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Abstract

We present new algorithms for online convex optimization over unbounded domains
that obtain parameter-free regret in high-probability given access only to potentially
heavy-tailed subgradient estimates. Previous work in unbounded domains con-
siders only in-expectation results for sub-exponential subgradients. Unlike in the
bounded domain case, we cannot rely on straight-forward martingale concentration
due to exponentially large iterates produced by the algorithm. We develop new
regularization techniques to overcome these problems. Overall, with probability at
most 4, for all comparators u our algorithm achieves regret O(||u||T"/* log(1/6))
for subgradients with bounded p** moments for some p € (1,2].

1 Introduction

In this paper, we consider the problem of online learning with convex losses, also called online convex
optimization, with heavy-tailed stochastic subgradients. In the classical online convex optimization
setting, given a convex set VY, a learning algorithm must repeatedly output a vector w; € WV, and
then observe a convex loss function ¢, : YW — R and incur a loss of ¢;(w;). After T' such rounds, the
algorithm’s quality is measured by the regrer with respect to a fixed competitor u € W:

Rr(u) = th(wt) — th(u)

Online convex optimization is widely applicable, and has been used to design popular stochastic
optimization algorithms ([Duchi et al.,2010a, [Kingma and Bal 2014, Reddi et al.| [2018]]), for control
of linear dynamical systems [Agarwal et al., 2019], or even building concentration inequalities [[Vovk]
2007, |Waudby-Smith and Ramdas|, 2020, (Orabona and Jun| [2021]].

A popular approach to this problem reduces it to online linear optimization (OLO): if g; is a
subgradient of ¢; at wy, then Rr(u) < Zthl (g+, wy — u) so that it suffices to design an algorithm
that considers only linear losses w +— (g;, w). Then, by assuming that the domain YV has some finite
diameter D, standard arguments show that online gradient descent [Zinkevich, 2003]] and its variants
achieve Ry(u) < O(D+/T) for all u € W. See the excellent books Cesa-Bianchi and Lugosi [2006],
Shalev-Shwartz [2011]], [Hazan| [2019]], |Orabonal [[2019]] for more detail.

Deviating from the classical setting, we study the more difficult case in which, (1) the domain
W may have infinite diameter (such as W = R%), and (2) instead of observing the loss /;, the
algorithm is presented only with a potentially heavy-tailed stochastic subgradient estimate g; with
E[g:|w:] € 0¢:(w:). Our goal is to develop algorithms that, with high probability, obtain essentially
the same regret bound that would be achievable even if the full information was available.

Considering only the setting of infinite diameter VW with exact subgradients g; € 9¢;(w;), past work
has achieved bounds of the form Rr(u) < O(e + ||u|[v/T) for all u € W simultaneously for any
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user-specified e, directly generalizing the O(D+/T) rate available when D < oo [Orabona and Pil,
2016, |Cutkosky and Orabonal 2018| [Foster et al., 2017, Mhammedi and Koolen, 2020, |Chen et al.,
2021]]. As such algorithms do not require knowledge of the norm ||u|| that is usually used to specify
a learning rate for gradient descent, we will call them parameter-free. Note that such algorithms
typically guarantee constant Rr(0), which is not achieved by any known form of gradient descent.

While parameter-free algorithms appear to fully generalize the finite-diameter case, they fall short
when g; is a stochastic subgradient estimate. In particular, lower-bounds suggest that parameter-free
algorithms must require Lipschitz ¢; [Cutkosky and Boahen, |2017|], which means that care must be
taken when using g; with unbounded noise as this may make ¢, “appear” to be non-Lipschitz. In the
case of sub-exponential g, Jun and Orabona|[2019], van der Hoeven|[2019] provide parameter-free
algorithms that achieve E[R7(u)] < O(e + ||u|v/T), but these techniques do not easily extend to
heavy-tailed g; or to high-probability bounds. The high-probability statement is particularly elusive
(even with sub-exponential g;) because standard martingale concentration approaches appear to
fail spectacularly. This failure may be counterintuitive: for finite diameter VV, one can observe
that (g; — E[g:], w: — u) forms a martingale difference sequence with variance determined by
|lw; — u|| < D, which allows for relatively straightforward high-probability bounds. However,
parameter-free algorithms typically exhibit exponentially growing ||w|| in order to compete with all
possible scales of ||u||, which appears to stymie such arguments.

Our work overcomes these issues. Requiring only that g; have a bounded p*” moment for some
p € (1,2], we devise a new algorithm whose regret with probability at least 1 — ¢ is Ry(u) <
O(e + ||u[|T*/? log(1/5)) for all u simultaneously. The T'*/? dependency is unimprovable Bubeck:
et al.| [2013]], Vural et al.|[2022]. Moreover, we achieve these results simply by adding novel and
carefully designed regularizers to the losses ¢; in a way that converts any parameter-free algorithm
with sufficiently small regret into one with the desired high probability guarantee.

Motivation: High-probability analysis is appealing since it provides a confidence guarantee for an
algorithm over a single run. This is crucially important in the online setting in which we must make
irrevocable decisions. It is also important in the standard stochastic optimization setting encountered
throughout machine learning as it ensures that even a single potentially very expensive training
run will produce a good result. (See Harvey et al.|[2019], L1 and Orabonal [2020]], Madden et al.
[2020], Kavis et al.|[2022] for more discussion on the importance of high-probability bounds.) This
goal naturally synergizes with the overall objective of parameter-free algorithms, which attempt to
provide the best-tuned performance after a single pass over the data. In addition, we consider the
presence of heavy-tailed stochastic gradients, which are empirically observed in large neural network
architectures Zhang et al.|[2020]],|Zhou et al.|[2020].

Contribution and Organization: After formally introducing and discussing our setup in Sections 2]
we then proceed to conduct an initial analysis for the 1-D case YW = R in 3] First (Section
we introduce a parameter-free algorithm for sub-exponential g, that achieves regret O(e + |u|/T)
in high probability. This already improves significantly on prior work, and is accomplished by
introducing a novel regularizer that “cancels” some unbounded martingale concentration terms, a
technique that may have wider application. Secondly (Section [5), we extend to heavy-tailed g,
by employing clipping, which has been used in prior work on optimization [Bubeck et al., 2013}
Gorbunov et al., |2020, [Zhang et al., 2020, |Cutkosky and Mehtal [2021]] to convert heavy-tailed
estimates into sub-exponential ones. This clipping introduces some bias that must be carefully offset
by yet another novel regularization (which may again be of independent interest) in order to yield
our final O(e + |u|T"/?) parameter-free regret guarantee. Finally (Section @), we extend to arbitrary
dimensions via the reduction from |Cutkosky and Orabonal [2018]].

2 Preliminaries

Our algorithms interact with an adversary in which for ¢ = 1...T the algorithm first outputs
a vector w; € W for VW a convex subset of some real Hilbert space, and then the adversary
chooses a convex and G-Lipschitz loss function ¢, : YW — R and a distribution P; such that for
g: ~ P, Elg:] € 0l(w;) and E|||g: — E[g:]||’] < oF for some p € (1,2]. The algorithm then
observes a random sample g; ~ P,. After ¢t rounds, we compute the regret, which is a function
Ri(u) = ', ti(w;) — £i(n). Our goal is to guarantee Rr(u) < ¢ + O(||u[|T"/?) for all u
simultaneously with high probability.



Throughout this paper we will employ the notion of a sub-exponential random sequence:

Definition 1. Suppose { X} is a sequence of random variables adapted to a filtration F; such that
{X¢, Fi} is a martingale difference sequence. Further, suppose {o,b;} are random variables such
that oy, by are both Fy_1-measurable for all t. Then, { Xy, F;} is {o4, by} sub-exponential if

Elexp(AX¢)|Fi_1] < exp(\20?/2)
almost everywhere for all Fy_1-measurable \ satisfying A < 1/b;.

We drop the subscript ¢ when we have uniform (not time-varying) sub-exponential parameters (o, b).
We use bold font (g;) to refer to vectors and normal font (g;) to refer to scalars. Occasionally, we
abuse notation to write V/¢;(w) for an arbitrary element of 9¢;(wy).

We present our results using O(-) to hide constant factors, and O() to hide log factors (such as some
power of log T' dependence) in the main text, the exact results are left at the last line of the proof for
interested readers.

Finally, observe that by the unconstrained-to-constrained conversion of (Cutkosky and Orabonal[2018]],
we need only consider the case that VWV is an entire vector space. By solving the problem for this case,
the reduction implies a high-probability regret algorithm for any convex W .

3 Challenges

A reader experienced with high probability bounds in online optimization may suspect that one
could apply fairly standard approaches such as gradient clipping and martingale concentration to
easily achieve high probability bounds with heavy tails. While such techniques do appear in our
development, the story is far from straightforward. In this section, we will outline these non-intuitive
difficulties. For a further discussion, see Section 3 of Jun and Orabonal [2019]].

For simplicity, consider w; € R. Before attempting a high probability bound, one may try to derive
a regret bound in expectation with heavy-tailed (or even light-tailed) gradient g; via the following
calculation:

T

E[Rr(u)] = E th(wt) - Zt(u)] < ZE [(g¢, we —w)] + ZE [(Vl(we) = ge, we — w)]
t=1 t=1

t=1

The second sum from above vanishes, so one is tempted to send g; directly to some existing parameter-
free algorithm to obtain low regret. Unfortunately, most parameter-free algorithms require a uniform
bound on |g;| - even a single bound-violating g; could be catastrophic [Cutkosky and Boahen, [2017]).
With heavy-tailed g;, we are quite likely to encounter such a bound-violating g, for any reasonable
uniform bound. In fact, the issue is difficult even for light-tailed g;, as described in detail by Jun and
Orabonal [2019].

A natural approach to overcome this uniform bound issue is to incorporate some form of clipping, a
commonly used technique controlling for heavy-tailed subgradients. The clipped subgradient g, is
defined below with a positive clipping parameter 7 as:

G = 2L min(r, |g/])
\gt\

If we run algorithms on uniformly bounded g, instead, the expected regret can now be written as:

T T T
E[Rr(uw)] <Y E[(g,w — w)]+ Y ELEG] — g we — w)] + Y E[(Ve(we) — Elg], we — u)]
t=1 t=1 t=1
parameter-free regret martingale concentration? bias

(D

Since |g;| < 7, the first term can in fact be controlled for appropriate 7 at a rate of O(e + |u|v/T)
using sufficiently advanced parameter-free algorithms (e.g. |[Cutkosky and Orabona [2018]]). However,
now bias accumulates in the last term, which is difficult to bound due to the dependency on w,. On
the surface, understanding this dependency appears to require detailed (and difficult) analysis of the



dynamics of the parameter-free algorithm. In fact, from naive inspection of the updates for standard
parameter-free algorithms, one expects that |w;| could actually grow exponentially fast in ¢, leading
to a very large bias term.

Finally, disregarding these challenges faced even in expectation, to derive a high-probability bound
the natural approach is to bound the middle sum in (1)) via some martingale concentration argument.
Unfortunately, the variance process for this martingale depends on w;, just like the bias term. In fact,
this issue appears even if the original g, already have bounded norm, which is the most extreme
version of light tails! Thus, we again appear to encounter a need for small w;, which may instead grow
exponentially. In summary, the unbounded nature of w; makes dealing with any kind of stochasticity
in the g, very difficult. In this work we will develop techniques based on regularization that intuitively
force the w; to behave well, eventually enabling our high-probability regret bounds.

4 Bounded Sub-exponential Noise via Cancellation

In this section, we describe how to obtain regret bound in high probability for stochastic subgradients
g: for which E[g?] < o2 and |g;| < b for some o and b (in particular, g; exhibits (o,4b) sub-
exponential noise). We focus on the 1-dimensional case with YW = R. The extension to more general
W is covered in Section @ Our method involves two coordinated techniques. First, we introduce a
carefully designed regularizer ¢); such that any algorithm that achieves low regret with respect to the
losses w +— gyw + ¥ (w) will automatically ensure low regret with high probability on the original
losses ¢;. Unfortunately, 1 is not Lipschitz and so it is still not obvious how to obtain low regret. We
overcome this final issue by an “implicit” modification of the optimistic parameter-free algorithm of
Cutkosky| [2019]. Our overall goal is a regret bound of Ry (u) < O(e + |u|(o + G)V/T + blul) for all
u with high probability. Note that with this bound, b can be O(+/T') before it becomes a significant
factor in the regret.

Let us proceed to sketch the first (and most critical) part of this procedure: Define ¢, = V{;(w;) — g4,
so that e; captures the “noise” in the gradient estimate g;. In this section, we assume that ; is (o, 4b)
sub-exponential for all ¢ for some given o, b and |g;| < b. Then we can write:

T T T
(

Ry(u) <Y (Vli(we),we —u) =Y (geywe —u) + Y (es,we) = Y (er,u)

t=1 = t=1

T T
E €Wy E €t
t=1 t=1

“noise term”, NOISE

~+
=

T
< g we —u) +

t=

+ |ul 2)

=

Now, the natural strategy is to run an OLO algorithm A on the observed g;, which will obtain some
regret R4 (u) = Zle(gh wy — uy, and then show that the remaining NOISE terms are small. To
this end, from sub-exponential martingale concentration, we might hope to show that with probability
1 — 6, we have an identity similar to:

NOISE < o Zwtz log(1/6) + bm?x |we|log(1/8) + |ulo/T log(1/6) + |u|blog(1/6)

t=1

The dependency of |u| above appears to be relatively innocuous as it only contributes O(|u|ov/T +
|u|b) to the regret. The w;-dependent term is more difficult as it involves a dependency on the
algorithm A. This captures the complexity of our unbounded setting: in a bounded domain, the
situation is far simpler as we can uniformly bound |w;| < D, ideally leaving us with an O(D+/T)
bound overall.

Unfortunately, in the unconstrained case, |w;| could grow exponentially (|w;| ~ 2¢) even when u
is very small, so we cannot rely on a uniform bound. In fact, even in the finite-diameter case, if we
wish to guarantee Ry (0) < ¢, the bound |w;| < D is still too coarse. The resolution is to instead

feed the algorithm A a regularized loss ;(w) = (g;, w) + b, (w), where ¢, will “cancel” the w;
dependency in the martingale concentration. That is, we now define R#}(u) = 23:1 Li(wye) — Ly (u)



and rearrange:

T T
thywt_u ) < Rit(u) — Z (we +Z¢t 3)
t=1

t=1

And now combine equations (2) and (3):

Rr(u) < Rf(u Zwt wy +Zz/}t ) + NOISE

T
< Rt u) + o Zw?log 1/5)+bmax|wt|log 1/6) — Z
t=1 =1
T
+ [uloy/Tlog(1/8) + |ulblog(1/6) + > vhi(u) €
t=1

From this, we can read off the desired properties of 1;: (1) 1, should be large enough that

Zle i (wy) > a\/zt L wilog(1/8) + bmaxy |w|log(1/6), (2) ¢ should be small enough

that Zthl Yi(u) < O(|u[V/T), and (3) 9, should be such that R# (u) = O(e + |u|v/T) for an
appropriate algorithm A. If we can exhibit a ¢, satisfying all three properties, we will have developed
a regret bound of O(e + |u|v/T) in high probability.

It turns out that the modified Huber loss 7, (w) defined in equation (5 and @ with appropriately
chosen constants ¢y, ¢, p1, P2, 1, (o satisfies criterion (1) and (2).

p—1

re(w;e,p, ) = ¢ (plwl = (p = Dfwr)) i ILTII‘”WS)I‘”‘” ol > | (5)
C|w‘p(zg=l [w; P +ab) =177 |w| < Jwy

Yy(w) = re(w;c1,p1, a1) + re(w; ez, p2, a2) (6)

Let us take a moment to gain some intuition for these functions r; and ;. First, observe that r;
is always continuously differentiable, and that r;’s definition requires knowledge of w;. This is
acceptable because online learning algorithms must be able to handle even adaptively chosen losses.
In particular, consider the p = 2 case, r¢(w; ¢, 2, ) for some positive constants ¢ and «. We plot this
function in Figure|l| where one can see that r; grows quadratically for
linearly afterwards so that r, is Lipschitz.

Eventually, in Lemma [[3| we will show that this func-
25 tions satisfies

NE

ri(wyg; ¢, 2, ) > g w? —«

15 1

~
I

riw: 1 2,1

10

re(u:e,2,0) < O(uVT)

B

t

Il
—

05

so that for appropriate choice of ¢ and a,

0.0 T T T T T T T
o s 30 1S 20 2S00y (e 2 ) will cancel the O(1/ Y1, w?) mar-
tingale concentration term while not adding too
much to the regret - it satisfies criteria (1) and
Figure 1: r¢(w; 1,2, 1) when Zle w? =10 (2). The lower-bound follows from the standard
and w; = 2. The dashed line has slope inequality va+b < \/a + \/% since ry(w;) =

cp< Jwe|P 1

S fwilrral) so that r, is quadratic C\/ﬁﬁ
for |w| < |w;| and linear otherwise. Notice and involves the piece-wise definition. For simplic-
that wy is a constant used to define 7 - itis jty, suppose it were true that either |w;| < |u| for
not the argument of the function. all ¢ or |w;| > |u| for all t. In the former case,

The upper-bound is more subtle,



o+l wi
~ T ‘u|2 T |’U«‘2 B ~

as O(|u|v'T). In the latter case, we have >_,_, s <> Wi O(Ju|vVT) so
that both cases result in the desired bound on Zthl r¢(u). The general setting is handled by parti-
tioning the sum into two sets depending on whether |w;| < |u|. In order to cancel the max; |w;| term
in the martingale concentration, we employ p = log 7. This choice is motivated by the observation
that [|v]|iog 7 € [||V]loo, exp(1) || V] o] for all v € RI°¢ T, With this identity in hand, the argument is
very similar to the p = 2 case.

ZtT:I ri(u) = O (|u| Zthl w*"), which via algebraic manipulation can be bounded

The correct values for the constants are provided in Theorem[3} Again, at a high level, the important
constants are p; and po. With p; = 2, we allow Y, 7(wi;p = 2) to cancel out the /", w}
martingale concentration term, while with p, = log T', >, r+(w; p = log T') cancels that max; |wy|
term.

It remains to show that 1), also allows for small R?(u) and so satisfies criterion (3). Unfortunately,
our setting for ¢, in the definition of v, is O(b), which means that v, is O(b)-Lipschitz. Since we
wish to allow for b = @(ﬁ ), this means that we cannot simply let A linearize v; and apply an
arbitrary OLO algorithm. Instead, we must exploit the fact that ), is known before g; is revealed.
That is, algorithm A is chosen to exploit the structure composite loss ft(w) Intuitively, the regret of
a composite loss should depend only on the non-composite g, terms (as in e.g. |Duchi et al.|[2010b]).
Our situation is slightly more complicated as 1/, depends on w; as well, but we nevertheless achieve
the desired result via a modification of the parameter-free optimistic reduction in |Cutkosky| [2019].
For technical reasons, this algorithm still requires |g;| < b with probability 1, but obtains regret only
R4 (u) < O(e + |u|ov/T + |ulb). This technical limitation is lifted in the following section.

We display the method as Algorithm which provides a regularization that cancels the |w;| dependent
part of the NOISE term in . It also allows us to control R4} (u) to order O(e + |u|ov/T + blu|) by
taking account into the predictable structure of regularizer 1 (w). The algorithm requires black-box
access to two base online learning algorithms, which we denote .4; and A5 with domains (—o0, 00)
and [0, 0o) respectively. These can be any algorithms that obtain so-called “second-order” parameter-
free regret bounds, such as available in |Cutkosky and Orabonal [2018]], van der Hoeven| [2019],
Kempka et al.| [2019], Mhammedi and Koolen|[2020]]. Roughly speaking, the role of .A; is to provide
an initial candidate ouput x; that is then “corrected” by A5 using the regularization to obtain the final
Wt.

Following the intuition previously outlined in this section, We first provide a deterministic regret

guarantee on the quantity R7'(u) = Zthl Cy(wy) — €(u) as an intermediate result (Theorem .
Then, we provide the analysis of the full procedure of Algorithm [I]for the final high probability result
(Theorem[3)). Missing proofs are provided in the Appendix [A]and [B]

Algorithm 1 Sub-exponential Noisy Gradients with Optimistic Online Learning

Require: E[g;] = V{i(w;), |g:] < b, E[g:|w;] < o? almost surely. Two online learning algorithms
(e.g. copies of Algorithm 1 from |[Cutkosky and Orabonal [2018]]) labelled as .41, .42 with domains
R and R respectively. Time horizon 7,0 < § < 1.
1: Initialize:
Constants {c1, ¢2,p1, P2, @1, a2 } from Theorem > for defining v; in equation (ﬂ)
H = c1p1 + cap2
2: fort =1toT do
3 Receive z; from A;, y; from A,
4 Rescale z; = «}/(b+ H), y: = y,/(H(b + H))
5: Solve for wy: wy = ¢ — Y Vb (wy) > The solution exists by Lemma@
6: Play w; to, suffer loss £;(w;)
7: Receive g; with E[g:] € 04 (wy)
8 Compute ¢ (w) = r¢(w; c1,p1, 1) + re(w; ca, P2, 2) and Vb (wy) > equations , @
9 Send (g: + Vb (we))/(b+ H) to Ay
0: Send —(g; + Vb (wy), Vip (wy))/H(b+ H) to Ay
1: end for




Theorem 2. Suppose A ensure that given some € > 0 and a sequence c; with |c;| < 1:

3 3 [uPTe [ulT°
Z(Ct,wt—u)§e+A|u| Z\ctP (1+10g( —|—1>) +B|ulog< +1>
t=1 t=1

for all u for some positive constants A, B, C, and that A, obtains the same guarantee for all u > 0,
then for |g:| < ,(wy)| < H, we have the following guarantee from Algorithm|]]

T
Rf(u) <O |e+[u] | || max <0,Z lge* = IV%(U&)Q) + (b+ H)logT

t=1

Although this Theorem [2] is rather technical, the overall message is not too complicated. If we
ignore the negative |V (w;)|? terms, the bound simply says that the regret on the “composite” loss
(g¢, w) + 4 (w) only increases with the apriori-unknown g;, and not with Vi), (w;). With this result,
we can formalize the intuition in this section to provide the following high probability regret bound:

Theorem 3. Suppose {g.} are stochastic subgradients such that E[g;] € 04 (w;), |g:] < b and
Elg?|w:] < 02 almost surely for all t. Set the following constants for 1;(w) shown in equation
forany0 < § <1,e¢>0,

¢ = 20\/10g (% [log (2T+1) + 2]2), co = 32blog (% [log (1 + gQT“) + 2]2> ,
b1 = 27 b2 = IOgTa a1 = 6/01, Qg = EU/(4b(b + H))

Vi (we)| < H. Then, with probability at least 1 — 0, algorithm

1 1 1
elog 5T \u|blog5 + |u|oy/ T log 3

Note that this result is already of interest: prior work on parameter-free algorithms with sub-
exponential noise only achieve in-expectation rather than high probability results. Of course, there is
a caveat: our bound requires that |g;| be uniformly bounded by b. Even though b could be as large as
/T, this is still a mild restriction. In the next section, we remove both this restriction as well as the
light tail assumption all together.

where H = c1p1 + capo,
guarantees

S Heavy tails via Truncation

In this section, we aim to give a high probability bound for heavy-tailed stochastic gradients g;. Our
approach builds on Section E]by incorporating gradient clipping with a clipping parameter 7 € R™.

N 2t .
& = —— min(7, [|g|)
gl

We continue to consider a 1-dimensional problem in this section, replacing the norm || - || with absolute
value | - | and g; with g;. The key insight is that the clipped g; satisfies E[g7] < 2P~ 1727 P (aP + GP)
and of course || < 7. Hence, a high probability bound could be obtained by feeding ¢; into
Algorithm [I] from Section[d] Let us formally quantify the effect of this clipping:

T T

Z (Ve (we), wy —u) = Z<V£t(wt) — E[ge), we —u) + Z(E[ét],’wt —u) (D

t=1 t=1

bias Section ]

Without clipping, we would have E[§:] = V/:(w;), and so if we were satisfied with an in-expectation
result, the first sum above would vanish. However, with clipping, the first sum actually represents
some “bias” that must be controlled even to obtain an in-expectation result, let alone high probability.
We control this bias using a cancellation-by-regularization strategy analogous at a high level to the
one developed in Section 4] although technically quite distinct. After dealing with the bias, we must



handle the second sum. Fortunately, since g, is sub-exponential, bounding the second sum in high
probability is precisely the problem solved in Section[d] We introduce the analysis in two elementary
steps. For the purpose of bias cancellation, we define a linearized loss ¢;(w) with regularization
function ¢(w)

li(w) = (B[], w) + d(w), p(w) = 2271 (oP + GP)|w| /7P ®)
the regret in equation (7)) can be re-written as
T T
=) (Vl(wi) — E[ge], we —u) — dp(we) + dp(u)) + Zét(wt) = li(u) ©)
t=1 t=1
bias cancellation Section[d

We will be able to show that the w;-dependent terms of the first summation sum to a negative number
and so can be dropped. This leaves only the u-dependent terms, which for appropriate choice of 7

will be O([u|T'/?).

Note that at this point, if we were satisfied with an in expectation bound for heavy-tailed subgradient
estimates (which would already be an interesting new result), we would not require the techniques
of Section 4; we could instead define ¢;(w) = (G, w) + 1 (w), so that the last sum is equal to
ZZ;I li(wy) — £(u) in expectation. Then, since |¢;(w;)| < O(7) with probability 1, we can control

S Gy (wy) — €4 (u) using a parameter-free algorithm obtaining regret O (|uly/> 1, [V/E; (w:)|? +
7|u|) to bound the total expected regret, yielding a simple way to recover prior work on expected
regret with sub-exponential subgradients (up to logs), while extending the results to heavy-tailed
subgradients.

However, since we do aim for a high probability bound, we need to be more careful with the second
summation. Fortunately, given that g, is sub-exponential and bounded, and V ¢(w;) is deterministic,
we can supply g; + V(w;) to Algorithm|[I|and then bound the sum in high probability by Theorem 3]
We formalize the procedure as Algorithm[2] and its guarantee is stated in Theorem[d] The exact regret
guarantee (including constants) can be found in Appendix [C]

Algorithm 2 Gradient clipping for (o, G)—Heavy tailed gradients
Require: E[g;] = V{(w), |Elg]| < G, E[lg: — E[g:]|?] < oP for some p € (1, 2], Time horizon
T, gradient clipping parameter 7.
1: Initialize Algorithm [T|using the parameters of Theorem 3]
2: fort=1toT do
3: Receive w; from Algorithm|[I]

4 Suffer loss ¢;(w;), receive g;

5: Truncate §; = |Z—:| min(T, |g¢|)-

6: Compute g; = g¢ + Vi (wy) > ¢(w) is defined in , E[g:] € ait(wt).
7: Send g, to Algorithm as t*" subgradient.

8: end for

Theorem 4. Suppose {g.} are heavy-tailed stochastic gradient such that E[g;] € 00¢(wy), | Elge]] <
G, El|lg: — E[g:][P] < 0P for some p € (1,2]. If we set T = T/ (P + GP)/? then with probability
at least 1 — b, Algorithm 2| guarantees:

|ulT

Rp(u) <O elog% + [u|TY? (o + G) log % logT

Theorem@ suggests regret with heavy-tailed gradients g; has a p dependence of O(T 1/¥), which is
optimal [Bubeck et al.;, 2013} Vural et al., 2022].

6 Dimension-free Extension

So far, we have only considered 1-dimensional problems. In this section, we demonstrate the extension
to dimension-free, which is achieved by using a reduction from |Cutkosky and Orabonal[2018]]. The



original reduction extends a 1-dimensional algorithm to a dimension-free one by dissecting the
problem into a “magnitude” and a “direction” learner. The direction learner is a constrained OLO
algorithm A™¢ which outputs a vector v; with ||v;]| < 1 in response to g,...,g;_1, while the
magnitude learner is an unconstrained OLO algorithm A'¢ which outputs z; € R in response to
(g1,v1),..-{(gt—1,vi—1). The output of the entire algorithm is w; = x;v;. Suppose A14 and
Apna have regret guarantee of R3%(u) and R7¢(u), respectively. Then regret of the dimension-free
reduction is bounded by Rr(u) < ||u||R2(u/|lul|) + R¥¢(||ul|). Thus, in order to apply this
reduction we need to exhibit a A'¢ and .4™? that achieves low regret on heavy-tailed losses. For the
magnitude learner A'¢, we use can use the 1d Algorithm [2|that we just developed. The remaining
question is how to develop a direction learner that can handle heavy-tailed subgradients. Fortunately,
this is much easier since the direction learner is constrained to the unit ball.

To build this direction learner, we again apply subgradient clipping, and feed the clipped subgradients
to the standard FTRL algorithm with quadratic regularizer (i.e. “lazy” online gradient descent). This
procedure is described in Algorithm 3] Note there is no regularization implemented in Algorithm [3]
although g; induces bias. This is because of A" runs on the unit ball, careful tuning of 7 is sufficient
to control the bias - a concrete demonstration of how much more intricate the unconstrained case
is! Finally, the full dimension-free reduction is displayed in Algorithm ] with its high probability
guarantee stated in Theorem 5] The details are presented in Appendix [D]

Algorithm 3 Unit Ball Gradient clipping with FTRL
Require: time horizon 7', gradient clipping parameter 7, regularizer weight 7
: Setnp =1/t
:fort=1toT do
Compute v; € argmin, |y <; ST EL V) + 2%IIIVII2
Output v, receive gradient g
Set & = & min(T, g )
end for

AN A

Algorithm 4 Dimension-free Gradient clipping for (o, G) Heavy-tailed gradients

Require: Subgradients pth moment bound o”, time horizon T, Set Algorithm as Ald, And,
1: Setoyq = (0F +2GP)Y/? and 714 = TV/? (0, + GP)V/P = TP (gP 4 3GP)V/P
Initialize A% with parameters o <— 014 and 7 < T4
Initialize A"™¢ with parameters ¢ < o and 7 < T'/¥(a¥ 4 GP)1/¥.
fort =1to T do
Receive z; € R from A4,
Receive v; € RY, ||v¢|| < 1 from A™¢
Play output w; = x;v,
Suffer loss ¢;(w;), receive gradients g;
Send g; = (g;, v;) as the ¢! gradient to A'?
Send g; as the ' gradient to A™¢
end for

TRV RXIUNRELN

—

Theorem 5. Suppose that for all t, {g;} are heavy-tailed stochastic subgradients satisfying E[g] €
Ole(wy), | Elgt]ll < G and El||g: — E[g:]||?] < oP for some p € (1,2]. Then, with probability at
least 1 — 0, Algorithmd] guarantees

[ulT

T
- 1 T
Rp(u) = Zﬁt(wt) —2(u) <O |elog 5+ |ul|TY* (0 + G)log 5 log
t=1

Complexity Analysis: Algorithm {]requires O(d) space. It also requires O(d) time for all operations
except solving the fixed-point equation in Algorithm[I](line 5). This can be solved via binary search
to arbitrary precision ¢ for an overall complexity of O(d + log(1/¢g)). This is essentially O(d) in
practice for any d > 64.



7 Conclusion

We have presented a framework for building parameter-free algorithms that achieve high probability
regret bounds for heavy-tailed subgradient estimates. This improves upon prior work in several
ways: high probability bounds were previously unavailable even for the restricted setting of bounded
subgradient estimates, while even in-expectation bounds were previously unavailable for heavy-tailed
subgradients. Our development required two new techniques: first, we described a regularization
scheme that effectively “cancels” potentially problematic iterate-dependent variance terms arising in
standard martingale concentration arguments. This allows for high probability bounds with bounded
sub-exponential estimates, and we hope may be of use in other scenarios where the iterates appear in
variance calculations. The second combines clipping with another new regularization scheme that
“cancels” another problematic iterate-dependent bias term. On its own, this technique actually can be
used to recover in-expectation bounds for heavy-tailed estimates.

Limitations: Our algorithm has several limitations that suggest open questions: first, our two
regularization schemes each introduce potentially suboptimal logarithmic factors. The first one
introduces a higher logarithmic dependence on 7', while the second introduces a higher logarithmic
dependence on ||u|| because the optimal clipping parameter 7 depends on log(||u]|). Beyond this,
our algorithms require knowledge of the parameters ¢ and 7. Adapting to an unknown value of even
one of these parameters remains a challenging problem.
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A Optimistic Online Learning for Predictable Regularizer

from sub-algorithms 4; and As, ¥;(w) is defined in equation (6). Under the constants for v, (w)

Algorithmprovides output w; by solving w; = xy — y; Vi/)t(w%,bwhere x; € R,y; > 0 are output
defined in Theorem [3] the following Lemma shows the existence of solution.

Lemma 6 (Existence of Solution). for x; € R,y; > 0,

wy = ¢ — Y Vip (wy)

where

V)i (w) = sign(w Z iDj i~
t Jrj |w\P +X )1 1/p;

for some kj, X; > 0,p; > 1and j = 1,2. Then w, lies in the interval of (zt — Yt 2?21 kipj, T
when x; > 0, and in the interval of [:Et, Tt + Ui Z k]p]> . Further,

h(w) =w — 2y + y, Vip (w)

is monotonic in w.

Proof. We suppose that x; > 0. The case x; < 0 is entirely identical.

case (a): consider y; # 0,

Jw, [P !

wy =z — Yy sign(wy) kip; ___
j; " (Jwg|Ps +Xj)(pJ 1)/p;

rearrange

|we [P~
(|wy|Ps +Xj)(17.7‘*1)/17.7‘

Ty — Wy

Yt

2
= sign(wy) Z kip;
j=1

Let f(w:), g(w:) to be the left and right handside of the last expression. Both functions are continuous
in w; for under assumption of x¢, y¢, kj, p;j, X; for j = 1 and 2. When w; = x4:

2

o i P~
flwp) —g(wi) =0—= > kjp; —57 <
R g T (gl + X )T

. 2
When wy = x — ye 3 54 kjpy:

i 7!
flwy) — Zk]pj —sign |z — Y Zkﬂpﬂ ijp] lwy|Ps + Xj)(Pj—l)/Pj >0

By intermediate value Theorem f(w;) = g(w;) at w; in between x; and z; — y: 25:1 kip;.
case (b): when y; = 0, wy = ;.

Finally, by inspection the derivative of h(w) with respective to w is always positive, hence is
monotonic in w so that we can numerically solve for h(w;) = 0 via binary search. O

Algorithm [T|requires the base algorithms .A; and A, to satisfy a “second-order” regret bound, such
as provided by Algorithm 1 of |Cutkosky and Orabonal [2018]]. We assume the base algorithms
are designed to handle only 1—Lipschitz losses, so the following Lemma provide a simple linear
transformation that allows the base algorithm to cope with any Lipschitz constant.
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Lemma 7 (Algorithm Transformation). Suppose an algorithm A obtains regret Zt 1 (g, wr —u) <
€ + Rr(u) for some function Ry for any sequence {g;} such that |g.| < G. Then, given some € > 0,

consider the algorithm that plays w; = —gwt in response to subgradients {g; } with |g| < G, where

wy is the output of A on the sequence {g;} with g. = e G G,. This procedure ensures regret:
T _ —
€ eG
Ge, W —u) < €+ -Rp | —=u
;@t ‘ )€ e’ (eG )

Proof. Since |g;| < G by construction, we have:

T = T _
G eG
S (G —uy == <gt, —w — u>
t=1 G €G
T
€ eG
= g; <9t,wt _GU>
€ eG
<eé+ Ry (=
=et e T (GGU)
O
Intuitively, if we instantiate this Lemma with an algorithm obtaining Rr(u) = € +

lu|v/T log(|u|T/€) + |u|log(|u|T/€) for 1-Lipschitz losses, we can obtain for any ¢, an algorithm
for G-Lipschitz losses with regret € + |u|G+/T log(|u|GT'/€) + |u|G log(|u|GT /e).

We are now at the stage to prove Theorem [2] We restate the Theorem for reference, followed by its
proof.

Theorem 2. Suppose A, ensure that given some € > 0 and a sequence c; with |c;| < 1:

- - Ju27¢ [u 7
Z(ct,wt—u>§e—|—A|u| Z\ct|2 (1+10g< —|—1>) +B|ulog< -1-1)

t=1 t=1

for all u for some positive constants A, B, C, and that Ay obtains the same guarantee for all u > 0,
then for |g,| < b, |[Vipy(w;)| < H, we have the following guarantee from Algorithm|[I]

R7(u) < O |e+ |u| maX( Z:Igtl2 Vb (we) [? ) + (b+ H)logT

Proof. The proof is similar to optimistic reduction in |Cutkosky| [2019], which combines regret
guarantees from two online learning algorithms. First, we observe that A, outputs z} from line 3
and receives gradients (g; + V¢ (w¢))/(b+ H) < 1 from line 9 in Algorithm|I] Hence we apply
Lemmaby choosing € = €, and set G = 1, G = b + H, we have the following holds for any u,

T
Z gt + Vb (wy), ¢ — )
t=1

T
b+ H)2|u|?TC

t=1 €
C
€

Similarly for Az outputs y; and receives _<gt+v%((ﬁ}})th(wt)> , Hence use Lemma [7| by setting

e=¢G=1and G = H(b+ H), we have the following for all y,:

R (y+) Z (g + Vi (we), Vipe (we)) (ye — v

t=1
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b H2H2 QTC
ORI )]

€

T
< e+ Alysl \J Z gt + Ve (wy), Vb (wy))? [1 + log (
t=1

b+ H)H|y,|T¢
+B(b+H)H|y*|log<(+)€|y|+1>

The relationship between the R4(u) bounded by linearized loss and R (u), R2.(y,) is revealed:

MH

R (u) < (g + Vb (wy), wy — u)

“
I
—

MH

(9t + Vib(we), ¢ — u) — ye(ge + Ve (we), Ve (wy))

H
l
—

T
< i !
< inf Rp(u) + Ry (y:) g ge + Vi (wy), Viby (wy))

use identity —2(a, b) = ||la — b[|? — ||a||* — ||b]|?

Yu >

T
= inf Rp(u)+ R7(y) ZW—|gt+th(wt)\2—|wt<wt)|2

< 1nf 26+A|u|\lZ|gt+V¢t(wt)|2 {14_1 ((b—i—Hiz|u|2Tc+1>}

t=1
H)u|T¢ H)H|y,|T¢
B(b+ H)|ullog [MH} + B(b+ H)H|y,|log {WJ&]
T
b+ H)2H2|y,[>TC
+ Aly,| JZ (gt + Ve (wr), Vi (wy) )2 [1—|—log<( ) > 19 +1>}
t=1
+ ‘% Z 19¢1” = |ge + Vibe (we) [ — [V (wy) [?
t=1
let X' = Z?T:l lge + Vb (wy)[?
H)2|u|27TC
< inf sup 26+A|u|\/X [1—|—log ((b—l—)2u|+1)]
y+=0 x>0 €
b+ H)u|TC b+ H)H|y,|T®
+ B(b+ H)lullog [(JFG)IL' +1} + B(b+ H)H|y.|log {H)Ew' +1
272 2mC
+ Aly]y | X H? {1+10g((b+H) Hoy ' +1)]
€
y & Y
52 90l = [V (w)?) = X
2 2mC
< inf sup sup 2¢ + Alu| [1+log ((b+H)2u|T+1)]
¥x20 X>0Z2>0 €
b+ H)|u|T¢ b+ H)H|y,|T®
+ B(b+ H)lu|log [He)ul + 1} + B(b+ H)H|y,|log [H)Elyl +1

2172 2mC
+Ay*|¢m g (LI PTE )]
€
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T
+ 5 2 (e = [Varw)) = (X + 2)

set

4 = min (2Au|\/1 +log((b+ H)?|ul2TC /e2 + 1) |u|>
\/max(O, ZtT=1 (19¢? = [Vabe(we)]?)) "

b4+ H)2|ul2TC
< sup sup 2¢ + Aluly | X {1 + log <(+)2|u| + 1>}
X>02>0 €

c
+ B(b+ H)|u|log [W

+1}—y4*(X+Z)

+ B(b+ H)|u|log

2 2 2mC
+Ay*|¢m 1oy (LT )]

[(b + He)\u|TC . 1}

€2

b+ H)?|u|?TC¢ a
+Au|\/1 —i—log(% max O,Z lg:)% — |V (wy)]?))
t=1
For a,b > 0, sup, a\/z — bz = a*/4b, apply the identity to both sup y~ o, Supz<
b+ H)2 2TC
< 2¢ + A?|u? {1 + log <(+)2|u| + 1)} o
€

b H 2H2 2TC
+ A?|y.|H? [1+log<( + 1) = | +1>}

b+ H)u|T¢
+2B(b+ H)|u|log [(+)|u
€

0

b HPuPTC a
+Au|\/1+log(()2| Jmax O,Z |9¢* = Vb (we) 7))
€ =1

substitute 1/

A (b+ H)2[u2TC 4
< 2+ 2|u\/{1 + log (62 +1 max 0,; l9¢12 — [Vibe (wi)]2))

H 2 2TC
+ A%|u|H [1 + log ((H)z“' + 1)] +2B(b+ H)|u|log
€

C
[(b+H)u|T .
€

b+ H 2uzTc L
+ Ay 1+ 1og ] Jmax 0.5 (il ~ V() 2)
t=1

34 b+ H)2[u2TC =
T G | S ST

+ |u| (A*H +2B(b+ H)) {1 + log (MW + 1”

Define a constant NV

H2 2TC
¥ = 1o (LEHEIETE )
€
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Then, R#(u) can be written as,

T
ZQt‘FVT/Jt We), Wy — u)

3A
< 2¢+ |u] - Nmax< Z|g,f|2 |V ( wt)|>+(A2H+2B(b+H))N

O

The following Lemma shows the magnitude of w; as a function of ¢, where {w;} is a sequence of
output from algorithm[I} We shall see later on that a coarse bound for w; helps to proof Theorem 3]
Lemma 8 (Exponential Growing Output). Suppose A is an arbitrary OLO algorithm that guarantees

regret R7(0) = Zthl (g, wy) < eforall sequence {g;} with ||g:|| < G. Then it must hold that
[we| < 552° for all t.

% for all ¢ for all sequences

=3tz i(giwi)
& .

Proof. We will first prove by contradiction that ||w|| <

{gt}. Suppose that there is some ¢ and sequence gy, ..., g:—1 such that || w;| >
Then, consider g; = Gt Hw T Then we have:
t—1
R(0) = Z<gi7wi> + (g1, Wy) > €

i=1

t—1
. . .. e=> "t~ P W
which is a contradiction, and so | w|| < %.

Now, if we define H; = ¢ — >.'_, (g, w;), we have ||w;|| < HtG’l. Therefore:

Hy=Hi_1— (g, Wy)
<2H; 4
< 2'H,

= 2!

Thus, we have

-1 __ _€ ot :
= 26,2 as desired. O

B Cancellation for Gradients with Sub-exponential Noise

In this Section, we ultimately provide the proof for Theorem 3] We first show a few algebraic lemma
followed by the property of the regularizer, Then we show the proof for Theorem [3|by combining
different lemma with the outlines listed in Section 4l

Lemma9. Forx > 0,a>0,p>1

a 1 1
0T 2 (z+a)y —azv
(x+a)">
Proof.
x%(a: + a)lf% > vzl Ty =1
rearrange
0 Zx—ac%(x—i—a)l_%
a> (:cha)fx%(era)l_%
divide both side by (x + a)l_%, we complete the proof O
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Lemma 10. For x,a > 0,p > 1:

(z +a) /P < 2V/P 4 o1/P

Proof.
z4a = (2/P)P + (a}P)P < (/P 4 a}/P)P
raise to the power of 1/p to complete the proof [

Lemma 11. Forx € RY, if || - ||, is the p—norm:

1
i Xl < llxlloo < [l
Proof. Clearly, it suffices to consider x = (x1,...,24) with z; > 0 for all 4. let i,, = argmax; x;,

then forall a > 0

Ixlloe = 2} = (2;") < (27" + )P

settinga = ) Six z¥, demonstrates the upper bound.

For the lower bound:

1 (A N
_ *P 1/17 ok
dl/p HXHP - d]/p (Z l‘f) < dl/p (dxz ) =T

i=1

Lemma 12. Forx > 0,
log(z + exp(1)) < max(0,log(z)) + exp(1)

Proof. For x € (0,1], log(x) < 0. Thus, the inequality holds since log(z + exp(1)) < log(1 +
exp(1)) < exp(L).
For z > 1, we have log(z) > 0. Let

h(x) = log(z + exp(1))

f(z) =log(x) + exp(1)
Taking derivatives,

h(z) =1/(z + exp(1))

fl@)=1/z
Thus, f'(z) > h/(x) for x > 1. Now, since f(1) > h(1), we have f(z) > h(z) forx > 1.
Combining both case we complete the proof. O
Lemma 13 (Cumulative Huber Loss). Consider r; as in equation (5)) (copied below for convience):

[we [P~

e (phl = (p = Dfwr]) g2l >
c|w\p(

re(w; e, p, ap) = {

S i P ral) 1P [w| < [wy]

Then, with fixed parameter c,ag > 0, p > 1,
T 1/17
Zrt(wt) >c <Z|wt|p+ag> — g (10)
t=1
(

T
t=1
T (p—1)/p
T|ulP p
<10g |u|:—a0> + 1
Qg

Zrt u) < cp|u\T1/” 1D

t=1
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Proof. Define index set Ay = {t : |wy| < |u|,t = 1,--- , T}, and let n(Ar) be the cardinality of
Ar. Let S, = o + 25:1 |w; |P. First, we show lower bound for Zthl r¢(w). Since p > 1,

S =y
(W) = C
=1 =1 (2521 wi|P 4 ag)t=1/P
T
|wy |P
=c
; (lwelP + Sp—1)t=1/P

use Lemmal[9] set a = |w [P,z = S;—1,a + 2 = 5,

Now, we upper bound of ) _, r;(u). We partition the sum into two terms, and bound them individually:

T
Jwq [P~ 1
re(u) < cplul ; +clulP .
t; tsz; (Xici lwilP + ag)t=1/e tgz; (Xicy [wil? +ag)t=1/P
|we | <[u] [we|>]ul
A B

First, we bound A:

A< Z w, [P~

<T 1—i/p
t
[we < [ul (Z i<t, |wilP + aﬁ)

lwi | <|ul

by Holder’s inequality (a,b) < ||al[,n||b]5, where - + L =1. Setm = p, n = 2.

(r—1)/p

p

< n(Agp)H/? Z i
() = X st |wilP+ag
[we|<|ul

p (p—1)/p
ag+2ean lwel? 1
< n(AT)l/p (/ o dx)

jwi < ul

p X

0
ZtGAT |wq [P + ag) (p—1)/p

D
Qg

= n(Ap)'/P (log

A P p\ (p—1)/p
< n(Ag)/? <1og ”(T)|“p|+%>
Qg
-1
(g T+ 0 70
< o

Now, we bound B:
1

B <
= ; >0 i<t JwilP + Ozg)l—l/p
‘th>|u\ |w; |>|u|
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< Y !

S i <t wil > JulP)ul + B P

Jwe|>|u|
1 1
= Tup-1 1-1/p
W R [t < el > ) + (2]
1 (@o/[ul)?+(T=n(AT))  q
< u[p—T ey
(ao/[ul)?
p
= raper [ = (A7) 4 (a0 /Jul)? — (a0 /u)|

Combining A and B:

P py\ (p—1)/p
(log |u a:‘a()) 1
0

O

Lemma 14. Consider the regularization function y.(w) defined in equation (@) with parameter
c1,p1, 1, C2, P2, o, displayed below for reference:

Pe(w) = re(w; 1, p1, 1) + re(w; ca, P2, 2)

When we set
¢ = 20\/10g (% [log (2T+1) + 2]2), co = 32blog (2% [log (1+ L27+2) 4 2]2) )
p1 =2, p2 =logT, oy =€/ey, ag =eo/(4b(b+ H))
as defined Theorem[3] Then

T

T
2 CoO0
2w Z ey D funf? + o + e max (oo gy ) =< (4 5 )

t:l 7”7
Tlul2e2
\/log <|u|2c1 + 1) + 1| 4 3copo|ul (max (O,pg (log |a£| + 1)) +4>
€ 2

Proof. The proof builds on Lemma[T3] We show the algebra for r; with fixed tuple of parameters
(¢iy piy i) for i = 1, 2, respectively. The main difference is due to the value of p;.

Fori =1:

T

> () < 261 [ulVT
t=1

T

§ re(we;c1,p1,a1) > ¢
t=1

D lwil?+af e

t=1

:Cl

By equation (TT)

Tlul2 2
10g7|u| 2—|—a1 +1
a7

Zrt(u; c1,p1,an) < 26 |ulVT

t=1
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= 2¢1|ulVT

Tlul2c2
\/log(mzcl—i-l)—i-l
€

For i = 2: by equation (T0) and Lemma|[TT}
T

Zrt(wt;CQ,pQ,ag) > Co | max | oo, max ‘wt| — s
t=1 te{l,-,T}
| | €Co0
= comax | o max |wy| | - —————
’ Piefmy ) T ab(b+ H)
By equation (IT)
3 [ (p2=1)/p2
Tlu|P? + ab?
Zm(wt; Ca, P2, ) < capalul exp(1) <1Og |ap22) 1
t=1 I P
[ T|u|P2 a2\ P2—1/p2
< copa|ul exp(1) <log ul +i>2ip( )orh > 1
Q
[ T|w|P2 1)k
< capa|u| exp(1) <10g [ul +i§p( Yoy ) n 1}
L ab)
e
= copaful exp(1) [log ( T35 + exp(1) ) + 1
L 2
Since T2 > 0, invoke Lemmaby substituting z = 7142
CEQ a2
T‘u|p2
< copo|u|exp(1) | max | 0,log [ —— +oxp(1) +1
azpz
1
= copo|ul exp(1) <max (O,pg log (‘W)) +exp(1) + 1)
a2

ul

= copa|u| exp(1) (max (0,p2 (log - + 1)) +exp(1l) + 1)

< 3copa|ul (max <O,p2 <log Lﬂ + 1>> + 4)
2

Combining both cases of ¢ = 1,2, we complete the proof. O

Now we are at the stage to prove Theorem 3] We restate the Theorem for reference, followed by the
proof.

Theorem 3. Suppose {g.} are stochastic subgradients such that E|g;] € 0l (wy), |g¢] < b and
Elg?|w:] < 02 almost surely for all t. Set the following constants for 1, (w) shown in equation
forany0 < § <1,e>0,

= 20\/1og (% [log (2T+1) + 2]2), co = 32blog (% [log (1 + gQT”) + 2]2) ,
p1 =2, pe = logT, oy =€fc1, ag=eo/(4b(b+ H))
Vi (we)| < H. Then, with probability at least 1 — 0, algorithm

1 1 1
elog 5 + \u|blogg + |u|oy /T log 5

Proof. The proof is a composition of concentration bounds and our Lemmas for the regularizers,
following the outline in Section El Previously, we defined e, = V/{;(w;) — g¢. |e;| < 2b and
Ele?] < o

where H = c1p1 + capo,
guarantees

Rp(u) <O
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Step 1 : We first derive a concentration bound for the NOISE term defined in equation (2)). Notice
that {|u|e; } is a martingale difference sequence. Then by Lemma with probability at least 1 — &,

o 8 / 8
Zuet < 4|ulblog 5T |uloy /2T log 3 (12)
t=1

Now, we coarsely bound the output w; from Algorithm [} At each round ¢, w; is updated by solving

Wy = Tt — ytVﬂ/t(wt)

! !
Ly Yi

T b+ H H(b+H)
where 7}, y; are outputs from some algorithm in which the regret at the origin is bounded by some
positive € with Lipschitz constant 1. By Lemma §]

V%(wt)

€

<— 9ot < o
el < S5 m vl < S
Now, define k = b+ H. Then, by triangle inequality and |V, (w,)| < H
€ €
|we| < fae] + Jye|[Vape (w)] < b+H2t = E? (13)

Finally, {w:e; } is a martingale difference sequence that satisfies:
E[U}?Ef | g1, 7gt] S |u}t|20—2
‘wt€t| § 2\wt\b

where w; depends on ¢i,---,g;—1 only. Hence by Proposition (17| {w;e;} is (Jw¢|o, 4|w;|b)sub-
exponential. Then we apply Theorem by setting v = eo /k to obtain that with probability at least

_ s
1
2
) ) 32 k L
weer| < 2 | o2 w?log | = |lo - w? +2
2 e =2 7t 2 o | o | |0y 2 v

1

224 k, 4b ?
+ 8max(eo/k,4brtn<a%(|wt|) log <5 [bg (max(ea/ ,4bmax; <7 |wt>> n 2} )

ea/k
(14

We now simplify the log log term with a worst case upper bound of |w;|. From equation , we
have

. t t i 4(4'—1
maxi < tlw;| < £2°, S wr< Sy A=5 (4 -1)

Hence

< log ({W} 1) < log (27*1)

1

o max(eo/k, 4bmax,<7 |wy|) <o (14 4bk max<7 |wy|)
& ea/k =108 €

b
<log <1 + 2T+2>
g
Notice that the double-logarithm in (14) is critical to ameliorate this exponential bound on |w,|!

Substitute the above inequalities into equation (I4)), and combining with equation (I2) by union
bound, with probability at least 1 — g:

T
8 8 32
NOISE < 4|ulblog 5 + |uloy /2T log 5 +2,|0? E w? log (6 [log (2T+1) + 2]2)

t=1
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+ 8 max(ea/k, 4b max |w;|) 1 24 g (14 Lore +22
max(eo/k, r%a%( we|) log 5 og .

T
8 / 8 32 )
=4 log — 2T log — + 2 2 2], — (I 2T+1 2
\u|bog§+|u|a og5+ a;wt og(a[og( )+])

224 b oo ?
+ 32b max(eo /4kb, max |we]) log <5 [log (1 + ;2 ) + 2}

= 4\u|blog§ + |uloy/ 2T10g§ +c

Step 2 : Next, we derive a bound on EtT:l (g¢, w; — u). Our approach builds upon the motivation

sketched in equation li We define R (u) = Zthl {(wy) — £y(u). Notice that Rs*(u) can then be
bounded by Theorem[2] Thus, we copy over equation (3) below, and apply Theorem 2] and Lemma
[T4]to bound the regret

Zw + ¢o max(eo /4kb, max\wt\) (15)

T

Z<gtawt_u < R7(u Z% (wy) +Z¢t

t=1

34 a
< 2+ |u] 5 N max (O,Z lg¢|? — |V¢t(wt)|2> + (A*H +2B(b+ H)) N
t=1

r Co0
Z |wt‘2 +O{1 — C2 INnax <O{2,te I{laX |wt> + € (1 + b(ba—]{))

= {141}

[ Tlul2 - a2
+ 2¢1 [u|VT | /log % + 1| + 3capa|ul (max <0,p2 (log Lﬂ + 1)) + 4)
1 2
(16)

where N = 1 + log ((HH)EQ# + 1) and A, B, C are some positive constants.

Step 3 : As shown in equation (), the regret is derived by combining equation and (16). We
observe that the martingale concentration from Step 1 will be cancelled by the negative regularization
terms from Step 2 to complete the proof:

80 224 b_r ?
< - ZoT+2
RT(u)_6<3—|—bJr 10g< 3 [10g(1+02 )—&-2} >>
9 3A 9
+ |u| {4e1 (A% + B)N + - N max E lg¢]? — |V (wy)|?

log T
2BA%+4bg§+‘azg (uﬁ+23ﬂv+3<nmx<abgT<bg“L+1)>+4>)]
Q2

2¢, <\/log <T| uld + 1) + 1) + 04/2log ﬂ 17

The above holds for probability at least 1 — g.

+ |ulb

+ |u|\/T

Step 4: For the final statement, we must remove the random quantity Zthl g? appearing in the
bound. Fortunately, this is achievable via a relatively straightforward application of Bernstein-style
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bounds. In particular, by Lemma with probability at least 1 — 6/2
T
3 5 2
< STo% + Zblog =
;Igt|,20+3 og 3

Thus, further upper bound equation[I7]by union bound, we have with probability at least 1 — 4§,

8o 224 b T+2 2
< [ J— —
RT(U)_€<3+b+H10g< 5 [10g<1+02 )—&—2}

3A 3 5 2
2 o e 2 1 32 Z
4c1(A*+ B)N + > \/N<2Ta +3b log(s)]

+ [ul

log T
IBN + 4log 5 + 218

((A2 +2B)N +3 <max (0,1ogT <10g el + 1)) + 4)) ]
) b Qa2

2
21 <\/1og (Ttﬂcl + 1) + 1) +oy/2log ﬂ (18)

O

+ |uld

+ |u|\/T

C Gradient Clipping for Heavy-tailed Gradients

First, we show the property of truncated heavy-tailed gradients followed by the proof of Theorem
Ml These elementary facts can be found in [Zhang et al. [2020], but we reproduce the proofs for
completeness.

Lemma 15 (Clipped Gradient Properties). Suppose g; is heavy-tailed random vector, || Elg:]|| < G,
Elllg: — E[g:]||?] < oF for some p € (1,2] and o < oo. Define truncated gradient g; with a positive
clipping parameter 7:

gt .
&t = 17— min(, [|g:|)
gl

Let pp = E[g:]. Then:

) 9=1(gP 4 G
1B — il < 277G
:

Ellgll’] < 2°7'r27P (0" + G¥)

Proof. By Jensen’s inequality

IE[&:] — pll < E[l& — &ll]

< Elllg:/1[lg:ll = 7]
< Elllg:ll* /7]
<E

[(llge = pall + llgel))? /7]

2P 1 1. i
= S ElGllg — el + 31’
p—1
< == (Ellle = #l”) + Ell1l*))

< 20=1(gP + GP)
Th-1

The second last inequality was due to convexity and linearity of expectation. In term of the variance,
the algebra is similar:

ElllgellPm> ")

E[ll&:]] <
< El(llgt — pll + [P 7]
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_ 1 1
= 272 P E[( g — sl + 5 lul)?)

< 2(Elllg: — pll’] + E[llpl’])
< 2PLr270 (P 4 G

We now restate Theorem [ followed by its proof.

Theorem 4. Suppose {g:} are heavy-tailed stochastic gradient such that E[g:] € 04 (w:), | E[g:]| <
G, Ellg: — E[g:][*] < o® for some p € (1,2]. If we set 7 = T/¥(a¥ + GP)/? then with probability
at least 1 — 6, Algorithm[2| guarantees:

~ T
Rp(u) <O elog + [u|TY? (0 + G) log 5 log —— [ul

Proof. We copy over ¢(w) and regret formula in equation (8)) and @]) from section [3 I here, as the
analysis will be following the cancellation-by-regularization strategy described in section 3}

$(w) = 2°7 (0" + G*)|w| /TP li(w) = (E[g:], w — ) + ¢(w)

T
< (Ve (we) = Elge], we — u) — d(we) + p(u +Z€t we)
=1

D E

We split the regret into two parts. The term D is controlled by cancellation-by-regularization through
careful choice of ¢;(w) and clipping parameter 7. Term F is controlled in high probability through
Algorithm |1{(which uses a different cancellation-by-regularization strategy) by sending §; + Vo(w;)
as the t*" subgradient. Specifically, we can view §; + V¢(w;) as a sub-exponential and bounded

noisy gradient and E[g; + Vo (w)] = VI, (w;), so that Theoremprovides a high probability bound
for term E.

First, we bound D, and show it’s independent of |w|
T T
D <YVl (we) = Blga]|(fwe] + [ul) =277 (0P + GP) /7P Y Jwe| + 2P (0P + GP)TJul /7P
t=1 t=1
since V44 (w¢) = E[g¢], by Lemmal[l5] |V, (w;) — E[ge]| < 2P~ (0P + GP) /7P~ L.
< 2°T|u|(0® + G*) /77!
set 7 = T/? (g% 4 GP)1/®
= 2p|u|T1/p(Up + Gp)l/p
< Alu|TY? (0P + GP)Y/P

Now we bound F in high probability with 7 = T/? (¢* 4+ G?)'/?. We sometimes will substitute the
value of 7 and sometimes leave it as it is during the derivation for convenience. Define the noise as €,

€ = Vét(wt) — (gt + Vo(wy)) = Elge] — G
From the definition of gradient clipping, |§;| < 7. Also by Lemma
] £ 27008+ GP) =207

Hence term E can be bounded by Theorem 3] where we set the following constants for Algorithm ]

2
= 27—\/% log (% [log (2T+1) + 2]2)7 co = 327 log (234 [log (1 + \/T2T+5/2) T 2} ) )
p1=2, p2 = logT, ap=cfer,  az=(V26)/(4VT(7+ H))
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where H = c¢1p1 + cope. Let N = 1 + log (WFH)S% + 1). Then by equation , with
probability at least 1 — % for some positive A, B, C,

E<e (3 + 87v/2/T log (224 {log (1 + ﬁ2T+5/2) + 2} 2))

T+ H 5

34 a
+ |u| 461(A2 + B)N + 7 N max (072 |gt|2 - |V’¢t(7ﬂt)2>

t=1

29BN +4log§ 4 celoeT ((A2 +2B)N +3 (max <0,logT (1og“| n 1>) + 4)> 1
T (65

T|ulc? 1 8
2¢q <\/log<€2+1 +1]+27 Tlogg

Combining D, FE and substitute 7 when convenient and group in terms of the product of |u| with T
to some power of p

Rr(u) < e (3 | STV2/T log (224 [1og (1 + ﬁ2T+5/2) + 2}2)>

+ Julr

+ |u|\/T

T+ H 1)

34 o
+ \u|7 Nmax | 0, Z 19t + Vo (w)]? — [Vipe (wy) |2

t=1

2BN +2 1og§—&—410g§
Vo5 5
32 1 T|u|c?
44(2log [ =[log(2T+1) +2]2 | [ —=(A? 4+ 2B)N 1 Li1)+1
+¢og(T[og< >+1)(ﬁ< +28) +\/og( : +)+>

log T
2080 <2(A2 + B)N + 3max (max (o,logT (log Z‘—‘ + 1)) + 4) + 4>
T 2

+ |u|TY? (oP 4+ GP)V/P

19)

For the final statement, notice that although g; is a random quantity, we can bound ZtT:1 |g¢|? with
high probability. By Lemma[13} E[§7] < 2°~'727P(0® + G¥) and note |g;| < 7. Thus by Lemma
with probability at least 1 — §/2

d 2
Z 9:|* < 3T2P 2727 P (0¥ + GP) + 272 log 3
t=1

<7133+ 210g§)

Finally, since equation holds for probability as least 1 — g, we further upperbound |g;|? by union
bound for our final regret guarantee with probability at least 1 — ¢

Rp(u) <e <3 + s7y/2/T log <224 [log (1 + \/T2T+5/2) + 2}2>>

T+ H )

34 2.
+ |u|7 N max <0,72(3 + 2log S) + Z [V (wy)|? — th(wt)|2>
t=1

23N+2U10g§ +410g§

27

+ |u|TY?(oP + GP)V/P




32 2 | T|ulc?
4\/2 log (5 [log (27+1) + 2 ) (\/T(A +2B)N + \/10g <62 +1)+1
+ 2 log T (2(142 + B)N + 3max <0, log T'log <3|u|>> + 4>
T Qg

where [V (w;)| < 2°~1T% ' (0P + GP)¥ .

D Dimension-free Gradient Clipping for Heavy-tailed Gradients

Lemma 16. (Unit Ball Domain Algorithm High Probability) Suppose {g:} is a sequence of heavy-
tailed stochastic gradient vectors such that E[|g:|] < G, Ell|g: — E[g:]||?] < oP for some p € (1,2].
Let g; be the clipped gradient g; = g:/||g:| min(, ), where T is set as T'/?(o® + G¥P)1/P,
The constrained domain on unit ball ensures ||w¢||, |[u|| < 1. Then with probability at least 1 — 4,
algorithm 3| guarantees

M=

Ri*(a) <> (Elgd], we — u)

-
Il

1

1 3 20 2
< TYP(oP + GP)Y/P <2||u||2 + (2 + log 6) + 154 /log —

2
+ 184 log (4;458 {log (2+ 16) + 1] ) +4>
T

Proof. The analysis follows similar to the 1d analysis as seen in Theorem |4, We run a standard
Follow-the-regularized-leader (FTRL) algorithm with Lo regularization on clipped gradient g; instead
of the true gradient V¢;(w;). A ‘bias’ term was introduced by E[g:] — E[g:] which can be regulated
to be sublinear by the clipping parameter 7. In addition, a ‘noise’ term due to E[g;] — & can be
bounded with high probability. We decompose the regret and label the corresponding parts below,
T
R34 (u) = Z(V&(W%wt —u)

1

160
1)

~
Il

T T T
= (&, Wi —u)+ > (Vl(w) —Elg], wi —u) + > (E[&] — & w; — u)
t=1 t=1 t=1
T
<D (8w — ) +Z<Wt(wt) — E[&] w) + | Z — &, Wi —u)|
t=1 t=1

FTRL ‘bias’ ‘noise’
Now we will bound the regret in three step.

Step 1 : For the part controlled by a FTRL algorithm with fixed Lo regularization weight 7 (see
Corollary 7.8 in|Orabona| [2019])
T

T
N 1 2, 7 A2
Z<gf,,wt —u) < %HU” + 5; &l

t=1

Since ||g:|| < 7, and by Lemma[15] E[||&:]|?] < 2°~'72~P(0® + GP) < 27/T. By Proposition[17]
g: is (7+/2/T, 27) sub-exponential. Hence by Lemma with probability at least 1 — ¢

1 20 1
< —|lul®+ 3 2]
< 277Hu|| B ( 2 4+ 37 og(s)

setn =1/t

IN

Tl 47 (5 + 3 log 5
2 273 %5
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Step 2 : For the ‘bias’ term, note V¢ (w;) = [E[g;], by Lemma | Elg:] —Elgll < %,
and the constrained domain suggests |w; — u|| < 2

Z(Vﬁt(Wt) —Elgt], wt —u) < %(UP Tel)

t=1

Step 3 : For a high probability bound for the ‘noise’ term, let X; = (E[g;] — &, w: — u), hence
{X}} is a vector valued MDS adapted to filtration F; with the following bound almost surely,

Xe < (Elg:] + [1&:][)we — ]
< 27||wy — u|

B[l X% | 7o) < [[we — ul® BlI& | | ]
by Lemmal T3]
< lwe — u|?2P 1727 P (0F + GP)
< 2wy — uHQTQ/"_l(a" + Gp)2/p
=2||w; —u||?r2T !

and both bounds are F;_; measurable. By proposition {(E[g:] — &, wi — u)}is {V2]|w; —
u||7T~/2 47||w; — u||} sub-exponential noise. Use Theorem [19|and set v = 7, with probability at
least 1 — 6,

2

2 & 16
<5 2?;||wt—u|\2log 5 log

Nl

T
> flwi — ul]? +1
t=1 1

T
> X
t=1

224 4 2
+ 23 max(7, 47 max ||lw: — ul]) log ((5 {log <2 max(1, S max [Iwy — u|)> + 1] )

224 1 2
<157 log% + 1847 log ((5 {log (2 + 6) + 1} >
-

2
= TP (gP + GP)/P (15\/1og860 + 184 1log (2(254 [log (2 + 16) + 1} >>
T

Composition : Combining the high probability bound from step 1 and 3 by union bound and
a deterministic bound from step 2, with probability at least 1 — §, we have the following regret
guarantee,

p p
5+ 3 5 (c? +GP)

2
+ TP (oP + GP)Y/P <15\/10g ? + 1841log (4:?8 [log (2 + 16) + 1] ))
T

substitute 7 = T/? (g + G¥)1/ and group terms by factorizing some power of T

1 3 20 2 160
< TP (gP AL/P [ Zlall? k) P 154 /log ——
< (o + G*?) 2Hu||+ 2+3og6 + 15 og(s

448 16 2
T

29
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We restate Theorem [3] for reference followed by its proof

Theorem 5. Suppose that for all t, {g.} are heavy-tailed stochastic subgradients satisfying E[g:] €
Oly(wy), |Elge]l| < G and El||g: — E[g:]||?] < 0P for some p € (1,2]. Then, with probability at
least 1 — 0, Algorithm [ guarantees

[[ul[T

T
- 1 T
w) =Y~ l(we) — b(w) < O|elog 5+ [ul| TP (0 + G) log 5 log

Proof. This result relies on the reduction from dimension-free learning to 1d learning presented in
Theorem 2 of [Cutkosky and Orabonal [2018].. This result implies that the regret[d] can be be bounded
as:

T
> telwe) = t(w) < Ry (J[ul]) + ul B2 (u/ ul)

where
T
Yl => (gt ze — [lull)
t=1
T
Rit(u/|[ul)) = (g, ve — u/|lul)
t=1

First, by setting Algorithm |2|as .A'¢ is , Theorem provides a bound for RA(||u||) with appropriate
parameters set in the theorem. We run .A'? on subgradients g; = (g, v¢), and ||v¢|| < 1. We show
| Elg:]| and E[||g: — E[g¢]||*] are bounded. Notice that g; only depends on g1, - - - ,g;—1. Thus, by
tower rule, E[g:] = E[{gt, vi)] = E[(E[gt],vt) | 81, ,&¢—1]. Then, since ||v¢]| < 1 we have
[(E[g:], vi)| < G. Now we are left to show a bounded central moment:

Ellg: — Elg:]I’] = E[[{g: — Elg:], v¢) + (Elgt], ve) — E[{g:, ve)]I7]
< E[l{(g: — Elgt], ve)[F] + [(Elgt], ve) [P + | El(gt, ve)] [P
< Elllg: — Elg:]|I’] + 2 Elg:]IIP
<GP LGP = oF

Then by Theorem ]} when Algorithm 2]is run on g; = (g, v), we obtain with probability at least
1-6

R (|[u]) < ¢ (3 NLAVETE ({?4 log (14 VT27+572) +2}2>>

T+ H

3A
+ ||u||7 N max <0 T2(3 + 210g )+ Z |V (wy)] |th(wt)|2>

2BN +2 10g§+4log§

Vo5 6

32 2 1, ., T||ul|c?
44/2log [ == [log (2T+1) 4 2 ——(A24+2B)N +[log [ 5L +1) +1
+¢og(5[og< >+1)<ﬁ< +28) wog( )+

logT
+020g( (A2+B)N+3max(0 longog( lu |>) )
T

In terms of R?¢(u/||u|), Lemma|l6|implies that with probability at least 1 — §/2,

+ ||u||T1/P(ap + Gp)l/p

(20)

9 3 20 4 320
R (u/|[uf)) < TVP (&P + GP)M/P (2 + (2 + —lo 5) +15 logT
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2
+ 184 log <8§6 [log (2 + 17_6> + 1] ) > 2D

Finally, replace ¢ as §/2 in equation , then combining with equation , we have the regret
guarantee with probability at least 1 — ¢

Rr(u) < Ry (|[u])) + [ul| B3 (u/[u])

<e (3 + 8:‘/72/7 log (4;18 [1og (1 + \/:72”5/2) + 2}2)>

+H

3A
+ ||u|\7 N max <O T2(3 + 210g )+ Z [V (w)|? — |V¢t(wt)|2>

2BN +2 1og—6 + 4log — 16
V 5 5
64 2 1 TlluHcl
+44/2log [ = [log (2T+1 +2) —— (A% +2B)N + /1o +1
\/g(ém )1(ﬁ< a

log T
+020g(2(A2+B)N+3max<0,longog( [u ”))+4)
T
9 (3 2. 4
+< +Zlog )

2 273 %%

2
+151/10g% + 184 1log <8§6 {log (2+ 16) +1} )1
T

+ ||u|\T1/"(ap + Gp)l/p

+ |[ul|TYP (67 + GP)L/P

E Technical concentration bounds

In this section we collect some technical results on concentration martingale difference sequences.
These results are not new, and the proofs are for the most part exercises in known techniques (e.g.
Howard et al.|[2021]], Balsubramani| [2014]]), but we cannot find simple explicit statements of exactly
the forms we require in the literature, so we provide them here and include proofs for completeness.
Our approach follows the martingale mixture method used by |[Balsubramani| [2014]]. We make no
effort to achieve optimal constants, in several cases explicitly choosing weaker bounds to make the
final numbers less complicated.

To start, we recall the notion of a sub-exponential martingale difference sequence (MDS) as follows:

Definition 1. Suppose { X} is a sequence of random variables adapted to a filtration F; such that
{ Xy, Fi} is a martingale difference sequence. Further, suppose {c¢,b;} are random variables such
that oy, by are both Fy_1-measurable for all t. Then, {X;, F;} is {0y, by} sub-exponential if

Elexp(AX;)|Fi—1] < exp(A\?07/2)
almost everywhere for all F;_1-measurable X satisfying A < 1/b;.

We have the following useful way to obtain sub-exponential tails:

Proposition 17. Suppose { X, F;} is a MDS such that E[X?|F;] < o? and | X;| < by almost every-
where for all t for some sequence of random variable {o,b;} such that oy, b, is Fy_1-measurable.
Then X is (o, 2bt) sub-exponential.

The main results of this section are the following two Theorems. First for scalar random variables we
have the following one-sided concentration bound:
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Theorem 18. Suppose {X;, F;} is a (o4, b;) sub-exponential martingale difference sequence. Let v
be an arbitrary constant. Then with probability at least 1 — 0, for all t it holds that:

+2

=1 =1 1

28 i<t bi ?
+ 8 max(v, max b;) log <5 {1og (max(u, max;<t )) + 2] )
1< 12

where [z]; = max(1, z).

Next, for vector valued random variables, we have the following bound:

Theorem 19. Suppose that {X;, F;} is a vector-valued martingale difference sequence such that
E[| X¢||?|Fi—1] < 02 and | X¢|| < b, almost everywhere for some sequence {0y, b, } such that oy, b,
is Fi_1-measurable. Let v > 0 be an arbitrary constant. Then with probability at least 1 — 6, for all
t we have:

2

¢
Za?/zﬂ +2
i=1

1

224 2 - ) 2
+ 23 max(v, max b;) log (6 {log ( max (v, max;<; bz)) n 2} )
1< 14

t

> X

i=1

t
1

<5 Za?log 5 log

i1

where [x]; = max(1,z).

E.1 Time-Uniform Concentration of sums of sub-exponential MDS

In this section, we will prove Theorem [I8]

Theorem 18. Suppose {X;, F;} is a (o4, b;) sub-exponential martingale difference sequence. Let v
be an arbitrary constant. Then with probability at least 1 — 9, for all t it holds that:

¢ ¢
4
X, <2 o2log | = |lo
2 s (2 tlox | 5 e 1

2 i<t bi 2
+ 8 max(v, max b;) log <58 {1Og <max(z/, max;<y )) T 2] )
1< 12

where [x]; = max(1, z).

Proof. First, observe that by replacing b, with max;<; b;, we may assume b, > b,_; for all ¢
with probability 1. Notice that after this operation, X is still (o¢, b;) sub-exponential. Under this
assumption, it suffices to prove the result with b; in place of max;<; b;.

Define M; = Z§=1 X; and let 7(n) be a to-be-specified probability density function on R. Define:
1/ max(v,bt) 2\ 2
Z, = / () exp |nM, — ’7222—1‘711 dn
0

Notice that Zy < fooo m(n) dn = 1. We claim that Z, is itself a supermartingale adapted to the same
filtration F:

1/ max(v,by) 2\t o2
E[Z|Fi—1] =E l/ 7(n) exp lth — 772;_11] dn| ]-"t_l]
0
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1/ max(v,b;)
-/ (o) exp
0

Use the sub-exponentiality of X;:

1/ max(v,by) 9 t 02
= / m(n)exp [nM—1 — 0”2z dn
0
Use b, > by_1:
1/ max(v,by—1) ) #_1 2
< / 7(n) exp lthl — 77212—11] dn
0
=2

Therefore, by Ville’s maximal inequality [Ville, 1939]], we have that for all 6 > 0:
P [supZt > 1/6} <6Zy=90
t

Put another way, with probability at least 1 — §, Z; < 1/0 for all .
Now, let us define 7 (7). With the benefit of foresight, we choose a density on [0, 1/v]:

1
) = g (1)) + 2)2 (22
We have
d 1
m(n) = dn log(1/nv) + 2 )
dr(n) _ log(1/nv) i (24)
dn n? (log(1/nv) 4 2)

so that fol/y 7(n) dn = 1 and 7(n) is decreasing on [0, 1/v].
Next, for any given n, € [0,1/v], forall K > 1, for all § € [n,./K,n,], we have:

s K—1
[ wtan > wu
W*/K

. (K-
— K(log(1/n.v) +2)*
Further, for all ) € [n. /K, n.], if M; > 0 we also have:
-1 -1
N 22:0 o} > M, n; ZE:O o}
2 - K 2

and otherwise of course we have M; < 0.

nM; —

Combining these observations, we have that with probability at least 1 — §, for all F;_;-measurable
7, satisfying n, < 1/ max(v,b;) and all K > 1, either M; < 0 or

(K -1)

n*Mt

;X

t

K (log(1/mv) +2)2

K

i=1 02'2
2
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Now, rearranging this identity implies:

K 1 N\ K EKn >t o2
M, <log|—"llog [ — ) +2| | = 2= % 2
t—"g((K—l)é{"g(mu)*])N 2 2

So that overall we may discard the M; < 0 case as it is strictly weaker than the above.

Now, again with the benefit of foresight, let us select

, 2log l(Kfjl)é {log qw/Zﬁ:l a§/2y2} 1) + Qr

max(v, b)’ 22:1 o?

7% = min

where [z]; = max(1,z). Notice that 7, is F;_1-measurable since b; and o1, ...,0; are Fy_1-
measurable, and 7, € [0, 1/v] with probability 1.

Now, to analyze the expression @, we will consider both cases of the above minimum. First, let us
assume

2
2log [(KKI)(; [log ({ St 02.2/21/2} 1) + 2]
Z§=1 o7

1/ max(v,b;) >

Then we can bound 7,:

M 2 (f_l)(s
D1 of
2
B 22:1 ‘712

Therefore:

o e ) ) e o

from which we conclude:

t
M, <K 2201-210g

i=1

(K —1)o

Now, on the other hand let us suppose that

2log lml—(né {log ([ S, 03/21/2} 1) + 2]2
) <

1/ max(v, b
This implies:

K

t
2 : 2 12
20'7; < 2H11H(Z/ ,bt)log m

i=1
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Therefore, from Lemma[25] we have:

t
INVEK 2 12
E o? < 8max(v?b?)log [() log (e + IGIIM(VQ’[%))]
v

— K—-1)§
2 12
< 8max(v?, b?) log ﬂ log (20m}((lj2’bt)>
) (K —-1)8 v

In this case, we will have 1, = 1/ max(v, b;) and so obtain:

M; < K max(v, b;) log ( <max = bt

K
7 |
+ 4 max(v, bt) log [\/%1 og < max

>l
< K max(v, b;) log ( ﬁ [log (max v, bt )
1 )

4+ 4max(v, by) lo
(v, bt) gl K

< Kmax(v, b;) log ((K 5 [ <maxyz/ bt

+ 4max(v, b;) log[\/iﬂ{ (mz"x(y”bt)) QH

< 5K max(v, by) log ( el ok {log (HM) +2D

Finally, let us set K = /2 to obtain:

SVK (5 max(v, by
log
1)6

t
M, <K [2) o?log

=1

t
4
<2 Zaflog 3 log

t
> o2 | +2
i=1

1

+ 8 max(v, b;) log (268 [log (max(yubt)) + 2} 2)

E.2 Bounds on Sums of Squares

It is also often useful to bound sums of the form Y_'_, Z? for some sequence Z;. Here we collect a
useful bound:

Theorem 20. Suppose {Z;} is a sequence of random variables adapted to a filtration {F;}. Further,
suppose E[Z?] < o? and | Z;| < b; for all i with probability 1 for some o; and b; for a sequence
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{0, b;} such that o; and b; are F;_1-measurable. Then for any v > 0, with probability at least 1 — §
forallt:

1

112 2 i<t bi ?
4 QOmax(yz,mggc b2) log <5 [log < max (v, max;<; )) n 1} )

14

Proof. Define X; = Z2 — E[Z?|F;_1] so that { X;, F;} is a MDS. Further, notice that | X;| < b7 for
all ¢ with probability 1 and

E[X7|Fi1] < O/E[|Z] — E[Z}| Fia]| | Fi]
< 2020}

Therefore, by Proposition Xy is (v/2b7a2, 2b2) sub- exponentlal

Thus, by our time-uniform concentration bound (Theorem I8)), for any v > 0, with probability at
least 1 — § we have:

ZX <2 2202b210g — |log
1

28 2 2 i b2 2
+ 8max(1/2,2m<axb?) log (5 [log (max(u J Iznax <t t)) n 2}
i<t

2

+2

202b2/u4

14

2

t

4
< 22 2 =
<2 Qr?gatXbﬁ 101 log log
1=

2
5 +

202()2/1/4

1

2

2 2 2 max;<; b? 2
+8maX(V2,2m<ag<bf)log (;3 {bg (maX(V ,2max;<¢ Z)) _~_2} )

Now, by Young inequality:

o2b? /vt +2

1

2
28 max(v?, 2 max;<; b?) 2
2 ’ 1St Vg
< (r?gatx b; log (5 {log ( 2 +2
2

Z 0-12 2
max(v2,2 max;<; b?
i=1 log ( [log( ¢ ’21,2‘1 — b‘)> + 2} )

To simplify this expression, we consider the following identity:

t

2 max b? g o?log
i<t —y
i=

o (3 o () ) vt e (VTR )
<

|

)

2 - 2
log (%8 |:10g (max(y2,2yr;1axi§t bf)) + 2:| ) IOg (%;8 |:10g (max(y2,2yn213xi§t b?)) + 2:| )
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2
log <§ [log Q\/ Sy af/ﬂ] ) + 3 log (max(u2,2;21ax,.,§t b?)) + 2] )
1
g (3 [l (2222mm) o))

Now, consider two cases, either

log

I
1\9\»—*

<max V2 2max,<tb ))

or not. In the former case, we have:

2 2
log <§ [log ([\/ZZ L 02b2/y4} ) ] > log <§ [log <{\/Zf_1 U?/VQ] ) + 3 log (max(u 2:;“1“ )) + 2] )

1
<

NS

lOg (258 [log (Qmax(uz,i;naxigt bf)) + 2:| ) IOg <%;8 |:10g (max(u2 2’/11;1axb<t )) + 2:| >
4 max(v?,2 max;<; b?) 2

log | 5 [log( % ) + 2}

2
2678 |:10g (max(u272un;axi§t bf)) + 2i| )

IN

While in the latter case,

1
<
2 2 - 2 2
o (% [ ) ) s (3 o (mzpmny o]

So in both cases, we have

log (g [logq\/m} ) D _

log

Sl

IN
5}
o o
— /
ol
5}
o

log < [log (max(ﬂa;zlaxigtbi)) + 2} )

Therefore,

2maxb Za log | < |log +2

ZO’QbQ/V4
1

2
2 2 2 max; <, b? ?
< [ max v? log © log max(v”, 2maxi< bi) +2
i<t ) V2

t
4
2
Zai log | = |log
i=1 0




Combining this with the identity v/a + b < \/a 4 /b, we have:

2
t

4
ZX <2 QmabeZUzlog 5 log

=1

Zd2b2/1/4 +2

1

2 2 2 : bQ 2
+ 81[1180((1/27 2 max bf) log é log max(v?, 2 max;<¢ by) )
i<t ) 12

+2
max(v?, 2 max;<¢ bf)) ]2>
R +2
v
2
+2

112 2 X ) 2
190 maX(V27m3t>< b2) log ( [log < max (v, Iynangt bz)) n 1} )

Finally, observe that

" ¢
Z 7?2 = Zsz +E[Z7|Fi-a]
i=1

i=1

t t
< Zaf + ZXz‘
i=1 i=1

14

112 2 i<t b 2
+ 2Omax(u2,m<atx b?) log < [log ( max (v, max;<y )) " 1} )

E.3 From scalar to vector (Hilbert space) concentration

In this section we extend our results to concentration of norm of vectors in Hilbert space. The
technique follows that of |Cutkosky and Mehta [2021]], which makes use of a particular scalar
sequence associated to any vector sequence described by |Cutkosky| [2018]]. Given any sequence
X1, Xo,... of vectors, define a sequence s1, So, ... of scalars as follows:

1. So = 0.

2. IS X 40, set

t—1 ¢ 1XZ,X
s¢ = sign <Z sz> <Zt1t>

where we define sign(z) = 1if z > 0 and sign(z) = —1 otherwise.

3.0 X =0, set s, = 0.
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Clearly if { X;} is a random sequence adapted to the filtration F, then so is s;. Now, these s; have
the following interesting property:

Lemma 21 (Cutkosky and Mehta| [2021], Lemma 10). For all t, we have |s;| < || X¢| and

t

> x

i=1

t

>

t
X, |2 X, ||2
> 5|+ max | X2 + 3| X
1=

i=1

<

Now, we need to use this result. The key is that if X; is a MDS, then the s, will be also. Thus, we can
bound the sum of the X, using the sum of the s;, which can in turn be bounded by scalar martingale
concentration bounds. Let us instantiate this using our previous bounds to obtain:

Theorem 19. Suppose that {X;, F;} is a vector-valued martingale difference sequence such that
E[|| X¢||?|Fi—1] < 0 and || X, || < by almost everywhere for some sequence {o,b;} such that oy, b,
is Fy_1-measurable. Let v > 0 be an arbitrary constant. Then with probability at least 1 — 6, for all
t we have:

2

¢
Za?/yz +2
i=1

1

t

>

=1

o, 16
<5 Zai log 5 log
i=1

224 2 i<t bi 2
+ 23 max(v, max b;) log (5 {1og ( max(v, max;< )) 4 2} )
1< 14

where [x]; = max(1, z).

Proof. Observe from the construction of the s; sequence that {s;} is a MDS adapted to F;, and that
E[s? | Fi—1] < o?_, and |s;| < b;—1. Therefore s, is oy, 2b, subgaussian. Invoking Theorem
(with a union bound for a two-sided inequality), with probability at least 1 — 6/2 we have:

2

t
> o/ | +2
i=1

1

112 2 i<t bi 2
+ 16 max(v, max b;) log (5 [log ( max (v, max;<¢ )) I 2] >
1< v

¢
D s
i=1

: 16
<2 Zaflog 5 log
i1

Next, observe that || X, || satisfies the conditions of Theorem 20]so that also with probability at least

2

t t t
8

E X% <3 g o?log 3 log g o2 /v? +2

=1 =1 i=1 1

224 2 . ) 2
490 maX(V27m<8Lg<b?)log (5 [1og ( max (v, max;< bz)) L 1} )

14

Putting this together with Lemma [21] we have

t

>

i=1

t t
< 12 12
<[>T si] 4y max 12+ DD il

i=1

Si
1

i=

¢
D s
i=1

<

t
+4 2D 11X
i=1
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2

t
> o2/ | +2
i=1

1

: 16
<2 Za?log 5 log
i=1

12 (2 <t by 2
+ 16 max(v, m<atxbi) log <5 log( max(v, IVnangt bz)) _|_2] )

2

t t
+ 6Zoflog ? log Zaf/lﬂ +2
i=1 i=1 )

14

22 2 i<t b 2
+ 4Omax(z/2,mg§(bf)log <5 [log( max (v, max;< )) " 1} >

o, 16
<5 E o; log 5 log
i=1

1

224 2 i<t b ’
+ 23 max(v, mg;(bi)log< {bg( max(v, Iynax,gt ,)> +2] )

E.4 Proof of Proposition [17]
Proposition 17. Suppose { X;, F;} is a MDS such that E[X2|F;] < 02 and | X;| < by almost every-

where for all t for some sequence of random variable {c+,b:} such that oy, by is Fy_1-measurable.
Then X is (oy, 2by) sub-exponential.

Proof. Suppose A < 1/2b;. Then we compute for any k > 2:

)\ka )\kbk72
e
<)\kbf’2at2
=k
A2o?
= 2k-2f

Further, since X is a MDS, we also have E [AX; | F;_1] = 0. Therefore:

i )\20?
Elexp(AXy)|Fi-1] <1+ Z ok—2[|
k=2

A202 1
<1 ¢ —
<1+ ;2

\2o?

< exp(X?o7/2)

where the last line uses the identity 1 + = < exp(x). O
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E.5 Classical Concentration Bound for MDS

Lemma 22 (Scaled Sub-exponential). Suppose that { X, F;} is a MDS such that E[X|F:] = 0,
E[X? | Fi] < 0 and | X;| < b almost surely for some fixed o, b. Let v be an arbitrary fixed number,
then for all t with probability at least 1 — §:

1 1
v X, <2|v|blog 5 + \1/|J\/210g5

Proof. First we have E[v?X?] < v202,|vX;| < |v|b almost surely and {vX;, F;} is also a MDS.
By Proposition[17} v Xy is (|v|o, 2|v|b) sub-exponential. Use definition[I|and tower rule,

Elexp(AvX}:)] = E[E[exp(AvXy) | Fio1]] = exp(\?|v]o?/2)

for A < 1/(2|v|b). The above inequality make us returns to the standard result of independent
sub-exponential random variable.

Elexp(A\vX;)] = exp(A\|v|o?/2)

Hence, from the standard sub-exponential tails

exp(—a?/2v20?) 0 <a < a?|v|/2b,
> <
PlvXi 2 a < {exp(—a/2|ub) a > o?u|/2b

Set above quantities as ¢ and rearrange for a:

1 1
a = max <2|1/|blog 5 \/2|v[?0% log 5)

Hence with probability at least 1 — §

1 1
vX; < max <2|1/|blog 5 \/2|v[?0% log 6)
< 2lu|blog = + |v]oy/21og ~
< 2lvfblog 5 +[v|oy/2log
O

Lemma 23 (Scaled Sub-exponential Sum). Suppose that {X¢, F:} is a MDS such that E[ X, | Fi] =
0, E[X? | Ft] < 0 and | X;| < b almost surely. Let v be an arbitrary fixed number; then for all t with
probability at least 1 — §:

t
1 1
ZVXi < 2|y|blog5 + |v|oy/ 2t log 5 Vi

i=1

Proof.

for [\ < 2|11/‘b,invoke Lemrna

< exp(tA*|v]o?/2)

Let o/ = 0v/t,0’ € R, hence we can directly use the concentration bound derived in Lemmato
complete the proof.

Lemma 24 (Sub-exponential Squared). Suppose {X;, Fi} is a MDS with | X;| < b and E[X} |
Fi| < o2 almost surely for some fixed o, b. Then with probability at least 1 — §

T 2

1
S xZ< 37 4 2210 L
s 2 3 5
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Proof. Let Z, = X} — E[X?], Zo,- -+ , Zr is a martingale difference sequence adapted to F;. Also
|Z,| < X2 < b2 Also

E[Z] = El|Z| - | Z]] < b* B[ Z:|] < b Ela7] < b%0°

From Freedman’s inequality for martingale sequences (see e.g. [Tropp|[2011], or Lemma 11 in
Cutkosky and Mehta [2021]] for the form we use here), with probability at least 1 — 9,

T

2 1 1
> Z < Sblog < + oby /2T log <
e 3 B B

Rearranging the definition of Z;, with probability at least 1 — §:
T T T
S X3z + Y XY
t=1 t=1 t=1

2 1 1
< Zp? log — 4+ oby/2T log — + To? (26)
3 ) V )
by young’s inequality ob < 02 /(2)) + A\b?/2, set A = /2 log %/T, we complete the proof O

E.6 Another Technical Lemma

Lemma 25. Suppose Z is such that

Z < Alog (B [log ([O\FZ} 1> " 42)

Sor some constants A, B, C' > 0, where [x]; = max(1,x) Then

Z < 4Alog (4\/5 log(e + 1602A))

Proof. Expanding the logarithms in the given bound on Z, we have:
Z < Alog(B) + 2Alog(log([CVZ]1) + 2)
Now, since a + b < max(2a, 2b), we have that either Z < 2Alog(B), or
Z < 4Alog(log([CV'Z]1) + 2)

In the first case, we are done since 24 log(B) < 4Alog (4\/Elog(e + IGC’QA)) , so let us consider
only the second case Z < 4Alog(log([CV/Z]1) + 2). Now, we define the function

f(x) = 4Alog(log([CV]1)) +2) 27)
Notice that for all z > A, we have either f'(z) = 0or Cy/z > 1 and
24
fiz) =

1
zlog(C/z) + 2z <

so that if Z, is any value satisfying Z, > A and Z, > f(Z.), then we must have Z < Z,: otherwise
f(2)=f(Z.)+ fi f'(2)dz < f(Z,)+ Z — Z, < Z, a contradiction. Let us consider:

Z, =4Alog [4log(e + QA)]

for some to-be-specified @ > 0. Notice that this Z, clearly satisfies Z, > 8Alog(2). Let us show
that Z, > f(Z,).

Again using z + y < 2max(x, y), we have:

f(Z,) <4Alog (max(4, 2max(Cy/ Z,, 1)))
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= max (4A log(4), 4Alog(2log(max(C+\/Z,, 1))))

Now, if f(Z,) < 4Alog(4) then we clearly have f(Z,) < Z, as desired. So, let us focus on
the case f(Z,) < 4Alog(2log(max(C+v/Z4,1))). Next, if C\/Z, < e, then we have f(Z,) <
4Alog(2) < Z, again as desired. Thus we may further restrict to the case Cv/Z, > e so that
max(Cy/Z,,1) = C\/Z, and the bound on f(Z,) is 4Alog(2log(C+\/Z,)). Plugging in our
expression for Z,:

f(Z,) <4Alog {2 log [20\//1 log [41og(e + QA)]”

Comparing with the expression for Z,, we see that to establish Z, > f(Z,), it suffices to show:

(e 4+ QA)? > 2C\/Alog [4log(e + QA)]

Now, using log(z) < x twice:

20/ Alog(4log(e + QA)) < 4CVA\/(e + QA) (28)
= V16C2A\/e + QA (29)
<Ve+16C2A\/e + QA (30)

if we set Q = 16C2, we will have:

—e+QA 31)
< (e+QA)? (32)
Thus, by setting Q = 1602, we will have Z, > f(Z,) and so we have f(Z,) < Z,, which implies

Z< 7,
= 4Alog [4log(e + 16C*A)]

§4Abg@V§kg@+1&ﬂA»

as desired since B > 1. O
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