ROBUSTNESS ANALYSIS OF PAIRWISE LEARNING

Appendix A. Discussion

We can extend the definition of robustness to triplet-based metric learning algorithms; i.e.,
we take the admissible triplet set tripg of s such that (si,se,s3) € tripg. The robustness
property means s; and so share the same label while s; and s3 have different ones, with
the interpretation that s; must be more similar to s than to s3, formulated as follows:
V(s1,82,53) € tripg, V21, 22,23 € Z, Vi, j,k € [k], if s1,21 € Cj, 82,22 € Cj and s3, 23 €
C} then

|£(-/4tripsa 51, 52, 83) - g(AtripSy 21,22, 23)’ S 6(trips)' (Al)

Following this definition, Proposition 3 can be easily extended to obtain the following
generalization bound

2KIn2+2In1/s
" .

|£(Auip,) — Lomp(Auip, )| < e(tripy) + 3B¢ (A2)

For triplet based metric learning algorithms, by following the definition of robustness
given by Eq. (A.1) and adapting straightforwardly the losses to triplets such that they
output zero for non-admissible ones, we can obtain the following bound

TIMEE/S) | 2T n(2k/5)

n

1£.(As) — Lomp (As)] < c(s) + £(As) ((M 13) ) (4.3)

Using triplet-based robustness, consider algorithms of the following form
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i elIMI + e > [ @i m) M — ) + (o —2y) M =)
(54,5;,5K)Etrip,
where |M| = ||[M||z in Example 4 or |[M|| = |M]||;2 in Example 5. These methods are

N, Z, || - ||2), 16U Ry go/ c)-robust.

Appendix B. Additional Proofs

In this section, we present the proof of Lemma 17, Lemma 18 and Lemma 19. Recall that
C; is defined in Definition 1.
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Proof [Proof of Lemma 17] By the definition of £ and Lemp, we know

£ (As) = Lemp (As)]

1
= [z vull(As, 2,2)] = — > U(As, 24, 25)
s

Z E, .ull(As, 2, 2Nz € Cy, 2" € Cjlpipj — 2 ZKAS,ZZ,ZJ

i,j€[K] i,j=1
(a) 7.
< Z E 2,2 N,u[ (.AS,Z z )’Z S Cuz € Cj ]pzpj Z EZ,Z/NNM(AS,Z,Z/)‘Z S Ci,ZI S Cj]pi|nj’
i,j€[K] i,jE[K]
Z;| 1
Z E.ooull(As, 2,2')|z € Ci, 2 € Cjlp ———ZEAS,zZ,zJ
(b) T,
< Z B, .ull(As, 2,2 )|z € Ci, 2" € Cjlpi(p; — |n]|)
i,j€[K]

\Z;| 1Z:||Z;
Z B, ull(As, 2,2 )|z € Ci, 2" € Cjlp; - Z E, ooull(As, 2,2)|2 € Ci, 2 € O] pe j
i,j€[K] 'JG[K]

Z E. .ull(As, 2, Nz e Gy, € Cj] ‘
1,j€[K]

S5 Z]

t,j=1

where inequalities (a) and (b) are due to the triangle inequality. By the following symmet-
rical property of metric Ag, we know

ZEZZN”[(AS,zz)\zECZ,z EC]‘ ’(Z W)’

n
i,j€[K]

Z; Z;
Z IEM/NM[E(AS,Z,Z’)\z €C; 2 € Cj] n’(pj — ’Ti‘)’
i,jE[K]
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It then follows that

L(As) = Lemp (As)]

[Zil

Z EM/N#[K(AS,,Z,Z’)\Z € C;, 2 € Cjlpilpj — n] )’
i,j€[K]
Zil 1%l
ZE“N“[(AS,,ZZ)\ZECZ,Z e Cj|l— (Z n)
i,J€[K]
T 1O
| ) Eepnll(As, 2,2))|z € Ci, 2 € Cj n2] *ﬁz 0(As, zi, %)
1,j€[K] i,j=1
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Z Ez7z/Nu[€(As;Z,2/)‘Z S CZ',Z/ S Cj]pj(pi — TL|)
i,j€[K]
Z; Z;
Z EZVZ/NM[K(.AS,Z,Z/)‘Z S Ci,ZI S Cjﬂn]’(pi — ’n|)
i,j€[K]
ZEz2~u (As, 2,2")|z € Cy, 2 EC}| s» %5 2j)
i,j€[K] i,5=1
I.
€Y Bemltlnz e € G € Gl + ';‘) p-

i,5€[K]

ZIZ] 1
Z Ez,z’Nuw(A&Z’Z/”Z € Cin/ € C]} n2 s - ﬁ Z E(AS’Zi’Zj)

i,jE[K] i,j=1

The proof is completed. u

Proof [Proof of Lemma 18] By definition, we have Zfil |Z;| = n and Efilpi = 1. Then,

Z B, ull(As, 2,2 )|z € C, 2 GC] 3 Z (As, zi, 25)

i,j€[K] i,j=1

Z E, . ull(As, 2,2 )|z € Cy, 2 € Cl|T||Z;| — ZEAS,zz,zj

i,j€[K] i,j=1
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1
S 2 D e )~ ke )
1,j€[K] 2p€Ci,24€C}
< max max [0(As, 2,2") — U(As, 2p, 2q)|.

i,j€[n] zp,2€Ci,2,2' €C}
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Proof [Proof of Lemma 19] First, define Z;, := {i € [n] : z; € 8,2 € Ci,}, § is defined in
definition 12. Then starting from the second to the last step of Lemma 18, we know

Z|\Z; 1
Z E. . ull(As, 2,2 )|z € Ci, 2 € ]| ?U | _ 2 Z (As, 2i, 25)

i,J€[K] i,j=1

1
= ﬁ Z Z ZECI{l,g/}éCj V(AS’ % Z,) N E(AS’ “p> Zq)}

i,j€[K] 20€Ci,24€C;

| /\

Z Z max (As,Z, Z') - E(As,zp,zqﬂ

. 2€C5,2'€C;
i.3€[K] pel;qei;

1 /
" ﬁz Z  selheec; [0(As, 2,27) = U As, 2, 2)|
1,J€[K] ~(peZ;,qge;)

: : E !/
. zeg‘?g}éc U(As, 2,2") = U(As, 2p, 29)|
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W.Z 2L 1A 2 ) — Ul )|
i,J€[K] —(peZi qeL;)

Recall that ¢ is positive, and the weak robustness properties. It then follows that

LI 1 ¢
Y7 Eewll(As, 2,22 € CiL 2 € CY) - Z U(As, zi, 2j)
ijE[K] wi=1
N

S 5+ ———¢(A).

n

The proof is completed. |

Appendix C. Notation Index

Z Sample space, defined as X x ).

X Input space, a subset of R%, where d is the dimensionality of the input space.
Y Output space, a subset of R.

# Unknown probability distribution over Z.

s Training dataset, s = (21,...,2p)-

n Number of training examples.

z; Individual training example, z; € Z.

F Model space.
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f Model in model space F; f: X x X — R in pairwise learning or f : X — R in pointwise
learning.

¢ Loss function; ¢ : F x Z x Z — RT.

0(f,z,2") Loss of model f on example pair (z,2") with £(f, z,2) = 0.

L(f) Population risk: E, ..., [l(f,z,2)].

Lemp(f) Empirical risk; 45 S°F > iy Uy zis 25)-

A Optimization algorithm.

As Model learned by applying A to dataset s.

B Upper bound on loss: ¢(f,z) < Bforall fe F,z€ Z.

|B| Cardinality (number of elements) of the set B

[n] Set of integers {1,...,n} where n € N

€(-) Robustness parameter function € : Z" — R

K Number of partitions of Sample space Z.

{Cx}E_| Partition of Z into K disjoint sets

Ts Set of partition indices with at least one training example: {k € [K]: |Z}| > 1}
T& Complement of Tg: {k € [K] : |Z}| = 0} (partitions with no training examples)
7} Index set of examples in s belonging to Cy: {i € [n]: z; € C}

pr Probability P(z € Cy)

p Probability vector (pi,...,pK)

¢{(As) Conditional expected loss: max; je(x) E. /[((As, 2,2") | 2z € G, 2 € Cj]

0 Confidence parameter (§ € (0,1))

ar(f) Maximum conditional expected loss for class k: maxcp, E. [0(f,2,2) | 2 € Cy, 2" €

Cj]
a7, (f) Maximum «y, over active partitions: maxge7; o (f)

ate(f) Maximum oy over inactive partitions: maxye7e o (f)

Q1 = Yher (a7 (As) + v2ar(Ag)y/ H)
Qr = are(A)|Ts| + Xper: an(As)

pn(-) Pseudo-robustness function: p, : (Z x Z)" — {1,...,n?}
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s? Full set of training pairs: {(zi,z;) : 2,z € s} (size n?)
§2 Subset of pairwise training dataset s.

¢(s?) Robustness parameter as function of training pairs
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