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A Lower Bounds
A.1 Oracle Lower Bound

Theorem 3 (Oracle Lower Bound). Let 7 denote the stopping time for any (0, 6)-PAC algorithm for
pure exploration in safe linear bandits. Then

HZ”A(,\) 1 ||Z_Z*||,24(A)71 ||Z*H124(A)71

— s - min max < max min , , .
log 745~ Aedx {zezw {p(—Asafe< D pAR))? }<z:u*—a>2}

Comparing Complexity with Theorem In the single-constraint setting, the complexity of
BESIDE reduces to

(2l

z - log
C -sup inf max | HA()\) '
e N€lx 2€EZ (\Asafe( )+ p(Af(z +*)

2 — Zs log| |
+ C -sup inf max H HA(/\) ! %) + Coy

e AEDx 2€2 (p(—Agure(2)) + P(A¥(2)) + 7€)

Consider the case when A¢(z) is “smooth” in €, in the sense that Ag(z) > A(z) — €. This condition
corresponds to the case, for example, where z, has a large safety gap (in which case we simply have
A¢(z) = A(z) for moderate values of €), or where z, might have a small safety gap, but where there
are arms placed at even intervals so that, as we let the safety gap get smaller, we are always able to
find better arms. Under this assumption, the complexity can be upper bounded as

, 12112 (5 - log(™E) , [EEEA log%)
C - inf max 5 +C - inf max 5
AELN 2€Z (lAsafe(Z)| +p( ( ))) ACLDx 2€Z\ 2 (p(_Asafe( ) )
m|Z zZ
1213 )1 - log(252h) Iz — Z*HA(A) ! log('f;')

. 5 +C - inf max 5 + Co
o B (D) + 9B B (o A2) 1 p(A)

which can be upper bounded as

2
m|Z|y HzHA()\)—r ||Z Z*HA()\) 1
Clog( 5 ) </\énAfX rzrleaZ},’( maX{Asafe( )2’ p(A(Z))Q} + )\énAfX zg%\z* max{p( bafe( ))Q,p(A(z))2} + CO.

While this does not match the lower bound of Theorem exactly, it scales in a similar manner. As in
Theorem we pay only for the larger of the optimality gap, p(A(z)), and safety gap p(—Agase(2))
(if the arm is unsafe). The primary difference between Theorem|3|and this complexity are the terms
in the numerator—in Theorem|3| the numerator scales as ||z — z. \Z‘ (x)-1 only if an arm is easier to

eliminate by showing it is suboptimal, while in our complexity it could scale this way in either case.

The primary difficulty in hitting the lower bound exactly is that Theorem is a verification lower
bound. It assumes knowledge of the best arm, and is told whether every other arm has smaller safety
gap (if the arm is unsafe) or optimality gap. It can therefore simply use this knowledge to focus all
samples on verifying an arm is either unsafe, or suboptimal.

In practice, we do not have access to such information. Without knowing whether it is easier to
eliminate an arm by showing it is unsafe or suboptimal, the best we can hope to do is to seek to
estimate both the safety value and reward value of every arm, until we have estimated one well
enough to show the arm is suboptimal or unsafe.

We conjecture that the lower bound of Theorem is loose, and that Theoremis nearly optimal.
We believe the gap arises because, as noted, lower bound proof techniques, such as those proposed
in |22], which is what we rely on to prove Theorem are lower bounding only the complexity of
verifying the optimal solution. In problem settings such as ours where the order matters—where we
will obtain a very different rate if we focus our attention on one arm versus another, to show it is safe
or unsafe—such techniques appear insufficient to obtain a tight lower bound. Indeed, we conjecture
that a “moderate-confidence” lower bound can be shown using techniques from |34], and that such a
lower bound may have a complexity nearly matching that of Theorem We leave proving this for
future work.
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Proof of Theorem[3] Following the proof of Theorem 1 of [13] and applying the Transportation
Lemma of [22], we have that any §-PAC algorithm must satisfy

1
> _
Z E[T,] > log 515
zeEX

1

- Inf -
AeAx MiN(g pyecy, Doper A KLV (0. ).illV(0,00).0)

there T, denotes the number of pulls to arm z, and C,};, is the set of alternate instances defined in
Lemmal4| As we assume that the noise is A/'(0, 1), and since the noise is independent for the safety
observations and reward observations, we have

1 1
KL(v(o, puy.illVo.w.i) = 5(%?(9* —0))” + 5(93?(/1* —p)?.

Some algebra shows that

1 1
> AKL(V(g, il V(0. 0).0) = §||9* — 0|50 + 5”#* — il
zeX

The result then follows by applying Lemmato compute

1 1
; 9 0* —0 y 5 * T 2 .
(07;1»n)le%alt 2” ”A(/\) + 5 [ H||A(A)

Lemma 4. Define the alternate set:
Cat = {(0,p) s.t. " 2" >} U{(0,p) s.2. 32 # 2%, 1" 2 <, 07 (2F — 2') <0},

Then the projection to the alternate is

. : PG =) p((2e = 2)T0.)° (2] e — a)?
min (|6 — 0.]% ) + [l — sl ) = min § min P LT ; P
(0,1)ECare 27z ||Z||A()\)71 |2 Z*HA()\)—l ||Z*||A(,\)*1

Proof. For each arm z the associated and we want to solve

. _ 2 - 9
(9;!1’3161(13&“ ”0 H*HZTE){ AgzaT + ||,U, M*Hzmex Az

To do so, we use that min,c 4up f(*) = minge(a, 5y Minges f(x) on the quadratic objective by
defining the sets

A={O,p)st.u'2z*>al, B={(0,p)st. 32 # 25,2 < a,0" (2" = 2') <0},
such that their union is A U B = Cys.

Note that we know from [29] that

T _ 2
mi (Z* Mo OL)

. 2 2
(e,u)relA ||0 - 0*||ZL€X Axx;c-r + ||:u - M*Hzme/\’ Amx;c-r

B ||Z*||§1(>\)—1 .

We now lift B to a set lift(B) that is defined as
f(B) = {[6, 1) st 32" £ =7, [0, 1) T[(=* — ), 0;0,2') < [0,a]}.

Thus we can focus on D, = {k € R?" s.t. A,k < b} where A, = [(z* — 2/),0;0,2'] € R?*?n,
Now we want to solve

min min |k — Kxllr,
z€Z\{z.} KER?" s.t. A k<b

where ' = I @ (3, cx Aoz ).
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Lemma 5. The optimal solution of

. |5 — Fx|lr
min —_—
KER2™ s.t. Ak<b 2

is ko = ke — T TVAT (AT PAT) " Ak, — b}, and the optimal value is
1
SP(Ak, = b) (A 1A p(Ak, —b),
where p(-) is applied element-wise to Ak, — .

This translate to
P:The — ) pl(z —2)70.)°
||Z||?4(A)—1 llz — Z*”?q()\)—l

)

. 2 2 o .
(01331613 I - G*HZzeX NoaaT T I = ’u*szex Aewa T gﬁlzr}f

and we get the desired result.
O

Proof of Lemma Consider the Lagrangian
1
L0 ) = 505 = K)ok = ) + a7 (A = b)

1
L(K' p) = §I€/TFI€/ + 1" (AK' = b+ Ark,)

minimized at k{, = —I' "1 AT ;. We have

max min £(x', p) = I;l;ié( %(F_lAT,u)TI‘(I‘_lAT,u) +u (AT YA — b+ Ar,)

u>0 K’

1
= max—iﬂTAl"_lATu +u' (Aky — b)

n=0

maximized at g = (AT YAT) ' { Ak, — b} where {[b1,bs]}+ = [max{b1,0}, max{bs,0}].
Plugging po back in the solution «{, we get the solution &g

Ko = ks — D PAT(ADTYAT) Y AR, — b}

and the optimal value follows. O

A2 Proof of Proposition 2]

Proof of Proposition

Proof for 7'. Fix o € (0,0.1) and consider the following instance with m = 1:
X ={ei,ea}, Z={z1,22}, 21 =1[1/4,1/2], 2z2=[3/4,1/2+ q]
O, =e1, we=100,1, ~v=1/24«a/2.

On this example, 27 is safe and z5 is unsafe with Agape(22) = —ar/2.

Let A(A) = Ajere] + Aaegeq denote the design matrix. Then the allocation that minimizes X Vg

mas 12— #01 = ot
prr= A LV (CV S WL W
is
1 2
Y1 200 P 1120

Denote this allocation as \.

Applying the Transportation Lemma of [22], this implies that any -PAC strategy must have

1
E[T1KL(v g, ) 1lvo.0.0) + EITR]KL(vg, 0. 2]1V(0,0),2) = log SN
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forall (0, u) € Calt, where C,y; is defined as in Lemmal 4| If a learner plays \for T steps, they will
] =

have E[T 1E[T], E[T3] = 2T In this case, the above can be rewritten as
E[T] > 1 !
08 55
240 MEL((o. ooy al[¥(0,0.1) + XKL (0. pu0) 2l1V(0.10.2)
1 1 2
0g = . .
2.45 |6, — 0%, 5y + e = ill% 5,

where the equality follows by the same calculatlon as in the proof of Theoreml 3| Take (0 1) to be

0 = 0., p=1[0,1 — 55;] and note that (0, ;1) € Cay; since with this choice of 11, arm 27 is now safe.

Now,
«a 2« 2a3
s = pall 5y = ( )% = 5
) 1+2a” 1420 (14 2a)
This gives a lower bound of
1 2(1+2a) 11
E[T] > log — —————— >log —— - —.
T zlog 505 = a5 218545 o

This lower bound is for best-arm identification (e = 0), but setting o <— 2¢ — a for a arbitrarily small,
identifying an e-optimal, e-safe arm is equivalent to identifying the best arm, so this therefore holds
as a lower bound on (e, §)-PAC algorithms.

The upper bound on the performance of BESIDE follows trivially since by setting A\; = A2, we can
make the numerator in both terms of the complexity (1), and the denominator of each term will be
at least €2.

Proof for Z2. Fix a € (0,0.1) and consider the following instance with m = 1:
X ={e, e}, Z={z1,2}, 21=[1/2+a%/2,0], 2z =[1/2,0/2]
0. =11/2,0], p.=10,0], ~v=1.

On this instance, both z; and z- are safe, and z; is optimal.

The X YVsate design minimizes:

ax |22 N 1+2a+a? 1 +a2
max ||z s =maxy ————, — + —
zez AN A AN AN
Some computation shows that, for o small, the optimal settings are A\; = O(1) and A2 = O(«)

(where here O(-) hides terms that are o(«)). Denote this allocation as \. Following the same argument
as above, we have

2
+ s —

1
E[T] > IOg 9 A5 2 2
243 . 0P, I
for any (u,0) € Cay. Let 0 = [1/2,2a] and note that (u., 6) € Cayy since zo is now the optimal arm
with this 6. We then have

16 = 61, 5, + lte — ul2 5, = O(0®)

E[T }>Q<a 1og(1S)

This lower bound holds for the best-arm identification problem, but setting o + v/2¢ — a for a
arbitrarily small, finding an e-optimal arm is equivalent to finding the best arm, so the lower bound
applies in that setting as well.

which gives a lower bound of

To compute the sample complexity of BESIDE, we note that Agafe(21) = Agafe(22) = 1, so the first
term in the complexity is negligible. We also have that A€(25) = a?/2 = O(e) for € < 1. Thus, the
second term in the complexity scales as

~ z2— 2% 1 - logl/é - 4 2 )
0( inf max | lao gl/ )o( of (@ At at/ ) 1og1/5)

NEAx 2,2 €2 €2 AeAx €2
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B Robust Mean Estimation

In order to form estimates of z "6, and z T 4.4, we will rely on the RIPS procedure proposed in [6],
instantiated with the robust Catoni estimator [8].

Catoni Estimation. The robust Catoni mean estimator proposed in [8] is defined as follows.

Definition 2 (Catoni Estimator). Consider real values X1, ..., Xp. Then the robust Catoni mean
estimator, cat, [{X;}7_,], with parameter o > 0 is the unique root z of the function

log(l+y+y?) y=>0

T
rxaT — _ —
fonlss OEN ) = D0, =2)) for venls) = {08 V) 02

The Catoni estimator satisfies the following guarantee.

Proposition 6. Let X1, ..., X1 be independent, identically distributed random variables with mean
¢ and variance 0 < oo. Fix § € (0,1) and assume T > 41og(1/6). Then the Catoni estimator

cat, [{ Xi}1_ ] with parameter
[2log1/0

satisfies, with probability at least 1 — 26,

lcata [{ X }q] — ¢| < \/SUQI;T/‘S.

Notably, the estimation error given by Proposition@ scales only with the variance of the random
variables, and not with their magnitude.

Robust Inverse Propensity Score (RIPS) Estimator. We apply the Catoni estimator with the RIPS
estimator of [6]. In particular, consider running the following procedure.

Algorithm 3 Robust Inverse Propensity Score Estimation (RIPS)

1: input: samples {(xs,7¢)}L, for x4 ~ X and r; = 07 x; + wy, active set ), confidence &

2: Foreachy € Y, set WY < cato[{y " A(X) " @r¢}{,], for a chosen as in {6) with § + ﬁ,
and A(\) =Y,y Apzz |
3. Set
> : 0Ty — WY
f = argminmax ————.
0 ved  |lyllaoy-1
4: return 0

We have the following guarantee on this procedure.

Proposition 7 (Theorem 1 of [6l). If T > 4log 22\, then with probability at least 1 — 6, for all

z € Z, the RIPS estimator of Algorithm returns an estimate 0 which satisfies:
8log(2|Z]/9)

[y 0= 001 < yllay - -/ — =

The use of the RIPS estimator allows us to avoid sophisticated rounding procedures often found in the
linear bandit literature. Note that the RIPS estimator can be computed in time scaling polynomially
in|Y|,d,and T.
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C RAGES

A note on constants. Throughout our algorithm definitions, in both this section and the following,
we use generic constants rather than precise numerical settings, and carry these generic constants
through our proofs. At various points in the proofs, we require that these constants satisfy certain
constraints. The following result shows that there exist suitable settings for all constants such that
these constraints are satisfied.

Lemma 8. There exist settings of Cq, Cb, Cd, Ces Cf; Ce, Cgs C1, C2, C3, C4, CA and cq such that Equations
(1), (18, (15, {16}, (17, (18). {19, ). 5h, ant 3 are sarisied, and
c3(1+¢y)

<02, ¢,<02, ¢ >0.0001.
1-— C3

Proof. First, note that in addition to the conditions listed above, we must also have
a1 <ecyp, 3(ca+ce) <eca.

Furthermore, by Lemma it suffices to always take ca = 3¢g + 3¢ — ¢4. Direct computation then
shows that the following settings suffice, up to machine precision:

c1 = 0.05978841810030329
co = 0.0600087370242953

C3 = 0.1

Cq = 0.1

cq = 0.0013004532984432395
cp = 0.41043329378840077

cqg = 0.01

ce = 0.01

c. = 0.0014065949472697806
¢y = 0.178

Cf=20C1

Given these settings, we can bound

c3(1+¢q)

<0.5.
1-— C3

O

C.1 Preliminaries

Assumptions and Definitions. Forally € ), ﬁsafc(y) > —cae. We will also assume that Y C X.
We define

y, = argminy ' 0,
yey

and

We will take v = 0, so we set A(\) = > -y Agza’.

C.2 Algorithm and Main Results

At a high-level, RAGES attempts to estimate the difference between the performance of each z € Z

and the best y € ). The safety gap estimate, ﬁsafe(z), acts as a regularizer: if ﬁsafe(z) < 0, then
we do not seek to estimate the gap of z with as high accuracy, since we can already eliminate it by
showing it is unsafe. The proof in this section follow closely the proof given in Section 6.4.4 of [17].
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Algorithm 4 RAGE®

1: input: active set Z, optimal set ), tolerance ¢, confidence 9, safety gap estimate {ﬁsafe(z)} ez

2: Choose §jo arbitrarily from ), set A%(z) < 0 forall z € Z
3: for ¢ =1,2,...,[log(2/cye)] do

4. €p — % .9t
5: Let 7, be the minimal value of 7 = 27 > 41log UZIP2 Gych that the objective to the following
is no greater than c.¢;, and )\, the corresponding optimal distribution
~ 242
< < Iz = G130y - log(HF)
inf —cq *Asae Aﬂfl \/ ) .
Jinf max —ca (p(~Buare(2)) + pB(2)) + ) + -
6: Sample z; ~ A, collect observations {(z, 7, S¢.15- -, St.m) et
7: W {z—-2:27¢cZ}
8 0"« RIPS({(zs,m¢)}20, W, 22)
9: Set
~ 2@2
| = Gl log (M)
Jo <+ argminy 0" + 8 A >
yeY Te
~ 41222
=Tl los(UEES)

Ay) « (y—70) 70" +
Ty

10: return {ﬁf(z)}zez

Theorem 1. With probability at least 1 — 6, RAGE® will terminate after collecting at most

Mog2/cye] 2 I

Y - 42?1 ]

T DR e L L S og(ZF2) + 4llog 2T log(——5—%)
= €8x 2€Z (p(—Asare(2)) + P(A(2)) + €0)? e

samples, for a universal constant C, and will output estimates of the gaps ﬁ(z) such that, for all
z € Z,

A(2) = A < e (e+ pAE) +p(-Bare(2)))

C.3 Estimating the Gaps

Lemma 9. Let Eggre denote the event that for all £ and all z, 2z’ € X, we have:

4| 2|22
log ==;

Te

@ 0.7z~ ) S\/8||z By
Then Pr[Erace] > 1 — 6.

Proof. Since 7y > 4log w, we can apply Proposition to get that, with probability at least

1—3/20% forallw € W,

4|z|%¢0?
log ==—

(0° = 6.)Tw| < \/8||w||124(/\2)1 =
The result then follows by a union bound since
oo
) w2
— =—0<4.
Z 202 12—

=1
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Lemma 10. On Egpgee, for all z € Z and all ¢,

18%(2) = 07 (= = )| < 8ea (A (2) 4+ p(~Buase(2)) + p(A'T (@) ) +8(ee + ca + 2eaca)er.

Proof. By construction, we have that

4| 2|22
|\)

. . 1z — P12 , - log(
max —cq(p(—Auate(2)) + PR (2)) + €0) + — A

z€EZ ¢

< cq€yp.

This implies that, for all z € Z:

4|2|%¢?
I\)

llz — Yo 1||A(>\z) , - log(
Ty

~

< ca(p(—Asate(2)) + p(ﬁeil(z))) + (e + ca)er

On ERragre, we have

252
A o7 S| < 9 1og(4lz‘ /)
Bel) = 07 = G)| < 812 =Bl 0 - 2
log(12F5) log(“275)
-~ o~ 12 ~ 12 )
< \/16|yZ1 y[||A(>\e)71 - + 16||y£71 ye||A(,\[)71 7

~

< 8cu (P(~Buare(2)) + PR (2)) + p(=Buare() + PR ) + (e + caes

By construction we have that ﬁsafc(ﬂz) > —ca€e > —2ca€p, SO p(— Safc(y[)) < 2ca€p, which
proves the result. O

Lemma 11. On Egagre and the event that Al-1 (ys+) < cpeq, we have

A(Ye) < 6(ce+ ca(14cp + 2¢n))er

Proof. By the definition of g s and 7y, we can bound

T 2T IOg(4‘Z‘ 52)
0. (e = Ue—1) < (0°) (Fe — Ge—1) +\[8l1e = D155y - —

Te

T log(zl‘z| 42)
= min (@) (g = ) + |8y = G B B

yey T¢
2
N R ~ log(4‘zl ¢ )
< (0°) " (yx — Ge—1) + \/Sy* T
Ty
2
log(*2L7)
T ~ ~
S 9* (y* - yé—l) + 2\/8||y* - y€—1||124(>\2)_1 : -
By the definition of 7, and Ay, we have
2
- - 2 = Ge-1l1% )1 - log(AZEE)
Ce€r 2 ma‘x_ca(p(_Asafe(Z)) + ]J(Ae_l(Z)) + 6[) + A~
z€Z T
2
" - 192 = Te-1lP a1 - log(L2EE)
> —Ca(P(—Asate(Yx)) + p(AZil(y*)) +€0) + : j')e
2
@ < e — Ge113 5,1 - log(2ZE5)

> —ca(p(A7 () + (1 +2ca)er) + -
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® log(4ZL2)
= —Ca(1+Cb+2CA €+ ”y* y@ 1HA()\ y-t T
where (a) uses that Asafe(y*) > —ca€ > —2ca€y, by definition, and (b) follows by our assumption

on A‘~1(y,). This implies that

292
N 9 1og(4‘25‘ : ) < 1 9
Iy = Ve—1l% -1 - — 5, = (ce + ca(l + cp + 2ca))er

Combining this with the above we have that

0. (Yo — Y1) < 0. (yx — Te—1) + 6(cc + ca(l+ cp + 2¢a) e
Rearranging this proves the result. O

Lemma 12. Forall z € Z and all ¢, on the event Eg agre,
[B4(2) = A=) < o (e +PAR)) +p(~Buae(2)))
Proof. We prove this by induction. Assume that at £ — 1, for all z € Z,

B51(2) = AG)| < e (et +p(AE) +p(~Baare(2)) )
On Eragee and by Lemmal|T0]we can bound
Af(2) = A(2)] = |A%(2) = (R(2) = R(@0) + R(Gr) = R(y.))|
< [A%(2) ~ (B(2) = R@))| + A@r)
< 8cy (PR (2)) + p(—Buarel2)) + PR 5)) ) +8(ce + ca + 2eaca)es + AG).
By the inductive hypothesis, we can bound
PATH(2)) < (1+¢p)P(A(2)) + erp(—Asare(2)) + crer
p(A(G0) < (L4 cp)p(A@) + erp(—Bsare(Fe)) + cee-r.
By construction p(—ﬁsafc@g)) > —ca€ > —2ca€g, SO
A%(2) = A(2)] < Bea(1+ ¢p)p(A ( ) +8ca(1+ ¢ )p(Baate(2)) + (8eall +c5) + DA®G)

+ 8(cacs(1 4 ca) + cc + ca + 2¢4cn)es.
It remains to bound A(y¢) = R(ye) — R(y«). On the inductive hypothesis, we have that
B ) = A < e (e +P(AW)) +p(-Buarely)))
By definition, A(y,) = 0 and ﬁsafe(y*) > —ca€ > —2ca€p, which implies that ﬁ‘f‘l(y*) <
2¢c¢(1 4 ca)ee. It follows that the conditions of Lemmaare met as long as
2cs(1+ca) <o, (N
so we can bound A(gy) < 6(ce + ca(1 + ¢, + 2¢a))ep. Thus,
|AY(2) — A(2)] < 8ca(l+cp)p(A(2)) + 8call + cp)p(Asate(2)) + 8(cacs (1 + ca) + e + ca + 2caca)er
+ (8ca(1+cp) +1)(6(cc + ca(l+cp +2ca)))ee
which proves the inductive hypothesis as long as
8(cacr(l+ca) +cc+cq +2cacn) + (8o (1 +cp) + 1)(6(ce + ca(1+cp +2¢a))) < ¢y
8cqe(1+cy) <cy (®)
For the base case, we need to show that

A°(2) = A@)| < e (e + (A=) + p(~Baare(2)))

By construction A%(z) = 0 for all z, and p(A(2)) > 0, p(—Asage(2)) > 0. Thus, it suffices to
show |A(z)| < creo. However, by construction |A(z)] <1, and creo = 1, which proves the base
case. O
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C.4 Bounding the Sample Complexity
Lemma 13. On the event Egagre, RAGE® will terminate after collecting at most

Mog(2/cse)] I 2

Y - 4)2|%[log 21

C. )., nf max—— =~ vellagy» “log(UZ2) 1 8[log 21 ($)
o1 €8x €2 (p(—Asare(2)) + P(A(2)) + €r)? ’

samples, for a universal constant C.

Proof. If, for all z € Z,

[E *@\6—1”,24()\)—

> = =
 (Ca(p(—Asare(2)) + P(AT1(2)) +€) + ceer)?

we will have that the objective on Algorithm of RAGES is less than c.¢p. Since we can take the
best-case A € /Ay, and since we have that 7, will be at most a factor of 2 from the optimal 7, it
follows that

log(AZLE)

21z — Go_1 |4 01—
7p < inf max | AN

4| 2|2 02 4| z|%¢?
— — -log(==—) Vv 8log ==—
AELx z€2 (Ca(p(_Asafe(Z)) + p(AZ_l(Z)) + 65) + 6065)2

2012 = Ge-1ll% -
< inf max — AN ~10g(4|25|2£2) + 8log 4‘Z| e
AELx 2€2 (Ca(p(_Asafe(Z)) + p(AZ_l(Z)) + 6@) + Cceé)Q
s 412202 . . . 412|202
where the additional 8 log ==— factor arises since we always require 7, > 4log =—=3—.

We can upper bound
Iz = Ge1lloy-1 < 202 = gellZny -1 + 2lve = Te-1 )50 -1-

By construction, p(—ﬁsafc(gjg,l)) < 2cp€yp, so for any z, p(— Safc(y[ 1)) — 2caer <
p(—Agafe(z)). Furthermore, by definition,

AN Gee1) =0
50 p(A1(2)) > p(A* (Fi_1)). Thus,
. ||Z - §€—1||124()\)71
inf max — =
AELx 2€Z (cop(—Asate(2)) + cap(AFT1(2)) + (o + cc)er)?

< inf max = QHZ_y:HZ(A)il
- NEAX €2 (cop(—Asare(2)) + caP(AT(2)) + (ca + cc)er)?

2/|Ye—1 — y*||?4(/\)_1
(cab(—Asate(Fe-1)) + caP (A1 (Fe-1)) + (ca + Ce — 2¢aca)er)?
< inf max 4”ZA_ y*”i‘()‘)_l .
T AEAx 2€Z (cop(— safC( ) + cap(A71(2)) + (o + cc — 2cqcn)er)?

By Lemma|[T2] we can lower bound

A z2) > A2) — (e + p(A(2)) + p(—Baare(2)))

_|_

o)
caP(— Bsafe( ) + Cap(ﬁe_l(z)) + (Ca + e — 2cacn)er
> call — ep)P(~Buate(2)) + call = cp)p(A(R)) + (ca + cc — 2eaca — cacp)er
The result follows by combining these inequalities and as long as
ca(l—cy) > co, Ca + Cc — 2CqCA — CaCf > Cp. 9)
O

Proof of Theorem[I] Theorem(T|follows directly from Lemma|[T3]and Lemma[12]since, by Lemma
Eracee holds with probability at least 1 — 4. I
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Algorithm 5 Best Safe Arm Identification (BESIDE, defined with generic constants)

1: input: tolerance ¢, confidence ¢
2: Le < f]og(mﬂ, A(S)afe(z) — O,AO(Z) < OQOforallz € Z

3: for{=1,2,... .. do
2 —¢

4 € min{cs,ca}

// Solve experiment to reduce uncertainty on safety constraints

. 2

5: Let 7, be the minimal value of 7 = 27 > 4 log AmIZIE Guch that the objective to the following

is no greater than c.ey, and Ay the corresponding optimal distribution

4am| Z|0?
- N _ 2013 -1 - log (221
inf max —cg ( min |[AZC1(2)] + maxp(—AZ N (2) + p(ATH2) + e ) + \/ @

AEAx 2€2 J J T
6: Sample z; ~ Ay, collect 7p observations {(x¢, ¢, St.1, - - -5 Stm) fiieq
7 {E+m « RIPS({(z4,504) 121, 2, ﬁ) // Estimate safety constraints

8: ﬁsze(z) =2 |z a0 log(w) // Safety gap estimates

// Form set of arms guaranteed to be safe

safe safe

Vi {z €Z: 80d(min|ﬁj’€_1(z)\ + max p(—AZ 1 (2)) +p(3f—1(z)))
J J

+ 8(cq+ ce)er < ﬁiffe(z),w € [n]} UVe—1

// Refine estimates of optimality gaps
10: {A(=)}sez  RAGE (2, V0 e0, g2 {Buare(2)  ma; p(—AL, () }e2)

// Form set of arms guaranteed to be at most e-unsafe
11:

Vona = { =€ 2 8 (min |25 2)] + maoxp(~B5 (=) + (B (2)
J J
8lea + co)e — ege < Bl (2), v € ol

// Find e-good arm out of e-safe arms
12: {Aend(z)}zeycnd — RAGEi(yend, yend, €, (5)
13: return Z = argmin_ oy, A9(2)

D Safe Best-Arm Identification

D.1 Preliminaries

In general we want to consider multiple safety constraints, and let m denote the number of constraints.
In such settings, we will denote A’ . (z) the safety gap for safety constraint 1.

safe
Define

Al(z) =02 — min 6 y.
(z) =10, mnin 6,y

D.2 Algorithm and Main Result

Theorem 14 (Full version of Theorem . With probability at least 1 — 26, Algorithmreturns an
arm Z such that

270, > (z*)TH* —¢, Age(2) > —¢ (10)

and terminates after collecting at most

m 2
12112 5y - log(*E15)

(min |8, (2)] + ma B~ (2)) + (A% (2)) )

te
C- E inf max
= AEAx zEZ
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Le 81z log (1/e ))

2
1 Z— 24 1 - log(
+ Clog — - E inf max | HA ()~ +Cy
€ (T Aehx €2 (max p(— Ay (2 ))+P(A“( ) +e€0)?

samples for a universal constant C, Cy = poly log(%, |Z]) - log %.

D.3 Estimating the Safety Value
Lemma 15. Let Eguse denote the event that, for all {, z € Z, i € [m]:

i ) 10g(4m|2|€ )
2T = i) < 8l -
Then Pr[sate] > 1 — 6.
Proof. This follows directly from Propositionand a union bound, as in Lemma@] O

Lemma 16. On g, forall z € Z, i € [m], and all ¢,
Ae(2) = Mlarel2)] < 3eq (m;n A% ()] 4 maxp(-ALE (2)) + p@‘l(z))) +3(ca+ ce)er

Proof. By construction, we have that

m 2
12112,y - log(*E15)

Te

max —cq (mjn |£Z;fg1( )|+ maxp( Z;}e L) 4+ p(A1(2) + Eg) + < ce€y.
z J

This implies that, for all z € Z,

4m| Z|0?
||Z||,24(>\,3)—1 -1 g(f

< min cg| A% (2)] 4+ max cap(— A2 (2)) + cap(R1(2)) + (ca + co)ee
J J

Te

On Eate, We have

2
, | 2125,y - log(*E1E)
A (2) = Al (2)] < 4| 8—222
Ty
< minea| AL ()] + maxBeap (- AL (2)) + 3eap(A (2)) + 3(ca + co)er
which proves the result. O

D.4 Tying Together Safety Estimation with Optimality Estimation

Definition D.1 (Optimality Good Event). Let £, .. denote the success event of RAGE® when called
at the /th epoch, and Egagee 1= UgEﬁAGEE.

Lemma 17. On the event Ega50 N Eragre, We have that:

1. Foralll <.,y €Y andi € [m],y" pe; <.
2. Forall{and z € Z, A1 (z) < Al(z).

Proof. By Lemma[I6} we have that
AP (2) = 3cq [ min | AL (2)] + max p(— A (2) + p(AT(2)) ) = 3(ca + co)er < Alg(2)
safe d j safe J safe d e)tl = Pgafel<)-

Thus, if the inclusion condition of )y is met, it must be the case that A% ; (z

(z) > 0 for all 7.

The second conclusion follows directly since Vy—1 C V. O
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Lemma 18 (Key Estimation Error Bound). On the event Egu0 N Eraces, for all z € Z, ¢, and i, we
have

|£f(z) - ﬁf(z)\ <cs <ez —l—p(&e(z)) + mjaxp( Agafc( )))
B(2) — Al 0] = e (-4 p(EYE) + min AL (2] + maxp(- AL ()

Proof. We prove this by induction. Assume that the above inequalities hold at epoch £ — 1. On
Esate N EragEe» DY Lemma@ and Lemma@ we have

[A%(2) = Al(2)] < exler +p(A(2)) +maxp(-AJ5 (2)
[A%e(2) = Aluge ()] < caler +p(AT1(2)) + min AL (2)] 4+ macp(— AL (2))-

By the inductive hypothesis, we can bound

p(A“1(2) <p (ﬁe_l(z) +es(em1 +p(ATH(2) + m?XP(_Agafe(z))))
< (1+c3)p(AY(2)) + csepmy + max cap(— Al (2))
< (1+ c3)p(AL(2)) + 2cse0 + max csp(—A5(2))

where the last inequality follows since, by Lemma Al1(2) < Al 2).
Furthermore, again applying the inductive hypothesis,

Al (2) < Alu(2) + ealer + p(AT1(2)) + min | Ay, (2)] 4+ maxcp(— A (2))
< Ale(2) +2eae + eap(3(2)) + min ala o)+ max cp(— Al (%))
< Alage(2) + 2eaee + cap(A(2)) + 4] Alyge ()] + max cap (— A (2).
Similarly,

p(—AL(2) <p Late(2) + 2cqe0 + cap(Af(z >>+m;nC4\Asafe< >|+m]aXC4p(—A§afe<z>>>

IN

p <_ éafe( ) + Injln C4|Asafc( )l) + 20465 + C4p(55(2)) + m]a“xc4p(_Agafc(Z))

IN

P (— Al (2) + cal Adare(2)]) +2C46e+64p(54(2))+m;tXC4p(—Aiafe(Z))~

Note that if A ; (2) < 0, then

p(i 2safe( ) + C4|Asafe( )|) = p(iA;afe( ) C4Asafe( )) = (1 + C4)p(7A;afe(Z))

and if A ; (2) > 0, then for ¢y < 1, =A% ;. (2) + cs] AL, (2)] <0, s0

p(_ ;afe( ) + c4|Asafe( )|) =0= (1 + c4)p(_Aéafe(Z))‘
Thus,

p(-A5 () < (Lt ea)p(~Alug(2)) + 2eseq +eap(A(2)) + max eap(~ Al (2).
Combining these inequalities, it follows that

B(2) — Al 0] = e (-4 9B ) + min B2 )]+ (- B2 2

< co(l+2¢5+4es)er + (14 c3+ 264);3(82(2))
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+ 02(1 +c3+ 304) maxp( safc( )) + 02(1 + 04) InlIl |Asafc( )|

and
|Af(z) —

Al(2)] < erlee + p(A%(2)) + maxp(— AZLTH(2)))
< er(1+2eq)eq + er(1+ ea)p(Al(z )) + 1 (1 + 2e4) maxp(— Al o(2))-

This proves the inductive hypothesis, as long as

c1(142¢4) <3, a1+ 2c3+4eq) < cy. (11)
For the base case, we need to show that
1A%(2) = A%2)| < esfeo + p(A(2)) + maxp(~Ale.(2)))
|A%e(2) = Asate(2)] < caleo + p(A%(2)) + min AL ()] + m;txp(*ﬁiafe(Z)))

By construction, A(z) = A0 . (z) = 0. Thus, it suffices to show |A(z)| < cs€ and |Agage(2)] <
c4€9. However, both of these are true by our choice of €. O

Lemma 19. On the event Eage N Eracee, for all z € Z and all £, we will have

Al(2) > A(2) where A%(z) = max y'0,—2'4,.

YyEZ : eo<min; AL ¢ (y)

Proof. By definition, we will have z € )y if

8¢ (mjm AL ()] + maxp(— AL (=) + p(ﬁ“w) +8(ca + cJer < AL (7).
The following claim allows us to obtain a sufficient condition to guarantee z € ).
Claim D.1. On the event Eape N ERagre»
min |AJE ()] + maxp(—A%E () + (AT (2))

< 2(es + 2¢a)er + (1 + ¢34 2¢)p(A(2)) + (1 + 2¢4) mm |Asﬁe( 2)| + (1 4¢3+ 2¢4) maxp( Agafe(z)).
Proof of Claim[D.I| By Lemma|T7]and Lemma|T8] we can bound

j -1

min| AL (2)) < (14 c) min |ALgo(2)] + 2ca60 + eap(A(2)) + camaxp(— AL, (2))
J J

max p(— AL (= ))_(1+04)mjaxp( A]

safe safe

(2)) +2eae + cap(A(2)) + ca min | AL e (2)]
PATH2)) < (1+ es)p(A8(2)) + 2eser + s maxp(~ AL (2)).
The claim follows by summing these upper bounds. -

Thus, by Claim we can bound
3cq (mjin AL ()] + maxp(=ALE (2)) + p(ﬁé‘%z))) +3(ca + co)er

< 3(ca + e + 2cqcs + degeq)er + 3cq(l + c3 + 2¢4)p ( ( )
+ 3cq(1+ 2¢4) mln |A o (2)] + 3ca(l + 3 + 2c4) maxp( Al (2))-

Furthermore, by Lemma

A=) — e (ee +p(A () + min| Al (2)] + maxp(- safe<z>>) < RE (2)
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It follows that a sufficient condition for z € )y is

(3ca + 3ce + 6cqcs + 12¢4cq + ca) (62 + P(gz(z)) + mm |Asafe( )|+ maxp( safe(z))>

< Asafe( ) Vi e [m}
(12)

If yo = argmax,c z . ., <min, A/ () y ', isin )y, then we are done. Assume then that i, & ). By

construction, since A%, ;. (y,) > 0 for all i, max; p(ngafe(z)) = 0. Using that is a sufficient
condition for inclusion in )y, this implies that

Fie€m] st (3cqg+ 3ce + 6cqcs + 12¢4¢4 + ¢4) <eg + p(ﬁe( ) + n’lln Asafe(yg)|) > AL (o).
which implies
e ml st (3ca+ 3eo + 6cacs +126acs + ca) (0 + p(A (e)) + | AL (v)]) > Alagelye).
(13)
By construction, though, A% . (y¢) > €. If we assume that
3cq + 3ce + 6cqcs + 12¢cqcq + ¢4 < 1/4, (14)

then can only hold if p(A%(y,)) > 0. This implies that maxyey, y' 0s > y/ 0.. Thus, in this
case,

Al(z) =maxy 0, — 20, >y 0, — 270, = A%(2)
ISNY

which proves the result. 0
Lemma 20. On Egapc N Eragee, for all z € Yeng we have
éafe( ) > —Cg6, Vi € [mL
A;aLffe( ) (3Cd + 3ce - Cg)e, V'L S [m}

Furthermore, z, € Vena-

Proof. Recall that

Vena = {2 € Z :3ca (mm AL+ max p(— ALl (2)) + p(A (Z)))

+ 3(ca + ce)e — cge < Abte (2),Vi € [m]}

safe

On Egate, We have

ALi(2) < Dlage(2) +3c (minlﬁigfz(z)l + maxp(~A% (2)) +P(5“(Z))> +3(ca+ce)e
J J

so it follows that if z € V.4, then

—Cg€ = < Abafe( )

To see that z, € Yend, note that by definition of Venq, using a calculation analogous to (12), a
sufficient condition for z € Ve, q i

(3ca + 3ce + 6cacs + 12¢qcq + c4 — ¢g)e + (3cqa + 3cacs + 6eqeq + c)p(A(2))
+ (3cq + 6cqeq + cq) mln \Asafc( )| + (3cq + 3cqes + 6cqeq + cq) max p(— Agafc( )
J

< Asafe( ) Vie [m]
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By definition of z, and since, by Lemma Lall z € Y, are safe, we have A%« (z,) < 0. Furthermore,
by definition we also have A7, (z.) > 0 for all j, so p(~A7 ; (z.)) = 0. Thus, assuming that

3cq + 3ce + b6cges + 12¢cqcq + ¢4 —cg <0 (15)
a sufficient condition to guarantee z, € YVenq 1S that

(80(1 + 16CdC4 + 04) mln |Asafe( )| < Ai‘afe(z*)? Vie [m]

However, as long as
3cq 4 6cqes +c4 <1, (16)

this is true, since by definition A’ _; (z.) > 0. O

D.5 Algorithm Correctness and Sample Complexity

Lemma 21 (Correctness). On Egate N Eragre, We will have that

c3(1+¢g) i

270, > (2,) "0, — €, cafe(Z) = —cg€, Vi € [m).

1—(33

Proof. We choose Z to be any z € Y.nq such that ﬁe“d( ) = 0. By Lemma|20] we have that
Al (Z) > —cyeforalli € [m]. If Aend(2) < 0, we are done, since by Lemma (20| z, € Vend, s0
270, > (2.)70,. Assume that A°™ (%) > 0. By Lemma we have that

Aend( 2) < 63€+63P(Aend( 2)) 4¢3 mjaxp( gdfe(z))‘

By Lemma since Z € Yend, p(fAzafe( Z)) < cqe for all 7, so we can bound

Ae“d( Z) <c3(l4cq)e+ cdp(Aend( 2)) = c3(1+cq)e+ 03Ae“d(2).
We can rearrange this as

cs(1+ Cg)e
1—(33

&end (2) <

which proves the result, since, by Lemma. 20 A°(2) = maxyey,,, Yy Ox — 2 0, > (2:) 00 —
e 0

Lemma 22. On Egagee N Esate, the total complexity ofAlgorithmis bounded by

e 121 ) _log(44m|62|ej) 4m|2\,
C- Z /\inAf max 5 + 4 log(—5—=)
S z
=AY EED iy [0, ()] + mas p(— AL (2)) 4+ p(A 1 (2) + €4

for an absolute constant C.

Proof. Applying the same argument as in Claimbut in the opposite direction, we have
N 0~ NE
mjmlﬁiafcl(z)l +max p(~ AL ) +p(ATH(2))

safe
> —2(cs + 2ca)ee + (1 — c3 — 2c4)p(A’(2)) + (1 — 2¢4) min AL (2) 4 (1= c5 — 2c4) max p(— AL, (2)).
J
We assume that c3, ¢4, and ¢q are chosen such that

1-— 203 — 404 Z Co, (17)

which allows us to bound:

Am|Z|6?
(AmEE)

2
N z _
inf max —cg (m1n|Ag;[f;1(z)| + maxp(— Ag;ﬁe 1( ) +p(A€_1(2)) + 64) + \/H ”A()\) !
AEAy zEZ J
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log(AmIZIE)

2
: A - z .
< inf max —cqco (m_in |A7  (2)] + maxp(—AL . (2)) +p(ATH(2)) + ez> + \/ Faoy
J J

AEA X 2€EZ T
It follows that if, for all z € Z,
||ZH,24(>\)—1 4 2
m|Z|¢
T > log 3

= . ) — 2

(Cdco ming [AL g (2)| + caco max; p(=Af, 5. (2)) + cacop(A~1(2)) + (caco + Ce)€e>
we will have that this is less than c.e,. Since we can take the best-case A € Ay, and since 7 is
always within a factor of 2 of the optimal, it follows that

4m|Z|¢
2H2H2A()\)—1 -log %

<
= ,\glAfX meazx . j J ANl—1 ?
(cdco min; [A? . (2)] 4+ cqaco max; p(—A7 . (2)) + cacop(A~1(2)) + (caco + ce)eg)

+ 4log 74”1'62'42

The result then follows by summing over epochs and lower bounding A¢~? (z) by A~1(z) using
Lemmal|19| and assuming that

CqCo + Ce > Cg. (18)

O

Proof of Theorem By Lemmawe have that &,¢ holds with probability at least 1 — §. By
Lemma [9] we have that £, holds with probability at least 1 — &/(4¢2). Tt follows then that
Esate U (UpEf sape ) holds with probability at least

5
1—5—247221—26.
¢

Assume henceforth that .o U (uzgﬁ Acee ) holds. Equation 1| follows by Lemma The total
number of samples collected on Algorithm|1|can be bounded by emma It remains to bound the
total number of samples used by RAGE®.

By Lemma at epoch ¢ RAGE® will collect at most

2 o 4 €
2 . 12 = y2l1% -1 - log(HE I /e ) o Ao 21
CHOg ;] : )\glAf gleag,’{ 8]}5*1 E‘f 5 + 8“0g ;] log(f)
pee x 262 (max; p(—AL " (2)) + p(AL(2)) + e)

samples, where y¢ = arg max,y, y .. Assume that max; p(—A7 . (z)) > 0, then we can upper
bound min; [A7 . (z)| < max; p(—A’

I fe J to(2)), and by Lemma|18|we can lower bound

safe

masp(=AZ (2)) 2 (1= 2e0) maxp(= A%, () — eap(A7(2) = eaerr.

Assume instead that max; p(—Agafe(z)) = 0. Then again by Lemma

maxp(—~A4 (2)) > 0 = maxp(~Alg, (2)) > (1 - 26) maxp(~ Al (2)) — eab(A7(2) = exeron.

safe safe
By Lemma it follows that
max (AL (2) +p(A(2) + e
J

safe
> (1= 2eq) maxp(= Ay, () + (1 - ca)p(Al(2)) + (1 — 2c4)ee.

By definition and Lemma [T7] and Lemma [20] for all ¢ including ¢ = end, we can bound
p(—A? . (y4)) < cye. Furthermore, by definition p(A(yf)) = 0. Putting all of this together,

safe
we have:

Z|%log*(1/e
e e wlRy - log(REEE)

Nebx 2€Z (max; p(—AL(2) + p(AL(2)) + €)?

safe
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< inf max 2 — 5115 51 - log(BELLE /)

NeAx €2 (1 — 2eq) max; p(—AL ¢ (2)) + (1 — ca)p(A(2)) + (1 — 2¢4)er)?
(8|Z\21%g4(1/6))

< inf max 2||z - Z*||,24(>\) , - log
T Xebx 2€2 ((1— 2¢q) max; p(—A7 L (2)) + (1 — ca)p(AL(2)) + (1 — 2¢4)er)?
(%)

4 inf 2[|z% — y*||,24(>\)—1 -log
AL (1 = 2eq) maxy p(= AL, (y9) + (1= ca)p(A4(y)) + (1 = 2¢5 — ¢g)er)?

2 4
4|z — 2, - log(8lE e (1/9)
< inf max | HA(/\) ! ( o )

Aebx 262 ((1 — 2¢4) max; p(fAZafe(z)) +(1- c@p(ﬁf(z)) + (1 —2¢c4 —cg)er)?

As long as

1—2c4 — ¢4 > co, 19)

summing over the epochs and lower bounding Ké(z) by A¢(z) via Lemma gives the result.
Finally, the settings of the constants follows from Lemma

D.6 Proofs of Corollaries to Theorem([1]

ProofofCorollary If m =1, g1 = 0, and v = 1, then we have Agape(2) = 1 for each z, and
A%(z) = A(z) for € < 1. The result follows directly from this and some algebra. O

Proof of Corollary We can trivially upper bound the complexity given in Theorem by
(&)

2012 -1 - log 12 = 2]l 51 - log (1))
C - inf max AN +C - Inf max A
AEAx 2E2 €2 AEAy 2EZ €2

z||? log(™El
O YAV
NEAx zEZ €2

+ Co

+ (.

In the case when X = Z, we can bound infye p , max,cz HZHZ( N < d by Kiefer-Wolfowitz [26],
which proves the result. O

E Computationally Efficient Optimization

Throughout, we will let R(z; &1, ..., &,) denote some generic weighted risk estimate of the form

R(zi&15- -5 6n) fo&,...,snﬂ{zwt) ve}

for some weights f; (1, ..., &,) and observations (u;, v;). The exact setting of R will change from
line to line—we simply use it as a stand-in for an objective that a cost-sensitive-classification oracle
can efficiently minimize. We will also use f(1,...,&,) to refer to some generic function (the
particular form of which is not important).

Lemma E.1. Consider some z,z € /3. Denote

W) £ W]
Tz R U

p)\(ha h/) = EUNV |:

and overload notation so that z =, _,, znh denotes the feature vector for the mixed classifier z.
Then,

- , 2(U) — z2(U))? 2
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Proof. Note that

N LrU) # WU} _ |hU) =R U)[] _ (h(U) — K'(U))?
e e o R
where the final equality holds because |h(U) — R/ (U)] is always either 0 or 1. Thus,

)
Z znzn pa(h, W) = Z 2nzn By {(}L(U)_W]

hiren nhren AU)/v(U)
_ Sonnen 2z (h(U) — W (U))?
S AU) /v(U)
> nwen 2hzn (WU) + 1 (U) = 20(U)R (U))
=B | AU f(0) | e
However,
S mmEh(U)= > znh(U) = 2(U), > znzwh/(U) =Z(U)
h,h'€H heH h,h/€H
and
> wEh(U)N(U) = (D znh(U)) (Y Zwh/(U)) = 2(U)Z(V).
h,h'€H heH h'eH
Thus,

_ (2(U) = 2(U))?

which proves the first equality. To prove the second, recall that [h], = v(u)h(u), so [z], =
> ne Zhlhlu = v(u)z(u). It follows that,

_ 32 _ v(u)? )2 —
which proves the second equality. O

E.1 Computational Efficiency of RAGE®
RAGE requires solving the optimization

. . - ~, _ log(2|Z|?| Al¢2/0)
min —e (p(—A A1 B 9
Aggx zlgi}; A Ca(p(=Asare(2)) + b () +eo) +allz = Gerllapy - + ot '

2n

Here we take 7 to be fixed, and recall that

. P~ SN ~ 2log(2| Z|?|.A|¢?/6)
— R (y) — R%(ye— 20|y — Go—1 |2y 1
o « arg min miy ¢ (y) = RY (Ye—1) + 2ally = Ye—1llan) -1 + ar

N log(2|Z|*|A|¢*/5)
oty ’

Al(y) « min 7 (y) — By (4e) + ally — el a1
Furthermore, ) will be a set of the form
el

Zl
Uyn=U { €Z i clex +p(AF 1 (2)) + m?ﬁp(—ﬁiﬁgl(z)) + min |AZEN(R)]) < ALK (h), Vi € [n}}
k=1 k=1 JEM j€[n

Recall also that

Ih = k[ = Evmw {

W) £ W) ] V(U ,
7= = oo Hh(U) £ K(U))

(OA(U)/10 + 1/10d) /v /10 + 1/10d

and
Te

R () = 3" T{h(u) # u}

T, wy +
i Wt

For z € Ay, we denote E‘;(z) =D hen zhﬁ‘g‘(h) and R(z; ) = >}, cy 20 R(h; «). Finally, we
assume that Agage(2) = minge 4 R(z; ) + f(a).
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E.1.1 Solving for 7,
Using Lemma we can write the optimization for g as

1 & U)?

. . . I{h( I{h n
glelfé}];gaiglelﬁTe;wtﬁ‘ };yh{ Uf Ut}Jrathe:Hth 1,h’ Z 9)\ /10+1/10d{ (U)?é (U)}
~ o~ log(2|Z|%|.A|¢2 /5
R + (2| O|ZT‘[ |t2/6)
‘We can rewrite
U)> 1Te—1llo]X]
I "( = T , ,
) yhy“hzw /10+1/10d{h( AN} =) u Y wil{h(w)# v}

h,h'eH heH i=1

for some weights w;. It follows that if ||gy—1]|o is polynomial in problem parameters then the
optimization for g, can be written as

min min min R(y; a) + f(«

kE[0] yEVr, ae A (y; @) + f@)
for R(y; ) a CSC loss over only polynomially many points (as well as linear in y and convex in a),
and f(c) convex in c. Note also that, for any y, we can upper bound R(y; a) < O(L + da). Here
V. a set of the form

z€ Ny znclen + p(A*1(R)) + max AZE=N(R)) + min Aj’kl zA”’C ),Vi € [n
{ H }LEZH h (k p( ( )) je[n]p( safe ( )) jelr ]‘ safe ) hEZH h safc [ }

y¢ will be the element in ), minimizing the, for the k achieving the minimum. The dual of this
problem has the form

min min min max R(z;a)+ f(a)
ke[l zeAy a€A p; >0,i€[n]

+Zm(Zzhc(ek+p<£k-1<h>>+maxp< BLE )+ min AT )] = 3 s B 0) )

i—1 heH J€Mm] J€n] heEH

Note that we can swap the min over « and z without issue. Furthermore, for a fixed p, the objective
is linear in z, and for a fixed z, the objective is linear in y. By the minimax theorem, we can then
swap the min and max to obtain the equivalent optimization:

min min  max Imn R(z; o) + f(a)
ke[l a€A pu; >0,i€[n] zEA

+Zui(Zzhc(ek+p<3’f-1<h>>+maxp< Al () + min |AZL (h ) = > Bl )

i=1 heH J€n] J€m] heH

We can simply enumerate over k and «, as there are a finite number of each of these constraints. For
a fixed k and «, to solve the inner maxmin problem, we can apply the approach proposed in [1]. In
particular, we alternate between running the exponential gradient algorithm for the p player, and
computing the best-response for the z player. The update to the p player is trivial, as the problem is
simply linear in y (in practice, as in [1], we will also upper bound the domain of y; by some value B,
to ensure this is finite).

Computing the best-response for the z player (with p fixed) is slightly trickier. Ignoring all other
parameters, which are all currently fixed, the minimization over z can be written as

Jnin Zn Z atl{h(us) # ot}
heH t

i=1 heH J€m] j€n heH

+ Zﬂz (Z th(ﬁk + P(ﬁk_l(h)) + maxp( Aggﬁe l(h)) + mln |Ag§e ' ) Z ZhAsafe >

= min zp ( Z aI{h(us) # ot}
heH t

zEAy
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+—§:caGk+4M3k_%h»—+nwxp( A;glan)+1nm\A;;](hn AL&Jh»).

i) J€[n] J€[n]

Now note that max;ef, p(—A2E"(2)) = SUPSen, 2ojeln] X;p(—=AZE1(2)), and similarly for

7,k—1
safe

min _ max _  min Z zh<Zatﬂ{h(ut) # ot}
t

ZEAU XINEN, heH N EL, heH | 5

# 3 et o8+ 30 KAL)+ 3 SALL 01 - Bl ).

i€[n] jE[n] J€[n]

min; |A (2)|. Using this, we can rewrite the above optimization as

We also have:
p(—AZET(2)) = max —BALETN(2), |ALLTN(2)| = max BALET(2).

safe Be[0.1] safe safe BE[-1,1] safe

So we can further simplify the above to:

min _ max _ min v max Z zh(ZatH{h(ut) # ot}

ZELU XIhEN, heH N2 €N, heH BY B €[0,1],857 €[~ 1,1),heH [ =7 Z
hAk— 1 1h ph. k 1 2h ph k—1 k
+Z%WWA =" XY AL (h ZAﬁ%%()MMW)
i€[n) J€[n]

Note that the objective is linear in 8 and )\2, and both have continuous, compact, convex constraint
sets, so we can swap the min and max to get that the above is equivalent to

min max max min Z Zn ( Z aI{h(us) # ot}
t

ZEAH XIhEN,, heH Bl By €[0,1],857 €[~ 1,1, he H X2h €Ay heH [ =5,
h/\kl Y1h ohi X ]kl N2h ohi N jk?l Nk
+ Z ci(ek —i_ﬁlA Z )\ B Asafe Z )\ B Asafe ( ) Asafe( )))
i€[n] j€[n]
We can write this in the form

min r;llagg(z AL B) (22)

for

g(z AL, 8) == min Z zn < zt: a{h(us) # o}

\2h
A2he N, ,heH heH

+ ) e (Ek + AR (R) = Y AT ALL (B Z N BT AL () — Al (h )))

i€[n] J€[n]
To solve this, we will apply a version of Frank-Wolfe that handles adversarial losses to the outer
player (see Section 4.2 of [15]), and will play best response for the inner player.

From the perspective of the outer player, at iteration ¢ of the algorithm given in [15], they must
optimize the function

fi(2) = g(z: AL B) = D znen(A], Bi)

heH

for some ¢, (AL, B;). Note that this is L = maxp, len(AL, By)| Lipschitz in the ¢;-norm, and that we
can bound this L for all ¢ by something like (’)( + da + n). The algorithm introduced in Section
4.2 of [15] computes the standard FW update

gt = argmin VFt(Zt)TZ, Zt41 = (1 — t71/4)zt + t*1/4zt
zEAy
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for

1 t
Fi(z) = Y Vi) Tz oz - zll3

T=1

for o, = (L/D)t~*/* for D = max., .,en,, |21 — 22/[1 (note that in that work, the function seems
to be Lipschitz in the /5 norm while here we use £1—this does not seem to change their result at all).
It is shown in [15] that running this procedure we obtain the bound, for any z € Ay,

T

> (filz) = fil2)) < 5TLDT**,

t=1

It follows that if we are able to compute z; efficiently, and if the max player plays best response (and
the best response can be computed efficiently), using analysis similar to that in [1], we can show that
an approximate solution to (22) will be found in a polynomial number of iterations.

Computing the Best Response for Xl, B. For the inner player, they must solve

Ipaxg(zt;xl,ﬂ).
)\1

Assume that IIZtllo < m for each t, and that ||z1]|o = 1. Then z; will be (mt + 1)-sparse, so the sum

in g(z¢; A!, B) will contain at most (mt + 1) values. Note that the optimization over 3" and A" s
completely independent, so to compute the best-response, we need to solve the following problem at
most (mt + 1) times:

max  max min Zcz(mk )= 30 NREYALLT )+ Y NBEALLT ().

Y h h
Athen, gh.B,7€[0,1],8;7 €[— 1,1] X2hen, icm jem jeml

The optimization over the first two terms is trivial and can be solved by enumerating. The third
term now is a maxmin problem, however, this can also be solved trivially as it is equivalent to

min e, |Aga]§e '(R)|. Note that each of these gap terms is themself the solution to an optimization

over a € A, but that can be solved easily for each (since there are at most polynomial of them), so
they can be regarded as constants.

Thus, we conclude that the best response for Xl, [ can be computed efficiently, assuming that

m is polynomial in problem parameters. Note that the values of 3" and A do not matter for
h & support(z;) do not matter to compute the best response, so we can set them to the same value
for all h ¢ support(z;).

Computing Z;. It remains to show that we can efficiently find a near-optimal Z; such that ||Z;||o < m.
The optimization for Z; will have the form
t

Z = argmmZVfT zT) z 4 20¢(z — zl)Tz
FISVARY) =1

for
[V (z0)ln = en(A, Br)
= min Za]]l{h (uj) # o0} + Z Ci <€k + Bl AR Z )\lh BINTEY ()

Ahen, i€[n] J€ln]
> AZ’%’”AZL H() - ALE(R))-
J€[n]
Let Cy C H denote the classifiers supported on z; and assume that z; is only supported on a single
classifier hg. Note from our discussion on computing the best-response for the Al and 0 player, we
have that " and A% are identical for all h ¢ C;. We can therefore rewrite the above objective as
(dropping the 7 subscript and denoting, e.g. 87 = S0 _, A1)

min Z Zh(zagﬂ{h uj) # 0} + Z ¢ (€k + B AR Z N BSALET ()

\2h
APREDR hEH heH\Cy i€[n] j€[n]
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- Y WAL 1) - A0)

JE[n]

+ Z (Zaj]l{h(uj) #o0;}+ Z ¢ (ek. + 5&8’@*1(@ _ Z )\lh hJAZ&l;e L(h)

heCy J i€[n] j€[n]

+ Z AZhBJJAga];e 1( ) A;akfe( )) + 2O—tzt) - 20t2h0.
j€ln]

We will focus first on the sum over H\C}. Note that A*~1(h) and AZE

safe

(h) are both of the form

min
acA 7 wy + «

Ih(ur) # or} + aZwt]I{h w) # o} + =

Given this, we can rewrite the minimization over the first term as (where the & correspond to the gaps
that have negative coefficients, which is where the max comes from):

min min min max Z 2n (R(h; ol @ N 4 f(a, N2 + g(al, XQh)>

2E€N3 \2h he Ak heH ahe Ak heH
HAZREN, heH @ a heH\C,

for R convex in «, and concave in ¢, f convex in «, and g concave in ¢, and all functions are linear

in \2. Normally A is a discrete set, but if we let ,Z be a continuous relaxation of it, we can rewrite
the above as

min _ max _  min min E zn | R(h; ™ @, N1 + £, N2 + g(@", A2y ).
z€Qq ahe AR heH \2hc A, heH o EAF heH hernC
t

To solve this we can again apply the FW algorithm of [15] with the max player playing best-response.
As before, as long as 3; (where 3; denotes the update for this inner optimization) is sparse, we can
efficiently compute the best-response for the & player, since we only need to compute it for h € 3.
The FW-style update will then have the form

min min min 2| R h;ah,&'h,x% + f ah,x% +g azh,X?h )
2€Au Rehe, heH ohEAR heH he%%ct ( ( k )+ ) (@ )
=  min min min_ R(h;a™, &l X" + f(a, X2") + g(@P, X"

N2he A, heH al€AR heH heH\C}

where the equality follows since we can always swap min, and since there will always be an optimal
solution supported on a single ~. We can solve the inner min using a CSC oracle that is able to
optimize over a set 1\ C}, and by enumerating A2 and o (since we can always find an optimal solution
supported on a single h, we can set th, o’ identical for all k and will arrive at the same minimum).

This will converge in polynomially many steps, and will produce some 3;» which is m-sparse (for m
polynomial in parameters). It follows that 3 is the near-optimal value for z; supported on H\C}. To
pick a final value for Z;, we can simply enumerate over the (polynomially many) h € C;, compute
their loss values, and then pick the minimum out of those and the value achieved by 3. This
procedure will always return some z; supported on at most polynomially many h, so m can be chosen
suitably to make the best-response of the max player efficient.

Putting all of this together, we can efficiently solve for 7.

E.1.2 Solving for )\,

We turn now to solving the optimization (21). Using arguments similar to what we have already
shown, we have that

(21) = inf max min RZ'a as,...,0p,B1,...,0
21 AeAx z€Z acA,az,..., ape.Aﬂl ..... /3m (z0 02, a9, B, fm)

2
+ 20 Z NG /10+1/10d}1{z(U) #21(U)} + fla,ag, ..., 0, B1, -, Bin)-
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As before, we can simply enumerate over all possible choices of « and 3. For a fixed setting of « and
B, to solving the inf over A, we can apply Mirror Descent. In this case we choose the mirror map to
be the negative entropy, which is strongly convex with respect to the ¢; norm.

Given this, to solve this in a computationally efficient manner, all we need is that the objective is
convex (which it is) and Lipschitz with respect to the ¢; norm. Let g(\) denote the objective of the
above optimization. By the Mean Value Theorem,

lg(\) — gV = Vg((L—c)A+ )T (A=)
for some ¢ € [0, 1]. So, for any A, = Ay, we can bound
lg(\) — g(\)| < ( sup ”Vg()‘/)oo> A = Xl
NeEAx

‘We have,

d v(U)? R
dt U;( ON(0)/10 + 1/10d + 9trg (010 A V) 7 21 (U)o

_ -\ (U)U(U)2 R
- Uze;c (9>‘(U)0/10 + 1/10d)2ﬂ{z(U) # Z-1(U)}

It follows that

sup [|[Vg(\)]loo < 100d?
NeAx

so we can apply Mirror Descent to optimize the above with computational complexity scaling only
polynomially in problem parameters.

E.2 Computational Efficiency of BESIDE

The primary computational cost of BESIDE is incurred by calling RAGE®, and solving the optimization
on Line @of Algorithm We have already shown that RAGE® can be run in a computationally
efficient manner. The optimization on Line@has a form very similar to the optimization we solve in
RAGES, so the same argument and solution approach (applying Mirror Descent) allows us to compute
the optimal distribution, Ay, here as well.

F Experimental details and additional results

F.1 Experimental details
All code was written in Python and run on a Intel Xeon 6226R CPU with 64 cores.

Algorithm [6|is the precise implementation of BESIDE using elimination. It largely resemble to
Algorithm|1| with the difference that it explicitly eliminates arms.

F.2 Additional results

We evaluate Algorithm|2|and the passive baseline on two other datasets. Recall that the passive
baseline selects points uniformly at randoms from the pool of examples X and then retrains the model
using the same Constrained Empirical Risk Minimization oracle (CERM).

Half circle dataset. We consider a two-dimensional half circle dataset, visualized on Figure
We report in Figuresandthe precision and (respectively) the recall obtained when varying the
number of labels given to each method. The confidence intervals are obtained over 25 repetitions.
We observe that Algorithm allows us to provide a classifier satisfying a given recall or precision in
far fewer queries. This is in line with the results of [[16] on One Dimensional Thresholds, where the
sample complexity of the active strategy is O(log(n)) while the sample complexity of the passive
strategy is at least of order n.
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Algorithm 6 Best Safe Arm Identification with Elimination

1: input: tolerance €, confidence §
1
2: be < [IOg(Z)-I’ Zz?ctive «— Z’ Zgife

3: for{=1,2,...,..do
4: 64(—2_£

«—0

5: Compute allocation X Vsar. on Z521 and sample from it 7y = O(X Viato (25l ) /€7) times
6: it RIPS({(z¢, s14) }121, 2, %)
7: Set Al (2) v —z"fi’ forall z € Z/ .1 and
24 =1 . N 0 -1 . AZ
Zactive = {Z € Zactive . Asafe(z) € [7647264]} Zsafe - {Z € Zactive . Asafe(z) Z 26@]}
. L 4 7l 7/ -1 ¢ -1
8: Zactive7 Zsafe — RAGE_ELIMG (Zaclive U Zsafe U Zsafe ’ Zsafe U Zsafe ’ €€>

9: Zfinal, § < RAGE-ELIM® (ZZ uzt 2zt U Zfafe,eg>

active safe’ “active

10: return Any arm in Zfp,.

Algorithm 7 RAGE-ELIM®
1: input: active set Z, optimal set )/, tolerance e

2 te < [log(3)], 20+ 2,00« Y
3: for{=1,2,...,..do
4. €p 2-¢
5: Compute allocation XYVg;g on (271 U Y*~1 Y*~1) and sample from it 7, = O(Z~1 U
VL Y1) J€2) times
6: 0° « RIPS({(x4,514)} 11, 2, %)
70 Set Af(z) + maxycyey' 0 — 2760 forall z € ZU Y and
Z={ze2"  Af2) <&} Vi={yed : Ay <el}
8: return Z¢, )¢
Half circle dataset Half circle Half circle
1.0000 - 1.000 -
£ * label 0 50.9975 — 0.995 ‘/
® 0 3 0.9950 — active 3 ‘ — active
"3 label 1 g £0.990
0.9925 passive passive
1 0.985
0.0 0.5 1.0 250 500 750 250 500 750
x feature number of labels number of labels
Figure 10: Half circle dataset. Figure 11: Precision Figure 12: Recall
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