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Abstract

Stochastic approximation (SA) with multiple coupled sequences has found broad
applications in machine learning such as bilevel learning and reinforcement learning
(RL). In this paper, we study the finite-time convergence of nonlinear SA with
multiple coupled sequences. Different from existing multi-timescale analysis, we
seek for scenarios where a fine-grained analysis can provide the tight performance
guarantee for single-timescale multi-sequence SA (STSA). At the heart of our
analysis is the smoothness property of the fixed points in multi-sequence SA
that holds in many applications. When all sequences have strongly monotone
increments, we establish the iteration complexity of O(e~!) to achieve e-accuracy,
which improves the existing O(e~1-%) complexity for two coupled sequences.
When the main sequence does not have strongly monotone increment, we establish
the iteration complexity of O(e~2). We showcase the power of our result by
applying it to stochastic bilevel and compositional optimization problems, as well
as RL problems, all of which lead to improvements over their existing guarantees.

1 Introduction

Stochastic approximation (SA) is an iterative procedure used to find the zero of a function when only
the noisy estimate of the function is observed. Specifically, with the mapping v : R? - R¢, the
single-sequence SA seeks to solve for v(z) = 0 with the following iterative update:

Tpy1 = Tk + ap(v(zr) + &), (D

where o, is the step size and &, is a random variable. Since its introduction in [46]], single-sequence
SA has received great interests because of its broad range of applications to areas including stochastic
optimization and reinforcement learning (RL) [6}153]]. The asymptotic convergence of single-sequence
SA can be established by the ordinary differential equation method; see e.g., [4]. To gain more
insights into the performance difference of various stochastic optimization algorithms, the finite-time
convergence of SA has been widely studied in recent years; see e.g., [43} 14230, 150, 154} 52, 41} [13]].

While most of the SA studies focus on the single-sequence case, the double-sequence SA was
introduced in [3]], which has been extensively applied to the RL methods involving a double-sequence
stochastic update structure [53} 32} [I0]. With mappings v : R% x R% s R% and h : R% x R%
R%, the double-sequence SA seeks to solve v(x, y) = h(z,y) = 0 with the following update:

Ty = Tg + (V@ Yi) + &k, (2a)
Yk+1 = Y + Br(h(@r, yr) + V), (2b)

where oy, Oy are the step sizes, and £, 1)), are random variables. In (2), the update of z;, and that
of y;, depend on each other and thus the sequences are coupled. To deal with the coupling, a naive
thought is to stack (x, yx) as one variable. However, it can be seen later that the convergence of
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Table 1: Comparisons with TTS SA [[12], TTSA [26], ALSET and ALSET-AC [8], a-TSCGD
[61] and SG-MRL [14]]. Strongly-monotone (SM) and non-strongly-monotone (N-SM) respectively
represents the case where the main sequence has strongly-monotone and non-strongly-monotone
increments. Rows of SM/N-SM are for the complexity and the row of Merit is for the improvements
of this work over the existing work (“Rate 1 stands for faster rate; “Relax” for relaxed assumptions).

the resulting update requires assumptions violated in the applications. Thus due to the coupling, the
double-sequence SA is more challenging to analyze than its single-sequence counterpart.

Prior art on double-sequence SA. Many recent analyses of the double-sequence SA focus on the
linear case where v(z,y) and h(z,y) are linear mappings; see e.g., [34} [T} 25, 29]. The key idea
here is to use the so-called two-time-scale (TTS) step sizes: One sequence is updated in the faster
time scale while the other is updated in the slower time scale; that is limy_, o /B, = 0. By doing
so, the two sequences are shown to decouple asymptotically, which allows us to leverage the analysis
of the single-sequence SA. In particular, [29] proves an iteration complexity of O(e~!) to achieve
e-accuracy for the TTS linear SA, which is shown to be tight. With similar choice of the step sizes, the
TTS nonlinear SA was analyzed in [39}[12]. In [39]], the finite-time convergence rate of TTS nonlinear
SA was established under an assumption that the two sequences converge asymptotically. Later,
[12] alleviates this assumption and shows that TTS nonlinear SA achieves an iteration complexity of
O(e~1%). However, this iteration complexity is larger than O(e 1) of the TTS linear SA.

The gap between the complexities of nonlinear and linear SA motivates an interesting question:
Q1: Is it possible to prove a faster rate for the nonlinear SA with two coupled sequences?

We first conduct an experiment to examine the possibility.

Experiment. Figure|l|shows the performance of using the
double-sequence SA (2) to solve the following problem
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and (j, &, are independent Gaussian random variables Figure 1: Solving (3) with double-
with zero mean and standard deviations of 0.15. Itis easy sequence nonlinear SA (2. The single
to check that (@) satisfies the assumptions in the existing time-scale nonlinear SA converges with
TTS-SA analysis [12]]. Therefore, we can use the two a rate of O(k~1!), which is faster than
time-scale step sizes and achieve the iteration complexity  the theoretical O(k~3) rate in [12].

of O(e~1%). However, as suggested by Figure the

iterates still converge with step sizes in a single time-scale

(ar = O(3), Be = O(3)). In this case, the iteration complexity is O(e~"), which is the same as that
of double-sequence linear SA [29]. This suggests that existing analysis of double-sequence SA might
not be tight, at least for the class of updates similar to @) Indeed, as we will show later, the iterates
generated by (@) will converge with the iteration complexity of O(e~1).

Furthermore, existing works on TTS SA mainly focus on the double-sequence case. While in
cases such as the multi-level stochastic optimization; see e.g., [61l], more than two sequences
are involved. This necessitates the use of the multi-sequence SA. Specifically, with mappings
v:RYo x R¥I... x RIN 3 Rdo p7: RIn-1 x R 3 R we consider



(STSA) y;cLJrl = yz + ﬁk,n (hn(y}?ilu y?) + ¢Z)v n= 1a 27 000y N (521)

Tk+1 :$k+ak(v(xkayéayl€a~-.ay;€v)+€k) (Sb)
where o, Sk 1, .., Br, N are the step sizes, and &, wb R 1/},?’ are random variables. For conciseness,
we have used 3 = x, here. Our goal is to find the unique fixed-points z*, y**, ..., y™* such that

ol yt*, Ly =0, Rt yb) =0,..., BN @GN N = 0. (6)

Observing that in (3)), for every n, the sequence of y} is coupled with that of y,?‘l and is ultimately

coupled with the main sequence x;. Meanwhile the update of z, also depends on {y?}2_,. Since
all sequences in (3)) are coupled, (3] is more challenging to analyze than the double-sequence SA.

Prior art related to multi-sequence SA. The multilevel stochastic optimization problem [49] and
the multilevel SCO problem [} 158, 163, 147, 165] are closely related to the multi-sequence SA. To
tackle the multi-level structure, these recent methods have modified the vanilla multi-sequence SA
update to achieve the state-of-the-art complexity and thus their updates are no longer in the form of
(). In contrast, we focus on the multi-sequence SA update in (3)). To the best of our knowledge, the
only analysis for @ is [61] where the TTS technique is generalized to multi-time-scale. In [61], the
iteration complexity will get worse as the number of sequences N increases.

This gives rise to another interesting question:
Q2: Is it possible to establish convergence rate independent of the number of sequences?

In this work, we give affirmative answers to both Questions Q1 and Q2.

Our contributions. Specially, by exploiting the smooth assumption that can be satisfied in many
applications, we show that the vanilla nonlinear SA can run in a single time scale! We further prove
that the order of the convergence rate is independent of the number of sequences V! Intuitively, this
is possible because when the fixed point y™* is smooth in x, the y; -update converges fast enough
such that its fixed-point residual after one-step update is at the same order as the drift of y™*.

In the context of prior art, our contributions can be summarized as follows (see Table E])

C1) Single-timescale analysis for multi-sequence SA. Different from existing two-timescale analysis
[39115]], we establish a unifying Single-Timescale analysis for SA with multiple coupled sequences that
we term STSA. When all the sequences have strongly-monotone increments, we improve the O (e 1)
iteration complexity for multi-sequence TTS-SA in [12] to O(e~1). When the main sequence does not
have the strongly-monotone increment, we provide the O(e~?) iteration complexity. It is worth noting
that though the single time-scale step sizes were also explored in [37, 44], the key enabler in those
works is the decrease of variance which is a result of variance-reduction update or increasing batch
size. While this work and those in Table|l|focus on the case where the variance is non-decreasing.

C2) STSA for stochastic bilevel optimization (SBO). When applying our generic results to the
SBO problem with double-sequence SA, for strongly-concave objective functions, we improve the
best-known sample complexity O(e~1-5) of TTSA in [26] to O(e~!). For the non-concave objective
function, we achieve the same sample complexity O(e~2) of ALSET while relaxing the bounded
upper-level gradient assumption made in [8].

C3) STSA for stochastic compositional optimization (SCO). When applying our results to the multi-
level SCO problems, we improve the level-dependent sample complexities (’)(e_%) and O(e~ ¥)

of multi-sequence SA based o-TSCGD method in [61] to the level-independent complexities (7)(6_1)
and O(e~2), under the strongly-concave and non-concave objective functions, respectively.

C4) STSA for policy optimization in RL problems. Moreover, applying our results to the actor-
critic method achieves the same O(e~2) sample complexity of ALSET-AC in [8] while relaxing the
unverifiable assumption on the stationary distribution of Markov chains; applying our results to the
meta policy gradient improves the O(e~*) sample complexity of SG-MRL in [14] to O(e~2).



2 Main Results: Convergence of Single-timescale Multi-sequence SA

Before introducing the main results, we will first make some standard assumptions. Throughout the
discussion, we define [N] := {1,2,..., N}, [K] == {1,2,..., K} and 3y° := 2 for conciseness.

Assumption 1 (Smoothness of the fixed points) For any n € [N] and y"~* € R -1, there exists
a unique y"™*(y" 1) € R such that k" (y" 1, y™*(y" 1)) = 0. Moreover; there exist constants
Ly and Ly ,, such that for any y" =1, g~ € Ré=1, the following inequalities hold

ly™* (") = g™ (@I < Lyally™™ =", (7a)

Hvyn,*(yn—l) _ vyn,*(gn—l)H < LygnHy”_l _ :ljn_l H (7b)

Due to the change of y,’;_l at each iteration, the solution of A" (yg_l, y™) = 0 with respect to (w.r.t.)
y™, that is y™* (y’k’_l), is drifting over consecutive iterations. Given y’k’_l, since only one-step of y’
update is performed at each iteration, one can only hope to establish convergence of y; if the drift
of its optimal solution is controlled in some sense. Assumption [I]ensures both the zeroth-order and

first-order drifts are controlled in the same scale of the change of y,’j*l. This assumption is satisfied
in linear SA [29] and other applications which will be shown later.

Define v(z) = v(z,y"*(z), y>* (y"* (@), ..., ¥V (.. y>* (¥ " (x))...)). With y**V as a con-

cise notation for (y', ..., y"V), we make the following assumption.

Assumption 2 (Lipschitz continuity of increments) For any n € [N], x,Z € R% and y",y" €
R4, there exist constants Ly, L,y and Ly, ,, such that the following inequalities hold

N

lo(@) — @l < Lulle — 2ll, Jo,y"™ ) =0, "N <Ly Sly =5, 80
n=1

Ih" ("=t y™) =R ("L g < Lawlly™ — 57 (8b)

Define Fj, as the o-algebra generated by the random variables in {z;, y*V}%_ | and FJ' as the
o-algebra generated by {x;, 57V}, U {yp,,}. We make the following assumption on the noises.

Assumption 3 (Bias and variance) There exist constants {c,,on}N_ o such that Vk,n,
IE[&k|FANI? < ok and |E[WR | FR 12 < ¢ Bems ElIE)?1FL] < 0f and B[|Jyp ||| FRtt] < ol

Here we define F, ,év 1 .= Fy. Assumption [3|is a generalized version of the bias and variance
assumption in stochastic programming [19]] or the noise assumption in single-sequence SA [30] to
multi-sequence case. Similar assumption has also been made in the double-sequence SA [26]]. As
will be shown later, when applying STSA to the stochastic optimization problems, the conditional
independence between samples of different levels given Fj, along with the small bias and bounded
variance condition will guarantee this assumption.

Assumption 4 (Monotonicity of 1) Forn € [N], h™(y"~1,y") is one-point strongly monotone on
y"™* (y" L) given any y" 1, that is, there exists constant A, > 0 such that (cf. h™(y"~*,y™*) = 0)

=y (") R ("L Y < Anlly" =y (Y|P, Yyt € R 9)

Assumption []is implied by the standard regularity assumptions in the previous works on TTS linear
SA [34129], and has also been exploited in the TTS nonlinear SA works; see e.g. [39, [12].

2.1 The strongly-monotone case
We first consider the case when the main sequence zj, has strongly-monotone increment.

Assumption 5 (Monotonicity of v) Suppose v(x) is one-point strongly monotone on x*; that is,
there exists a positive constant Ao such that (cf. v(z*) = 0)

(z —2*,v(z)) < —Xo|z — 2*|)?, Vz € R%. (10)



Same as Assumption[d] Assumption [3]is standard in the previous works on TTS SA [391[12]]. This
assumption is a regularity assumption in the case of TTS linear SA; see e.g., [34, Assumption 2.3].
Or in the case of bilevel optimization which will be discussed later, this assumption is satisfied when
the objective function is strongly-concave.

Due to space limitation, we directly present the result below and defer the proof to Appendix

Theorem 1 C()nslder the sequences generated by (). Suppose Assumptions[IH3 hold. Select step
sizes a, = O(4) and By, = O(%). It holds for any k that

N
* n n,* n— 1
Ello—a* |2+ > Ellgi v (3~ )IP=0() (1)
n=1

where O(-) hides constants in the polynomial of N, and we have used yy = xy, for convenience.
Moreover; for any n € [N]| we have

li —z*|? = Imost surely (a.s.), i no_ ¥ (|12 = 8. 12
kgnoonk x*||* =0 almost surely (a.s.), kgnoollyk Yy )IF=0 as (12)

It is worth noting that with (7a)), Theorem [I] also implies the same convergence result for the error
metric ||y — z*||* + Z,]Ll lyw — y™*||2, the formal justification of which is deferred to the proof
of Theorem [T} It is worth noting that the order of convergence in Theorem [T]is independent of N,
which is in contrast to the convergence rate that gets worse as N increases [12,[61].

Remark 1 (Comparison with prior art in multi-sequence SA) Theorem || bridges the gap be-
tween the convergence rates of double-sequence linear and nonlinear SA by improving over the
Ok~ ) rate shown in [12] with the additional assumption (7D)). As will be shown later, this assump-
tion is satisfied in various applications. Theoremalso generalizes the (9( ) convergence rate in the
double-sequence linear SA analysis (e.g., [29]) to the multi-sequence nonhnear SA case.

2.2 The non-strongly-monotone case

Some applications of multi-sequence nonlinear SA such as the actor-critic method [32], Assumption
does not hold. This motivates us to consider a more general setting in this subsection where v(x) is
non-strongly-monotone. Throughout this subsection, we make the following assumption.

Assumption 6 Suppose there exists a mapping F : R% s R such that VF(x) = v(x). The
sequence of {xy} is contained in an open set over which F(x) is upper bounded; e.g. F(x) < Cp.

As will be shown later, F'(x) can be chosen as the objective function when applying SA to maximiza-
tion problems. Then assumption [6]is standard to ensure the convergence of xy; see e.g. [6].

The following theorem gives the general finite-time convergence result of the nonlinear SA when the
main sequence has the non-strongly-monotone increment. The proof is deferred to Appendix

Theorem 2 Consider the sequences generated by () for k=[K]. Suppose Assumptions [IHd] & [6]
hold. Select oy, = ( ) Brn = (\/1?) with properly chosen initial step sizes, then it holds that

K

Z (EIIVF zp)||? + ZEHyk —y" (yZ_l)IIQ) = O(\/%) (13)

k:

where O(-) hides problem dependent constants of a polynomial of N, and we have used y,g = k.

Theoreml implies a finite-time convergence rate of O(e~2), which is 1ndependent of the number
of sequences N. The error metric ||V F(zy)|| used in Theorem2]is of interest since it is a general
measure of the convergence of x; widely adopted in many applications of SA, especially when the
increment of zy, is not strongly-monotone. Moreover, although we have assumed the existence and
uniqueness of z* in (6), the proof of Theorem [2]does not utilize this fact and thus the theorem applies
to the more general case where z* is not unique or even does not exist.



Remark 2 (Comments on stacking all the variables) One naive way to establish the convergence
of a multi-sequence update is to stack all the variables and view it as one sequence. However, the
stacked sequence requires stronger assumptions that are violated in the applications to converge.
For one, we would need v, h', ..., h"N to be jointly lipschitz continuous w.r.t. the stacked variable
(z,y', ...,yN). This condition is violated in, e.g., the application of actor-critic (Section . The
upper-bounded function F' can also be difficult to find. As it can be seen later in, e.g., Section|3|that
such a F only exists for x and might not exist for the stacked variable (z,y).

Next we will showcase how the results can be applied to optimization and RL problems.

3 Applications to Stochastic Bilevel Optimization

With mappings f : R% x R4 — R and g : R% x R% — R, consider the following formulation of
the bilevel optimization problem:

max F(z) = f(z,y"(x)) = Ec[f(2,y"(); ()]

zER%
sty () = arg min g(,y) = Ey [g(w,y;0)] (14)
Yy 1

where ( and ¢ are two random variables.

3.1 Reduction from the generic STSA results

A popular approach to solving (T4) is the gradient-based method [21], 26| 27, [8]. Under some
conditions that will be specified later, the gradient of F'(z) takes the following form [21]:

VF(z) = Vo f(x,y"(2)) = Vi,9(z,y"(2)[Vy,9(@,y" (2))] 7'V fz,y"(2). (15

Computing requires y*(x), which is often unknown in practice. Instead, one can iteratively
update yy, to approach y*(z) while using yy, in place of y*(x) during the computation of (T3)
[26] [8]]. This leads to an update same as that in (3)) with N =1, where the mappings are defined as

h(z,y) = —=Vyg(z,y), Ye=—M 2K, yx)—Vy9(Tr, Yr; or), (16a)
v(,y) = Vo f (x,y) — V3,92, 9)[Vyyg(z,9)] 'V f(2,9), (16b)
&k = —v(@r, yk) + Vel (@r, yr; Ge) — Vi g(r, yrs @) HY Yy f(2e, yr; G). - (160)

Since we only have two sequences, that is N =1, we omit the index n to simplify notations. In (T6),
Ck is a random variable with the same distribution as that of ¢, and ¢y, ¢}, have the same distribution
as that of . Here H}Y is a stochastic approximation of the Hessian inverse [V, g(zx, y)]~'. Given
x, when yy, reaches the optimal solution y* (x), it follows from (I3)) that v(zk, y* (zx)) = VF(x).

As being discussed below Assumption|l} the lower-level optimal solution y*(xy) is drifting at each
iteration. Under the Lipschitz continuity assumption of y*(x), the drifting ||y* (zx+1) — v* (zk)||
scales with ||xx11 — x| which ultimately scales with ||V F'(z)]|. To control the drift scale, former
analysis heavily relies on the condition that |V F'(x)]|| can be bounded for any k. In SBO, this means
to either make a strong assumption on the Lipschitz continuity of f(z,y) w.r.t. (z, y), which leads to
the Lipschitz continuity of F'(x) and the boundedness of ||V F'(x)]| [8]; or to introduce projection in
(T6) to forcibly confine x, in a compact set [26], all of which greatly narrow the range of application.
We will show that neither of these the conditions is needed by applying our generic results to SBO.

Lemma 1 (Verifying assumptions of STSA) Consider the following conditions

(a) Forany x € R4, g(x,y) is strongly convex w.r.t. y with modulus \; > 0.

(b) There exist constants Ly, lyy, lyy such that Vyg(x,y) is Lay-Lipschitz continuous w.r.t.
x; Vyg(z,y) is Ly,-Lipschitz continuous w.r.t. y. Vzyg(z,y), Vyyg(x,y) are respectively
lgy-Lipschitz and l,,-Lipschitz continuous w.r.t. (x,y).

(c) There exist constants Ly, 1y, l}y, ly such that V f (x,y) and V, f(x,y) are respectively
lfx and lgy Lipschitz continuous w.r.t. y; Vy f(x,y) is I}, -Lipschitz continuous w.rt. x;
f(z,y) is ly-Lipschitz continuous w.r.t. y.



(d) F(x) satisfies the restricted secant inequality: There exists a constant \g > 0 such that
(VF(z),x —2*) < —Xo||lz — x*||?, where z* := arg max,cpa; F(x).

(e) Forany k, there exist constants cq, c1 such that |E[&x| FL]||? < cBay and ||Eppg| Fi]||? <
3 By; there exist constants oq, o1 such that E[||&x|12|FE] < 08 and E[||¢x||?|Fi] < of.

(f) There exists a constant Cp such that F(x) < Cp.

We use a = b to indicate that a is a sufficient condition of b. Then we have

= Assumption[T} [(a) = Assumption |2} = Assumption 3}
[(a)]= Assumption@} [(d)|= Assumption[3} = Assumption|[6]

The conditions listed above are commonly adopted in the literature 21} 26| [8]. It is worth noting
that Lemma [1] does not need the L,,-Lipschitz continuity condition of f(z,y) w.r.t. (x,y). This
Lipschitz condition along with the L,-Lipschitz continuity of y*(z), which is implied by the standard
conditions in Lemma further leads to the Lipschitz continuity of F'(z):

|F(x) = F(2')] < Lay(lz = 2"l + ly"(2) = y" (@)} < Lay(Ly + Dllz =2/ A7)

Although it is rather restrictive, this condition has been used in the previous work when F'(x) is not
strongly-concave. While our analysis does not need this condition. Lastly, conditionis guaranteed
by using independent samples in the upper and lower level along with [21, Algorithm 3] to obtain a
good H}'Y, which takes Q(— log a;;) samples per iteration. With Lemma we have the following
corollary regarding the convergence of (16).

Corollary 1 (STSA for SBO) Consider the STSA sequences with the update in @I) Under Condi-
tions Theoremholds; that is, with a, = ©(5.) and B, = ©(3) we have

1

Elles — 2| + Ellys " ()”=0(7 ). (182)

1. K 2 — 1 o 9 _ " 1
s |z —2*|| =0 and kL)mooHyk y* (z)]|*=0 a.s (18b)
Under Conditions and Theorem@holds; i.e., with a,=0(Jkz), B =0(Jz), we have

K
1 2 * 2\ _ 1

gkg (BIVF @I +Ely — v (@0)?) = O ﬁ). (19

Remark 3 (Comparison with prior art in SBO) When F'(z) is strongly concave, Corollary [1]im-
plies the sample complexity of O(e~tlog e~ 1), which improves over the best-known sample complex-
ity 0(6*1'5 log 6*1) in [26]. Different from [26], we do not need the projection of xj, to a compact
set. When F'(x) is non-concave, corollarysuggests a sample complexity of O(e~2log e~1), which
is the same as the state-of-art complexity established in [§]]. Corollary [Tjimproves the result in [8]] in
two major aspects: 1) it relaxes the Lipschitz continuity assumption on f(x,y); and, 2) an alternating
update is adopted in [8] to ensure stability, while some applications of SBO only allow simultaneous
updates. Corollary |1|applies to those cases and thus has a broader range of application.

3.2 Application to advantage actor-critic

RL problems are often modeled as a MDP described by M = {S, A, P,r, v}, where S is the state
space, A is the action space; P(s’|s, a) is the probability of transitioning to s’ €S given (s, a) € SxA,;
r(s,a) € [0, 1] is the reward associated with (s, a); and vy € (0, 1) is a discount factor. A policy 7
maps S to a distribution over A, and we use 7(a|s) to denote the probability of choosing a under s.
Given a policy 7, we define the value functions as Vi (s) := Ex| Y72 v'7 (s, ar) | so=s|, where
E, is taken over the trajectory (sg, ag, 1, a1, - . .) generated under policy 7 and transition kernel P.
With p denoting the initial state distribution, the discounted visitation distribution induced by policy
7 is defined via dr (s,a) = (1 =) 3,2 ¥'Pra(s: = s | so ~ p)m(als). To overcome the difficulty
of learning a function, we parameterize the policy with = € R, and solve

max F(z) = (1—v)Es,[Vr,(s)]. (20)

zeR%0



To solve for (20), a popular method is the actor-critic (AC) method [32]]. The actor-critic algorithm
with linear critic function is a special case of (§). Specifically, the critic variable y is updated with

h(l‘, y) = ]Eswuﬂw LA~T 8"~ P [d)(s) (7¢(8/) - ¢(8))T]y + Esmu,\,m AT [T(S7 U,)(b(S)],
b = —h(zk, yr) + G(s1) (10 (s) — S(sx)) Ty + 7 (s, ar)P(s), 21

where /1., is the stationary distribution of the Markov chain induced by 7, ¢(s) € R? is the feature
vector encoding state s and the sample (s, ax, s},) is returned by some sampling protocol. Under
some regularity conditions, it is known that there exists a unique y* (z) such that h(z, y*(x)) = 0 [2].
The actor variable x is then updated with

0(,y) =Es and,, s ~p[(r(s,a)+ (70 (s) = d(s)) 'y)V Iog 7o (al s)],
&k = —v(@r, y) + r(Sk, ax) + Y(0(5)) — d(5k)) "y V log ma, (ar|51). (22)

For the AC update in (1)) and (22)), Assumption 2H4] and [6]or their sufficient conditions have been
explored in the RL context by previous works [57]. However, the smoothness of y*(x) in Assumption
which is the key condition leading to a faster convergence rate, has yet been verified. With the
same conditions as those adopted in [57]], we prove that y*(x) is indeed smooth.

Lemma 2 Consider the AC update in 21)-22). Under the standard conditions specified in Appendix
y* () is differentiable and there exists L,y > 0 such that |Vy*(z) — Vy*(2')|| < Ly ||z — 2/

As a comparison, the above condition was directly assumed in [8], while we provide a formal
justification for Lemma [2]in this work. With detailed verification of all assumptions deferred to
Appendix [E] we then directly present the theorem regarding the convergence of AC.

Theorem 3 (Complexity of AC) Consider the AC update —. Under the standard conditions

specified in Appendix Theoremholds; that is, with o, = Q(W) and By, = @(ﬁ), we have

1 & ) .
}kz::l (EIVF@I + Ellye — " @0))?) = 0( 7). @3)

In [8,57], the projection step is adopted in the y; update to ensure that ||yx|| < oo, Vk. Since the
projection radius is unknown in practice, adopting the projection is essentially assuming that ||yy ||
can be bounded for any k, which is quite strong. Theorem [3|holds without this projection.

4 Applications to Stochastic Compositional Optimization

Define mappings f” : R% — R +1 forn = 0, 1,..., N with dy,1 = 1. The multi-level stochastic
compositional problem can be formulated as

Jnax F(x) = NN %) ...) with f"(@)=Ec[f"(z;¢")],n=0,1,....,N (24)

where ¢, ¢, ..., ¢" are random variables. Here we slightly overload the notation and use f"(x; (")
to represent the stochastic version of the mapping.

4.1 Reduction from the generic STSA results

To solve the problem in (24)), a natural scheme is to use the stochastic gradient descent method with
the gradient given by

VF(z)=V @)V (). V0 @).0) (25)

where we use V" (f" (... fox)...)) = Vf"(2)|ympn-1(..fo(z)...)- To obtain a stochastic
estimator of VF' (), we will need to obtain the stochastic estimators for V f(f"~1(...f%(x)...)) for
each n. For example, when n = 1, one will need the estimator of V f* (E¢o[f°(x;¢")]). However,
due to the possible non-linearity of V f1(-), the natural candidate V f1(f%(x;¢?)) is not an unbiased
estimator of V f!(E¢o[f°(z; ¢")]). To tackle this issue, a popular method is to directly approximate
the mean E¢» [f™(+;¢™)] with a tracking variable y" € R forn = 0,1, ..., N, see e.g., [61]].



The update of y™ is then a special case of the SA update in (3) with the generic mapping defined as
Ry Tyt = T -yt gl = R ) T G e (20
where ¢, ..., ¢ ,JCV have the same distributions as that of ¢°, ..., (" respectively. It is then clear that

each y}* has a unique fixed-point y;"* = f n—l (y,?*l), and thus ;' can be viewed as an approximation
of f ”(y}zfl). With these approximations, variable x is updated in the form of (3)) by defining

o(z,yts Ly = V@)V Y- VYY),

where C,g has the same distribution as that of ¢°. It is clear that when every y} reaches its fixed-point

Yo", it follows from @3) that v(zg, v, ..., 5 ") = VF(z), which indicates that the expected

update direction of zy, in 27) is VF ().

Next we provide a lemma that summarizes the sufficient conditions of Assumption[IH6] The listed
conditions are standard in the literature [61} [7].

Lemma 3 (Verifying assumptions of STSA) Consider the following conditions

(g) Givenanyn € {0,1,..., N}, there exist positive constants Ly ,, and Ly ,, such that the
mapping f"(-) is Ly ,,-Lipschitz continuous and Ly ,,-smooth.

(h) Given Fy, for any n € [N]: f"(y,?_l; Cp) and V " (yZ_l; ¢p) are respectively the un-
biased estimators of f"(y; ") and ¥V f"(yy ') with bounded variance; f°(xy;(Y) and
V fO(z; Q) are respectively the unbiased estimators of f°(xy) and ¥V f°(xy,) with bounded
variance.

(i) At each iteration k, ég, (,S, C,i, ey C,iv are conditionally independent of each other given
F.

(j) Function F(x) satisfies the restricted secant inequality: There exists a constant Ao > 0 such
that (VF(z),z — x*) < —Xo|lz — 2*||?, where z* := arg max,cpa; F ().

(k) There exists a constant C'r such that F'(z) < Cp.

We use a = b to indicate that a is a sufficient condition of b. Then we have

[(9)|= Assumption[I|and and|(i)| = Assumption[3} = Assumption 3}
= Assumption[6} Assumption[ holds for (26).

With Lemma 3] we can directly arrive at the following corollary on the convergence of the stochastic
compositional optimization method.

Corollary 2 (STSA for multi-level SCO) Consider the STSA sequences generated by 26)-(27).
Under Conditions @-m Theorem |Z| holds. Under Conditions and @ Theorem |Z| holds.

Remark 4 (Comparison with prior art in SCO) Corollary[2]establishes the sample complexity of
O(e™ 1) for the strongly monotone case and the complexity of O(e~?) for the non-monotone case,

N+5

which are both independent of N. This improves over the O(e~ "1 ) complexity for the strongly

concave case and the O(e~ ¥) complexity for the non-concave case shown in [|61|]. There are other
works that establish the same complexity as that in Corollary[2] but they require modification to the
basic SA update 26) and (27) to achieve acceleration; see e.g., [7\[1) 47].

4.2 Application to model-agnostic meta policy gradient

Consider a set of MDPs { M}, with M; = {S, A, P;,r;,v}. The MDPs model a set of RL
tasks that share the same state-action space while having different transition kernels P; and reward
functions r;. To better compare with the previous work [[14], we consider the finite-horizon objective

function with the policy 7 parametrized by x € R%: F;(z) == E¢on, [Zf:o Yiri(se, at)|pis Pil s

where H € N is the horizon, and E ., is taken over the trajectory ¢ := (So, ao, $1, @1, ..., SH, Gx)
generated under policy 7., initial distribution p; and transition kernels P;.



The goal of MAMPG is to find an initial policy 7, that can achieve good performance in new tasks
by performing a few policy gradient steps [[15,[14]. In the case where [V steps of gradient update are
performed, the problem of finding an initial policy parameter x can be formulated as

M
1
max F(x) = 7 > Fi(@N(x)) with @7t =7 +9VE(E]), n=0,1,..,N-1, (28)
=1

r€eR0

where z is the shared initial policy parameter, i.e. ) = z for any task i and 7)Y () is the parameter

after running N steps of gradient ascent with respect to F; starting from .

Solving (28) with SCO method. The MAMPG problem in (28) can be solved by the stochastic com-
positional optimization method introduced before. In order to get V F(z), one will need VF; (7 (z))
for each task 7. Observe that F;(Z2 (z)) can be written as a compositional function:

Fi(@N(x)) = NN ) . L) with f(x) =2 + 9V EFi(z), n=0,..,N—1, (29)

where fV(x) = Fj(x). In order to approximate VF;(ZY (z)), we can follow the discussion in
Sectionand introduce tracking variables y?* € R% for n € [N] which are updated as follows

Yisri = Yo — Brnits — 77 w5 G0 =101, N=1 (30)

where we define f/*(-; () as a stochastic approximation of f!*(-) with random trajectory ¢. Then we
estimate VF; (7N (z)) by VF;,  defined as

?Fi,k =V (x; élg,i)vfil(yli,ﬁ Cliz) e VfiN(y{c\{i; C/ngz) 31

To obtain an estimation of VF(x), we need VF; , for each i € {1,2,..., M}. Thus we do (30) for
each i. With {@Flk}f‘il, the initial policy is updated as z 1 = —|—akﬁ Zi\il @Flk

Reduction from the generic results. Let y" € R%* be a concatenation of y? fori € {1,2,..., M }.
With ¢ := {¢i 1, Tet f™(y;t; ¢f) be a concatenation of f7(yjt ;3 ¢t ;) fori € {1,2, ..., M}. Then
we can write the tracking variable update of all tasks jointly in the form of (5a), that is

Ry Ly = TN Yt ok = ) T G e (3D
The initial policy update is a special case of (3b), that is

M M
1 1 N
v(a, gty =07 D V@)V Y, e=—vkyi )+ 57 Y VEik (33)
=1

i=1

Due to space limitation, we directly give the result below and defer the proof to Appendix

Theorem 4 (Complexity of MAMPG) Consider the STSA sequences generated by the MAMPG
update in and (33). Under some standard conditions specified in Appendix|G} Theorem 2] holds.

Theoremimplies a sample complexity of O(e~?) to achieve the e-stationary initial policy, which
improves over the O(e~*) sample complexity in [14]. Moreover, Theorem@]holds forany N > 1in
(28), while the method in [[14] only applies to the case N = 1.

5 Conclusions

In this work, we consider the general nonlinear SA with multiple coupled sequences, and study its
non-asymptotic performance. Different from the dominating two-timescale SA analysis, we are
particularly interested in under which conditions, single-timescale analysis can be applied to nonlinear
SA with multiple coupled sequences. When all the sequences have strongly monotone increments,
we establish the iteration complexity of O(¢~!). When the main sequence is not strongly-monotone,
we establish the iteration complexity of O(e~2). We then apply our generic SA analysis to stochastic
bilevel and compositional optimization and improve their existing results. Specifically, we improve
the state-of-the-art convergence rate of: 1) the SBO method and its application to the AC method;
and, 2) the multi-level SCO method and its application to the MAMPG method.
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A Additional related works

In this section, we review the prior art on the applications of multi-sequence SA.

Gradient-based bilevel optimization. The bilevel optimization was first introduced in [51]]. Recently,
the gradient-based bilevel optimization methods have gained growing popularity [48. (16} 22| [38]].
The finite-time convergence of the double-loop bilevel optimization methods has been studied in
some previous works; see e.g., [2127]. Later, [26] proved the finite-time convergence rate for the
single-loop two time-scale bilevel optimization method, which was then improved by [8]] to the
optimal rate with additional assumptions and a more refined analysis. There are also other works
that incorporate momentum to accelerate the convergence; see e.g., [31, 24, 60]. After our initial
conference submission, we have also noticed some concurrent works that are relavant to this work
[9} 23} 136]]. Specifically, [9] proposed a SBO method with the variance-reduction technique and
achieved optimal rate. And [23] proposed a SBO method that achieves the optimal rate without
warm-start. The algorithms in [9} 23] are not a case of the SA update discussed in this work and thus
its analysis is not applicable to our problem. Lastly, [36] proposed a single-loop SBO method without
Hessian inverse, but it required the bounded-gradient assumption which is not needed in this work.

Actor-critic method. After its frist introduction in [33]], the finite-sample guarantee for the AC
algorithm has been established in [62}35,|17]] with i.i.d. sampling. In [45]], the finite-time convergence
rate has been established for the nested-loop AC under the Markovian setting, which was later
improved improved by [59]]. On the other hand, the finite-time convergence of two-timescale AC has
been studied in [S7]] under Markovian sampling and [26}, 8] under i.i.d. sampling.

Gradient-based stochastic compositional optimization. The two time-scale stochastic composi-
tional optimization method was proposed in [55, 56]]. Due to the two time-scale step sizes choice,
the convergence rate of [55,156] is slower than that of the SGD. In order to achieve acceleration,
[20, 7] 147 [1]] have modified the basic update in [55)(61] and successfully established the convergence
rate same as that of SGD. Concurrent to this work, [28] proposed a variance-reduced SCO method
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that achieved the optimal rate under variance-reduction. While this work focuses on establishing an
optimal rate for the SA update without having diminishing variance. Due to the difference in update
scheme, their analysis is not directly applicable to our case.

B Proof of Theorem /1

B.1 Analysis of the lower-level sequences

For brevity, we define the shorthand notations y, " := y™* (yg_l) with y;* = yb*(x1). Also, we
write E[-|Fx] as Eg[-] for brevity.

One-step contraction of lower-level sequences. With yg = Z, it holds for any n € [N] that

Erllym—ve 1P = vk — v 112 +2BknEr(yr —yp ™ B (p ™ yi) + i) + By —vie |l
(34)

The second term in (34) can be bounded as
Br(yit =y ™ B ) + 9k = (i — R i) + Wk — T E[YE])
< =Xallyi =y 1P+ vk — v NI [R]

n n,* )\n n n,* 1 n
< =Aallvi =" 1P + vk — 17 + B
A n s c?
< ==l = 1P+ Bes (35)

where the first inequality follows from the strong monotonicity of h(y™ 1, ™) in Assumption |4} the
second inequality follows from the Young’s inequality, and the last inequality follows from the bias
of the increment 7} in Assumption@

The third term in (34) can be bounded as

Exllyies — vell® < 262, (10" (v~ H w1 + o) < 2L3 B2 llvi — wi”
where the last inequality follows from Assumption 2] which gives

R ™ il = A" ™ i) = B ™ (™) < Lol — 9" (DI G
=0

Collecting the upper bounds in (33) and (36) yields
3 % _
‘2 < (1 - iAnﬁkﬂl + 2L}21,nﬁ]%,n)”yg - yl? ||2 + 2(0'721+C$L/\n1)ﬁ13,n
< (1= MaBen) vk = 93711 + 2on+¢ 0 DB (38)

where the last inequality is due to the choice of step size that satisfies QL%,nﬂi,n < %" Br.n-

|+ 20267, (36)

Exllyiin — e

Bounding the drifting optimality gap. For any n > 1, we have
i — v P = vk — o117 + 2™ — vt i —ue ™) + o™ — el (39)
(1) When n > 2. By the mean-value theorem, for some gg;ll =ay; '+ (1- a)y,’;‘_zll, a € 0,1],
the second term in (39) can be rewritten as
W™ =y e =) = W = Y VYO T — )
= (WU = Y1 Benm VY ) TR T R )
+ " = i Bt VY ) T (40)

The first term in the right-hand side (RHS) of (@0) can be bounded as

<?JZ* — Yit1s Bk,n—lviyn’*@]?;%)Thn71(y;;_Qa yZ_1)>

= e A [ L A
< Ly’nLhﬂb_lBk,n—l”y;”* _ y]?+1 HHy[’rg—l _ y:—l,*

- )\n—l

At - _
Brn—ally” =y l® + =g Brenallvi ™" — i b2 (41)
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where the second inequality follows from

— — — — — —1,%
IR 2y DI = 1R (e Q,y;? B e OV Vi
< Lyp—llyy™ =y - (42)

The second term in the RHS of can be further decomposed into

<y’7€L t - yl?—&-la ﬁk,n—lvy (g2+11)Twn_1>
= W = Uk Ben (VY™ (0) — V™ (=) T
+ Y = Y1 B VY () TR . (43)

Taking expectation on the first term in the RHS of (@3)) leads to

B (g = yers Bt (V9™ (G050 = Vo (p ™) T

< Ly B Ba [y = v llgEE — vp 1]

D Ly mBoma B[ — a2t — o 1]

¢ Ly B s (B[l = wita IR 02 eI 1] + B[l ™ = i I~ 1%])

= Ly B (B [l ™ = i IR 2, ™ B 12T + B [l ™ = v M1 )

) _ _
< LyanBE o (on 1Bl = i A" 032 v O] + 02 Eelly™ = i)

2
Jk — — —1 Sk Op1
SLyanﬁﬁ,n_l(Un—lEk[llyZ vl 2w DI + '5 Eellye ™ —vial® + =5 )

L Ly s By (BT g2 Dty S
where (a) is due to
I35 =it = = @)l ™ = v < ™ = wi I, (45)
then (b) is due to
s = v < B (R e 2w DI+ e ) (46)
and (c) follows from Assumption [3and Jensen’s inequality:
Efllvrl) = Ely/Iwg12) < \/EIEIR < o, 7)
the (d) follows from (@2)) and one-step Young’s inequality:
e O [t e P Py 9 S
S%” F vl + Lh" Sy =y @9

The second term in ([@3)) can be bounded as
k = Ek[< y - yZH,5k,n71Vy”’*(xk)TE[¢Z_lI}'z?D]
< LynBrn—1Bellyy™ — v BRI

(a’) L Cp—1 *
< %Bkm—l@kllyg — il + Brn—1)

(49)

Ee(yy™ = Y1 Be—1.a VY™ (yp~ b Ty

where (a) follows from Assumption@
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Collecting and substituting the upper bounds in @T)), @4) and @9) into (40) yields

Er(ye™ = Yest: Upin — Y0 )

L o, 2L2,L2.
< (( y,nzcn 1 + J/\n_hl 1

Lh, 1+ 0n-1
s + Ly S B Bl =

)\n—l Ly’,no—n—th,n—l
Bk n—17t

8 ’ 2

2
Ly im0y 1+ Lyncn
2

— —1,%
Brm-)lyr ™ =y 1P+

+( Bg,n—l'

(50)
The last term in (39) can be bounded as

Erllyi™ = yinll® < Ly B aa Bl 2oy ™) +
S2L2 /Bkn 1||hn 1( k ’yZ 1)H2+2L2n Op— 16kn 1

@ n— n—1,x
S Li,nL%,nflﬁlz,nflnyk — Y b ||2+2L2n Op— lﬂkn 1 (51)

Substituting the upper bounds in (30) and (51) into (39) yields (for 2 <n < N)

EkHyg+1 _ny1H2

4L2 an21 n— T,
< (1 + (Ly,ncnfl + %\71,1»816,77,71 + Ly’,ngnfl(Lh,nfl +0ﬂ*1)ﬁ%,nfl)EkHyl’?+l - yk’ ||2
e
An— nel n—1lx
F S By =y P4 (Ly 02y + Ly a1 +2L2 02 ) B s (52)

where we have used the following condition of the step size to simplify the inequality:

An—
(Ly nOn— 1Lh'fb 1+2Lyn h,n— 1)6kn 1S L

Ben-1, 2<n < N. (53)

(2) When n = 1. The update of y;. is correlated with its upper level variable z, instead of y,?fl when
n>2. And smce the update of zy, depends on all variables while the update of y, ™ ! (n>2) only
depends on y;' 7, the analysis of y; is different from that of y? (n>2). The difference therefore lies
in analyzing @ which captures the dependence of lower level variable to its upper level variable.

By the mean-value theorem, for some &;4+1 = axy + (1 — a)zg41,a € [0, 1], the second term in
(39) can be rewritten as

1,% 1,* 1,% 1,% R N
W™ = VbW = Uk = Wi = Uk VY (k1) T (@1 — k)
1,% ¥ :
= (" = Ybs1, VY (Erg1) To(zr, yi )
U = Yha1 VY (1) T ER). (54

The first term in the RHS of (54) can be bounded as

<yi* - yli—&-la akvyl’*(ik—kl)TU(Ik’yli:N»
< Lyianlyy™ = vk llllv(@e, 1’N>|| (55)

(a) 1.% * 1,%
< Lyaon(Logllyy™ = vepal Z Lyl = "Il + Lollyy,™ = g llllze — 27[))

(b)

Loy 14 , L LyaL2
< Lyaon (=% gy —yhal2+E y ZL2 My =y [+ ™ bl + 4L i —2|)
LyiLyy  Ly.L} L,.L U’ e o )
=(= B £ y)\o )oYk —y || + L oV ZL Wk =y ||2+Iak”$k—aﬁ I
(56)
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and (a) follows from

lo(ar, ya ™) = llo(ar, ye™) — v(@r) + (@) - v(a”) |
=

< ||v(xk7y;i:N) —v(xg)|| + Ly||zk — |
<LvyZL ok — v "Il + Lollex — 2™, (57)

where the first inequality follows from Assumption[2]and the last inequality follows from Lemma[T0}
and (b) follows from Young’s inequality:

2

1 2
1% ) 1
(7 ?/k+1|| ZL My — vl < §Hyk - y/i+1||2 Z n)llyx — ||)
< Lt 2 2, (58
< Sloe™ = vall +Z i — v II°, (58a)
and
* ey o Lya L2 Ao .
Lollyy™ = yhsalllzn — 27| < 2222y ™ —yin P+ o =27, (58b)
Ao AL,

The second term in the RHS of (34) can be further decomposed as
1,% , A~
Er(y)," — Ynp1 ok VY- (@) €k

* PN % T * *
= Ei(yy " = Yhero on (VY (Err1) — VY (z0) &)+ Er(yy™ — vepr anVyt (o) T &)
(59)

The first term in the RHS of (]3_9[) can be bounded similarly to (@4}, with the upper level update term
k41 — @kl in place of ||y — yi~ || (n>2), that s

Ex (™ — vbpr ax (V9" (Fre1) — Vo' (zx)) " &)

= Eilyy™ — b1 ok (VY (@re) — Vyb (@) | &)

< Ly aoBe [[lyy* = vk |21 — ze €]

< Ly 1ouBe[lye™ — viialllwesr — zell[16x]

< Ly 103 (Be vy = v sa oG s ™NERI] + Ex [yt = wkoalligl?])

= Ly a0f (Ex[lyy” = vhor oG, v ™) IENENFR] + Exlyy ™ - vher IEDIEI 2]

1,% : 1%
< Ly 103 (o0Bk [lyp " = whiallloGen g™ + oBBellge™ = vhia )

< Ly s (oo [l = sl s + BBl - ghal + L) (60)
N
< Ly soood (2 Ee og e B S g - a2+ D),
(61)
where the fourth inequality follows from Assumption@ and the last inequality follows from similar
derivations of the upper bound of ||y,* — Y1 lllv(@w, y ) || shown in G3)—(56).
The second term in the RHS of (39) can be bounded as
Ee(yy™ — Yhsrr VY (o) ") = B[ " — vigr, V" (zn) "E[&:|FR])]
< LyaowBillyy™ = yiyo | IEE|FE] ]
< Ly,21c(> an (Bellyy ™ — v I + an). (62)

20



Substituting the upper bounds in (36), (61) and (62)) into (34) yields

1,% 1 1,% 1,%
Ex(y,™ — Y15 Y1 — Y )

((Ly,lLv,y T L72;71L12) Lyco ag + (L T Lv)oo o2

7 1,%2
5 " + 5 )OZk+Ly’,1 5 )]Ek”yk+1 7l

<

Lyi1L, N Ly 100L N -
+ ( y’12v’y oy + A0 NZL2 My — v 17
A Ly 1L,0 L/ 08+ Lyc
4 (Zoak + % Q)Haj — 2?2 + wai_ (63)
The last term in (39) can be bounded as
1,%
Exllyy, _yli-&-lHQ
< L2 0 Bgl[o(zr, yp ™) + &l?
< 2L§,1@i””($kvyiiw)”2 +2L; jopaq
@ N
< ALy aR (L3, N Y Ly(n)°llyR sk — 2% ?) +2L5 yogok. (64)

Substituting the upper bounds in (63)) and (64) into (39) yields

1,%
Ek”yé—i-l - yk+1||2
< 2y—1 2 1 1,%12
< (14 Ly (Loy+2Ly 1 LAG o) i + Ly 100(Ly y+L +00) ) Erllypss — vl

+ (Ly,lLv,yNak + (Ly 100Lvy + 4L721,1L Nak Z L2 Ny — yZ’*||2

A .
+ (700% + (Ly 1 Lyoo+AL2 (L2)ad)|log — a*||* + (Ly 102+ Lyaco+2L% 102)ad. (65)

This completes the analysis of lower-level sequences.

B.2 Analysis of the main sequence

Recall that we defined the shorthand notations y;, ™ = y"™*(y;~ 1) with y;* = yb*(ap); yiN =

(yi,y2, ...,y ). For convenience, we write E[-| ;] as Ej[-]. In this section, we will analyze the
main sequence and then establish the convergence rate.

First we have
Ep |24 — 2"
= o — 2*|? + 20k Bx(ap — o™, o(er, yi'™) + &) + Bxllzprs — 2]
= |lzx — 2*|1* + 204 Ep (), — z* U(l“k»y/i:N) —v(@k)) + 200 2k — 27, v(zk))
+ 20w — o Egl&r]) + aZBillo(zr, ™) + &1 (66)
By Lemma([I0] the second term in (66)) can be bounded as

N
(wn — ", o(w, yi™) —v(@n)) < Logllee =271 Ly () llyi — il

n=1

/\0 * 2L} N Y %
< Sllaw =P + ;7: > Ly llyr =y l?. (67
n=1

By the strong monotonicity of v(z, y*(x)) in Assumption|[3] the third term in (66) can be bounded as

(xp — 2%, v(xg)) < =Xollzp — 2|2 (68)
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Using Assumption 3] the fourth term in (66) can be bounded as

2
2¢§

A
(zp — 2% By [&]) < 2 llow — 2*|? + 2. (69)
8 Ao

The last term in (66) can be bounded as

Exllv(zr, ™) + &l* < 2]z, yi™)II* + 208
@ * Y n *
< AL ||o — |2+ ANL2 ) S Ly(n) |} — P + 203 (70)
n=1

Substituting the upper bounds in (67)—(70) into (66) yields

2 N

Bellanss = 2| < (1= Shoont4L30d)llon — o P+4( 2+ 17 ,0R) N D0 L m)ll — i |
n=1
2 2
+2(0f + 52)af. (71)
0

Establishing convergence. For brevity, we fist define the following series

Co(1) = Ly,l(Lv,y"'QLy,lezz)‘o_l"'CO)v C1(1) = Ly 100(Lv+Ly,y+00);

2 2
4Ly,nLh,n71

CO(n) = Ly,ncnfl + 3 Cl(n) = Ly’,no'nfl(Lh,nfl'i‘Unfl)a 2<n< N;

An—l
Ly,  LyiL Ly 100L,
Ca(n) = (4=% 4 ZEZEN L2 (), Ca(n) 1= (LY, + ZLA2Z0)N LY (n), V. (72)
0
Define a Lyapunov function J == ||z — 2*||2 + S22, [[yf — v ||%. Then we have

N
By [Trr1] = Tk = Billopgn — o> = lox — 2|7 + > I — v l® = vk — w17 33
n=1

Substituting (32), (63) and (71) into (73), and then applying (38) yields

Ex[Tk+1] — Tk
< (= Xook + (Ly 1 Looo + 4L, | L2 +4L2)03) ||z — ¥ |2

N—-1
Ao 0 e
+ D (1 Co(n) Bk na +C1 () B 1) (1= AnBrn) =14 5 B+ Ca(m)ar+ Cs (m)ai) it~y |
n=1

+((14Co(N) B, xa+C1(N) B} ) (L= A Br, v ) — 14+ Co(N) g +Cs(N)ad ) [y —vp 1
N
+0(ad) +O( D (14 B + BLa1)BEn)s (74)

n=1

where we define 8j,0 = aj to simplify the result. As a clarification, the second term in the last
inequality disappears when N < 1. Let the step sizes satisfy

— Xoak + (Ly 1 Lyoo +4L7 | L7 + 4L2) aj < —%ak, (75)
An A
(1+Co(n)/5k,n—1+C1(n)ﬂ;%,n_1)(1—/\nﬂk,n)—1+7ﬁk,n+02(ﬂ)ak+03(n)ai < —?OO%, 1<n<N -1,
(76)
A
(1+Co(N)Brna+C1(N)BR g ) (1 =AN B, ) — 1+ C2(N)ap +C5(N )i, S—ank, (77)

Note that (73)) always admits solution for small enough a;. Given S n, applying Lemma [T 1] for
n=N,...,1to (77) and (76) implies that there exist solutions for Sy, (Vn).
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Then by (73)-(77), we have from (74) that
N
Ao
Ex[ i) < (1= o) Tk + O(af) +© Z Lt Brnt 4 Bin-1)Bin) (78

Note that (78) implies a finite-time convergence rate of + + with the choice of step size. Ap-
plying Robbins-Siegmund’s theorem stated in Lemma n to (78) gives > ,o, T < oo and
limg—soo Jr < oo almost surely, which along with the fact that Zzozl ar = oo implies
limg— 00 Jx = 0, i.e. for any n € [N]

li —z*|]? = m [lyp — g "[I> =0, a.s. 7
Jimflog a7 =0, lim [lyg =y " =0, a.s (79)

Finally, as a direct result of Lemma[I3] we can directly obtain the same convergence theorem for the
alternative error metric ||z — z*||? + 25:1 ly — y™*||?. This completes the proof.

C Proof of Theorem

C.1 Analysis of the lower-level sequences

In this section, we provide a bound of the lower-level optimality gaps. Recall that we defined

the shorthand notations y;™* = y™*(y ') with y;’* = yb*(zp); ypN = (yi,v3,...,yY). For

convenience, we write E[-|F] as Ex[].
It follows from (38) that
Erllyier — ve 12 < (0= XaBra) lvk — v "2 + 2(0n +en A0 B - (80)
Bounding the drifting optimality gap. For any n > 1, we have
lyier = vl = My =" 1P+ 200" = vk v — o)+ Iy — w12 8D

(1) When n = 1. By the mean-value theorem, for some &1 = axy + (1 — a)xgy1,a € [0, 1], the
second term in (8I) can be rewritten as

1, ) 1,% 1, A
(yp™ = yi+17yli-:1 —57) =" — y,ﬁ+17Vyl (karl)T(ka )
= (" = ypi1, VY (Eg1) To(z, v )
U = Yk R VY (Erg1) TR)- (82)

The first term in (82) can be bounded as

<Z/i"* = Yhy 1 VY (Erg1) To(ze, yi )
< Lyaarllyy” — v lllo(@e, y 1‘N)H (83)

1,% Sk 1,%
SLy,lak<Lv,yllyk yk+1HZL Mk = v+ s —yi+1Hllv(xk)ll)

L
SLy,lak( ;’yllyi’*—yiHHZ ’y ZLQ Mk — v |12

1,%
2Ll ~ vkl + g7 ||v<xk>||2)

N

L’U, 1,% L, 71[/ s 7 *
:Ly,l( 2y+2Ly»1)0‘kHyl§+l_yk’ 12+~ Al Z n)llyk —y 3 (xk)H )
. (84)
where the second inequality follows from Lemma [T0}
v, ™ < loar, yi™) — vz + o)
N
< Loy 3 Lymlgit = vl + o)l (85)
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The second term in (82)) can be further decomposed as
Er(yy™ = vhsr, ax VY (Er41) " ER)
* (A * T J* *
= By —Yks1s o (VY (@) = V" (@) &)+ By, kg an Vo' (an) Tér).

(86)
The first term in (86) can be bounded as
* * [ A * T
Eic(y™ = Yks1s an (Vy" (@) — V'™ (an)) &) 87)
* . 0o * go
D Ly 1000 (B [Is* — wbia ot s ™) 1] + DByl — bl + )

Ly oo+l
< Ly’,laoai(%

1 1*2Lv,yNN 2 n o2, L 2, 00
Erllyie —u " 1P+ =25 D Ly vk ="+ 5 ()| +*)

n=1 2
where the last inequality follows from similar derivations of the upper bound of ||y,i* -

Ykl llv(@r, yi )|l shown in B3)-E4).

The second term in (86) can be bounded as

* * 1
Ek@i —yé_i_l,akVyl’ (z ) §k> > 9 ak(E ”yk yli-f-lHQ"'ak)- (83)
Substituting the upper bounds in (84), (87) and (88) into (82) yields
* * * L s +co L;7 +C7'0+1 *
(™ = virn i — 00" < (Lya (F25— 420y 1) ax+ Ly 00— =0} ) [lyisr — 9" [
1 N
+ §(Ly 1Ly yNay + Ly 100Ly y Noi) ZL2 My =y 12
n=1
1 Ly 10 Ly 103+Lyc
+ (gont =5 af) o) |+ =00 =220, (89)

The last term in (8T)) can be bounded as
1
EkHyk - yk+1||2
< Ly 103 Ex[Jo(r, yi) +&l? < 2L5 yoillo(@r, yi)II” + 2L 050k

D L%NakZH oy I+ AL2 o2 lu(an)|? + 202 0202, (90)

v,YTyY

Substituting the upper bounds in (@) and into (8T)) yields
1,
EkHyli-&-l - yk+1H2
< (1+ Ly (Loy+co+4Lya ) ok + Ly 100(Ly 7y+‘70+1)04i)Ek||y1£+1 - y;i’*”Q

+ (LyaLvyNag + (Ly 100Ly,y +4L2 L2 | )Naj) Z La(n)llyr =y |12
1
+ (g0 + (Ly aoo+4L5 )aq) [v(@e) I + (Ly 106+ Ly aco+2Ly,00)ar. (O

(2) When n > 2. The update of ;! (n>2) has no direct dependence on xy, therefore the analysis is
identical to that of Theorem [I] It directly follows from (51J) that

EkHy,?+1 - ?/Zf1“2

2 12
< (14 (Lynen1 + @&"7’1’"‘1)6“71 + Ly n0n1(Lnn-1+0n-1)B% 1) Bellyisr — v

)\ —1 n—1,%
Lﬁk‘,n—luyg _yk b ||2+(Ly nan 1+L nCn— 1+2Ly nOn— l)ﬂi,n—l (92)

where we have imposed the following condition on the step size
An—
2 72 2 1
(Ly,angnfthanfl + 2Ly’nLh7n71)ﬁk7n71 S >

This completes the analysis of the lower-level sequences.

Bren-1,2 <n < N. 93)
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C.2 Analysis of the main sequence

In this section, we provide an analysis of the main sequence update, and then establish the finite-time

convergence rate. Recall the shorthand notations y, " = y™* (y;~ 1) with yi* = yb*(zp).

By the L, -smoothness of F'(z), we have
Ei[F(zk41)] — F(xr)

L
> Ep(v(wk), Thgr — T) — %EkakH — a|?

) L,
=B (v(ar), arv(@r, yi ™)) + Er(v(zr), arée) — 7Ek”$k+1 -z (94)

Define Ly (n) = SN Ly 1Ly o Lyn with Ly 1Ly, o...Ly,, = 1. Using Lemmall0}
the first term in (94) can be bounded as

(v(z), arv(@r, yp ™)) = (v(z), ar(v (ﬂfk,y;i:N) —v(z))) + agllo(z)|?

> Ly o o) ZL i = vl + anlle)l?
ap n*
>~ ofan)|? - L2, Nou ZL vk — v 12 + awlloe)|
30ék Nk
= 22 o) |2 - L NakZLZ g — vl (95)

The second term in (94) can be bounded as
Eg{v(zy), arbr) = (v(zk), axEr &)
o,
— 1 o@o)l” — axllEx&]]1?

a1
— lo@)|® = ot (96)

AV

Y

The last term in (94) can be bounded as
Exllrr — ol < 2ai(||v<xk7y;:N>\|2+Ek||£k||2)

D 2l P rar2 NakZL Yl —

+202ai.  (97)

Substituting the bounds in (93)), 06| and ©7) into (94) yields
Ex[F(zk11)] — F(ak)

> (G—2L,ad)|[o(an) [P~ N(L3 jar+2L, L3 af) Z L)y = " 2= (Loog+f)ai
(98)

Establishing convergence. For brevity, we fist define the following series

Cy(1) = Ly 1 (Lyy+co+4Ly ), C5(1) = Ly 100(Lyy+0o0+1);

Cu(n) = Lynca1 +4L2 , Li; . 1224, Cs(n) = Ly non_1(Lnn-1+0n-1),2 < n < Nj;

Ce(n) = (Lya1Lyy + L ,)NL2(n), C7(n) = (Ly 100Lyy+4L L2  +2L, L2  )NL.(n), Vn.
(99)

’I’L,*HQ

Define a Lyapunov function £y, := —F(z3) + S0 |lyp — . Then we have

Ex[Lit1] — Ly = F(zr) — Ex[F(2541)] Z Erllyier — vl = i — v "I, (100)
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Substituting (1), (92) and (98) into (T00), and then applying (38) yields
Ex[Lrs1] = Ly

1
< (_Zak + (Ly’,100+4L12/,1 +2Lv)ai)|\v($k)||2
N-1 A
32 (1 Ca )t O3 ) () 15 B Colma ) I~

n—=

o+ (1+Ca(N) B -1+ C(N) B ) (L= A B )~ 1 Co(N g +Cr (W)l =" 2

N
+6(af) + O Y (1+ B 1 + B )8R ). (101)

n=1

As a clarification, the second term in the last inequality is 0 when N = 1. We have also used
Br,0 = ai. Consider the following choice of step sizes

L,k ||2

1 1
- o+ (Ly 100+4L; | +2Ly)og < —3 0 (102)
An
(1+C1(n)Brn—1 +C2(n)61%7n_1)(1_)\nﬁk,n)_1+7Bk,n+c3(n)ak+c4(n)ai < —Apag,n<N-1,
(103)
(1+01(N)5k,N71 +CQ(N)52’N71)(1 - ANﬁk,N) — ].—l—Cg(N)Oék + C4(N)O[% < —Anag.
(104)

Note that @) always admits solution for small enough ;. Given Sy, v, applying Lemma T T]for
n=N,...,1to (T04) and (T03) tells that there exist solutions for Sy, (Vn).

With @—@), it follows from (TOT)) that
Ex[Lrt1] — L

N
(ai)+@(Z(Hﬁk,n_lwi,n_l)ﬁi,n). (105)

N
A *
< —§||U(xk)||2—z Anallyi = "I
n=1

n=1
Furthermore, taking expectation on both sides of (T03) then summing over k = 1,. .., K yields
i 1
S ke[l I+ Al = 1]
k=1
K K N
< £1 £K+1 —|—G)<Za ) (ZZ 1+ﬁk,n—1 +ﬁl§7nfl)ﬁl§7n)
k=1 k=1n=1
K K N
<L+ Cr+0(Yat) +0( DD (14 Bunr + B )8 ) (106)
k=1 k=1n=1

The inequality (T06) implies a convergence rate of O(—~) with step sizes a;, = () and

Br = G)(\/%) This completes the proof.

D Proof of Lemma(l] and Corollary ]|

To prove the corollary, it suffices to prove Lemma(T]and then directly apply Theorem[T]and 2} We
direct the readers interested in why we can relax the assumptions in [8]] to the proof of Theorem
and[2] In particular, we provide a refined technique on bounding the drifting optimality gap in

and , which is crucial in alleviating the assumption.

Proof. We start to verify the Assumptions by order.

(1) Conditions[(a)| and [(b)| = Assumptlonm Since g(x, ) is strongly-convex w.r.t. y, there exists a
unique y*(z) such that h z,y*(z)) = —Vyg(z,y*(x)) =
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By [21, Lemma 2.2], we have

* * LI
ly™(z) = y* (@)l < Lylle — 2|, Ly = Al'”- (107)
By [8, Lemma 2], we have
lyy + lpyL Ly (1 lyy L

M X
(2) Conditions = Assumption 2} By [21, Lemma 2.2], we have

lpyL l LpL
o) = 0o, )) < Luglly = ¥l Loy = lpa + 2505 1,52 5 Z) (109
Lyy(Lyy+15,) I,  ly,L
(o) = 0@ < Lully =yl Ly = LTI 1y g (S 4 )
1 1 1
(109b)

Lastly, it follows from condition [(b)|that ||k (z,y) — h(z,y')|| < Lully — ¥/'||.

(3) Condition[(e)] = Assumption 3} [(a)) = Assumptiond; [[d)|= Assumption 5} ()= Assumption
[6} These conditions directly imply their corresponding Assumption[3|when N = 1. |

E Proof of Theorem

In this section, we will provide a proof of theorem@ We omit all the index n since N = 1. W
also write y*(zy,) in short as y;. With Ay = Eevp, amm,,s~p[0(5)(70(s)) — ¢(5)) "], bs
Esmp,, a~m, [7(5,a)P(s)], we list the condltlons we need as follow. These conditions are a lso
adopted in [57]].

Lemma 4 (Verification of assumptions) In the context of the AC update 21) and 22). Consider
the following conditions

() Forany s € S, ||¢(s)|| < 1. For any v € R%, there exists a constant \; > 0 such that
(y—y', Ae(y — ') < =Milly — '||? for any y,y' € R¥. The smallest singular value of
A, is lower bounded by o > 0.

(m) There exist constants L, L’ and Cy. such that forany s € Sand a € Aand x,x’ € R%, the
Jollowing inequalities hold: i) |7, (als) — my (a|s)|| < Ly|lx — 2’| i) ||Vlog7rz(a| ) —
Viogm(als)|| < Ll ||z — a'||. iii) |V 1og 7z (als)|] < Ch.

(n) For any x € R%, the Markov chain induced by the policy T, and transition kernel P is
ergodic. There exist positive constants k and p < 1 such that

P, (5¢ € -|s0 = 8,00 = a) — pr, () ||7v < KP',V(s,a) €S x A, (110)

where Pr_(s¢ € -|so, ag) is the probability measure of the tth state s; on the Markov chain
induced by policy w,, and transition kernel ‘P, given the initial state and action sg, ag.

(0) The sampling protocol is: si,ap ~ dr,, 8. ~ P(|sk,ar); 5k ~ Ha, G ~ T5(:|5%) and
&) ~ P(-|5k, ax).

Consider the actor critic update defined in 1) and 22). Then we have:

= Assumption|[I} = Assumption2l&d}  Assumption[6] holds. (111)
Moreover, a slightly more generalized version of Assumption 3| holds under condition[[T}&{(o)
E[¢|F] = 0, Efyy|Fi] =0,
6k l* < 05 + Follyk — y™ (@)1, 1e]l* < oF + 57 llye — v ()|, (112)
where 0} = 8C2(1 + 4072), 63 = 32C2, 02 = 32072 + 8 and 5% = 32.
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Proof. We will check the assumptions by order.
(1) Condition [DH(n)| = Assumption I} This is shown in Lemma 5]
(2) Condition [()}&/(m)| = Assumption 2}&d] We first check Assumption[2] In actor critic, we have

v(z) = v(z,y*(z)) = VF(z). By [64, Lemma 3.2], there exists a constant L,, := E=IEs (Hrjv))czﬂ
such that
|IVF(x) — VF(2')| < Ly|jz — 2’| (113)

Then we have
[o(z,y) — vz, y)|| = |E[(vo(s') — ¢(s)) " (y — ¥/ ) V1og me(als)]|| < 2Cx[ly — /|,
|h(z,y) — h(z,y")| = [[Az(y — v") Il < 2/ly = ¥/]]. (114)

This completes the verification of Assumption @ Lastly, Assumption []is directly implied by the
inequality (y — v/, A- (v — v')) < =A1lly — ¢/[|* in cond1t10n (

3) Assumpti0n|§|holds. It is clear that |F'(z)| < ﬁ
(4) Proving (T12). It is easy to check that E[¢;|F}] = 0, E[yx|Fi] = 0. Next we have
1€611* < 2E[[(r(s, a) + (v0(s") — é(s)) "yr)V log s, (al )]
+2[[(r (8, ax) + (vo(5k) — d(5x)) "yr)V log m, (arsi) |I°
< 8C2 + 1607 |y |
< 8C7 + 320 ||yil1* + 32C ||y — yi|I?
< 8CF(1+4072) + 320 |y — vil* = of + 75y — yill*. (115)

where to get the last inequality we have used ||y;|| = [|A; by, || < o~'. Similarly we have

el < 2E[p(s)(ve(s") — (s)) " yr + (s, a)d(s)]?
+2|[¢(sk) (v (s)) — d(sk)) Tyk + (s, ar)d(sk)||?
< 16]|yxl* + 8

< 32[lyk — yill* +3207% + 8 = 0F + a7 |lyx — yill*- (116)
This completes the proof. n

We restate Theorem 3] as follows.

Theorem 5 (Restatement of Theorem@) Consider the sequences generated by 1) and 22)) for

k = [K]. Under condmons Theorem@holds that is, with ak—(%(r) and B, =0 (\/%)
we have

1 & 1

= 2 B 2\ _ (_1_

K;:l: (BIVF (@) + Ellye - y* (2)]1?) o(ﬁ) (117)

We have verified the necessary assumptions for Theorem [2]to hold in Lemma[d} except that Assump-
tion 3] needs a slight adaptation in AC. Thus the proof will be similar to that of Theorem 2] and only
the steps that are different due to the adaptation of Assumption [3]will be shown here.

E.1 Analysis of the critic optimality gap

Contraction of the critic optimality gap. First we have

Erllyisr — yill* = lyw — vill® + 280w (y — v, h(za, yo) + Un) + Bllyers — well®, (118)
The second term in (TT8) can be bounded as

Ex(yr — yi M(wr, i) + Ur) = (n — 5 M@k, yi)) + Wk =Yg Ex[Ur])
=Mllye — will>- (119)
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where the last inequality follows from the strong monotonicity of h(z,y) and E[1x] = 0 verified in
Lemma [

The third term in (TI8) can be bounded as
Exllyr+1 — yrll* = BREx A2k, yx) + il
= Bi(llh(zr, yi)lI? + Exllvo]?)
< Bi(lh(ar, yo)ll” + of + a3 llyr — yill?)
< (Lq + 00BNy — yill® + o167, (120)

where the second last inequality follows from (T12)) and the last inequality follows from Assumption
[ which gives

[h(z,y)|| = (2, y) — h(z,y" (@) | < Lally — y" (@)]. (121)
—
Collecting the upper bounds in (TT9) and (I20) yields
Exllyrsr — yill® < (1 =208, + (Lf, + )8 lly — yill* + o015z
< (1= MBi)llye — vill* + o 5%, (122)
where the last inequality is due to the choice of step size that satisfies (L + 57)57 < A By
Bounding the drifting optimality gap. Next we start to bound the second term in (§2) as follows
Ex(yr — kst arVy* (Ere1) &)
= Ex(ys — yrs1, 0k (Vy* (@) — Vo (20)) " €k) + Ex (g — v 0x Vy" (2n) "Ex [l L)
= Er(yi — yrrt, (V' (1) = Vo' (2) ' )
< arBr[llyr = vl VY (Ern) — V™ (@) |1 6]
< oo [y —yr [V (Erg1) = Viy* (zi) ]
+ G0k B [y =y 1 |1 VY* (@rr1) = Vo () lyr — yil] (123)

where the second inequality follows from E[¢,|F}] = 0 shown in Lemma and the last inequality
follows from (T12).

The first term in the RHS of (123) can be bounded as
Er [y —ver1 VY (@rs1) = Vo™ ()]
< Ly Brlllyr —yrsalllleren — 2]

< Ly ag (Be[lly —yr+lllo(@r, y) 1]+ Exlllyi —yr+1[[11€x])

1 . )
3Ly o (Eellyr— e+l + llo(@e, ye)I* + Exllye —yrsa I* + 1€611%)

IN

IN

1 * — *

gLy an CExllyi—yrs1ll* + lo(@r, yi) P + of + o1 lue — vil?) (124)
where the first inequality follows from Lemma 5]and the last inequality follows from (I12).

The second term in (123)) can be bounded as

Ei [1vi = vk IV (@rt1) = VY @) lve — vill] < 2L,k [llyr—yrs lllve — vill]
< LyBillys =y l” + Lyllye — vitl>-

(125)
Substituting (124) and (123) into (123)), then substituting (123) and (83) into (82) gives
Byl — st ) < (Ly (C22 2L, +00)a + Lyooad Bellern — o P
+ %(Ly(Lv,y + &0)ar + Ly oo5703) lye — vill?
+ (éak + %Lylooai) v (zp)]|? + %Lyrooa%ai. (126)
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The last term in (8T)) can be bounded as

Erllyi1 — vill* < LyoRElv(ae, y) + &ll* = Lo (v(zr, o) I + Exll&]?)
< Lyog(lo(ar, yo)lI* + o + 75 lys — yill®), (127)
where the last inequality follows from (T12)). Substituting (126) and (127) into (8T) gives
Ekllynts — yipall* < (14 Ly (Lo.y +4Ly+250) o + 2Ly 000 Ekllyr+1 — yill*
+ (Ly(Loy + G0)ak + (Lyooai + L353)ai) e — vil?

1
+ (Zak + (Ly oo+ L;)ai) lv(zr, yrx)||* + (000 + Lf/crg)ozi. (128)

E.2 Analysis of the actor sequence

Analysis of main sequence. The second term in (94) is instead bounded as

Ex(v(@n, yr), i) = (v(@k, yr), axEr[Ee]) = 0. (129)
Then the last term in (94) is instead bounded as

Erllzss — 21l = ai(lv(zn, yo)lI* + Exlléxl®) < o (lo(@r yi)lI* + of + 35 lyx — il

Substituting the bounds in (93), (129) and (130) into (94) yields

3ar L, * LU, P * LUU2
B[P (rx)]—F ) > 0 20 0) o, )P~ (L2, ot 222 5307) e — wi P~ 270 3.
(131)

Establishing convergence. Recall that the Lyapunov function £, = —F(z}) + |lyx — v ||>. With

the bounds in (122)), (I28) and (I31)), we have

1 L, "
Er[Lrt1] — L < (= s + (7 + Ly ooL3)ai) lv(zk, yp)|1?

2
+ (1 + Chag + CLag) (1 = MBr) — 1+ Chone + Ch0) llyr — will®
+0(ai 4+ (14 ap +a)B?), (132)

where C() :== Ly (L, y+4Ly+25,), C| == 2Ly 00, Cy == Ly(Lyy + 7o) + L2 ,, C4 == L0057 +

v,y
Loy

=255 . Notice that (T32) takes a similar form to that of (TOT) (IV = 1).

If the step sizes are chosen such that

1 L, 1
—5%k + (? + Ly/UOLi)ai < — %%
(14 Chap + Crad)(1 — M\ Br) — 1+ Chay, + Chai < —Aiay, (133)

then it follows from the derivation after (TOT)) that Theorem 2] holds for AC update.

E.3 Supporting lemmas for Theorem

Lemma 5 (Complete version of Lemma[2) Consider the AC update in 21)-22). Under condi-
tions (n)| there exist constants L., L, such that

ly*(z) =y (@) < Lyllz — 2,
IVy*(z) = Vy*(@)|| < Ly ||z — /]| (134)

Proof. Under condition we have y*(z) = — A, 'b,. With Lemmaand 1A < o7t ||be]l <
1, applying Lemma|[14]to y*(z) implies that it is Lipschitz continuous with modulus

Ly=(c""'+207%)L),.
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We next verify the Lipschitz continuity of Vy*(z). For z € R% and f : R? s R% %42 we denote

of(x)

[x]; as the ith element of 2 and we use V; f(z) = Then we have

Viy*(z) = Ay 'V ALAT Y, — APV b, = — AV Auy*(2) — ALV ib,. (135)

By Lemma to prove V,;y*(z) is Lipschitz continuous w.r.t. z, it suffices to prove V; A,, y*(z),
Vb, and A" are bounded (in norm) and Lipschitz continuous. First we have

IAZH < o7 ly" (@) < A7 1 1bell < 01 (136)
And by Lemma(7] we have
1477 =AM < 2072 L Jlo — o). (137)
Thus it suffices to prove V; A, and V;b, are bounded in norm and Lipschitz continuous.
We start by
Vibe = B, amm, (|s)[Vilog me(a|s)Ga(s, a)], (138)

where G, (s,a) = EM[Z;ZO (r(st,at)d)(st) - bx)|so = s,a9 = a]. By letting #(s,a,s’) =
7(s,a)¢(s) in Lemmal(8] we have

1G2(s,a)|l < Ca, |Ga(s,a) — Gor(s,a)ll < Lellz — 2], (139)
where Cg =2+ lpf’ip and Lg = L), + %"LA‘ + (ﬁ + 1)2(LW|A\ + L,)+ L,,. Then we have
IV ;b2 can be bounded as

||vzbw|| S CWESN/,LZ,(LNWI(-\S)[”Ga:(saa)H] S CTrCGa (140)
Now we start to prove the Lipschitz continuity of V;b,. First we have
|Vibs — Viba||
= E T © ! ) - N AT 9
< HE‘;NM aromy | Vilog g (al$)G (s, a)] — Eg L [Vilogm.(als)Gx(s a)]”
Vilogm,(als)G.(s,a) — V; logwm/(a|s)G$/(s,a)H
< lpmy - To = o, - Tor |7y sUp |V log ma (als)Ga (s, a) |
+Esnpir,anm,, [|Vilogma(als)Ga(s, a) — Vilog me (als)Gar (s, a)|
< CaLlz— /|| + (CoL + LoCg)llz — o' = Lz — '], (141)

+ ESN[LWEI LA 1

where the ., - T, denotes the probability measure specified by the probability function (i, -
72)(8,a) = pin, (8)7:(als). In the second inequality, we apply Lemma [6|to the first term; and for
the second term, we apply Lemma [I4]along with (I39) and condition

For V; A, we have
Vidy = Esup, . amn, [Vilog me(als)G (s, a)], (142)
where we slightly abuse the notation and define G,(s,a) = Ex, [> 2, (¢(s:)(vd(s141) —

qb(st))—r — Az)|so = s,a9 = a]. Observing that V; A, has similar structure as that of V,;b,,
we can apply the same technique and obtain

||viAwH < CﬂC&,
IVids — Vidp|| < CGL)|x — 2| + (Callg + LaCl)llz — o'|| = Ly||lz — 2’|, (143)
where Cf; =4+ 225 and Ly = 2L}, + 2224l 4 (2 4 1) (Lo |A| + L) + L.

Finally, applying Lemma T4]to (T33) with (I36), (I37), (I40), (I41) and (T43) yields

IViy*(x) = Viy™ ()| < Ly [lz = 2], (144)
where L,/ == 20"*L, CxCt, + L)yo ™% + L,CrClo ' +207 2L, CrCq + o~ ' Lj,. This completes
the proof. |
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Lemma 6 /66, Lemma 3] Define (ix, - 72)(s,a) = pr, (s)7z(a|s). Under conditions|(n)|and|(m),
it holds that

| o, — K, lrv < LuHx - xI”v | e, - Tz — K, ||y < L;L”x - x/|| (145)
where L, == 2L |A|(log, s~ + flp) and Ly, = L, + 2L.|A|.

Lemma 7 Define (i, - Tu(s,a) == fix, ()7 (als). Under conditions|(n) and|(m)] the following
inequalities hold

14z = A/l < 2L llo = 2’|, A7 = AZH < 2072 L lw = &I, [1be — bor[| < L, [l — 2]

(146)
- -1 1
where L), = 2L |A|(1 +log, k™" + 1=).
Proof. First we have
e = bar | < llpim, * 7o = i, - Tt |y sUD (s, @)p(s)l| < Ly, [z — 2], (147)
where the last inequality follows from Lemma|6] And similarly, we have
Az — A || < 2L:L||:z:—x'\|. (148)
Finally, we have
IAZ! = AZH = 147 (Ae — Ae) AT < 072 As — Au |
<0t T = i, - o[y suD [[6(5) (vo(8) — p()| <207 L Jlw — ")l (149)
where the last inequality follows from Lemma 6] This completes the proof. |

Lemma 8 Suppose conditions hold. With mapping 7 : S X A X S — R4 sych that
I7(s,a,8)]| < C for any (s, a, 57), define

oo

Ge(s,a) =E 4 on(ls0) [Z (f(st,at,stﬂ) — Fz)|so =Ss,a9 = a],

st41~P(-|st,at) =0
with 7 = Egop, amm, () [7(5,a,8")]. (150)
s'~P(-|s,a)

Then there exists a constant Lg such that for any (s,a) € S x A and z,x' € RY, the following
inequalities hold

1Ga(s,a) = Gor (s, a)|| < La ||z — 2/,

1Ga(5,a)|| < 2C, + f"’””".

(151)

Proof. We write G.(sg, ag) as:

Gz(s0,a0) = Eslwp[f(smamsl)]—@—i—z Z Pr,, (s;=s|s0,a0)ms(a|s)Esyp[F(s,a,s")]
t=1 (s,a)eSxA

St (5)ma(als)Egnpli(s, a, s')]). (152)
(s,a)eSx.A
Given (s, ag), define the vector p; == [P(s(9|sq, ag), P(sM|sg, ap), ..., P(s5D|sg, ag)] where
s ..., sUSD are states in S. Given 7, define the following state transition matrix
Pﬂm(s@\s(o)) pﬂm(s(1)|5(0)) coi Pn, (5(\S|)|5(0))
Pr, = : , (153)
Pr. (sOsUSD)y P (sW|sUSDy P (s(1SD]s1SD)
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where Py, (s'|s) = > ,c4P(s'|s,a)m.(als). Then it is clear that we can write the probability
function Pr,_(s: = +|so,ap) as its vector form p; Pﬁ;l. We slightly abuse the notation and use
[p1PL |s = Pre, (s = s|so, ao). Then (T32) can be rewritten as

Gz(s0,a0) :E81~P[ (507a0751 — Ty +Z< Z [pl ]SWI( | JEs/ ~7’[ (s,a,s )}

t=0 (s,a)eSxA

=Y 1 PElmaal9)Eupli(s,a,5)])

= Eq, ~p[7(s0, a0, 51)] — 7z +Z Z [p1PL 1s — [p1 P s)ma(als)Ee np [P (s, a, 8)]

t=0 (s,a)
= Eq, ~p[#(50,a0,51)] = 7o + Y _ [P1Ya]sma(als) By wp[f(s, a, )], (154)
(s,a)
where Y, := >"7° ((PL — P2°). Then ||G(s, a)| can be bounded as follows
[Gz(s,a)|| < 2C, + C, Z |[p1Yz]s|ma(als)

S 207’ + Cr Z |[ple]s‘

<20, + 1@;»; - Cg, (155)

where the last inequality follows from condition [(n)] and

S Yala 303 Pre (50 = sls0.a0) — i, (5)]
s t=1 s

s Iy
=3 IPr, (51 € Js0,a0) = i, (llzv < 2
t=1

L—p

(156)

Then we have
|Ga(s,a) — G (5,0
S |Pe — 7|l + Crz |[p1Yx]s|||7Tx(a\s) - 7rz/(a|s)H + C: Z |Lp1(Yz - Ym’)]s!%/(GIS)

s,a s,a

< |Fe — T || + Z |[p1Y$]S‘Lﬁ|A|H1‘ - 37/” +[Ip1(Ya — Yar) [l
S

prLr|A| |z
1—
where the last inequality follows from (136)). The first term in (I57) can be bounded as

< ”'Fx - F$/|| + - le + ||Yac - Yx’”oo (157)

172 = Tar || < llpta - T — prar - 7o 7w sup Ir(s,a,s)|| < Cr Ly, (158)

where the last inequality follows from Lemma @ By [40, Theorem 2.5], we have Y, + P>° =
(I = Pr, + P2°)~!. First note that

I(T = Pr, + P22) " oo < [Valloo + 1 P75 [l

< D IPE - PEll 1

Zmaxz |Pr., (st =$|s0) — pirr, (8)] +1 < % +1, (159

where the last inequality follows from condition [(n)}
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We also have
(T = Pr, + P) ™ = (I = Pr, + P22) o
SN = Prp + P2 ecl| P, = Pry + PR = Pl = Pryy + P) ™ oo

Gy, &
< (75 4 ) (1P, = Prlloe + 1P, = P )
< (75 + 0 A+ L)~ | (160)

where in the last inequality we have used
12, = Pl = i 32| 3 el PU6 1) = 3 0l P )
s’ a
= m3x|Z7T$(a|s) - Zﬂ‘w/ (als |ZP s'|s,a)
a a s’
< max Y |ms(als) —mor(als)| < Lal Alllz — o'l
S
a

1P7e, = P oo = lpm, = pim,, o < Lyl — 2'|| (Lemmal6). (161

With (T60) and (T6T)), we can write

”Yz _Ym/”oo < ||P7(:j _P;\'):/”OO + H(I_Pﬂz +P7?:)_1 - (I_Pm/ +P7(r):/)_1||00

K 2
< (725 + 1) Eal AL+ L) + L) = o'l (162)
Substituting (T38) and (162) into (157) gives
prL;|A K 2
G (s, a)—Gu (s, a)|| < (CTL;LJr : _' |+(1 = p+1) (Lﬂ|A|+LN)+LM) |z — || (163)
This completes the proof. n

F Proof of Lemma 3]and Corollary 2|

Here we prove Lemma [3| which along with the generic Theorem [I]and [2]implies Corollary [2}
Proof. We will verify the assumptions by order.

(1) Condition|[(g)| = Assumption|[1} Note that y™*(y"~1) = f"~(y"~?!), then[(g) directly implies
Assumption|[I] holds

(2) Condition[(g)] = Assumption 2} First note
v(@) =v(e,y"" (@), v (" (@), G (@) )
v(@, fO), FH (@), ST P (O () )
= V@V @) VT S @) ) (164)

By Lemma([14] in order for v(x) to be Lipschitz continuous, it suffices to let V /™ (z) be bounded and
Lipschitz continuous for every n = 0,1, ..., N. This is satisfied under condition@

Now in order for v(z, y*, y2, ..., %) be Lipschitz continuous w.r.t. y*, 4%, ..., 5", it again suffices
to let V f™(x) be bounded and Lipschitz continuous for every n = 0,1, ..., N, which is satisfied
under condition [(g)]

Finally, the Lipschitz continuity of A" (y" "1, y™) w.r.t. y™ is directly implied by condition
(3) Condition|[(h)] and [} Assumption 3} First we have

E[&|Fr] = —v(@hs Yo - yp ) FE[V SO (@rs G - VN (s )| F]
= —0(Ty Yhs - YN ) FE[V O (ks C) - VN (yh s G ) Fi]
= —v(@e, Yo - YR )F VSO () - VN () =0, (165)
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where we have used the condition that (0, ¢?, ¢}, ..., ¢/ are conditionally independent of each other
given Fj,. The same goes for 1);; that

B[yl e = =h" (™ wi) B L G DI - =0, (166)
The bounded variance condition directly implies that E[[|¢|||F; '] < co. Now for & we have
E[l|&x 1% 7]
= E[l|€x]I*| ]

= B[V @)V (") VI ) =V s G VY i GO
= Er| VO (s G Bkl VY (s GOIP = IV @) PV A @IV Y ™I, a6
which is bounded by a constant since under contion we have Ei ||V f (z; ¢)||? < oo for any n.

(4) Condition[(j)] = Assumption 3} [(k)] = Assumption[6} These assumptions are directly implied
by the conditions.

(5) Verifying Assumption 4 By plugging in y™*(y"~!) = f*~1(y"~!), it is immediate that
Assumption 4] holds with \,, = 1 for any n € [N]. [ |

G Proof of Theorem

Before we prove the result, we first give a lemma that establishes the connection between Theorem 4]
and the generic Theorem 2}

Lemma 9 In the context of the MAMPG update in (32)) and (33). Consider the following conditions:

(p) There exist constants L, L., L" and Cy such that for any (s, a) € Sx A and x,z' €ER%, we
have: i) |7z (al8$)—my (a]8)||<Lx ||x—a'||; ii) |V log 7, (a|s)—V log mu (al8) || < L ||a—
iii) ||V?log m; (a|s) —V?log mpr (als)|| < L]z —2'|| and iv) ||V log 7. (als)|| < Cr.

(q) Given Fy, we have for anyn € {1,...,N} andi € {1,2,.... M }: fl-"(y,?;l; %) and
V1 (Yx i Ci;) are respectively the unbiased estimators of (st and Vi (yi.;) with

’

bounded variance. Likewise, f?(xy; ng) and ¥ fQ(xy; CA,SZ) are respectively unbiased
estimators of f2(xy) and V f? () with bounded variance.

(r) Given Fy, CA,S,Z-, Cgi, Cévi, R @iﬂ' are conditionally independent for i = 1,2, ..., M.

We use a = b to indicate that a is a sufficient condition of b. Then we have

= Assumption[I& 2} [(q)l&(r)|= Assumption |3}
Assumption [ holds naturally for (32); Assumption [6|holds under bounded reward. (168)

Condition [(p)] is a standard assumption commonly adopted in the literature; see e.g., [14]. It is
satisfied with certain popular policy parameterization such as the softmax policy. Conditions
can be satisfied with certain choice of the estimators and a simple sampling protocol.

Proof. We now check the assumptions by order.

@ Assumption First we have y™*(y"~1) = f*~1(y"1). In order for the concatenation
1y 1) to be Lipschitz continuous and smooth, we only need each block f;"~!(y?~') to be
Lipschitz continuous and smooth. Recall that f7*~*(y' ') =y~ + nV F;(y" ). The Lipschitz
continuity of f/"~!(y"~!) is guaranteed by the Lipschitz smoothness of Fj(-), which is well estab-
lished in the literature [64]]. Thus we only need to check the Lipschitz smoothness of f[“1 (yffl),
that is, the Lipschitz continuity of V2F;(y;'~'). By [14], the policy hessian is given by
H
VzF(x) = ECNp(~\:c) [g(x; C) Z V log ’/Tz(atlst)—r + Vg(x; C) ) (169)
t=0

H(z;¢)
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p(s0)ma (a0 s0) TG P sesalar, se)ma(asia]sit1):

where C = (807a07 <y SH, ClH) and p(C' ) =
vir(s¢, ar), and we omit ¢ since the result holds for all 7.

g(m;() = ZhH:OVIOgW$(ah|Sh)Zt nY

For any z, 2’ € R%, we have

|V2F(z) — V*F(a2')||
< E¢mp(ofoy [H (5O = Ecopjony [H (5 O] + [[Emp(-ary [H (SE'C)] E<~p( o [H (5 )|
< Empofoy [H (25 O)] = By [H (25 O + ooy || H (25 Ol (170)

We consider the second term first. By Lemma L in order for H(x; ¢ ) to be Lipschitz continuous
w.r.t. z, it suffices to prove: i) V log 7, (a|s) can be bounded and Lipschitz continuous; ii) g(z; ()
can be bounded and Lipschitz continuous; iii) Vg(x; ¢) is Lipschitz continuous. First, i) is directly
implied by condition[(p)] We then prove ii) as follows

Cr
llg(x; Ol < Z HVlogﬂ'x an|sk) ‘HZW r(s¢, as ’ < W (171)
h=0

H
lg(a:¢) — g’ Q)l| = Z 1V log 7o (anlsn) — Vlog mr(anlsn)|| 3 [7'7(st, )

h=0 t=h
Ly
< Wllx —a'|. (172)

Next we prove iii) as follows

H H
IVg(w:¢) = Vol Ol < Y ||V log ma(anlsn) — V2 log mar (anlsn) || Y 177 (se, ar)l

h=0 t=h
L//
< T |z -2 (173)
(1—=7)?
By Lemma([14] we know i), ii) and iii) imply the Lipschitz continuity of H(z; (), i.e. it holds that
L +2HC, L.
15 Q) = H@'5 Q) < =g e = 'l (174)

The first term in (T70) can be bounded as

ey [H (3 )] = Ecrup(efay [H (23 Q)| < sup [[H (2 Q) Z Ip(¢la) — p(¢la’)]

m HC?+ L.
= (1*2 [p(Cle) = p(Cla)]
HCE + Ly,
< gy H A DALz —a'l - A75)
where the second inequality follows from
H
HC? L

1 (3 Q)| < Hlg(as OIS IV logma (aclse)l| + 1V a: ) < .

+
— )2 — )2
2 TR RN
Substituting (T74) and (I73) into (T70) yields
L"+2HC,L'. HC?+ L.
V2F(x) = V?F ()| < (& "+
IV*F (@) = VR < (5

This implies that 7"~ (-) is n(L '{EH;’; L H(? +)L (H +1)|A| L )-Lipschitz smooth for n € [N].

) m&@: Assumption 3] It is clear that conditions [(q)|&{(r)] imply condition [()&{(D)} Thus by

Lemma 3] Assumption [3]is satisfied.

™ (H + 1)|A|L, >||x —J|. a7
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Now we only need to specify the estimators that satisfy condition[(q)]as follow. First, it is known that
the policy gradient takes the following form [[14]:

H H
VEFi(z)=E¢on, [Z V log z(an|sh) Z yri(se, ar)|pi, 771} . (178)

h=0 t=h

Then to estimate f/*(y) (n = 0,1,..., N — 1), one can use:

H H
) =y +n>_ Viegmy(an|sn) Y v'ri(se,ar), n=0,1,..,N — 1, (179)
h=0 t=h

where (' = (o, ao, ..., SH, ar) is generated under policy m,, transition distribution P; and initial
distribution p;. The estimator satisfies condition [(q)}

Een[f1'(y; ¢ =y +nVFi(y) = fi'(v),

H H
02
Ecp (/7 (3 ¢) = f7(@)I%) < Eepl| Y Viogmy(anlsn) D v'ralse, ar)|* < ﬁ (180)
h=0 t=h

To estimate V f/*(y) (n = 0,1, ..., N — 1), one can use:
VI G) =I+nH(y: ("), n=0,1,..,N -1, (181)

where (' = (o, a0, ..., SH, ar) is generated under policy m,, transition distribution P; and initial
distribution p;. The estimator satisfies condition [(q)}

Ecn [V (y; ) = T +nV2FEi(y) = V' (y),

n n n n n m HC% + L;T 2
e IV 067) - VI W < BVl 2 2+ 2p B2 el s
To estimate V f (z), one can use
H H
VN @i ¢N) = Viogm,(an|sn) Y ~'ri(si, ar), (183)
h=0 t=h

where (" = (so, ag, ..., Su, am) is generated under policy m,, transition kernel P; and initial distri-
bution p;. This estimator satisfies the condition [(q)] following the similar lines in (T80).

(3) Verifying Assumption[dand[6] Assumption[]is satisfied with \,, = 1 by directly plugging in
Y™ (y" ) = f7H(y" ). Assumption|[]is satisfied by observing that

M
1 N 1
R = g LRGN < 1 (184)
where we have used the fact that F;(z) < ﬁ for any . [ |

Given the generic result in Theorem 2] Lemma [9 directly implies Theorem [}

Theorem 6 (Restatement of Theorem[d) Consider the sequences generated by the MAMPG up-
date in (32) and (B3) for k = [K]. Under conditions we have Theorem 2] holds.

H Technical Lemmas

Lemma 10 Suppose Assumption & E| hold. Recall that L,(n) = Zil\in Lyi—1Lyi—2...Lyn,
with Ly 1Ly n—2 ... Ly, =1 forany n € [N]. Then it holds that

N
o@@e, yp™)=v(@R) | S Loy Y Ly(m)llyk —y™* (M- (185)
n=1
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Proof. By the Lipschitz continuity of v(z,y*,...,y") wrt. y', ..., 4y, we have
N
[o(@r, yi™) = v(@)| < Loy Y i =™ (> (" (@) )l (186)
n=1
For any n > 2, we have
i — o™y (" (@) )l
<y =™ DI+ ™ (™) = y™ (™ (' () -l
<l = o™ I+ Lynallyp ™ =y (g (6 (@) - (187)

Unraveling yields

g =™ (g™ (" @r) - <Y Lym1Lyma - Lysllyl — ¢ (7D, (188)
j=1

where Ly ;,—1Lyn—2... Ly, = 1. Substituting (I88) into (I8G) completes the proof. [ ]

Lemma 11 With any positive A1 and non-negative constants \g, Ao < A1 and C1, ..., Cy, consider
the following inequality about the step size By n—1:

(1+CiBrn—1 + 02513,77,—1)(1 —MBrn) — 1+ XaBrn + Caap + Cyaj < —Xoag.  (189)

Suppose all step sizes are in the same time-scale. Then given any By, n, if o < Brn_1 < 1, the
above inequality always admits solutions for By, 1.

Proof. First we have

0251%7”_1 < CoBin—1, 04(34% < Cyoy,. (190)
With the above inequality, we can simplify (T89) to
1+ (C1+ C2)Brn-1)1 = MBrn) + A2Brn <1 — (Ao + Cs + Ca)a. (191)
By \oSkn < (14(C1+C2) Bi n1) A2 Bk . the sufficient condition of (I89) is
(14 (C1 4 C2)Brn—1)(1 = XNBrpn) <1 = (Ao + Cs + Cy) . (192)

where X' = A\; — Ay > 0. Next we show that (T92) holds. With o, < S ,—1, rearranging and
simplifying (192) gives
6k,n

n—1 < >\/ )
Pt S G T Gy Cs 4 G
which can be satisfied if 8y »,—1, Bk, are in the same scale, and 31,1 is small relative to 51 ,,. W

(193)

Lemma 12 (Robbins-Siegmund [18, Theorem 2.3.5]) Consider a sequence of o-algebras
{Fi}k>1 and four integrable non-negative sequences {Uy}, {Vi}, {7i},{0x } that satisfy

i) Ug, Vi, Tk, 0k are F-measurable.
ii) M>1(1+7%) < ocand Y, o, E[f] < oo
iii) For k > 1, E[Viy1|Fi] < Vi(1+ 7%) + 0k — Uk41.

Then it holds that
k—ro0
1) Vi — Vo < 00 and sup>; E[V] < oo.

2) D1 ElUk] <o0and 32y, Up < o0 as.

Lemma 13 Suppose Assumption[I|holds. Then there exists a positive constant C such that

N N
k=12 + > Ny = v 11 < On (o — 211+ D o —y™ @  HIF). (194
n=1

n=1

38



Proof. First note that under Assumption |1} we have

N N
Sollwg =y =l = vy @)L (195)
n=1 n=1

To bound the RHS of the above inequality, we can directly follow the derivation of (T86)—(T88) with
3 = x* and obtain

N N
Sollyr =y = llwr =y P @)
n=1 n=1

< Ly(llyx ~ I+ ZL Mk =y™ (), (196)

n=2

where {L,(n)})_, is a series of constants specified in Lemma

Continuing from the last inequality, we have

N
Dol =y < Ly()lly™* (@) =y @) [+ Ly (Dlys — v (e ||+Z Ly ()|l —y™* (i Dl
n=1

< Ly(D) Ly, ||z, — H+ZL Mk =y™* ). (197)

Then we have

N
lew — 217+ 3 gk —
n=1

N
2
< (e — ) + > Ik - v )

n,* |2

o@D e
< 21+ Ly(1) Ly )|k — @ H2+2NZL My =y™ W HIP. (198)
n=1
With the above inequality, choosing Cy = 2max{(1 + Ly (1)L 1)*, NL2(1), ..., NL2(n)} com-
pletes the proof. |

Lemma 14 (Lipschitz continuity of a product.) Define f; : R% — R%*%+1_ [fthere exist positive
constants Ly, Lo, ..., L, and Cy, Cs, ..., C,, such that for any z,x’ € R® it holds that

[ fi(x) = fi(@")|| < Lillz —2"|l, || fi(2)|| < Ci, Vi € [n]. (199)
Then it holds that

[ f1(2) fo(@)... fu2) = fr(2") fa(a") Z Co...Lj...Cpllx — 2] (200)

Proof. We can decompose the product as
1f1(2) f2(@)... fu(2) = fr(@) fo(2)... fu (@)
= [lf1(@) f2(2)-.. fu(@) = f1(2") fo (). fu (@) + 1(2") fo (@) (@) = fr(2) fo (@) fu ()
+ o+ fi(@) (@) @) = fr(@) fo(@). fu ()]
< Co..Cullfi(z) = fr(@) |+ C1C5..Crl f2(2) — f2(@”) |+ -+ C1C2..Crma| fu(@) — fu(2)]]

n
<Y CiCy Ly Cpllz — 2. (201)
j=1
This completes the proof. n
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