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In this supplement file, we prove the presented results. Note that Theorem [2.3] and Corollary
follow directly from Theorem [2.1] by basic algebra, so the proof are omitted. In this paper, C'is a
generic constant that may vary from occurrence to occurrence.

A Proof of Theorem 2.1]

The key is to prove the following lemma, which the conditions are similar to those of Theorem [2.1}
except for that we replace condition (2.9) in Theorem [2.1] by a slightly stronger condition:

(y||0’2|l|l) >/1-1/K, forall1 <i <mn. (A.D
Yi

Lemma A.1 Fix K > 2,n > K, and 0 < m < K /2. Consider the NMF problem as in , where
Jr.m andY are as in @) Suppose there is a vector yo € Sk m such that

(zﬂo,zﬂi)z 1-1/K, foralll<i<n.
Yi

There is a K x K orthogonal matrix Q) such that simultaneously

e Forall 1 < i <n, Qy; falls in the first orthant of R¥.
o QJk.mQ is non-negative.
e The NMF problem for S is solvable by writing
YJmY' =ZPZ withZ =YQ and P = QJk mQ'".

Lemma [A.T]is proved below.
We now explain why Theorem follows once Lemma is proved. In Theorem Q=
YJrmY', andY = [y1,9y2,...,yn) . By the assumption of Theorem 2.1}
Wo.v)l . A=77%,  1<i<n
i
Therefore, for each 1 < i < n, there is a number s; € {—1, 1} such that
Yi
‘We have two cases.

e Casel.s; = —1foralll <i<n.
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e Case2.s;, =1foratleastonel < i <n.

Incase 1,let Y = —Y. Theorem 1) follows directly if we write (2 = YJ Kym}N/ and then apply
Lemma[A.T] In case 2, the key is to show that

ifs;, =1forsomel <i¢<n,thens; =1foralll <i<n. (A2)
Note that once (A.2)) is proved, Theorem [2.1]follows by directly applying Lemmal[A.T]in this case.
It remains to show . LetY = [T1,T2, - - -, Un) where §; = s;y; and let
Q= Vien?.
It is seen that € satisfies all conditions of Lemma so there is a K x K orthogonal matrix @) such
that QJx Q' is non-negative, and that ), is non-negative for all 1 < i < n,.

Now, let
S={1<i<n:s; =1}

If (A.2) is not true, S€ is non-empty. Since €2 is irreducible, we can find an ¢ € .S and j ¢ S such that
Q(¢,7) > 0. Note that

Q(i,7) = yiJkmyj = 580 Jk,mT; = $i5;(QU:) [QTk,m Q') (Qy;)- (A.3)

Therefore, on one hand, (4, j) > 0. On the other hand, since QJx »Q’, QY;, and Qg; are all
non-negative, (Q¥;)' [QJk,mQ'](Qy;) > 0. Note however s;s; = —1. Comparing these with (A.3)
gives a contradiction. The contradiction shows that S¢ is empty and completes the proof.

A.1 Proof of LemmalA.1]
For 1 < k < K/2, let hy, be the vector where
L[ 1V, i=2k—1,
(i) = { ~1/42, i = 2k,

and let
Q(m) = [hla h2a ce hm}

Note that in the special case of m = 0, Q™) is empty.

We need the following lemma. As before, let e( be the K-dimensional vector K ~/2(1,... 1),

)

Lemma A.2 Any K-dimensional unit-norm vector x with (x,eq) > /1 — 1/ K is non-negative.

Proof of Lemma [A.2] Without of loss of generality, we assume the first & entries of x are non-
negative, and the remaining (K — k) entries are strictly negative. All we need to show is k = K. If
k < K, then by definition and Cauchy-Schwartz inequality,

k
(z,ep) <K_1/22xi < K2

i=1

where we have used
k
> ap<z)? =1
k=1

This contradicts with (z,eq) > 1/1 — 1/K, and so the claim follows.

We also need the following lemma.

Lemma A3 Fix K > 2,0 < m < K/2, and a unit-norm vector yy € Sy,. There exists a
K x (K — m) matrix B such that

B'B = Ig_,,, B'Q™ =, and  [B,Q™ ey = yo.



Proof of Lemma|[A.3] The proof for the case of m = 0 is trivial, so we only consider the case of
1 <m < K/2. Itis seen that {hy, ho, ..., h,} expands a m-dimensional sub-space of R¥X. By
basic algebra, we can always expand {h1, ha, ..., h,, } to a full set of orthogonal basis vectors of
RX, denoted by

{qlana o K —m, h17 h27 ey hm}
Note that since eg L span{hy, ha, ..., hy} (i.e., the linear space spanned by hy, ..., h,,), there is a
(K — m) vector ¢; such that

K—m
eo = Z 6:qi = Qod,  where Qo = [q1, 42, ..., qx—m]-
i=1

Since QHQ™) = 0 and Q)Qo = Ik —mm,
61 = 1Qodll = l[eoll = 1.

At the same time, since yo € S,,,, by definition, there is a unit-norm (KX — m) dimensional vector a
such that

Yo = (0’707"'50)/7
and there is a (K — m) x (K — m) orthogonal matrix U such that

U's = a.
Let
B = QoU.
We have
e B'B= U/Q6QOU == IK,m.
e B'Q™ =U'QoQ"™ =0.
U' Q) Q06
o [B,Q™)]ey — [ (Q((Q”(L))C)?/oeo } - [ 0 ] = 4.
This proves Lemma[A3]

We now come back to prove Lemma[AT] Let B by any matrix in Lemma[A3] and let
Q=[B,Q™].

By Lemma[A3]
Q'eo = yo, andso  Qyo = ep.
At the same time, forall 1 < i < n,

(Wi, v0) = (Qui, Qo) = (Qui, o), lyill = (| Quill-

Combining these with (A),
(Qyiseo) _ Winvo) o 7 K.
| Quill lly:ll
It follows from Lemmal[A.2] that
forall 1 <14 < n, Qy; is a non-negative vector. (A4)

At the same time, since [B, Q"] is an orthogonal matrix, BB’ 4+ Q™) (Q(™))" = I, and so
QJK,mQI — BB — Q(m) (Q(’m))/ =I5 — 2Q(m)(Q(m))l.

By direct calculations, 2Q(™ (Q("™)) is a K x K block-wise diagonal matrix, where the first m
diagonal blocks are
1 -17
-1 1 ’

note that except for these m diagonal blocks, the matrix is 0 elsewhere. Therefore,
QJk m@Q = Ik —2Q™ (Q™)) and is non-negative. (A.5)

Combining this with (A-4)-(A23) gives Lemmal[A.T]



B Proof of Theorem 2.2

By Theorem[2.1] we only need to check when K = 2,

e we must have m < K/2.
e the condition always holds without any extra conditions.

Since € has at least one positive eigenvalues, so we can only have m = 0 or m = 1. Therefore, we
must have 0 < m < K/2. This checks the first bullet point above.

We now consider the second bullet point. In detail, let e; = (1,0)’ as before. Let 0 < 6; < 27 be the
angle from e; to y; counterclockwise, and let 6,,,;,, and 6,,,, be the smallest and largest values of all
6;. Recall that we can only have m = 0 or m = 1. Also, we assume the following in the lemma.

e When m = 0, yo is the unit vector where the angle from e; to yo is (Omaz + Omin)/2,
counterclockwise.

e Whenm =1, yo = (1,0).
We now consider the case of m = 0 and m = 1 separately.

Consider the case of m = 0 first. Note that all y; fall in the sector (with the apex at 0) bounded by
two rays, where the angle from e; to the two rays (counterclockwise) are 6,,,;,, and 6,,,4, respectively.
Recall that Q@ = Y Jk , Y. When m = 0, Jg ., = Ix and Q = Y'Y’ Therefore, for 1 < i,j < n,

(yi,y;) = Q(i, 5) > 0.
This says the angle of the sector is no bigger than 7 /2:
emaa: - emin S 7T/2

If we take yo as above (so the angle between e; and yg is Oz + Omin)/2), it follows that for each
1 < i < n, the angle between yo and y; is no bigger than 7 /4. Therefore,

| (> yo)| > \/1/72’

[yl
and (2.9) holds.

Consider the case of m = 1. In this case,

1 0
=12,

For each 1 < i < n, write y; = (a;, b;)’. Since Q =Y Jg ,,Y" and Q(i, i) > 0,
0 < Qi,4) = yiTg.myi = a2 — b2,

and so
[b;] < |ail.
If we take iy = e; as above, then forall 1 < i < n.
il Vai +b?
and the claim follows directly.
C Proof of Theorem
It is sufficient to justify
e yo = e1 (and so especially yy € Sp).
e condition (2.10) is equivalent to
K—1
D Pl -1 (k) < M /(K = 1), (C.6)
k=1

where r;(k) = &1(0)/61(1), 1 <k < K —-1,1<i<n.



We now justify both bullet points.
Consider the first bullet point first. Note that in this case,

Q:YJK’mYI7 Y:[£1»£27'”7£K]D1/2’

and
Yy =Y'w,
with
w = 1,
where ¢ = 1/|&1||1, and
D = diag(al, Pals - Ak

By Perron’s theorem [1]], A; > 0 and all entries of £; are positive. Also, note that £&; L & for all
2 < k < K. It follows

") = cDY?[E1, &, . k] E = e/ Men,
o)
Yo = y(w)/|\y(w)||1 =e€1.
This justifies the first bullet point.
Consider the second bullet point. By definition,
B = Qw = cl€1, &, €DV Tk m DV (61, 6o, . €] €1 = oM,

It follows B
w'Qw = w' W) = A\ &€ = AN

At the same time, by definition,

K
Q=YY" => |\l
k=1
o)
B K
Qi) =Y [\l&E ().
k=1
Combining these,

|B£w)| _ cA1&1(3) _ 1 .
V@Qu)@i) AN T @) 1+ SR /A € (8)/60(0))2
Therefore, condition of Theorem [2.3]reduces to
! > VI- /K.
V1 SES At /A) 601 (/60 (6))2

which is equivalent to (C.6). This completes the proof.

D Proof of Theorem 2.3

It is sufficient to show
o a4, =(K—1)whenm=K — 1.
® a,, =1whenm < K/2.
e The NMF problem is solvable for Q if 7, Dor; < 1/[an, (K —1)] forall 1 <4 <mn.



Consider the first bullet point. By the definition of Q, for all @ € Q, the first column of @ is
K~'/2¢,. Therefore, when m = (K — 1), for any such @, we have

Q= [eo. Q"]
By basic algebra,

2QM QUM™Y — I = 2(Ix —egel)) — I =T — (2/K)1x 1k,

where the maximum entry of the matrix is (K — 2)/K. By the definition, in this case, a,, =
1+ K -[(K —2)/K] = (K — 1). This proves the first bullet point.

Consider the second bullet point. The goal is to show a,,, = 1 for all 0 < m < K/2. The case of
m = 0 is trivial, so we suppose m > 1. First, we show

am <1, ifl<m<K/2. (D.7)
For 1 < k < K/2, let hy, be the vector where

N 1V2, i=2k—1,
h’“(z)_{ ~1/V/2, i = 2k.

Construct () such that

e the first column is eg,
o the last m columns are hq, ho, . .., hy,, respectively.

For such a @), by basic algebra, we have

e Qe Q.

e for the matrix 2Q (™) (Q(™))" — Ix, none of the entries is positive.

The second item is true because, by construction, QQ(m)(Q(m))’ is a blockwise diagonal matrix,
where all nonzero entries appear in 2 X 2 diagonal blocks of

B

This can be either checked by direct calculations or quoted from the proof of Lemma[A.T] Combining
these with the definition, a,, < 1, and (D.7) follows.

Next, we show

am > 1, ifl <m<K/2. (D.8)
We claim that in m dimensional space, the maximum number of unit-norm vectors r; where the pair-
wise inner product are all (strictly) negative is no greater than m + 1. We prove this by mathematical
induction. Note that this holds trivially when m = 1. Now, suppose this holds for m < mg, we show
the claim continues to hold for m = mg + 1. If the claim is not true for m = mg + 1, then there are
mg + 3 different vectors

T1,72,..., rmo+3

of (mg + 1) dimension where the pairwise inner product is strictly negative. Since all the pairwise
inner products remain unchanged if we rotate these vectors by the same orthogonal matrix, we assume
Tmo+3 = (1,0,...,0)" without loss of generality. Write

T = (ak,sk)’, 1 S ) S mo + 3.

where ay, is the first entry of 7 and sj, is mg-dimensional sub-vector of r. Since forall 1 < k <
mo + 2,
(Tky "mo+3) <0,

we must have
ai <0, foralll <k < mg+ 2.

Therefore, forall 1 < k,¢ < K and k # ¢,

(8k,8¢0) = (1k,7¢) — agag < 0.



It follows s1,S2,...,Sm+2 (after scaled by a positive number) are unit-norm vectors of my-
dimension where the pairwise inner product is strictly negative. This contradicts with our claim for
the case of m = mg. This completes the proof of mathematical induction.

Now suppose a,,, < 1 for an m < K /2. By definition, there is a matrix ) € Q such that
all entries of 2Q("™) (Q("™))’ — I are strictly negative, (D.9)
where Q") is the sub-matrix of @ consisting of the last m columns. Write
Q™ =[ri,ra,...,1x]".
Foreach 1 < k < K, r}, the row k of Q(m) and is m-dimensional. It follows from l@i that
(rg,re) <0, forall 1 <k, (< K,k #L.

By the above claim, this is only possible when K < m + 1. However, since K > 3 and m < K/2,
so it is impossible that K < m + 1. The contradiction proves (D.8). Combining (D.7) and (D.8),
a;, = 1 when m < K/2, which completes the proof of the second bullet point.

We now consider the last bullet point. Recall that A, is the k-th eigenvalue of €2, & is the correspond-
ing eigenvector, and E = [£1, o, . . ., {k]. Define

Y =EDY2 = [§1, 2, Gl (D.10)
where _
D = diag(A1/am, |2l .-, [AK])-
Let J, K,m be the K x K diagonal matrix
diag(am,1,...,1,—1,...,=1). D.11)

That is, the first diagonal entry is a,,, the next (KX — m — 1) diagonal entries are —1, and all other
diagonal entries are —1. It follows from spectral decomposition that

Q=2-diag(\1,...,\g) - E = YJg.Y'
Therefore, we need to show is that, there is an orthogonal matrix () such that both matrix }7@’ and
QJk,mQ' are non-negative.
To show the claim, note that by definition, there is a matrix @) € Q such that

(dnax {H(i,j) « H =2Q"(Q™) = Iic} = (am = /K, (D.12)

Recall that by definition, the first column of any matrix Q) € Q is eq. It follows

QJx.m@Q = (am — Deoey + I — 2Q™(Q™Y, (D.13)
where since ey = K 1, the right hand side is
A — 1 m m
(—K)lKl’K — 2@ Q™) — Ik]. (D.14)

Combining (D.12)-(D.14) shows that the matrix QJx ,, Q' is non-negative.

At the same time, note that
Qe1 = e,
where e; = (1,0,...,0)". Recall that r; € RX~! and
ri(k) = Ekt1(1) /&1 (4), 1<k<K-11<i<n.
Also, recall that Dy = diag(|Az2|, ..., |\k|). By (D.10),

§i o< [1,71]D"Y? = [\/A1 Jam, 7, Dy/?].

By basic algebra, for any 1 <7 < n,
(G, e1)| 1

I5:ll - \/T+ (am /M) Dors”




where by the condition of Theorem [2.3]
amriDors < A1 /(K —1). (D.15)

It follows that -
(@i, e

15l

1-1/K.

Combining this with Qe; = e,

(@di-co)l _ Q- Qen)l _ |Giedl 57—z

1Q: | 1Qu:| lgall - —

By Lemma Q7; falls in the first orthant. Since this holds forall 1 < ¢ < n, ?Q’ is non-negative.
This finishes the proof of Theorem 2.4}

E Proof of Lemma 3.1 and Lemma

Recall that D = diag(|\1], | A2, - - ., |Ak|) and Dy = diag(|Az|, ..., |Ak]). Similarly, define
H = diag(\, Ao, ..., Ag),  and  Hy = diag(ha, Mg, ..., Ag).
It is sufficient to show
o If \i(G) < coAk(G) for a constant ¢y > 0, then as n — oo, the two conditions of
maxo<k<i{|A\/A1|} = 0 and maxo<p< i {| Ak (P)/A1(P)|} — 0 are equivalent.
o If \1(G) < oAk (G), thenforalll <i < mn, |r;]| < CM(Q).

e B =diag(h)[1k,V], P = BHB', P(k,k) = b3(k)/[\ + v,Hovg], 1 <k < K, and b,
is an eigenvector of PG with \; being the corresponding eigenvalue.

e If (Y, P) are non-negative, then first, PG is an irreducible non-negative matrix and b; is
the Perron vector (so all entries of by are strictly positive). Second, all rows of r; lives
with a simplex with vy, ve, ..., vk being the vertices. Last, if A1(G) < coAk (G), then
M(©Q) < maxi<p< i {[|b1]]/b1(K)}.

Consider the first bullet point. It is sufficient to show

o if maxocp<k{|A\e/A1]} — 0 then maxo< i< i {| Ak (P)/ M (P)|} — 0,
° ifmaXQSkSK{P\k(P)/)\l(P)H — 0 then maszkSK{\)\k/)\ﬂ} — 0.
Consider the first item. Recall that B = G~/2Q for a K x K orthogonal matrix @, and G is a

positive definite matrix satisfying
AM(G) < CAk(G). (E.16)

Recall that B = [by, b, ..., bk]. Write Q = [q1, g2, - - ., qx] and let
G=UDU’
be the spectral decomposition of G, where U € R*¥ is orthogonal and
D = diag(A1(G), A2(G), ..., Ak (G)).

It follows
B=G'?Q=UD"?U'Q, b =UD'?Uq,.

Therefore, by (EI6),

IB| = IG2Q| = IG72| < 1/\/ Ak (G), (E.17)
andfor1 < k < K,
bu]2 = [UD~ Y20 qi|1% = uUD ' U'q = (1 /2@ U'a]l = LA (G).  (E.18)

Now, using the first bullet point, we write

P=BHB = B-diag(\1,...,\g) B = Py + Py,



where
Py = B -diag(\,0,...,0)- B, P, = B -diag(0,\a,...,\x) - B'.

Note that
Py = A\bibf,
where A\; > 0. Therefore,
I A S1 /[ %] k=1,
Ak(PO) - { 0, 2< k < K. (E~19)
By Weyl’s theorem [[1], forany 1 < k < K,
[Ak(P) — Ak(Po)| < [|Pall,
where by (E.I8),
< . .
1P < 18] - max {17}
Therefore,
(P) — < - . .
Ak (P) = Ak(Po)| < (1/Ak(G)) {QISY;%XK}{IM} (E.20)
Combining (E.19)-(E.20) with (E-13),
> 2 _ . > _
M) 2 Ml = (1/3(G) - max (IMl} 2 (/AR(G)ION = max [N}
and
< . <k<K.
M(P)| < (1/0e(@)) - max {INl}),  2< k<K

Therefore, if
(1/2) max (0]} =0,
then A\ (P) > 0 and
(/M (P)) mas (AP} = 0.
This proves the first item.

The proof of the second item is similar, so we keep it short. Let P = UDU’ be the spectral
decomposition of P, where U is a K X K orthogonal matrix, and

D = diag(A(P),..., Aa(P)).
Combining these with P = BHB’ and B = G1/2Q,
H=B"'U'DU'(B™') = (Q'G'*U")D(UG'?Q).

Recall that
H = diag(A1, ..., Ak).

It follows
diag( M1, ..., A\g) = (Q'GY2U") - diag(M(P), ..., Ax(P)) - (UGY2Q).

The remaining part of the proof is similar, so we skip it. This completes the proof of the first bullet
point.

Consider the second bullet point. Recall that
E=[&,...,{x] =YB, ri(k) = &er1(0)/61(k), 1 <k <K -1,1<i<mn,
and that Y = [y1,y2,...,yn) and B = [by, ba, ..., b,]. We have
ri(k) = yibi+1/yibr.
By definition, y;b1 = ||y:|]|b1]| cos(e;), so
l[yilll1r-+1]l 1 [lbrgall

| < = :
lyillllba Il cos(e)| [ cos(as)| [|ba

|ri(k)



By (E.I8),

1681

= 1.
[[1]]

Therefore,
[ri(k)| < C/|cos(a;)| < CM(Q).

Since K is finite, the claim follows. This proves the second bullet point.

Consider the third bullet point. The first item follows directly by definition of V. For the second item,
recall that

(1]

=EHZ =YPY/, and =YB.

Combining these gives
YBHB'Y' =Y PY’,

and the claim follows since Y is full-rank by our assumption.
For the third item, we combine the first two items, and it follows that
P = BHB' = diag(b))[1k, V]H[1g, V] diag(b) = diag(b1)[M1x 1 + VHoV'|diag(b).
Recall that
V = [v1,ve,...,vk]"

Forany 1 < k < K, comparing the k-th diagonal entry of the two matrices, P and A\1b1b} + V Hy V',
it follows that
P(k, k) = b3(k)[M + v}, Houy).

This proves the third item.

Consider the last item. By basic algebra, the set of all nonzero eigenvalues of the matrix Y PY”’
are the same as the set of all nonzeor eigenvalues of PY’Y or PG. Since PG is non-singular, the
eigenvalues are A1, ..., Ax. ByE=[&1,...,{k] =Y Band B = [by,bs,...,bk]|, we have

& = Yby.
Since &; is the eigenvector corresponding to Ax, so on one hand,
Aok = ApY by,
and on the other hand,
M = Q€ =Y PY'&, = YPY'Yb, = Y PGy,
Combining these and noting that Y is full rank,
PGby, = A\iby.

Therefore, by, bo, . . ., by are singular vectors corresponding to A1, ..., Ax. This proves the last item
and completes the proof of the second bullet point.

Consider the last bullet point. Consider the first item first. Since Y and P are non-negative, PG is
non-negative. Also, the matrix PG is also irreducible since €2 is irreducible. Since b; is the Perron
vector of PG, all of entries are strictly positive.

Consider the second item. Fix 1 < ¢ < n. Since (2 is irreducible, y; # 0. Introduce a weigh
vector w; € RE by w; (k) = y;(k)bi(k)/(yib1), 1 < k < K. Recall that V (5, k) = br11(5)/b1(5),
1<k<K-1,1<j5 < K. Wehave

K

(k) = L0 sz (besa()/01(5) = 3 wili)V (G k).

j=1

Therefore,
ri = w,V,

and r; is a convex linear combination of the K rows of V. This says r; fall within the simplex with
v1, V2, ...,V being the vertices. This proves the second item.
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Consider the last item. Note that for any 1 < i < n, y; # 0. Otherwise, if y; = 0 for some 4, then
Q(i,7) = Q(4,4) for all 7, and £ is reducible. Now,

(yi’bl)
cos(oy) = ———_.
@) = Tyl

Without loss of generality, assume ||y;||; = 1 since y; is non-negative vector. It follows

lyill =

K
> (k) < Vlwilly = 1.
k=1

Therefore,

|cos(ei)l = min, {b1(B)Hgilln/Clyillball) = xain {61 (k)/llbx ][}

This proves the last item and completes the proof of the last bullet point.

F Comments on how to find (Q, yy) in Theorem 2.1 numerically

Given Q =Y Jk ,, Y’ asin Theorem an interesting question is how to construct a () numerically
when condition (2.9) of Theorem 2.1 holds for some yo. The proof of Theorem [2.1|relies on a specific
construction of Q (see the proof of Theorem [2.1] especially Lemma[A.3]|for details) as follows.

e Let ()1 be the K x K orthogonal matrix with the form of
_ | Qo O . B
Q1= 0 I , the first row of Qg is (yo(1), ..., yo (K —m)).

e Let Qo be the K x K orthogonal matrix with the form of

Ql - [60»(]1a .. '7qK7m717h'17h'27' . °7hm]7 €0 = (1/@)(1a ]-7' L) ]-)/a

where fork =1,2,...,m,
1/V2, i=2k—1,
0, otherwise.
o Let Q@ = Q2Q1.

Therefore, numerically, all remains is to decide the remaining rows of ()y and the remaining columns
of (2, both can be solved quickly by basic algebra, since K is usually small.

A related question is how to check whether there is a vector yg € Sk, such that condition (2.9)
of Theoremholds. Recalling that Y = [y1,y2, . - ., Yn]’, possible candidate are yi, 1 <i<mn,

where )
yi(k){o, k> K —m.

The y; constructed this way belong to Sk ,,,. Now, without loss of generality, assume y; # 0 for all
1<i<n.Foreachl <s <mn,let

Us = max {[(yg, yi)l/ (lallllys1)-

1<i<n

If max;<s<n{Us} > /1 — 1/K, then condition lb does not hold and it is unclear if the NMF

problem is solvable for Q. If max<s<,{Us} > /1 — 1/K, then condition || holds with yg = y};,
and the NMF problem is solvable.
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