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APPENDIX

A PROOF OF THEOREM 2

Our proof of Theorem 2 consists of three steps.

* First, we show that R is an absorbing region for GD. Here a set is regarded as an absorbing
set if the GD sequence remains within the set after its first entrance.

* Next, we show that o1 (J;) converges to zero at a linear rate, employing an SNR argument.

* Finally, we establish the linear convergence to the global minima.

Before diving deeper, we first write down the update rules for U; and J;. By (9), we have

Uyt = U, + AU, — U X, Xy, (18)
Jiv1 = Jp + AT — 0 X, X, (19)

where A, = diag(A1, ..., A.) and A, = diag(Ay41,. .., Aq). Note that 32, = diag(A,., 0).
A.1 THE GD SEQUENCE REMAINS IN R

Lemma 12 shows that R is an absorbing region for GD.
Lemma 12 Suppose n < 3%23 and X, € R. Then Xy € R for allt’ > t.
1

Proof This lemma is proved by induction. Suppose X; € R.

e By Lemma 13 and 0?(X;) < 2\1, we get 07(X;41) < 2)\;.
* By Lemma 14, 03(X;) < 21, and 03 (Jy) < N\ — A/2, we get 02 (Jy 1) < A\ — A/2.
» By Lemma 15 and X; € R, we get 02(U;41) > A/4 and thus X471 € R.

By induction, we conclude that X, € R forall ¢’ > t. ™

A.1.1 TECHNICAL LEMMAS

In this section, we summarize technical lemmas used in the proof of Lemma 12.

Lemma 13 delineates the first category of absorbing sets for GD, denoted as
S = {X e R™*" | 51(X) < a},
valid for any a € [v/A1,1/1/37].
Lemma 13 Suppose n < ﬁ and a € [\/A1,1//3n). If 01(X}) < a, then 01(Xyp) < a, V' > L.
Proof Lemma 16 states that if o1 (X;) < 1/4/3n, then the following inequality holds
01(Xe1) < (L+nh =001 (Xy)) - 01(Xo).-

o If VA1 < 01(X}) < a, the above inequality implies that o1 (X11) < 01(X}) < a.
o If 01 (Xy) < VA1 < a, it follows that

01(Xi41) < 1 +19M —nA)V A <a.

This uses the fact that g1 (s) = (1 + n\; — ns?)s is increasing on [0, 1/1/37).

12
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By induction, we have o1 (X)) < a for all ¢ > t. n

Lemma 14 demonstrates that if o1 (X;) < /21, 02(J;) < a,and a > A4 1, then 02(J11) < a
Combining with Lemma 13, it implies that

Sy ={X = (g) e R | 0y(X) < \/ﬂ,afu) <a}

is an absorbing set for GD, provided that a > A1 1 and 7 < 355—. Here U and J are the top r rows
and the (r 4 1)-to-d-th rows of X respectively.

Lemma 14 Suppose n < ﬁ 03(Xy) < 2M\y, and a > Ay, If 02 (Jy) < a, then 0% (Ji11) < a
Proof By Lemma 17, we have
o1(Jeg1) < (L 4+n(Arg1 — 01 () - 01(Je).

o If Ar+1 < U%(Jt) <a, then it follows that U%(Jt+1) < O'%(Jt) <a
o If O'%(Jt) < >\'r’+1 <a, then
o7 (Je1) < (L +0s1 = A1) A < a
This uses the observation that go(s) = (1 + 7n(\.41 — s?))s is increasing on [0, 1/+/37)].

This concludes the proof. [

Lemma 15 is the last piece needed to show that region R is an absorbing set for GD.

Lemma 15 Suppose n < o1(Xy) < V2X1, and o?(J;) < N\ — AJ2. If o2(Uy) > A4, then

Ur(Ut+1) Z A/4

32)\3 ’

Proof Since 1) < 55— and o7 (J;) < A, — A/2, by Lemma 18, we have
or(Up1) > (1404 = 2007 (Uy)) - o7 (Uy) — 40° A

Since g3(s) = (1+nA — 2ns)s is increasing on (—o0, 1 +]and £ < 02(U;) < 2\; < £, we have
nA,. A A
U, 1+—) - ——4 )\ > —
or(Up1) > (14 5 ) - TR RS =

where the last inequality uses 7 < 53 /\3 ™

The following lemmas give certain singular value analysis that are used in prior lemmas and subse-
quent analysis. Lemma 16 establishes an upper bound for o1 (X4 1).

Lemma 16 [foq(X;) < 1/+/3n, then we have
01(Xe41) < (14 A1 = nof(Xy)) - 01(Xy).
Proof By the singular value inequality and (9),
o1(Xi41) < o1 (X (I — 0 X X4)) + 1o (BX,)
< o(Xe(I — X[ X4)) + nhion(Xy), (20)
where we use o1 (X) = \;. Observe that all r singular values of X, (I, — nX," X;) are given by
(1—no2(Xy)-0i(Xy), i=1,...,m,

since no?(X;) < 1. The function g4(s) = (1 — ns?)s is increasing on [0, 1/+/37]. Hence, the fact
0 < 0i(X}) < 01(Xt) < 1/4/3n implies that

o1 (Xe(I — X, X)) = (1 = nof(Xy)) - o1 (X).
Substituting this equality into (20), we conclude the proof. n

Lemma 17 gives an upper bound for o1 (J¢41).

13
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Lemma 17 Suppose n < Tl)\l and 01(Xy) < \/2A1, then we have
01(Je1) < A4+ 1(As1 — 03 (Je) — 07 (UL))) - 01(Jy).

Proof The update rule (19) of J; 11 can be decomposed as follows:

1 1 1
Ji = th —nJ J T+ (ZId_T + NAres) Ty +Jt(ZIT — U, U,).

B C D

By the singular value inequality,

01(Jt41) < 01(B) + 01(C) + 01(D).
Observe that all singular values of B are given by

oi(J) /2 —nod(Jy), i=1,...,d—r.

Since g5(s) = s/2 — ns3 is increasing on [0, 1/4/67], the condition o;(J;) < o1(J;) < V21 <
1/4/6n implies that

01(B) = 01(Jy)/2 = 1o} (Jy).

For the second term C, it follows from the singular value inequality that

1
UI(C) S Ul(iId—T + nAres)al (Jt) S (1/4 + n)\r+1)01(Jt)7

where the second inequality uses 1701 (Aes) < A1 < 1/4. For the third term D, since no?(U;) <
2nA\1 < 1/4, we have

01(D) < (1/4 = nol(Uy))o1(Jy).

Finally, we conclude the proof by combining the analysis of B, C', and D. n
Lemma 18 provides an lower bound for 02 (U, 1).

Lemma 18 Suppose n < ﬁ and 01(X¢) < /2y, then we have

02 (Ups1) > (14 20(Ar — 07 (Jy) — 02 (U))) - 02(Uy) — 407 A3,

Proof Substituting the update rule (18) of U, into UtHUtT+ 1, we get

U1 U = (U, — U X Xy + AUy - (U — U X[ Xy + A, Uy) T
=B+C-7Ri+7°R

where

1
B= Ut(iIr—QnX:Xt)UtT,
1

—1I, +V2nA,)UU,
\/§ 77 ) tY¢ (

R, =2A, U U/ A,
R= (AU -UX/X)AU -UX,X,)".

S

C = 7

I + \/ﬁnAr)v

Here B is positive semi-definite (PSD) since 2no?(X;) < 4n\; < 1/2 and C, Ry, R are all PSD.
By the eigenvalue inequality and the equivalence between eigenvalues and singular values of a PSD
matrix, we have

o,(B) 4+ 0,.(C) —n*o1(Ry). (21)
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For the first term B, we decompose it into two terms:

1
B=U(; - o2 (Jy)) - I, — 2nU, UNU," +20- U (6?(Jy) - I, — J,  J)U," .

B

B
The inequality 2n(o3(J;) + 02(U;)) < 8nA1 < 1/2 implies that By is PSD. Since By is also PSD,
we have 0,.(B) > 0,(Bj). To determine o,.(B1), we write the singular values of B; as
1 .
(5 —2m0i(Jy)) - o2 (Uy) — 2ot (Uy), i =1,...,7.
Since 1/2 — 2no?(J;) > 1/4, the function gg(s) = (1/2 — 2no?(J;))s — 2ns? is increasing on

(—oo0, ﬁ] Then the inequality o2 (U;) < 0% (U;) < 2\; < ﬁ implies that

1
or(B) = (5 ~ 2n(0} (Jy) + 07 (Uy))) - 07 (Uy).
For the second term C, we have

0 (C) > az%

For the third term Ry, since 0?(X;) < 2\, we have

1
L+ V20A,)at(U1) 2 (5 + 2000) 07 (Uy).

O'l(Rl) S 4)\?

Finally, substituting the analysis of B, C, R; into (21) gives the desired result. n

A.2 01(J;) CONVERGES TO ZERO LINEARLY VIA AN SNR ARGUMENT

Lemma 19 shows that if X € R, then o1 (J;) will diminish to zero at a geometric rate. A key step
o2 (Us)

of the analysis is to examine the SNR I AR

Our analysis extends the rank-one case in Section 2
to a general rank scenario.

Lemma 19 Suppose n < A2?/(32)3) and Xy € R. Then, for all t > 0, we have

o3 (Jis1) oi(Jy)
02(Utt1) o2(Uy)’

Hence, o3(J;) < 8\3(1 — nA/3)t /A for all t and o3(J;) < € after

< (1 -=nA/3)-

3 %

T5=0 (UA log eAl) iterations.

Proof By Lemma 12, we have X; € R for all ¢ > 0. Then by Lemma 17,
o1 (Ji1) < 1+ 2n(Ars1 — 07 (Jy) — 02 (Uy)) + 160° A7) - 075 (Jy)
< (1=nA/24 200\ — A2 03(Jy) = 62(UL)) - 02(J0),

A

where the second inequality follows from 7 < 55-. By Lemma 13,
1

o} (Ues1) = (L+0A + 20(\ = A/2 = 07 (Jy) = 07 (Uy))) - 07 (Uy) — 40\
> (L+0A/2+ 20\ = A/2 = 01 (J) = 02 (U))) - 07 (Uy),
where we use 02(U;) > A/4 and 1 < % in the second inequality. A combination of the above
1
two inequalities gives that

of(Je1) _ 1=nA/2+ 2\ = A/2 = 03 (Jy) = 02 (Uh)) o2 (Je)
o} (Ups1) = 14+0A/2+ 2N — AJ2 = 03 (Jy) — 02(Uy)) o7 (Ur)

15
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Since the function g7(s) = %j;ij is increasing on [—1/2,1/2], the condition —1/2 < 2n(\, —

AJ2 —o2(J;) — 02(Uy)) < 1/2 implies that

i) _32-nA2 AU () oAU
2(Urs1) = 32+ ndf2 52U, o2(U,)
By deduction, we have
o2 2
) < (L= A3 oHU) T < (1= /3 S,
where the second inequality follows from o2(U;) < 2\1, 02(Jo) < A1, and 02(Up) > A/4.
Therefore, for any € > 0, it takes at most 7§ = O(n% log =% 8} L) iterations to have 07 (J;) <e.  m

A.3 FINAL CONVERGENCE

For the convergence of XtXtT to X,., It remains to show that UtUtT converges to A, fast, where
A, = diag(\y,..., \.). Equivalently, it suffices to show that o1 (P;) converges to zero linearly,
where P, = Ay — Uy UtT. This is established in Lemma 20.

Lemma 20 Suppose n < A?/(36)\3) and Xy € R. Then, for all t > 0, we have

10073

AQ (1 - 77A/4)t+1'

o1(Pry1) <

Hence, for any € > 0, it takes Tp = O ( 4 1o 102261) iterations to reach o1 (P;) < e.

Proof By Lemma 12, X; € R for all ¢ > 0. Using the notation of P;, (18) can be rewritten as
U1 = U +nPU; — nUtJ:Jt-

By direct calculation, we have

Piy1 = (I, —qUU, ) P.(I, —nUU,") — *(P,UU, P, + UU,; P,UU," ) + Ry,
where

R, = (I, +nP,)UJ JU," +nU.J, J,U/ (I, + nP,) — n°U(J, Jp)*U,
By the singular value inequality,
01(Pis1) < (1= nA/4)* +80°A) - 01(Py) + 01(Ry)
< (1 =nA/d)-o1(P) + o1(Ry),

where we use A/4 < 02(Uy) < 02(U;) < 2) in the first inequality and 7 < 36/\2 in the second

inequality. For the remainder term R;, by the singular value inequality and the condition n <

36A3’
we have
%
71(Ry) < 03(7) < (1L—ua/3)' - 24,
where the last inequality follows from Lemma 19. Then by deduction, we have
o1(Pry1) < o1(P) + 1—-nA/3 ' 8\F
(I —nA/4)Ht = (1 - UA/4)t 1—nA/4) (1-nA/H)A
nA/3 8\2
< o1(Py)
T Z (i= nA/4> (= nA/DA
96A§ 10072

< P, — < —

< o1(Po) + gAZ = TpAz
where the last inequality follows from o1 (FPy) < 2);. Therefore, it takes Ty = (’)(iA 17702;‘5)
iterations to achieve o1 (P;) < e. n

16
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A.4 PROOF OF THEOREM 2
By combining Lemma 19 and Lemma 20, we can prove Theorem 2.
Proof Observe that
12, — X X lp < ||Plr + 2| J: X lp < ro1(Py) + 2r/ 2001 (Jy), VX €R,
where we use the fact that || A||p < roq(A) for any rank-r matrix A. Let

T¢ = max {Ti/(?’zr%‘l), T;D/@T)} .

20072 )
nAZe

Then, |2, — X; X, ||r < eforall t > T¢. Theorem 2 follows from T = O(n% log n

B ANALYSIS OF LARGE INITIALIZATION

In this section, we will prove Theorem 6 as well as the results in Section 5.1. Before delving further,
we first write down the update rules of uj ; and K}, ;. Recall that uy ¢ and K}, ; are the k-th and
(k + 1)-to-d-th rows of X;. The update rules are given by

Uk 41 = Uk + DAk — Tk X, X, (22)
Kpii1 =Ky +10p Ky — 1Ky X[ X, (23)
where I', = diag(Ag+1, ..., Aq). We also remind readers that uy ¢ € R " is a row vector. More-

over, we let IL,,, ; denote the projection matrix associated with uy, ;, that is,
T T\-1 X
Iy, , = uk,t(uk,tuk,t) ug, € R™

Also, we let G, ; denote the first k£ rows of X;.

B.1 PROOFS FOR SECTION 5.1: RANK-TWO MATRIX APPROXIMATION

In this section, we collect proofs related to the rank-two matrix approximation.

B.1.1 PROOF OF LEMMA 8
Proof Note that ¢;,i¢,1 < T + T, where

Ty = min{t > 0| o}(X;) <2\ }
is the first time when o7 (X}) is smaller than 2);, and

3A
Tx =min{t > 0| 0} (Kgii1,) < A\p — -k < r}.

To prove the lemma, it suffices to analyze T3 and Tk separately.
First, we analyze T} as follows.

° IfO'%(Xo) < 2/\1,then T1 =0.

« If 2)\; < 02(Xg) < 1/(37), then by Lemma 13, 02(X;) < 1/(3n) for all ¢. Furthermore,
it follows from Lemma 16 that

o1(Xe41) < (L+nM =107 (Xy)) - 01(Xy)

§(1777>\1)'01(Xt)7 Vt<T1,

where the second inequality uses 07(X;) > 2\; forall t < T3. It implies that
o1(Xe) < (1 =nA)" - 01(Xo)

for all t < 7T} and

1 Ol(XO))
Th=0—1 .
! <77)\1 o8 V2M

17
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By Lemma 13, we have 02(X;) < 2)\; forall t > Tj.
Next, we analyze Tk and the following quantities

. 3A
Tk, = min{t > 0 | o7 (K i41,) < M — T}

Recall that K, ; is the (k 4 1)-to-d-th rows of X;. Then by (23), we have
Kiio1 = Ky +10e Ky — 1K X, X,
1 1 1
= iKk,t - nKk,tK]Ith,t + (ZId—k +nl) Ky + Kk,t(ZIk - TIG;—,tGk,t),

B C D

where T', = diag(Art1,- - -, \d) and G, € R¥¥" is the first k rows of X;. By the singular value
inequality, we obtain

01(Kgt41) < 01(B) + 01(C) + o1(D).
For the first term B, similar to Lemma 17, we can show that
01(B) = 01(Kyy)/2 — UJ%(K]C#/), Vit > T.

For the second term C, by the singular value inequality,

1
o1(C) < (1 +Aig1) - 01 (K p)-

For the third term D, since G| , Gl is PSD and 707 (Gy,;) < § forall ¢ > T}, we have
01(D) < o01(Ky)/4, Vt>T.
Combining,
o1(Krit1) < (14 0Xkp1 — 105 (Kie)) - 01(Kiy), VE>Ti, Vk<r. (24)
Since A1 < A — A for k < r, (24) implies that
o1(Kiyr+1) < 1 —nA/4) - 01(Kgkvm, ), YVE<Tk,, Yk<r
Hence, 01 (K 147,) < (1 —nA/4)t - 01 (K 1, ) forall t < Tk, . In particular,

2
Tk, = 0( 2 ggl(K’“Tl)> and Tg = O (210g8>\1)7

— 1o
nA A — 25 nA A

where we use 07 (K 7,) < 2A1 and \j, — 38 >

Finally, similar to Lemma 13 and 14, for any

A
1
a > A1, if 03 (Kpqm,) < a, then 03 (K pri1y) <
a for all ' > t. This implies that 03 (K 1+7,) < A =

E— % forallt > Tk for k <.

B.1.2 PROOF OF LEMMA 9

Proof This lemma is a special case of Lemma 21, where we take & = 1 and tinit = tinit,1. Notice
that Go, = 0 and X; € S for all ¢ > tin;,1 by Lemma 8. Thus, the conditions in Lemma 21
trivially hold. Then Lemma 9 immediately follows from Lemma 21. n
B.1.3 PROOF OF LEMMA 10

Proof The lemma is a special case of Lemma 22 and Lemma 23. In Lemma 22, we take £ = 1 and
tinit = tinit,1 + Tu,. In Lemma 23, we take k = 1 and tini¢ = tinit,1 + T, + 7 n
B.1.4 PROOF OF LEMMA 11

Proof This lemma is a special case of Lemma 21, where we take k = 2 and &inis = t1 + ¢7. ™

18
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B.2 PROOF OF THEOREM 6

Proof The first property follows from Lemma 8.

To prove the remaining properties in this theorem, we will use an inductive argument. Our induction
hypotheses are listed below:

H(k, 1) o1(urGl_y ) < /8 min{o1 (Wrt,, )/ 5 (1= nA/6) "tk forall ¢ > tine .

H(k,2) Ty, = O (T;Zlog%%(A

Uk, tinie, k)

) and 0% () > % for all t > tinit & + Ty -
H(k,3) o1(up, K} ,) < (1 —nA/6) " forall ¢ > t.

Note that H(1,1) trivially holds because G = 0. Then we prove H(k, 1), H(k, 2), H(k, 3), H(k +
1, 1) successively until H(r, 3).

* {H(j,")}j<k +H(k, 1) — H(k, 2)

This follows from Lemma 21, where we take tini; = tinit, k-
* {H(j, ) }j<r + H(k, 1) + H(k, 2) — H(k, 3)

This follows from Lemma 22, where we take tinit = tinit,k + T, -
« {H(j, ) i<k = H(E+1,1)

By {H(]7 3)}j§ks

o1 (w1 GLy) <D o (u K L) < r(1—nA/6) ",
i<k

for all ¢ > t;,. By definition of ¢7, we have

. A A
r(1—nA/6) < \/gmm{ol(uk,tﬁt;), \/;}

Then H(kK + 1, 1) follows from the definition #ini¢ g1 = tx + .

By induction, H(k, -) holds for all k& < r.

For all t > t;, (16) follows from Lemma 23, where ¢;,;; is taken as t.

For all t > tini » + T, , we have o2 (uy ) > % for all k < r. Simultaneously,
D 011 K ) < (1= A6 ot Tt
j<r

holds for all ¢ > tinit, + T, + t*. Let Uy be the first r rows of X;. Viewing UtUtT as the sum of
diagonal elements and off-diagonal elements, we find that

2(U) > A2 = r(1 = nA/6)! minr +Tur +7)
for all t > tinig - + To, + t*. Hence, 02(Uy) > A/4for all t > tinie - + T, + t* + t*, where

i log(A/(4r))
log(1 —nA/6)

This implies that X; € R for t > tini¢,r + T, + t* + .
The sixth property is merely an application of Theorem 2.

The seventh property immediately follows from the previous six properties. [

19
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B.3 TECHNICAL LEMMAS

This section collects technical lemmas that are used in previous sections. Let us recall that uy, ; and
K, ; are the k-th and the (k + 1)-to-d-th rows of X respectively. The projection matrix associated
with uy, ; is denoted by

T T y-1
Iy, = uk,t(uk,tuk,t) Uk t-

The first k rows of X, are denoted by G, +, and G ; = 0 by definition.

B.3.1 DYNAMICS

This subsection contains lemmas describing the dynamics of the GD sequence.

Lemma 21 shows that when 01(uk,tGZ,1,t) is sufficiently small, the signal term 0% (wy ++1) can

rise above A /2 quickly. Moreover, as shown in Lemma 21, the term o3 (uy, ¢+1) will remain larger
than A/2.

Lemma 21 Suppose n < ﬁ, X € S, and for some tiniy > 0 and k < r, the condition

A A s
o1 (Ui Gy 1) <\ 5 minfos () 5 ) (1= nA/6) b

holds for all t > tini. Then 0% () > %for all t > tiniy + T, where

4 A
Ty, =0 —log —5———|.
e (WA o8 20% (ukytinit) )

In addition, for all t > t.it, we have
of (untr1) > (14 20\, — nA/4 = 2007 (ug,p) — 2107 (Ky, Ty, 1)) - 07 (w 1), (25)

where 1L, ; = u;—t(uk,tu;ﬁrt)_luk,t is the projection matrix associated with uy, ;.

Proof First, we show that 0% (uk,¢) > min{o?(uy.s,,, ), 5} forall ¢ > ti; by induction.

This is true when ¢ = tinit. Now suppose 0% (uy +) > min{of(ug .., ), %} for some ¢t > tiui¢. By

assumption, U%(Uk,tGkT_Lt) < 2min{o}(ups,,), 5} < £03(ur,). Then by Lemma 24 and

3 3
X; € S, we have

A
o7 (Ura41) > (14 20Ae — 2007 (wrs) — 2007 (K Iy, 1)) - 07 (wnye) — LU%(UM) (26)

4
> (14 5nA/4 — 2n0% (ug ) - o3 (wp.r)- 27)

Then we consider two cases.
© If o7 (ur) < 58, then o (upp41) > o (ug,e) > min{of (up,p,, ), 5}
o If 03 (up,y) > 22, then

ot (up 1) > (1+—=— - —=) . — = —

b

where the first inequality uses the fact that gs(s) = (1 + 57le

(_007 1/477]'

— 27s)s is increasing on

In both cases, we have 0% (g p41) > min{o? (w init), %} The claim then follows by induction.

Furthermore, the above analysis shows that inequalities 26 and 27 hold for all ¢ > t;,;;, which leads
to the inequality 25.

20
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Let

. A
Ty, = mln{t >0 | U%(uki-‘rtmic) > 7}

Then for t < Ty, , we have 0% (Ug 144,,,) < 3 2 and by inequality 27,

07 (kg 14t ) = (L4 DA/A) - 0F (Wh p4t,)-

Hence, for all ¢ < T,,, , we have

07 (Wt tting) = (1 + A/ - 07 (U,

and

4 A
T, =0(Zlog— =
§ © (WA o8 20—%(uk,tinit))

Finally, by inequality 27, we have for any a < %, if 0% (uy +) > a, then 03 (ug 141) > a. Thus, by
induction, o (ug ¢) > % for all t > tinit + T, - n

Lemma 22 shows that when the noise terms o (u; ; K JT ,) converge linearly to zero for all j < k and
the k-th signal term o7 (uy ;) > %, the noise term oy (uy + K ,j .) will also converge linearly to zero.

U%(uk,t)

The key component is to analyze the SNR —1—=4—.
g1 (uk,thyf,)

Lemma 22 Suppose n < X, € S, and for some tiniy > 0 and k < r, the conditions

100)\2’
o1 (uj K,) < (1—nA/6) e V) <k, (28)
A .
o1 (ursGil1y) < 5 (1= nA/6)hmr, 29)
A
7l = 5 (30)

hold for all t > t;nit. Then we have
o1 (ug K ,) < (1—nA/6) —fmet
forallt >ty + t*, where

* A?

Proof By condition 29, we can apply Lemma 21 to obtain
oF (ug 1) > (1+ 20Ak = nA/4 = 2007 (k1) — 2007 (K Tluy 1)) - 07 (W e)
for all ¢ > tin;;. By Lemma 25, we have

Ul(uk,t+1K];r,t+1)
< (14 0k + DAk — 2007 (ug) — 2007 (K 1T, 1) 4+ 250°A7) - 01 (ug 1 K )
+ 37701<uk,tG;71,t)01 (Kk,tG;cll,t)
for all t > t;,;,. Divide both sides of the inequality by o3 (u ;+1). By Lemma 26 and 0% (w4 41) >
%, we have
T T
Ul(zg,(t;;il?)ﬂrl) <(1- 77A/6)m + %01(ukth,;r_l’t)al(Kkth,;r_lyt) (31)

for all ¢ > tini;. Observe that by condition 28 and definitions of wy, ¢, K}, ¢, and G,—1 +, we have

max{c; (uy G _ 1.4), 01 (Kp, G 1)) < Zal ug, th ) < (1 —nA/6) tinie (32)
<k
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for all ¢t > tinj;. Combining (31) and (32),

Ul(uk,t+1K]It+1) < (1-yn/6) Ul(uk,tK];r’t) 6mr2
of(upir1) T oF (ur,) A

for all t > t;,;.. Therefore, for all t > ¢4,
Qi1 < (1 —nA/6) - Qu,

(1 _ nA/G)Q(t—tnm)

where the quantity @), is given by

or(ur Ky ,) 3612 bt )—
= - 1 —nA/6) (- timie) =1,
Qt U%(uk,t) + A2 ( n / )

By induction, we have

o1 (Wt K 4, ) 3602
S (1 - 77A/6)t_tinit ( 1( I;’t k7t1rnt) T

Ul (uk7tinit )

01 (uk,tKl;r,t)

o (wp,t)

This implies that

8A3 + 14472\,

o1 (up, Ky ) < (1= A /6t

A2
where we use 1 — nA/6 > 1/2, 02(X;) < 2\, and o (ug ) > % for all ¢ > ti,;;. By definition
of t*, we have (1 — nA/G)t* < A Hence, for all ¢t > t;,;¢ + t*, we have

8AF+144r2),
oy (up s Ky ,) < (1 nA /)t tmie =t
which concludes the proof. i

Let pr . = A\, — Uf(uk’t) be the error term associated with the k-th signal. Lemma 23 shows that

when the noise terms o1 (u; I jT ;) converge linearly to zero for all j < k and the k-th signal term

o3(uy,) > %, this signal term will converge fast to Aj. Specifically, the error term |py | will

converge to zero at a linear rate. The analysis is similar to Lemma 20.

Lemma 23 Suppose n < ﬁ, X; € S, and for some tiniy > 0 and k < r, the conditions
1
o1 (uj K j,) < (1-nA/J6) V) <k, (33)
A
ot (ure) > 5 (34)
hold for all t > tini. Then for all t > tini, we have
24r
< (2X Y. (1=nA t—tinit
sl < @0+ 25) - (1= A/ 0o,

where pt = A\, — 03 (Up ¢)-
Proof Using the notation of py, ¢, (22) can be rewritten as
Uk, t41 = Ukt + NPkt Ukt — NUL, W
where
W, = G;rthGk—l,t + K;Ith,t-
By direction calculation, we have
Proitt = Pt - (1= 0ot (ure))® + 77 Ao (ur,e)) + res;
where

resy = 20(1 + npp)wr Wing , — n°ur, Wi,
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By the singular value inequality, for all ¢ > t;,;;, we have

Pt | < Pkl - (L= 10T (wne))? + 0 Ako? (wp,e)) + [resy]
< il - (1= nA/2)% +20%A3) + |resy|
< pkel - (1= 1A/2) + [resy], (35

where the second inequality uses A/2 < 0%(uy+) < 2); and the third inequality use 7 <
—2 and 07(X;) < 2)\;, we have

100)\2

Using n < 100/\

jresy| <> oy (ur K ) < (1 — nA/6)! Tt
J<k
for all ¢ > t;n;. Substituting this into (35), we obtain
IPkt1] < |Prtl - (1 —nA/2) +7(1 —nA/6) tinit
< Aprl - (1= nA/8) +7(1 — nA/6)Hini,
This implies that for all ¢ > ¢y,

r 1—nA/6\ i
<
Qi =@ F T0ATR (1—17A/8> ’

where

_ [Pk,
M VR T

By induction, for all ¢ > #;,,;;, we have

t—1—tinit 4
Q: < Q. + r <1_77A/6)

1-nA/8 1-nA/8
2r
nA

=0

+

24r
<2\ —_—
1+T]A

< |pk,tinit

Hence, for all ¢ > t;,;¢, we have

24r
< —_— — t—Tinit
el < (24 20) - (1= /8)! e,

which concludes the proof. n

B.3.2 TECHNICAL CALCULATIONS
The following lemmas provide calculations related to an SNR argument, where the SNR refers to

the ratio % Recall that uy,; is the k-th row of X; and K, ; represents the (k + 1)-to-d-th
Bt

rows of X;. Moreover, we recall that
T T -1
Iy, t = uk,t(uk,tuk,t) U,
is the projection matrix associated with uy, . G, ; collects the first k rows of X.
Lemma 24 provides a lower bound on o (uy ;1) in terms of the preceding iteration.
Lemma 24 For any k and t > 0, we have

o5 (Up,41) > (14 20 e — 20075 (wpt) — 2007 (K Thy, 1)) - 05 (wee) — 2007 (wr Gy 4)-
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Proof Substituting (22) into 0% (uy, ;1) gives that
U%(uk,wl) = uk,mulm
= wie (I + Ao — 0 X, X,)%uy,
= wpe (I + 20\ I — 20X Xo)u) , + 0° Ry
= wpe (I + 20\ Iy — 2007 (wp ) I — 20075 (K T, ) I, — 20G_ 1 ,Gro1)uyg
+ 277R;g¢ + 772R1c,t,
where Ry, ; and R; , are non-negative real numbers given by
Ry = up (AL — X:Xt)2u£,t»
R}, = wp (07 (K Iy, )1, — Ty, K K T, 0wy,
It then follows that
07 (Upe1) = (14 20\, — 2007 (urt) — 2007 (K oL, 1)) - 07 (wks) — 2007 (wr e Gy y 1),

which concludes the proof. [

Lemma 25 provides an upper bound on oy (w141 K ’;r ¢41) in terms of the preceding iteration.

Lemma 25 Suppose n < Tl)\l and o3(X;) < 2)\1. Forany k <, if 03 (uk,) > 0, then we have

o1 (w1 K} 1)
< (L4 nAk + nhesr — 2007 (uny) — 2007 (Kp Ty, o) + 250°A7) - o1 (i 1 Ky )
JF37701(uk~,tG;—1,t)01(Kk,tGl—cr—l,t)-

Proof Substituting (22) and (23) into uy 111K}, | gives that
uk‘,t+1K1;r,t+1 = Uk,thT,t + U)\kuk,tK/;r,t + n'u,k,tK,;r’tl"k. - 277’UJk,tXtTXth-T¢ +n’E,
=B+ C — 21D + 7°E,
where
1
B =, K/, (21d_k — 2nKk,tHuk,tK,It>

1
2
D =G _y ,G_1. K},

E = New o K T — we o X XK T — Moy o X XK, 4w (X X0)PK

C =ur Ky, ( Io_ + n\ela—i — 2007 (wi ) Ta—i + 0% — 20K (I, — Huk,t>K]It) ;

By the singular value inequality,
o1 (11K 111) < 01(B) + 01(C) + 2901 (D) + 0’01 (E).
For the first term B, observe that

_ _ 1
(wr ey )~ 2B = (up g )~ Py K, (2Id—’< - Kkvtﬂuk,tKIIt)
= (1/2 — a%((uk,tu;t)*l/zukytKL) . (ukytug’t)*l/Quk,tK,It
= (1/2 - U%(Kk,tﬂuk,t)) : (uk,tu;t)_l/zuk,tKl;r,r
where we use the equality o1 (K, 111, ) = 01((ukvtu;’t)’l/zuk’tK;:t). Thus,

01(B) = (1/2 = 0} (Kp M, 1)) - 01 (up Ky
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For the second term C, by the singular value inequality,

01(C)
<o (;Id—k + e La—i — 2007 (wpe) Ly + 0Ty — 20K o (I, — Huk,t)Kth> co1 (u Ky )
< (1/2 40Xk — 2007 (g ) + nAr1) - 01 (g K ).-

For the third term D, 01(D) < o1(upG}_, ,)o1(K:G]_, ). For the fourth term E, since
o2(X;) < 2\;, we have

01(E) < 250701 (wp 1 K ) + 8A101 (un, e Gy )01 (K o Gi_y )

Combining, we prove the lemma. ]

Lemma 26 provides an upper bound on a specific ratio, which is used in the proof of Lemma 22. It
serves as a new variant of the SNR argument.

Lemma 26 Suppose n < ﬁ, 02(Xy) < 2My, and A1 < Mg — A Let
1

1+ + g1 — 2007 (upr) — 2007 (K Tl o) + 250° A7

ratio =
L4 2n\g — nA/4 — 2007 (ug +) — 2007 (K Iy, 1)

Then ratio < 1 — nA/6.
Proof Since n < ﬁ and A1 < A\p — A, we have

1—
ratio < LA/ 50
1+nA/4+ so

where

s0 = 20\g — NA/2 — 2007 (uk1) — 2003 (K. Iy 1) € [-1/2,1/2].

Since the function gg(s) = % is increasing on [—1/2, 1/2], we have
1-nAJA+1)2
ratio< ———————— <1 —-nA/6,
STopaayip Stond/
which concludes the proof. [

C PROOF OF PROPOSITION 7

Proof Consider X with o (X) < \/%7’ Let X be the GD sequence initialized by X . By Corollary

2 of Lee et al. (2019), we know GD sequence almost surely avoids the strict saddle points. By Zhu
et al. (2021), we know all the saddle points are strict and all the local minima are global minima.
Therefore, we conclude that the GD sequence converges to the global minima almost surely.

Now it remains to show that Assumption 4 must hold if the GD sequence converges to the global
minima. Indeed, if we suppose Assumption 4 does not hold, then the GD sequence will converge
with lim;_, o, 01 (ug,) = 0 for some k£ < r. This means the GD sequence converges to a saddle
point, since any stationary point with some u ; = 0 (k < r) is a saddle point, rather than a global
minimum. This leads to the contradiction. ]

D ADDITIONAL EXPERIMENTS

In this section provide additional experiments to support and illustrate our theoretical results.
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D.1 RANK-TWO MATRIX APPROXIMATION

Our first extended experiment examines rank-two matrix approximation with varying dimension d
and initial magnitude w. Specifically, we will choose d from the set {1000, 2000, 4000} and choose
w from the set {0.001,0.5,2}. For each d, we set ¥ = diag(a, e), where a € R" is a decreasing
arithmetic sequence starting from 1 to 0.5 and e € R%~" is an arithmetic sequence transitioning
from 0.3 to zero. Let Xy = wN with the entries of Ny independently drawn from A/ (0, é) We
compute the GD sequence X; with a step size of 0.1 and evaluate the errors |3, — X; X," ||, where
Y., = diag(a, 0) is the best rank-r approximation to 3. The error curves of GD for different settings
are displayed in Figure 2.

Figure 2 demonstrate that all the error curves exhibit the similar behaviors. The only differences lie
on the first stage.

* When we use a small zo = 0.001, the error does not rapidly change at the beginning. This
is because || X¢||r is close to zero and the error ||3, — X; X, ||r is approximately || 3, ||¢.
This period of time corresponds to the second property of Theorem 6.

* When we use @ = 2, we find the error first drops rapidly from a large value to ||3,.||. This
corresponds to the Lemma 8 and the first property in Theorem 6.

* When we use w = 0.5, the first stage nearly disappears. This means that 7%,, in Theorem
6 is small, especially compared with the case where o = 0.001.

In addition, we want to mention that if we use wo = 10 to initialize the algorithm and keep other
settings unchanged, then the GD sequence will diverge. This serves as a supplementary to the above
experimental results.

D.2 GENERAL RANK MATRIX APPROXIMATION

Our second experiment examines general rank matrix approximation, where we fix dimension d =
1000 and vary the rank 7 across {2, 6, 10}. In addition, for each setting, we examine different initial
magnitudes @ € {0.001,0.5,2}. Our setting for X is the same as before, that is, ¥ = diag(a, e)
with @ € R™ and e?~" being two arithmetic sequences. We initialize GD using ¢ = @ Ny and we
compute the GD sequence and the errors || X, — X X¢||r. The results are displayed in Figure 3.

As the results demonstrate, the effects of = is similar to the one in Section D.1. Moreover, we
observe another interesting phenomenon that may need additional explanations. Figure 3 shows that
the error curve for larger rank r is smoother than the one for smaller rank . Our explanation is
that for larger rank r, the differences between successive eigenvalues are smaller. Thus, it is harder
to distinguish the associated eigenvectors, and all the eigenvectors may be learned together. As a
result, the error curve remains decreasing along the iterations.
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Figure 2: Error curves of GD, measured by |2, — X; X" ||r, for rank-two matrix approximation.
The columns represent different initial magnitudes @ = 0.001, 0.5, 2. The rows represent different
dimensions d = 1000, 2000, 4000.
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Figure 3: Error curves of GD, measured by || X, — X; X, ||, for general rank matrix approxima-
tion. The dimension d is set as 1000. Different rows represent different rank r. Different columns
represent different initial magnitudes w.
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