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Roadmap In the appendix, we present the complete version of our proposed algorithm
and main theorem. as well as rigorous proof. In Section A, we list our notations and some
widely-used mathematical results. In Section B we discuss coordinate-wise embedding — the
sketching technique we propose in this work. We present some commonly used sketching
matrix and their corresponding results. In Section C we discuss how to deal with the
matrix-vector multiplication bottleneck through sketching rigorously. We also present our
main Algorithm 3 and main Theorem D.1. In Section E, we move on to discuss how to deal
with the projection maintenance bottleneck through the lazy update and low-rank update.
In Section F, we present the strength of our approach compared to previous state-of-art
results. We discuss the benefits of being feasible and oblivious of our approach. In Section H,
we compare our sketching approach to the classical ”sketch and solve” approach and discuss
the reasons why the classical approach doesn’t work in our setting.

A PRELIMINARIES

A.1 NOTATIONS

For notation convenience, we assume the number of variables n > 10 and there is no
redundant constraints. In particular, this implies that the constraint matrix A is full rank
and n > d.

For a positive integer n, let [n] denote the set {1,2,--- n}.

For any function f, we define 6(f) to be f- logo(l)(f). In addition to O(-) notation, for two
functions f, g, we use the shorthand f < g (resp. 2) to indicate that f < Cg (resp. >) for
some absolute constant C.
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5 and cosh x to denote

We use sinh x to denote

For vectors a,b € R™ and accuracy parameter € € (0,1), we use a ~. b to denote that
(1—€)b; <a; <(1+e€)b;, Vi€ [n]. Similarly, for any scalar ¢, we use a =~ ¢ to denote that
(1—e)t<a; <(1+¢€)t,Vie[n].

For a vector x € R™ and s € R™, we use s to denote a length n vector with the i-th coordinate
(zs); is x; - ;. Similarly, we extend other scalar operations to vector coordinate-wise.

Given vectors x,s € R™, we use X and S to denote the diagonal matrix of those two vectors.
We use % to denote the diagonal matrix given (%)” = x;/s;. Similarly, we extend other scalar

operations to diagonal matrix diagonal-wise. Note that matrix ,/%AT (A%AT)_lA, / % is
an orthogonal projection matrix.

A.2 INEQUALITIES

Lemma A.1l. Let x and y are (possibly dependent) random variables such that |x| < ¢, and
lyl < ¢y almost surely. Then, we have

Var|zy] < 2¢2 - Var[y] + QCZ - Var[z].

Proof. Recall that Var[zy] < E[(zy — t)?] for any scalar t. Hence,
Var(zy] < E[(zy — E[z] E[y])’] = E[(zy — 2 E[y] + 2 E[y] — E[z] E[y])’]
< 2E((zy — 2 E[y))*’] + 2E[(= E[ly] — E[z] E[y])’]
< 2¢2 - Var[y] + 203 - Var|[z].

A.3 PROBABILITY TOOLS

Lemma A.2 (Chernoff bound Chernoff (1952)). Let X = Y | X;, where X; = 1 with
probability p; and X; = 0 with probability 1 —p;, and all X; are independent. Let up = E[X] =
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St pi. Then

1. Pr[X > (1 +6)u] < exp(—63u/3), ¥6 > 0 ;

2. Pr[X < (1—0)u] <exp(—62u/2), V0 < § < 1.

Lemma A.3 (Hoeffding bound Hoeffding (1963)). Let X1, -+, X,, denote n independent
bounded variables in [a;, b;]. Let X = Y"1 | X;, then we have

2t?
Prl|X —E[X]| >t SQGXP(—).
(l (X]| = ¢] ST =)
Lemma A.4 (Bernstein inequality Bernstein (1924)). Let X1, -+, X, be independent zero-
mean random variables. Suppose that | X;| < M almost surely, for alli. Then, for all positive

t,
n t2/2
Pr [ZX’ > t] < exp <_Z?—1 E[Xf] + Mt/3> '

i=1

We state Khintchine’s inequality

Lemma A.5 (Khintchine’s inequality, Khintchine (1923); Haagerup (1981)). Let o1,--- ,0p
be i.i.d. sign random variables, and let z1,- -+ , z, be real numbers. Then there are constants
C > 0 so that for allt >0

Pr H z”: 205

i=1

> t||z||2] < exp(—CH2).

We state Hason-wright inequality here

Lemma A.6 (Hason-wright inequality Hanson & Wright (1971); Rudelson & Vershynin
(2013)). Let z € R™ denote a random vector with independent entries x; with E[z;] =0 and
|z;| < K. Let A be an n x n matriz. Then, for every t > 0,

Pr(|z” Az — Elz " Ag]| > t] < 2 exp(—cmin{t?/(K"|| A %), ¢/(K* A|)}).

Lemma A.7 (Lemma 1 on page 1325 of Laurent and Massart Laurent & Massart (2000)).
Let X ~ X? be a chi-squared distributed random variable with k degrees of freedom. Each
one has zero mean and o? variance. Then

Pr[X — ko? > (2Vkt + 2t)0?] < exp(—t),
Prlko? — X > 2Vkto?] < exp(—t).

Lemma A.8 (Tail bound for sub-exponential distribution Foss et al. (2011)). We say
X € SE(c?, ) with parameters o > 0,a > 0 if:

E[e*] < exp(\0?/2), V|| < 1/a.
Let X € SE(0?,a) and E[X] = p, then:
Pr[|X — p| > t] < exp(—0.5min{t?/o?,t/a}).

Lemma A.9 (Matrix Chernoff bound Tropp (2011); Lu et al. (2013)). Let X be a finite set
of positive-semidefinite matrices with dimension d X d, and suppose that

max Amax(X) < B.
Xex

Sample {X1,--- , X} uniformly at random from X without replacement. We define fimin
and pmax as follows:

Hmin =T+ )‘min(X]EX[X]) and  fmax :=n - )‘maX(X]EX[X])-

Then

Pr [Amin(z X)) <(1- 5)umm} < d - exp(—62pumin/B) for 6 € [0,1),

i=1

Pr (30 Xi) 2 (14 )t < - €5 (—0 i/ (4B)) for 8> 0.

i=1
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A.4 FAST MATRIX MULTIPLICATION
In this work, we use the following fast matrix multiplication results:

e Multiplication of two matrices of size n x n requires n°(!) running time, where
w is the exponent of matrix multiplication. Current value of w is roughly 2.373
Williams (2012); Le Gall (2014).

w—+o(1)

e Inverse of a matrix of size n X n also requires n/ running time.

e Multiplication of two matrices of size n X n and n x n® requires n>+t°(!) running
time if a € [0, &), where « is the dual exponent of matrix multiplication. Current
value of « is roughly 0.314 Le Gall & Urrutia (2018).
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Figure 1: Current matrix multiplication time: the blue and green line represents current
running time w(k) of multiplying matrices of size n x n* and n* xn for k € [0,1]: when k = 1,
multiplication of two square matrices needs roughly n2-3"® running time; when k < 0.314,
multiplication needs n2+t°(") running time

B SKETCHING

In this section, we discuss the («, 8, §)-coordinate wise embedding property we proposed in
this work through several commonly used sketching matrices.

We consider several standard sketching matrices:

1. Random Gaussian matrices.

2. Subsampled randomized Hadamard/Fourier transform matrices Lu et al. (2013).
3. AMS sketch matrices Alon et al. (1999), random {—1, 41} per entry.
4

. Count-Sketch matrices Charikar et al. (2002), each column only has one non-zero
entry, and is —1,+1 half probability each.

5. Sparse embedding matrices Nelson & Nguyén (2013), each column only has s non-zero
entries, and each entry is f%, +% half probability each.

6. Uniform sampling matrices.

We list the definitions and results of above sketching matrices for coordinate-wise embedding
in Table 3.
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Table 3: Roadmap of the results for coordinate-wise embedding

Sketching matrix Definition Expectation Variance Inner Product | Concentration
Random Gaussian Definition B.2 Lemma B.11 Lemma B.13 Lemma B.18 Lemma B.24
SRHT Definition B.3 Lemma B.11 Lemma B.12 Lemma B.19 Lemma B.23
AMS Definition B.4 Lemma B.11 Lemma B.12 Lemma B.20 Lemma B.23
Count-sketch Definition B.5 Lemma B.11 Lemma B.14 Lemma B.21 Lemma B.25
Sparse embedding | Definition B.6,B.7 | Lemma B.11 | Lemma B.15 Lemma B.22 Lemma B.28
Uniform sampling Definition B.8 Lemma B.11 | Lemma B.16 Lemma B.29

B.1 DEFINITION

Definition B.1 (k-wise independence). H = {h: [m] — [l]} is a k-wise independent hash
faley ’LfVZl 7& Z'2 7& T 7é ik € [TL] and vjh T 7jk € [”7

. . . . 1
o h(in) = ji A Ah(ie) = 5i] = 3

Definition B.2 (Random Gaussian matrix). We say R € R**" is a random Gaussian
matriz if all entries are sampled from N(0,1/b) independently.

Definition B.3 (Subsampled randomized Hadamard/Fourier transform matrix Lu et al.

(2013)). We say R € R**™ is a subsampled randomized Hadamard transform matriz® if it is
of the form R = \/n/bSHD, where S € R®" is a random matriz whose rows are b uniform
samples (without replacement) from the standard basis of R™, H € R™*" is a normalized
Walsh-Hadamard matriz, and D € R™*" is a diagonal matrixz whose diagonal elements are
i...d. Rademacher random variables.

Definition B.4 (AMS sketch matrix Alon et al. (1999)). Let hy,ha, -, hy be b random

hash functions picking from a 4-wise independent hash family H = {h : [n] — {7%, +%}}.

Then R € R™™ is a AMS sketch matriz if we set R; ; = h;(j).

Definition B.5 (Count-sketch matrix Charikar et al. (2002)). Let h : [n] — [b] be a random
2-wise independent hash function and o : [n] — {—1,4+1} be a random 4-wise independent
hash function. Then R € R®*™ is a count-sketch matriz if we set Ry(;y; = o(i) for all i € [n]
and other entries to zero.

Definition B.6 (Sparse embedding matrix I Nelson & Nguyén (2013)). We say R € RP*"
s a sparse embedding matriz with parameter s if each column has exactly s non-zero elements
being +1/+/s uniformly at random, whose locations are picked uniformly at random without
replacement (and independent across columns) ©.

Definition B.7 (Sparse embedding matrix II Nelson & Nguyén (2013)). Let h: [n] X [s] —
[b/s] be a a ramdom 2-wise independent hash function and o : [n] x [s] = {—1,1} be a 4-wise
independent. Then R € RY*™ is a sparse embedding matriz II with parameter s if we set
R(;_1)b/s+h(i,5),i = 0(i,7)/+/s for all (i,7) € [n] x [s] and all other entries to zero.”

Definition B.8 (Uniform sampling matrix). We say R € R is a uniform sampling
matriz if it is of the form R = \/n/bSD, where S € R**™ is a random matriz whose rows

are b uniform samples (without replacement) from the standard basis of R™, and D € R"*"
is a diagonal matrix whose diagonal elements are i.i.d. Rademacher random variables.

B.2 COORDINATE WISE EMBEDDING

We define coordinate-wise embedding as follows

5In this case, we require logn to be an integer.

5For our purposes the signs need only be O(log d)-wise independent, and each column can be
specified by a O(log d)-wise independent permutation, and the seeds specifying the permutations in
different columns need only be O(log d)-wise independent.

"This definition has the same behavior as sparse embedding matrix I for our purpose.
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Definition B.9 ((«, 3, §)-coordinate wise embedding). We say a randomized matriz R €
RY*"™ satisfying (a, B, 8)-coordinate wise embedding if
1

. E[g"'R"Rh =g"h,

R~IT
«
2. B [(g" RTRN)?] < (g7 h)* + S llgl3Inl3,
3 P |lgTRTRR = gThl = ollglalhlz| <

Remark B.10. Given a randomized matriz R € R®*™ satisfying (., B, 8)-coordinate wise
embedding and any orthogonal projection P € R™ ™  above definition implies

1. E [PR"Rh] = Ph,
R~II

«
2. B [(PRTRR)]] < (Ph); + T |IRl3,
B

thHz <.

3. Pr |[(PRTRh); = (Ph)i| >

S

since ||Plla < 1 implies || P;.|l2 <1 for all i € [n].

B.3 EXPECTATION AND VARIANCE

Lemma B.11. Let R € R**™ denote any of the random matriz in Definition B.2, B.3, B.4,
B.6, B.7, B.8. Then for any fized vector h € R™ and any fized vector g € R™, the following
properties hold:

E [¢g'R"Rh)=¢g"h

~

Proof.
TpT _ T T N TR
]E)H[g R'Rhl =g RE]H[R Rlh=g' ITh=g'h.

O

Lemma B.12. Let R € RY*™ denote a subsampled randomized Hadamard transform or
AMS sketch matrix as in Definition B.3, B.4. Then for any fixed vector h € R™ and any
fixed vector g € R™, the following properties hold:

2
E [(g"RTRR)’) < (g7 h)* + 3 [lgll3 - [R5

~

Proof. It E,[a] = b, it is easy to see that
E[(a — b)?] = E[a® — 2ab + b?] = E[a® — 1?]

a a a

We can rewrite it as follows:

E (gTRTRR? — (41 = B [(g (RTR—D)h)?)

~TII

It can be bounded as follows:

E (g7 (RTR = Dh?)

S ,
- R]En (Z(Rg)k(Rh)k — gTh>

L k=1
- b n 2
- B (ST T
k=1 i=1 jE["]\{'L}
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AR b -
= Renn Z Ry.igi - Z Ry jh; Z Z Ry i gir - Z Ry jrhjo
L k=11=1 Jjem\{i} k'=1=1 §€[n\{i"} |
WA b n -
= Renn Z RE, Zgl Z de h? + Z Z Rk igihi Z R%jgjhj
[ \k=1i=1 jelnl\{i) o jelnl\{i} ]
n 1 n
=329 > n)+ 3 > gihi > gih;
i=1  je[n]\{i} i=1 jeln]\{i}
2
< 7 llglzlIRs,

where the second step follows from R} ; = 1/b, Vk,i € [b] x

[n], the forth step follows from

E[Rk7iRk7ij/7i/Rk/7j/} 7é 0 only if 4 = Z‘/’, ] = j/, k= k' ori= j/, ] = i/, k= k/, the fifth step

follows from Ry ; and Ry ; are independent if ¢ # j and R%i

= szj = 1/b, and the last step

follows from Cauchy-Schwartz inequality.

Therefore,

E (g

~

2
TRTRR)® = (9"h)’] = E_[(¢"(RTR = Dh)’] < Z]gl3|R]3.

O

Lemma B.13. Let R € R**™ denote a random Gaussian matriz as in Definition B.2. Then

for any fixed vecto

rh € R" and any fixed vector g € R™, the following properties hold:

3
E [(9'RTRh)? < (9"h)* + gllgllg |Inll3-
Proof. Note
E [(¢"R" Rh)’]
i 2
b n
= R]EH ZZRngL ZRk,J
k=1 1i=1
i b n n
~ Rem ZR’“gi ' ZRkvjhﬂ Z Z Ry i gir - Z Ry jrhj
| \k=1i=1 j= k'=1i=1
b n
= RE)H[ ZZRi,iRi/,wgihigi/hi/ + (ZZRk 192h2>
k=1k'e[b)\{k} i=1i'=1 k=1 i=1
b n
+ ( Z kil ot | + ZZ Z R} iR o gihigihi
=114=1 je[n]\{i} k=11i=14'€[n]\{i}
b n
+ N R3LREgihigsh }
k=1i=1 je[n]\{i}
1 n n
= Zgz higirhir + 3 Z g;h
=14i=1
1 n
+ g Z g2h2+ Z Z i zgz/hz/ + - Z Z i ]gj
i=1 j€[n]\[4] i=14'€[n]\[4] i=1 je[n]\[]]
<(9"h)?+ 5||9H§||hH§,
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where the third step follows from that for independent entries of a random Gaussian matrix,
E[Rk,iRk,ij’,i/Rk’,j’] 75 0 only if 1. k 75 k/, 1= j7 i = j/, or 2. k= k/, 1=1 :] = j/, or
o k=FK,i=i#4j=5,ord. k=k,i=j#%i =35 ,0rb k=Fk,i=j #4i =j, the
fourth step follows from E[R} ] = 1/b and E[R;, ;] = 3/b?, and the last step follows from
Cauchy-Schwartz inequality. O

Lemma B.14. Let R € RY*™ denote a count-sketch matriz as in Definition B.5. Then for
any fized vector h € R™ and any fized vector g € R™, the following properties hold:

3
E [(g"RTER)" < (g7 h)* + llgll3 123

~

Proof. Note
E [(¢"R"Rh)’]

~

= R]EJH ZZRk zgzZRk,j

k=11i=1

- R]E}H ZZRk’glszJ Z ZRk' i’ gi’ Z Ry jrhje

k=11i=1 k'=14=1

b n n b n
:R]EH[ Z Z Z Z R} R% ygihigihis +<ZZsz92h2>

k=1k'e[b)\{k} i=1 i’€[n]\{i} k=1 i=1
b n n o n
+ ZZ Z R k]g2h2 ZZ Z R kz’gl igi’ hz
k=1i=1 je[n]\{i} k=1i=14'€[n]\{i}

+
M:

Z R nggz hjg;h; :|

k=1 i=1 je[n]\{i}
= bile Z gi zgz’hz/ +292h2
i=14'€[n]\i
+ %Z Z 2h32 Z Z gi zgz/hz/ + - Z Z gi Jg]
i=1 je[n)\{i} i=14'e[n]\{i} i=1je[n]\{i}

< (g7 + 2 13113,

where in the third step we are again considering what values of k, k', 4,4, j, 7' that makes

E[Ry iRk jRi i+ Ri j2] # 0. Since the hash function o(-) of the count-sketch matrix is 4-wise
independent, Vk, k', when ¢ #£ i’ # j # j', or i =i’ = j # 7' (and the other 3 symmetric
cases), we have that E[Ry, ; Ry jRi i Ry j/] = 0. Since the count-sketch matrix has only one
non-zero entry in every column, when k # k', if i = ¢ ori = j or j =4 or j = 7/, we
also have E[Ry, ; Ry, jRi i Ry j] = 0. Thus We only need to consider the cases: 1. k # k/,
1=7#1 =7, or2. k:k,z—z —j—j or3. k=kK,i=i#j=4,0ord k=1F,
i=j#1"=73,0or5 k=kK,i=45#1=3. And the fourth step follows from E[R} kil = 1/b
and E[Ri’i] = 1/b, and the last step follows from Cauchy-Schwartz inequality. O

Lemma B.15. Let R € R™™ denote a sparse embedding matriz as in Definition B.6, B.7.
Then for any fixed vector h € R™ and any fixed vector g € R™, the following properties hold:

2
2. B [(g" RTRR)* < (" h)* + S llgll3 - IAII3.
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Proof. Note
E [(g"R"Rh)’]

~

2

= R:E/‘JH ;;szgzZRk]

: b n n
= E Z ZRk iJi ZRk j : Z Z Ry irgir Z Ry jrhj

i~ | \k=1i=1 k=1i'=1 j'=1
= RE)H[ ZZRk zgz kj _7) kzgl % Z Rk]gJ
k=11i=1 je[n]\{z k=11i= 1 j€[n]\{i}

Z Z R Rk: i'9i zgz i’ (Z Z k zg2h’2> Z Z R Rk:’ ’gl igi’ h’L

ki ki k#k" i#£i!

Z ZR R2, zgzhz ]

kK 1§
=3 Z hi+ 5 Zgihigjhj + % > gihigirhir Z L Zgz igirhi + 27— Z hi

i#£] i#£] i#£i! i#£i!

2
< (9"h)?>+ gllgllillhlli,

where the third step follows from the fact that the sparse embedding matrix has independent
columns and s non-zero entry in every column, the fourth step follows from E[R? l] =1/b,

E[Rﬁ,i] = 1/(bs), and E[Ri’iRz,ﬂ-] = SEZ i) L Vk # k' and the last step follows from

Cauchy-Schwartz inequality. O

Lemma B.16. Let R € R denote a uniform sampling matriz as in Definition B.S. Then
for any fixed vector h € R™ and any fixed vector g € R™, the following properties hold:

n
2. B [(g"RTRR)?) < (g"h)* + llgl311AI13-

Proof. Note
E [(QTRTRh)z}

~

2
:R:E}H ;;ngzz]ﬁw
= R]E"n ZZRk zgzZRk,J Z Z Ry g Z Ruyhy
k=11i=1 Pt
= E (Z Z R} 1g2h2> > S R RY gihigih
R~II 22
- %Zg?h? Zgz 1gl/hl/
i =

IN

n
(9"h)* + gllgllithlg,
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where the third step follows from the fact that the random sampling matrix has one non-zero
entry in every row, the fourth step follows from E[R} R}, /] = n/((n—1)b°) for k # k', i # ¢
and B[R} ;] = n/b?. O
Remark B.17. Lemma B.16 indicates that uniform sampling fails in bounding variance in
some sense, since the upper bound give here involves n.

B.4 BOUNDING INNER PRODUCT

Lemma B.18 (Gaussian). Let R € R®*™ be a random Gaussian matriz (Definition B.2).
Then we have:
log(n/9)
Vb

Proof. Note for i # j, Ry, R.; ~ N(0, %Ib) are two independent Gaussian vectors. Let
2k = Ry iRk ; and z = (R, ;, R, ;). Then we have for any || < b/2,

Pr | max [(R.;, R. j)| > ] < 6(9).
7] i

1
E[e*] = ————— < exp(\2/b?),
] = s < SO
where the first step follows from z;, = i(Rk,i + Ry j)* + i(Rk,i — Ry )% = %(Ql — )2) where
Q1,Q2 ~ X3, and E[e’\Q] = \/ﬁ for any Q ~ x7.

This implies z; € SE(2/b%,2/b) is a sub-exponential random variable. Thus, we have
z = 22:1 zr € SE(2/b,2/b), by sub-exponential concentration Lemma A.8 we have

Pr{|2| > t] < 2exp(—bt*/4)
for 0 <t < 1. Picking t = /log(n?/d)/b, we have

1 )
Pr [|(Rus R}l = O] < 5,
Vb
Taking the union bound over all (4, j) € [n] x [n] and ¢ # j, we complete the proof. O

Lemma B.19 (SRHT). Let R € R™™ be a subsample randomized Hadamard transform
(Definition B.3). Then we have:

log(n/0)
NG

Proof. For fixed i # j, let X = [Ry, R, ;] € R®2 Then XX = 22:1 Gy, where

Pr | max [(R. i, R ;)| >
i#]

} 100

1 Ry Rk
Gi = [Rii, Rij] " [Ryis Ry j] = |:Rk bekj k% il

Note the eigenvalues of Gy, are 0 and % and E[X " X] = b- E[Gy] = I, for all k € [b]. Thus,
applying matrix Chernoff bound A.9 to X ' X we have

Pr [)\max(XTX) <1- t] < 2exp (—t?b/2) for t € [0,1), and
Pr {)\maX(XTX) >1+ t} < 2exp (—12b/8) for t > 0.

_tib)
)
So the eigenvalues of X ' X — I, are between [—t, ] with probability 1 —4 exp (—’%b). Picking

= cy/log(n/é)

7 , we have

which implies the eigenvalues of X T X are between [1—t, 1+¢] with probability 1—4 exp (

< 1
_nz'

Ty c\/log(n/)
Pr[IXTX - B = == |
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Note

T _ 0 <R*,i7R*,j>
X' X - -[2 - |:<R*,iaR*,j> 0 ’

whose spectral norm is |[(R, ;, R« j)|. Thus, we have

Pr [[(Roi. R )l > Cvl‘igfgl/(”] < §/n2.

Taking a union bound over all pairs (4, 5) € [n] x [n] and ¢ # j, we complete the proof. [

Lemma B.20 (AMS). Let R € R**"™ be a random AMS matriz (Definition B.J). Let

{04, i € [n]} be independent Rademacher random variables and R € R®™ with R, ; =
o;R+ i, Yi € [n]. Then we have:

— 1 5
Pr [maX|<R*)i,R*j>| > Vlog(n/9)

na: Nz = | <o),

Proof. Note for any fixed i # j, R.; and R, ; are independent. By Hoeffding inequality
(Lemma A.3), we have

22

Y (3 - (1))

Pr [|<E*,i,ﬁ*,j>\ > t} < 2exp ( -

Choosing t = /21log(2n2/8)/v/b, we have
- = 5
Pr [|(R. i, Re)| > /210g(2n2/8) V| < —.

Taking a union bound over all pairs (i, ) € [n] X [n] and 7 # j, we complete the proof. [

Lemma B.21 (Count-Sketch). Let R € R®*™ be a count-sketch matriz (Definition B.5).
Let {0, i € [n]} be independent Rademacher random variables and R € R*™ with R, ; =
o;R+ i, Yi € [n]. Then we have:

) < 267t2b/2

max (R, R j)| < 1.
i#i

Proof. Directly follow the definition of count-sketch matrices. O

Lemma B.22 (Sparse embedding). Let R € RY*™ be a sparse embedding matriz with
parameter s (Definition B.6 and B.7). Let {o;, i € [n]} be independent Rademacher random
variables and R € R®*™ with R, ; = 0;R.;, Vi € [n]. Then we have:

I — cy/log(n/d)
Pr 1o | (R Reg)l 2 =T < 000)

Proof. Note for fixed i # j, R*,i and R*’j are independent. Assume R.; and R, ; has u
non-zero elements at the same positions, where 0 < u < s, then by Hoeffding inequality
(Lemma A.3), we have

2
PI‘[|<E*,1';E*,J‘>‘ > t] < 2exp (_ Eu (12t_ (_l))
i=1\g s

;) < zen-e/en) )

Let t = /(2u/s?) log(2n2/6), we have

Pr [[(Russ Rug)l = /25 T10g(2n7/0)| < Pr[|(Rui, Be )| = v/2us 7 1og (202 /6)]
< §/n? (10)
since u < s. By taking a union bound over all (4,7) € [n] x [n] and 7 # j, we complete the
proof. O
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B.5 INFINITE NORM BOUND

Lemma B.23 (SRHT and AMS). Let R € R®*" denote a subsample randomized Hadamard
transform (Definition B.3) or AMS sketching matriz (Definition B.4). Then for any fixed
vector h € R™ and any fixed vector g € R™, the following properties hold:

log"?(n/)
= lgllall] < ©09).

Proof. We can rewrite (g" RT Rh) — (g h) as follows:,

(TRTRh Z Z gz R*Z7R,j +Zgz ||R*’L|| _1)

TpT (4T
P [Ia"RTRR) ~ (g 1)] >

i=1 j€[n]\s i=1
Z Z gz *sz]R*,j>~
i=1 j€[n]\i

where o;’s are independent Rademacher random variables and E*’i = o0;R.;, Vi € [n], and
the second step follows from ||R, ;|3 = 1,Vi € [n].

We define matrix A € R"*™ and B € R™"*" as follows:

Ai,j = gihj . <§*’i7ﬁ*’j>7 Vi € [n],j S [n]
B;; = gih; 'Ip7éa?§|<§*,if7§*,jr>| Vi € [n],j € [n]
i'#j

We define A° € R™*™ to be the matrix A € R"*™ with removing diagonal entries, applying
Hason-wright inequality (Lemma A.6), we have

Prflo " A%0| > 7] < 2 exp(—cmin{r?/||A°|F, 7/ A°[})

We can upper bound ||A°|| and ||A°||F.
1A% < 1A% F
< [[Allr
<|IBllr
= llgll2 - 1Allz - max [(R
i#j

)|

iR
R. ;).

< llgllz - [[Al]2 - max (R
i#]
where the forth step follows from B is rank-1.

For SRHT, note R has the same distribution as R. By Lemma B.19 (for AMS, we use
Lemma B.20) with probability at least 1 — O(J), we have :

log(n/d)
max |(Riiy R j)| < G

Conditioning on the above event holds.
Choosing 7 = ||g|l2 - ||2]|2 - log*®(n/8) /b, we can show that
1.5
oo g * /1)
Vb

Thus, we complete the proof. O

(9" RTRh) = (g7 h)| = llgll2 - 1hll2 < 6(9).

Lemma B.24 (Random Gaussian). Let R € RY*" denote a random Gaussian matriz
(Definition B.2). Then for any fixed vector h € R™ and any fized vector g € R™, the following
properties hold:

log"*(n/3)

Pr [|(gTRTRR) = (g7 h)| > v

R~

lgll2llnll2] < ©().
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Proof. We follow the same procedure as proving Lemma B.23.

We can rewrite (g RT Rh) — (g7 h) as follows:,

("R"Rh)—(g"h) = > Y gihj(Rei,R.j) +Zgz (I Rxill3
1 =1

= Z Z glhj<o"b *ZvJ] *,J +Zgz ”R*Z”Z 1). (11)

where o;’s are independent Rademacher random variables and R has the same distribution
as R.

To bound the first term 377 | 3775\ gihj(0:R. i, 05 R, ), we define matrix A € R™*" and
B € R™"*" as follows:

A;j = gihj - (Rui, Ri j), Vi € [n],j € [n]

sz—gzh maX|<E*ZaR ’>| Vle[n],je[’ﬂ]
We define A° € R"*™ to be the matrix A € R"*" with removing diagonal entries, applying
Hason-wright inequality (Lemma A.G), we have

Prljo " A% > 7] < 2 - exp(—cmin{r?/||A°|%, 7/ A°[})

We can upper bound ||A°|| and ||A°||F.

1A% < |1 A°]IF
< | Al
< [IBll#
= llgllo - [IAllo - max [(R..;, Ruj))|
i#]
< llgllz - 1Pz - max [{Ru s, Ru 5)]-
i#]

where the forth step follows from B is rank-1.
Using Lemma B.18 with probability at least 1 — ©(¢), we have :

log(n/9)
R* z; R* < - = -
max [(Rui, R j)] NG

Conditioning on the above event holds.

Choosing 7 = ||g||2 - |2]|2 - log*®(n/8) /b, we can show that

UG —= log'®(n/s
P T A R e e EL O
i=1je[n]\i

To bound the second term Y7 | g;hi(|| R
Applying Lemma A.7, we have

2 — 1), note that b||R. ;|3 ~ x7 for every i € [n].

Pr < §/n.

cy/log(n/o
[ENTEIE Vé”]

which implies

- " cy/log(n/d)
Pr [;gzhz 0

Plugging the bounds Eq. (12) and (13) back to Eq. (11), we complete the proof. O

*,1

2— 1] 2 lgllaliblz ] <6(). (13)
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Lemma B.25 (Count-sketch). Let R € R®*™ denote a count-sketch matriz (Definition B.5).
Then for any fired vector h € R™ and any fized vector g € R™, the following properties hold:

Pr (16T RTR) ~ (6 h)] > loa(1/8)lgll2lln]2] < ©(5).

Proof. We follow the identical procedure as proving Lemma B.23 to apply Hason-wright
inequality (Lemma A.6).

Then note Lemma B.21 shows

max [(R.;, Ri ;)| <1

i#]
Thus, choosing 7 = ¢l|g]|2 - ||h]|2 - log(1/J), we can show that

Pr[[(g"RTRh) — (9" h)| > c|gllz - ||hll2 log(1/5)] < 4.

which completes the proof. O
Lemma B.26 (Count-sketch 2). Let R € R®*™ denote a count-sketch matriz (Definition B.5).
Then for any fized vector h € R™ and any fized vector g € R™, the following properties hold:

1
5 lalalnlz] < €9).

Proof. 1t is known that a count-sketch matrix with b = €726~ rows satisfies the (¢, §,2)-JL
moment property (Definition G.6) (see e.g. Theorem 14 of Woodruff (2014)). Using Markov’s
inequality, (e, d,2)-JL moment property implies

Pr[[(gTRTRR) = (g7 h)] = ellglla[[bll2] < ©(),

TpT o T
Pr[I(gTRTRR) = (9Th)| =

where € = \/%. ]

Remark B.27. In LP solver, we need § =1/ poly(n), thus Lemma B.25 is stronger than
Lemma B.26.

Lemma B.28 (Sparse embedding). Let R € RY*™ denote a sparse-embedding matriz

(Definition B.6 and B.7). Then for any fized vector h € R™ and any fized vector g € R™, the

following properties hold:

log! (n/3)
Vs

Proof. We follow the identical procedure as proving Lemma B.23 to apply Hason-wright
inequality (Lemma A.6).

8. Pr [[(g"RTRR) ~ (97h)| > lgllzlitll2] < ().

Then note Lemma B.22 shows with probability at least 1 — § we have
. V1 0

max | (R i, Ry j)| < M.

i#j Vs
Conditioning on the above event holds, choosing 7 = ¢/||g||2 - |||z - log"®(1/8), we can show
that
¢ log*®(n/d)

Vs

Thus, we complete the proof. O

Pr(|(g"RTRh) — (g7 h)| > lgllz - [[Rll2| < ©().

Lemma B.29 (Uniform sampling). Let R € R*" denote a uniform sampling matriz
(Definition B.8). Then for any fixed vector h € R™ and any fized vector g € R™, the following
properties hold:

n
3.1(9"RTRR) — (9" h)] < (1 + 3 llgllzllzll2

where I C [n] be the subset of indexes chosen by the uniform sampling matriz.
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Proof. We can rewrite (g' RT Rh) — (g h) as follows:,

(g"RTRh) — (g7 h) = Z Z gihj(Rei, R j) +Zgl (IR«:l3 = 1)

i=1 j€[n]\s i=1
= %Zgzhz - Zgihz
i€l i=1

where the second step follows from the uniform sampling matrix has only one nonzero entry
in each row.

Let I C [n] be the subset chosen by the uniform sampling matrix, then ||R. ;|3 = n/b for
i € I and ||R.;||3 =0 fori € [n]\ I. So we have

(g RTRR) — (¢"W)| = | D gihil 5 = D)= > gihs

i€l ien)\I

n
< (1+ D)l

O
C SKETCHING CENTRAL PATH METHOD
Algorithm 3 Our main algorithm
1: procedure MAIN(A, b, ¢, §) > Theorem D.1
1 1 1000ey/n log? n
2 € < I0000Togn €mp * 10000° bsketen 4= emp :
3 A<+ 40logn, § < min(Z, 1), a + min(a, 2/3).
4: Modify the linear program and obtain an initial x and s according to Ye et al. (1994).
5: MAINTAINPROJECTION mp
6 mp.INITIALIZE(A, %, €mp, @, Dsketch) > Algorithm 5
7 t+1 > Initialize ¢
8 while ¢ > §2/(32n%) do > We stopped once the precision is good
9: eV — (1 — 3\6/5)t
10: < xs
. thev V&, (u/t—1) . .
11: 6'“‘ < (7 — l)SCS — % - thev. m > q))\ is defined in Lemma C.12
12: (oW, sV «— STOCHASTICSTEP(mp,x, $,0,,b,¢€) > Algorithm 4
13: if @, (umev/t"v — 1) > n? then > When potential function is large
14: (x"W, s"W) «— CLASSICALSTEP(.Z‘ s, t7°V) > Vaidya (1989)
15: mp.INITIALIZE(A, ’S”,,ew , Emp, @) > Restart the data structure
16: end if
17: (x,8) < ("W, W), t + "W
18: end while
19: return an approximate solution of the original linear program according to Ye et al.
(1994) .

20: end procedure

To decouple the proof in both parts, we will make the following assumption in first part. It
will be verified in the second part.

For simplicity, we assume the sketching matrix R € R®*™ is of (a, 3, d)-coordinate wise

embedding with a =1, g = logl's(n/ d), which corresponds to the case of random Gaussian,
SRHT, AMS matrices. For other random matrices we discuss in the paper, the results
extends directly.

Assumption C.1. Assume the following for the input of the procedure STOCHASTICSTEP
(see Algorithm 4):

e rs =gt witht>0.
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Algorithm 4

1: procedure STOCHASTICSTEP(mp, &, s, d,, b, €) > Lemma C.2,C.3,C.8

2 w 4 £, U < mp.UPDATE(w) > Algorithm 5

3: E(—x\/%, S5/ % > It guarantees that % =7v and TS = xs

4 repeat

5 Das Ps imp.QUERY(\/;:S(S#) > Algorithm 5

6: — 2= > According to (16
Nicia g to (16)

7 e —2—p, > According to (15)
Vx5

8: until HS 16 HOO S m and ||.’I: 16 ||OO S m

9: return (z + 0y, 5 + 0,)
10: end procedure

e mp.UPDATE(w) outputs U such that w =, v with enp < 1/40000.
o [|0,]]2 < et with 0 < e < 1/(40000logn).

o b > 1000ey/n1og? n/emp.

C.1 BOUNDING EACH QUANTITY OF STOCHASTIC STEP

First, we give an explicit formula for our step, which will be used in all subsequent calculations.

Specifically, we show our update can be viewed as an exact solution of the following linear
system:

X0, + S0, = 0y,
A5, =0, (14)
ATé, + 6, =0,

where

1
=VXSRTR——4,,.
VXSt

Lemma C.2. The procedure STOCHASTICSTEP(mp, 2, s,0,,b,€) (see Algorithm 4) finds a
solution 4., 65 € R", 6, € R? to Eq. (14) by the formula

5o X Tp L

51,_\/)?5(1 P)R R\/Xzsd (15)
5. 5 ppTr L

0 = \/X:SPR R\/X:S@ (16)
5y (AS T XAT) A F (17)

and

P= \/EAT (A);AT> B A\/g. (18)

Proof. For the first equation of Eq. (14), we multiply AS " on both sides,

AS X5, + As, = AS 15,
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Since the second equation gives Ab, = 0, then we know that Ag_lfgs = Ag_lgu.

Multiplying AS X on both sides of the third equation of (14), we have
~AST'XATS, = AS X5, = AS 5,

Thus

5, = — (AS'XAT)1AS 5,
5, = AT(AS 'XAT)"1AS 5,

=5 0,-S 'XAT(AS'XAT) AT '5,.

Recall we define P as Eq. (18) and gﬂ as Eq. (6), then we have

~ S X X X 1 ~ S — 1 ~ S — 1
o= —2 | ZATAZAT) A2 5, = P—=—0,= —~==PR'R—==9,,
VX5 \ S 454 S Vvxs " VX5 Vvxs ' VXS Vvxs "
and
D G ¢ X X 1 -
bp=8 00— —— (\|=ATA=A) /= —0
X — 1 ~ X — 1
=——_(I-P 6y = ——(I—P)RTR———9,,
\/XS( )\/Xs“ \/XS( ) vxs "
and
~ 1 X 1 ~ — 1= X 1
by = —(AS XA A\ = ——6,=—(AS XA A/ =R"R—9,,
Y ( ) S\/ﬁ# ( ) S \/ﬁ#

which match Eq. (16), (15) and (17).

To see why the STOCHASTICSTEP outputs d,, 0, satisfying (16) and (15), we note that

— -1
po=(I—-VVAT <A);AT> AVVRT R—es, = (I - P)RT R,

VXS VXS
— —1
— X = 1 — 1
pe = VAT (AAT) AVVR R—=—6, = PRTR———6
S VXS’ vxs "
because of Theorem E.1. O

Using the explicitly formula, we are ready to bound all quantities we needed in the following
two subsubsections.

C.2 BOUNDING 58, Sm AND SM

Lemma C.3. Under the Assumption C.1, the two wvectors 5. and O, found by
STOCHASTICSTEP satisfy :

1. |EE e < 2| EETE]le < 26BNl < 26 [|ET5]l <

2¢, || E[;flfyuﬂ\g < 4e. B B _

2. Var[Ei_léS_yi] < 2€2/b, Var[fi_léx,i] < 262/b,Var[si_15$,i] < 2€2/b, Var[x;15m7i] <
2€¢2/b, Var|u; 10, < 8€2/b.

3. 157 s lloo < € 157 0slloo < 26, [T 0z lloc < € 27 02|00 < 2e, ”ﬂil(;u”oc < 2e.

Remark C.4. For notational simplicity, the E and Var in the proof are for the case without
resketching (Line 8). Since the all the additional terms due to resketching are polynomially
bounded and since we can set failure probability to an arbitrarily small inverse polynomial
(see Claim C.7), the proof does not change and the result remains the same.
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Claim C.5 (Part 1, bounding the ¢3 norm of expectation).

IEE

Proof. For ||5710,||e, we consider the i-th coordinate of the vector

n

~ 1 _ 5.
— T g
'Si 53’1‘ = — (PR R)z, —_—.
\VIiS; = J \ LjSj
Then, we have
~ R u I &= O
E [7»_16 :| _ PRT ; |22%] — P. . 22X} , 19

where the second step follows by E[RTR] = I. Since xs ~ 1 t and ||5, ||2 < et, we have

I j;—st 1\}9 Since P is an orthogonal projection matrix, we have | r||2 <l FHQ

Putting all above facts together, we can show

o

IA
o
) —
©
.
i M:
I

IN
o

= 0.9t ¢t
< 1.4

where the third step follows by Ts = xs &~ 1 t. It implies that

HE[E‘@] (20)

< 1.2e.
2

Notice that the proof for z is identical to the proof for s because (I — P) is also a projection
matrix. Further, since 5 /g 1 s and T /1 = by Assumption C.1, the next two inequalities in
Claim C.5 can be easily shown.

13,]ll2 by

15l = || E[s 71 (@0, +30,)] |12 < |

Now, we are ready to bound || E[u~

1B E[s '5]lo + | BE '3, |l2 < 4e.

where the first step follows by 4 = xs = Ts and fgs+§5~m = 5# defined in (14), the second step

follows by triangle inequality, and last step follows by || E[s 10|z, | E[Z 10.]|]2 < 2¢. O

Claim C.6 (Part 2, bounding the variance per coordinate).

Var[s; 10,,] < 2€2/b, Var[z; 16, ;] < €2/b, Var[s7 10, ;] < 2¢2/b, Var[z; 16, ;] < 2€2/b, Var[u;

30
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Proof. Consider the i-th coordinate of the vector

~ 1 — 1)
—1 T %
15, = (PR R—) .
5i ’ VZTiS; TS/ 1
For variance of 5, 13572-, we have
Var[s; 10,,] < E[(5;10:.4)%] — E[5; 10.]?
du 112
_ 2 — _ 2
< 717 (P Op > +717 ||ﬁH2 _717 (P Oy )
T;5; VTs/i o TS b T;S; Vzs/i
Ou 12
1 ”\/fs‘b
=75 b
_ 130603
— 2 b
1.3€2
< ?;6 ; by Z;8; = xis; =110 t

where the second step follows by (1,log"®(n/§), §)-coordinate wise embedding and Eq. (19),
the fourth step follows by 7;5; = x;s; ~o.1 t, and the last step follows by |[0,]]2 < €t in
Assumption C.1.

The proof for the next three inequalities in Claim C.6 are identical, which are omit here.
For the variance of u;lgﬂyi,
Var[,u;lgw] = Var[f;1§;l(figs’i —|—§1g“)]
< 2Var[z; '%;5; 10, 4] + 2 Var[s; '5,7; 16, ]
— 2 Var[s; 18, ;] + 2 Var[z; 10, ]
< 8¢? /b.

where the first step follows by u = xs = s and Egs + Egl. = SM defined in (14), the second

step follows by triangle inequality, and the last step follows by Var[§;15~syi], Var[z; 15“] <
2¢2 /b. O

Claim C.7 (Part 3, bounding the probability of success). Let b > 10log®(2n?/5). Without
resketching, the following holds with probability 1 — 9.

||§_153||oo < Hs_lgsnoo < 2, ||f_lgz”oo <¢ ||33_151||oo < 2, ||N_1gu||oo < 2e.

With resketching, it always holds.

Proof. Note by Eq. (19), we have

5715, B[ 5. = A (PRTR-P)2),

i5i VTS

Using (o bound in (1,log"*(n/d),d)-coordinate wise embedding property, we have
1 log'®(n/d) Oy

Vfigi \/Z) VIS

8

Pr |[5; 0, — E[5; '6,,]| >

2| <0

As long as
b > 101og®(2n? /)
we have with probability 1 — §/2n,

. 1%
5. 0s; — B[ 0]l < ——-05-
50 = Bls;0ul 0.9v/% 0.9v/%
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Taking a union bound, we can show
(157105 |loo < €.

The next three inequalities can be shown in identical way. To show the last inequality, we
have

47 0] = T8, Fabsi + 5i00.0)| = |57 0us] + |7y 0] < 2,

where the first step follows by p = zs = 75 and Td, + 50, = SM defined in (14), the second
step follows by triangle inequality, and the last step follows by |57 204 ||o0, [T 0200 < €.

O

C.3 BOUNDING p™®V —

Lemma C.8. Let € < €yp and b > Vvn. Under the Assumption C.1, the vector uhev =
(z; + gm)(sl + 5~SZ) satisfies

£ Bl (1 — = 8,)]ll2 < 06mp - € and | Elu~ (7 — w)]lls < 5e.

2. Var|u; ' uteV] < 50€2/b for all i.

3o Nl H (1Y — p)floe < 3e.

Claim C.9 (Part 1 of Lemma C.8).

VL (1" — = 8)]ll2 < W06y - e, and | Bl (4" — w2 < 5e.

Proof. We write

[ = (2 + 0,)(s + 0) = pt -+ 285 + S0g + 0305 = ju+ TOs + S0g + (x — T)Ds + (5 — 50 + 0405 .
———

6# €n

Taking the expectation on both sides, we have

B[ — i — 6, = (v — 7) B[0,] + (s — 5) B[0,] + E[0,0,].
Hence, we have
™ Bl — = 6,2
<l M@ =2)s- s BRIz + 1 (s = 5z - 2 B8]l + ln El0.04]
™ (@ = Z)s]loo - 15 B[l + 17" (s = )llo - o™ BlSe] 2 + |1~ E[5.6]2
emp 57 EB]ll2 + emp - | B8] |2 + 1" BI5,5,] ]2
< demp - €+ [[p EBL0)]2, (21)

IN

IN

where the first step follows by triangle inequality, the second step follows by |[lablls <
llalloo - [|b]|2, the third step follows by [|u~ ! (z — Z)s|loc < €mp and [[p7 (s — 5)z|loo < €mp

(since T =, T, 5 Re,,, §), the last step follows by || E[s’lgs]Hg < 2¢ and || E[m’lgm]Hg < 2¢
(Part 1 of Lemma C.3).

To bound the last term, note E[ds] = 5 and E[0,] = 0., so we have
E[gw,igs,i] = 6I,i68,i + E[(ng - 51,2’)(55,1’ - 53,1')]-

Hence,

n 1/2
I B0l < [la28,5]2 + (Z (B 27 (i = b0) - 57 (B 6s,i>})2>
=1

n

1/2
1 _ N2
< 46 + 3 <§ (Var[x;lém,i] + Var[s;15s7i]) )

i=1
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n 1/2
< 4é* + % <Z 2(Var[m;15;,i])2 + 2(Var[si15~57i])2>
i=1

< 4€2+2\/n'64/b2
< 4¢% 4 262
< 6e2, (22)

where the first step follows by triangle inequality, the second step follows by ||~ 10,052 <
lz= 18,2+ ||s~ 1052 < 4€® (Part 1 of Lemma C.3) and 2ab < a? + b%, the third step follows by

(a+b)? < 2a%+2b2, the fourth step follows by Var[xi_lgw)i] < 2¢?/band Var[s; ', ;] < 2¢2/b
(Part 2 of Lemma C.3), the last step follows by b > v/n.

Combining (21) and (22), we have that

™ (B — = 6u))ll2 < démp - €+ [~ E604] 12
< deyp - €+ 6e?
< 10€pyp - €.

where we used € < ey, in Assumption C.1.

From Part 1 of Lemma C.3, we know that ||~ E[6,]|2 < 4e. Thus using triangle inequality,
we know

I B = p)|l2 < 106y - € + 4e < Se.

Claim C.10 (Part 2 of Lemma C.8). Var[u; 'ul*V] < 50¢2/b for all i.

Proof. Recall that

We can upper bound the variance of p,; ! Wi by,
Var[p; Y] < 4 Var[u; 6, 3] + 4 Var(u; (w; — 7:)0,4] + 4 Var[u; (si — 5:)8,.] + 4 Var[u; 5.0, ]
2 2 2

< 395 4 1< + i + Var[ui_lgg; 0 i)
b b b n
2

= 40% + Var[xi_lgm . Si_lgs,i]
2

< 40 +2Sup((; '4,,)%] - Varls; '3..] + 2Supl(y; '5,.)%] - Varlz; 6.,
62 62 62

<A40— 4+2-(26)2 — +2- (2% —

S A0 425 (207 42 (207 5

62

< 50—.
- b
where the first step follows by Cauchy-Schwartz inequality, the second step follows by

Var[,u;lgw] < 8¢%/b (Part 2 of Lemma C.3) and

Var|u; (z; — El)g“] = Var[z; ' (z; — Ei)sflgs)i] < 2e, Var[s;15~37i] < €2 /b.
and a similar inequality for Var[u; *(s; — Ez)g“] < €2/b, the third step follows by u = xs,
the fourth step follows by Var|xy] < 2 Sup[z?] Var[y] + 2 Sup[y?] Var|z] (Lemma A.1) with
Sup denoting the deterministic maximum of the random variable, the fifth step follows by

Var[sflgs,i] < 2¢%/b and Var[:ci_lgxyi] < 2¢%/b (Part 2 of Lemma C.3). O

l

Claim C.11 (Part 3 of Lemma C.8). ||p= (1" — p)||oo < 3e€.
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Proof. We again note that

Hence, we have

new

iy (™ — g1 — 0,00)
< (@ = T)iptg M0si| + |(s — B)ipty M Oail + |1y 00i0s.i]
(s = )is; - |2 0wl + |27 0l - |57 0
€mp|5; 0l + EmplTy Ol + 57 0sil [ 0
€mp - (2€) + emp - (2€) + (26)2
€

(& = z)iz; |- |57 0

IN AN IA

where the first step follows by triangle inequality, the second step follows by i = x;8;, the
third step follows by =, T and s ~,, 3, the fifth step follows by |s; 'd,,| < 2¢ and
|27 10, < 2¢ (Part 3 of Lemma C.3).

Since we know that |u;15~w| < 2¢e (Part 3 of Lemma C.3), we have

(Y — )| < €+ 2€ < 3e.

C.4 STOCHASTIC CENTRAL PATH

First, we give some basic properties of ®.

Lemma C.12 (Basic properties of potential function, Cohen et al. (2019b)). Let ®x(r) =
S cosh(Ar;) for some A > 0. For any vector r € R™,
1. For any vector ||v||oo < 1/A, we have that

Dp(r +v) < DA(r) + (VOA(r), v) + 2/[0][T2g, (1)
2. [IV@x(r)]l2 = J=(@a(r) — n).
3. (0, A2 cosh®(Ar)) /2 < AV + [VBA()l2.

The following lemma shows that the potential ® is decreasing in expectation when ® is large.
Lemma C.13. Let n > b > /n and Ae <1/1000. Under the Assumption C.1, we have

E[@,\ (’;‘:: —1” N (%-1) —1;\6/5 (@A (%—1) —10n>.

Proof. Let €, = p™*" — p — 5#_ From the definition, we have

Mnew _ qnew _ o+ g,u + € — tnew’

which implies

/;r:::: -1= tn/zw +tn%(gu+eu)—l
= %tniw +tn%(g”+eu)—l
= %+%(tniw —1)+tn%(5u+eu)—1
- %—1+%(tnew —1)+tn%@+eu). (23)

v
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Let v = £ (5ks — 1) + e (0, + €,.), we have

Bl = “(- — 1)+ L (B[] + Ele)

t \qnew fnew
= %(tniw -+ tn%(‘su + Ele,))

= %(tniw - 1) + tniw (((tn:W - 1)/“ gtnew VV(I()I)/\A(%L//;__;))Hz) + E[QJ)

- % HVV(;I) :((://tt__ 11))|2 + tntw Ele,), (24)

where the third step follows by definition of §,, defined in Algorithm 3.

Next, we bound the ||v||o as follows:

ot 1 ~
ol < |5 s =0+ B
(oo} o0
C e e
=/ 0.9
€ 3e
<7 il
< 4e
1
< —.
A

where the second step follows by definition of ¢V defined in Algorithm 3 and Part 1 of
Assumption C.1, the third step follows by Part 3 of Lemma C.8, and the last step follows by
1
€ S an:
%, we can apply Part 1 of Lemma C.12 and get
Ml’lew
E [@A (tncw — 1)} =E[®)\(1/t +v—1)]
< O (p/t = 1) +(Vea(p/t — 1), E[v]) +2E[Hv||2vzq>k<u/t71>]
= Pa(p/t —1) — *||V‘I’/\(M/t —Dllz + 4w tnew N 1), Elt ™ eu]) + 2E[[[vll320, (u/e—1)]

fnew ||V(1’A(M/t = Dllz - 1B eu]llz + 2E[[[0]26, 0 /e—1)]

< Oa(p/t—1) = §||V‘I’A(M/t = D2 + 10€mp - €l| VA (/t = 1|2 + 2E[[[0]|3r20, (o e-1))5

Since [|v]|00 <

< Oa(p/t—1) - *llV‘I’A(ﬂ/t — D2+

where the third step follows by substituting E[v] by (24), the fourth step follows by (a,b) <
llallz - [|b]l2, the fifth step follows by || E[t~te,]|l2 < 10émp - € (from Part 1 of Lemma C.8 and

W1 t).
To bound the last term E[[|v[[324, /1)), We first bound E[v7],

Wi, t 2 1 ~ 2
(tz(tnew - 1)> (tnew (5#»i + 5M»i)> ‘|

€/n+25E [(( i = ﬂi)/ﬂi)z]
= ¢ /n+ 2.5 Var[(u — ;) /i) + 2.5(B[(uf — i)/ pa])?
€2 /n 4+ 125€% /b + 2.5(B[(1l™ — i)/ 1i])?
126¢% /b + 3(E[(1 — ps)/pa])?, (25)

where the first step follows by definition of v (see Eq. (23)), the second step follows by
w1 tand (£/t%V —1)? < €2/(4n), the third step follows by E[z?] = Var[z] + (E[z])?, the
fourth step follows by Part 2 of Lemma C.8, and the last step follows by n > b.

+2E

E[v}] < 2E

<
<
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Now, we are ready to bound E[|[v][324, (,/¢—1))]
E[||U||2V2<I>>\(u/t—1)]

= 223 E[®x(u/t — 1):07]

=1

<A2S7 @ (u/t — 1) - (12662 /b + B(B[(1PY — i) /pi))?)

=1

= 126%‘?\(/‘# —1)+3)\? Z O (p/t = 1)i - (B — ) /pa))®
i=1

IA

1/2

)\262 - — new

126= =P (u/t = 1) + 3 (ZAQ@A(N/t_l)?> BT (e = w)ll
=1

< 12620, 1/ — 1)+ 3 (Wi -+ [V (/1 — D) - (5e)%.

where the first step follows by defining ®,(z); = cosh(\x;), the second step follows from
Eq. (25), the fourth step follows from Cauchy-Schwarz inequality, the fifth step follows from
Part 3 of Lemma C.12 and the fact that | E[u = (u™V —w)]||2 < | Bl (1™ —p)]||3 < (5¢)?
(Lemma C.8).

Plugging back, we have

E [% (’t‘:e:: - 1)} = E[®(p/t +v—1)]

€ A2e2
< By(rft 1) — (5 — W06y - )2 (1/1 — Dl + 2527 (/i 1)

+ 150A2e2\/n 4 150A?(| @ (/t — 1) |2

< Oa(p/t—1) - %IIV%(u/t =Dz + 252?%@/75 —1) +1507*¢*V/n
<Py (p/t—1) — :fjﬁ(%(u/t —1)—n)+ 252%%(”/75 — 1) 4+ 150\%*v/n
< B/t = 1) = o=@/t = 1)/5 = 2n),

where the third step follows from 1000Ae < 1 and 1000€,, < 1, the fourth step follows from
Part 2 of Lemma C.12, and the last step follows from b > 1000y/n\e. O

As a corollary, we have the following:

Lemma C.14. During the MAIN algorithm, Assumption C.1 is always satisfied. Further-
more, the CLASSICALSTEP happens with probability O(#) each step.
Proof. The second and the fourth assumptions simply follow from the choice of €y, and b.

Let ®*) be the potential at the k-th iteration of the MAIN. The CLASSICALSTEP ensures
that ®*) < n3 at the end of each iteration. By the definition of ® and the choice of A in
MAIN, we have that

In(2n3)
<0.1.
S

This proves the first assumption xs ~¢ 1 t with ¢ > 0.

17 -1l
t oo

For the third assumption, we note that

tnew € Vo, (u/t—1)
6L = —1)xs— = -t"V.
[16]]2 H( 7 > 2 V@ (u/t = 1)l

2
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tnew

t

IN

€
-1 HmSHQ + 5tnew

< -1.1y/nt 4+ 1.01 - 7t<et

3\f
where we used xs =1 t and the formula of t"*V. Hence, we proved all assumptions in
Assumption C.1.

Now, we bound the probability that CLASSICALSTEP happens. In the beglnnmg of the MAIN,
Ye et al. (1994) is used to modify the linear program with parameter mln(27 )\) Hence, the

initial point  and s satisfies 25 =, 1. Therefore, we have ®©) < 10n. Lemma C.13 shows

E[@* D] < (1 - 15)‘\%) E[®®] + 15\flon By induction, we have that E[®*)] < 10n for

all k. Since the potential is positive, Markov inequality shows that for any k, ®*) > n3 with
probability at most O(-%). O

C.5 ANALYSIS OF COST PER ITERATION

To apply the data structure for projection maintenance (Theorem E.1), we need to first
prove the input vector w does not change too much for each step.

new

Lemma C.15. Let 2™V = 2 + ggﬂ and sV = s + gs. Let w = % and w"™ = Ze. Then
we have

n n

Z( [Inw?*Y] — Inw;)* < 6462, Z (Var[ln w!*"])* < 1000€2.

i=1 i=1
Proof. From the definition, we know that

wrew _ 1 x+ gw,i . 1+ .Z‘i_lgmﬂ‘

3

wW; si_lxi Si+ 65, 1+ s{lgs,i .
Part 1. For each i € [n], we have

E[lnw;*"] —lnw;, = E |In(1 4+ x;15~$7i) —In(1+ s;lgs i)

)

< 2|Efxr; 105, — 571054 by |s; 05l |2; 104, < 0.2, Lemma C.3
< 2| E[xz_lgmﬂ + 2 E[sz_lg”H by triangle inequality
Thus, summing over all the coordinates gives
Z [In w?™] — Inw;)* Z z; ! 2+ 8(E[s .‘15571-])2 < 646>
i=1 i=1

where the first step follows by Cauchy-Schwartz inequality, the last step follows by
| E[s716]1I3, | E[z16,]]13 < 4€® (Part 1 of Lemma C.3).

Part 2. For each i € [n], we have

Var[w]V] <E [(lnwnew lnwi)ﬂ

a5\
1—}—8; (55)1‘

< 2E[(x; 00 — 5 1650)7)

< 2E[2(z; 1 05.0) 4 2(s7 104.4)]

= 4B[(2;'024)%] + 4E[(s; '0..4)%]

= 4Var[z7 10, ;] + 4(Blz;10,.])? + 4 Var[s; 10, ;] + 4(E[s; 16,.4])?
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< 16€2/b + 4(Elz; 10,.4])% + 4(E[s; 10,.4])2,

where the last step follows by Var[xi_lgz7i], Var[si_lgsyi] < 2¢%/b (Part 2 of Lemma C.3).

Thus summing over all the coordinates

n

3 (Varlwp™))? < 22005 1643 ((Bla '6oa))' + (Bls; '6..)")

i=1

12net
< H2ne b;“ +2048€* < 100062,
where the last step follows by || E[s~10,]|12, | E[z~10,]||2 < 4€2 and b > /ne.

O

Now, we analyze the cost per iteration in procedure MAIN. This is a direct application of
our projection maintenance result.

Lemma C.16. For e > ﬁ, each iteration of MAIN (Algorithm 3) takes

n1+a+o(1) +e- (nw—1/2+o(1) + n2—a/2+0(1))

expected time per iteration in amortized where 0 < a < « controls the batch size in the data
structure and « € [0, 1] is the dual exponent of matriz multiplication.

Proof. Lemma C.14 shows that CLASSICALSTEP happens with only O(1/n?) probability

each step. Since the cost of each step only takes O(n?®), the expected cost is only O(n®?).

Lemma C.15 shows that the conditions in Theorem E.1 holds with the parameter C; =
O(e), C2 = O(e), emp = O(1).

In the procedure STOCHASTICSTEP, Theorem E.1 shows that the amortized time per iteration
is mainly dominated by two steps:

1. mp.UPDATE(w): O(e - (n@~1/2+0(1) 4 p2=a/2+o(1)y),

2. mp.QUERY( 1 SH): O(Tll+b+o(1)+nl+a+o(1)).

-

D  MAIN RESULT

The goal of this section is to putting everything together and prove the following main
theorem:

Theorem D.1 (Main result). Given a linear program minaz—p »>o0 ¢’z with no redundant
constraints. Assume that the polytope has diameter R in £1 norm, namely, for any x > 0
with Az = b, we have ||z|;1 < R.

Then, for any 0 < 6 <1, MAIN(A, b, ¢,0) outputs > 0 such that

¢z < N r_nbin>oc—rx +d-|lclocR and |[Az —0|1 <& (R||All1 + ||bll1)

in expected time
(nw—i-o(l) 4 p2-5—a/2to(1) +n2+1/6+o(1)) log(n/d)

where w is the exponent of matriz multiplication, « is the dual exponent of matrix multiplica-
tion.

For the current value of w ~ 2.38 and a ~ 0.31, the expected time is simply n«+o() log(%).
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Proof. In the beginning of the MAIN algorithm, Ye et al. (1994) is called to modify the linear
program. Then, we run the stochastic central path method on this modified linear program.

When the algorithm stops, we obtain a vector  and s such that xs =g t with ¢t < %.

Hence, the duality gap is bounded by >, x;s; < (§/4n)?. Ye et al. (1994) shows how to
obtain an approximate solution of the original linear program with the guarantee needed
using the x and s we just found.

€

5 factor each iteration, it takes O( @ -log(%)) iterations in
total. In Lemma C.16, we proved that each iteration takes

Since t is decreased by 1 —

n1+a+o(1) +e- (nw—1/2+0(1) + n2—a/2+o(l)).

and hence the total runtime is

O(n2‘57a/2+o(1) + anro(l) + 671n1‘5+a+o(1)) log(n/é)

Since € = @(@), the total runtime is

O(n2.5—a/2+0(1) 4 peto(l) 4 n1.5+a+o(1)) -log(n/§).

Finally, we note that the optimal choice of a is min(%, «), which gives the promised runtime.
O

E PROJECTION MAINTENANCE

In this section, we present how to resolve the second bottleneck. The main idea is similar
to Cohen et al. (2019b). We need to maintain the query structure Ph, where P is the
projection matrix as shown in Figure 2. We use the idea of lazy update and low-rank update
as discussed in the main body. Here, we supplement the explanation of constructing a copy
of W in the main body by using a 2-person chasing game, as shown in Figure 3.

Algorithm 5 Projection Maintenance Data Structure

1: datastructure MAINTAINPROJECTION > Theorem E.1
2:
3: members
4: w € R" > Target vector
5: v, v € R" > Approximate vector
6: AegRIxn
7 M e Rm*™ > Approximate projection matrix
8: Q € Rnxn’L > Sketched version approximate projection matrix
9: Ry, Ro s, - Rp s« € R7xn > Sketching matrices
10: Z € N+, L S N+
11: €mp € (0,1/4) > Tolerance
12: a € (0,q] > Batch Size for Update (n%)
13: end members
14:
15: procedure INITIALIZE(A, w, €mp, @) > Lemma E.4
16: W 4= W, V4= W, €mp  €mp, A< A, a+a

172 M« AT(AVAT)~1A

18: Choosing Ry «, Ro -+, R« € R™ X" to be sketching matrices
19: R+ [R*J,R*ﬁg"' ,R*,L}

20 Q<+« MVVRT

21: [+ 1
22: end procedure
23:

24: end datastructure

39



Under review as a conference paper at ICLR 2021

Algorithm 6 UPDATE

15:

1
2
3
4:
5:
6
7
8

9:
10:
11:
12:
13:
14:

: datastructure MAINTAINPROJECTION

: procedure UPDATE(w) > Lemma E.5
y; < Inw; —Inw;, Vi € [n]
r <— the number of indices ¢ such that |y;| > emp/2.
if » < n® then
vIleW % v
M®eY — M
l+—1+1
else
Let 7 : [n] — [n] be a sorting permutation such that |y.(;)| > [Yr(i+1)]
while 1.5 -7 < n and |yx(r1.5,7)] > (1 = 1/logn)|y)| do
r < min([1.5-r],n)
end while
grew  { Wn() 2 e{1,2,---,r}
7 (3) V(i) ic{r+1,---,n}

16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:

31:

32:
33:

> Compute M™%V = AT(AV™*V AT)~1 A via Matrix Woodbury
A + diag(v™®™ — v) > A€ R™™ and [|Allo =7
I « diag(v/o"e" — /v)
Let S < m([r]) be the first  indices in the permutation.
Let Mg € R™*" be the r columns from S of M.
Let Mg g,Ags,s € R™" be the r rows and columns from S of M and A.
M™ M — M, s - (Agls+ Mss)™' - (Mas)"
Re-generate R
anw «— Q 4 (]\,]ncw . F) . RT 4 (ﬂjncw _ ]\[) . \/V . RT
l+1
end if
v <_ ,UIIEW
M (; Mnew

Q & QHGV\"
~ v, if |lnw, —Inv;| < €mp/2
Vi < .
w; otherwise
return v
end procedure

34:

35

: end datastructure
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AT AT

Figure 2: A visualization of projection matrix.

E.1 MAIN RESULT

The goal of this section is to prove the following theorem:

Theorem E.1 (Projection maintenance). Given a full rank matriz A € R¥>™ withn > d and
a tolerance parameter 0 < emp < 1/4. Given any positive number a such that a < o where o

is the dual exponent of matriz multiplication. Let Ry ., - ,Rp . € R™ %" denote a list of
sketching matrices, where b € [0,1]. There is a deterministic data structure (Algorithm 5)
that approximately maintains the projection matrices

VIWAT(AWAT) T AVIV

for positive diagonal matrices W through the following two operations:

1. UpPDATE(w): Oultput a vector v such that for all 1,

(]- - 6mp)gi S w; S (1 + 6mp)i)vi~

2. QUERY(h): Output ﬁAT(AVAT)_lA\/ﬁ(RT)*’lRl’*h for the v outputted by the
last call to UPDATE.
The data structure takes n?d*=2 time to initialize and each call of QUERY(h) takes time

nl+b+o(1) + nl+a+o(1) ]

Furthermore, if the initial vector w©) and the (random) update sequence w® .o w™ e R
satisfies
n 2 n
Z (E[lnwl(kﬂ)] — lnwgk)) <} and Xz(Var[lnwEkH)])2 < C3
i=1 i=1
with the expectation and variance is conditional on wgk) forall k=0,1,--- T —1. Then,
the amortized expected time® per call of UPDATE(w) is

(Cl/gmp 4 02/612np) . (nw—1/2+o(1) + n2—a/2+o(1)).

Remark E.2. For our linear program algorithm, we have C; = O(1/logn), Co = O(1/logn)
and emp = O(1). See Lemma C.15.
To verify the correctness of our updates, we have the following lemma:

Lemma E.3 (Correctness of the algorithm). The output of UPDATE(w) in Algorithm 6
satisfies

M= AT(AVAT)'A and
Q= MVVR'

81f the input is deterministic, so is the output and the runtime.
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AB
B
AB 3
® O—T] oﬁ(‘ L
A A
(a) round 0 (b) round 1 (c) round 2 (d) round 3

Figure 3: Visualization of projection maintenance: we model the task as a game of person
A chasing person B, where person A needs to report the approximate location of person
B in each round while moving as little as possible. Person A brings a drone C which can
only fly in one direction. The location of Person B represents the exact projection matrix,
the location of Person A represents the projection matrix we store in the datastructure, the
location reported in each round represents the output of our algorithm. In the beginning,
they start off at the same location. At round 1, person B moves but is still close to person
A. In this case, person A stays idol and reports its location. This case corresponds to the
situation that the projection changes little in all coordinates, so we use the idea of lazy
updates. At round 2, person B moves far away from A only in one direction. In this case,
person A keeps its location and releases drone C to chase person B in the direction where
person B moves a lot. And we report the location of the drone C.This case corresponds to
the situation that the projection only changes a lot in few coordinates, so we use the idea of
low-rank updates while keeping lazy on updating the stored projection matrix. In round
3, person B moves far away from A in all directions. In this case, person A moves to the
location of person B and reports its location. This case corresponds to the situation that the
projection changes a lot in many coordinates, so we update the stored projection matrix.

The output of QUERY(h) in Algorithm 7 satisfies
ps = P(RT).aRich
po= (I — P)(R")s Ry sh
where P = \/?AT(AVAT)flA\/;, and V is outputted by UPDATE(w).

Proof. For UPDATE(w) procedure, note vV only differs from w in entries correspond to the
set S. Thus, by Matrix Woodbury Identity and definition of M™% we have

AT(AVPVATY 1A = AT(A(V + A)AT) 14
= AT((AVAT) = (AVAT) A5 - (A5E + (AT (AVAT) M AL

(AT)s.(AVAT) 1) A

= AT(AVAT) TA— AT(AVAT) 14, 5 - (A;}S + (AT)S,*(AVAT)—lA*,S)

(AT 5. (AVAT)TIA
-1
=M-M,s (Agjg + Ms,s) M «
— Mnew.

Note the output M = M"W and V = V"V so we have the output satisfying M =
AT(AVAT)LA.

As for @, notice by definition
Qnew:Q+(Mnew‘F)‘RT+(MneW—M)'\/V'RT

42
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= MVVRT + M*"(VVrew — VV)RT 4 (M™™ — M)VVRT

= MRew /VnewRT
Again, since the output @ = Q"V, M = M"Y and V = V"V, we have the output satisfying
Q=MVVRT.

For QUERY (h) procedure, by definition we have

pm:\/‘i/'(M

*7

—VV- (M, 5)- (Ag5+Mgg) ™ Mg -V (R")sRis-h.

5) - (lgfg +Mgg) ™ (Qgy+ Mg, T-(R")uy)  Riw-h

Thus,
Ps = \/‘t/ (Q*,l + M- f . (RT)*,I) . Rl,* -h — Pm
—VV-M-V-(R")si Ris h— pm
= VV(M = M, 5(AZ%+ Mg 5) " Mg )V (R )i Ry .h.

Note V only differs from V in entries correspond to the set S , again by Matrix Woodbury
Identity and definition of M, we have
AT(AVAT) TA= AT(A(V+A)AT) 1A
~ -1
- AT((AVATr1 —(AVAT) A - (Agg + (AT)@*(AVAT)*A*S)

H(AT)5.(AVAT) 1) A

= AT(AVAT) A - AT(AVAT) 1A, ;- (Ag’g + (AT)@*(AVAT)”A*S)A
(AT)g (AVAT) A
~ —1
= M- M, 5 (B35 +Mgg) Mg,
which implies
ps = VVAT(AVAT) L AV(RT), \Rish = P(R), Ry h.
Further,

Po = (R")Riuh —ps = (I — P)(R"). Ry uh,
which completes the proof. O

Above lemma verifies our algorithm. Now we consider the running time of the projection
maintenance, which consists of Initialization time, update time and query time, as discussed
below.

E.2 INITIALIZATION TIME, UPDATE TIME

To formalize the amortized runtime proof, we first analyze the initialization time (Lemma E.4),
update time (Lemma E.5), and query time (Lemma E.6) of our projection maintenance
data-structure.

Lemma E.4 (Initialization time). The initialization time of data-structure MAINTAINPRO-
JECTION (Algorithm 5) is O(n?d*~2).

Proof. Given matrix A € R%*" and diagonal matrix V € R"*", computing AT (AVAT)"1A
takes O(n%d*=2). O

Lemma E.5 (Update time). The update time of data-structure MAINTAINPROJECTION
(Algorithm 6) is O(rg,n?>T°M)) where r is the number of indices we updated in v.
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Proof. The proof is identical to Cohen et al. (2019b); Lee et al. (2019). We omit the details

here.
O
E.3 (QUERY TIME
Algorithm 7 QUERY
1: datastructure MAINTAINPROJECTION
2:
3: procedure QUERY(h) > Lemma E.6
4: Let S be the indices ¢ such that |Inw; — Inv;| > €mp/2.
5 AV -V
6: T« VV-VV
T pm e VU (M g) (A + Mz g) ™t (Qg, + Mg, T (RT)un) Ri-h
8: Ps — ﬁ . (Q*,l + ]\[ : f . (RT)*/) : R[.* : h — Pm
9: Dy (RT)*J "Ry« h—ps
10: return (p.,ps)

11: end procedure

12:

13: end datastructure

Lemma E.6 (Query time). The query time of data-structure MAINTAINPROJECTION (Al-
gorithm 5) is O(n1+b+0(1) + n1+‘1+0(1)),

Proof. Notice by the algorithm we have |§ | <n® Thus, Lisa sparse diagonal matrix with
at most n* non-zero elements. The running time mainly comes from three parts.

Part 1. Computing p,,:

b

Compute R; . - h: matrix-vector multiplication between matrix of size n” x n and

vector of size n x 1, this takes n'*? time.

Compute (R "), (R;.h): matrix-vector multiplication between matrix of size n x n®

and vector of size n® x 1, this takes n'*? time.

Compute T (R;':*Rl}*h): matrix-vector multiplication between sparse diagonal matrix
with at most n® non-zero elements and vector of size n x 1, this takes n® time.

Compute Mg, - (le—'—*Rl’*h): matrix-vector multiplication between matrix of size
at most n® x n and sparse vector with at most n® non-zero elements, this takes n2¢
time.

Compute Qg , - (R +h): matrix-vector multiplication between matrix of size at most
n® x n® and vector of size n® x 1, this takes n%t? time.

Compute (ﬁglg + Mg’g)*l: inverse of matrix of size at most n® x n®, this takes
n® time.
Compute (ﬁg% +Mz3) " [(Qg, + Mg,*f(RT)*,l)Rl’*h]: matrix-vector multiplica-

tion between matrix of size at most n® x n® and vector of size at most n® x 1, this
takes n2® time.

Compute V- (M, 5): matrix-matrix multiplication between diagonal matrix of
size n x n and matrix of size at most n x n?, this takes n!'*® time.
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¢ Compute [\/‘7M*§] . [(A?g + M§7§)_1(Q§7l + M§7*F(RT)*,1)Rl,*h]: matrix-vector
multiplication between matrix of size at most n x n® and vector of size at most
n® x 1, this takes n't¢ time.

To conclude, we can compute p,, in O(n'*? + n® + n'+e) time.

Part 2. Computing p,:

e Compute R;.h and leT*Rl,*h in same way as in calculating p,,: take n'*® and
O(n'*? 4+ n?) time respectively.

e Compute \/? - Q«,;: matrix-matrix multiplication between diagonal matrix of size
n x n and matrix of size n x n®, takes n'T® time.

e Compute [\/§ Q+1) - [Ri+h]: matrix-vector multiplication between matrix of size
n x n® and vector of size n® x 1, takes n'*? time.

e Compute M - [leT* R; .h]: matrix-vector multiplication between matrix of size n x n
and sparse vector with at most n® non-zero elements, takes O(n'*®) time.

e Compute VTV [M leT* R; . h]: matrix-vector multiplication between diagonal matrix
of size n x n and vector of size n x 1, takes n time.

To conclude, we can compute py in O(n'+? + nl*e) time.

Part 3. Computing p,:
o Compute R/, R .h in same way as in calculating py,: take O(n'*") time.

Thus, overall the running time is
O(nlJra +nler +naw).

Finally, we note that w < 3 —a < 3 —a (see Cohen et al. (2019b)) and hence a - w <
a(3 — a) <1+ a. Therefore, the final running time it takes is O(b'to+o(1) 4 pltate(D)y

F  COMPARISON TO STATE-OF-ART RESULTS

The major goal of this section is to explain the solutions of one-step central path equation (a
linear system) are different in two previous works and this paper. Let us just believe adding

a sparse diagonal D and using a sketching matrix R is able to reduce the computational cost.

We won’t explain the reason why it can reduce the computational cost.

We compare our approach to the state-of-art results Cohen et al. (2019b); Lee et al. (2019).

Though all methods shares the same running time up to subpolynomial factors, they use
different randomization techniques.

Table 4: Summary of different approaches to reduce dimensionality

References Sampling/Sketching How? Feasible? | Oblivious?
Cohen et al. (2019b) | Sampling on the right VWAT(AWAT) T AVW Dh Yes No
Lee et al. (2019) Sketching on the left | 7' RVIWWAT(AWAT) "L AVWh No Yes
This work Sketching on the right | VIWAT(AWA")"TAVW R Rh Yes Yes

Note that the major question in fast central path method is how to speed up the following
calculation

VWAT(AWAT)"PAVW - h. (26)
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F.1 FEASIBLE VS INFEASIBLE

Lee, Song, Zhang’19. The approach of Lee et al. (2019) can be interpreted as sketching

on the left. Let R € RV™*™ be a sketching matrix. Let T denotes the total number of
iterations of the algorithms. We pick T" independent sketching matrices at the beginning of
the algorithm. In each iteration, we are computing

RT-RVWAT(AWAT) 'AVW - h (27)

which can be viewed as an approximated solution to the linear system in the classical
central path method:

X6, + S0, = 6,
A6, =0, (28)
ATéy + 4, =0,
where
8, =0,
They choose 6., d, and 4, as follows
X 1
6y = —(I — R"RP)——$¢
ww( )ﬁ@“
5s = RTRP (29)
F

F
/X
&, = — (A= AT 5 UXS

Note that plugging the above solution back to Eq. (28), we can see line 2 and 3 (primal and
dual feasibility conditions) of the linear system does not hold exactly, which results in an
infeasible issue in each iteration. Specifically,
For the first line of Eq. (28), we have the left hand side becomes
LHS = X6, + S9,.
The right hand side becomes
RHS = 0, = X0, + S6,.
Thus, LHS = RHS.
For the second line of Eq. (28), i.e., the primal feasible condition, we have the left hand side
becomes
LHS = A6,
X

A4 X g _RTRP
_Am(f RTRP)

X X X 1
A ERTRY S AT(AZ AT 1A
gl By gA (Agd ) Ago,

while the right hand side is always 0 and does not match the left hand side. Therefore,
Eq. (29) does not satisfy the primal feasible condition in each iteration.

For the third line of Eq. (28), i.e., the dual feasible condition, we have the left hand side
becomes

LHS = AT6, + d,
X X 1 S
= —AT(A= AT 1A= 5, + RTRPié
R Vs A, Vs ol

X X 1 S X 1
=AT(AS AN 1IA S —6 —R' —AT A—AT A S —6
WA A st PR YA A AV s

while the right hand side is always 0 and does not match the left hand side. Therefore,
Eq. (29) does not satisfy the dual feasible condition in each iteration.

Op
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Cohen, Lee, Song’19. The approach of Cohen et al. (2019b) can be interpreted as
sampling on the complementarity gap h. Let D denote a random diagonal sampling matrix,
Cohen et al. (2019b) approximates Eq. (26) by

VIWAT(AWAT)YAVW -D - h,

P

where D roughly only has /n non-zero entries on the diagonal. The approach can also be
viewed as explicit solving the following linear system in each iteration:

X6, + S8, =6,
Ad, =0, (30)
A6, +6,=0,
where
6, = Dd,.
The above system (consists of three equations) can be solved exactly by:
X 1
——{U - P)—=Dj,,
vxs T P g P
S 1
= —P—D¢,,
VXS VXS "

A gy /XL
5y = (AgAT) A\ g =D

which means Cohen et al. (2019b) is a feasible method.

0y =

s (31)

This paper. Our methods sketching on the right as follows:
VWAT(AWAT) P AVWRT - R - h.
Our method can be interpreted as an exact solution to the new linear system we construct:
X8+ S8, =y,
Ad, =0, (32)
AT, +6,=0,
where

~ 1
8, =VXSRTR———4,,.
/ \/X75 /

The above linear system (Eq. (32)) can be solved exactly by
X 1
0p = ——=(I — P)RTR——9¢

VXS VXS
S 1

= ——PR"R——4,,, 33
VXS vXxs (33)

X X 1
§y= — (A=A A/ ZR"R—6
Yy ( S ) S m 122
which means our method is feasible.

F.2 OBLIVIOUS VS NON-OBLIVIOUS

Cohen, Lee, Song’19. The explicit construction for the sampling matrix D in Eq. (31)
is given by Cohen et al. (2019b):

. . 52
SM _ dui/pi, with probability p; =k - (Zz%%,z + %)

0, else.

Therefore, Cohen et al. (2019b) is a non-oblivious approach since the sampling matrix D
depends on the value of §,,.

47



Under review as a conference paper at ICLR 2021

Lee, Song, Zhang’19. The sketching matrix R in Eq. (29) does not depend on the value
of 6,,, meaning it is an oblivious method.

This paper The sketching matrix R in our approach (33) does not depend on the value
of 6,, as shown in Algorithm 3, which makes ours an oblivious method.

To conclude, we summarize above discussion in Table 4. Compare to previous results,
our method is both feasible and oblivious. These advantages help to implement expensive
calculations in the pre-processing stage and have a much simpler analysis, which gives the
potential to generalize to other optimization problems.
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G ComPARISON TO JL, SE AND AMP

In this section we compare the guarantees of coordinate-wise embedding (CE, Definition 2.1)
with three different guarantees: Johnson-Lindenstrauss embedding (JL, Johnson & Linden-
strauss (1984)), ¢2-subspace embedding (SE, Sarlés (2006); Woodruff (2014)), and approx-
imate matrix product (AMP, Sarlés (2006)). We also consider the JL moment property
(JLM, Kane & Nelson (2012)) which is closely related to AMP. We first state the definitions
of these embeddings and properties here.

Definition G.1 (Coordinate-wise embedding (CE), restatement of Definition 2.1). Given
parameters o, 3 € R and § € (0, 1), we say a randomized matriz R € R®*™ from a distribution
IT satisfies («, B,0)-coordinate-wise embedding property if for any fized vector g,h € R™, we
have

TpT _ T
(0%
2. B [(g" RTRR)*] < (g7 h)* + L llgl3]1nl13,

B
Vb

From now on we will refer to the three properties of CE as CE1l, CE2, and CE3.

Definition G.2 (Johnson-Lindenstrauss embedding (JL) Johnson & Lindenstrauss (1984),
restatement of Definition 2.2). Given €, € (0,1), a finite point set S C R™ with |S| = m,
we say a randomized matriz R € R ™ from a distribution 11 satisfies (e, 8, m)-Johnson-
Lindenstrauss property if

3. Pr lg" R"Rh — g"h| > —=|gl2||hll2| <o

Pr (1= 9llgll} < IRgl} < (1 +)llgll3, Vo€ 5| =14

Definition G.3 (Subspace embedding (SE) Sarlds (2006), restatement of Definition 2.3).
Given e € (0,1), any matriv A € R"?, we say a randomized matriz R € R**™ from a
distribution 11 satisfies (€, 9, d)-subspace embedding for the column space of A if

Pr[(1- o)l Az]} < |RA|} < (1+ )| x|}, Vo e RY) 21 -4,

Definition G.4 (Approximate matrix product (AMP) Sarlés (2006)). Given €,6 € (0,1),
any two matrices A, B each with n rows, we say a randomized matriz R € R®™™ from a
distribution 11 satisfies (e, d)-approxzimate matriz product for A and B if

Pr [||ATRTRB —A"B||p > eHA|\F||B||F} <6
Remark G.5. More generally, we can also define a matriz C that satisfies |C — AT B||r < €
with high probability.

Definition G.6 (JL moment property (JLM) Kane & Nelson (2012)). Given €,6 € (0,1),
we say a randomized matriv R € R ™ from a distribution I1 satisfies (e,8)-JL moment

property if
REH[(HRgHg — 1) < €*-6, Vg € R" such that ||g||> = 1.
Remark G.7. More generally, we can also define (e,d,1)-JL moment property for 1 > 2 as

E 2 1 <€ R™.
E [llIRgl3 — 1] < -6, Vg €

We compare the coordinate-wise embedding defined in this paper with the other four
guarantees in Remark G.8 and G.9. Then we summarize the relations of all the five
guarantees in Remark G.10.

The first remark shows that CE3, JL, and SE can be viewed as the same /5-norm guarantee,
but over different number of vectors.
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Remark G.8 (f2-norm guarantee over different number of vectors). Consider the following
lo-norm guarantee: For any fized set S C R™ of certain type. Let b be a number that depends
on n,¢,6,|S|. There is a distribution I1 over R*™ such that

Pr (1= 9llgll} < IRgl} < (1 +)llgll3, Vo€ 5| =14

CE3 When S only contains one vector, i.e., S = {g} for some g € R", this l3-norm
guarantee is the same as the third property of coordinate-wise embedding. Note that
it is equivalent to let S contain O(1) vectors by losing a constant factor in §.

JL When S is a finite set of vectors, i.e., S ={g1,92,"* ,Gm} for 91,92, , gm € R™,
this £o-norm guarantee is the same as JL guarantee.

SE When S is a subspace of R™ and contains infinite number of vectors, i.e., S = {g =
Az|x € R} for some matriz A € R this ly-norm guarantee is the same as the
subspace embedding guarantee.

JL and SE parts are straightforward. The equivalence of CE3 is as follows. On the one
hand, if we know that for any vectors h,g € R™, |(Rg, Rh) — (g, h)| < €||gl|l2||h||2 s satisfied
with probability at least 1 — &, then by setting g = h, we have |[Rh||3 = (1 £ ¢€)||h]|3. On the
other hand, if for any h,g € R", ||Rv|l2 = (1 £ €)||v||2 is satisfied for v = h,g,(h — g) with
probability at least 1 — &, without loss of generality we assume ||h|l2 = ||g|l2 = 1, then

(Rg, Rh)

1
5 (I1Rgll3 + | RRIS — || Rg — RAl3)

% (@£ e)llgllz + @ £ lRlIZ — (1 £ e)lg = hll3)

€
= (g, 1) % 5 (llgll3 + 1113 + llg = AlI3)
= (g,h) £,
which gives the other guarantee.

The second remark shows that CE2 is equivalent to JLM under the assumption of CE1.

Remark G.9 (CE1l and CE2 implies JLM). We show that together the first two properties
of coordinate-wise embedding with parameter o = be?§ implies JL moment property with
parameters € and §.

Let h = g where g is any vector in R™ that satisfies ||g||2 = 1, CE2 with parameter o = be§
implies JL moment property with parameters € and § as follows:

~

«
E [(g"RTRR) < (9" W)+ LlglInl3 = B [IRgls] <1+ <= B [(|Rgll7 - 1)°] < €,

where the first step follows from h = g and ||g||3 = 1, the second step follows from CEI that
Er-n[R"R] = I, and hence Ern[||Rgl3] = 1.

In the third remark we summarize the relations between all five guarantees.

Remark G.10 (Summary of the relations between five guarantees). We summarize the the
relations between five guarantees in Figure /.

o JL — CE3. JL gives bound over a set which implies the CES3 bound over one
vector. See Remark G.8.

e CE3 = JL. Directly follows from Union bound over the m wvectors of JL. See
Remark G.8.

e JL. — SE. Suppose a matriz R € R®*™ satisfies the JL guarantee with size b =
b(e, 6, m), where m € Ny is the number of vectors, € € (0,1) is the error parameter,
and ¢ € (0,1) is the probability parameter. Then using the same construction of R
but with size b = b(e, 8,2%), R satisfies the subspace embedding guarantee.
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(e,6,m > 3)-JL = (¢,0)-CE3 when S C {Az|x € RY}, (¢,6,d)-SE = (¢,6,m)-JL

o
(ﬁ < f\/57 5)-CE3 = (6, om, 7n)-JL (E, 4, Qd)—JL > (E, d, d)—SE
(e,0/m)-JLM (e/d,d)-AMP
= (¢,0,m)-JL = (¢,0,d)-SE

CEL2 JLM AMP
[ ] (6,6)-JLM = (¢, 8)-AMP

(o < be?5)-CE1,2 = (€,6)-JLM

Figure 4: Summary of the relations between five guarantees. See Remark G.10.

A proof sketch is as follows: w.l.o.g. we consider the subspace with unit vectors
S ={y € Ry = Az,x € R4 ||ylla = 1}. We choose a e-net of S, which is a
set N C S that satisfies Vy € S, Jw € N such that ||y — w|2 < 1/2. We build a
matriz R € RY™ that satisfies the JL guarantee for the set N. Note that the size
b = b(e,8,2%) since the e-net N has size |N| = O(2%). The e-net ensures that any
vector y € R™ can be decomposed as y = Z;}io %y(i) where all y € N. Thus the
guarantee ||Ryll2 = (1 £ €)||yll2 is satisfied for all vectors y € R™.

For more details see page 12-18 of Woodruff (2014).

e SE = JL. When the set S of JL is chosen as a subset of subspace { Az|x € R},
SE trivially timplies JL. See Remark G.8.

e CE1,2 — JLM. See Remark G.9.

o JLM — JL. Directly follows from Markov’s inequality and Union bound over
the m wvectors of JL.

e JLM — AMP. See Theorem 13 of Woodruff (2014). The AMP guarantee of
different sketching matrices are usually proved from JLM, e.q., count-sketch matriz
(Theorem 14 of Woodruff (2014)).

¢ AMP — SE. See proof of Theorem 9 of Woodruff (2014) (page 25).

Next we summarize the required size of the different sketching matrices to achieve CE, JL,
SE, and AMP guarantees in Table 5, 6, 7, 8. We restate the definitions of the different types
of sketching matrices R € R?*™.

Random Gaussian matrix All entries of R are sampled from N(0,1/b) independently.

SRHT matrix Lu et al. (2013) Let R = /n/bSHD, where S € R**" is a random
matrix whose rows are b uniform samples (without replacement) from the standard
basis of R, H € R™*" is a normalized Walsh-Hadamard matrix, and D € R"*"™ is
a diagonal matrix whose diagonal elements are i.i.d. Rademacher random variables.

AMS sketch matrix Alon et al. (1999) Let R;; = h;(j), where hy,hg,--- ,hy, are b
random hash functions picking from a random hash family H = {h : [n] —
[y

Count-sketch matrix Charikar et al. (2002) Let Ry(;; = o(i) for all i € [n] and other
entries to zero, where h : [n] — [b] and o : [n] — {—1,+1} are random hash
functions.

Sparse embedding matrix Nelson & Nguyén (2013) Let  R(_1)p/s+h(i.5).i =
o(i,5)/v/s for all (i,j) € |[n] x [s] and all other entries to zero, where
h:[n] x[s] = [b/s] and o : [n] X [s] = {—1,1} are random hash functions.
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Sketching matrix for CE o B8 Lemma

Random Gaussian O(1) | O(log™®(n/d)) B.13, B.24

SRHT O(1) | O(log™®(n/d)) B.12, B.23

AMS O(1) | O(log™?(n/d)) B.12, B.23
Count-sketch O(1) | O(Vblog(1/6) or O(%) B.14, B.25, B.26

Sparse embedding” 0(1) | O(y/b/slog'*(n/s) B.15, B.28

Uniform sampling O(n) | O(n/Vb) B.16, B.29

Table 5: Summary for different sketching matrices for coordinate embedding. Restatement
of the first three columns of Table 2. The sketching matrix R has size b x n. «, 3 € R are
the two error parameters, 6 € (0,1) is the probability parameter, and s € N is the number
of non-zero entries in each column of the sparse embedding matrices.

Sketching mat. for JL b Time for R -z Reference
Random Gaussian e Zlog(m/d) bn Theorem 4 of Woodruff (2014)
SRHT e 2log(m/8) | nlogn +ne 2log(m/§) | Ailon & Chazelle (2006), see Page 15 of Woodruff (2014)
AMS e 2log(m/d) | bn Achlioptas (2003), see Page 14 of Woodruff (2014)
Count-sketch' e 25 Tm b+n Theorem 14 of Woodruff (2014)
Sparse embedding” e Zlog(m/8) | sn Kane & Nelson (2012), see Page 14 of Woodruff (2014)

Table 6: Summary for different sketching matrices for JL lemma. The sketching matrix
R has size b x n. m € N is the number of vectors, € € (0,1) is the error parameter, and
0 € (0,1) is the probability parameter. * In sparse embedding matrices, each column has
s = Q(e 'log(m/d)) non-zero entries. T Count-sketch matrices satisfy the (e, §)-JL moment
property when b = Q(¢=2§71). Then using Markov inequality and union bound over all m
vectors, we have b = Q(e~20~m) suffices for JL guarantee with m vectors.

H COMPARISON TO CLASSICAL “SKETCH AND SOLVE”

In this section, we compare our sketching approach to the classical “sketch and solve”

approach.

“Sketch and solve” algorithm. First we explain the procedure of the “sketch and solve’

i

approach. Consider the least squares problem as an example. Given A € R™*¢ and b € R”,

we try to solve

min ||Az — bl|o,
z€R4

whose solution is #* = AT = (ATA)"'ATb and it takes O(nd“~! + d*) running time to

compute.

To speed it up, in a over-constrained case where n is much larger than d, the “sketch and
solve” approach chooses a b x n random matrix R from a certain distribution IT on matrices,
where b < n. Consider the following algorithm for least squares regression:

1. Sample a random matrix R ~ II.
2. (Sketch) Compute R- A and R - b.

3. (Solve) Output the exact solution z’ to the regression problem min,cga [|[(RA)x —

(BD)[[2-

Analysis.

To ensure the accuracy of above approach, they require the sketching matrix .S

to satisfy the subspace embedding guarantee (Definition G.3).

Theorem H.1 (SE gives approximate regression, Theorem 21 of Woodruff (2014)).

When

R € RY*™ used in the “sketch and solve” algorithm satisfies the subspace embedding guarantee
with parameters €/2 and 0, then with probability 1 — &, the output x’ satisfies

|Az" —bl|2 < (14 €) min ||Az — b||2.
z€R4
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Sketching mat. for SE b Time for R- A Reference
Random Gaussian e 2(d + log(1/6)) Trmat (b, 7, d) Thm. 6 of Woodruff (2014)
SRHT e 2(v/d + logn)?log(d/s) | ndlog(e~'d(logn)) Thm. 7 of Woodruff (2014)
AMS e 2(d + log(1/9)) Tmat (b, n, d) Follow from JL guarantee
Count-sketch? e 25 142 nnz(A) Thm. 9 of Woodruff (2014)
Sparse embedding™ e~ 2d - poly log(d/(ed)) e~ T nnz(A) poly log(d/(e§)) | Thm. 10 (2) of Woodruff (2014)
Sparse embedding’ e 241t e~ Tnnz(A) poly(1/7) Thm. 10 (1) of Woodruff (2014)

Table 7: Summary for different sketching matrices for subspace embedding. The sketching
matrix R has size b xn. The vectors are from the column subspace of matrix A with size n x d.
e € (0,1) is the error parameter, and § € (0,1) is the probability parameter. Tmat(a,b, )
denotes the running time of fast matrix multiplication of two matrices with size a x b and
b x c. * In the first sparse embedding matrix, each column has s > ¢! polylog(d/(ef))
non-zero entries; T In the second sparse embedding matrix, each column has s > ¢~ poly(1/7)
non-zero entries, v > 0 is a tunable parameter that gives different trade-offs, and ¢ can be
as small as 1/ poly(d). * For count-sketch matrices, the subspace embedding guarantee is
proved from JL moment property, instead of directly from JL guarantee.

Sketching mat. for AMP b Time for A" R RB Reference
Random Gaussian € 26 1 | Tmat(da,b,dB) + Tmat(da,n,b) Lem. 10 of Boutsidis et al. (2016)(v1)
SRHT e 261 n-da - log(efldA logn) + Tmat(da,b,dp) Lem. 32 of Clarkson & Woodruff (2013)
AMS e 261 Tmat (da,b,ds) + Tmat(da, n,b) Lem. 32 of Clarkson & Woodruff (2013)
Count-sketch e 261 nnz(A) + nnz(B) + Tmat(da, b, dB) Thm. 14 of Woodruff (2014)
Sparse embedding e 25T s -nnz(A) + s - nnz(B) + Tmat(da, b, dB) Lem. 32 of Clarkson & Woodruff (2013)

Table 8: Summary for different sketching matrices for approximate matrix product. The
sketching matrix R has size b x n. The matrices A has size n x d4 and B has size n x dp,
and w.l.o.g. assume dyq > dp. € € (0,1) is the error parameter, and 6 € (0,1) is the
probability parameter. Tmat(a, b, ¢) denotes the running time of fast matrix multiplication of
two matrices with size a x b and b x ¢. For sparse embedding matrix, s is the number of
non-zero entries in its columns. Note that these sketching matrices all have the same size,
and this can be easily seen from the fact that they all have the same parameter a for CE2
(Table 2) and CE1,2 — JLM — AMP.

Proof. Let z* = arg min cpa ||Az — bl|2. We have
[Az" = blla < (1 +€/2)[|[RA2" — Rb|l2 < (1+ €/2)[[RAz" — Rb|l> < (1 + €)[|Az" — D]

where the first and the third steps follow from the subspace embedding guarantee, and the
second step follows from 2’ = arg min,cpa |RAx — Rb||2. O

Remark H.2 (Better regression time using AMP). We remark that by using approzimate
matriz product (AMP) guarantee, sometimes the size of the sketching matriz can be further
reduced for the “sketch and solve” algorithm.

Let R € RY*™ be a sketching matriz sampled from distribution TI. We use bsg(e, 6, d) to
denote the minimum size of R to achieve (e, 9, d)-subspace embedding, and we use bayp (€, d
to denote the minimum size of R to achieve (¢, 0)-approximate matriz product.

The previous theorem showed that we can solve (1 + €)-approzimate linear regression with
probability 1 — § using sketching matrices with size

b > bSE(E, 5, d)

In fact, it suffices with size
b> bSE(1/2a 0, d) + bAMp(\/ G/d, (5)

For example, for count-sketch matrices, bsg(e,8,d) = e 257 1d? (Table 7) and banp(e,d) =
€261 (Table 8). Let § = 0.01. Only using SE guarantee, we need sketch size b > e~2d*. But
using SE gquarantee together with AMP guarantee, we can reduce the sketch size to b > e 1d2.

For more details see Theorem 23 of Woodruff (2014).
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Comparison with our algorithm. Therefore, instead of sketching before solving the
problem, we open up the iterations of the classical central path method and apply sketching
inside each iteration. Our ”iterate and sketch” approach in this work differs from the classical
”sketch and solve” approach.
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