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ABSTRACT

We study the problem of learning Bayesian networks where an e-fraction of the
samples are adversarially corrupted. We focus on the fully-observable case where
the underlying graph structure is known. In this work, we present the first nearly-
linear time algorithm for this problem with a dimension-independent error guaran-
tee. Previous robust algorithms with comparable error guarantees are slower by at
least a factor of (d/e), where d is the number of variables in the Bayesian network
and e is the fraction of corrupted samples. Our work establishes a direct connec-
tion between robust learning of Bayesian networks and robust mean estimation.
By exploiting this connection, our algorithm and analysis are considerably sim-
pler than those in previous work. As a subroutine in our algorithm, we develop a
robust mean estimation algorithm whose runtime is nearly-linear in the number of
nonzeros in the input, which may be of independent interest.

1 INTRODUCTION

Probabilistic graphical models (Koller & Friedman, 2009) offer an elegant and succinct way to
represent structured high-dimensional distributions. The problem of inference and learning in prob-
abilistic graphical models is an important problem that arises in many disciplines (see Wainwright
& Jordan| (2008) and the references therein), which has been studied extensively during the past
decades (see, e.g., Chow & Liu| (1968)); Dasguptal (1997)); |Abbeel et al.| (2006); [Wainwright et al.
(2006); |Anandkumar et al.| (2012); [Santhanam & Wainwright (2012); [Loh & Wainwright| (2012);
Bresler et al.| (2013} 2014)); Bresler| (2015)).

Bayesian networks (Jensen & Nielsen, |2007) are an important family of probabilistic graphical mod-
els that represent conditional dependence by a directed graph (see Section [2]for a formal definition).
In this paper, we study the problem of learning Bayesian networks where an e-fraction of the sam-
ples are adversarially corrupted. We focus on the simplest setting: all variables are binary and
observable, and the structure of the Bayesian network is given to the algorithm.

Formally, we work with the following corruption model:

Definition 1.1 (e-Corrupted Set of Samples). Given 0 < ¢ < 1/2 and a distribution family P on R,
the algorithm first specifies the number of samples N, and N samples X1, Xo, ..., X are drawn
from some unknown P € ‘P. The adversary inspects the samples, the ground-truth distribution P,
and the algorithm, and then replaces e N samples with arbitrary points. The set of N points is given
to the algorithm as input. We say that a set of samples is e-corrupted if it is generated by this process.

This is a strong corruption model and it generalizes many existing models (including but not limited
to, e.g., Huber’s contamination model (Huber}|1964))). Given as input an e-corrupted set of samples,
we would like to design robust algorithms for learning Bayesian networks whose error guarantee is
independent of the dimensionality d of the problem.

In the fully-observable fixed-structure setting, the problem is straightforward when there are no
corruptions. We know that the empirical estimator (which computes the empirical conditional prob-
abilities) is sample efficient and runs in linear time (Dasgupta, |{1997). The problem becomes much
more challenging when there are corruptions.

Recent work (Diakonikolas et al.,|2016)) gave polynomial-time robust algorithms for learning binary
product distributions with error O(e4/log 1/€). Subsequently, (Cheng et al., 2018)) showed that it is
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possible to learn Bayesian networks with similar error guarantees under mild assumptions. However,
the algorithm in (Cheng et al., 2018) runs in time €2(Nd?/¢), which is slower by at least a factor of
(d/€) compared to the fastest non-robust estimator. Motivated by this gap in the running time, in
this work we want to resolve the following question:

Can we design a robust algorithm for learning Bayesian networks in the fixed-
structure fully-observable setting that runs in nearly-linear time?

1.1 OUR RESULTS AND CONTRIBUTIONS

We resolve this question affirmatively by proving Theorem A Bayesian network is c-balanced
if all its conditional probabilities are between c and 1 — c. Let m be the size of the conditional
probability table and o be the minimum parental configuration probability (defined in Section [2)).

Theorem 1.2 (informal statement). Consider an e-corrupted set of N = S2(m/€?) samples drawn
from a d-dimensional Bayesian network P. Suppose P is c-balanced and has minimum parental
configuration probability o, where both c and o are universal constants. We can compute a Bayesian

network Q in time O(Nd) such that dry (P, Q) < e\/ln(l/e).m

For simplicity, we stated our result in the very special case where both ¢ and « are (1). Our
approach works for general values of a and ¢, where our error guarantee degrades gracefully as «
and c gets smaller. A formal version of Theorem[I.2]is given as Theorem [.1]in Section 4]

The sample complexity of our algorithm is optimal up to polylogarithmic factors. A sample com-
plexity lower bound of 2(m/e?) holds even without corrupted samples (Canonne et al., 2017).

Our Contributions. We establish a more direct connection between robust mean estimation and
robustly learning Bayesian networks. At a high level, we show that one can essentially reduce
robust learning of Bayesian networks to robust mean estimation. This allows us to utilize recent
advancements in robust mean estimation to get faster algorithms.

As a subroutine in our approach, we develop a nearly-linear time algorithm for robust mean estima-
tion when the input is sparse. More specifically, our algorithm runs in time nearly linear in the total
number of nonzero entries in the input, which may be of independent interest.

Our algorithm and analysis is considerably simpler than those in previous work. Consider binary
product distribution as an example. The algorithm in the prior work of |Cheng et al.| (2018)) used the
fact that the true covariance matrix should be diagonal (because each coordinate is independent),
and tried to remove samples to make the empirical covariance matrix closer to a diagonal matrix. In
contrast, in our approach, we show that it is sufficient to minimize the spectral norm of the empirical
covariance matrix, regardless of whether it is close to being diagonal or not.

1.2 RELATED WORK

Learning in the presence of outliers has been studied since the 1960s (Huber, |1964)). After decades
of work, many efficient robust estimators have been discovered (Tukeyl |1975; |Devroye & Gyorfi,
1985; |Chen et al., |2018). However, these classic statistical estimators either have errors that scales
polynomially with the dimension d, or are hard to compute in the worst-case.

Recent work (Diakonikolas et al.,|2016; |Lai et al., 2016)) gave the first polynomial-time algorithms
for a wide range of high-dimensional unsupervised learning tasks (e.g., mean and covariance estima-
tion) that achieves dimension-independent error guarantees. After the dissemination of (Diakoniko-
las et al.| [2016; [Lai et al.,|2016), the algorithmic question of designing efficient robust estimators in
high-dimensions has attracted a lot of recent attention and has been studied extensively (see, e.g.,
Balakrishnan et al.| (2017); |Charikar et al.| (2017); |Diakonikolas et al.| (2017atbj; |2018al); |Steinhardt
et al.| (2018)); Diakonikolas et al.|(2018bjc); Hopkins & Li| (2018)); [Kothari et al.[(2018)); |Prasad et al.
(2018)); ID1akonikolas et al.| (2019al)); |Klivans et al.| (2018)); [Diakonikolas et al.| (2019b)); [Liu et al.
(2020); |Cheng et al.| (2018};[2020); Zhu et al.|(2020)). In particular,|Cheng et al.|(2018) gave the first
polynomial-time algorithms for the robust learning of fixed-structure Bayesian networks.

"Throughout the paper, we use O(f) to denote O(f polylog(f)).
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While recent work gave polynomial-time robust algorithms for many fundamental tasks, these al-
gorithms are often significantly slower than the fastest non-robust algorithms (e.g., sample average
for mean estimation). The work of (Cheng et al.[(2019a) gave the first nearly-linear time algorithm
for robust mean estimation and initiated the direction of designing robust estimators that are as ef-
ficient as their non-robust counterparts. Since then, there have been several works on obtaining
faster asymptotic algorithms for robust high-dimensional estimation (Dong et al.,|2019; |Depersin &
Lecué, 2019; |Cheng et al., 2019b; |Li & Ye, |2020; |Cherapanamjeri et al., 2020).

Organization. In Section[2] we define our notations and provide some background on robust learn-
ing of Bayesian networks and robust mean estimation. In Section [3] we give an overview of our
approach and highlight some of our key technical results. In Section 4| we present our algorithm for
robust learning of Bayesian networks and prove our main result.

2 PRELIMINARIES

Bayesian Networks. Fix a d-node directed acyclic graph H whose nodes are labelled [d] =
{1,2,...,d} in topological order (every edge goes from a node with smaller index to one with
larger index). Let Parents(i) be the parents of node ¢ in H. A probability distribution P on
{0,1}¢ is a Bayesian network (or Bayes net) with graph H if, for each i € [d], we have that
Prx.p[X;=1]|Xi,...,X;_1] depends only on the values X; where j € Parents(7).

Conditional Probability Table. Let P be a Bayesian network with graph H. LetT' = {(i,a) :
i € [d],a € {0,1}Parents()I1 be the set of all possible parental configurations. Let m = |I'|. For
(i,a) € T, the parental configuration I1; , is defined to be the event that X (Parents(i)) = a. The
conditional probability table p € [0, 1]™ of P is given by p; o = Prx..p [X (i) =1 |II; 4] .

In this paper, we often index p as an m-dimensional vector. We use the notation py, and the associated
events I, where each k € [m] stands for an (i,a) € I" lexicographically ordered.

Notations. For a vector v, let ||v||, and ||v|| , be the ¢ and o, norm of v respectively. We write
/v and 1/v for the entrywise square root and entrywise inverse of a vector v respectively. For two
vectors x and y, we write 2 |  for their inner product, and z o y for their entrywise product.

We use I to denote the identity matrix. For a matrix M, let M; be the i-th column of M, and let
| M|, be the spectral norm of M. For a vector v € R™, let diag(v) € R™*™ denote a diagonal
matrix with v on the diagonal.

Throughout this paper, we use P to denote the ground-truth Bayesian network. We use d for the
dimension (i.e., the number of nodes) of P, N for the number of samples, ¢ for the fraction of
corrupted samples, and m = 2?21 2[Parents()| for the size of the conditional probability table of P.
We use p € R™ to denote the (unknown) ground-truth conditional probabilities of P, and ¢ € R™
for our current guess of p.

Let G* be the original set of /N uncorrupted samples drawn from P. After the adversary corrupts an
e-fraction of G*, let G C G* be the remaining set of good samples, and B be the set of bad samples
added by the adversary. The set of samples S = G U B is given to the algorithm as input. Let
X € R¥*N denote the sample matrix whose i-th column X; € R? is the i-th input sample. Abusing
notation, we sometimes also use X as a random variable (e.g., a sample drawn from P).

We use 7 € R™ to denote the parental configuration probabilities of P. That is, n} =
Prx.p[X € II;]. For a set S of samples, we use 7° € R™ to denote the empirical parental
configuration probabilities over S: 7r,f = Prx[X € IIi] where X is uniformly drawn from S.

Balance and Minimum Configuration Probability. We say a Bayesian network P is c-balanced
if all conditional probabilities of P are between c and 1 — c. We use « for the minimum probability
of parental configuration of P: o = ming 7r,1: .

In this paper, we assume that the ground-truth Bayesian network is c-balanced, and its minimum

parental configuration probability « satisfies that a = Q((ey/In(1/e))*/3c¢~1/3)). Without loss of
generality, we further assume that both c and « are given to the algorithm.
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2.1 TOTAL VARIATION DISTANCE BETWEEN BAYESIAN NETWORKS

Let P and @ be two distributions supported on a finite domain D. For a set of outcomes A, let
P(A) = Prx.p[X € A]. The total variation distance between P and () is defined as

drv(P,Q) = max |P(A) = Q(A)] .

For two balanced Bayesian networks that share the same structure, it is well-known that the closeness
in their conditional probabilities implies their closeness in total variation distance. Formally, we use
the following lemma from (Cheng et al.| (2018), which upper bounds the total variation distance
between two Bayesian networks in terms of their conditional probabilities.

Lemma 2.1 (Cheng et al.| (2018)). Let P and @ be two Bayesian networks that share the same
structure. Let p and q denote the conditional probability tables of P and Q) respectively. We have

2 /ﬂ_pﬂ_Q (pk _Qk)z
v (P, Q)) SQ; PR (et ae) (2 —pe —an)

2.2  EXPANDING THE DISTRIBUTION TO MATCH CONDITIONAL PROBABILITY TABLE

Lemma [2.1] states that to learn a known-structure Bayesian network P, it is sufficient to learn its
conditional probabilities p. However, a given coordinate of X ~ P may contain information about
multiple conditional probabilities (depending on which parental configuration happens).

To address this issue, we use a similar approach as in/Cheng et al.| (2018)). We expand each sample X
into an m-dimensional vector f (X, ¢), such that each coordinate of f (X, ¢) corresponds to an entry
in the conditional probability table. Intuitively, ¢ € R™ is our current guess for p, and initially we
set ¢ to be the empirical conditional probabilities. We use g to fill in the missing entries in f(X, q)
for which the parental configurations fail to happen.

Definition 2.2. Let f(X, q) for {0,1}¢ x R™ — R™ be defined as follows:
Xi—qia X€E€Illia
f(X7Q)i,a:{0 %, ’

otherwise

When X ~ P and ¢ = p, the distribution of f(X,p) has many good properties. Using the condi-
tional independence of Bayesian networks, we can compute the first and second moment of f (X, p)
and show that f (X, p) has subgaussian tails.

Lemma 2.3. For X ~ P and f(X,p) as defined in Deﬁnition we have
(i) E(f(X,p)) =0.  (ii) Cov[f(X,p)] = diag(r" opo (1 -p)).
(iii) For any unit vector v € R™, we have Prx.p [[v" f(X,p)| > T] < 2exp(—T?/2).

We defer the proof of Lemma [2.3| to Appendix A. A slightly stronger version of Lemma [2.3] was
proved in|/Cheng et al.| (2018), which discusses tail bounds for f (X, ¢). For our analysis, Lemma
is sufficient.

For general values of ¢, we can similarly compute the mean of f (X, q):

Lemma 2.4. Let w* denote the parental configuration of P. For X ~ P and f(X, q) as defined in
Definition[2.2) we have E[f (X, q)] = ©* o (p — q).

2.3 DETERMINISTIC CONDITIONS ON GOOD SAMPLES

To avoid dealing with the randomness of the good samples, we require the following deterministic
conditions to hold for the original set G* of IV good samples (before the adversary’s corruption).

We prove in Appendix A that these three conditions hold simultaneously with probability at least
1 — 7 if we draw N = Q(mlog(m/7)/e?) samples from P.

The first condition states that we can obtain a good estimation of p from G*. Let pC" denote the
empirical conditional probabilities over G*. We have

[VaP e o -p)||, <00 - (1

4
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The second condition says that we can estimate the parental configuration probabilities 7% from any
(1 — 2¢)-fraction of G*. Formally, for any subset 7' C G* with |T'| > (1 — 2¢)N, we have

77 =" . < O(e) - ®)

The third condition is that the empirical mean and covariance of any (1 — 2¢)-fraction of G* are
very close to the true mean and covariance of f(X,p). Formally, for any subset 7' C G* with

|T| > (1 — 2¢)N, we require the following to hold for §; = ¢y/In1/e and §; = eln(1/e):

ﬁZf(Xup)

i€l

<0(61), % Zf(Xi,p)f(Xup)T —X

icT

2
where ¥ = Cov[f(X,p)] = diag(7F opo (1 —p)).

2

2.4 ROBUST MEAN ESTIMATION AND STABILITY CONDITIONS

Robust mean estimation is the problem of learning the mean of a d-dimensional distribution from
an e-corrupted set of samples. As we will see in later sections, to robustly learn Bayesian networks,
we repeatedly use robust mean estimation algorithms as a subroutine.

Recent work (Diakonikolas et al., 2016; |Lai et al., 2016) gave the first polynomial-time algorithms
for robust mean estimation with dimension-independent error guarantees. The key observation in|Di-
akonikolas et al.|(2016)) is the following: if the empirical mean is inaccurate, then many samples must
be far from the true mean in roughly the same direction. Consequently, these samples must alter the
variance in this direction more than they distort the mean. Therefore, if the empirical covariance
behaves as we expect it to be, then the empirical mean provides a good estimate to the true mean.

Many robust mean estimation algorithms follow the above intuition, and they require the following
stability condition to work (Definition [2.5). Roughly speaking, the stability condition states that
the mean and covariance of the good samples are close to that of the true distribution, and more
importantly, this continues to hold if we remove any 2e-fraction of the samples.

Definition 2.5 (Stability Condition (see, e.g., [Diakonikolas & Kane|(2019))). Fix 0 < € < % Fix

a d-dimensional distribution X with mean px. We say a set S of samples is (¢, 3,~y)-stable with
respect to X, if for every subset T C S with |T| > (1 — 2¢)|S|, the following conditions hold:

(i) HﬁZXeT (X_MX)HQ < B, (ii) Hﬁzxg (X —pux) (X —pux)" —IH2 <7.

Subsequent work (Cheng et al [2019a; |Dong et al.l [2019; [Depersin & Lecué| 2019) improved the
runtime of robust mean estimation to nearly-linear time. In particular, we have the following lemma
from Dong et al.[(2019).

Lemma 2.6 (Robust Mean Estimation in Nearly-Linear Time (Dong et al., 2019)). Fix a set of N
samples G* in R, Suppose G* is (e, 3,)-stable with respect to a d-dimensional distribution X
with mean px € R Let S be an e-corrupted version of G*. Given as input S, €, B3, v, there exists
an algorithm that can output an estimator i € R? in time O(Nd), such that with high probability,

i — pixlly < O(/&7 + B+ ey/log 1/e) .

As we will see later, a black-box use of Lemma [2.6|does not give the desired runtime in our setting.
Instead, we extend Lemma to handle sparse input such that it runs in time nearly-linear in the
number of non-zeros in the input (see Lemma [3.3).

3 OVERVIEW OF OUR APPROACH

In this section, we give an overview of our approach and highlight some of our key technical results.

To robustly learn the ground-truth Bayesian network P, it is sufficient to learn its conditional prob-
abilities p € R™. At a high level, we start with a guess ¢ € R™ for p and then iteratively improve
our guess to get closer to p. For any ¢ € R™, we can expand the input samples into m-dimensional
vectors f (X, q) as in Definition We first show that the expectation of f(X,q) gives us useful
information about (p — q).
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Recall that 77 is the parental configuration probabilities of P. By Lemma we have

Ex~plf(X,q)]=7"0(p—q).
Note that if we had access to this expectation and the vector 7%, we could recover p immediately:
we can set ¢ = E[f(X, q)] o (1/7) + ¢ which simplifies to ¢’ = p.

Note that since .S is an e-corrupted set of samples of P, we know that { f (X;, ¢) }scs is an e-corrupted
set of samples of the distribution f(X,q) (with X ~ P). Therefore, we can run robust mean
estimation algorithms on {f(X;, q) }ics to learn E[f(X, ¢)]. It turns out a good approximation of
E[f(X, q)] can help us improve our current guess g.

There are two main difficulties in getting this approach to work.

The first difficulty is that, to use robust mean estimation algorithms, we need to show that f(X, q)
satisfies the stability condition in Definition This requires us to analyze the first two moments
and tail bounds of f(X,q). Consider the second moment for example. Ideally, we would like to
have a statement of the form Cov[f(X,q)] =~ Cov[f(X,p)] + (p — q)(p — q) T, but this is false
because we only have f(X,p)r — f(X,q)x = (p — q)x if the k-th parental configuration happens
for X. Intuitively, the “error” (p — ¢) is shattered into all samples where each sample only gives d
out of m coordinates of (p — ¢), and there is no succinct representation for Cov[f (X, q)].

The second difficulty is that f(X, q) is m-dimensional. We cannot explicitly write down all the sam-
ples {f(Xi, q)}Y,, because this takes time Q(N'm), which could be much slower than our desired
running time of O(Nd). Similarly, a black-box use of nearly-linear time robust mean estimation
algorithms (e.g., Lemma runs in time 2(Nm), which is too slow.

In the rest of this section, we explain how we handle these two issues.

Stability Condition of f(X,¢). Because the second-order stability condition in Lemma is
defined with respect to I, we first scale the samples so that the covariance of f(X,p) becomes I.
Lemma[2.3|shows that Cov[f(X, p)] = diag(7" opo(1—p)). To make it close to I, we can multiply
the k-th coordinate of f(X,p) by (7} pr(1 — px))~'/2. However, we do not know the exact value
of ¥ or p, instead we use the corresponding empirical estimates 7° and ¢° (see Algorithm .

Definition 3.1. Let 7° and q° denote the parental configuration probabilities and conditional means
estimated over S. Let s = 1//(75 0 ¢5 o (1 — ¢%)). Throughout this paper, for a vector v € R™,

we use 0 € R™ to denote v o s. In particular, we have X; = X; o s (and similarly p, §, f(z,q)).

Now we analyze the concentration bounds for f (X, q). Formally, we prove the following lemma.
Lemma 3.2. Assume the conditions in Section hold for the original set of good samples G*.
Then, for 61 = ev/log 1/e and 6o = elog(1/e), the set of samples {f(Xi7 q)}iEG’* is

01 o 02
(6, O(ﬁ +ellp— qH2)70<@ + B+ \/E)) -stable,
where B = |7 o (5 — )13
We provide some intuition for Lemma[3.2]and defer its proof to Appendix B.

For the first moment, the difference between E[f (X, ¢)] and the empirical mean of f(X,q) comes
from several places. Even if ¢ = p, we would incur an error of §; from the concentration bound in
Equation equation (3| which is at most d; (ac)*l/ 2 after the scaling by s. Moreover, on average 7r,1:
fraction of the samples gives us information about (p — ¢)x. Since an e-fraction of the samples are
removed when proving stability, we may only have (7} — €)-fraction instead, which introduces an
error of €||p — g, This is why the first-moment parameter is (&1 (ccc) "/ + €||p — 4 ,).

For the second moment, after the scaling, we have Cov[f(X,p)] ~ I. Ideally, we would like to
prove Cov[f(X,q)] =~ I+ (7P o (p — §))(xF o (p— §)) T, but this is too good to be true. For two
coordinates k # ¢, whether a sample gives information about (p— §), or (p— §), is not independent.
We can upper bound the probability that both parental configurations happen by min(w,f , wf ). If
they were independent we would have a bound of 7'(']1: ﬂf . The difference in these two upper bounds

is intuitively why VP appears in the second-moment parameter. See Appendix B for more details.
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Robust Mean Estimation with Sparse Input. To overcome the second difficulty, we exploit the
sparsity of the expanded vectors. Observe that each vector f(X,q) is guaranteed to be d-sparse
because exactly d parental configuration can happen (see Definition [2.2). The same is true for

f(X, q) because scaling does not change the number of nonzeros. Therefore, there are in total
O(Nd) nonzero entries in the set of samples { f(X, ¢) }ies-

We develop a robust mean estimation algorithm that runs in time nearly-linear in the number of
nonzeros in the input. Combined with the above argument, if we only invoke this mean estimation

algorithm polylogarithmic times, we can get the desired running time of 6(N d).
Lemma 3.3. Consider the same setting~as in Lemma There is an algorithm O,,¢qn with the
same error guarantee that runs in time O(nnz(S) + N + m) where unz(S) is the total number of

nonzeros in S. That is, given an e-corrupted version of an (¢, 3,7)-stable set of N samples w.r..
a d-dimensional distribution with mean |1, the algorithm O, cqn outputs an estimator [i € R in

time O(nnz(S) + N +m) such that with high probability, || i — p.x lly < O(/ev+F+ey/logl/e) .

We prove Lemma [3.3] by extending the algorithm in [Dong et al.| (2019) to handle sparse input. The
main computation bottleneck of recent nearly-linear time robust mean estimation algorithms (Cheng
et al.l 2018} Dong et al.L|2019) is in using the matrix multiplicative weight update (MMWU) method.
In each iteration of MMWU, a score is computed for each sample. Roughly speaking, this score in-
dicates whether one should continue to increase the weight on the corresponding sample. Previous
algorithms use the Johnson-Lindenstrauss lemma to approximate the scores for all N samples si-
multaneously. We show that the sparsity of the input vectors allows for faster application of the
Johnson-Lindenstrauss lemma, and all NV scores can be computed in time nearly-linear in nnz(5).

We defer the proof of Lemma [3.3]to Appendix C.

4 ROBUST LEARNING OF BAYESIAN NETWORKS IN NEARLY-LINEAR TIME

In this section, we prove our main result. We present our algorithm (Algorithm [I)) and prove its
correctness and analyze its running time (Theorem 4.1]).

Theorem 4.1. Fix 0 < € < €y where € is a sufficiently small universal constant. Let P be a
c-balanced Bayesian network on {0, 1} with known structure H. Let o be the minimum parental

configuration probability of P. Assume o = Q(e2/3¢=1/3),

Let S be an e-corrupted set of N = ﬁ(m/e2) samples drawn from P. Given H, S, ¢, ¢, and «,
Algorithmoutputs a Bayesian network Q) in time O(Nd) such that, with probability at least 9/10,

drv (P, Q) < Oley/log(1]€)/v/ac).

The dependence on c and « in the error guarantee also appears in prior work (Cheng et al., [2018).
Removing this dependence is an important technical question that is beyond the scope of this paper.

Theorem [4.1] follows from three key technical lemmas. At the beginning of Algorithm [I] we first
scale all the input vectors as in Definition 3.1} We maintain a guess ¢ for p and gradually move it
closer to p. In our analysis, we track our progress by the £o-norm of 7’ o (p — §).

Initially, we set ¢ to be the empirical conditional mean over S. Lemma [4.2] proves that
H?TP o(p— (j’)”2 is not too large for our first guess. Lemma ﬂ shows that, as long as q is still
o (p — q)||, decreases by a con-

stant factor. Lemma |4.4| states that, when the algorithm terminates and H7rP o(p—q) ||2 is small,
we can conclude that the output @ is close to the ground-truth P in total variation distance.

relatively far from p, we can compute a new guess such that Hﬂ’ i

In the following three lemmas, we consider the same setting as in Theorem [4.1] and assume the
conditions in Section 23] hold.

Lemma 4.2 (Initialization). In Algorithm[I] we have
|7F o (p— QO)H2 < O(eVd/ac) .
Lemma 4.3 (Iterative Refinement). Fix an iteration t in Algorithm Assume the robust mean

estimation algorithm Opean succeeds. If |7 o (p— ¢')||, < p* and p* = Q(e\/log(1/€)/\/ac),
then we have ||7TP o(p— gttt ||2 < c1pt for some universal constant c; < 1.
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Algorithm 1: Robustly Learning Bayesian Networks

Input : The dependency graph H of a c-balanced Bayesian network P with minimum
parental configuration c, an e-corrupted set S of N = €(m/e?) samples (XN,
drawn from P, and the values of ¢, ¢ and a.

Output: A Bayesian network () such that, with probability at least 9/10,
drv (P, Q) < O(ey/log(1/e€) /y/ac).

Compute the empirical probabilities 7° where 7 (i, a) = Prxes [I1; o];

Compute the empirical conditional probabilities ¢ where ¢° (i, a) = Prxes [X (i) = 1 | II; o];

Compute the scaling vector s = 1/+/(75 0 ¢5 o (1 — ¢%));
Let 7' = O(logd) and ¢° = ¢°;
Let p° = O(ev/d/\/ac). (We maintain upper bounds p' s.t. |77 o (p — ¢*)||, < p' for all t);
fort =0toT —1do
Bt =0(ep'/a). 7" = O((p")?/a+ p' /@) ; )
Solve a robust mean estimation problem. Let v = Opean ({f(Xs,¢")ics}, € B5,7");
¢t =vo(l/s)o(1/m%) +q% ' =ciph

return the Bayesian network QQ with graph H and conditional probabilities q" ;

Lemma 4.4. Let (Q be a Bayesian network that has the same structure as P. Suppose that (1) P is
c-balanced, (2) a = Q(r + €/c), and (3) |77 o (p — (j)”2 < r/2. Then we have dry (P,Q) <.

We defer the proofs of Lemmas [.2] [4.3] and[d.4]to Appendix D and we first prove Theorem .1}

Proof of Theorem We first prove the correctness of Algorithm [I]

The original set of N = Q(m log(m/e)/e?) good samples drawn from P satisfies the conditions in
Section with probability at least 1 — %. With high probability, the robust mean estimation oracle
Omean Succeeds in all iterations. For the rest of this proof, we assume the above conditions hold,
which by a union bound happens with probability at least 9/10.

From Lemma we have the following condition on the initial estimate ¢°.

|77 0 (5 — 3°)|, = O(eVd/Vac) .

We start with an upper bound p° of ||7¥ o (p — ¢°)|, = O(eVd/\/ac). By Lemma in each
iteration, if p' = Q(ey/log(1/€)/+/ac), we can obtain a new estimate ¢‘*! and an upper bound p*+!
on ||7” o (p — G")||,, such that p"** is smaller than p’ by a constant factor. Hence after O(log(d))
iterations, we can get a vector q* such that

[ o (5~ @), = O(e\/loa(1/)/vac) .

Let Q be the Bayesian network with conditional probability table ¢'. The assumption that o =
Q(e2/3¢=1/3) allows us to apply Lemma H with r = O(ey/log(1/€)//ac), which gives the
claimed upper bound on dry (P, Q).

Now we analyze the runtime of Algorithm |I| First, ¢° and 7 can be computed in time 6(]\] d)

because each sample only affects d entries of g. We do not explicitly write down f (X, ¢). In each

iteration, we solve a robust mean estimation problem with input { f (X, qt)} , which takes time
i€s

O(Nd). This is because there are N input vectors, each vector is d-sparse, and the robust mean

estimation algorithm runs in time nearly-linear in the number of nonzeros in the input (Lemma3.3).

We can compute ¢' T = v 0 (1/s) o (1/7%) + ¢ in time in time O(m).

Since there are O(log d) iterations, the overall running time is

O(Nd) + O(log d) (6(Nd) n O(m)) — O(Nd) . 0
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A DETERMINISTIC CONDITIONS ON GOOD SAMPLES

In this section, we will first prove Lemma @ then we prove that the deterministic conditions in
Section [2.3]hold with high probability if we take enough samples.

Lemma A.1. For X ~ P and f(X,p) as defined in Definition 2.2 we have
(i) E(f(X,p)) = 0.
(i) Cov[f(X,p)] = diag(r” o po (1 —p)).
(iii) For any unit vector v € R™, we have Prx.p [|[vT f(X,p)| > T| < 2exp(—T2/2).

Proof. We first claim that Ex.p[f (X, p)k|f(X,0)1, .-, f(X,D)k—1] = 0forall k € [m]. Let k =
(i,a), conditioned on f(X,p)1,..., f(X,p)k—1. the event 7; , may or may not happen. A simple
calculation shows that in both cases, we have Exp[f (X, p)r|f (X, D)1, ..., f(X,p)k—1] = 0.

For (i), we have E[f(X,p)] =7 op+ (1 —7F)op—p=0.

For (it), we first show that for any (i,a) # (j,b), we have E[f(X, p);.o f(X,p);s] = 0. For the
case ¢ = j, we can see at least one of II; , and II;; does not occur, so f(X,p); of(X,p);jp is
always 0. For the case ¢ # j, we assume without loss of generality that ¢ > j, then we have

E[f(X7p)i,a f(X7p)],b] = 0.

For all (i,a) € [m], we have E[f(X,p)? ,] = wfa]E[(X —pia)? 6] = ﬂfapi,a(l — Pia). Com-
bining these two, we get Cov|[f(X,p)] = diag(rF opo (1 — p)).

For (iii), we recall that Exp[f(X,p)k|f(X,p)1, .., f(X,p)k—1] = 0, thus the sequence
Zi:l v f(X,q)k for 1 < ¢ < m is a martingale, and we can apply Azuma’s inequality. Note
that [vg| > |vkf(X,p)x|, hence we have Pryp [[vT f(X,p)| = T] < 2exp(~T%/2][v[5) =
2exp(—T2/2). O

The conditions in Equations equation[I|and equation[2]are proved in Lemmal[A.2] and the conditions
in Equation equation [3|are proved in Corollary [A.4]

Lemma A.2. Let P be a Bayesian network. Let G* be a set of Q((mlog(m/7))/e?) samples drawn
from P. Let 7" and pG* be the empirical parental configuration probabilities and conditional
probabilities of P given by G*. Then with probability 1 — T, the following conditions hold:

(i) For any subset T C G* with |T| > (1 — 2¢) N, we have

H7rT — 7rPHC>O <O(e) .

(ii)
H\/ﬂT’O (p— ")

’2 < Of(e) .

Proof. For (i), first consider the case of 7' = G* and fix an entry 1 < k < m in the conditional
probability table. Because each sample is drawn independently from P, by the Chernoff bound, we
have that when N = Q(log(m/7)/e?), |tf — 7" | < e holds with probability at least 1 — 7/m.
Hence, after taking an union bound over k, we have that H?TT — P HOO < ¢ holds with probability
at least 1 — 7. Now for a general subset ' C G*, notice that removing O(¢)-fraction of samples can
change 77 by at most O(¢). Thus, condition (i) holds with probability at least 1 — 7.

For (ii), for any k = (i, a), note that p{~ is estimated from 7$’" N samples. In these samples, the
parental configuration II; happens and the value of X is decided independently. By the Chernoff

bound and the union bound, we get that when N = Q((mlog(m/7))/€?), |p¢" —pi| < €/1/mnS”
holds for every k with probability at least 1 — 7, which implies

[Va& oo - 17|, < 000

Combining this with ||7F — xC” ||OO < ¢, we get that condition (i) holds. O

12
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To prove Equation equation 3] we use the following concentration bounds for subgaussian distribu-
tions. Recall that a distribution D on R¢ with mean p is subgaussian if for any unit vector v € R¢
we have Pr,.p||(v,z — p)| > t] < exp(—ct?), where c is a universal constant.

Lemma A.3. Let G* be a set of N = Q((e+/log1/€)=2(d + log(1/7))) samples drawn from a
d-dimensional subgaussian distribution with mean . and covariance matrix ¥ < I. Here A < B
means that B — A is a positive semi-definite matrix. Then, with probability 1 — T, the following
conditions hold:

For 61 = c1(er/1og 1/¢€) and 62 = c1(elog1/€) where c; is an universal constant, we have that for
any subset T C G* with |T| > (1 — 2¢)N,

ﬁ Z(Xi — )

€T

<6la

2

<02 “4)
2

T = )K= ) =%

A special case of Lemma[A.3|where ¥ = I is proved in [Diakonikolas et al| (2016). The proof for
the general case where ¥ < I is almost identical. In particular, the concentration inequalities used
in|Diakonikolas et al.|(2016) for subgaussian distributions still hold when X < I (see, e.g.,|Vershynin
(2010)).

From Lemmal[A.3]and we have the following corollary:

Corollary A4. Let G* be a set of N = Q((ey/log1/e)~2(m + log(1/7))) samples drawn P.

Then, with probability 1 — T, the following conditions to hold: For 6; = ¢1(ey/log1/€) and 65 =
c1(elog1/e), where ¢y is an universal constant, we have that for any subset T C G* with |T| >
(1 —2¢)N,

ﬁZf(Xup)

i€T

RN EDWEMTEAES

€T

< 0(8,), (5)

2
where 3 = Cov|[f(X,p)] = diag(rf opo (1 —p)).

B STABILITY CONDITION OF f(X,q)

In this section, we prove the stability condition for the samples f (X, q) (Lemma . Recall the
definition of f (X, ¢) from Definitions and We first restate Lemma

Lemma 3.2} Assume the conditions in Section [2.3| hold for the original set of good samples G*.
Then, for 51 = e+/log 1/e and 55 = €log(1/e), the set of samples { f(X;, q)}iEG* is

(ao(\% Yelp— d\\z)ﬁ(% + B+ \/§)> _stable,

where B = ||VrF o (p — q)|3.

We will prove the stability of f(X,q). The stability of f(X,¢q) follows directly. We introduce a
matrix Cp , which is crucial in proving the stability of f(X,q). Intuitively, the matrix Cp 4 is
related to the difference in the covariance of f(X, p) and that of f(X, ¢) on the sample set D.

Definition B.1. For any set D of samples { X; }ic p, we define the following m x m matrix

C.y = 157 S (Xiap) = X ) (Xiop) = (X))

i€D

Observe that for x € {0, 1}¢ with x ¢ I, we have f(z,p)r = f(z,q)x = 0. On the other hand, if
x € I, for some k = (i,a), we have f(x,p)r — f(z,@)r = (zi — px) — (Ti — qr) = @& — Dk-

In the very special case where all parental configurations happen (i.e., a binary product distribution),
we would have Cp , = (p — q)(p — q) T . However, in general the information related to (p — g) is

spread among the samples. We show that even though C'p , does not have a succinct representation,
we can prove the following upper bound on the spectral norm of Cp 4.

13
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Lemma B.2. |[Cp |, < >, 72 (pr — qr)?

Proof. For notational convenience, let C' = Cp 4. For every 1 < k, £ < m, we have

|Ckel = | (Pr[M ALL) (i — are) (pe — Qe)‘ < min{r, 77} - |(pr — ) (pe — a0)|

< (VaPlon - al) - (VaPlon - )

We can upper bound the spectral norm of C' in term of its Frobenius norm:

2
||CH2<||C||F—ZCM<Z ™ (k= a1)?) (7 (pe — @0)?) (Zﬂk k_Qk> :
k0
O

The following lemma essentially proves the stability of f(X,q), except that in the second-order
condition, we should have Cov(f(X, ¢)) instead of 3. We will bridge this gap in Lemma

Lemma B.3. Assume the conditions in Section|2.3|hold. For §; = e\/log1/e and §; = elog(1/e),
we have that for any subset T C G* with |T| > (1 — €)|G*|,

zET

<001 +¢lp—dll,), and
2

< O(ds + B+ VB)

il S (f(Xia) — 70 (p— ) (Xivq) ~ 7 0 (p— )" — %

€T

2
where B = H\/Wpo(pfq)H2 < é“ﬂpo(p*Q) ;:

covariance of f(X,p) .

and ¥, = diag(n” opo (1 — p)) is the true

Proof. For the first moment, we have

ZET

2

- |T|Z Xi,p) + f(Xi,q) — f(Xi,p) =78 0 (p—q))

€T 2
<\ Zf i»p) Tl Z — [(Xi,p) =7"(p = q))
€T €T 2
= Zf L) + (=" o(p—q)|l, =01 +ellp—all) -
el

For the second moment, consider any unit vector v € R™. We have

v <|TZsz»q Xzaq ) |T‘Z Xzaq

€T €T

|T| Z X p),0)? + (f(Xip) = F(Xi @), 0)? +2(f(Xi, p), 0) (f (X, p) — (X, 0),0))

i€T
|T| Z z>p 2y <f(X“p) — f(Xi,q),U>2)
€T
+2 % <;<f(Xz,p ) <|T| ; Xi,p) Xi,q),v>2>

14
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where the last inequality follows from the Cauchy-Schwarz inequality. Therefore, we have

% S (X)) (X)) - %

€T 9
< | A S rap fap)T - %

Tl = i
+ ﬁz(f(Xup) — F(X5, ) (f(Xip) — f(Xivq) "

€T )
+2 ﬁ > F(Xp)f(Xip)T ‘% 3 (F(Xip) — F(Xin ) (f(Xip) — F(Xivq)T
€T 2 ieT ,

< 8+ [Onglly + 20/ TF 82y /Crglly = O (2 + [Orglly +4/1Crqll,)

T

Finally, we show that the second moment matrix ﬁ Yoier f(Xi, @) f(Xi,q) " is not too far from

the empirical covariance matrix of f (X, q).

|T1r| > X f(Xig)" - % Y (f(Xig) =7 o (p—)(f(Xiq) =7 o (p—q))"

€T €T

T o (XKeg) =" o (0= 1)

€T

2

2
<2 7P o (p=a)ll +[lmp o (p = 9)l;

2
<06 +cllp—dlly) lImp o (0 = )lla) < O (e o (0= )2) -

Putting everything together and using Lemma [B:2] we conclude this proof. O

The stability of f(X, q) follows from the stability of f(X,¢) (Lemma[B.3), scaling all samples by
s, and replacing X with I in the second-order condition using Lemma

Lemma B.4. Assume the conditions in Section[2.3|hold. Then after scaling, we have

fo- 1], <o)

ac
where 3. is the covariance matrix of f (X, p).
Proof. We recall that mpy(1 — pi) > 37f min(pe,1 — pr) = Q(ac). Because ||s||, =
O(1/+/ac), it suffices to show that
[Cov(so f(X,p)) — I, < Ofe) -
In other words, we need to show

H7rPopo(1—p)—ﬂsoqso(l—qS)Hoo:O(e).

Let 7¢" and p© be the empirical parental configuration probabilities and conditional probabilities
of P given by G*. We first prove that

HWG* 0p% o (1=p®)—150g¢50(1 _qS)H —0(e) .

o0
Note that [|7%" — 7%||__ = O(e) and ¢’ (1 — ¢}) < 1, so it is sufficient to show that

H’]TG* op® o(1—p) =7 0g®o (1 —qS)H = O(e) .

oo
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We have

*

|7 0 0 (1= p%) =7 0 g% 0 (1 )|

= HWG op® — 7% 0g” =7 o (p9 +¢%) 0 (° —qS)HOO < 3H7TG o (p© —qS)HO<> :
Let ny denote the number of times that the event II; happens over G*, and let ), be the number

of times that X (i) = 1 when II;, = II; , happens. Because S is obtained by changing at most e N
samples in G*, we can get

G Tk (M_Lk _ k(e +t)eN _ 2npeN
N ‘np—eN ng’  Nng(ng—eN) = 0.5Nng

Ing oy —aqp) < de .

The last inequality follows from ¢, < nj and ny — e/N > 0.5n; (because we assume the minimum
parental configuration probability is £2(¢)).

This concludes ||7%" o p® o (1 —p") — 75 0 ¢% o (1 — ¢%)|| _ = O(e).
Similarly, in order to prove that

*

H’]TPOpO(lfp)*ﬂ'G*opG*O(]_pr) =0(e) .

’ oo

We just need to show |77 o (p — &) H2 = O(e), which is follows from (i) in Lemma
An application of triangle inequality finishes this proof. O

We are now ready to prove Lemma[3.2]

Proof of Lemma[3.2] By Lemma and the fact that ||s|| ., = O(1/+/ac), we know that for any
subset ' C G* with |T| > (1 — €)]G*|, we have

) N
<O(=+elp—dl,) . and

= ac

i D (X) =" (5= )

€T 2
7 ) =" 0 (6= D) (F(Xea) =" 0 (6= 0) 5| <O(E +B+VE)
€T 2

where B = H\/’]TP o(p— (j)‘
is applied to all vectors on both sides of the inequalities, so we only need to scale the scalars d; and
09 appropriately.

2 ~ ~
, and X is the true covariance of f (X, p). This is because the scaling
2

We conclude the proof by replacing 3 in the second-order condition with I using Lemma O

C ROBUST MEAN ESTIMATION WITH SPARSE INPUT

In this section, we give a robust mean estimation algorithm that runs in time nearly-linear in the
number of nonzeros in the input. We build on the following lemma, which is essentially the main
result of Dong et al.| (2019).

Lemma C.1 (essentially Dong et al.|(2019)). Given an e-corrupted version of an (e, [3,7y)-stable set
of N samples w.r.t. a d-dimensional distribution with mean px, there is an algorithm outputs an
estimator fi € R? such that with high probability,

it — nxll, < O(/& + B+ ey/log 1/6) .

Moreover, this algorithm runs in time O(nnz(S) + N + d + T(Oups)), where nnz(S) is the total
number of nonzeros in the samples in S and T'(O,,,,,)) is the runtime of an approximate score oracle

defined in Definition
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The computational bottleneck of the algorithm in [Dong et al.| (2019)) is logarithmic uses of matrix
multiplicative weight update (MMWU). In each iteration of every MMWU, they need to compute a
score for each sample. Intuitively, these scores help the algorithm decide whether it should continue
to increase the weight on each sample or not.

We define some notations before we formally define the approximate score oracle. Let Ay = {w €
RV :0<w; <1, > w; = 1} be the N-dimensional simplex. Given a set of N samples X7, ..., X
and a weight vector w € Ay, let p(w) = 1 D w; X; and B(w) = o 3o wi(Xi — p(w))(X; —

w(w)) T denote the empirical mean and covariance weighted by w.

Definition C.2 (Approximate Score Oracle). Given as input a set of N samples X1, ..., Xy € R?,
a sequence of t + 1 = O(log(d)) weight vectors w°, ..., w' € Ay, and a parameter o > 0, an
approximate score oracle Oy, outputs (1 & 0.1)-approximations (7;)Y_; to each of the N scores

7 = (X; — p(w") "U(X; — p(w'))
for
_explaXisy Z(w))
B trexp(a Ef;é S(wh))
In addition, O,y outputs a scalar q such that

g —q| <0.1¢+0.05||S(w’) — I||,,where g = (S(w') = I,U) .

These scores are computed using the Johnson-Lindenstrauss lemma. Our algorithm for computing
these scores are given in Algorithm[2]

Let 7 = O(log N log(1/6)), £ = O(log d), and Q € R"*? be a matrix with i.i.d entries drawn from
N(0,1/r). Algorithm [2|computes an 7 X d matrix

t—1
A=Q-P <‘2“ 3 z(wi)> . 6)
1=0

where P;(Y) = Zﬁ:o %Yj is a degree-¢ Taylor approximation to exp(Y").

The estimates for the individual scores are then given by

~ 1 t
T = w(AAT) | A(X; — p(w ))Hg @)
and the estimate for q is given by
N
g= (-1 ®)
i=1
Algorithm 2: Nearly-linear time approximate score computation
Input: A set S of N samples X1,..., Xy € R%, a sequence of weight vectors w°, ..., w?, a

parameter «, and a failure probability § > 0.
Let 7 = O(log N log(1/d)) and £ = O(log d);
Let Q € R"*% have entries drawn i.i.d. from A'(0,1/7);
Compute the matrix A € R"*¢ as in Equation equation
return (7;)Y ; given by Equation equationl?]and q given by Equation equation@;

The correctness of Algorithm [2] was proved inDong et al (2019).

Lemma C.3 (Dong et al[(2019). With probability at least 1 — 0, the output of Algorithm 2] satisfies
|g — ¢ <0.1¢ +0.05||2(w") — I||, and |7; — 73] < 0.17; forall 1 < i < N.

Consequently, we only need to analyze the runtime of Algorithm 2]
Lemma C4. Algorithmruns in time O(t - (N + d + nnz(S)) - log(1/4)).

17
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Proof. We first show that matrix A € R"*? can be computed in time

O(t- (N +d+nnz(S)) -log1/6) .

We will multiply each row of @ (from the left) through the matrix polynomial to obtain A. Let
v’ € R4 be one of the rows of @ and let w € R™ be any weight vector. Observe that we can

compute all (v (X; — ,u(w)))fil in time
N
o) <Z nnz(X;) + N + d) = O(nnz(S) + N +d) .
i=1

This is because we can compute (w) and v " 1(w) just once, and then compute v " X; for every i
and subtract v " p(w) from it.

Then, we can compute

N
v S(w) =o'’ (Z w;i (X; — p(w))(Xi — M(w))T>

N N
= Zwi (UT(XZ- — p(w))) X, - (Z w; (vT(XZ‘ - u(w))) p(w) "
i=1 =1

as the sum of NV sparse vectors subtracting a dense vector in time O (nnz(S) + N + d).
Therefore, for any v € R™, we can evaluate v Zf;é Y (w?) in time O(t - (nnz(S) + d + N)).

Because Py is a degree-/ matrix polynomial of Zf;é ¥ (w?), we can use Horner’s method for poly-

nomial evaluation to compute v Py (f S f;é E(wi)) intime O(¢-t- (nnz(S)+d+N)). We need

to multiply each of r rows of A through, we can compute A in time O(r - £ -t - (nnz(S) + d+ N)).
It remains to show that (7;)Y; and ¢ as defined in Equations 7| and [§[ can be computed quickly.
Note that tr(AAT) is the entrywise inner product of A with itself, so it can be computed in time
O(rd). The vectors (A(X; — u(wt)))ilil can be computed in time O (r - (3, nnz(X;) +d)) =
O(r - (nnz(S) + d)), because each AX; can be compute in time O(r - nnz(X;)) and Ap(w') can be

computed only once in time O(rd). Because r = O(log N log(1/4)), we can compute all 7; in time
O(r - (nnz(S) + d)). Given the 7;’s, ¢ can be computed in O(N) time.

Recall that r = O(log Nlog(1/6)) and ¢ = O(logd). Putting everything together, the overall
runtime of the oracle is

O(r-£-t-(mnz(S)+d+N))+O(r- (nnz(S)+d)+N) = O(t- (nnz(S)+d+ N)-log(1/9)) . O
By Lemma|C.4]and the fact that ¢ = O(logd) and § = 1/ poly(d), we can implement an approxi-
mate score oracle that succeeds with high probability and runs in time O(nnz(S) + N + d).

Lemma [3.3] follows from Lemma [C.T|and the correctness and the runtime of the approximate score
oracle (Lemmas and [C.4). (Note that we have nnz(S) = Nd, N = N, and d = m when
invoking these lemmas.)

D OMITTED PROOFS FROM SECTION [4]

In this section, we prove the technical lemmas in Section[d} We restate each lemma before proving
it.

Lemma [4.2] states that the (scaled) initial estimation is not too far from the true conditional proba-
bilities p.

Lemma[d.2] Consider the same setting as in Theorem Assume the conditions in Section [2.3)]
hold. In Algorithm[I| we have

7" 0 (5= )|, < O(eVd/Vac) .
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Proof. Recall that ¢° = ¢° is the empirical conditional probabilities over S, and © = v o s where s
is the scaling vector with ||s|| < O(1/y/ac).

Let 7€ and p©” be the empirical parental configuration probabilities and conditional probabilities
given by G*.

‘We first show that

Let ng* and nf denote the number of times that 11, happens in G* and S. Note that changing one
sample in G* can increase or decrease ng* by at most 1. Moreover, in a single sample, exactly d
parental configuration events happen, so changing a sample can affect at most 2d nf* ’s. Since S is
obtained from G* by changing eN samples, we have [n{" — ny| < eN forall k, and 3, [n{ —
nj| < 2edN. Together they imply ||7¢" — 7|, < ev/2d.

By a similar argument, we can show that
HWG* opG* — 1o qSH <ev2d,
2

because 71',?* ka* is the probability that IT;, happens and X (k) = 1 over G*.

By the triangle inequality, we have

G I R I e )
2 2 2
;

Using the condition in Equation equationfrom Section ie., ||7¢"

get

o (p%" = p)||, < O(e), we

Wﬁ*qp—fw2§0@¢a.
Now by Equation equation [2] from Section [2.3|and the assumption that the minimum parental con-
figuration probability miny, 7}’ = o = Q(e), we have 7)) < 7&" + O(e) < O(n§"), and hence
|77 0 (0= ¢®)|, < O(eVad) .

After scaling by s, we have

|7 0 (- 0)||, < O(evd/vac) . 0

Lemma |4.3| shows that, when ¢ is relatively far from p, the algorithm can find a new ¢ such that
||7TP o(p—4q) || , decreases by a constant factor.

LemmaWM.3| Consider the same setting as in Theorem[d.1} Assume the conditions in Section|2.3|hold.
Fix an iteration t in Algorithm[I| Assume the robust mean estimation algorithm Oy ey, succeeds. If

|77 o (p—q")]|, < p' and p' = Q(er/log(1/€)/\/ac), then we have

|77 0 (6 =", < c1p’

for some universal constant c; < 1.

Proof. We assume p' > c4(ey/log(1/€)/+/ac) and a > c5e for some sufficiently large universal
constants ¢4 and cs.

Because |77 o (p — )|, < o', Lemmashows that {f(Xi,qt)} is

ieq
Nog 1 t)2 t
€,0 eylogl/e + Ept ,O clogl/e + W) + L2 ) -stable.
Vac a ac ! Va
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By Lemma @ the robust mean estimation oracle ¢4, Which we assume to succeed, outputs a
v € R™ such that, for some universal constant c3,

oo -l <o ([ - SVEEE)

T BT RV
<<\/E+\/a+c5+c4)p .
From Section we have ||7% — 7P ||oo = O(e), which implies

(x5 =)o (b=, < = |77 e (- )|, < =o'
By the triangle inequality, we have

Algorithm [[]sets ¢'*! = v o (1 / ms) + G, which is equivalent to

t+1)

o(p—¢t ) =r"0(p—q") -

Since ||7% — 7rPHOO = O(e) and ov = €)(e), we have

P <1ax? vi<i<m.

Putting everything together, letting ¢c; = 1.1 ( + 5+ 63“ + & ) we have

Ves o Vea
A A o : +1 c3
Po(p— g, < 11|« g, <11 (g 2y 2t =crpt
||7T O(p q )H2 - H7T O(p H2 \/g—’— ﬁ+ s + 4 p Cc1p
Because c4 and c5 can be sufficiently large, we have ¢; < 1 as needed. ]

Lemma[4.4] shows that when the algorithm terminates, we can conclude that the output @ is close to
the ground-truth P in total variation distance.

Lemma[d.4} Consider the same setting as in Theorem Assume the conditions in Section [2.3]
hold. Let QQ be a Bayesian network that shares the same structure with P. Suppose that (1) P is
c-balanced, (2) a = Q(r + ¢/c), and (3) ||7F o (p — §) o, < 1/2. Then we have

drv(P,Q) <r.

Proof of Lemmaf@.4] We have (pj, + %)(2 — Pk — qx) > pr(1 — pi). Hence,

/ pk—Qk / Q Pk_Qk
< P 7r
Z pk+Qk )(2 = pr — aqr) Z BERTR 2Py (1 — pr)

(1 —pi)

From the proofofLemma we know |mf pie(1—pi) — = | = O(e) and 7} pr (1 —p) > 7] B =
k
Q(r), so we have

(px —
Z\/ﬂ'kﬂ'kﬂk <112:\/71',€7T,€7T,C Pk — qr)*st

T i ( 1 — Pk)
=11 Z \/Wfﬁ,?ﬂ,f(ﬁk —qr)?
It suffices to show that |1} — \ < r, which implies 7rk < 1.17} and further implies

drv(P,Q) < 2||7” o (5 )], -
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Let P<; and (Q<; be the distributions of the first ¢ coordinates of P and () respectively. We prove
|rE — w,?| < r by induction on i. Suppose that for 1 < j < i and all ' € {0, 1}/Parents(i)l

|7rfa, — W]Cf?a,‘ < r, then we have drv (P<(;—1), @<(i—1)) < 7. Because that events II; , only
depends on j < 1, \ﬁfa - W§a| < drv(P<(i-1), @<(i—1)) < 7 for all a. Consequently, we have
drv(P,Q) = drv(P<q,Q<a) < 7. O

21



	Introduction
	Our Results and Contributions
	Related Work

	Preliminaries
	Total Variation Distance between Bayesian Networks
	Expanding the Distribution to Match Conditional Probability Table
	Deterministic Conditions on Good Samples
	Robust Mean Estimation and Stability Conditions

	Overview of Our Approach
	Robust Learning of Bayesian Networks in Nearly-Linear Time
	Deterministic Conditions on Good Samples
	Stability Condition of (X, q)
	Robust Mean Estimation with Sparse Input
	Omitted Proofs from Section 4

