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Abstract

Constructing a directed cyclic graph (DCG) is challenged by both algorithmic
difficulty and computational burden. Comparing multiple DCGs is even more
difficult, compounded by the need of identifying perturbational causalities across
graphs. We propose to unify multiple DCGs with a single structural model and
develop a limited-information-based method to simultaneously construct multiple
networks and infer their disparities, which can be visualized by appropriate cor-
respondence analysis. The algorithm provides DCGs with robust non-asymptotic
theoretical properties. It is designed with two sequential stages, each of which
involves parallel computation tasks that are scalable to the network complexity.
Taking advantage of high-performance clusters, our method makes it possible
to evaluate the statistical significance of DCGs using the bootstrap method. We
demonstrated the effectiveness of our method by applying it to synthetic and real
datasets.

1 Introduction

Study of causal networks described by directed cyclic graphs (DCGs) becomes increasingly popular
in a variety of fields, such as biomedical and social sciences [[10} [3]. Detecting perturbational
structures across networks sheds light on mechanistic dynamics, with promising applications. For
example, gene regulatory networks related to various types of cancer differ from that of healthy cells
in a complicated way and discovery of deviated regulations helps identify cancer-related biological
pathways and hence design target-specific drugs [23L[18]]. Interpersonal networks in social media have
become a favored way for people to get informed of breaking news and natural disasters nowadays.
Understanding their evolution over time may provide promising information to businesses, educators,
and governments [7]. However, the complex structure and large number of nodes impose challenges
on constructing even a single network, not to mention modelling and comparing multiple networks.

Structural models are widely used to describe causal networks and conduct causal inference [8, [15]].
With available instrumental variables (IVs) from genomic variations, many methods have been
developed to construct large causal networks of gene regulation by integrating transcriptomic and
genotypic data. For instance, Liu et al. [14] proposed to assemble driver-responder relationships
identified from local structural models, a formidable task due to enormous numbers of possible
driver-responder pairs. Cai et al. [4] developed a sparsity-aware maximum likelihood (SML) method
by putting ¢; penalty on causal effects. It may reach local maximum, leading to the identifiability
issue. Chen et al. S]] proposed a two-stage penalized least square (2SPLS) approach which allows
parallel computing and shows superior performance.
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To infer sparse differences between two large networks, Ren and Zhang [[16] recently developed a
parallel algorithm based on 2SPLS and achieved better performance than separately constructing the
two networks using 2SPLS. Zhou and Cai [25]] proposed a fused sparse SEM (FSSEM) method to learn
the differences through maximum likelihood inference of joint networks which is computationally
infeasible with large networks. Li et al. [13]] employed a Bayesian scheme in their method BFDSEM,
unrealistically assuming equal sample sizes from both cohorts.

To the best of our knowledge, there is no algorithm available for investigating causal effects varying
across multiple cohorts while identifying stable ones. In this paper, we develop a novel algorithm,
designed for parallel computation, to construct a unified structural model for multiple causal networks.
While each causal network may be depicted by a DCG, we deliver an analysis of variance (ANOVA)
of these networks to identify causalities that are different across networks as well as important
drivers and responders. Our algorithm is scalable in several aspects. Firstly, it is scalable to data
size including sample size and number of variables. It would still be efficient and powerful under
high dimension scheme. Secondly, it is scalable to the computational environment with its parallel
computation. The fast computation allows to attack a daunting task in studying multiple networks, i.e.,
calculating p-values via the bootstrap method and thus controlling the false discovery rate. Thirdly,
the algorithm is scalable to model complexity as it is able to infer causal networks beyond directed
acyclic graphs (DAGs), such as DCGs which are demanded to depict gene regulatory networks [[14]].

The rest of the paper is organized as follows. We first state the model and discuss its identifiability
guaranteed by available instrumental variables in Section 2] In Section[3] we present our proposed
algorithm ANalysis Of VAriance of directed Networks, termed as NetANOVA, and introduce mea-
sures to quantify an endogenous variable’s contribution as either drivers or responders. The theoretical
justification is shown in Section ] with detailed proofs in Supplemental Material. We demonstrate
the feasibility and promise of our algorithm with a large-scale simulation study shown in Section 3]
and a real data analysis to compare gene regulatory networks in healthy lung tissues and lung tissues
with two types of cancer in Section[§] We conclude the paper with a discussion in Section

2 A Unified Structural Model of Multiple Causal Networks

2.1 Model specification

We consider K pertinent causal networks, each for a cohort. For each, say k-th, cohort we have n(k)
observations in (Y *), X(®)) where Y*) is an n(¥) x p matrix including values of p endogenous
variables, and X (*) is an n(¥) x ¢ matrix including values of ¢ exogenous variables. Each variable is
assumed to have mean zero. For the k-th causal network, we consider each, say i-th, endogenous
variable is causally affected by other variables as follows,

RN 0

where ng) is the i-th column of Y¥), and ngi) is the submatrix of Y (*) excluding the i-th column.

The (p — 1)-dimensional column vector 'ygk) includes the direct causal effects of other endogenous

variables (drivers) on the i-th one (responder). The set Z; includes the indices of exogenous variables
that serve as I'Vs of the i-th endogenous variable so X(I]:) is an®) x |Z;| matrix including values of
corresponding IVs. Each IV has a direct causal effect on its corresponding endogenous variable and
can be identified through domain knowledge. q.’)(I]:) includes causal effects from corresponding IVs.

el(-k) includes disturbance errors which are independently distributed with mean zero and standard

)

i

deviation o
Pooling together equation (I)) for each endogenous variable, we model the k-th causal network as,

Y® = yEp®) ¢ XEFE) 4 k) )
which describes a DCG as shown in Figure T]

The p x p matrix I'(®) describes the causal relationships between each pair of endogenous variables
and has zero diagonal elements to prohibit self-regulation. The ¢ x p matrix ®*) encodes the
causal effects of exogenous variables on endogenous variables. The n(*) x p matrix €*) includes all
disturbance errors. We assume that both Y*) and X(*) have been appropriately centralized within
the cohort, so no intercepts are needed in the above model.
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Figure 1: DCGs of three causal networks. The nodes outside the shaded regions are exogenous
variables with IVs in light blue and confounding variables (unobservable U and observed O) in white
but disturbance errors are omitted. Causal relations in red differ across networks, and dashed ones
cannot be revealed by available data due to unobservable U or unavailable IV for Y.

2.2 A unified structural model

Many algorithms have been developed to construct a structural model for single causal network
[14 4L S]. We will show that, in the interest of comparing multiple causal networks, we can also
unify them into a single structural model and hence develop an appropriate algorithm to construct all
networks at the same time to deliver an ANOVA of multiple networks.

Suppose we have a baseline, say K-th, network and are interested in others’ deviation from the
baseline. We first reparameterize the causal effects of all endogenous variables in (I)) with

B =4 4 fork=1,2,... . K —1; B =4, 3)
Therefore ﬂEK) includes baseline effects and, for k # K, ﬂl(-k) includes deviated effects of k-th
network from the baseline. When it is of interest to compare the networks with each other, we can
similarly reparameterize to consider the deviated effects of each network from the average effects.

For any K sets of | x m matrices, say A; withi =1,2,--- | K, we define a matrix-valued function,
7’(iAla o 7AK) = (Al:Ka (dlag(A,{a e 7A,1};71)a Om(Kfl))T)7
where A;.x is constructed by stocking A1, ---, Ax row-wisely, and Om(x—1)isa m(K — 1)-

dimensional column vector with all elements zero. Further denote
Y, = (YQ)T vyOT Y(K)T)T

K3

Bi = (ﬁq(;K)T7/61(‘1)T7ﬁE2)T7 e 7/6£K71)T)Ta

nTr 2)T K)T
¢)11:( _'(Zl) ’ :([7,) y T :(ZI) )7
€ = (61('1)T7 EEQ)Ta e 761('K)T>T7

Notice that ')/Ek) = BgK) +ﬁ§-k> fork=1,2,..., K — 1 from , we have a unified structural model
for K causal networks described by (2)),
Yi = T(Y(711)7 Y(2) e 7Y(K))ﬁz + diag(xzﬁl) ) XI@) e 7XI§K))¢I¢ + €;. (4)
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2.3 Instrumental Variables, model identifiability, and confounding variables

As shown in Figure[] the ability to reveal causal effects relies on the available IVs. An IV is an
exogenous variable that only affects directly the driver but not the responder, except indirectly through
its effect on the driver. This means that IVs can be used to address the model identifiability issue,
which is complicated by the model’s inherent endogeneity, and allow us to isolate the causal effects
of endogenous variables. We specify the following assumption on available IVs following the rank
condition [20], a necessary and sufficient condition for model identification.

Assumption 1. a. X®) 1l €®);b. 3¢ C {1,2,--- ,p} butC # P;¢. Vi € C,3T; € {1,2,--- ,q}
with Z; # 0 and ¢ # 0:d. Vi, j € Cwithi # /. T, N Z; = B e. ¥j ¢ C. 7)) = 0.



Assumption 1.a specifies IVs observed in X (%) that are uncorrelated to the disturbance errors.
Assumption 1.b specifies the endogenous variables in C that have available IVs and Assumptions 1.c
and 1.d state the restrictions on the available IVs, i.e., their availability and uniqueness, respectively.
(k)

While fyl(]k ) is the Jj-th component of v,””, Assumption 1.e states that we are not able to identify any

causal relation with j-th endogenous variable as a driver if it has no IV available, e.g., Y5 in Figure[I]

A striking advantage of the IV method is its robustness to confounding but exogenous variables,
which may be observable or unobservable, as shown in Figure[I] As will be demonstrated by our
later algorithm, available I'Vs help disassociate an endogenous variable from disturbance errors of
other endogenous variables in model fitting. Therefore, we may explicitly incorporate observable con-
founding variables to improve causal inference. However, when there are unobservable confounding
variables, we can still effectively construct multiple networks with available I'Vs.

3 Model Building and Interpretation

The single structural model in (@) makes it possible to employ a limited-information approach to
construct multiple causal networks even in the case of a large number of endogenous variables.
Therefore we develop a two-stage algorithm NetANOVA which allows parallel computing for fast
computation and hence bootstrapping the data for significance assessment. Another daunting but
necessary task is to understand the multiple networks and catch the important variables in the
networks and important perturbational causalities across them. We therefore propose coefficents of
determination and cause as well as correspondence analysis.

3.1 The algorithm NetANOVA

The disassociation stage: We first predict each endogenous variable in C, solely based on all
available exogenous variables, to disassociate it from the disturbance errors of other endogenous
variables, following aforementioned assumption 1. For this purpose, we rearrange the terms in (2} to
obtain the reduced model,

Y ) — X ) (k) + E(k)’ 5)
where w(?) = @*) (I — T*))~1 and ¢*) = k) (1 — D(R)) -1,
As shown in the real data analysis in constructing gene regulatory networks, the number of exogenous
variables, i.e., the dimension ¢ for X (%) can be much larger than the sample size n(), rising issues
of prediction consistency and computational time. To address them, we first apply the iterative sure
independence screening (ISIS; [9]) to screen for exogenous variables and then perform regression
with /5 penalty. As later theoretical analysis shows, it allows for ¢ < exp(n(¥)?) for some 6§ > 0.
Specifically for each endogenous variable i € C and k € {1,..., K}, we apply ISIS with computa-
tional complexity O(n¥)p) to screen for a set of exogenous variables, indexed by set M ,Ek). Using

these d = |M Z(-k)| exogenous variables, we apply ridge regression to obtain the ridge estimator,

. (k &) .
7"5\4)510 = <XZ§)€)XM§’C) + )\E )I) 1X/T\A§k)YE ) (6)
and predict ng) with
o (k k) ~(k

where )\,Ek) is a tuning parameter that can be selected via generalized cross validation [[11].

The inference stage: We use the predicted endogenous variables in the previous stage to identify and
estimate the causal effects, hence constructing the causal networks. We first calculate the projection
matrix,

. X -1
P <1 X (x5)

Multiplying the projection matrix P; = diag{P{"), P? ... PY)1 (0 both sides of model {4), we
can eliminate the exogenous variables from the model and get,

P,Y; =P, Y_;3, + P;e;, ®)



where Y _; = T(Y 71,Y(72i), e ,Y(K)) Since P; Y _; and ¢; are correlated, we instead regress

P,Y; against P, Y _, withY_; = ’T(Y(l) Y@ . ,Y(_If)) which is disassociated from €;. With

—3

possibly high-dimensional 3,, we apply adaptive lasso [26]] to obtain its estimator,
. (1 . R
B; = arg min {n||Pz‘Yi —PY_ B3 + Viwzr|ﬂi|1} ;
B;

where v; is a tuning parameter, and &; = |3,;| " for some v > 0 where |3,,|; contains the absolute
values of 3;, which is a preliminary estimator. The original networks can be recovered by calculating

) ~ (K ~(k
3® =85 g fork =1,2,.. K 1.

In summary of these two stages, we summarize the algorithm in Algorithm

Algorithm 1 ANalysis Of VAriance of directed Networks (NetANOVA)

Input: (Y™ X®), ke {1,2,..., K}, with each variable centralized within cohort but scaled
according to the baseline cohort; Predeﬁned index set Z; for each i € C; d + O(nl
STAGE 1
fori c Cdo
1. Reduce the dimension of X*) by ISIS to get X(k(k), Set X(kzk) =X® if g <n),
M

2. Estimate Y§ ) by regressing YZ( )

mln )

against XE\4< «y With ridge regression.
end for '
STAGE 2
for:=1,2,...,pdo
1. Calculate projection matrices P;.
2. Predict Y _; from ng), ieC.
3. Estimate 3, by regressing P;Y; against P, Y _; with adaptive lasso.
end for A
Output: 3,,. .., 3, which contains the baseline and differential causal effects.

3.2 Coefficient of determination and coefficient of cause

For each endogenous variable ¢, we can calculate its coefficient determination to measure the
proportion of its variation due to the effects of its drivers, i.e., Y( ) ( ) in , for cohort &,

2(k k

On the other hand, we can also calculate the coefficient of cause for each endogenous variable ¢
which summarizes proportions that it contributes to the variation of its responders, for cohort &,

p
CIO =3 (1= 1YW =5 B/ ) -

j=1

While we name the above coefficient of determination as causal R? with its value between zero and
one, we will simply call the coefficient of cause C? which is positive but may be greater than one.

3.3 Correspondence analysis of causal effects

We can conduct a correspondence analysis of causal effects in '™ to reveal clusters of drivers,
responders, or driver-responder pairs which outstand from the rest in each cohort k. We can also
conduct a correspondence analysis of deviated causal effects to reveal these clusters which deviate
the most from a baseline or the rest. However, each causal effect or its deviation may vary differently
and we need to standardize them, based on the bootstrap results, before correspondence analysis. For
example, to compare cohorts k and [ for their causal effects, we should instead obtain the following



summary statistic,

B 1/2
(kD) (A(B) (D) (kb)) A(Lb)N2
Zij = ('Vij — YVij ) /( § ('Vij — Yij ) /(B — 1)) .
b=1
and fy.(’.c’b)

(k) i are estimates of corresponding effects from the observed data and b-th set of

1j

bootstrap data, respectively; we also let zi(k) = 0 when both of its numerator and denominator are

sufficiently small. We can define similar statistics to investigate effects’ variation from their means.
(k1)

2

vectors, say {Ui(k’l)} and {Vi(k’l)}, respectively. While the left singular vectors help identify respon-

ders that differ between the two cohorts, the right singular vectors help identify drivers that differ

between the two cohorts. We can overlay the plot of Uz(k) Vs. Ul(k) with the plot of V2(k) Vs. Vl(k) to
identify responder-driver pairs for their causalities varying the most across networks.

where ¥

A singular value decomposition (SVD) of Z*:1) = ( )pxp can obtain its left and right singular

4 Theoretical Analysis

In this section, we will establish non-asymptotic guarantees and show that our constructed DCGs
have good theoretical properties. We characterize the properties with a prespecified sequence
) = exp{—o(n®)} with §*) — 0 as n®) — o0, i.e., each 6*) approaches zero slower than
exp{—n(’“)}. We denote 6,5, = minj<p<i 0 (*) and only present main results here, with details
including general notations, assumptions, and proofs in Supplementary Material.

Theorem 4.1. Let n = Zszl n®), S; = supp(B;), and g,, is a function of n and 6,y specified in
(9) in Supplemental Material. Then under Assumption 1 and Assumptions[B.IHB.4]in Supplementary
Material, we have that, with probability at least 1 — 8,5, — O With § = p Zszl 5k,

1. (Bounded Errors) ||B; — B;|[3 < 15| gn {d V 10g(pK/8) V |7 (13100 V 108(d/6min) } /1;

2. (Causality Consistency) sign(B;) = sign(3;).

We will next show that, with proper choice of {§ (k) }, we can bound the estimation errors system-wise
with ultra high probability. We can pick {6*)} such that 8,,;,, =< e~ where ¢ € (0, min(6,1 — 6)).
Then we have f,, < n(2~%/2 and the restriction on the number of true signals can be reduced to
1Si] < n?/2, which is a requirement that can be fulfilled especially in a sparse model. We have
d=n""%s0g, <n1=29/2 As aresult, the bound can be dominated by the order of | S;|n(!=4¢)/2,

Note that the error for the whole system of p nodes can be controlled by a similar bound, replacing
each occurrence by |S;| with mazx |S;|, with probability at least 1 — p(J,in + 9). Following the
<i<p

former calculation, we learn that, when mazs |S;| grow slower than n(49=1)/2 the error will approach
1<:i<p

zero when n — co. To achieve the bound with high probability, we only need pd to diminish. That is,
we could have the error well controlled even if the dimension grows up to ™" where s € (0, %)

Given the auspicious estimation performance, we will further discuss the benefit of pooling cohorts

compared to that of learning in a single-cohort analysis, where the estimators ,BZ-(k) for each cohort are
estimated separately using the algorithm without re-parameterization. For each k, we can separately
conduct the analysis on each cohort and obtain the following property for single task estimation.

Corollary 4.1.1. Under the same conditions as Theoremd.1} we have that, with probability at least
1= 0min — /K,
15 = U3 S 18i] 9o {d V 1og(pK/8) V |17 3 a0 V 108(d/min) } /0.

The proof directly follows by treating each cohort as a baseline cohort in Theorem 4.1} Note that
the denominator is making a crucial difference in inferring the bound. The algorithm indicates that
when we aggregate the samples that does not differ too much, the estimator tends to converge faster,



especially when n >> n(¥), where we have a plethora of samples in addition to the samples for the
base cohort.

With the same choice of d,,,;, and J as the above theorem, the probability for consistent variable
selection can approach one, with a less stringent requirement in the size of .S;. The above theorem
implies that our proposed method can identify both baseline and differential regulatory effects, among
all of the K networks with a sufficiently large probability, not only in terms of the set of true signals
but also the sign of signals. In the case of gene regulatory networks, for instance, our method could
correctly distinguish the up and down regulations between genes.

Next, we will present a theorem for the coefficient of determination and coefficient of cause defined
in Section Denote the statistics R2 and C? calculated with real parameters as, respectively,

P
2(k k k) (k k 2(k k k) (k k
Bol? = 1= I[P =Y PR/ IvPIE, o5 =Y -1 YR B /IO 1R).
j=1
Then we can derive the following properties.
Theorem 4.2. (Coefficients of Determination/Cause Consistency) Under the same conditions as in

Theorem with hy, = Vn®) + \/—1og(dmin) + 1, we have that,
1. With probability at least 1 — p(20,:n + 0/ K),

p 2
k k |Silgn{d V1og(p/0) V | 7]15,0: V 10g(d/0min)} k
IR —REP| < (e (1+ 1168 Iahn);
i=1

2. With probability at least 1 — p(Opin + 0/ K),

p 2
k k Silgn{d V1og(p/d) V |7||5maz V 108(d/dmin

=1

As considered in Theorem we set Opin < O0/(pK) = e~"". Then h, < vn), and
- |RZ® _ Rgl(»k)| < maz [Sin(1=49/2 & (maz |S;])/2n =5 which would vanish if
= 1<i<p 1<i<p

maz |5;| < n(0-1/2, Similarly, °°_ [C2*® — &2®)| < max | S;[n149/4 and will converge

1<i<p - 1<i<p

to 0 when mag 1S;] < n(49=1/4  From the above discussion, both R?, C'? for all the nodes in the
<i<p

whole system is ¢4 consistent. It is worth noting that, although our algorithm fits a model for each
responder, estimate of each node’s explanatory power as a driver is also well controlled over the
system, but with a slightly larger bound as shown in the above theorem.

S Simulation Study

We examine the performance of NetANOVA by simulating data of sample size 200, 500 and 1000
from each of three pertinent DCGs, consisting of 1000 endogenous variables. However, only 50
endogenous variables are involved with causality, with each regulated by 3 others on average. Each
of the three networks has 5 unique causal effects. First two networks share five causal effects but
with opposite signs to that of the third one, resulting in the first two networks having 15 different
effects from the third one and the first network have 20 different effects from the second one. The
size for causal effects is taken from a uniform distribution over [—0.8, —0.3] | J[0.3, 0.8]. The IVs are
generated from a multinomial distribution with 3 outcomes 0, 1, 2, with probabilities 0.25, 0.5, 0.25
respectively. The disturbance errors are sampled independently from N (0, 0.12).

For each sample size, we simulated 100 data sets and applied NetANOVA to each by bootstrapping
100 times to calculate p values and construct Receiver Operating Characteristic (ROC) curves as
shown in Figure [2] For causal effects of all three DCGs, Figure [2]a shows an almost perfect area
under curve (AUC) for each sample size. When comparing causal effects of the first two DCGs vs.
the baseline one, i.e., the third DCG, the AUC bottoms at 0.867 with sample size at 200, but reaches
one with sample size at 1000, showing excellent performance of NetANOVA.
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Figure 2: ROC curves of NetANOVA on simulated data. (a) ROC curves of causal effects constructed
in all three networks; (b) ROC curves of deviated effects of the first network from the third one; (c)
ROC curves of deviated effects of the second network from the third one; (d) ROC curves of deviated
effects of the first network from the second one.

Taking one simulated dataset with sample size at 500, we evaluated our proposed statistics RZ and
C? by plotting estimated statistics against the statistics calculated with true causal effects in Figure
For each of the three networks, we observe linear trends with slope almost one for both R? and C
statistics, indicating their excellent performance.
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Figure 3: Statistics R2 and C? on a simulated data with sample size 500. We plot each statistic (R?
or C?) vs. its value calculated with true causal effects (R% or Cg) for each network. We simply label
the three networks as 1, 2, and 3. Shown in the top-left corners are the fitted linear regression models
between the pairs as well as the corresponding coefficients of determination.

We also took one simulated data with sample size 500 and conducted our proposed correspondence
analysis to identify drivers and responders that show important perturbational causality across the
three DCGs. When comparing DCG I vs. DCG III, Figure [d]b shows a driver-responder pair (14, 45)
with different causal effects, which is verified by observing 14 significantly up regulates 45 in DCG I
vs. DCG III in Figure E}a (blue connections). However, we also see the driver 18 and responder 45
stay opposite on the y-axis, because 18 significantly down regulates 45 implying in DCG I vs. DCG
III in Figure a. On z-axis, we see pairs (12,13) and (12,7) which correspond to another cluster of
causal networks as shown in the right of Figure @a.

6 Real Data Analysis

We applied NetANOVA to investigate the gene regulatory networks of lung tissues of healthy
individuals and patients with lung adenocarcinoma (LUAD) or lung squamous cell carcinoma (LUSC).
We obtained transcriptomic and genotypic data of healthy lungs (n = 482) from the Genotype-Tissue
Expression (GTEXx) project [l6] and of both LUAD (n = 485) and LUSC (n = 406) from The Cancer



(a) Part of the True Networks

(b) DCG I vs. DCG III (c) DCG II vs. DCG III (d) DCG 1 vs. DCG II

6

IS
=y
@
w
=
13
IS
=y
@

o
o

o

Dimension 2 (20.2%)

&)

8
Dimension 2 (18.1%)

&

&

E]
Dimension 2 (16.2%)

!
ES
|

ES

-6

2 2 3 3
Dimension 1 (21.7%) Dimension 1 (36%)

dItDimension 1 (20.7%)4

Figure 4: Correspondence analysis of NetANOVA on a simulated data with sample size 500. (a) Plot
of some deviated causal effects among the three true networks (shown in Figure[6) with DCG I vs.
DCG III, DCG II vs. DCG 111, and DCG I vs. DCG II in blue, red, and green, respectively. There are
a total of 1000 endogenous variables with the first 50 involved in causal relations. (b)-(d) Plots for
correspondence analysis with drivers in red and responders in blue.

Genome Atlas (TCGA) project [22]]. After pre-processing, there are 15,135 genes and 427,820 single
nucleotide polymorphisms (SNPs) being shared by three cohorts. Cis-eQTL mapping identified 7059
genes with at least one significant SNPs inside their genetic regions (p-value< 0.05), i.e., valid I'Vs.

We bootstrapped the data 100 times to assess the significance of all effects with results shown in
Table[Il

Table 1: Summary of causal effects identified by NetANOVA. Shown in the columns are the results
from the original data, different bootstrap cutoffs (80% - 100%), and adjusted by Benjamini-Hochberg
adjustment (BH), respectively.

Type of Effects Original 80% 90% 95% 100% BH
Healthy Tissue 79833 16594 11481 8760 4602 3165
LUAD vs Healthy Tissue 13711 1185 848 670 458 296
LUSC vs Healthy Tissue 13104 1385 980 768 477 274
LUSC vs LUAD 18139 1615 976 665 289 38

Controlling adjusted p-value at 0.1, we have the largest subnetwork bearing differential structures
shown in Figure E}a, which is verified via STRING [21]] as in Figure E}b. STRING reports a
protein-protein interaction (PPI) enrichment with p-value < 107!, implying significant causal
effects between the genes shown in Figure [5la. We identified many previous validated relationships,
such as the connected pair RPS14 and RACK1 (GNB2L1) which were experimentally verified by
[L]. Our results suggest new findings, particularly causal relationship rather than mere association,
e.g., deviated regulations between ARL10 and CLTB from healthy lung tissues in both LUAD and
LUSC. Our correspondence analysis of these deviated effects, shown in Figure[5]c-e, confirms these

important driver-responder pairs, and the calculated statistics R? and C? in Table also show such
deviation between the three cohorts.
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Figure 5: Partial results of gene regulatory networks for human lung. (a) The largest subnetworks
of gene regulation with deviated causal effects between healthy, LUAD, and LUSC lung tissues.
Shown in black is the gene regulatory network for healthy lung tissue. Shown in blue, red, green are
significantly deviated causal effects of LUAD vs. healthy, LUSC vs. healthy, and LUAD vs. LUSC,
respectively. (b) Enrichment of the largest subnetwork in STRING. (c¢)-(e) Correspondence analysis
of the deviated effects between the largest subnetworks with drivers in red and responders in blue.

7 Discussion

Though having promising applications, construction and perturbational study of multiple causal
networks are computationally challenging in practice due to the involved large systems. We develop
the algorithm NetANOVA which avoids optimizing full-information objective functions of the whole
system and instead takes limited-information objective functions, each for revealing all drivers of a
single responder. Such a responder-focused method allows to deploy parallel computation in two
sequential stages and makes it possible to be computationally scalable to the number of involved
responders. With available clusters of computers, we can further take the bootstrap method for
the usually infeasible task, i.e., evaluating the significance of the constructed causalities in each
network and perturbational causalities across networks. Our theoretical analysis and simulation study
demonstrate the utility and efficiency of NetANOVA.

Table 2: Statistics R? and C? for Important Genes

Cohort | ARL10 CLTB EIF3E GRB14 HIGD2A KHDCI1
LUAD 0.90 0.74 0.73 0.58 0.71 0.60
R? LUSC 0.79 0.79 0.77 0.75 0.54 0.00
Healthy 0.00 0.00 0.56 0.00 0.30 0.00
LUAD 1.41 0.74 1.18 0.00 0.86 0.60
C? LUSC 0.79 0.79 0.75 0.75 0.16 0.00
Healthy 0.00 0.00 0.00 0.00 0.34 0.00

With the model complexity of multiple causal networks, especially DCGs that NetANOVA supports,
it is a daunting task to visualize them and comprehend each network and variation across multiple
networks. We have proposed statistics R? and C? to quantify the contributions of responders and
drivers within a causal network, respectively. While comparing these two statistics across networks
may help identify responders and drivers involved in network dynamics, we develop a correspondence
analysis to visualize the key players. While our simulation study and real data analysis show
promising results, correspondence analysis could be further developed to realize its full potential.
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A List of Notations

For a matrix A:

Ay Entry of the ¢-th row and the j-th column of the matrix
[|AllL Maximum column sums of the absolute value of the matrix.
[|A]l- 00 Minimum of the row sums of absolute values of the matrix.
[|A]] Maximum of the row sums of absolute values of the matrix.
Amax (A) Maximum eigenvalue of a matrix.

Amin(A) Minimum eigenvalue of a matrix.

For a vector v :

v; i-th element of v.
) 1/q
vl (S0, i) for g = 1,2.
For numbers z and y:
TNy Minimum of numbers z and y.
xVy Maximum of numbers x and y.
xSy x < cy for some positive constant c.
T2y x > cy for some positive constant c.
=y cx < y < dx for some positive constant ¢, d.

B Detailed Theoretical Analysis

In this section, we will present detailed assumptions besides Assumption 1 and systematically analyze
theoretical properties of our proposed NetANOVA algorithm, which lay the groundwork for proving
the theorems stated in the main text.

Our theoretical analysis is conducted, assuming a prespecified sequence 6*) = exp{—o(n*))} with

6% — 0as n®) — oo, i.e., each 6*) approaches zero slower than exp{—n(¥)}. We also denote

Spin = min 0F),
min 1SR K

B.1 General Results

To prove the consistency of the disassociation stage, we first point out that ./\/ll(»k) obtained from

ISIS [24] successfully recovers the true nonzero set M Ef) in reduced form . We first state the
assumption which restricts the sample size for different cohorts in the same order and ensures the
sparsity of the true underlying relationships. We state the assumption by extending the conditions in
Fan and Lv [9] to pave the way for Theorem [B.1] the sure screening property.

Denote
2 = Cov(X®), Wk = (nk)-1/2xH®T

and, for any index subset M C {1,2,--- ,q},
2@ = cooX()), W = =Eh-2x()"

Further denote the j-th row of YZ(-k), ng), and w(k) as Y.(.k) X(,].“) and w(’?) respectively.

7 VA L ji
Assumption B.1.
(@) Amaz(BF)) < (n(k))T(k)for some positive 7).

(b) W) follows a spherically symmetric distribution with concentration property: There exist

some constants égk) > 1, éék) > 1, and 6ék) > 0 such that, for any index subset M C

{1,2,--- ,q} with | M| > 6gk)n(k), we have, with probability at least 1 — exp(—éék)n(k)),

1/& < Xin WETW D /| M) < A (WETWE 1 M) <
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(c) var(Yj(ik)) < 1 and there exists k'*) > 0 such that

e (n(k))f"””(k) and  min

mGMEf)

(k)

min mi

mE/\/ly:)

T, Ji 2 jm tma ~

cov (Yﬁk) X(k)w(k))’ 2 1.

For each node 4 in network k € {1, 2, ..., K}, we have the following theorem.

Theorem B.1. Denote U¥) =1 — 255 — 7B U — min UP), kpow = max &%), and
1<k<K 1<k<K
qs exp(ngsgn)éfor some ¢ € (0,1 — 2x®)) where i, = 1<rrllcigKn(k), then under Assumption

there exists some 6 € (0, U, ) and some positive constant ¢, such that, with probability at least
1—cexp {—(n(k))1—2*€m,aw/1Og<n(k))}’

M M,

Theorem implies that ISIS can recover the true nonzero set Mgf) for each network with
overwhelming probability, when n tends to infinity, and thus paves the way for our subsequent

analysis. We will establish the rest of the theory based on Mz(f ) c ./\/ll(»k) for convenience.

Next, we will investigate the consistency of predictions using ridge regression in (7). To facilitate
simplicity, we will exclude the subscript Mgk) from XE\? + and replace it with ng) from now on.

(k) (k)
Assumption B.2. )\max(ng)TX,Ek)) = )\m,-n(Xz(-k)TXEk)) = n'®) and the singular values of T — T
have a positive lower bound for each k € 1, ... K.

Similarly, we will refer to the true and estimated causal parameters as 7w, ~ and 7, ’, respectively.

Let
YT=7(YD,Y? ... yE 1I=T(70 x? ... )
and denote
X = diag{X!", X, ... xF.

We use Y and II to denote the prediction of Y and IT, respectively. In addition, we will use the
subscript j to denote the j-th column of the corresponding matrices. We further denote

1 2 K
713 mar = yoax (Il 1B v [ v v [ 5),

which represents the maximum of the square of the magnitude of signals over all networks and nodes.
We have the following theorem for all j € {1,2,..., Kp}.

Theorem B.2. Let the ridge parameter in (@) be, for each node 1, )\gk) =/ (n®). Under Assump-
tionsand we have, with probability at least 1 — 25:1 5k,

1 ||ﬂJ - H]”% S dVlog(1/dmin) V ||7"||%maz/nmin;
2. |X(I0; — L) |13 < d V10g(1/0min) V 1|73 maa-

This implies that, with proper choice of the ridge parameter and sequence {§ (k)}, we can have
well-bounded estimation and prediction loss, essentially {5 consistent. For example, we can pick

§(K) = e~Mmin where t € min(0.1 — 6), so the £ estimation loss for each term and the MSE (Mean
squared error) would tends to 0 with large sample size, as long as ||7||3,,,,. is bounded by a positive
constant.

We could also draw conclusions in terms of the error over the whole system, i.e. the Frobenius norm.

So that with probability at least 1 — p Zle 5) | the systematic estimation error and MSE could
reach the exact same bound for a single node. To control the loss with ultra-high probability, we

only need control pd*). Notice that each pd¥) < pe~"min — 0 whenever p = o(e™min ). That is,
the dimension can grow with a restricted exponential term, i.e, p = eMmin,
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After exploring the theory for the first stage, we will discuss the promising properties in the second
stage. For each node i, we use S; to denote the indices of true non-zero components of 3,, i.e.,
S; = supp(/3;). Further denote

K
_7'( _“ (22)’_._7 ( )).

—7
Following Bickel et al. [2]], we impose the restricted eigenvalue condition to constrain the projected
design matrix.

Assumption B.3. |[P;XTII_;(3;[|5 > 2Xon||Bi||5 whenever ||Bs¢
constant \g. In addition, < H(:Jsic

1 < 3||Bs, |1 for some positive

The latter assumption is intuitive. Recall @; = 1/|B;|?, so we need ||ﬁ051, |—0o > ||ﬁ05ic || oo, Where
the estimation for true signal should always dominate the noise. This assumption is milder than the
selection consistency of estimators which can be achieved by a proper estimator such as Lasso under
mild conditions.

Denote
B = [ﬁlaﬂQv'”vﬂpL
and define
frn = V0l \/dVIOg ) V7B e + d V10g(52=) V713,000

gn = (Cn\/ —(dVi1og(5 ) V|73 mas) + [Tl )(IIBIM V).

Next we will show that under some mild conditions, for each node 7, the estimation and prediction
(k)

(©))

loss could be bounded with large probability. Denote 04, = max max o, and Gpay =

1<i<pl<k<K
~ (k)

max max o,
1<i<pl<k<K

Theorem B.3. Suppose that the adaptive lasso at the second stage takes the tuning parameter

Vi = - )\/Hﬂ‘@mam}?

min

4Kd 1
gnmax{3\/§ log(é—)(om(w V Gmaz)s \/d Vv log(6

min

and |S;| < 2¢ ;L for some constant C. Then under Assumptions we have that, with
probability at least 1 — Oppip — P Z L6,

( )\/||7T||2maw\/log5d }

min

b

( )\/HwHZmaz\/lOg

5mm

For each k, we can separately conduct the analysis on each cohort and obtain the following property
for single task estimation. That is, letting

= Vn®||x*) ||1\/d\/log(

g(n®) = ((}W\/ d (dVIOg((;l )V [ 13 )+||7r(k)|1> (IIB[1 v 1),

k 1 2k
YVl o) 4 d v log(<=) V ||l

5(k) §5(k)

we have the following result for each node .

Corollary B.3.1. Suppose that the adaptive lasso at the inference stage takes the tuning parameter

= g(n® NG) _aa . 1 2(k)
Vi g(n'" )max{3v24/log Omaz V Omaz ), \/d V log V|7, ,

and |S;| < C fZL (k) for some constant C. Then under Assumptions |B we have that, with

probability at least 1 — 8,,;, — pd*),
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~(k k
1A = 4012 < 15 g(n®) {d v log(s5) V (|27 v Tog 2

b

k k 2(k
2. AP (3 —A)B < Bilg(n®){d v log(5k5) V [l 3) v log 54},

~

Omin

The proof directly follows by treating each cohort as a baseline cohort in theorem (4.1)). Note that
the denominator is making a crucial difference in inferring the bound. The algorithm indicates that
when we aggregate the samples that does not differ too much, the estimator tends to converge faster,
especially when n >> n(*), where we have a plethora of samples in addition to the samples for the
base cohort.

Moving forward, we will examine the selection consistency of the estimator. Denote the covariance
matrix of P, XII_; as

1
¥, = -7 XTP,XII_,;,
n

and correspondingly denote

~ 1.~ ~
S = -1 XTP,XIL_;,
n

for P, XTI_,;. We will use subscripts to denote the corresponding rows and columns in above matrices.
For instance, Xg, g, represents the rows and columns of 3;, both indexed by .S;.

In order to investigate the selection consistency of causal effects, we impose the irrepresentable
condition introduced by Zhao and Yu [24].

Assumption B.4. For eachi € {1,2,--- ,p}, ¥g, s is invertible and ||ES/¢751_E_1,1’ oo <1—=1
Sfor some constant n) € (0,1).
Theorem B.4. (Causality Selection Consistency) Suppose that |S;| Wfi with 7; =

v, Ti||@s. . .
il > % for each node i. Then under Assumptions|B.IHB.4| we have

|
probability at least 1 — 0,50, — P Zszl 6®), such that sign(B;) = sign(3;).

Note that estimation consistency does not imply sign consistency and vice versa. We further establish

sign consistency to guarantee our causal variables are selected with the correct sign. From the
ViT||®s; oo
2— ~

discussion in Theorem 4.1} it directly follows that v; < n(1=39)/2 which would infer
n* =", Thus we are putting really mild assumption on the smallest true signal size, requiring at

most a gap of n*3" between the signal and the error decay rate of n=2, As for the number of true
significant variables, we can grant the growth at most to n 5.

B.2 Proofs of the Theorems
B.2.1 Proof of Theorem [B.1]

It can be inferred from [9] that there exists some #*) € (0,U*)) such that, when |./\/ll(»k)\ S

(n(’“))l_g(m and for some positive constant éff), we have that, with probability at least 1 —

Ez(Lk) exp {—(n(k))l_m’“w)/1og(n(k))},
MPE c pm®)

Denote

0= min 0%,
1<k<K

then, for [M™| < nl~? with probability at least 1 — &*) exp {—(nM)1=2rmas [1og(n*))}, we

min °
have that

MPE c pmP
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B.2.2 Proof of Theorem [B.2]

In the proof of theorem 2, we will first give the bound of estimation loss and predictions loss for
ridge regression on each network, after which we utilize the result to prove the bound for constructed
networks.

Lemma B.1. Foreachk € {1,2,..., K}, set )\Ek) = vVnk), Under Assumptionsand we
have, with probability at least 1 — 5k,

N (k)12 « dVlog(1/s®)v[|m®)2
I ||7Tz -7y H2§ (k) - ;

k), ~(k k k
2. |IXP&W — 712 < dvilog(1/6®) v (|73,

Proof of Lemma|B.1} We first link the ridge regression estimator with the ordinary least squres (OLS)
estimator denoted as
ﬁ.:((k) — (ng)Tng) ) —1XZ(_k)TY§k) .
(k)

We write ridge estimator 7, ~ as

) = (XWX 4 AP 1) T XWTY® = par®),

where
[ s k x k T}{ k) — -1 1 X k T}{ k)\— 1 -1

= L - APEPTXP AP )
using Woodbury’s identity.
The ¢5 loss for estimation can be then decomposed as

k
— M3

= @a " —aT(La " =)

_ (7:‘.’_"(’@) o ﬂ.gk))TLTL(ﬁ.;‘(k) B ﬂ.(k)) + 2(7}:(@ o TI'Z(-k))TLT(L o Id>772('k)

[ [

T21 T22
+aT (L - 1) (L - I)=® .

(2

Ta3

We will derive the bound for 75, T52 and T53 with respectively, after which the estimation loss could
be bound easily using the property of eigenvalues of XZ(.k)TXl(.k).
We write xR Tx (k) _ Q(k)v(k)Q(k)T
K3 (3 7 K3 K3 ?
using eigendecomposition, where ng) is unitary, and Vi(k) is a diagonal matrix with diagonal entries

to be eigenvalues v;;, where v;; < n¥) according to Assumption foreach j € {1,2,...,d}.
Then

L Swyp-1 1 =1 iy (k) (k) (1(B) | (k) 7 \—1 A(R)T
L= NG Q" (V; + /\(k)ld) Q" =La— N (VI NV L) Q.
Denote )y _ (k)2 )y _ (k)2
var(e;;’) = 0,77, var(§;;") =0, .
Note that

7fl_i(lc) _ ﬂ_Ek) ~ N(O7&§k)2(XZ(‘k)TX§k))71)’

which follows the sub-Gaussian distribution. Following Assumption the singular value of I — r®
is bounded from below, then we have G0z < O ez We then employ the Hanson-Wright inequality
[19] to bound its tail. For any ¢, there is some positive constant ¢;, such that
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P(T5 > E(T51) +t)

IN

E(Ty) =

1L =

ILL lop =

Let

t
tlexp< A N =3 ).(10)
) /n<k>2\|LTL||2 5" In®)|| LT L[,

24y LLTX(k)X )

1 1 - _
(k)2 ()\ V(k) 1y )\(k)fd) 2‘/;(1@ 1Q(k)T>

S~ (11)

tr (

d
Y ——<d (12)
j=1

vz]—i—)\ )

Amaz (LLTLLT) < 1. (13)

~ (k)4 K - (k K
t:\/o'l( ) /n(k)2||LLT||%log(W)/emp(t1) v (05 >2/n(k)|LLT||OPZOQ(M)/ea;p(t1)> :

with , , , and , we have that, with probability at least 1 — § (*) /K,

dV y/dlog(ts )\/log(L)
Toy < o = (14)

n(®)

Next we will bound 75, using Gaussian tail inequality. Denote

then

For any positive ,

i) _ Q(k)Tﬂl(k)

7 )

k k
|7 2®3 = |77 2.

1 2
P (Tyy > t) < exp _

2 V&I‘(ng)

where
var(Tyy) = 4622 ®T (L — 1)TLXPTXIN LT (L - 1)7
162 QW (v 4 AW 1)~ (v~ 1+)\(—I) 0t
o1
R LB APV A
d (k)2 k)2 k
— 4y APy S |l |
= (v A T a2
Let

t= \/2var(T22) log(K /5(k)),

we have that, with probability at least 1 — 6(*) /I,

k
22 o o .
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Finally, we can bound 753 as
Ty = ”gk)TQz(‘k)(Vi(k) + /\l(k)ld)sz(.k)T Ek)

d k)2 k
(k)?Z W?( : ||7T( )HQ (16)
= (i + ) S

Combining the bound . 5) and (16), we have that, with probability at least 1 — §*),

AV log(=5) v [|=®|2
(0 _ )2 < 9(509) VI ||2.

||7¢|'z - i ~ n(k)
Note that K)o\ T~ BT~ (k) (k) ()
(7 =, )X X (w ) (x{Tx()
GO g (70 By = e

So we directly have
k) (o~ ( k k)T (k) 1 (B k 1 k
X @ = B < Ao (XX |7 — 713 < d v log () v 1.
which concludes the proof of Lemma BT} O

Next, we will prove the theorem by repeatedly applying Lemma[B.T} We write the error loss for each
je{l,2,...,Kp}as

A(k) (k) .
2 Zk 1|| Hza J<p,
|Hj_Hj||§:{|A(k B " ke 1]"’

. )
Tilp Tilp ||27 J > D

where j|d is the remainder of j divided by p, denoting the corresponding column index. Applying
the bounds in Lemma to all the networks, we have that, with probability at least 1 — Zszl 5k

K dv1og(1/6®) v |e™)2 _ d v iog(1/Gmin) V||| 2
2 7 2 min 2max

N i
k=1 min

Using the same approach we can bound the prediction loss. We have that, with probability at least

1= 3, o)

k
|[X(T1; — 11, \|2—Z|\X“ (7 — w3
k=1

K
<Y dviog(1/6W) v ||w|B < d v iog(1/8min) V|7 3pmans
k=1

which concludes the proof of Theorem B2}

B.2.3 Proof of Theorem B3]
Lemma B.2. Suppose that for each node i and a properly chosen positive constant C,

)\0 n
< —
|5l ol (18)

for function f,, defined in (9). Under Assumptions[B.IHB.3| we have that, with probability at least
1—p>e, 60,
[P XI55 > Xonl|Bill3,

whenever ||Bse||1 < 3|[Bs, |[1-
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Proof of Lemma|B.2] We will bound the maximum value in the matrix
|(P,XTI_))T (P, XII_;) — (P, XII_;)T (P, XII_;)|,
whose value in [-th row and r-th column can be expressed as
IT1, XP, XTI, — 7 XP,XIL|
< | (I - m)"XTP;X(I1, — IL,) | + | (I, — I0;) " X7 P, XTI, |
Ts1 T32
+ |OfxXTeX(I1, — 1I1,.) |

Ts3

We will further bound 751,752 and T53. Note that, since P; is a projection matrix,
Amaz(Pi) = 1.
Then by applying Theorem we have that, with probability at least 1 — Zszl 5k,

Ty < |[PX(IL —IL)|[2 x ||P;X(IL, — IL,) |
< N (P)IXIL — IL) |2 x [|X(IL, — IL,) |2
1
S dViog(s— ) VA7 3
man

With equation (17)), we have that,

rlp rlp rlp

K K
IXILE < ST IxF a2 < ST @) P)E <o S 1712 < nlfrm) 2.
k=1 =1 =1

Thus T35 could be bounded as

. 1
Tz < ||XIL|[2|[P:X(IL — IL)[|2 < \/ﬁllﬂll\/dVIOg(é —) V713,00 (19)
In a similar manner, we have
1
Tyo S VATV 10g(-) V [ 20)

Then

Ts1 4 Ta2 + Ts3 S \/ﬁ||H|1\/d\/ log(=——) V [|7][3 00 + d V log(

) VI Gmae = fa-

Let, for certain positive constant C,
Ts1 + T2 + 133 < Cfy,
then we have,
Bl (PXT,)" (PXTL,;) — (P, XTL,;)" (P, X ))B;
< IBIR(Ts1| + |Taz| + |Tas]) < CISill1Bill3 fn < Xonl|Bill3- 2n
Along with the restriction of Assumption[B.3] we have
1P XTI 53|13 > Aonl |3,

whenever ||Bs¢||1 < 3||Bs,|[1 by applying triangular inequality. The proof of Lemma is now

complete. O
Lemma B.3. Foreachi € {1,2,...,p}, v; is the tuning parameter in the inference stage. Under
Assumptions we have, with probability at least 1 — ,,in — P Zszl o),
N N 1 R
IPEPife + (Yi = T_)Billloo < {r0il|@s, |l oo- (22)

20



Proof of Lemma[B3} Wehave Y _; = XII_; +£_, and Y_; = XII_; by definition, where
g =T(€, €8, e
Note that
~ ~ ~ T ~ T ~ T
ITEPilei + (X i =T )Billlec < [T X"Pi€i|o + [ XTP, XL, —T1_,)B;|00

T34 T35

T
+ I,X"PE_ €0 -

T36

Firstly, by applying Theorem we have that, with probability at least 1 — p Zszl 5k,

o T2 _ T T2 < ( o ,2)
H(HJ HJ) 1< oo 1;1%)1(@”1_[] HJ||171§HJ,12§@ KdHHJ H]||2
1
S o @viog() V1l B

Denote t; = H(ﬂ] - Hj)TH—oo < CH\/ d (d\/ 1Og( ! )\/ ||7T||%ma3:)’

Mmin Omin

‘We further have X EX .; < n after standardization, where X _; is the j-th column of X. Therefore,
X EPiei follows Gaussian distribution with variance bounded as

var (X P;e;) S XIP;X.; Sn.
We have
P (I XTPiei]|oc > t)

< P ((H(ﬂ—i )" |oo + [TL o) [ XT Pi€s o > t)
t
< P(|X"Pse ocZ)
< P(IPicle 2
¢ 2
< 2Kdexp{ — [ ———— 2n02,,.) ¢ 23)
= p{ (o) /1 )} (

Using Theorem [B.2]and Assumption[B.2] the second term could be bounded as,
~T ~ T
I XTPX (I, — T1,) 84|

. T
< (I = T1) oo + [ITIE, || o) |IX TP X (T, — T1,)8; |0

T
< (tn+ ||H||1)HB||17J?}Cz,2$|X]T1PiX(H]T2 —1I,,)|

T
< Vn(to+ ||H||1)\|B\|177”§_{le||PiX(H;"F2 =112

1

< Vnl(tn + ||H||1)|B|1\/d\/ log(5 =) V730 (24

Using the same way above, we have
Var(XFJF-PZ-EZ-) < n.
Then,
A T
P(IALXTPE_ el > t)

< P (O = T oo+ T o)l B IXTPig il oo > t)
t
< P(XTPi£_€|00 > )
( 2 G BT
¢ 2
< 2Kd exp < ) (2n52..) ¢ . (25)
{ (i B )/
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With v; defined in Theorem [B3]and

1 .
t = s @s, e

in the above inequalities, we then have

1 .
P(T34 Z EnVleSZHoo) S 5min/27

1 .
P(T56 > ﬁm/inS,:Hoo) < Omin/2,

1 N
I35 < Enwﬂwsinoo-

Conditioning on 17 and using the bound obtained at the beginning of the discussion. We have that
1 K
P(T54 + T35 + T36 < ZTWiH‘:JSi loe) = (1= 6min —p Y _6*)).
k=1
This concludes the proof of Lemma [B.3] O

Next, we follow the techniques in [17]] to bound the prediction loss. Following the definition of the
adaptive lasso, we have

IR~ P B3+ naT 1B < P~ P B +vdTIB . C6)
We can rewrite the inequality as
P~ T8, + Pre + PT (8, — B)I3 + T |81
< P — T-)B, + Pl B + 10T 1,11,
%HPi(Tﬂ' -Y_)8ill3
< %{szi[ﬁ‘ + (Y = Y )BY (B — By) + vi] [Bil — vid] 8,1

Adding 1v;||@s;, || ]| B; — B;]|1, and then multiplying n to both sides, together with Lemma and

Assumption[B.3] we have that
IPT_i(8; = B3 + 5illos, |l 1B; = Bills
< 2{YTPilei + (X = Y -0) B} [[ool (B = Bi) 1 + gwllﬁsi
+nl/i‘biT‘/Bi|1 - m/z-@iTl@h
wollB; = Billy + nwill@s, (185,111 + 1Bse )
wllBs, = Bs, wollBs, lI1 = nvil|@s, ool 1Bs, I
< QnViH‘:’SiHooHBSi = Bs, |- @7
Comparing the two sides, we have
18; = Bills < 4l1Bs, = Bs, I (28)
1Bs: — Bsell < 3l1Bs, — Bs, |- 29)
which indicates that ,@ — (3 satisfies the condition in Lemma So we have
||PiT*i(Bi - @)Hg

lIB; = Bill

IN

nil|@s; wollBs,[[1 = nvil|@s;

= nylldg, 1+ nyl|@s,

3 . 3 )
< vnlslnliBs, — Bl < Svinl@s, | VISH1Bs, — Bl

3 . [P Y_i(B; — By)ll2
< Zunllos /IS, i =Pl 30
< Svnfos o vSIET=CE a0
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Thus we can bound the error term as,

1 * 2 2
P8, - B)I <

91Si]
4 X

@, |57
Using the value of v;, we get that

1 N R

EHPiTﬂ‘(ﬂi - @)H%

< s, ¢ AVI08(1 ) V 17l B

~
n

Nomin

1 d
HITL) (B[ v 1) x d V1og(5—) V [|7||Zm00 V log5

min min

Applying Lemma [B.2] again, we derive that
18; — Bill3
1 A
< P (B, - B2
>~ /\onH (ﬂz /31)"2

< s, ¢ LAV108() V17l B
~oon

Nomin

d
)V I3 V log—.

5min min

HI[T ) > (B2 v 1)d V log(

The above prediction and estimation bounds condition on the bound of ¢1; and restricted eigenvalue

condition for prediction matrices, which hold with probability at least 1 — 5, — D Zle 6. The
proof of Theorem [B.3]is then completed.

B.2.4 Proof of Theorem B.4]

Lemma B.4. Suppose that, for each node i and function f,, defined in (9),

n n
S|<—1L 1.

Under Assumptions we have that, with the probability at least 1 — p ZkK:l,
st;sizgil,siHoo <1-n°/2.

€1y

Proof of Lemma Following the proof of Lemma[B.2] we have showed that, with probability at
least 1 — pzkl,il 5k
1 -
l’Il'laX7‘El7r - 21,7" < fn/n
7 N

where the subscript [, 7 denotes the elements in the /-th row and r-th column in the corresponding
matrix.

Consider the part indexed by set S; with the assumption in the lemma, we have that

& fn n
b - <|IS§]= < —.
|| S;,S; S;,S; 1100 —| t| n = (77"_2)7—1
In a similar manner, we have,
C fn n
Yoo — Xce <IS= < — . 32
|| S¢,Si Si,SiHOO—| 1|n = (,'74_2)7_1 (32)
We bound the error of matrix inversion as described in Horn and Johnson [12] and obtain that,
Hzgil,si o < HE;;SI, - Egil,si o+ ||2§i1,si oo
7'7:2 |25i,si - Esi,si oo
= T;
1- Ti\|§35i,si - Zsi,si oo
i + 2
Ti T (33)

<
l—Ti‘Silfn/n_ 2
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Note the following decomposition,

: &—1 -1 e &—1
Z‘Sf’si ZSiaSi o 23,;“731‘ ES,i,Si - (237?,& o ZS;,Si)Z& :Si

—1 S S—1
T YsesXss (23,;,& - Esi,s) DR

Then, collecting (32), (32), (33) and Assumption|[B.4] we have that

<

& S—1 —1
Ese 5,555, — Xse,s,5s,,5,1loo

HESE,& - 255,51: ||°°HE§71,57 o0

+

|‘ESE7SiE§i1,Si OO||ES7',7S@' - 251751'H00||2§i1»5i o0

12

< U

Together with Assumption[B-4] we derive that
1Bse.8,55"8, 1o <1 377
The proof of Lemma [B-4]is then completed. O
Denote W; = diag(w;). Applying the KKT condition, we get that
_%YZiPi(PiYi —P;Y_i3) + viWia; =0, (34)

where a; € REP=E satisfying o I(Bij #£0) = sign(Bij).
Using the equation P;Y; = P;XY_;3; + P;¢;, we have that
YT, P;(P,Y; - P, Y_;3,)
= YT PiPie; + Pi(Y_i — T_)B) + P Y_i(B;, — )]
= YT Pi(e+ (Y- ‘Y—l)Bz) - ?szz'i‘—z(éz - B,)-

Ta1 T2

(35)
With the definition of 3;, (34) implies that,
1 " 1
5T41 - 3B, — B;) = §ViWiQi7 (36)

We consider the rows indexed by S; and S5 in both sides of equation @) which can be decomposed
as

1 - . 1
—Tn,s, — Esi,si (ﬁsi - 55,-,) = ) iWs,as,,
1” R R 1 (37)
5T41,s; - Es;,si (Bs, — Bs,) = gl’iWSfo‘Sf’
where T}; s, and T41751,c denote the S; and S rows for T4, respectively.
From the first equation of (37), we can equate the error of estimation indexed by S; as,
1

o 1
Bs, = Bs, = 5.5, (- Tu s — sviWsas,). (38)

Scaling v; by %4;;72 and using the same method in the proof of Lemma we have at least
probability at least 1 — 8, — p > p_, 8*), such that

1 o A
[ Tu1]|oo < 54_77727“/1‘”"0&”00-
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Therefore, we can bound the infinity norm of the above error as,

R . 1 1 .
1Bs, = Bslle < 15558l N Turlloe + 51ll0s, o)
n+2 2 .
< B Timlfinw&noo
V;T; A
= —=— — < min
2—n JES: |'6 |

It indicates the largest absolute error is no larger than the minimal absolute signal, which leads to
sign(Bs,) = sign(Bs,)-

Next we will validate the second equation of (37) using the decomposition of error in (38)), we have
that

A _ 1
||ET417‘SiC _ZSC 25“5( T41$ il/iWSiO‘Si)HOO
1 n? . - n? 1
< 54_7772%||w51||00+||28°8 3“5||oc(24 VLH‘*’SHOO‘F?VLH""SHOO)
1 772 2—772
< (=
- (24—772+ 2 4-

. L.
2 ill@silloo = Srill@s;[loo
1.
< iyiHWSfHoo-

From the construction above, we have proved sign(3;) = sign(8;) and thus complete the proof of
Theorem B4

C Proofs of the Theorems in the Main Text

C.1 Proof of Theorem 4.1l

Theorem [.1] directly follows Theorem [B.3]and [B.4}

C.2 Proof of Theorem

Denote CZ(-k) = X(I]:)qﬁgj) + egk), then ng) = Y(_ki) + CZ(-k) according to . We have

*) _ vy )2 k) _ vy )2
o(k)  p2(k 1Y S48 =y 3 - Y - Y3
|Ri( )_ROE )\ =

1Y )3
o YWEP - vE’”)}T[YEBwE’“) 7)) — 2]
Y13
_ IYEEY -y B -2y HED -t
1Y )3 '
By Cauchy-Schwarz inequality, we have that
YE G =T < IVE G =311 e, (40)
where
1E13 S 1XE 0L 1ol ]]2 < VallS[]2]l€™ 2. (41)

Note that \|e§k) ||3 follows the x? distribution, so we have that, with probability at least 1 —

1
< \/n(’“) +2 n(k)log(5 )

25
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Furthermore, we have |Y 25 < n®) due to normaliztion. Then collecting Theorem 1)

equations (39 . 42), we have that, with probablllty atleast 1 — 28, — pd,
B2 _ g2 < |Silgn{d V log(505) V ||7"i‘|2 v 1095"(1”}
meﬁdw%«%wwmmwvw%jgw<mw [lohn
n(k)

(43)

where h,, = \/n(’“) +24/nWlog(52—) + 2log (57—

We can derive the same bound for the whole system, with probability at least 1 — (28,5, + p6*)),
we have that

p
SR — mY) (44)
_ ISilga{d v log(ghy) v [[mil ;" v log -}
~ n(k)
\/LS|gn{d‘/10g(i;*)V’Hﬂ%H2 V 1095916 | N
) . (45)
In the following proofs, we will bound the error of the C? statistics.
2(k 2 k)
Z |C W - JO ‘
XP: Z;v: |||Y(k) 2 (k) Y(’f)||2 ||Y(k) (k) Y(’f)H |
- k
it Y13
k k k k k k
_ 3oy PO YD ) = D N
- k
i 1Y {)3
Note that
P P
k k k k k k k k
DI =y WY G - ) - 2w 2y P
j=1i=1
p p
k k k k k)T k
= 22 IVIEG =GB - 263 YT
j=11:=1
k k k k
+2(45) =AY ETY ), 47)
and ()T (k) CIRENG 5
YUY < ||Yj 2] 1Y |2 =< n®.
Then with equation (28), we have
P
2(k 2 k
Z|C«j( ) ( )|
j=1
2 2 YPEE — A I)E + 0 P15 — 41181 v 1)
j ij 2 ij v
S XEZ 5
j=11i=1
<y Y BIG = DB+ @4 — Il (1B1] v 1)
N L n(k)
k k k
2 @158 — 48113+ n® ST — P a(1Bll v 1)
s ) @ : 48)
3 n

@
Il
-
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Applying theoremin the whole system, we have that, with probability at least 1 — p(ip +p5*))
p
2(k 2(k
I - i)
j=1
[Silgn {d v 1og(5ey) V [|il 3™ v log -}
n(k)

V1 ®1Si2g,{d v og (k) V (1 3% v log 2 }(I[Bly v 1)
+ e : (49)

A

Equation (@4] [49) lead to the discussion in theorem [4.2] and the equations simplifies to theorem [4.2]
D Details in the Simulation Study

In Figure [6] we present one plot of the three networks used for the simulation study that corresponds
to Figure 4, showing the causal relations in the baseline network DCG III in black, the deviated causal

effects DCG I vs. DCG III, DCG II vs. DCG III, and DCG I vs. DCG 1II in blue, red, and green,
respectively.
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'f""”f‘f “1‘!”” ‘-av-
AT e T AT W
4‘.\ 'i“v= S ;’(Q'\’"i ‘ ) ‘\‘
J v‘*“‘ X " \ b
\ i\
RN 6,
DR
N\
1§

,.
N\
N

Y
X

/g
X7
'

77\ _\

&%
sRa
19;

Figure 6: Plot of all causal effects among three networks used for the simulation study with baseline

DCG III, DCG I vs. DCG III, DCG 11 vs. DCG 111, and DCG I vs. DCG II in black, blue, red, and
green, respectively.

E Limitations

Although we have developed a limited-information likelihood method to avoid optimizing too many
model parameters as the full-information likelihood method does, the proposed method may still be
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challenged by large K and massive total sample size n when there are too many cohorts to compare.
When K is too large, each task in the algorithm (identifying and estimating causal effects for a single
responder) has to estimate K (p — 1) parameters with an n x (K (p — 1)) design matrix, possibly
demanding a large amount of memory.

We have developed our algorithm for the case to compare all other networks to a single baseline
network and provide theoretical analysis. In practice, we may be interested in the deviated effects of
each network from the average effects. Our algorithm can be adopted for such a case. However, it is
challenging to develop an appropriate theoretical analysis for this case, and deserves further study.
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