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Abstract

Bilevel optimization is central to many machine learning tasks, including hy-
perparameter learning and adversarial training. We present a novel single-level
reformulation for bilevel problems with convex lower-level objective functions and
linear constraints. Our method eliminates auxiliary Lagrange multiplier variables
by expressing them in terms of the original decision variables, which allows the
reformulated problem to preserve the same dimension as the original problem. We
applied our method to support vector machines (SVMs) and evaluated it on several
benchmark tasks, demonstrating efficiency and scalability.

1 Introduction

Bilevel optimization models a hierarchical decision-making process involving a leader and a follower.
The leader’s decision depends on the follower’s optimal response, which is determined by solving
the follower’s problem parametrized by the leader’s decision. This structure is prevalent in many
machine learning tasks. For example, in hyperparameter learning of support vector machines (SVMs),
which are supervised learning methods that construct an optimal separating hyperplane to maximize
the margin between different classes, the leader tunes hyperparameters while the follower trains
model parameters [1, 2]. SVMs typically involve choosing regularization parameters and kernel
parameters that crucially affect the separating hyperplane, and this selection naturally leads to a bilevel
optimization formulation: the upper-level objective minimizes a validation loss over hyperparameters,
while the lower-level problem is the convex quadratic program that fits the classifier (finding w, b, ξ
given the hyperparameters) [3]. In adversarial training, the upper-level updates model weights while
the lower-level generates adversarial perturbations [4]. We also refer to [5–10] for applications in
economics, energy markets and machine learning. In practice, the lower-level problem is typically
convex and subject to linear constraints.

In this paper, we consider the bilevel optimization
min

(x,y)∈X
F (x, y) s.t . y ∈ S(x), (1.1)

where S(x) is the optimizer set of the lower-level problem

(Px) : min
y

f(x, y) s.t . Ay − b(x) ≥ 0.
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In the above, A ∈ Rm×p, x ∈ Rn is the upper-level variable, y ∈ Rp is the lower-level variable,
b(x) = (b1(x), . . . , bm(x))⊤ is a vector-valued function and X ⊆ Rn × Rp is the constraint set.
Throughout this paper, we assume that F, f, b1, . . . , bm are continuously differentiable.

Many numerical algorithms have been proposed to solve (1.1) such as descent algorithms [11–13],
penalty and trust-region algorithms [14–16] and semidefinite relaxations [17]. One important policy is
to reformulate bilevel optimization into mathematical program with equilibrium constraints (MPEC)
by replacing y ∈ S(x) with the Karush-Kuhn-Tucker (KKT) conditions of (Px) [18–21]. Then,
optimization algorithms are applied to solve the related MPEC. Since the optimizer set S(x) usually
does not have an explicit expression, the MPEC reformulation typically introduces extra multiplier
variables, which increases computational complexity.

Since the lower-level constraints are linear in y, every feasible point of (1.1) must satisfy the KKT
conditions

∃λ ∈ Rm s.t . ∇yf(x, y)−A⊤λ = 0, 0 ≤ [Ay − b(x)] ⊥ λ ≥ 0, (1.2)

where λ = (λ1, . . . , λm)⊤ denotes the Lagrange multipliers. A pair (x, y) ∈ X satisfying (1.2) is
called a KKT point of (1.1), and the corresponding (x, y, λ) is called a critical pair. The classical
MPEC reformulation replaces y ∈ S(x) by (1.2), i.e.,

(MPEC)


min

(x,y,λ)
F (x, y)

s.t . (x, y) ∈ X, λ ∈ Rm,
∇yf(x, y)−A⊤λ = 0,
0 ≤ [Ay − b(x)] ⊥ λ ≥ 0,

(1.3)

which introduces λ as new variables. In this work, we exploit how to represent λ as explicit functions
of (x, y). This trick is called the Lagrange Multiplier Expressions (LMEs), and has been widely
applied to sovle different optimization problems [17, 22–27].

Our major contributions are summarized as follows.

• We present a novel LME-MPEC reformulation to solve linearly constrained bilevel opti-
mization with Lagrange multiplier expressions.

• We propose a penalty algorithm to solve this LME-MPEC reformulation and prove its
convergence properies.

• We study a modified support vector machine (SVM) model within the bilevel framework
and testify the efficiency of our method on several benchmark tasks.

Notation

For a matrix A, A⊤ denotes its transpose, rank(A) its rank, and Nul(A) its null space. If A is
invertible, A−1 denotes its inverse. For integers m,n, let 0m×n be the m × n zero matrix, 0m

the m-dimensional zero vector, and In the n × n identity matrix. For a vector v = (v1, . . . , vm),
we write vi for its i-th component, and diag(v) = diag(v1, . . . , vm) for the diagonal matrix with
v on its diagonal. The Euclidean norm of v is denoted by ∥v∥. For a continuously differentiable
function f(x, y), we use ∇f to denote its full gradient and ∇yf,∇yif for its partial gradients in
y, yi, respectively.

2 Expressions of KKT Sets

Let K denote the set of KKT points that satisfies (1.2).

Definition 2.1. If there exists a tuple of functions τ = (τ1, . . . , τm) with each τi : X → R such that
λ = τ(x, y) for every (x, y) ∈ K, then τ is called a Lagrange multiplier expression (LME).

LMEs almost always exist for the lower-level problem (Px). Define

H(x, y) :=

[
A⊤

diag(Ay − b(x))

]
, f̂(x, y) :=

[
∇yf(x, y)
0m×1

]
. (2.1)
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The KKT system (1.2) implies H(x, y)λ = f̂(x, y). If there exists a matrix function L(x, y) such
that L(x, y)H(x, y) = Im, then we can obtain the LME

λ = τ(x, y) = L(x, y)f̂(x, y). (2.2)

When H(x, y) has full column rank, which is the general case, we can choose L = H† :=
(H⊤H)−1H⊤, leading to

λ = τ(x, y) = H(x, y)†f̂(x, y). (2.3)

If τ(x, y) is a LME of (1.1), then

K =
{
(x, y) ∈ X

∣∣ ∇yf(x, y)−A⊤τ(x, y) = 0, 0 ≤ [Ay − b(x)] ⊥ τ(x, y) ≥ 0
}
.

We consider the following MPEC reformulation:

(LME-MPEC)


min

(x,y)∈X
F (x, y)

s.t . ∇yf(x, y)−A⊤τ(x, y) = 0,
0 ≤ [Ay − b(x)] ⊥ τ(x, y) ≥ 0.

(2.4)

This reformulation eliminates the Lagrange multiplier variables by exploiting LMEs, making it more
computationally efficient than the classical MPEC reformulation, particularly when the LMEs can be
computed easily. The below is an illustrating example.
Example 2.2. Consider the bilevel optimization problem min

3∑
i=1

x2
i y

2
i + 2(x2

1y
2
2 + x2

2y
2
3 + x2

3y
2
1)− 2(x1x2y1y2 + x1x3y1y3 + x2x3y2y3)

s.t . x ∈ R3, y ∈ R3, y ∈ S(x),
(2.5)

where S(x) is the solution set of the lower-level problem:
min
y∈R3

−x⊤x+ y⊤y

s.t .
3∑

i=1

xi −
3∑

i=1

yi ≥ 0.

Since the lower-level problem is convex, the global optimal value can be obtained by solving its
MPEC reformulations. For

H(x, y) =


−1
−1
−1

3∑
i=1

xi −
3∑

i=1

yi

 , f̂(x, y) =

y1y2y3
0

 , L(x, y) =
[
− 1

3 − 1
3 − 1

3 0
]
,

it is easy to verify H(x, y)L(x, y) = 1, thus the LME λ = L(x, y)f̂(x, y). The MPEC reformulation
(1.3) and LME-MPEC reformulation (2.4) of this problem are both polynomial optimization problems,
which can be solved globally by Moment-Sum-of-Squares relaxations. We implemented the computa-
tion using the software [28], which calls the SDP package SeDuMi [29]. The minimum value of (2.5)
is Fmin = 0, achieved at x = (0.1125, 0.1125, 0.1125)⊤, y = (−0.0014,−0.0014,−0.0014)⊤. It
only took 0.1752 second to solve the LME-MPEC reformulation, while solving the standard MPEC
formulation takes approximately 1.4511 second.

For some common constraint sets such as box and simplex constraints, convenient expressions for
Lagrange multipliers can be derived. The construction details can be found in [23, Chapter 6.2].

Simple constraints. When g(y) = Ay − b with b ∈ Rm, H(y) =

[
A⊤

diag(Ay − b)

]
. If H(y) has

full column rank for all y ∈ Cp, then there exists a polynomial matrix L(y) of degree at most
m− rank(A) such that L(y)H(y) = Im. Such an L(x) can be solved via linear programming.

Equality constraints. When g(x, y) =

[
Ay − b(x)
−Ay + b(x)

]
, (1.2) can be simplified to ∇yf(x, y) = A⊤λ.

In this case, λ can be solved by symbolic Gaussian elimination. For the special case that A⊤ has full
column rank, we have τ(x, y) = (AA⊤)−1A∇yf(x, y).
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Box constraints. Let l = (l1, . . . , lp), u = (u1, . . . , up) be distinct function tuples. If A =

[
Ip
−Ip

]
,

b(x) =

[
l(x)

−u(x)

]
, then we have the LME

τi(x, y) =


(ui(x)− yi)∇yif(x, y)

ui(x)− li(x)
, i = 1, . . . , p,

(li−p(x)− yi−p)∇yi−p
f(x, y)

ui−p(x)− li−p(x)
, i = p+ 1, . . . , 2p.

Simplex constraints. Let l = (l1, . . . , lp) be a function tuple and u0 a scalar function. If A =

[
Ip

−e⊤

]
,

b(x) =

[
l(x)

−u0(x)

]
, then we have the LME

τi(x, y) =


(u0(x)− yi)∇yif(x, y)

u0(x)− l1(x)− · · · − lp(x)
, i = 1, . . . , p,

(l(x)− y)⊤∇yf(x, y)

u0(x)− l1(x)− · · · − lp(x)
, i = p+ 1.

3 A Penalty Algorithm for solving (2.4)

In this section, we give a penalty method to solve the LME-MPEC (2.4). It is known that classical
constraint qualifications (CQs) such as linear independence constraint qualification (LICQ) and
Mangasarian–Fromovitz constraint qualification (MFCQ) typically fail for MPECs [30]. In the
following, we define the MFCQ-type CQ similarly as in [31]. For simplicity, we assume X is the
whole space, i.e., X = Rn × Rp.

Let τ = (τ1, . . . , τm) be a LME of (1.2). Denote g(x, y) = Ay− b(x) with gi(x, y) = (Ay− b(x))i
for all i ∈ [m] and

ϕ := ∇yf −A⊤τ with ϕj(x, y) := ∇yj
f(x, y)−

m∑
i=1

τi(x, y)∇yj
gi(x, y) (j ∈ [p]). (3.1)

For each (x∗, y∗) ∈ X , define the index sets

α(x∗, y∗) := {i ∈ [m] : gi(x
∗, y∗) = 0, τi(x

∗, y∗) > 0},
γ(x∗, y∗) := {i ∈ [m] : gi(x

∗, y∗) > 0, τi(x
∗, y∗) = 0},

β(x∗, y∗) := {i ∈ [m] : gi(x
∗, y∗) = 0, τi(x

∗, y∗) = 0}.

A relaxed problem of (2.4) can be given as

(LME-MPEC-R)


min
(x,y)

F (x, y)

s.t . ϕj(x, y) = 0, j ∈ [p],
gi(x, y) = 0, τi(x, y) ≥ 0, i ∈ α(x∗, y∗),
gi(x, y) ≥ 0, τi(x, y) = 0, i ∈ γ(x∗, y∗),
gi(x, y) ≥ 0, τi(x, y) ≥ 0, i ∈ β(x∗, y∗).

(3.2)

We then introduce a specific MFCQ-type CQ for (3.2).
Definition 3.1. The MFCQ-LME-R condition is said to be satisfied at (x∗, y∗) if the set of vectors

{∇ϕj(x
∗, y∗) : j ∈ [p]} ∪ {∇gi(x

∗, y∗) : i ∈ α(x∗, y∗)} ∪ {∇τi(x
∗, y∗) : i ∈ γ(x∗, y∗)}

is linearly independent, and there exists a vector d ∈ Rn+p such that
∇ϕj(x

∗, y∗)⊤d = 0, j ∈ [p],
∇gi(x

∗, y∗)⊤d = 0, i ∈ α(x∗, y∗),
∇τi(x

∗, y∗)⊤d = 0, i ∈ γ(x∗, y∗),
∇gi(x

∗, y∗)⊤d > 0, ∇τi(x
∗, y∗)⊤d > 0 i ∈ β(x∗, y∗).

(3.3)
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In this work, we define Strongly (S)-stationary points.
Definition 3.2. A feasible point (x∗, y∗) of the LME-MPEC (2.4) is said to be strongly (S)-stationary if
there exist multipliers (λ, µ, ν) with λ ∈ Rp, µ = (µ1, . . . , µm) ∈ Rm and ν = (ν1, . . . , νm) ∈ Rm

such that  ∇F (x∗, y∗) = ∇ϕ(x∗, y∗)⊤λ+∇g(x∗, y∗)⊤µ+∇τ(x∗, y∗)⊤ν,
µi = 0 ∀i ∈ γ(x∗, y∗), νj = 0 ∀j ∈ α(x∗, y∗),
µk ≥ 0, νk ≥ 0, ∀k ∈ β(x∗, y∗).

(3.4)

By penalizing complementarity constraints, we can transform (2.4) into the following standard
nonlinear program:

(LME-MPEC-P)

{
min
(x,y)

F (x, y) + θ · g(x, y)⊤τ(x, y)

s.t . ϕ(x, y) = 0, g(x, y) ≥ 0, τ(x, y) ≥ 0,
(3.5)

where θ > 0 is a penalty parameter. It is easy to see that the MFCQ-LME-R at an S-stationary point
of (3.2) implies the MFCQ of (3.5).
Theorem 3.3. For a given θ > 0, if the MFCQ-LME-R holds at an S-stationary point (x∗, y∗) of
(3.2), then the MFCQ holds at (x∗, y∗) of (3.5).

We introduce the concept of ε-KKT points of (3.5).
Definition 3.4. A feasible point (x, y) of (3.5) is called an ε-KKT point if there exist multipliers
(λ, µ, ν) with λ ∈ Rp, µ ∈ Rm, ν ∈ Rm such that

∥∇F (x) + θ∇(τ(x, y)⊤g(x, y))−∇ϕ(x, y)⊤λ−∇g(x, y)⊤µ−∇τ(x, y)⊤ν∥ ≤ ε,
0 ≤ µ ⊥ g(x, y) ≥ 0, 0 ≤ ν ⊥ τ(x, y) ≥ 0.

We then propose a penalty algorithm for solving bilevel optimization.

Algorithm 1 An iterative penalty method for solving LME-MPEC

Require: a starting point (x(0), y(0)), an initial penalty parameter θ1 > 0, an initial KKT tolerance
ε1 > 0 and an exit tolerance ε∗ > 0. Set t = 0.
while τ(x(t), y(t))⊤g(x(t), y(t)) ≤ ε∗ do

Searching from (x(t), y(t)), find an εt+1-KKT point (x(t+1), y(t+1)) of (3.5) with θ := θt+1.
Update t := t+ 1. Set θt+1 > θt and εt+1 < εt.

end while
Output the candidate solution (x(t), y(t)).

In practice, we initialize the parameters as θ1 = ε1 = 0.1, ε∗ = 0.01, and update them according to

εt+1 = r1εt, θt+1 = r2θt,

where 0 < r1 < 1 < r2. Below, we analyze the convergence of Algorithm 1. The proofs are deferred
to Appendix.

Theorem 3.5. Assume F, f, b, τ are continuously differentiable. Let {(x(t), y(t))}∞t=1 be the sequence
generated by Algorithm 1. Assume that limt→∞(x(t), y(t)) = (x∗, y∗).

(i) Suppose εt → 0, 0 ≤ τ(x∗, y∗) ⊥ g(x∗, y∗) ≥ 0 and the MFCQ-LME-R condition holds at
(x∗, y∗). Then (x∗, y∗) is a S-stationary point of (2.4).

(ii) Suppose F is bounded from below and attains its minimum. If each (x(t), y(t)) is a global solution
of (3.5) with θ = θt, then (x∗, y∗) satisfies the complementarity condition τi(x

∗, y∗)gi(x
∗, y∗) = 0

for all i ∈ [m].

4 Application: Hyperparameter Optimization

Support vector machine (SVM) is a supervised learning method that constructs an optimal separating
hyperplane to maximize the margin between different classes. The hyperparameter optimization [32]
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of SVM can be formulated as a bilevel optimization problem. Let Dval = {(xi
val, y

i
val)}

Nval
i=1 and

Dtr = {(xi
tr, y

i
tr)}

Ntr
i=1 denote the validation and training datasets, respectively. In these two datasets,

each xi
val, x

i
tr ∈ Rp, yival, y

i
tr ∈ R and Nval, Ntr denote the numbers of samples in the validation

and training datasets respectively. The hyperparameter optimization of SVM takes the form of

min
(c,w,b,ξ)

1

Nval

Nval∑
i=1

σ(−(yival(w
⊤xi

val) + b)/∥w∥2) s.t . (w, b, ξ) ∈ S(c),

where σ(·) stands for the sigmoid function and S(c) is the solution set of the SVM problem min
(w,b,ξ)

f(c, w, b, ξ) = 1
2∥w∥

2 + 1
2

Ntr∑
i=1

eciξ2i

s.t . yitr(w
⊤xi

tr + b) ≥ 1− ξi, ∀i ∈ [Ntr].

In the above, c = (c1, . . . , cNtr
)⊤ ∈ RNtr is the vector of hyperparameters, and w ∈ Rp, b ∈ R,

ξ ∈ RNtr are parameters of the training classifier. The term −(yival(w
⊤xi

val) + b)/∥w∥2 represents
the negative signed distance from the point (xi

val, y
i
val) to the hyperplane {x ∈ Rp | w⊤x+ b = 0 }.

It is clear that the lower-level SVM problem is linearly constrained, where the coefficient matrix is

A =


y1tr(x

1
tr)

⊤ y1tr 1 0 · · · 0
y2tr(x

2
tr)

⊤ y2tr 0 1 · · · 0
...

...
...

...
. . .

...
yNtr
tr (xNtr

tr )⊤ yNtr
tr 0 0 · · · 1

 . (4.1)

It is clear that A has full row rank, thus we can set

τ(w, b, ξ) =

[
0(p+1)×(Ntr)

INtr

]
∇w,b,ξf(c, w, b, ξ).

We test Algorithm 1 by performing a series of classification tasks on both low-dimensional datasets
(for visualization) and high-dimensional datasets (to evaluate scalability). All experiments are
conducted using MATLAB R2024a on a desktop equipped with Intel Core i5-14600K CPU (3.50
GHz) and 32 GB RAM. In each iteration, the subproblem (3.5) is solved using the fmincon function
from MATLAB Optimization Toolbox [33]. We initialize the parameters as θ1 = ε1 = 0.1 and set
the stopping threshold to ε∗ = 0.01. We also set r1 = 0.5, r2 = 2. We set the initial hyperparameter
c(0) to be the zero vector. The initial parameters (w(0), b(0), ξ(0)) are chosen by solving the following
quadratic optimization problem:

min ∥w∥2 + ∥b∥2 + ∥ξ∥2 s.t . A

[
w
b
ξ

]
= e, (4.2)

where e ∈ RNtr is the vector of all ones. This ensures that the algorithm starts from a point in the
feasible region of the lower-level problem.

Synthetic Data with Perturbations. We generated 50 nearly linearly separable two-dimensional
data points using randn in MATLAB. To test robustness, we trained linear SVM’s decision boundary
on datasets with label perturbations. For each test, the dataset was partitioned into a 60% training
set, a 10% validation set, and a 30% test set. The classifier was trained using Algorithm 1. The
resulting decision boundaries are presented in Figure 1, and the classification accuracy is summarized
in Table 1. In Figure 1, clean data points from Type 1 and Type 2 are shown in blue circles and red
stars, respectively. The perturbed points, where the original class label was flipped, are highlighted
with a blue border. The decision boundary is plotted in a solid line and upper/lower margins are
plotted in dashed lines. It shows that our method finds the perfect linear separation for unperturbed
datasets, while preserving high accuracy for datasets with label perturbations.

Fisher’s Dataset. Consider the Fisher Iris dataset [34], which contains 150 instances from three
species of iris plants, each with four features. We restrict the problem to a two-class, two-feature
classification task using the last two features and the setosa and virginica classes. In our experiments,
the dataset was partitioned into a 60% training set, a 10% validation set and a 30% test set, and the
classifier was trained using Algorithm 1. In Figure 2, we presented the resulting decision boundaries
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(a) 0 perturbation points (b) 4 perturbation points

(c) 8 perturbation points (d) 12 perturbation points

Figure 1: Decision boundaries on synthetic data with different number of perturbation points.

Table 1: Classification accuracy and runtime on synthetic data.
# of Perturbation Points Accuracy Runtime (s)

0 1.0000 0.2641
4 0.9375 0.2812
8 0.8750 0.2341
12 0.8125 0.3032

in the projected space, where setosa data points are plotted in blue circles, virginica data points are
plotted in red stars, the decision boundary is plotted in a solid line and upper/lower margins are
plotted in dashed lines. The classification accuracy is 0.9677, and the training process takes around
0.5241 second in total.

High-Dimensional Datasets. To evaluate the scalability of our proposed method, we conduct
experiments on three widely used high-dimensional benchmark datasets: Ionosphere [35], Spambase
[36], and MNIST [37]. These datasets were chosen due to their diversity in feature dimensions, sizes,
and application domains. Specifically, Ionosphere is derived from radar signal processing, Spambase
is a classical text classification dataset for spam detection, and MNIST is an image classification
dataset where we restrict attention to digits 1 and 2 for binary classification. To assess generalization,
we evaluate our algorithm under various data splits. In each split, the dataset is randomly divided
into training, validation, and testing sets according to specified ratios, see Table 2 for details. The
classification accuracy of the resulting classifiers are also reported in Table 2. We can observe that the
proposed method demonstrates strong scalability to high-dimensional problems, while maintaining
competitive accuracy across a range of data splits and datasets.
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Figure 2: Decision boundaries on the Fisher Iris dataset using the last two features.

Table 2: Classification accuracy on high-dimensional datasets.
Split ratio Ionosphere Spambase MNIST

0.8 : 0.1 : 0.1 0.9167 0.9020 0.9608
0.7 : 0.1 : 0.2 0.9014 0.9010 0.9608
0.6 : 0.1 : 0.3 0.8962 0.8874 0.9404
0.6 : 0.2 : 0.2 0.8873 0.8911 0.9505
0.5 : 0.2 : 0.3 0.8491 0.8808 0.9535

5 Conclusion

We present a novel approach to solve linearly constrained bilevel optimization. This method employs
Lagrange multiplier expressions to express the lower-level optimality conditions, leading to a novel
LME-MPEC reformulation. We propose a penalty algorithm to solve it and prove that the iterative
sequence converges to an S-stationary point under mild conditions. The proposed method is applied
to solve a hyperparameter support vector machine (SVM) model and its effectiveness is validated on
multiple datasets.
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Appendix: Proof of Theorem 3.5

(i). Let (λ(t), µ(t), ν(t)) be the Lagrange multiplier associated with (x(t), y(t)) as in Definition 3.4.
For each i ∈ [m], t = 1, 2, · · ·, denote at := (λ(t), µ̂(t), ν̂(t)), where

µ̂
(t)
i := µ

(t)
i − θtτi(x

(t), y(t)), ν̂
(t)
i := ν

(t)
i − θtgi(x

(t), y(t)).

Then, we have∥∥∥∇F (x(t), y(t))−
p∑

i=1

λ
(t)
i ∇ϕi(x

(t), y(t))−
m∑
i=1

µ̂
(t)
i ∇gi(x

(t), y(t))−
m∑
i=1

ν̂
(t)
i ∇τi(x

(t), y(t))
∥∥∥ ≤ εt.

(A.1)
We claim that the sequence {at}∞t=1 has a convergent subsequence. Otherwise, {at}∞t=1 must be
unbounded, e.g., ∥at∥ → ∞ as t → ∞. The sequence of normalized vectors, {at/∥at∥}∞t=1, is
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bounded and therefore has an accumulation point, say ã := (λ̃, µ̃, ν̃). This accumulation point cannot
be the zero vector, as that would imply a subsequence of {at} converges to zero, which contradicts
with the assumption that {at}∞t=1 is unbounded. In other words, µ̃i or ν̃i is nonzero for at least one
index i ∈ β(x∗, y∗). By dividing (A.1) with ∥at∥, we get∥∥∥∇F (x(t), y(t))

∥at∥
−

p∑
i=1

λ
(t)
i ∇ϕi(x

(t), y(t))

∥at∥
−

m∑
i=1

µ̂
(t)
i ∇gi(x

(t), y(t)) + ν̂
(t)
i ∇τi(x

(t), y(t))

∥at∥

∥∥∥ ≤ εt
∥at∥

.

Since F, f, b, τ are continuously differentiable and limt→∞(x(t), y(t)) = (x∗, y∗) , the above implies
p∑

i=1

λ̃i∇ϕi(x
∗, y∗) +

∑
i∈α(x∗,y∗)∪β(x∗,y∗)

µ̃i∇gi(x
∗, y∗) +

∑
i∈γ(x∗,y∗)∪β(x∗,y∗)

ν̃i∇τi(x
∗, y∗) = 0.

(A.2)
Since the MFCQ-LME-R condition holds at (x∗, y∗), there exists a nonzero vector d ∈ Rn+p that
satisfies (3.3). Apply the inner product with d to both sides of (A.2). We obtain∑

i∈β(x∗,y∗)

µ̃i∇gi(x
∗, y∗)⊤d+

∑
i∈β(x∗,y∗)

ν̃i∇τi(x
∗, y∗)⊤d = 0.

Since ∇gi(x
∗, y∗)⊤d > 0 and ∇τi(x

∗, y∗)⊤d > 0 for all i ∈ β(x∗, y∗), the above equality holds if
and only if µ̃i = ν̃i = 0 for all i ∈ β(x∗, y∗). This leads to a contradiction. So {at}∞t=1 must have a
convergent subsequence.

Let (λ∗, µ̂∗, ν̂∗) denote an accumulation point of {at}∞t=1. As t → ∞, (A.1) implies

∇F (x∗, y∗)−∇ϕ(x∗, y∗)⊤λ∗ −∇g(x∗, y∗)⊤µ̂∗ −∇τ(x∗, y∗)⊤ν̂∗ = 0.

For every index i ∈ α(x∗, y∗), we have gi(x
∗, y∗) = 0 by definition and ν

(t)
i = 0 for all t by

complementarity conditions. Then ν̂
(t)
i → 0 = ν̂∗i as t → 0 by the continuity of τi. Similarly, it

holds that
µ̂∗
j = 0, ∀j ∈ γ(x∗, y∗); µ̂∗

k, ν̂
∗
k ≥ 0, ∀k ∈ β(x∗, y∗).

Therefore, (x∗, y∗) is an S-stationary point of (2.4).

(ii). Denote ht := g(x(t), y(t))⊤τ(x(t), y(t)). We first show that the sequence {ht}∞t=1 is non-
increasing. For every t′ > t, since (x(t), y(t)) is a global solution of (3.2) with θ = θt, we have

F (x(t′), y(t
′)) + θtht′ ≥ F (x(t), y(t)) + θtht,

F (x(t), y(t)) + θt′ht ≥ F (x(t′), y(t
′)) + θt′ht′ .

Adding the two inequalities, we get (θt′ − θt)(ht − ht′) ≥ 0. Since θt′ − θt ≥ 0 by construction,
ht ≥ ht′ and thus {ht}∞t=1 is a non-increasing sequence.

Next, we prove that limt→∞ ht = 0. Suppose by contradiction that there exists an ϵ > 0 and T ∈ N
such that ht > ϵ for all t > T . Let (x̄, ȳ) be an arbitrary feasible point of (3.2) and (x̃, ỹ) the global
optimizer of F (x, y) without constraints. For all t large enough, we have ht > ϵ and

θt ≥
1

ϵ
|F (x̄, ȳ)− F (x̃, ỹ)|+ 2.

The above inequality implies that

F (x̃, ỹ) + θtϵ ≥ F (x̃, ỹ) + |F (x̄, ȳ)− F (x̃, ỹ)|+ 2ϵ > F (x̄, ȳ).

Since ht > ϵ, we further have

F (x̄, ȳ) ≤ F (x̃, ỹ) + θtht ≤ F (x(t), y(t)) + θtht.

Since the feasible set of (3.2) is contained within that of (3.5) and their objectives are equivalent on
this shared set, the optimal value of (3.5) provides a lower bound for (3.2). In other words,

F (x̄, ȳ) ≤ F (x(t), y(t)) + θtht ≤ inf{F (x, y) : ϕ(x, y) = 0, 0 ≤ g(x, y) ⊥ τ(x, y) ≥ 0},
which contradicts to the fact that (x̄, ȳ) is a feasible point of (3.2). Therefore, we have limt→∞ ht = 0.
Since g(x, y) and τ(x, y) are continuous functions, we have g(x∗, y∗)⊤τ(x∗, y∗) = 0, indicating the
result.
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