Efficient Bayesian network structure learning via local Markov boundary
search—Supplement

A Complete algorithm description

For completeness and reproducibility, the full TAM algorithm combining Algorithms [I] and [2] is
detailed in Algorithm 3]

Algorithm 3 TAM algorithm for learning DAGs
Imput: X = (X4,...,X4),w, K
Output: G.

1. Tnitialize empty graph G = () and j = 0.
2. Set layer EO =0, let EJ— = ngozt.
3. While V' \ 4; # 0:
(a) Fork ¢ ﬁj, apply PPS(X, k, ﬁj, k) (See Algorithm to obtain the estimated Markov
boundary M, along with an estimate %, of the corresponding conditional entropy
H(X | Aj).
(b) Initialize Zj+1 =0, §j+1 = (). Sort hjj in ascending order and let 7(*) be the
corresponding permutation of V'\ A;.
(c) Forf €0,1,2,...until [7(Y)| = 0: [TAM step]
i L1 =L U{R"}.
ii. Fork ¢ A; ULjy1 U S 1, estimate I(Xy; ?1(@ | M) by some estimator fj(i)
iii. Set §j+1 = §j+1 U {k : f](i) > w}.
iv. 7/'\(“_1) = 7/:(2) \ (Ej+1 U §j+1)
(d) Fork € Ej-i—l, set pag (k) = myp.
(e) Update j =5 + 1.
4. Return G.

B Graphical model background

In this appendix, we recall some basic facts regarding graphical models that are used throughout
the proofs. This section will also help to explain the importance of the positivity assumption on P,
as well as the concept of faithfulness. For more background on graphical models, see Koller and
Friedman [29], Lauritzen [31]].

Uniqueness of Markov boundaries The Markov blanket of a node X, relative to some subset
S C V is any subset m C S such that X, 1L (S\ m)|m. A Markov boundary is a minimal Markov
blanket, i.e. a Markov blanket m such that no proper subset of m’ C m satisfies X, AL (S\m')|m/.
Neither the Markov blanket nor the Markov boundary are unique in general. A key fact regarding
Markov boundaries is that when P is strictly positive, they are unique. Recall that we denote the
Markov boundary of X}, relative to .S by MB(Xy; .S).

Lemma B.1. If P(X = x) > 0 forall v € {0,1}%, then for any S C V, the Markov boundary
MB(Xk; S) exists and is unique.

For a direct proof, see Proposition 3.1.3 in Drton et al. [13]. This lemma remains true if P is replaced
by a (strictly positive) density function. More generally, Markov boundaries are unique as long as the
intersection property of conditional independence holds in P [11}35].
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Minimal I-maps and orderings A minimal I-map of P is any DAG G = (V, E) such that the
following conditions hold:

1. P factorizes over G, i.e. ([I]) holds, and
2. If any edge is removed from E, then (I) is violated.

In general, minimal I-maps are not unique. Given an ordering < of the variables, a minimal I-map
can be constructed as follows [see e.g.,[29, §3.4.1]: For each k, define pa(k) to be MB(X}; <x),
where <;:= {j : X; < X} }. This procedure is well-defined as long as MB(X; <) is unique,
which is guaranteed by Lemma [B.T} An important consequence of this procedure is that once the
layer decomposition of a minimal I-map G is known, the full DAG G can be recovered by performing
local search. To see this, recall that the layers L; define canonical ancestral sets A; and replace
MB(X}; <) above with MB(X}; A,), where j is the largest index such that X, ¢ A;.

Faithfulness and d-separation Throughout the proofs, we make use of the concept of d-separation
defined below. Although faithfulness is never assumed, it is useful to recall its definition for
completeness.

A trail in a directed graph G is any sequence of distinct nodes X;,, ..., X;, such that there is
an edge between X;  and X; . ,. The orientation of the edges does not matter. For example,
X < Y — Z would be a valid trail. A trail of the form X; _, — X; <« X; ., iscalled a
v-structure. We say a trail ¢ is active given another set C'if (a) de(X;, ) NC # () for every v-structure
Xippy — Xi,, < Xj,,,, int and (b) no other node in ¢ is in C'. In other words, ¢ N C' consists only
of central nodes in some v-structure contained entirely in ¢.

Definition 1. Let A, B, C be three sets of nodes in G. We say that A and B are d-separated by C'if
there is no active trail between any node a € A and b € B given C.

An important consequence of (I) is the following: If G satisfies (I for some P and A and B are
d-separated by C'in GG, then A Il B|C in P (29, Theorems 3.1, 3.2, or §3.2.2 in[31).

Thus, if G is a BN of P, then d-separation can be used to read off a subset of the conditional
independence relations in P. Whenever the reverse implication holds—i.e. conditional independence
in P implies d-separation in GG, we say that P is faithful to G. This condition does not hold in general,
not even for minimal I-maps.

Remark 2. Faithfulness is a standard assumption in the literature on BNs. Assuming G is faithful
to P ensures that the Markov equivalence class of P is identified, however, this is not the same as
identifying G. More precisely, faithfulness identifies a CPDAG, which is a partially directed graph
that encodes the set of conditional independence relationships shared by every DAG in the Markov
equivalence class. This can be a strong assumption, especially with finite samples [43]]. By contrast,
our approach is to circumvent faithfulness and impose assumptions that identify a bona-fide DAG G.
See Appendix for an explicit example where Condition I]identifies an unfaithful DAG.

C Extensions and further examples

The results in Sections make several assumptions that are not strictly necessary. In this appendix,
we briefly outline how these assumptions can be relaxed. In Appendix [C.T|we show how the positivity
assumption can be replaced by a slightly weaker nondegeneracy condition. In Appendix
we discuss how Condition [T] can be relaxed and how it is compared with existing identifiability
results. Then we discuss examples and extensions of Condition[2]in Appendices|C.4}{C.3] Finally, in
Appendix [C.6] we discuss extensions to more general distributions.

C.1 Positivity and a nondegeneracy condition

Throughout the paper, we have assumed that P is strictly positive. In fact, all of the results will go
through under the following slightly weaker condition:

Condition 3 (Nondegeneracy). I(Xy;pa(k)|A) > 0 for any ancestral set A C [d] such that
pa(k) \ A # 0.

This condition implies that there is still some information between X}, and pa(k), even after learning
everything about A. This is quite reasonable: If pa(k) \ A # () is nonempty, then there is still at least
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one parent of X} unaccounted for after conditioning on A. This “missing parent” accounts for the
“missing mutual information” that makes this quantity positive. Seemingly reasonable, there are some
degenerate cases where Condition [3]may not hold. The following lemma makes the characterization
of nondegeneracy more precise:

Lemma C.1. Suppose that for any two disjoint subsets A,B C X, P(A|B) ¢ {0,1}. Then
Condition 3| holds for any minimal I-map of P.

This lemma shows that as long as the dependencies implied by G are non-deterministic, Condition 3]
will always be satisfied. In fact, this is guaranteed by the positivity of P, which we have assumed
already:

Corollary C.2. If P is strictly positive, then Condition[3|holds for any minimal I-map of P.

Before proving Lemma|C.I] we first show how Corollary [C.2]follows as a consequence. Indeed, this
follows immediately from Lemma[C.I]and the following lemma:

Lemma C.3. If P(X = z) > 0 for all x € {0,1}¢, then for any two disjoint subsets A, B C X,
P(A|B) ¢ {0,1}.

Proof. For any a, b, Bayes’ rule implies P(A = a|B = b) > 0. Now we show P(A = a|B =
b) # 1. Suppose the contrary, then

P(A=a,B=b)=P(B=b)=Y P(A=a,B=0b) = » P(A=d ,B=b)=0,
a’#a
which is contradictory to P(A = a, B = b) > 0 and completes the proof. O

Now we prove Lemma|[C.1]

Proof. (Proof of Lemma|C.1) We proceed by contradiction. Suppose I(Xy;pa(k)|A)) = 0, then

X AL pa(k)| A
Letpa, (k) = pa(k)NA, pay(k) = pa(k)\A and A’ = A\pa4 (k), so that pa(k) = pay (k)Upay(k),
A =pa, (k) UA’, and pay(k) N A = (), pay(k) # 0. Therefore,
P(Xy | pay (), A)P(pay (k), pay (k) | pa, (k), A") = P(X, pa, (k), pag(k) | paq (k), A').
Since

P(pay(k) = y2 | pay (k) =y, A’ = a’) = _ P(pa, (k) = y1,paq(k) = y2| pa, (k) =y}, A’ = d')

= Y P(pa,(k) = y1,pas(k) = 1| pay (k) =y}, A’ = )
Yy1=y]
=P(pa, (k) = y1,pas(k) = y2 | pa, (k) =y, A" = o).
Thus we can simplify to
P(X | pay (), A)P(pay(k) | pa, (k), A") = P(Xy, pag(k) | pay (k), A')
which amounts to
Xy AL pay(k) | (A", pay (k).
Combined with the Markov property X, 1L A’ | (pa,(k), pay(k)) (i.e. since A" C nd(k)), we have
P(Xy,pag(k), A’ | pay (k) = P(Xy, pay(k) | A', pa, (k))P(A’ | pay (k)
= P(Xy | A", pay (k) P(pay(k), A" | pa (k))
= P(Xy, A"| pay(k), pay (k) P(pag (k) | pa, (k))
= P(Xy | pag(k), pay (k) P(pay(k), A" | pa, (k).
By Condition[3] P(pay(k), A’ | pa,(k)) ¢ {0,1}, so that

P(Xi | A',pay (k) = P(X | pay(k), pa, (k)
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holds for different combinations of (A’ pay(k)). These are two functions of A’ and pa, (k) given
pa4 (k), and are equal for all possible combinations of (A’, pay(k)), i.e. it is independent of what
values they take on. It follows that

P(Xk | pay (k) = P(Xk | pay(k), pay (k).

Since G is an I-map, the joint probability factorizes over it

d
P(Xy,---, Xg) = [ P(Xe| pa(0))
=1
= P(Xg | pay (k), pag(k)) [ P(Xe| pa(6))
04k
= P(Xy | pay (k) [ ] P(Xe| pa(0)).
t#k

Therefore we can remove the edges from pa, (k) to X}, which contradicts the minimality of G. The
proof is complete. O

C.2 More general version of Condition 1]

According to Lemma|G.1] one sufficient condition for[(C2)|is to have no path-cancellation between
X; and X},. This can be further relaxed by following Theorem|C.4]and Algorithm4] For any ancestor
Xi € an;(k), denote the subset anj; (k) C an;(k) \ X; to be the ancestors with smaller conditional
entropies than X;, namely,

an} (k) := {X; € anj(k) \ X; : H(X¢| A;) < H(X; | Aj)}

Theorem C.4. For each X}, € V with L(X},) > 2, and for each j = 0,- -+ , L(X},) — 2, there exists
X; € anj(k), which we refer as important ancestors im;(k), such that following two conditions
hold:

(UI). H(Xi\Aj) < H(Xy |Aj)
(U2). I(Xg; (anj(k), X;) | A;) >0,

Then G is identifiable from P.
Remark 3. For any node X, not in current layer L; 1, |[(Ul)|is exactly the same as |[(C1)l |[(U2)
requires its important ancestor together with other ancestors with smaller entropy in L;; contribute
to positive mutual information with X. Note that an;'- (k) can be empty, in which case|(U2)|reduces
to[(C2)} If this is applied to the equal entropy case in Condition [(C3)] [(U2)]is relaxed to

I(Xk; Lj+1 | A]) >0
which requires the entropy of nodes not in L to be conditional dependent with all nodes in L.

Algorithm [] differs with Algorithm[T]in only one step. When testing independence in the TAM step,

instead of estimating I (Xp; ?l(z) | ﬁj), we choose to estimate I(X; EjH | Ej) to take advantage of

an’ (k) to detect Xy, ¢ L;1. Since Theorem [3.1|and Algorithm [I|are special cases of Theorem

an(]i Algorithm @] we only show the proof of the Tater (more general) theorem and the correctness o

the later algorithm, which are shown in Appendix [D]

C.3 Comparison with “equal entropy” condition

The “equal entropy” Condition [(C3)|has a straightforward relaxation which follows directly along
similar lines as Ghoshal and Honorio [[19]]. For completeness, we quote this result below; the proof is
identical to this prior work and hence omitted. Denote hy, = H (X}, | pa(k)).

Condition 4. There exists a topological ordering 7 such that for all j € [d] and £ € 7[;41.q), the
following holds:

1. If £ = 7; and £ are not in the same layer, then
hi < h€+I(X€;pa(€)\T[l:j—1] ‘XT[lzj—l])' (6)
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Algorithm 4 TAM algorithm (general version)
Input: X = (Xi’ . ")id)’ w
Output: L = (Lq,..., L7).
1. Initialize Lo = 0, let A; = UJ_, L,
2. Forj €0,1,2,...

(a) Fork ¢ Ej, estimate conditional entropy H (X}, | EJ) by some estimator ﬁj k-

(b) Initialize Ej_l,_]_ = 0, §j+1 = (. Sort ﬁjk in ascending order and let 7(¥) be the
corresponding permutation of V' \ A;.

(c) For¢ €0,1,2,...until |7(Y)| = 0: [TAM step]
i Let Ly = Ly U{7"}.
ii. Fork ¢ ;1\]- U EjH u §j+1, estimate I (X; EjH | EJ) by some estimator f;?
iii. Set Sj1 = Sj1 U {k: I} > w}.
v, ) =70\ (L3 U8)

~

3. Return L = (El, oo Ly).

2. If k and £ are in the same layer, then either hy, = hy or (6) holds.
Theorem C.5. If Condition{| holds for some ordering T, then T is identifiable from P.

We can interpret Conditiond]in following two ways. As long as the conditional mutual information on
the right side of (6] is positive, then the topological sort can be recovered by minimizing conditional
entropies, much like the equal variance algorithm. On the other hand, compared to Condition [(C3)|
which requires hj, = hy, the conditional mutual information between child and parent nodes on the
RHS is a bound on the difference hy — hy. Thus, Condition |4| can be interpreted as a relaxation
of Condition [(C3)]in which the “violations” of equality are controlled by this conditional mutual
information.

Lemma C.6. Assuming|(C2)| Condition]implies Condition|]

Proof. Suppose X; = X, € an;(k) has the closest position to X}, in terms of ordering 7, then
X ] contains all the other ancestors of X}, in L;; except for X;. Furthermore, X, also

Tl1:s—1 [1:s—1]

contains the ancestors of an; (k) such that P(X | A;) = P(X}, | ancestors of an;(k)). Therefore,

we have

H(Xz ‘ Aj) = H(Xz | XT[1;S—1])
< H(Xy | X7y, _y)
= H(Xi | Aj,an;(k) \ X;)
< H(Xy | 4;)
The first inequality is by (6), the second one uses the increasing property of conditional entropy when
conditioning set is enlarged. O

Remark 4. Lemma|C.6|implies Lemma[3.2] In fact, since Condition [(C3)implies Condition 4] we
have

Condition [(C3)] = Condition[d] = Condition[I}

Finally, we conclude with an example to illustrate the difference between Condition[I|and Condition[4]
Example 1. Suppose the graph is
Xy
7N
X1 X4

NS
X3
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where

X1 = Zl7 Zl ~ BG’I’(O.?),
X2 = 7X1 + ZQ = 7Z1 + Zg, Zz ~ BGT(O.].),
X3 :Xl-l-Zg :Z1-|-Zg7 Zg NB@T(OQ)

For X4, we consider two models:
M1) Xy =Xo + Be’I”(O'(GXg + ﬂo))
M2) Xy =Xo+ X3+ Zy =20+ Z3+ Zy, Zy~ Ber(0.1),

where o(z) = 1/(1 + exp(—=x)). It is straightforward to check that each of these models does not
satisfy equalities in Condition [(C3)] but satisfies either Condition [T]or Condition[d] Let’s first look at
the first three variables:

H(X1) = h(0. ) ~ 0. 500 H(X,)~0.733  H(X3) ~ 0.778

So the subgraph on (X7, il X ) satisfies both Cond1t10n and Conditions Ié—_ll Now consider the last

node: For the first model (M B =0710.1) = log 2 =07 ~ —0.219. Choose ¢ small enough so

that o(eXs + Bo) = 0.1, e = 0.01 then O'(EX3 + fBo) € [0.1,0.102] when X3 € {0,1,2}. By
doing so,
P(Xy=-1)=0.2x%x09x0.9 P(X4=-X14+0]|X;)=09x0.9

(X4
P(X4=0)=08%x09%x09+02x09%x01x2 P(Xg=-X;+1|X;)=09x0.1x2
(X4=1)=08x09%x01x2+02x01x01 P(Xs=-X;+2|X;)=0.1x0.1
(X4 =2)=0.8x0.1x0.1

H(X,) ~ 0.87

el

(X4 | X1) ~ 0.525 < H(X,)
(X4 | X1, X2) ~ h(0.1) ~ 0.325

< H(X3|X1,X0) < H(X4|X4)
Therefore [(M1)] satisfies and [(C2)|but not Condition 4] since the order between X3 and X} is
flipped. On the other hand, the second modelm where X; 1l X4, I(X7;X4) = 0, thus violates

[(C2)]and will incorporate X, into the first layer. But Condition[dstill holds. Note that [[(MT)]is also an
example of path-cancellation, which is discussed in Lemma

T K

C.4 Examples of PPS condition

In this section, we illustrate some examples of DAGs satisfying Condition [2] for which there may
exist multiple directed paths between two nodes. This shows that the poly-forest assumption in
Theorem [5.2]is sufficient but not necessary for Condition 2] to hold.

Suppose we have a simple graph on 4 nodes: V = (Z, X1, X»,Y). The edges are

= X1 =Y
Z —X—Y

So there are 2 paths from Z to Y. The basic idea is to let X, X have the same effect on Y, while Z
has opposite effects on X7, Xo. Then when Z is changed, the distribution of Y is similar. Assuming
a logistic model for each conditional probability distribution on this graph:

PX;=1|Z=2)=0Bfiz+o) i=1,2

P(Y =1|X1 =21, X2 = 22) = 0(Bo(z1 + 22) + )
where o(x) = 1/(1 + exp(—x)). It suffices to choose parameters so that I(Z;Y) = 0,ie. P(Y =

1|1Z=1)=P(Y =1|Z =0). We have

PY=1|Z=1)=0(f1+a1)o
+o(f1+a1)o
o(=p1—a1)
(b1 —a1)

11—

(B2 + a2)a (260 + )
(=f2 — a2)a(Bo + ao)
o (B2 + az)o(Bo + ap)
o(=B2 — az)o(ao)
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Algorithm 5 Backward phase of IAMB algorithm

Input: X = (X1,---, X4), k, A, &
Output: Markov boundary estimate 771,

1. Initialize 77, = A;
2. e = mge \ {Xe € My : T(XUXk [ e\ Xe) < K}

3. Return my,

and

so to make them equal it suffices to have

B1+ a1 =
B2+ ax =
This implies 51 + B2 = 0, the effects from Z are neutralized.
By a similar argument, this example can be generalized to n nodes in the middle layer, i.e. V =
(Z,X1,...,X,,Y)and Z — X; — Y for each i. In this case, it suffices to have """ | 3; = 0. This
can be further generalized to n paths from Z to Y with mq, - - - , m,, nodes on each path,
Z — X171 —>X12—>"'—>X1m1 —Y
Z—>X21—>X22—>'~'%X2m2 —Y

Z—=Xp = Xp2— - = Xy, > Y
The requirement now is that there exists one node in each path
Xuiy € {X11, X2, X1g, }
Xai, € {Xo1, Xog, -+, Xop, }

Xnin € {th Xn27 U 7—Xnmn}

whose coefficients satisfy the equation we derived above.

Remark 5. Although the previous examples assume exact independence between Y and Z (i.e.
I(Y; Z) = 0), this argument can be generalized as long as I(Y; Z) < infy, I(Y; X}).

C.5 Relaxing Condition 2]

In the previous section, we constructed examples of DAGs satisfying Condition [2] that were not
poly-forests. This confirms that our results apply more broadly than Theorem [5.2| would suggest.
In this section, we show that this condition can be eliminated altogether by sacrificing the sample
complexity. Here we simply replace the PPS algorithm with direct estimation of H (X, | A, ;)- Then
we can apply the backward phase of the IAMB algorithm [42] to infer the parents of each node in
L j+1 from A in order to learn the whole graph. Algorlthmdescrlbes the backward phase of [AMB

algorithm tailored for Algorithm |1} which essentially uses AJ as a candidate set and conditional
mutual information (with a parameter ) as an independence test.

Recall that the forward phase of the IAMB algorithm is the same as the PPS procedure given in
Algorithm 2] When Condition [2] fails, the estimated Markov boundary after the forward phase is
no longer guaranteed to be strictly smaller than the input candidate set without further assumptions.
Therefore, the forward phase does not provide a benefit in terms of the sample complexity. Denote

Ar=min min min I(Xp; X |A4;\ Xo).
J k€Lji1 Lepa(k)
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Condition [3]implies that A; > 0. Then we state the following result when Condition []is relaxed,
recall that w = max; d; is the width of the DAG.

Theorem C.7. Suppose G satisfies the identifiability conditions in Theorem Applying Algo-
rithm and estimate the parents of each node with Algorithm@ Ifw<n/2, kK <A;/2 and

S 24\ /wr/d y d3wr
"~ \ min(k, A/2,0) Ve | (min(k, A/2,w))2€ |
then G = G with probability 1 — e.

The proof is deferred to Appendix [H| Theorem [C.7)shows for a DAG satisfying the identifiability
conditions in Theorem [3.1]but without assuming Condition [2] the current analysis in Appendix [E]of
the algorithm has exponential sample complexity in the worst-case. In fact, the sample complexity
for recovering layers and then learning parents from layers using Algorithm [5]are similar. The latter
simply inflates the former with d/r. Again, the exponential dependency comes from estimating the
entropy.

C.6 Extension to general distributions

The proofs of the theorems in this section are analogous to that of Theorem 5.1} and hence omitted.

General discrete distributions The sample complexity result in Theorem can be easily ex-
tended to general discrete distributions with finite support size. The proof of Theorem [3.1] applies
without change.

Theorem C.8. Suppose G is an arbitrary DAG with discrete variables, whose support size is bounded
by N, satisfying the identifiability conditions in Theorem[5_1| Algorithm[3)is applied with minimax
entropy estimator and thresholds in Theorem If M < log d and sample size satisfies

<d2rlog3dlog2N diHios N v )
nz ’

(Ay )% A log N\ elogd
then G = G with probability 1 — e.

Continuous distributions Theorem [3.T]also applies to continuous variables if we replace Shannon
entropy with differential entropy. Differential entropy does not preserve all the properties of entropy,
e.g. it is not always non-negative and it is not invariant to invertible transformations. Fortunately,
differential entropy preserves the essential properties for Theorem [3.1]to hold. In particular, since
continuous mutual information is still non-negative, the positiveness in Condition [3]is still reasonable
to assume.

For differential entropy estimation in Algorithm 3} we can adopt the minimax estimator from Han
et al. [22]], which has the optimal rate over Lipschitz balls. Thus we have sample complexity result in
Theorem [C.9] whose proof is similar with Theorem[5.1]in Appendix [E] simply replacing the estimator
for entropy with the one for differential entropy and then applying the result in Han et al. [22].

Theorem C.9. Suppose G is an arbitrary DAG with continuous variables, whose densities are over
Lipschitz balls with smoothness parameter 0 < s < 2, satisfying the conditions in Theorem [5.1]
Algorithm 3| is applied with differential entropy estimation, and thresholds in Theorem If
M < logd and sample size satisfies

s d?rlogd
(nlogn)sﬁogd \/nZﬁ,

then G = G with probability 1 — e.
C.7 Unfaithful example

To provide a comparison with the commonly assumed faithfulness assumption, here we construct a
simple unfaithful example to illustrate how our approach does not rely on this assumption.
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Consider the three-node DAG Z — Y, Z — X — Y, where Z is a common cause of X and Y, and
the effect Z — Y is cancelled by the path Z — X — Y. Then independence between Z and Y does
not imply the d-separation between them. Now add one more node W with an edge W — X; See
below:

A4 - Y

NS
X

7
w

This BN is still unfaithful due to the independence between Z and Y, but can easily be made to
satisfy Condition To see this, in the first layer, W is used to mask (X, Y") (note that Z is unable to,
by independence). Then in the second layer, X will mask Y. A concrete example is following:

W~ N(0,3)

Z ~N(0,1)

X=W+3iZ+N(0,3)

Y=X-1Z+N(0,1)
We have run experiments to show PC/GES will have SHD around 3 (i.e. very bad for this small
model) but the proposed TAM algorithm perfectly recovers the DAG, as expected.

Furthermore, this simple example can be embedded into any DAG satisfying our identifiability
condition by treating some sink node as W. And we may conjecture that, when unfaithfulness
happens in a form of path-cancellation, if we have some other nodes in the “ancestral” layer, it is able
to help identify the DAG as long as the “uncertainty” relation in[(CI)]is satisfied.

D Proof of Theorem 3.1]

Since Theoremis a special case of Theorem (i.e. an?- (k) = (), it suffices to prove the latter
result. '

Proof of Theorem The proof illustrates the mechanism of Algorithm []to identify DAGs satisfy-

ing conditions in Theorem If we have identified A; = U{:OLt, our goal is to distinguish L ;1
from V'\ A; ;. If it is possible, then by induction on j we can complete the proof.

Denote H (X | Aj) = hj, forallk € V '\ A;. Sort hj in ascending order, denote this order by

70 where 7(°) is a permutation of size [V \ A4;|. Any node X}, € V' \ A, must have at least one
ancestor in L 1. Meanwhile, there exists one important ancestor X; € an;(k) such that hj; < hj,

by This implies Ti(o) < T,io) and therefore, 7'1(0) must be from L.

We proceed by considering two operations on the nodes in V'\ A;: Testing and Masking. Specifically,
we maintain two sequences of set of nodes L® and SO, which is indexed by number of testing
operations we have conducted (starts with ¢ = 0 and the same with the superscript of 7(*)). Initialize
L© = 5 — ¢ and put nodes being tested or masked into L~V or St=1 to get L) or SO
respectively.

Then we foreacht = 1,2, - - -, update

L0 = 100y {1y
If there are ties, include all the tied nodes into L and follow the same argument. For k € 7'[(271)
compute the mutual information (a.k.a. entropy reduction)

I(Xi: LY | A7) = i — H(Xy | 45, L)
and mask the nodes with positive mutual information, namely update the masked set

SO = 5Dy (& I(X4; L0 ] 4;) > 0},
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Then remove the nodes that have been conditioned or masked from 7= to get
70 = 7=\ (§(t) U Z(t))

The following crucial properties of an important ancestor X; with an§- (k) of X}, as easy to check:

1. Xl A (Lj+1 \Xz) | Aj, and thus I(XZ, Lj+1 \Xl ‘ A]) = O, so is an}(k);

2. For X, € ané(k), Tf(t) < Ti(t) if X; and X, are in 7(9);
3. (Xj,an/(k)) will not be masked and put into S® for all t;

4. If X, € 7™, then X; € 7™ and Ti(t) < T]gt).

1) is due to (X, an’(k)) € L; 1 and the definition of layer decomposition. 2) is by the definition

of an’j(k), thus 70 < 7!

ZO). And 7® is a subset of 7(°), hence the order is preserved. 3) is by 1)

otherwise the mutual information is positive. For 4), if X; ¢ T(t), then X; has been included into
L®, s0is an’; (k) by 2). Then X, should have been masked before ¢ since

I(X3; L | A) = T(X; (X, an (k) | A5) > 0.

(t)

Ti(t) < 713, is due to the same reason as 2).

Then we conclude that Tl(t) must be from L;; by 4). By continuing this procedure, all the nodes

are eventually tested or masked after say t* steps, i.e., V \ A; = L) U S Since nodes in L")

are composed of Tl(t) fort =1,2,--, thus L") C L 1. Then we further claim for any ¢ € S,
X¢ ¢ Lji1. Suppose X, is included at step ¢, otherwise we will have

0<I(X;; LW A)) < I(Xp; L1 | Aj) =0

The last equality is due to the mutual independence of nodes in L given A;. Therefore, the final
L) is exactly L. O

E Proof of Theorem 5.1

We prove the theorem in two steps. After establishing some preliminary bounds, we prove Propo-
sition .1 which gives the sample complexity for using PPS to recover Markov boundaries and
estimate the conditional entropy under Condition 2] Then we establish the sample complexity of the
layer-wise learning framework for DAGs satisfying identifiability conditions in Theorem [3.1]

E.1 Preliminary bounds

To derive the sample complexity of Algorithm [3] we borrow the minimax estimator of entropy from
Wu and Yang [47]]. Denote this estimator by H(X).

Lemma E.1. For discrete random variables X, - - - , X4 with distribution Py, - - - | Py and support
size Ky, -+, Kg, let K = maxy Ki. If n 2 1o§K’ then
. K \? log’K
P - A(X)| 21| 5 2
sup P |[(x0) - A (x| 2 ]NKmOgK) Ly

Proof. First we pad all the random variables such that they have the same support size K by assigning
the extra support with zero probability. Then for all X},

E(H(Xy,) — H(X}))?
t2

P “H(Xk) —ﬁ(Xk)’ > t} <
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Thus, by Proposition 4 in Wu and Yang [47],

supy, E(H (Xy) — H(X3))?
t2

2 2
<l K +1og K .
~ 12 [\ nlog K n

We next establish some preliminary uniform bounds on the estimation error of conditional entropy
and mutual information using Lemma Suppose we estimate the conditional entropy H (X | A)
for any k € V and its some ancestral set A by

sup P UH(Xk) - I?[(Xk)‘ > t] <

O

H(Xy|A) = H(Xy, A) — H(A). (7)

Then because we are dealing with binary variables, by Lemma [E.T]
supP Uﬁ(xk |A) — H(X; | A)‘ > t}
k,A
1/~ 2
< sup o (H(Xk| 4) - H(X, | 4))
A 2

< i“}fti? {2 (ﬁ(X;“A) ~ H(X,, A))2 2 (ﬁ(A) - H(A))Z}

52
,S \zzl;-l (8)

w\?  p?
52 [() +p] . )
np n
Note that 62 is an increasing function of p. When A = {), and the |A| = 0. Thus 6‘2A‘ 1 reduces to
estimating entropy of a binary random variable, which is of parametric rate 1/n. Similarly, if we try
to estimate the conditional mutual information by using sample version of the identity
I(Xp; Xo | A) = I( Xy (Xe, A)) — I(Xg; A)
= H(Xk:) + H(Xéa A) - H(Xk7 X, A)
— H(Xy) — H(A) + H(Xj, A)
= H(X€7A) - H(Xk‘vaA) - H(A) + H(Xk?a A)

where

X

The estimation error is again dominated by the second term, which has the largest support size:
62
\ T(X, - . [A[+2
sup P [\I(Xk,XAA)—I(Xk,XeA)\ zt} s (10)
k., A

The factor of +2 is not important when size |A| is large, thus for simplicity we absorb it into the
constant before them. We will present the estimation error bound for H (X, | A) and I(Xy; X,| A)
by C’5|2A‘ /12 for some constant C.

E.2 Proof of Proposition [4.1]

In this section, we prove the Proposition 4.1} Recall that M4y, := | MB(k; A)|.

Proof of Proposition For any node k € V and its ancestor set A, and node £ € A, implies
2

~ 0%
up |06 X0 |4~ 106 X0 | 0] 2 1] £ P
A'CA|A|<May, t
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For the first step, with probability 1 — |A[d3,, /t* we have for all X, € A

~

I( Xy Xo) — I(Xp; Xo)| < t
Thus for all Xy € A\ m ax,
f(Xk;Xg*) - f(Xk;Xz/) > Aup — 2t

where (* = argmax;. x, ¢, ., I (X&; Xi). So we only need ¢ < A Ax/2 to ensure we include a node
in m 4y, rather than in A \ m 4. Following the same argument, when we have found a proper subset
m G m ag, with probability 1 — (|A| — |m|) 63,, /t* we have forall X, € A\ m

’f(Xk;Xg\m) — I(Xn; X | m)| < t.
Thus for all Xy € A\ mag
T(Xp; Xoe | m) — T(Xp: Xor |m) > Ay — 2t

where £* = argmax;. x. e, \m £ (Xk; Xi [ m). So we only need ¢ < A 41/2 to ensure we do not
include any nodes from A \ m 4. At the same time,

~

I(Xp; Xoe |m) > I(Xp; Xoe |m) —t > 2845 — ¢

To avoid triggering the threshold, we need

~

I(Xk; Xg*

m) > 284, —t > K.

So t < x will do the job. After at most M 4, steps, we have recovered m 4y, then requiring ¢t < &
will trigger the stopping criterion. Since for any X, € A\ m 4,

T(Xk; Xor | mar) — 1(Xi; X \mAk)‘ = I(Xp; Xpr | mag) < t < k.
Thus in conclusion, we can recover m 4;, for X}, with probability

M s 52
P(Map = mag) > H <1 - (‘A| - m) ]\t/[2Ak>

=0

V

IV

Map(Mag + 1)) O3 tan

1 (e + 1)1 - 22 2
512V1Ak
t2

Furthermore, by combining this with (8], we can estimate the conditional entropy as

>1— (Mar+1)|A|

P Uﬁ(Xk ‘ A) — H(Xy, |A)’ <t Mmap = mAk:|
—P(ifiap = may)P Uﬁ(xk | A) — H(Xy| A)‘ <t'|fap = mAk}
:P(ﬁlAk = mAk)P Uﬁ(Xk“nAk) — H(Xk |mAk)’ < t,:|

2(1 — (May + 1)|A|512\4M ) (1 - 512”%)

t2 t,2
52 52
> (1= (Map + 1|4 s - S )

Let ¢’ =t < min(k, A 4;/2), then we have

_ ~ 82
P UH(Xk |A) — H(X), | A)‘ < t,fap = mAk] > 1 - (Mar + 24| =5

The argument above holds for all X} € V and its ancestor set A, which completes the proof. O
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E.3 Proof of Theorem

Now we are ready to prove the main theorem on the sample complexity of Algorithm 3]

Proof of Theorem 5.1} Define events by £ = () and
&= {EJ = Lj and m;_1), = m(j_1), for k € Lj}
forj =1,...,r. Then .
P(G=G)=T] P& &)
j=1

For the first step, with probability 1 — dé3 /t*> we have forallk = 1,--- ,d
|H(Xy) — H(Xp)| <t
which implies for & ¢ L; and its corresponding X;

~ ~

H(Xk)—H(Xi) >A—2t

With ¢t < A/2, we have X; comes before X}, in the order 7 of estimated marginal entropies.
Conducting the TAM step, for each X; comes forst in the ordering 7, we estimate the mutual
information I(X;; X}) for all remaining nodes X}, in 7. With probability at least 1 — dd3 /t2, we
have for all remaining %

~

| T(X:; Xg) — I( X Xi)| < t
Therefore,

I(X;; Xy) < 2t X is not the ancestor of X,
I(X;; Xi) >n—2t X, is the ancestor of X},

With w := t < /2, X} would be masked. There are at most d; := |L1| many X;’s thus there
is at most d; x d mutual information need to be estimated correctly. So with probability at least
1 — dydé3 /12, the TAM step succeeds recovering L;. And then

déd d1do3
A?/4 w?
Following the same argument, after j loops, given the layers in A; are correctly identified, we invoke
Propositionwith A = Ajtohave forall k € V'\ A, with probability at least

(3 )y e,

s=j+1

P(&)>1

using PPS procedure to estimate the conditional entropeis and Markov boundaries gives
|H(Xy | Aj) — H(Xy, | Aj)] <t and i, = my.
which implies for k ¢ L, and its corresponding X,
H(X0 | Aj) = H(X: | A)) > A -2t

So t < A/2 amounts to X; coming before X}, in the order 7 of estimated conditional entropies of
remaining nodes. Note that ¢ also needs to satisfy ¢ < ming(k, Aj;,/2). Conducting TAM step,
estimate the conditional mutual information using the identity
I(Xp; Xi| Aj) = H(Xy | Aj) — H(Xk | X3, Aj)
= If()(}C ‘ mjk) — H(Xk | )(7;7 mjk)
Invoking (8)), since my, is already identified, with probability at least 1 — ddjzwj /2, we have for all

remaining k

o~

[T( X5 Xi) — (X35 Xp)| <t
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Therefore,
I(X;; X)) < 2t X is not the ancestor of X,
I(X;; Xk) >n—2t X, is the ancestor of X},

With w := ¢ < 7/2, X}, would be masked while other nodes remains unmasked. There are at most
dji1 = |Ljy1| manny X;’s thus there is at most d;; 1 x d conditional mutual information need to be
estimated correctly. So with probability at least 1 — d ;1 déﬁ@ /t2, the TAM step succeeds recovering
L; 1. Combine the PPS step and TAM step together,

dj1dd3, 2M;d?03,

P &) 21— —— N 2
(mink(A/Q,f@Ajkﬂ))

w

In conclusion, we have

r—1
=G) =[] PEi1E)
j=0

_ 2 52
(i % s H a+1d5M - 2M;d”0h,
A2/4 w2 A 2
j=1 <m1nk(A/2, R, A_]k/Q))
O R BT A K 2M;d?53,
A2/4 w2 w? N ’
j=1 <mlnk(A/27 K/; Ajk/Q))
AMrd? 2
>1- O

<minjk(A/2, W, K, ﬁjk/2)) 2

where w < 17/2 and £ < min,y, 5. Since M < logd, 63, (cf. (@) is dominated by its second term.
Requiring P(G = G) > 1 — ¢, we have the final result

d?rlog®d

—
(mmjk(A/Q,w,ﬁ,Ajk/z)> €

nz
This completes the proof.

E.4 Tuning parameters

In practice, the quantities 7, £, needed in Theorem [5.1| may not be known. Theorem below
remedies this by prescribing data-dependent choices for w and «:
Theorem E.2. Suppose the conditions in Theorem are satisfied with the stronger sample size
requirement
d®log® d
n>_ -~ o %
~Y 2 * 4 bl
A (An/lim)

where A* /2.6 is defined in Theoremwith n/2 and &1, plugged in. By choosing

wzﬁx(d:jlogd)l/él[( d )2 logd}1/4

nlogd N

in Algorithm we have G = G with probability 1 — e.
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Proof. In the proof of Proposition 4.1} for X}, € L; 1, we need ¢ to be small enough when doing
estimation such that

0<Aj—2t and t<r<2 —t
Similarly, in the proof of Theorem[5.1| we need
w=t<n/2.
Though the ¢’s here are different, we can take the minimum of them, then it suffices to take
w=Kk=1t= (d?’]\/[)l/zléjlvf2
and require

(@ M) V1537 < min(A/2,1/2,E1, Bje/2).

Then we have

R 2 2
PG=G)>1— 4d*r Moy, i
(minjk(A/Q,w,n,ﬁjk/2)>

37752

1 4d3 M b3,

2
(minjk(A/Q,w, K, ﬁjk/2)>
>1—4dvVdMéyy.

Plugging in the exact form of d; with M < log d, the final sample complexity is as desired. O

F Proof of Theorem 5.2

First, we need a lemma similar to Lemma|C. 1
Lemma F.1. I(Xj;m;,|A) > 0 for any subset A C A; such that mjy, \ A # 0.

The proof follows the one for Lemma [C.1]in Appendix To see this, we can simply replace pa(k)
in the arguments with 1, and replace the minimality of G with minimality of m ;. We will also
need the following lemma:

Lemma F.2. For any X. € mjy, there is at least one directed path from X to Xj,.

Proof. 1f there is no path between X, and X}, X, 1l X}, X, cannot be in m. If X, and X}, are
only connected by undirected paths, X, would not be in ancestors or descendants of X. If some
paths are through some descendants (children) of X}, the descendants would serve as colliders to
block the paths, so the effective paths must be through the ancestors of Xj.

For any undirected path connects them through some ancestor, say X, if the edge from X is not
pointing to X,, X, would serve as a common cause. If it is pointing to X,, we move X, one node
toward X, until there is a common cause, otherwise X, is connected to X, with a directed path.
When we find the common cause, if X, is an ancestor of X, then it is in A; and block the path if
conditioned on. If X, is not an ancestor of X, then there must be a change of edge direction, so
there exits a collider on the path between X, and X.. If the collider is not in A}, it will block the
path; if it is in A;, X, will also be in A;, so the path is blocked when A; is conditioned on. As a
result of all the cases above,

P(Xk[Aj) = P(Xx | 45\ Xe)

so X, cannot be in m . ]

Finally we prove the theorem:
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Proof of Theorem[5.2] Condition [2]is constructive for PPS procedure. Hence we prove it by showing
that nodes not belong to the desired Markov boundary will not be chosen when conducting PPS on
poly-forest. Suppose we have identified j-th layer, for any X, € V' \ A;, we try to find m . For any
node X, € A; \ m,;, we should not consider, if X, is disconnected to X}, which means there is no
path connecting them together, then Xj, 1L X, |m, I(X; Xy |m) = 0 for any m C mj, we do not
need to worry about it.

If Xy is connected to X, through a child of X}, then this must be an undirected path. Since if this
is a directed path, it will be from X, to X, which is contradicted to X, € A;. Moreover for this
undirected path, since the edge is from X, to its child at first, there will be a change of direction,
which serves as a collider blocking this and the only path connecting X} and Xp, thereafter X and
X, are d-separated by any subset m C m;, and X, AL X, | m, I(Xy; X, |m) = 0, we do not need
to worry about it.

If X, is connected to X}, through one parent X, or X, is the parent, we can divide it into two
situations, whether there is X, € m ;. on the path or not. If there is one X, on the path, since X has
exactly one directed path leading to X, this will be part of the path connecting X, and X. For two
edges of X, on this path, X, has an edge out on the path toward X. For the other edge, no matter
the direction is, either in or out, X, will block the path if conditioned on and d-separates X}, and X,.
Then we have for any m C m,,

Xk A Xg | Xc, m
Using this property and decomposition

(X5 Xey Xo|m) = I(Xi; X | Xoym) + 1(Xg; Xe|m)
=I(Xk; Xo| Xe,m) + I(Xi; X |m) = I(Xp; Xe | m)
So
I(Xk;Xc|m) = I(Xk;XC|Xg,m) +I(Xk;Xg|m) > I(Xk;Xg|m)
For the last inequality, we trigger Lemma[F.1] So we will not select X at any step of PPS procedure.
If there is no X on the path, then for any X. € my, since X is connected to X}, through a directed
path, and X, is connected to X}, through one parent X; or X/ is the parent, then X. and Xj is
connected by and only by the combination of two paths X, — -+ — X and Xy — --- — Xy — Xj.
If these two paths converge at X, X will serve as a collider to block this path. If they converge
at some node before X}, denoted as X, which is not in m ;. X,, cannot be X, otherwise it will
d-separate X}, and X, such that X ¢ m,y. Since the path X, — --- — X}, is directed, the edge on
this path from X, is pointing to X,,. If the edge from X/ is also pointing to X,,, X, will serve as a
collider to block this path between X, and X.. So X, and X, are d-separated by empty set in these
two cases, furthermore m;, 1L X,. Since X, AL X}, | m ;. Therefore we have
P(Xe, Xiymji) = P(Xe, Xi | mji) P(myy)

= P(X¢|mj) P(Xy | mjk) P(mi)

= P(Xg)P(Xk, ’rTij)
Hence X, 1 (X%, m;) and for any m C myy,

0= I(X¢; (X, mjx))
= I(Xg;Xk|m) —|—I(Xg;m) —I—I(Xg;mjk \m|Xk,m)

By non-negativity of conditional mutual information, we have I(Xy; X | m) = 0. So we don not
need to worry about it either.

If the edge from X is not pointing to X,, but on the opposite, X, and X, may not be independent.
However, for any other node X € m, \ X, if X is connected with X through X}, X}, serves as
a collider to block the path. If X, is connected with X, through X, conditioning on X, will block
the path. Therefore, X, d-separates X, and X so X, AL (mjx \ X¢)| X¢. As aresult,

P(Xévmjk \ Xe| Xe) =P (X, | XC)P(mjk \ Xe| Xe)
P(X¢| Xe) =P(X¢ | myr)
Thus
P(Xo, Xk, mji) =P(Xe | mje) P(Xy | mjr) P(mg)
:P(Xg ‘ XC)P(Xk, mjk)
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Meanwhile,
P(X¢, Xi,mjx) = P(X¢ | Xk, mji) P( Xk, mji)

Hence
P(Xg | Xk,mjk) = P(X[ | XC) X@ A (Xk,mjk \XC) |Xc I(Xe; (Xk,mjk \Xc) |XC) =0

By the same decomposition of mutual information, we can have for any subset m,
I(Xy¢; Xi | X, m) = 0, thereafter we will not select X at any step of PPS procedure.

G Condition [(C2)|and poly-forests

Condition is a nondegeneracy condition on the distribution P that may be violated, for example,
when there is path cancellation. In this appendix, we show that a sufficient (but not necessary)
condition for Condition [(C2)]is that there exists at most one directed path between any two nodes in
the graph, in other words, when path cancellation is impossible.

Lemma G.1. If G is a poly-forest, then Condition holds.

Proof. Let’s drop the subscript and use the notation X, Z for X;, X. For poly-forest, there exists
and only exists one direct path from ancestor X to descendant Z. With loss of generality, let A; = 0),
since the Markov property of the subgraph G[V '\ A;] does not change. If X € pa(Z), by minimality,
all edges are effective, thus I(X; Z) > 0.

If the directed path is formed by three nodes X — Y — Z. Suppose the contrary, X Il Z, we have
following:

P(X)P(Z) = P(X, Z)

y€{071}
= P(X) Y P(Z|Y =y)P(Y =y|X)
y€{0,1}

The first equality is by independence, the third one is by Markov property. Then by positivety of the
probability, we have

> P(Z|Y =y)P(Y =y|X)=P(Z)
y€{0,1}

> P(Z|Y =y)P(Y =y)
y€{0,1}

After rearrangement,

> PEIY = )| P =y1X) - Pl = )| =0

ye{0,1}

Since X A Y, thus P(Y =y | X) # P(Y = y), therefore,

P(Z|Y=1) _ _P(Y=0|X)=P(Y=0) _1-PY=1|X)-1+PY =1
P(Z|Y=0) PY=1|X)-P(y=1) PY=1|X)-P¥Y =1
Thus P(Z|Y =1) = P(Z|Y = 0) contradicts that Y’ /. Z.

More generally, let the directed path be formed by X — Y; — --- = Y,, — Z. Suppose X 1 Z,
we have:

P(X)P(Z) = P(X, Z)
= > Y PXYi=uw, Ya=ya, Z)
y1€{0,1} ya€{0,1}

=P(X) Y. > PZ|Ya=ya)PYa=yalY1=1y)P(Y1=11|X)
ya€{0,1} y1€{0,1}
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After rearrangement,

PUZIYa=1)  SyeonlP0 =y |X) = P(Yi = y)]P(Ya= 1|V = y)

P(Z|Ya=0) 2pefopPY1 =y | X) = P(Yi =y)][P(Ya =0|Y1 = 1)

Look at the numerator

Z P(Y1:y1|X)—P(Y1:y1)}P(Yd:1leyl)

y1€{0,1}
= Y |PMi=n|X)-PM zyl)} [1—P(Yd:0|y1 =)
y1€{0,1}
== ¥ [P0a =X - P =) P0G =01vi = )
y1€{0,1}
+ Y PMi=wnlX)- > PMi=y)
y1€{0,1} y1€{0,1}
p> {P(Yl =unlX) - PM =y1>}P<Yd:0Y1 =)
y1€{0,1}

is the negative of denominator, thus P(Z | Yy = 1) = P(Z | Yyq = 0) contradicts that Z /. Yy, which
completes the proof. O

H Proof of Theorem

First we bound the sample complexity of the backward phase of IAMB, as shown in Algorithm [5]

Lemma H.1. Let My, be the output OfAlgorithmwith k < Ay /2 and the plug-in mutual informa-

tion estimator (10). Then
R 45102
Py = my, = pa(k) > 1 - Ll

where 63)_ follows the definition in (9) with |S| replaced by | A;|.

Proof. Following the same argument in (T0), we have

2
Oa, |

sup P (‘T(Xk;XﬂAj \ X)) — I(Xp; Xo | A; \Xg)‘ > t) <

teA;
Note that for nodes X, not in my,
T(Xus Xo | Ay \ Xe) = I(Xi: Xo | mys) = 0
Therefore with probability at least 1 — [A;]07, | /t*, we have for all £ € A;

~

[ 1( X Xe| A5\ Xo) — T(Xis Xo | Aj \ Xo)| <t
Therefore, for £ € m; and ¢ € A; \ mj,
T(Xk;Xg‘Aj \X[) >Ar—t T(Xk;Xg/ |A] \Xe/) <t
Lett =k < A;/2, we can remove all £ € A; \ mj, rather than any one in m , then the desired
Markov boundary is recovered. O

We are now ready to prove Theorem|[C.7]
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Proof of Theorem|[C.7] Then we use Lemma|[H.T]and take intersection over all nodes
2

d
753

_ d 2

where 4 )
2%N\2 d
= (5)' 4
d nd + n
The last inequality is due to |A;| < |A,_1| < d. Furthermore, use the estimator (7) for conditional
entropy directly on A; instead of my,
52
sup P (‘H(Xk | A;) — H(X), | Aj)\ > t> <2l
keV\A; t
Following the proof of main theorem in Appendix [E| we can show that without PPS procedure, we
can recover layers with

~ 4dwr
P(L=L)>1— — """ maxd2, >1—
( )21 (A/2 ANw)? Ja 5"‘1" !

Thus we have recovery for the whole graph with

P(G:G):P(E:L)P(A’ﬁ;:pa(k) Vke[d]\f:L)

d? 4dwr dwr
S5 P (L L 52
= <K;2 * (A/2/\w)2> 425 (s, A/2,0))2

4dwr 9
(A2 Aw)2

Plug in the upper bound of §2, require for P(@ = () > 1—¢, we have desired sample complexity. [J

I Experiment details
We describe the details of experiments conducted in this appendix.

I.1 Experiment settings
For graph types, we generate

* Poly-Tree (Tree). Uniformly random tree by generating a Priifer sequence with random
direction assigned for each edge.

* Erdds Rényi (ER). Graphs whose edges are selected from all possible (g) edges indepen-
dently with specified expected number of edges.

* Scale-free networks (SF). Graphs simulated according to the Barabasi-Albert model.

For models, we consider the dependency between parents and children. We control the constant
conditional entropy H (X | pa(k)) for all k = 1,2,...,d to satisfy the Condition |(C3), which
implies [([CI)] We generate data from following models

» mod model (MOD): X, = (S, mod 2)% x (1 — (Sy mod 2))'~ % where S =
ZZepa(k) X, with Zj, ~ Ber(p)

* additive model (ADD): X}, = Zeepa(k) Xo + Zy, with Z, ~ Ber(p)

Total number of replications is N = 30. For each of them, we generated random datasets with sample
size n € {1000, 2000, 3000, 4000} for graphs with d € {10, 20, 30, 40, 50} nodes and p = 0.2.

1.2 Implementation and baselines

We implement our algorithm with entropy estimator proposed in Wu and Yang [47]], which is
available at https://github.com/Albuso0/entropy. We treat joint entropy as a multivariate
discrete variable to estimate. We fix x = 0.005 and w = 0.001, in particular, we do no hyperparameter
tuning.

We further compare following DAG learning algorithms as baselines:
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» PC algorithm is standard structure learning approach and The implementation is available at
https://github.com/bd2kccd/py-causall The independence test is chosen as discrete
BIC test dis-bic-test. Remaining parameters are set as default or recommended in
tutorial.

* Greedy equivalence search (GES) is standard baseline for DAG learning. The implemen-
tation is available at https://github.com/bd2kccd/py-causal. The score is chosen
as discrete BIC score dis-bic-score. Remaining parameters are set as default or recom-
mended in tutorial.

The experiments were conducted on an internal cluster using an Intel E5-2680v4 2.4GHz CPU with
64 GB memory.
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