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s INotations

574 * R*: The set R \ {0} (i.e., real numbers excluding zero).
575 * || - ||: The Euclidean norm. item Aga: The Lebesgue measure on R<.
576 + Diameter: For C C R?, we define its diameter as:

De = sup{[lz —y|| | 2,y € C}.

577 + Indicator function: For a set A C RY, 14(z) is defined as 14(x) = 1if x € A, and
578 14(z) = 0 otherwise.
579 + Component-wise Minimum: For v € R%:
Vmin = 11§IljiI§1d vj.
580 * Special Vectors:
581 -1y =(1,...,1) € RM,
582 - 0y =(0,...,0) € RM,
583 - e; € RM forany 1 < j < M.is the vector with zeros except for the j-th entry, which
584 isequal to 1.
585 * Probability Measures:
586 — P(R%): The set of probability measures on R<.
587 — For p € P(R?), Supp(p) denotes its support.
588 * Asymptotic Orders:
589 — O(-) and o(+): Standard approximation orders.
590 — f < g means there exists a constant C' > 0 such that f(-) < Cyg(-).
591 - a<bmeansbotha Sbandb < a.
592 * Filtration: We denote by F,, the filtration generated by the sample X1,..., X, S W, 1.e.,

Fon=0(X1,...,Xpn), n>1

593 * Sets:
594 — For any € > 0, define:

K. :={geRY |Vie [1,M],u(Li(g)) > ¢}
595 — Define:

Ky :={geRM|Vie[1,M],u(Li(g)) >0}.
596 * Density of an Absolutely Continuous Measure: For an absolutely continuous measure p
597 on RY, we denote its density w.r.t. the Lebesgue measure by fo
598 * Orthogonal of Vect(1):
599 — Forany g, g’ € RM, we define:

lg = &'llo = [[Proj;» (g — &) II*.
600 — Inner product in this space:
(g.8")v = (Proj; 1 (g),Proj; 1 (g'))-

601 » Strong Convexity: We discuss the strong convexity of the semi-dual function H when the
602 strong convexity holds on the orthogonal complement of 1.
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A Further details on our Assumptions

A.1 The Ma-Trundinger-Wang Properties

In the semi-discrete setting, the class of cost functions verifying the Ma—Trudinger—Wang (MTW)
properties [24] is defined as the set of cost functions satisfying the following conditions: (Reg),
(Twist), and Loeper’s condition (QC), detailed below.

c(-,yi) € C*(Supp(p)), Vi € {1,..., M} (Reg)
Ve (2,y:) # Vac (z,yx) . Vo € Supp(u),i # k (Twist)
Definition A.1 (Loeper’s condition). We say c satisfies Loeper’s condition if foreach i € {1,..., M}

there exists a convex set X; C R? and a C? diffeomorphism exp$(-) : X; — Supp(p) such that
VieR, 1<k, i<M, {peX;|—clexpi(p),yr) + c(expi(p),y;) <t} is convex. (QC)

Definition A.2 (c-convexity). We say that X C R? is c-convex if (exp$)~!(X) is a convex set for
everyi € {1,...,N}

For a detailed discussion on this class of cost functions and their implications in the semi-discrete
optimal transport framework, we refer the reader to Section 1.5 of [20]

A.2 The Poincaré-Wirtinger Inequality

A probability measure p = w(z)dr on a domain Q@ C RY is said to satisfy the weighted
Poincaré—Wirtinger inequality (PW) if

/If—lEp[fHdp < pr/|Vf|dp, Vfe Q).
Q Q

The existence of a finite constant Cpwy provides a quantitative connectedness of the source measure
and is necessary for H to be locally strongly convex. We provide here two examples of measures
satisfying (PW). Notably, Example 1 shows that non-degenerate Gaussians, mixture of non-degenerate
Gaussians and Student distributions satisfy (PW), when we take their restrictions on any ball B(0, R),
R >0.

Example 2. (bounded support, density bounded above and below) Let 2 be bounded, connected,
a-Holder with a € (0, 1], and assume 0 < m < w(z) < M < oo almost everywhere.

Note that the assumption of the support being bounded from above and below is classical in the
semi-discrete OT literature, as in [12, 29].

Example 3. (Annular support with radial concave profile, ([20], Proposition A.1)) Let 0 < r < R,
and let p € C°([0, R]) be a nonnegative function such that p(s) = 0 for s € [0,7], and p is concave

on [r, R], with
R
/ p(s)ds = 1.

Define the probability measure p on the annulus X := B(0, R) C R? by

LY

A= o

where wq_1 denotes the surface volume of the unit sphere S?~!. Then p satisfies the weighted
Poincaré—Wirtinger inequality for some positive constant.

B Properties of the semi-discrete OT problem

Regularity properties of H

In the main article, we concisely presented the regularity properties of the function H. In this section,
we provide a more detailed breakdown of these properties, organizing them into sub-properties and
referring to the corresponding proofs in the quadratic case with unbounded support (assumptions
B1-B3).
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* Differentiability: The function H is differentiable on the entire space RM  and we denote
its gradient by VH (see Proposition B.5).

* Local C? regularity: There exists a radius 7 > 0 such that H is twice continuously
differentiable (C?) on the ball B(g*,r) (see Proposition B.5).

* Local strong convexity: The function H is strongly convex on the ball B(g*,r) (see
Proposition B.12).

* Holder continuity of the Hessian: If the density f, is a-Holder continuous for some
a € (0, 1], then the Hessian of H inherits this regularity and is also a-Holder continuous
(see Corollary B.11).

B.1 Known results in the compact case

In this section, we recall known properties of the semi-dual semi-discrete problem when the support
of the source measure p is c-convex and contained within a compact set and c is a cost satisfying the
MTW properties. We will then extend these results to the non-compact case for the quadratic cost.

Here, we fix ¢ > 0 and recall that K. = {g € RM :Vi e [1,M],u(Li(g)) > ¢}. The two
theorems presented below are taken from [20] and have been adapted to our notation. We emphasize
that the authors of [20] considered the semi-dual OT problem as a concave problem, studying the
objective function —H instead of H under their notation. For a better understanding of the constants
in their theorems, we refer the reader to their article.

Proposition B.1 (Theorem 1.1 in [20]). Let i be an absolutely continuous density with bounded
support included in R?, then the functional H is C* smooth, its gradient is given by

VH(g)i = —p(lL§(g)) +wi ,

and its Hessian by

. . ft('r) d—1
V2 H(g)s = Ly @),
(i ) @o==[ e
Vi H(g) =~ 3V H (g
i#i

Proposition B.2 (Theorem 5.1 in [20]). Under the assumption (Al), that p satisfies a weighted
(1,1)-Poincaré-Wirtinger inequality, there exists a constant \ such that for any g € K., the second
smallest eigenvalue of V? H(g), denoted \o(V*H (g)), satisfies

Ao(V2H(g)) > A

That is, H is strongly convex on K., considering the problem on 1.

Theorem B.3 (Theorem 1.3 in [20]). If u has its density f,, in C**(Supp(u)). Then, the functional
H is C?*“ on the set

K :={g e RM Vi, u(Li(g)) > ¢} ,

Lastly, we state a result concerning the quantitative stability of Laguerre cells, as presented in [5].

Lemma B.4 (Lemma 5.5 in [5]). Under the same assumptions as in Proposition B.2, for g, g’ € RM,
we have

p(Li(g) \Li(g") S Mllg — &'lls, ~ Vie[1,M].

Once again, we refer to [5] for a more detailed understanding of the constant involved in this lemma.

B.2 New properties for the non-compact case with the quadratic Euclidean cost

In this section, we give second order properties of the semi-dual when the source measure is not
supported on a compact. In the compact case, this properties are already known as discussed in
Appendix B.1.
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For the reader’s convenience, we recall the Assumptions that we made for the non-compact case.

Assumption (Non-compact case) (B1) The cost is quadratic: ¢(z,y) = %HZ — y||? and the measure
1 has a finite second-order moment.

(B2) There exists a compact set K C R¢ with wK)>1- iwmin, such that the probability measure
px with density f,,, (z) = cx fu(x) 1k (z) satisfies a Poincaré-Wirtinger inequality.

(B3) The density f, satisfies the following integrability and regularity condition: for R > 1 and
r > 1, define

Fif = fu Yajgr, i = fu 1ReGro9)<lal <R
Assume there exist C' > 0 and a modulus of continuity w such that for all § > 0,

SR+ ) < Cwld), 3(R+1)TIORT < o, ®)
r=0 r=0

where Oﬁ“ i= Sup,egra [ (2) and wﬁ” is the modulus of continuity of f+7.

Additional notation. Since here the cost is fixed, we define the Laguerre cells by IL;(g) instead of
L (g).

B.2.1 Definition and regularity of the Hessian

Proposition B.5. Under Assumptions (Bl) and (B3), the semi-dual H is differentiable everywhere,
and its gradient is given by

VH(g)i = u(Li(g)) —w; .

Moreover H is C? smooth on K, /> N C and its Hessian is given by

. . 2 o f;t(l‘) dna-1
(Z ;é ]) v H(g)” /Hlt(g)ﬁ]l‘j(g) ||yl - yJH " (x)7

VPH(g)u = — ZVQH(g)ij .
J#i

Proof. Definition of the gradient. The proof follows the lines of the proof of Theorem 4.1 of [20]
and extend this result to the non-compact case. If « is in the interior of Laguerre cell L;(g), we have

Vgh(g,x) = ]li:j — Wj.

where we recall that h(g, z) = —g°(z) — Zf\il w,g;. Since the boundaries of the Laguerre cells are
defined by the intersections of M hyperplanes, they form a negligible set with respect to the measure
1. As aresult, the gradient definition of H follows immediately.

Definition of the Hessian. Fix ¢ € [[1, M]. We aim to prove the differentiability of the measure
w(L;(g)) with respect to g; and that its differential is defined by:

ou(Li(g)) _ _/ fu(z) drﬂdq(x)’ j i,
0y, Lie)nL; () 1% — il
op(Li(g) _ 3 Op(Li(g))
99, = 909
This gives us exactly the line (V2H(g)1i, ..., V2H(g);) of the Hessian.
Suppose i # j.
Suppose § > 0. Defining h;j(z) = 1|z — y;
Li(g) = N;jh' (] = 00,0]).
We also have LL; (g +de;) = Li(g) \ (Nk;ihy' (] — 00,0]) N At ([—6,0])). Note that h is Lipschitz
and for all z, |Vh(z)|| = ||ly; — ;|- Moreover, under assumption (B3), we can use Lemma F.2,

12 = 3llz — y;|I*> — gi + g;» note that we have
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which states that for all hyperplane H, |’ y fud'Hd_l < 1. Therefore, we can apply the coarea formula
to pass from the second to the third equality below,

1 (Li(g +de;)) = p(Li(g)) — 1 (Muihiz! (| = 00,00) N Azt ([=6,0]))

= w(Li(g)) — / - B fulz)dz
Nisjhiy (J—00,0)NA;; ([—4,0])

/ / Iul) ggga-1 gy
i hit (—oo,0Dnht (1) 1195 — will
By analogy, for § < 0 we have:

Li(g + de;) = Li(g) U (Nkzihyy (1 — 00,01) N hi; ([-6,0]))
Using the coarea formula gives:

L+ 0e,)) = ulLa(e) + [ / Iel) _gg-1gyar
Nkt hip! (J—00,0)NR ({t)) IIyJ — il

Applying Lemma B.6, which is stated and proved later in the appendice, the integrand defined above
is continuous on K, . /5 MC. As a consequence, we can apply the Fundamental Theorem of Calculus
and justify the limit in

lim M(Li(g + 6ej)) - M(Lz(g)) _ _/ f (J}) 1 de_l(l‘) )
550~ Y st (—oo0hnhtion ' lyi = will

By symmetry
L; oe;)) — u(lL; 1

i Lilg +de;)) — p(Li(g)) __/ fule)————

607 g Nkjihiy (1—00,0)NR; ({0}) Iij -yl

dH(z) .

Since Nyzjh;;! (] — 00,0]) N hi_jl({()}) =L;(g) NL;(g), we thus obtain

ou(Li(g)) fu(z) i1 L
Fij(g) = —F——=— dH , .
i(8) 9g; /]L &)L, ) 1Y% — Uil (@), J#i

Suppose i = j. No matter g € R, the Laguerre cells verifies p (U;L;(g)) = p(RY) = 1.
Therefore,

This equality gives 5o~ (L;(g)) = — X225 55- 4 (Li(g))-
O

Lemma B.6. Under assumption (Bl) and (B3), for any g € K, . /2 N C the function Fy, defined
forallt € Ras

fu(z) -
Fy (1) :/ ) A“_ : dH(z) .
Nisejihy! (J—00,0)NR ({t)) H?JJ yill
admits w as modulus of continuity in some neighborhood of {0}.

Proof of Lemma B.6. We keep the same notation as in [20]. Restricting ourselves to the quadratic
cost, we get

End = Etw = min [ly; — y;l
£

Cv =O0(R),
Ceap = 0(1),
Ceona = O(1),
Caet = O(1).

In order to apply the results in [20], we need to extend Proposition 4.5 to measures with unbounded
support in the case of the quadratic cost. We prove the following result:
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Proposition B.7. Consider K. = {g € R¥N~!|u(L;(g)) > &,¥i = 1,..., M} for some ¢ > 0
sufficiently small and let C be the compact set of the projection. Then, there exists a positive
constant 6y, such that for all g € K. N C and all p € R? such that there exist i # j, for which

c(p,yi) — c(p,y0) = gi — go and c(p,y;) — c(p,Yo) = g; — o, then

2
((w—ymw—wﬁ) <1-82) o
i —yolllly; — voll

Remark B.8. Note that the transversality equation (7) is independent of p € R%. However, p is still
involved in the transversality condition by the value of the difference of the costs.

Proof. Fix an index i. The set of points p € R? such that ¢(p, ;) — ¢(p,y0) = gi — go defines
a hyperplane in R%. The intersection of two such hyperplanes, denoted H;;(g), is, unless the
hyperplanes are parallel, a codimension-2 affine subspace of R.

For each such H;;(g), let d;j(g) € R¢ be the orthogonal projection of the origin 04 onto H;;(g).
Since the vector of potentials (gi)izo_’_”’ M —1 is bounded due to the projection set C, the set

{dij(g) : i # j admissible, and g € K. N C}

is contained in a ball B(0, R — 1) for some sufficiently large R > 0.

Hence, for every g € K. NC and every admissible pair (¢, j), there exists a point p € H;;(g) lying in
the interior of the ball B(0, R).

We now apply the transversality result from [20] to the measure

1r = 1po,R) " —_r__
B0, R))’

which is the normalized restriction of y to B(0, R). This result guarantees transversality of the
hyperplanes H;; associated with potentials in the set I/, (defined analogously for pp and some
¢’ > 0) over the whole space R9.

Choose R such that u(B(0, R)) > 1 — /2. Then it is sufficient to take

o _E /2 ’
1—¢/2
since one can check that K. C K.,. This completes the proof. O

We aim to use the transversality result of Kitagawa et al. on a decomposition of R into balls centered
at 0. To this goal, we now prove a transversality result at the boundary of B(0, R) uniform for R
sufficiently large.

Proposition B.9. Consider K. = {g € R¥N~!|u(L;(g)) > e,¥i = 1,..., M} for some ¢ > 0
sufficiently small and let C be the compact set of the projection. Then, for any positive constant 0o
there exists R sufficiently large such that for all g € K. N C and all p € R%: if there exists i such that
c(p,yi) — c(p,yo) = gi — go for some p € dB(0, R), then

<1’,%‘M)><1_g. ®)
Il lyi = yoll
Proof. Rewrite the condition ¢(p,y;) — ¢(p,yo) = ¢i — go as (P, Y: — Yo) = ¢i — go, dividing by
[l we get

p gi — 90

<7yi—yo>= - ©))

7] il
The right hand side tends to 0 uniformly with R since g; — g lies in a compact set. The conclusion
follows directly. O
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750 The rest of the proof follows the lines of the proofs Appendix B of [20] with &4, = 47 as in Proposition
751 B.7. From Proposition B.9 applied to do = d; there exists R > 1 such as the transversality condition
752 on the boundary (8) holds for every B(0, R + r) and the same §; for every > 0. Let us fix such
753 R > 1 so that Assumption (5) is also satisfied.

754 The next step is to decompose the integral using a partition of unity. We define the sequence of
755 functions (¢, )r>0 by

(B —l=l})+ A1, ifr =0, d
pr(z) = { : z € R%
(lzll = (R+7=2)4 A(R+7—[lz])y, ifr=1,
756 An illustration of the functions ¢,.(z) defined above is shown below:
or(z) Partition of Unity Functions ¢, (x)
Y0 ©“1 P2 P4
L NL NS NS Ja
0 R—1 R R+41 R+2 R+3

757

758 By definition, ) - ¢(z) = 1, forallz € R4, and every ¢, is supported on {R +7 — 2 < ||z| <

759 R+r} forevery r > 1, ¢ being supported by B(0, R). Moreover ¢, is Lipschitz continuous and we
760 denote w,,. its modulus of continuity on its support. The moduli of continuity satisfy w,,,.(§) < |6],
761 0 > 07 > 0. Then we decompose the integral

/ fll«(m) de_l(CL‘) _ Z/ fu(x)%@(x) de—l(m) .
ighizt (oo, 0)nt (geh) 1ws — will =5 Jrnpshit (—co0prngt (e 195 — will
(10)

762 We apply Proposition B.1 of [20] to each term of the decomposition. We recall below his crucial
763 result, tracking the order of the constants established by [20].

Proposition B.10. Let o be a continuous non-negative function on B(0, R) bounded by ¢, and with
modulus of continuity w.. Let the functions h;; satisfy the transversality conditions (7) and (8) with
the same constant £ > 0. Then

Fo(t) ::/ &d}ldfl(x)
Nkt hipt (J—00,0)NR ({t)) ly; — vil

has modulus of continuity

Wh, ((5) = Cle(CQCS) + Cd|5|

76¢  where C1 = O(H?Y(0B(0,R))), H* 1 (0B(0,R)) = O(R*™1), Cy = O(e;;}) = O(1) and
765 C3 = O(00C(d,2R)e;,* + HI1(OB(0, R))), where C(d,2R) defined in (3.5) of [20] satisfies
766 C(d,2R) = O(RI™1).

When applying Proposition B.10 to the continuous function o7 (z) := f,(z)p(z) we easily
estimate o < Cﬁ” and Wy rir < w?jr + Cﬁ“w%,. Using that w,,, (§) < |8 we obtain:

n, e (6) = O (R+7)"71) (wf+7(0(1)6) + O(CFH)d)

uniformly for every g € K. N C on a neighborhood of {0}. Noticing that this neighborhood depends
solely on the transversality properties that are common to every r > 0 and since

WFy, = § :W’%Rw

>0
767 from the decomposition in (10) the desired result follows under the assumption in (5). O]

768 Corollary B.11. Under Assumptions (B1) and (B3), if moreover f,, is c-Holder with o € (0, 1], then
769 the Hessian of the semi-dual H is also a-Holder on K, ;. /2 N C.
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Proof. Since f, is a-Holder, the function f+" with 7 > 0 are also a-Holder and we note wff’" =

/@i"”"éa, applying Proposition B.10,
n e ()0 (R +1)771) (w57 (0(1)9) + O(CF7)0)
= O((R+ )" HrFTO1)6% + (R+ )" HO(CFE)S .

By the summability conditions of assumption (B3), for some constants C, Cs > 0, we have

wFf,u :j :whoR+7‘

r>0
= 0(1)5* Y O((R+7)" M +6Y O(CFT)(R+71)")
r>0 r>0
< C16% + 026,

Applying Proposition B.3 in [20] under our hypothesis shows that for g, g’ € K, /2 NC, there
exists a constant C' depending on €, and f,, such that we have

|V?H(g) - V’H(g')| < wr,, (g — &'llc) + Cllg — &'l

which gives the a-Holder regularity since wp, < C10% + C5%9. O

B.2.2 Local strong convexity with respect to the mass of Laguerre cells

Proposition B.12. Under Assumptions (B1-B3) H is strongly convex on K1

3 Wmin

Proof. Recall K C R¢ the compact set such that y(K) > 1 — Lw,,;, and pix, the probability

measure with density defined by f,, (z) = cx fu(2)1x (), with cx € [1,2], satisfies a weighted
Poincaré-Wirtinger inequality.

We thus can use Proposition B.2, which states that the semi-dual between p g and v is strongly-convex
on Vecty on the set

1
KE = {g e RM :vi e [1, M], pr(LE(g)) > 4wmin}.

1
2 Wmin

This gives us that, for any g € K fw _, there exists Axg > 0, lower bounding the second smallest
1Wmin
value of the semi-dual function between i and v. This also gives us that for any g € K f’w _, the
1Wmin

second smallest eigenvalue of the matrix B defined by

(i#j) Bij= —/ Jul@p0.n(@) dH¥ 1 (2),
Lie)L;g) 1Y = sl
Bi=—) B,
J#i
is lower bounded by Ak /cgr > Ak /2 > 0.

Since for any g, and i # j, V2H(g);; < B;; and that both V2H (g) and B are Laplacian matrices,

we apply Lemma F.1 to obtain that the second smallest eigenvalue of the hessian V2 H is lower

bounded by A /cr on wa .

1Wmin

For any g € K, /2, we thus have for all i € [1, M], p(L;(g) N B(0O,R)) > iwmin. That is,

K. CK Ifw ~, which completes the proof. O
1Wmin

3 Wmin

B.2.3 Quantitative stability of the Laguerre cells
Lemma B.13. Under Assumptions (B1-B3), we have
n(Li(g) \Li(g') S Mllg — &'lloo,  Vie[1,M].
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Proof. Forall j € [1, M], if  is in the interior of L;(g), we have
Vge(z) =z —y;. (11)

Therefore, given g, g’ € RM, if there exists j € [1, M] such that x is the interior of L;(g) N L;(g’)
we have

Moreover, since the support of v is finite, we have

sup [|[Vg®(z) — V(g")(x)|| = max [ly; — y; -
cCRd i#

Hence, to bound the error of T'(g)(z) = = — Vg°(z) and T, , = = — V(g*)¢(z), we just need to
bound the difference of measure of Laguerre cells made by g and g*. More generally, we now proceed
here to bound the difference of measure of Laguerre cells between g, g’ € R fixed arbitrarily.

Our proof will follow some arguments from [20]. Let us fix ¢ € [1, M] and suppose = € L; (g) \
L; (g’). The definition of the Laguerre cells implies that there is a k # ¢ such that ¢ (z, yx) + g}, <
c(z,y;) + g while ¢ (z,y;) + 8 < ¢(z,yx) + gr. Combining these two inequalities yields to

gr — 8 < c(z,4:) — c(,ux) < 8k — 8i-
Hence, writing f;x(z) = ¢ (x,y;) — ¢ (z, y), we have

Li (g)\Li (&) c |J " (&), — &h g — &) - (12)
ki

We now now bound / ( fin' (lg, — &,8i — gx])) using the coarea formula, using that for all =,
IV fie (@) = llyi — well:

P let)) = [ duto)

£ ([asd])

b ) N
-, /f,imm T Fa ) AR ()t

b
1
o ——e
o ity v =yl

Observe that for the quadratic cost, fix(z) = (z,yx — yi) + |vill> — |lvx||? and so f;.*({t}) =

{z e R (z,y —yi) =t — $(|lyill*> + llyx||*) } and is therefore a hyperplane. Applying Lemma
F.2, there exists a constant C' such that, for any ¢, k and ¢, we have

1
——p(x)dH T (z) < C.
/fikl({t}) lyi — yell

Therefore, we have

O
llys — ywll

w (fi ([, 8]) < / (b

— =
lyi — vl
Since g, — g — (g}, — 8;) < 2|/g — g'||., by combining the above with (12) we conclude

p(Li (8)\Li (8") <> n(fin! (g — &g — &) S Mllg — &lloo- (13)
i
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B.3 New properties in both our compact and non compact settings

Theorem 5.1. Under Assumptions (A1) or (B1-3), the function g +— ||T(g) — T}, H%Z(“) is Lipschitz

with respect to the infinity norm || - ||.. Moreover, the Lipschitz constant grows at most quadratically
in M.
Proof. Using that no matter g € RM | for any x € R?

0 ifx € L;(g*) NL;(g) for a certain i € [1, M],
max;-; ||yi — y;]|  else,

1T (&) — Tn(g)] < {

and that for any g, g’ € RM, we have u(L;(g) \ Li(g')) < M||lg — g'|| using Proposition B.4 in the
compact case, or Proposition B.13, we have for any p € [1, c0)

1T (&)~ T @)I5, 1) = / () (&) = T (8)(@) Pie)

M
= Tyu(8")(x) —Tpuw z)||Pdu(x
5[ @) - Tust@)@l )

M

<>/ max [ly: — ;1Pdu(z)
; Li(g*)\Li(g) #J
M

< Zl max lyi — yjllPp (Li(g™) \ Li(g))

S M?|g* — glcos
where we used u(IL;(g) \ L;(g*)) < M||g — g*|| for the last line.

Lemma B.14. For any ¢ > 0, there exists g* € K. and d. > 0 such that B(g*,d.) C K..
Proof. This result is a simple application of the results on the quantitative stability of Laguerre cells
stated in Proposition B.4 and Proposition B.13. O

Proposition B.15. (Hessian and Local strong convexity). Under Assumptions (Al) or (B1-3), H is
twice differentiable. Moreover, there exists a constant A > 0 and a radius v > 0, such that for any
g € RM ||g* — gl||, < r implies that the second smallest value of the Hessian V> H (g) is lower
bounded by ).

Proof. The fact that H is twice differentiable was already known in the compact case and is proven
in Proposition B.5 for the non compact case under (B1-3).

Under assumptions (A1) and using Proposition B.2 or under assumptions (B1-3) and using Proposition
B.12, H is strongly convex on K 1 . Applying Lemma B.14 concludes the proof. O

Proposition B.16. There exists n > 0, such that uniformly in g € C, we have
(VH(g).g —g"), > nllg —&"|I7 -

Proof. Observe that, by Proposition B.12, H is locally strongly convex on the orthogonal of 1, on
the set

1
Ky, = {8 ¥i € [L ML, u(Li(8)) 2 5t0min } -
Therefore, for any g € K%wm;n’ we have (VH(g),g — g%), > Allg — g*|2.

Now, suppose g € C\ K L wmin Using Lemma B.14, we know that there exists dy > 0 such that
B(g*,do) C K, Therefore, by the convexity of H, there exists ¢ > 0 such that

(VH(g),g—g*), > H(g) — H(g") >c.
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Defining

N o= inf {H(g)H(g)} > ¢/Diamy(C)?,
gEC\K}, g — &3

min

we have for any g € C\K%

(VH(g),g—g"), > Nlg—g*ll5.

Taking n = min {\, \'} concludes the proof. O

C Proofs of the convergence rates of PSGD

C.1 Fast convergence rates for MTW costs

C.1.1 Convergence of the non-averaged iterates.

Theorem 4.5 (Non averaged iterates). Under Assumptions (A1) or (B1-3) and for any decay step of
the form 7,, = v1/n® withy; > 0,b € (1/2, 1), we have the convergence rate

Elle, &2 = 0 (2]

Proof. By definition of the gradient step at time n + 1, sampling X, 11 ~ p and since g* € C, we
have | Vgh(gn, Xnt1)llv < 2a.s. and
Ign+1 — &7[17 = [Projc(gn — Yn+1Veh(gn, Xni1)) — &7
< llgn = Y+1Veh(gn, Xnt1) — 717
< (lgn = &"117 = 29n+1 (Veh(8ns Xnt1), 80 — &%), + Vos1 [Veh(8n, Xnt1)I2)
< (lgn — &"l17 = 2941 (Veh(gn: Xns1). 80 — 87), +47m11) - (14)

Using Proposition B.16, we have forany g € C, (VH(g,),gn — 8%), > 1llgn — g*||%. Therefore,
taking the conditional expectation, we obtain

E [||gn+1 - g*||3 | «Fn] <llgn — g*\lg(l — 20Yn41) + 4’7721+1 .

Taking the expectation and applying Lemma F.3 with §,, = E[||g,, — g*||?] and m,, = 4+, gives

* = < * 4
E[lgni1 —g* 2] <exp -2 > % (Z 47 + Elllgn, — & |3]> + -

k=[n/2] n=no

where ng = min{n € N,7v,11 < 1}. Remark that the exponential term converges exponentially
fast. Indeed, we have » ;' fny2] Yk 2 n'=% with 1 — b > 0. Moreover, ||g,, — g*||> < Diamy(C)2.

Therefore, since for all n > 2, Vny2l-1 < 2bfyn, we have the desired convergence rate

E [llgni —g7]2] < %

which concludes the proof.

C.1.2 Convergence rate for higher order moments of the non-averaged iterates.

We prove here the convergence rate of higher order moments of the error ||g,, — g*||,,- This conver-
gence will be useful for the convergence rate of the averaged iterates of PSGD. While this proposition
directly proves Theorem 4.4 by the use of Jensen’s inequality, the proof is slightly more cumbersome
so we decided to make a separate case.
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Proposition C.1. Under Assumptions (Al) or (B1-3) and for any decay step of the form ~,, =~ /n®
withy, > 0,b € (1/2,1) and p € {1,2, 3}, we have the convergence rate

’Yn
nP

where (gy,) is the sequence of non-averaged iterates of PSGD.

Ellgn —g"lI"] <

Proof. By definition of the gradient step at time n + 1, sampling X,,+1 ~ p and using inequality
(14),

* * * 3
lgnt1 — %115 < (llgn — 7117 = 29m+1 (Veh(gn, Xnt1), 80 — %), + 475 41) " -
Using that (A+B+C)* =3 .. —3L A*B’C*®, we obtain

Ignt1 —&" 115 < llgn — &*[I5

—6llgn — &* 3 vn+1 (Veh(gn Xn+1) 80 — &%),
+12||lgn — "3 41
+12]lgn — " [377 11 (Vh(gn: Xn41), 80 — 87))
—48lgn — & 3741 (Veh(gn, Xnt1), 80 — 87,
+48[lgn — 8" 57741
- 877?;-&-1 (Vgh(gn, Xn+1),8n — g*>2
+ 4873;-&-1 <Vgh(gn, Xnt1),8n — g*>i
— 967541 (Vgh(gn, Xnt1), 80 — &%),
+ 26’72+1~

Taking the conditional expectation and already omitting some negative terms thanks to

(VH(g1),8n — g%)» > 0, which follows from the fact that H is convex and g* is a minimizer, gives
the simplification

E [lgns1 — g5 | Fu] < llgn — "5
—6llgn — g ||u’7n+1 (VH(gn),gn — g*>v
+12|lgn — g* 137241

+ 1200 — 8" [292 1B [(Th(gn: Xnt1), g0 — 8] 1]
+48/1gn — g" 27041
4878 1 [(Vh(gn, Xni1), 80 — 87)) 17
+ 2095
89 E [(Veh(gn Xni) g0 — 7)) 170
Using Proposition B.16, we have for any g € C, (VH( n) g, — &%), > nllg., — g*||?. The

Cauchy-Schwarz inequality gives |(Vh(gn, Xn+1),8n —8%),] <2 | — g*||» . Combining these
two inequalities we obtain

)
'l)|

E[llgns1 — "5 | Fu] < llgn — 7151 — 6m7511) + 607241 g — 7[5 + 2407241 lgn — &7I2
+2645 0+ 6492, llgn — &7

Using Young’s (generalized) inequality ab = ac? < (“c) + 2= for c#0,1 o+ % = 1 and applying

2

4 2/3 lld 60373+1
it to 607n+1//gn — g*[[, with ¢ = (*) P =3,q =3 gives 60%+1Hgn —gfly < —~= -

3n
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2
* %13 10 %6
4 (%) +1llgn — g*[|9- Analogously, one has 6477, [lgn — ", < 271 +7llgn — &7,

g7s  Thus, taking the expectation, we have

8

3

" « . 32 . 210
Elllgn+1 — &*115] < Elllgn — " [I5](1 — 4nyn1) + 7ﬁ+1 <240 - Diam(C)* + 7 : 103) + 775@1 + 6472+17

s76 where the terms involving Diamy(C) appears from the crude bound ||g,, — g||, < Diamy(C).

\w

877 Applying Lemma F.3 in a similar way as in the proof of Theorem 4.4 gives E|[||g,+1 — g*|%] < 2z,
878 so by Jensen’s inequality, we conclude

. Yh
El|lgn+1 — g*[177] < " forp € {1,2,3}.

879 O

gso C.2 Convergence of the averaged iterates.

sst Theorem 4.4 (Averaged iterates) Under Assumptions (A1) or (B1-B3), and assuming that f, is
ss2 a-Holder with a € (0,1], for any decay schedule of the form 7, = v;/n® with 43 > 0 and

883 b€ (1 oo 1), we have the convergence rate

Ellg, —g*l2] =0 (1/n).

ss4 Without assuming f), to be a-Holder, and for b € (1/2,1), we still obtain
Ellg, —&"[l}] = 0 (1/n").
885 Proof. For this proof, we introduce the additional following notation:

sss  For any ¢ > 0 we define the function ¢ — W,(¢) such that

T 1+In(T+1) ife=1,
St <u (1) =4 ifc>1, (15)
1+ (T+1)° ife<

ss7  We start by a decomposition of the gradient step, already present in [18]. We define the differences
P = Proje (8k — Y+1Vgh (8k, Xk+1)) — (8 — Yet+1Vgh (8, Xk+1))
k1 = VH (gk) — Vgh (gk, Xp41) ,
o = VH (gr) — V' H(g") (gx — &)

sss  Noting ), the identity matrix in M s (R), we observe that, by incorporating each introduced term
889 sequentially, for any k € N, we have

gkt1 — & = Proje (8x — Ye+1Vegh(gr, Xx+1)) — g
=gk — Yk+1Vgh(gr, Xrt1) — 8" — P
=8k — Vk+1VH (8k: Xi+1) — 8" + Vht18k+1 —
= (In = 1 VPH(2")) (8k — 8+) — Vet 10k + Ves18k4+1 + P -

so0 Thus, we have that

k — Bk
V2H(g") (ge —g') = S8 5 b+ .
Yk+1 Yk+1

so1  Observing that n%rl Yor_o(8k — 8") = g, — g, we have the following decomposition of the
g2 averaged iterates

n

£ = gk — ki1 1 Dk
ViH = — § ) § +— )
(87) (& — n+ 1 = Yt n+1& L Skt L&
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We will now give the convergence rate of each sum.

8k —Bht1

1§
e Convergence rate for .5 >, S~

Z 8k — 8kl _ i (g8r — &%) — (8rt1 — &)

o TR+l =0 VE+1

Z gk — Z gk+1 —

k=0 Tk+1 k=0 TR+l

Remark that 77;11 Yt < 297 Inb=1, Using Mmkowskl s inequality and that, by Theorem 4.4
(non-averaged iterates), E [||g, — g Hv] S Hn+ 1)~

*

20— 8 8ni1— 8
)(gkg*)+ 0 _ sl .
Y1 Tn+1

’Yk+1

1
2

(n+1)%2.

Z gk — 8k+1

=0 VE+1

1 1
< =Wy _pa(n+ 1) + Diamy(C)yy * +

n Y NG
We thus have the convergence rate

1
271 2

n
ZM
v

o k1

1
n+1

< 1

E —_ .
R

1 n
e Convergence rate for — > ;' dy,

We recall that 6, = VH (gx) — V2H(g*) (g1 — g*) and that the Hessian using either Theorem B.3
or Proposition 4.1, depending on our setting, there exists a ball B(g*, d;) with d; > 0 where H is
a-Holder. Therefore, applying Lemma F4, if g, € B(g*, d1), we have

6%l < llge — ™[l -

Otherwise, since the Hessian, whose expression is provided in Proposition B.5, is uniformly bounded
by an application of Lemma F.2, there exists a constant Cs such that for any g € C, [|[VH (g) —
V2H(g") (g —g*) Il < Cs.

Since P(gx ¢ B(g*,d1)) = P(llgr — g«|| > d1), using Markov’s inequality gives
E[l16x]13) = Elll0kl[51gene.an] + Elokllo g, ¢ per.an)]
* o C * o
SE[ller—g 2] + 7 Ellge — g* (1272

SE[lge — g2 .

Therefore, using Minkowski’s inequality, we have

1
2

v k=0 77

1 n
e Convergence rate for .~ > ;' &t1-
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908 We recall that £,1 = VH (8r) — Vgh (8k, Xi+1) and thus E[¢, 1] = 0.
909 Observe that

2 n—1
+2 <Z Ekt1s §n+1> + [[€nsall?

k=0

910 with

n—1
<Z fk+1a€n+1>
k=0 v

o1 Thus, since for all k, E [[|¢]|?] < 4, we have the convergence rate

=E <Z§k+lvE[fn+1|fn]> 1 =

k=0

273
e | <
i ’““U S Vntl

1 no_py
or2 @ Convergence rate for ——— D ko ST

913 Take dj such that B(g*,dy) C C. Using the notation Vy, := Vgh (g, Xi+1) for conciseness, we
914 obtain

E[Ilpsl2) = B [IProje (gr — 1+1V%) — (&5 — w41 Vi)l

=E {HPPOJC (&r — We1Vi) — (8 — To+1 Vi) 1gk—wk+1vk¢c}

915 Since forany y € C, one has ||x—Proj.(z)||, < ||z—y|., taking y = gk, and since g —vx+1 Vi ¢ C
o916 is satisfied only if ||gx — Ye+1 Ve — g%||v > do, we have

2
E [llpell?] <E [H%HVkHU 1\|gk7w+1vk7g*nv>dg}

E|lge = yes1 Vi — g7l

§47£+1 d4
0
2
< T+l (o5 _ o |4] 4 9944
< lgr — &Il | + 27Vt
0
1
< 4
S 5k
2 Tk

917 Where we used Markov’s inequality and the inequality (A+ B)4 < 23(A* + B%),forall A,B € R
o1 and that by Proposition C.1, E [||g, — g*[|*] < 71 L(n+1)72

919 We thus have

—E | 2
n+1 = Tkt ) +1k=0 n
<M
~ p(n+1)°

920 e Conclusion.

921 Using the convergence rate of all our terms, Cauchy-Schwarz inequality and that (A + B)?
922 2(A% + B?)forall A, B € R we conclude

gk — Bk+1 Pk
n—i—lzo 7n+12"+ +1Z€k+1+

V+1 n+ 1= Y

E[|VH(g") (& —&")]}] = E

1 1 1 71

<
~ n2(n+1)20 * N (n + 1)b+ab R TP
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923 Since b € (3,1) and b € ({35, 1) the limiting term is — and we have
1

’2
n+1"

} <
v ~Y

E[|v2H(g) &, -~ &)

924 Finally, observe that there is an orthogonal matrix U such that V?H(g*) =
o5 Udiag (\1,...,A\ar_1,0) UT. Therefore, noting by abuse of notation

(VZH(g") ™" = Udiag (A7, A1, 0) U T

s26 the inverse of V2 in the space Vect(1,7)" we finally have
1
E = _ o*|2 < -
18, ~ &1 S 32,71y
927 where A = minj e p—1] Aj > 0 by either Theorem B.3 or Proposition B.12. [

o928 C.3 Convergence rate of PSGD in the general setting

929 Theorem 3.2 (PSGD in the general setting) Assuming that the semi-dual problem (4) admits at least
930 one solution g* and that there exists a compact set K such that u(K) > 1 — %wmin, choosing the

sa1 learning rate 7, = 71 /n® with y; = Di;L\/%C) and b = 1, we obtain

4+/2 Diam(C)
—

932 Proof. Define v, = % for ;1 > 0,k > 1 and denote by g* € C a minimizer of the functional H.

E[H (g:) — H(g")] <

933 Thanks to Jensen’s inequality coupled with the fact that no matter g € RM : H(g) — H(g*) <
s« VH(g) (g —g*), it comes

1 & 1
— Y H —H((g"| < ——E
e | <

E[H (7,) - H(g")] <E

> VH (gr)" (g — g*)] :

k=0

935 Then, since no matter k, X1 ~ p, we have E [Vgh(gr, Xi+1) | Fi] = VH(gk), we have

— . 1
E[H (9,) — H (g )]SmE

> Veh (g, Xis1) " (g8 — g*)] : (16)
k=0

936 We will proceed to bound the right hand side of this inequality.

937 By definition of g1, and since g* € C and Proj, is 1-Lipschitz, it comes
E|llgr+1 — g*||2} <E {HProjC (8k — M+1Vgh (8k: Xiy1)) — g*||2}
<E [llgk — w41 Veh (gr Xes1) —8°1°]
<E {Hgk — &P + 9251 1 Veh (8 Xis ) = 2941 Vh (g, Xir1) " (g — g*)} ~
sss  In addition, since ||Vgh(g, X)| < 2 a.s. no matter g € RM and X € R,

T * * *
E {2'7k+1vgh (8k, Xit+1) (g1 —8 )} <E [Ilgk — g~ gk —g** + 4%3“} .

939 Then, with the help of Abel’s summation formula,

n n %112 %12 n
* k — - k -
2E ngh (g0 Xe1) (ge—g")| <E Z lgr — g™ lI” — lIgk+1 — 87|l +4Z%+1
k=0 k=0 V41 k=0
- aef L1 lgr —g"l” | lgo—g"l” <
<E|D lee—g I’ (——~—)| - - +43 s
=1 Ye+1  Vk V41 7 o
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Then, since for all &, ||g, — g*|| < Diamz(C), it comes

n n
1 1 D?
< Diamy(C)? ( - ) +—+4 E Vi
m =

n

o | Y Veh (gr, Xis1) ' (g — &%)
k=0

Ve+1 Yk

Diams(C)? -
o Diama(€)” 1>
Tn+1 =1

Diam,(C)?2
mr:Q()Jn+1+871\/n+1
1

Using the inequality (16) we obtain

_ . 1 Diamy(C)?

The best constant 7 is then y; = Dia;zji(c)

rate

, but no matter v; > 0, we have the desired convergence

E[H (7,) — H (g")] = O(1/Vn).

D Proof of Lemma 3.1: Localisation of a projection set

Lemma 3.1 (Existence of a projection set) As soon as the semi-dual problem is well-posed, there
exists a minimizer g* in the set

C:={g e {0} xRM™ | |g;] < llellx,o0 }

min w;.

where |[c|| k00 = SUPe i jeqr, 7 (%, y;)| for any compact set K satisfying pu(K) > 1-1

Proof. By the first order condition, the minimizer of H satisfies ;1(IL;(g)) = w; for all j € [1, M].
In particular, one can restrict the search set for an optimal potential to the set of potentials defined by

. 2
L= {g e RM :vj € [1, M], u(L;(g)) > gwmin} .

Let us show that this set is contained in an L> ball with an explicit radius. Consider any compact set
K such that u(K) > 1 — %wmin. For g € L and any j € [1, M] we get that

pu(lL;(g) NK) =1 — u((RY\ L;(g)) U (R \ K))
> 1 - p((RM\L;(g))) — p((RM \ K))
=1 (1= pu(lj(g) — (1 — u(K))

> i,
=6

and so IL;(g) N K # (. In particular, for every j € [1, M], there exists z; € L;(g) N K and so for
all i € [1,M]

c(xj,y;) — 95 < c(xj,y:) — gi -
Therefore, using the fact that the cost is non-negative, we have
max g; —ming; < max mjaX{C(ffj, yi) — c(z5,9;)}

< max supc(x,y;) = ||c _
= i eltM er (i) = llell .00

Moreover, since H(g + Alys) = H(g) one can fix g; = 0, which concludes the proof. O
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E Minimax estimation of OT quantities

Consider P, Q € P(R?) with densities fp and fq. We recall that the Hellinger distance is defined by

1
2

(P, Q) : </ (\/fT \/?) dAga(z ) . (17)

We also recall the formulation of Le Cam’s Lemma. We refer to [32], Chapter 15, for more details.

Lemma E.1. (Le Cam’s Lemma.) Let P be a set of probability distributions on a measurable space,
and consider the problem of estimating a parameter 6 € © with a loss function { defined, for all

é, 0 €0, as
0(0,0) = d(6,0),

where p > 1 is an integer, and d is a distance on ©. Then, for all 61,05 € O,

Ry = inf sup Eg[¢(0, T (X))] >

1
oD (1 - \/>dH(P917P92)) d(917 02)177
T geco 2P

where Ry is the minimax risk, and T is an estimator based on n i.i.d samples from Py.

In the sequel, we note Py the set of absolute continuous measures that verify Assumption A.

E.1 Kantorovich potential

Proof. Consider v = %6{0} + %5{1} and fix the cost to transfer mass to be the usual quadratic cost
_1 2
c(z,y) = 3llz —yl*

For § > 0, we define ugs = AN(d,1). Since d = 1, the optimal transport map is monotone
non-decreasing (see, for instance, Chapter 2 in [30]). Thus, we must have the identity

0, ifz<$§
T v — ) — ) 3
pog () {17 otherwise.

Therefore the vector #° € R? solves the semi-dual problem if and only if it satisfies the following
inequalities

c(x,0) — 02 < c(x,1)— 05, Vr<d,
c(x,1) — 05 < e(x,0) =605, VYo>46.

Since c(z,y) = 3|z — y|? we can fix #; = 0 and compute

1
- -
0 —(0,2 5).

Therefore, we parameterized the family of probability measures 1y € Py so that the couple (6, 6) is
the unique solution in © C {f = (6,62) € R?;6; = 0} of the dual of OT (19, v) . In this class of
probabilities, the minimax estimation of the optimal transport potential 6, given n. > 0 i.i.d samples
of the source measure, can be written as

RO := inf supE [||6A(") - GHQ} ,
om0

where (™) is based on the n i.i.d samples from the source measure y. Note that

R < inf sup B, [[g —&'|] . (18)
g™ HEPH

where the infimum is taken over all vectors g(™ based on 7 i.i.d samples of .
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Using the closed form of the Hellinger distance between Gaussian distributions, we have

52
du(pgo, pgs) = (/1 — exp (—8> :

For § — 0, the Taylor expansion gives dyi (g0, fgs) = 6/v/8 + 0 (5). Applying Le Cam’s Lemma
with 6 = 1/y/n gives

RO >

Y

IV
—_
D‘»—l
S

+

Q

7N
SR
N———

Using the inequality (18) concludes the proof. O

E.2 OT map
Proof. Define for 6 € [0, 1] the set of probability measures j5, with density:
Jus () = 1o, (1 + (59(95)), x € [0,1],

where

C(201—-2x), =x€l0,1/2],
g(x) = {Q(Qx -1), ze[1/2,1].

The squared Hellinger distance between piy (uniform) and g5 is:
1/t 2
dulpo, i) = 5 [ (VI V15 8g(0))’ds
0
1
== ((1 —20)3/2 465 — (1 + 25)3/2)
1
= =6+ 0(6%)
2
when § — 0. Therefore, we obtain

dua(j10, 15) = %Ho(é).

Since ps € P, ¢ € [0, 1], we have

inf sup E, [HT(") ~T,., (19)

T HEPH

p
> inf sup E {HT(") - T ,,’
LP(/LJ T seon] Ho:

st)} '

From the relation 1 — 20 < f,,,(x) < 1+ 24, Vx € [0, 1], we infer that no matter 7™ and & small
enough

p p

fro -

sV

v

fro -7

BV

(20)

1
Le(us) 2 LrU(0,1))

Consider v = %(5{0} + %5{1 } as above. Recall that the optimal transport map is monotone non-
decreasing in dimension 1. Moreover by definition 7}, ., () € {0,1},z € [0, 1], and p5(T;.},(0)) =

pe v
1/2. Therefore one identifies T},, , = 1>, Where Mj is the median of s, § > 0, satisfying

M 1
/ (1+d6g(x))dw = 7
0
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Noticing that M € [0, 1/2], we solve

M; 1
/ (1+20(1 —22))de = =,
0 2
which gives the solution
1426 — 1+ 402 1 1
My = R = S old).

Observe that
1
1 Tyor = Tous w120 ao,1)) = /0 Loz, — Loz, |” dw = |Ms — Mol .

We proved the relation ||T),,, — TM&WH?P(L{(O 1) = 0+ 0(0). Applying Le Cam’s Lemma with
0= ﬁ for n sufficiently large and any p € [1, 00), we obtain

~ (n) P »
inf sup E,; HT —TM,,,‘ > ‘LP(U(OJ))

1
— (1 — /ndu( o, T v =T
T 5ef0,1] LP(Z/{(O,l)):l T2 (1= Vindupo, 1)) s, He
1 1 1 1
S e 01 iy
2r V2 Vn n
1

N

Therefore, combining inequalities (19) and (20) we conclude

v

vV

inf sup E U’T(”) T,
TM yePy g g

==
(] ~ /n

F Technical Lemmas

F.1 Technical Lemmas for Appendix B

Lemma F.1. Perturbation of Laplacian Matrices. Let A and B be symmetric Laplacian matrices of
the same size such that:

Aij <0, By <Ay foralli#j.

Suppose Ao (A) > 0, where \y(A) denotes the second smallest eigenvalue of A. Then:
A2(B) > X2(A)

where \o(B) is the second smallest eigenvalue of B.

Proof. We recall the variational characterization of the second smallest eigenvalue of a Laplacian
matrix M is

. aTMux
MM =y o

Define the matrix C' = B — A. Fori # j:
Cij =Bi; —A4;; <0,
and for diagonal elements
Cii = Bii — Ay = —ZCij 20.
J#i

Thus, C is a Laplacian matrix and so it is positive, semi-definite.
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Let y5 be the eigenvector corresponding to A2(B), the second smallest eigenvalue of B, that is

Bys = X2(B)y2

Since A = B — C, we have

with yo | 1.

ya Ays = y3 (B — C)y2 = y3 Byz — y3 Ca.

Thus,
ys Ayo Mo(B) - Cyz
Y3 Y2 Y3 2
By the variational principle:
zTA TA xe
Ao(A) =min =28 < 22V gy B2 202
rll 5% yz Y2 y2 Y2

Since C'is a Laplacian matrix, we have y2 C'y, > 0, no matter y, and thus Az(A4) < A\y(B) which

completes the proof.

Lemma F.2. Let f, satisfy, forall x € R?, the decay condition

Z rd=1 sup

1 z€RI\B(0,r—1)

Then, there exists a constant C' > 0 such that, for any hyperplane H C R%, we have

fulz) < o0

| iwyanti@ <.
H

Proof. Defining for any r € N*, R(r) := B(0,r) \ B(0,

T d-1 Tr) = T d-1 x
/Hm M () ;/mmm JAHT (z)

|

r>1

— 1), we have

sup fu(x>de71(x)

r>1 HNR(r) z€R(r)

sup

<%
Z HNR(r) z€R4\ B(0,r—1)

fulz)dH (2)

O

Then, using the fact that H4~1 (H N R(r)) < HY1 (H N B(0,7)), and noting that H N B(0,7) is

a (d — 1)-dimensional ball of radius r, we have

HIY(H N R(r)) <

Therefore, incorporating this bound, we obtain:

/fu YAH <Z

r>1

which is finite by our decay assumption on f,,.

d
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1027 F.2 Technical Lemmas for Appendix C

1026 Lemma F.3. Let (7, )n>0 and (my,)n>0 be some positive and decreasing sequences and let (0p,)n>0,
1029  satisfying the following:

1030  The sequence 6, follows the recursive relation:
Ont1 < (1= wyn+1) On + Mnp1¥n41, 21
1031 with ég > 0 and w > 0.
1032 * v, converges to (.
1033 o Letng =inf {n >1 : wy,q1 < 1}, p, is non-negative.

1084 Then, for all n > ng, we have the upper bound.:

n n 1
8n < exp (—w > %) (Z Vg + 5n0> +-mra)

1=no+1 k=ng

1035 Proof. For all n > ng, one has

n

o< I Q=wi)dnn+ Do T (0 —wm)

i=no+1 k=no+1i=k+1

:ZUl,n ::UZ,n
1036 One can consider two cases: [n/2] —1 < ng and [n/2] — 1 > n,.
1037 Case where [n/2] — 1 < ng < n: Since my, is decreasing,

n n
Usn <Mngrr », J] (1= ww)n

k=no+1i=k+1

D DR | R § (O

k=no+1i=k+1 i=k
1 n
= “Mne41 (1= II a—ww
i=no+1
1
S 7m'n0+1
w

1038 Since my, is decreasing, it comes Us ,, < %m[n/g].

103s  Case where [n/2] — 1 > ng: Asin [4], forall m = ng + 1,...,n, one has
n m 1
Ua < o0 (—w 3 %) S et L,
k=m+1 k=no+1

1040 Then, taking m = [n/2] — 1, it comes

n [n/2]-1 1
Usn <exp | —w k-_%:m Vi k:%;q VKM F =M n/2]-1
1041 O
142 Lemma F.4. Linearization of the Hessian If a function H : RM — R is such that its Hessian is

1043 «-Hdolder on the ball B(0,r), withr > 0, € (0,1) and constant L, then for any g, g* € B(0,r),
1044  we have

IVH(g) — V2H(g")(g —g")|| < Clg — g*[|' T,

_ L
1045 where C = i
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1047

1048

1049

1050

1051

1052

1053

1054

Proof. Consider the Taylor expansion of V H (g) around g*:
VH(g) = VH(g") + V*H(g")(g — &") + R(g),

where the remainder term R(g) is given by:
1
R(g) = / [V2H(g" +t(g —g")) — V*H(g")] (g — g")dt.
0

By the assumption of a-Holder continuity of the Hessian, we have
IV2H(g" +t(g — &) — VZH(g")|l < Lt(g — g")II* = Lt*[lg — &”||*.
Thus,

1 1
HR(g)IIS/0 Ltallg—g*\\allg—g*\ldt=L||g—g*\|1+°‘/0 tedt.

Evaluating the integral:

1
1

/ todt = ——.

0 a+1

IR < ——ll(g— (g"l'*.

Therefore,

|
a+1
This implies the desired inequality:
IVH(g) - V2H(g")(g — (&%) < Cli(g — (g"|I'**,
L

where C = i
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