optimize social welfare (see
illustration in Figure 9):

'$:Cd *

Cs,Cqd = argcr?icr; [
Ty, (SIPs cs © SCPeg ey © SIPcy g, |SIPsy.c5 © SCPeg ey © SIPepg,)+
Ty, (SIPs, ¢ 0 SCPeq ¢y © SIPc g, |SIPs g © SCPe ey © SIPc g, )

J

Figure 9: Social welfare optimization occurs when both agents follow the shortest path from their initial nodes to a cooperation node
0, then continuously cooperate along a shared path to the final cooperation node o, ,. After reaching o.,, the agents depart and take
the shortest paths to their respective target nodes.

Using a shortest path algorithm from g; and g,, we can determine the shortest path time from each cooperation node ¢; € V¢ to g1, denoted as
SIP, g4, and to g,, denoted as SIP,, 4,. The total path time of these paths, T, 4, (SIP;, 4,) + T¢; g, (SIP, 4,), is referred to as the departure value
of node ¢; and is denoted by d*(c;):

d*(c;) = TCi:_‘]l (SIPCigl) + TCi,gz (SIPCi,gz)



To find the optimal departure node for a cooperation that starts at a given node c;, we identify the departure node that minimizes the combined
path time of reaching it cooperatively from cs and subsequently reaching the target nodes from it:

v4(cs) = arg cneuvrcl (2+ (T, c(SCPe ¢|SCP, o) + 72) + d*(c))

However, determining the optimal node to initiate cooperation, cs, may still require evaluating all potential cooperation nodes. While Lemma
1 demonstrates that starting cooperation earlier along a specific path generally results in a shorter overall path time, it cannot be applied to
globally compare cooperation nodes, as different nodes may result in distinct subsequent paths. Consequently, a cooperation that begins later
but follows a different path may achieve a better overall path time than one that begins earlier (see example in Figure 10).

Figure 10: Although a; and a; can begin cooperation at v, earlier than at u.,, the optimal social welfare is achieved when the
cooperation starts at v, .

To improve the performance of finding the optimal cooperation starting node c; we propose a pruning approach that leverages Lemma 1 to
reduce the number of evaluated cooperation nodes while ensuring all possible cooperation paths are considered.

Using a shortest path algorithm from s; and s,, we can determine the shortest path time to each cooperation node c¢; € V¢, denoted as SIPg, ,
and SIP;, .,, respectively. We denote the earliest cooperation time of node c; as t*(c;), which represents the earliest shared departure time for
two agents starting to cooperate at this node:

t*(ci) = max (TS1,Ci (Slpsl,ci)s ng,ci (Slpsz,ci)) + Tczi

We sort the cooperation nodes in ascending order based on their earliest cooperation times . For each potential cooperation starting node c;, we
determine its associated optimal departure node vy, = v4(c;) and calculate the social welfare of the path dictated by the two nodes:

5. (t*(ci) + Ty, (SCPe,4,|SCPe,a,) + rji) +d" (vg,)
With the goal of finding the optimal cooperation starting node ¢, that minimizes social welfare:
cs = arg min (2 . (t*(ci) + T¢;.q; (SCP;, 4,|SCP,, 4,) + 2 ) +d" (Ud,-))
cieVe ’ ’ ’ d;
Since evaluating a cooperation starting node c; as a starting node involves finding the shortest cooperative path to every other cooperation node

¢; € V¢, we compare the arrival time at c; through ¢; with t*(c;). If

£(c;) 2 £(c;) + Doy, (SCPey ¢, 1SCPey ;)

iCj
then we can prune c¢; and exclude it as a potential cooperation starting node, thereby reducing the number of nodes to be evaluated (see example
in Figure 11).

Figure 11: Although a; and a, can individually reach v., by t = 6, starting cooperation earlier at v, allows them to reach v., by t =5,
improving path efficiency. As a result, v;, can be excluded from the set of potential cooperation starting nodes, as initiating cooperation
earlier at v, yields a more efficient outcome.



Algorithm 6 is designed to identify the optimal joint strategy (s;, 7r;) that minimizes social welfare for two agents navigating a graph with m
cooperation nodes. The algorithm starts by finding SIPs, and SIPs, (all shortest non-cooperative paths from the initial nodes to other graph
nodes), and SIP;, and SIP,, (all shortest non-cooperative paths to the target nodes from other graph nodes) [lines 1-4]. These paths are then
used to compute the departure value d*(c) and the earliest cooperation time t*(c) for each cooperation node ¢ € V¢ [lines 5-8]. The algorithm
iterates over all cooperation nodes ¢s € V¢, in ascending order of their t* values, evaluating each as a potential cooperation starting node within
a continuous cooperation joint strategy (SIPs, ¢, o SCP ., o SIP, 91> 51 Psy ¢, © SCPe ¢, o SIP, d,gz)~ It first computes the shortest paths from
the selected node to all other nodes in the graph, assuming cooperation at all nodes. Then, it evaluates the remaining cooperation nodes as
potential cooperation departure nodes by calculating the total path time for both agents when these nodes are designated as the cooperation
endpoints [lines 9-26]. If a cooperation node can be reached earlier through cooperation than individually, it is pruned from consideration as a
cooperation starting node [lines 16-17]. Finally, the algorithm returns the social welfare optimal joint strategy [line 27].

Algorithm 6 SOCIAL WELFARE OPTIMAL PATH(G, V¢, s1, $2, 91, §2)

: SIPs; < ALL SHORTEST PATHS FROM(G, 7', 51) > Find shortest paths from starting nodes
: SIPs, « ALL SHORTEST PATHS FROM(G, 7', 5)
SIP4, « ALL SHORTEST PATHS TO(G, 7', g1) > Find shortest paths to target nodes
SIPg4, < ALL SHORTEST PATHS TO(G, 71, 92)
: forall c € Ve do > Determine t* and d* for all node

t; « max(SIPs, ¢, SIPs, ) + Tg

d: « SIP, . + SIP, .

: coopStartNodes «— SORT(Vc, by ascending ¢*) > Sort cooperation nodes by ¢*
AR SIPsl,gP”; « SIPs, g,

10: minimalJointPathTime « SIPs, 4, + SIP;, g,

11: while coopStartNodes + 0 do

12: cs < coopStartNodes.POP() > Select a starting node
13: SCP.; < ALL SHORTEST PATHS FROM(G, 72, ¢s) > Find shortest paths from cg
14: forallc € Ve do

15: if #; + SCPcg o + 72 < t; then

16: coopStartNodes.REMOVE(c) > Prune non-optimal cooperation starting nodes
17: totalPathTime « 2 - (7, + SCPcy + 72) +d:

18: if totalPathTime < minimalJointPathTime then > Update optimal joint path time
19: minimalJointPathTime < totalPathTime

20: 77 = SIPs, c5 © SCPeg c 0 SIPc g,

21: Ty — SIPs, ¢ © SCPegc 0 SIP. g4,

22: return (7}, 7)) > Return social welfare optimal path

To establish the optimality of the algorithm, we verify two key lemmas, analogous to Lemmas 1 and 2 presented in the Fixed Strategy
Assumption scenario:

(1) Cooperation Continuity: The joint strategy that optimizes social welfare through cooperation is one in which a; and a; independently
follow the shortest paths to a cooperation starting node cs (SIPs, ., SIP;, ), cooperate along the joint shortest path to a cooperation
departure node ¢4 (SCP, c,), and then each independently follows the shortest path to their respective target nodes (SIPc, g,, SIPc,.g,)-

(2) Early Cooperation: If agents a; and a; can reach a cooperation node ¢ € V¢ earlier through cooperation rather than individually, then ¢
is not the first cooperation node in the joint strategy that optimizes social welfare.

LEMMA 8 (COOPERATION CONTINUITY). Let 7! € I, 4, and e Ils, 4, be two paths that begin cooperation at node cs and finish the
cooperation at node cy. Then, it holds that:

T, (7'Y7"?) + Ty, (n?|x') < T, (n|7®) + ng(ﬂ'2|ﬂ'l)

Where:
7't = SIPy, ¢, 0 SCP;, ¢, © SIP. 4,

7'* = SIPy, ¢, 0 SCP, ¢, © SIPc, 4,

PROOF. Since a; and a; cooperate at nodes c; and ¢y, the social welfare induced by #’! and 7’2 is given by:

Tgl (”/1 |7r’2) + ng (”/2|7[/1) —

2+ (max (Ty o, (STPy ), Ty, (STPyye,)) + 72, + Toyiog (SCPeq g ISCPey ) + 72, )
+Teg.1 (STPegg)) + Ty g, (SIPeyg,)
The social welfare induced by ! and 72 is:
Tgl(n1|7r2) + ng(ﬂ2|7r1) =

2. (max (Tsws (7[1), Tsycs (nz)) + Tfs + max(TCs,cd(ﬂ1 |n2), Tegcy (7r2|7t1)) + Tczd)



+To, g, (") + Toy g, (%)
Since the execution time for a; at each node v visited by m; before c; or after ¢ is ril, Then by the definitions of SIPs, ¢, and SIP., 4 we
have:
Ty eo (SIPg, ¢,) < Tiy e (1)

Te1 (SIPeyg)) < Teggy (')
Similarly:
Topeo (SIPsy c,) < Tiy e (2)

Tegg2(SIPegg,) < Toygo (%)
Therefore:
max (Ty, ¢, (SIPs, c,), Tsycs (SIPs,c,)) < max (Ty, ¢, (' 7%), Ty, oy (%] 11))
Additionally, since a; and a, depart from node c; simultaneously, traveling together ensures they arrive at subsequent cooperation nodes at the
same time, enabling them to cooperate at those nodes. Therefore, by the definition of SCP,

$.Cd -

Tty 00 (SCPey ) ISCPe ) < Ty o,y (n'|7%)

Ty g (SCPeq ey |SCPe, ) < Toy oy (%] 7")
Thus:
Tcs,cd (SCPCs,cd |SCPcs,cd> < maX(TCSst (ﬂ'llﬂ'z): Tcs,cd (7[2|7[1))
Combining these results:
Ty, (7' + ng(ﬁ'2|7r/l) < Ty (7% + ng(n2|7rl)

O

LEMMA 9 (EARLY COOPERATION). Assume two cooperation nodes c;,c; € V¢ such that ay and ay can both reach c; by cooperating at c;
no later than they would by traveling directly, i.e.,

t*(ci) 2 t°(¢j) + Te;.c; (SCPe; ;ISCPe; c;) + T,
Then, the minimal joint path time possible by a path starting cooperation at c; (achieved by departing from vy, = vq(c;)) is at least as low as

the minimal joint path time possible by a path starting cooperation at c; (achieved by departing from vgq, = v4(c;)), i.e.,

2 (#(e)) + Tey, (SCPeyy, SCPey ) + 25, )+ (04)) <

2. (t*(cl-) + Top0q, (SCPey 0 1SCPey 0, ) + ngl_) +d*(0g,).

THEOREM 5. Given an IC2PP instance with two agents a; and a,, Algorithm 6 finds the joint strategy (S*°,S2") that optimizes the social
welfare of a; and a;.

Outline. This result follows directly from Lemmas 8 and 9. Lemma 8 establishes that the joint strategy that optimizes social welfare is of the

following form:

(', 7%) = (SIPy, ¢, 0 SCPe_c; © SIPc g,, SIPs, c. © SCPey ¢y 0 SIPc,g,),
which implies that finding the joint strategy that optimizes social welfare is equivalent to finding the nodes cs and ¢, that minimize the total
path time.

Lemma 9 demonstrates that if a cooperation node can be reached earlier through cooperation rather than individually, then this node is not
the starting cooperation node in the optimal social welfare joint strategy and can be disregarded.

By combining these results, we conclude that Algorithm 6, which evaluates all possible cooperation nodes ¢ € V¢ as potential starting
cooperation nodes (excluding those that can be pruned by Lemma 9), identifies their corresponding optimal departure nodes v,4(c), and returns
the paths ', 7%’

(7', 7%) = (SIPy; ¢, © SCPey ¢y © SIP; 4y, SIPs, ¢, © SCPey e, © SIPeyg,),
corresponding to:

cs = arg ;2%/2 (2 . (t*(c) + Tt e, (SCPc,|SCP, ) + Tczd) + d*(vd(c))

ca = vq(cs)

successfully finds the joint strategy (!", 72°) that optimizes the social welfare of a; and a;.



Complexity Analysis. Every run of the algorithm starts with four executions of Dijkstra’s algorithm to determine the shortest paths from
s1, S2, g1, and g,. Each run of Dijkstra’s algorithm has a time complexity of O(|E| + |V|log |V]). Consequently, the total complexity for these
four runs is:

O(4- (IE[ + [V|log|V])) = O(IE| +|V|log|V])
The algorithm then evaluates at most m potential starting cooperation nodes. Thus, the overall complexity for evaluating these nodes is:
O(m - (|E| +|V]log|V]))
Combining these, the total complexity of the algorithm is:
O(m - (|E| +|V]log|V]))
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Figure 12: Effects of cooperation magnitude, density, path length, and path divergence on individual path times and social welfare.
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